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Abstract. Motivated by some numerical observations on molecular dynamics sim-
ulations, we analyze metastable trajectories in a very simple setting, namely paths
generated by a one-dimensional overdamped Langevin equation for a double well
potential. Specifically, we are interested in so-called reactive paths, namely tra-
jectories which leave definitely one well and reach the other one. The aim of this
paper is to precisely analyze the distribution of the lengths of reactive paths in the
limit of small temperature, and to compare the theoretical results to numerical re-
sults obtained by a Monte Carlo method, namely the multi-level splitting approach
(see Cérou et al. (2011)).

1. Introduction and main results

1.1. Motivation and presentation of reactive paths. A prototypical example of a
dynamics which is used to describe the evolution of a molecular system is the so-
called overdamped Langevin dynamics:

dX® = —vv (Xf’) dt + V2edB,, (1.1)
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where th) € R denotes the position of the particles (think of the nuclei of a
molecule), V : R? — R is the given potential function modeling the interaction be-
tween the particles, (B;), is a standard Brownian motion on R? and ¢ is a (small)
positive parameter proportional to temperature. The potential V is assumed to be
smooth and to grow sufficiently fast to infinity at infinity so that the stochastic
differential equation (1.1) admits a unique strong solution. One common feature of
many molecular dynamics simulations is that the dynamics (1.1) is metastable: the

stochastic process (Xt(s)) spends a lot of time in some region before hopping to
>0

another region. These hopping events are exactly those of interest, since they are
associated to large changes of conformations of the molecular system, which can be
seen at the macroscopic level.

In the following, we focus on the limit of small temperature (namely ¢ goes to
zero). In this case, the Freidlin-Wentzell theory (see Freidlin and Wentzell (1998))
is very useful to understand these hopping events. Specifically, it turns out that
the metastable states are neighborhoods of the local minima of the potential V,
and that the time it takes to leave a metastable state to reach another one is of the
order of

Cexp(6V/e). (1.2)
Here, dV is the height of the barrier to be overcome (namely the difference in
energy between the saddle point and the initial local minimum), and C'is a constant
depending on the eigenvalues of the Hessian of the potential at the minimum and
at the saddle point (see Equation (1.3) below for a precise formula in the one-
dimensional case). This is the so-called Eyring-Kramers (or Arrhenius) law, and
we refer for example to Bovier et al. (2004); Berglund (2011); Menz and Schlichting
(2012) for more precise results.

Actually, the most interesting part of a transition path between two metastable
states is the final part, namely the piece of the trajectory which definitely leaves
the initial metastable state and then goes to the next metastable region: this is the
so-called reactive trajectory (or reactive path), see Hummer (2004); E and Vanden-
Eijnden (2004) and Lu and Nolen (2013) for a recent mathematical analysis of such
paths. In particular, reactive paths provide relevant information on the transition
states between the two metastable states. One numerical challenge in molecular
dynamics is thus to be able to efficiently sample these reactive paths. Notice that
from the Eyring-Kramers law (1.2), a naive Monte Carlo method (which means,
generating trajectories according to (1.1) and waiting for a transition event) cannot
provide efficiently a large sample of reactive paths, hence the need for dedicated
algorithms.

In Cérou et al. (2011), we proposed a numerical method based on an adaptive
multilevel splitting algorithm to sample reactive trajectories. One interesting ob-
servation we made is that the lengths of these reactive paths seem to behave very
differently from (1.2), see Figure 1.2 below. It seems that, in the limit of small €,
the distribution of these lengths is a fixed distribution shifted by an additive factor
—loge. The aim of this work is to use analytical tools to precisely analyze this
distribution in the asymptotic regime & goes to zero, and to give a proof of this
numerical observation.

1.2. The one-dimensional setting and our main results. In the following, we con-
sider a one-dimensional case (d = 1), and we assume (for simplicity) that the
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potential V admits exactly two local minima (V is a double-well potential). Specif-
ically, let us denote 2* < y* the two local minima of V' and z* € (a*,y*) the point
where V' reaches its local maximum in between. As explained above, we are inter-
ested in trajectories solution to (1.1) from x* to y*, and more precisely in the end
of the path from z* to y* (the reactive paths). In order to precisely define these
reactive paths, let us introduce the first hitting time of a ball centered at y* with
(small) radius ¢, > 0, starting from z*:

T = inf {t >0 X9 -yt < 5y} with X&) = 2.

In this setting, formula (1.2) writes (notice that V" (z*) > 0 and V" (2*) < 0):

* 2
B(7y) ~ exp (V(2) = V(a*))/e) . 1.3
7)o T S (V) V) (1.3)
The d-dimensional version of this result is established in Bovier et al. (2004). Let
us also introduce the last exit time from the ball centered at 2* with (small) radius

05 > 0 before the time T;: (again starting from Xéa) =)
S;j* = sup {t < T;: : |Xt(8) -z < 51}.

The question we would like to address is: how long is a reactive path, that is the
time T;: - S;j: as € goes to 07

This question was partially addressed in Freidlin and Wentzell (1998) where
the ball centered around y* is replaced by the complementary of the domain of
attraction of z* for the deterministic dynamical system corresponding to (1.1) with
e = 0. Several papers are dedicated to the more subtle situation where points on
the boundary of this domain are not attracted to z*. In our simple framework, such
a domain is given by (—oo, z*) (see Maier and Stein (1997) for such a study). In
Day (1990, 1992, 1995), the author is interested in the law of the exit time from a
domain containing an unstable equilibrium when the diffusion starts on the stable
manifold (see also Berglund and Gentz (2004); Bakhtin (2008)). Up to a translation
term, these exit times converge to a random variable of law —log|N| where N is
a standard Gaussian variable. The probability density function of such a random

variable is given by
[2 < 1 21)
T4/ —exp|—x— =e .
us 2

This is not the one of a Gumbel variable (see (1.7)). Nevertheless this Gumbel
distribution also appears for example in Proposition 3.3 in Day (1992). Note also
that similar questions can be formulated in a discrete context (see for example
Schonmann (1992)).

In order to specify our purpose, let us now make our assumptions on the poten-
tial V' more precise.

Assumption 1.1. The potential V' is smooth, has exactly two local minima z* < 0
and y* > 0 and a local maximum z* = 0. Moreover, V' is positive on (z*,0) and
negative on (0,y*) and the local maximum at 0 is assumed to be non-degenerate:

V(0)=0, V'(0)=0, and V"(0)=—a <O0. (1.4)
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FIGURE 1.1. Shape of the potential V' defined in (1.6). The points
+b. and +c. go to 0 as € — 0.

Notice that the potential V is close to & — —ax?/2 for values of x around 0.
More precisely, it is easy to show that there exist K > 0 and 4 > 0 such that, for
all |z| < 4,

ar? Kz
— < .

—Ka? <V'(z) +ax < Kz? and 5= =

— <V(z)+

(1.5)

Ezample 1.2. An example of a potential which satisfies Assumption 1.1 is (see also

Figure 1.1)

zt 2?

V. —_ - —. 1.6
;C>—>4 5 (1.6)

In this case, —1 and +1 are the two (global) minima. This is a double well potential
with a local maximum at z = 0 which is non degenerate, with o = 1.

Let us denote A = z* + §, € (2*,0), B=y* —d, € (0,y*) and = € (A4,0). We
are interested in the behavior of

T, g =inf {t >0: Xt(s) = B} cond. to the event {X,gs) =z, T < TA},

when € goes to zero. At the end of the day, the aim is to let = go to A. As mentioned
above, simulations in Cérou et al. (2011) suggest that, if the local maximum is non
degenerated, then the law of this length looks like a fixed law shifted as € goes to 0.
Figure 1.2 presents the density of the reactive path T, _,p for several values of ¢,
when V(z) = 2%/4 — 22/2, A = —0.9, B = 0.9, and # = —0.89. In Cérou et al.
(2011); Luccioli et al. (2010), it is suggested that the asymptotic shape of these
laws is an Inverse Gaussian distribution. In fact, it is not the case: it turns out to
be a Gumbel distribution.

Definition 1.3 (Standard Gumbel distribution). The standard Gumbel distribu-
tion is defined by its density function

f(@) =exp(—z—e™ ). (1.7)

Its Laplace transform is given by

IE( —sc) N(1+s) ifs>—1,
e =
+o00 otherwise,

where I'(z) = [;* t*~'e~!dt is the Euler’s Gamma function.

The main result of the paper is the following convergence in distribution.
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Theorem 1.4. Under Assumption 1.1, for any A € (x*,0), B € (0,y*), and
x € (A,0) we have, conditionally to the event {Xés) =z, T < TA},
1 1
Tyop + —loge —= —(log(|z|B) + F(z) + F(B) — loga + G)
« e—=0 «

where G 1s a standard Gumbel random variable and
0
o 1
F(s) = —— + = |dt
o=/ (vw*i)

Notice that by (1.4), the integral defining the function F' is well defined. We
slightly abuse notation and denote T4, g the limit of T,_, g when = goes to A. We
then have

for any s € (z*,y*).

1 1
Tavss + —loge —— —(log(|A|B) + F(A) + F(B) ~loga + G).

Ezxample 1.5. Let us come back to our previous example where the potential V' is

defined as

zt 22

v A
I'—)4 5

In this case, « = 1 and if we choose A = —0.9, B = 0.9, and = = —0.89, we get
1 1
T_o.59-0.0 + loge LO> log(0.89 x 0.9) — 7 log(1 — 0.89%) — log(1 — 0.9%) + G
E—r

This is illustrated on the left hand side of Figure 1.2 and on Figure 4.4 below.

The paper is organized as follows. Section 2 recalls classical tools that are used in
the proofs. Section 3 provides a key estimate for the (repulsive) Ornstein-Uhlenbeck
process. The proof of Theorem 1.4 is given in Section 4. Finally, Section 5 is
devoted to particular potentials that are degenerated at the origin (i.e., V"(0) = 0)

or singular (e.g., V(x) = —|z|).

2. Classical tools

2.1. Laplace transform of the exit time. Let us first recall how one can link the
Laplace transform of the exit time of an interval to the infinitesimal generator A,
of the diffusion process (1.1) where

A f(x) =ef"(x) = V'(x)f' ().
Fix a < 2 < b and denote by H((fg the first exit time from (a,b), starting from z:
HE) = inf {t >0: X ¢ (a, b)} =TEO AT,
where
T® = inf{t >0 : th) = c}.
In the sequel, for the ease of notation, we may sometimes drop the superscript &

and the indices a and b. For example, we will denote H for H éag.

Notice that {X};) = b} ={Ty, < T,}. For any s € [0,+c0) and = € (a,b), let us
define
F.(s,z) :=E, (6_5H|X§) = b) and F.(s) = lim F.(s,z), (2.1)

r—ra
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FIGURE 1.2. Left: Density of the length T, g for different values
of ¢ (from left to right, e = 1,0.5,0.2,0.1,0.05,0.02,0.01) when
V(r) = a*/4 —2%/2, A= —-0.9, B =09, and x = —0.89. Right:
Empirically centered versions of these densities.

where E, denotes the expectation for the stochastic process starting from z. Let
us also introduce the function u, solution of

{Aaus(ac) = sus(x), x € (a,b),

us(a) =0, us(b) =1. (2.2)

It’s formula ensures that (us(Xt(s))e_St)tZO is a martingale and then

us(z) = E, (us(Xg))e_SH) =E, <6_5H1{X§j)_b}) .

Consequently,

us(z)
uo(z)
This formula will play a crucial role in the following.

F.(s,z) =

Remark 2.1. When s = 0, Equation (2.2) is easy to solve: for any = € (a,b),

g V(s)/sd
wo(z) = Bo(Th < Tp) = Ja e ds (2.4)
[Pev()/e ds

2.2. The h-transform of Doob. The process (Xt(s))t>0 solution of the stochastic
differential equation (1.1) conditionally to the event {Tj, < T,} is still a Markov
process. Moreover, it can be seen as the solution of a modified stochastic differential
equation with a drift that depends on the exit probabilities for the process. This is
the so-called h-transform.
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Proposition 2.2. Conditionally to the event {T, < T,}, the process X©) s a dif-
fusion process and it is the solution of

t = edby + | — (Xt )+ 2Eﬁ:ﬂ'{t<Tb} dt (2.5)
he(Xy™)
where, for any x € (a,b),
TV(s)/e dg
he(o) = d2 s,
J, eve)/eds

See Day (1992) for the proof of this assertion via Girsanov’s theorem. Similarly,
one could write the equation satisfied by a diffusion process conditioned to reach
a given point at a given time (see Marchand (2011) for instance). Notice that this
construction can be generalized in a multidimensional context, but the the singular
drift is not explicitly known in this case (see Lu and Nolen (2013)).

Remark 2.3. The additional drift is singular at point a and is equivalent to 2e(x —
a)™! when # — a. This ensures that Y cannot hit a in finite time (see Feller’s
condition in Revuz and Yor (1991)).

Let us associate to a potential V' the modified drift induced by the h-transform
on the interval (a,b):

/ hi(x) / eV /e
€ a

Lemma 2.4. Let us assume that z* < a < 0 < b < y* and that V satisfies
Assumption 1.1. Then, for any x € (a,b),

by (@) — [V'(z).

Proof: Since V is increasing on (a,0) then, for any = € (a,0),

TVl U b V/(z) = |V’
[t o s and ) 5 Vi) = V@),
where, here and in the following, the notation a(g) ~.— b(¢) means that the ratio
a(e)/b(e) goes to 1 as € — 0. In other words, the h-transform turns the negative
drift —V'(z) to its opposite. Moreover, it is obvious that, for any = > 0, h.(x)
goes to 1 as ¢ — 0 and hL(z)/he(x) goes to 0 exponentially fast: in this case,
by (z) = —V'(z) = |V'(z)|. Finally, one can notice that

by (0) = 2e N 8|V"(0)|e
v [PV @)z ds =0 T
since V(s) ~ V”(0)s?/2 when s goes to zero. O

The h-transform and the previous lemma will be two major ingredients for the
arguments below.

In the former proof, and in the following, we constantly use Laplace’s method to
get equivalents of integrals when ¢ tends to 0. Let us recall these classical results:

Lemma 2.5. Let [a,b) be some interval of R (with possibly b= c0), ¥ : [a,b) = R
a function continuous at point a such that ¥(a) # 0 and ¢ : [a,b) = R a function
of class C* such that ¢’ <0 on (a,b). Let us denote f(e) = f: exp(p(z)/e) Y(zx) dx.

Then, we have:
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7€) %, Ty SP@(@)/e) (a).

3. Main example: the repulsive Ornstein-Uhlenbeck process

In this section, we deal with the simplest example of a potential that is smooth
and strictly concave at the origin. We assume here that V(z) = —az?/2 on the set
[—b,b] with b, > 0, and then investigate the behavior of the process:

dY, 5 = \/2edB, + oY, dt. (3.1)

In the sequel, we denote
TE® — inf {t >0 y,© = b} with Y& = z € (=b,b).

For the sake of simplicity, we first deal with the case a = 1 and then we will get
the general result thanks to a straightforward scaling. The strategy is to express
the Laplace transform of this exit time in terms of special functions and then to

derive its asymptotic form as € goes to 0. In the sequel, T} stands for Tb(s’l"z).

Proposition 3.1. Let x € (—b,b). For any s > —1, we have
1—\(1 + S)e—s(—loga-i-logb-i-log\w\) Zfi[: c (—b,O),
292 (1+s

E, —sTy T T ~ —s(—log v/e+logb) . —
(e ‘ b < b)sﬁo ﬁl'( 5 )¢ ifx =0,
¢~ s(logb—log ) if z € (0,0).
(3.2)

One can also notice that lim._,g E, (e_STb ’ Ty < T_b) =o0if s < —1.

Proof: The Laplace transform of the exit time is linked by (2.3) to the solution wu
of

eu!(z) + zul(z) = sus(x), =z € (=b,b),
us(—=b) =0
us(b) = 1.

Let us define b. = b/+/c and the function vs on (—be, b.) by vs(y) = us(y+/€). Then
v, 18 the solution of

(3.3)

vg (y) +yvg(y) = svs(y), y € (—be,be),
vs(—b:) =0, (3.4)

As recalled in Section 2.1 (see (2.3)), one has

—sTy 7 us(x) US(x/\/g)
Bl < T) = 2@ ~ vola/vE)
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One can express the function vs in terms of some special functions. Let v > 0 and
define the parabolic cylinder function D_, as

1 (e o)
D_,(z) = 6_12/4/ frlet?/2at dt, zeR.
0

L'(v)
The so-called Whittaker function D_, is solution of
2 1
D" (z) — (% v 5)D,,(gc) —0.

See Abramowitz and Stegun (1964, ch.19) or Borodin and Salminen (2002, p.639)
for further details. Define the function ¢, by

o) = e_w2/4D_,,(:E).
A straightforward computation leads to
o) + 2o, (x) = (v = Dpu (). (3.5)
In the sequel, s and v are linked by the relation
v=s+1>0.

Notice that ¥,: x — ¢, (—x) is also solution of (3.5), and that 1, and ¢, are
linearly independent. Then, the solution of (3.4) is a linear combination of ¢, and
1, satisfying the boundary conditions. The function vs is given by

v -b v\ - ¥v b v
va(a) = £ (=be)eu( ﬂs) % (slw (z) (3.6)
Pu(—be)? — @y (be)
Let us study the asymptotic behavior of ¢, (b) and ¢, (—b) as b — +oo. Laplace’s

method ensures that
/Ootvfleftz/Qefbt At~ F(V)_
0 b—+o00 bv

AS a consequence,
32
e b7/2

b—+o00 bv
Moreover,

oo (=b) = ! /oot”—le—“—b)z/?dt

L) Jo
Vv 27Tb1/—1
b—+oo ['(v) '
In particular, one obtains that
27
Y —b 2 Y b 2 ~ AV ~ bQ(Ufl)'
Pu(=b)" =0 (0 ~ (=07 ~ L

Moreover, for any v € (0, 1), we get

™ e‘”2b2/2 ™ e b/2
Pu(=b)e (70) = v (D) (=7b) | ~ %/(Zb”_l 0)” —%/(Z(Wb)”_l o

Vo e V?/2

bs-too L(v) ~*b
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As a conclusion

v (=0)eu (70) = v (D) (=7b) T(v) e "™V/2  T(v) e 7"/ 5
Pu (=) = @, (b)? brtoo om0 T Jar ()=

One can then deduce the asymptotic behavior of v, solution of Equation (3.4) at
the point z:/+/¢ (with z < 0) replacing in Equation (3.7) b by b. = b/+/¢ and v by
—x/b with v € (0,1). Since v = s + 1, this leads to
I(1+s) e—"/(29)

Vor  (—x/VE)sTH(b/VE)*

Us(m/\/g)s:o

and
w@/VE) | Taks L .
w(@/VE) <o alyar /vy ) (|a:|b) |

This is the expression of the Laplace transform in Equation (3.2) when z € (—b,0).
The two other cases are easier to deal with. If 2 = 0, since vy(0) = 1/2, one has

s/2
US(O) ~ 2901/ \/7 / ts —t /2 dt 2 / P 1 —|—S 1
v(0) e=0 ¢, (—be) <30 bg VT 2 bS

At last, if x = b with v € (0, 1), then

s (7be) eu(=7be) o AN
’UO(Vbs) 5:0 ou(=be) -7 _( ) '

b
(]

Remark 3.2. The parabolic cylinder functions D_,, also appear in Breiman (1967,
Section 2), where the author studies the first exit time from a square root boundary
for the Brownian motion.

Proposition 3.1 yields the following convergence in distribution.

Theorem 3.3. Let a > 0 and x € (—b,b). We have, conditionally to the event
{T(E;a@) < T(Exa@)}
b —b )

o ifx e (—b,0)
T(E e loga —> (10g(|:v|b) + G —loga),
o ifx=20

T 4~ log\f = (10gb+ G —log \/a)
e ifz € (0,b)
o, 1
Tb(s, ,T) L> —(logb - logfﬂ)a

e—=0 «

where the law of G is the standard Gumbel distribution and G is a random variable
with Laplace transform given by

28/2 (145 ,
o) - {7 () v

+00 otherwise.
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FiGURE 3.3. Mean length of the reactive path for the repulsive
Ornstein-Uhlenbeck process dYt = \2edBi+Y, 2 dt, with Y(E)
—0.89, on the set [—0.9,0.9] as a function of log € (see Theorem 3.3).
The 95% confidence intervals are of the size of the points. The
function loge — —loge + log(] — 0.89] x 0.9) + v is drawn in red.
These results have been obtained with the algorithm described in
Cérou et al. (2011).

Proof: The case o =1 is a straightforward consequence of Proposition 3.1. More-
over, for any positive constants 7 and o, and for any ¢t > 0, one has

Tt
UYT(?OZ) _ 0,}/0(8701) + 0.\/%B7_15 + Ua/ }/S(s,a) ds
0

t
£ aYO(s’a) +V7102V2eB; + aT/ oY,&Y) du.

0

This ensures that if o = /o and 7 = 1/« then the process (UY(E’Q))DO is solution

Tt

of Equation (3.1) with & = 1 and the initial condition oYO(E’Q). In particular,

(e,0,x) (g,0,) (g,0,)\ —1(el,x/Va) (e,1,2//) (e,1,2//c)
(T ) < TG0 ) = £ (0 T YR TV < GV,

The result for o # 1 is a straightforward consequence of the result for a =1. O

Notice that the formulas in Theorem 3.3 admit a limit when x goes to —b. Before
coming back to the general case, let us conclude this section with a few remarks
about the case of the Ornstein-Uhlenbeck process.

Remark 3.4. Let us discuss the asymptotic behavior of the formulas in Theorem 3.3
for the length of the reactive path when z € (—b,0) and € goes to 0, assuming for
simplicity that & = 1. The time log(b/+/¢) is the time needed by the deterministic
process Y (01 to go from /€ to b since Y;(O’l) = e?\/z. The Freidlin-Wentzell theory
tells us that the first part of the reactive path (from x to —/€) has a similar length
log(|z|/+/€). Finally, the Gumbel variable G accounts for the (asymptotic) random
time needed by V(&1 to go from —+/€ to 1/z.

Remark 3.5. It is easy to check from the proof that the results of Proposition 3.1
are still valid if b = b, and « = z. depend on ¢ as long as b./+/€ and z.//€ go to
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infinity when & goes to zero. For example, if b. > 0 is such that lim._,o b./+/ = 00
and z. € (—b,0) is such that lim._,o z./y/€ = —00, then

a,Te 1 L 1
Tb(j) owe) + o (loge — log(|z<|be)) m) > (G —loga).

This remark will be useful in Section 4.3.

Remark 3.6. Figure 3.3 illustrates Theorem 3.3 for the so-called repulsive Ornstein-
Uhlenbeck process dYt(E) = V2edB; + Yt(s) dt, with YO(E) = —0.89, on the set
[—0.9,0.9]. Denoting T_¢.89—0.9 the length of the reactive path from —0.89 to
0.9, then Theorem 3.3 ensures that E[T_.89-s0.9] is equivalent to —loge + log(| —
0.89] x 0.9) ++, when ¢ goes to zero (v stands here for Euler’s constant). Figure 3.3
compares this theoretical result with the empirical means obtained thanks to the
algorithm described in Cérou et al. (2011) for € ranging from 0.01 to 1.

4. The general (strictly convex) case

Let us now come back to the general strictly convex case described in Section 1.
We recall the notations (see Figure 1.1). The potential V has exactly two local
minima z* < 0 and y* > 0 and a local maximum z* = 0. Moreover, V' is positive
on (z*,0) and negative on (0,y*) and

V(©0)=0, V'(0)=0, and V"(0)=—-a<0.
Let us consider A € (z*,0), B € (0,y*) and = € (A,0). We are interested in the
behavior of

T, g =inf {t >0: Xt(s) = B} cond. to the event {XOE) =z, T < TA},

when € goes to zero.

According to the Markov property, and considering the initial point « € (A, 0),
the strategy is to decompose the reactive path from x to B into three independent
pieces:

H = Txﬁfcg + chgﬂbs + TbE%B (41)
on the event {Tp < T4} where 0 < ¢, < b. < |z| A B will be specified in the sequel.
More precisely, we will choose

2 1
be =¢? and c.=¢7 with 5<B<”y<§.
The first and third times in (4.1) are essentially deterministic, as specified by the
following result.
Proposition 4.1. If0 < 8,7 < 1/2, then, conditionally to the event {Tp < Ta},

P P
Tb5—>B - tb5—>B —— 0 and Tw—)—cg - t—cs—>w — 07
e—0 e—0

where ty, g is the time for the unnoised process to reach B from b. € (0, B):

B 1
t = — ——ds,
b.—B /b5 V’(S)

and t_.__,, is the time for the unnoised process to reach x from —c. € (x,0):
T
1

Vils) ds.

t—cg—>w = -
—ce
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This is proved in Sections 4.1 and 4.2. In Section 4.3 we compare the second
time in (4.1) to the reactive time of an Ornstein-Uhlenbeck process.

4.1. Going down is easy. The easiest part is to study the third time T3__ 5. Our
goal here is to prove that, starting at b., the process X (%) is close to the deterministic
path (z¢),~, solution of the ordinary differential equation

{it = —V/(.It) t Z 0,

In this aim, we need to state a few intermediate results. First, it is readily seen
that, starting at b., the probability for the process (Xt(g))tzo to hit 0 before B goes
to 0 at an exponential rate when ¢ goes to 0. Indeed, we have (see Equation (2.4)):

fzf eVs)/e s § BeV(be)/e
Jo eV @izds  [7 eV eds

Using the fact that fOB eV)/eds ~ VI, be = £ with 8 < 1/2 and (1.5), we
e—

thus easily get that P,_(To < Tp) converges exponentially fast to 0 as € goes to 0.
In the following, we will denote 2. the event on which this does not occur, so that
P(Q.) goes to 1 when e goes to 0.

Of course, this will also be true for the event €2, which is defined as: the process
starts at a fixed point x € (0, B) (independent of ¢) and does not hit 0 before B.
Again, P(£2;) goes to 1 when e goes to 0. Then, starting at « € (0, B), our aim
is to compare the deterministic path (z;),., solution of the ordinary differential
equation

Pbg (TO < TB) =

{it = —V/(.It) t Z 0, (42)

and the random process

dx!® = v/ (x)dt + v2edB, t>0,
Xés) =x.

For this, let us introduce ¢ € (B, y*) such that ¢ — B < B — x, the deterministic
time t. = ty—. =inf {t > 0 : xz; = ¢} and the stochastic time

To=Toe=inf{t>0: X7 =c}.

Lemma 4.2. Define K :=sup (o o |V"(s)|, then

n2e—2Kte
P(Qmﬁ{ sup |XS(8)—£CS|ZT]}> < 2exp (—7)
0<s<t AT, 4et,

Proof: Let us assume that we work on the event 2,. For any ¢t < t, A T,
t
X© gy =— / (V'(X©) = V'(z,)) ds + V2eB,.
0

The Gronwall Lemma ensures that

sup | X — x| < V2eelEANT) qup  |B,| < V2eefte sup |By).

0<s<t AT, 0<s<t AT, 0<s<t,
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Finally, the reflection principle for the Brownian motion ensures that supg<<; Bs
has the law of |B;|. As a consequence, for any r,t > 0,

]P’( sup |Bs| > T) < 2]P’< sup B > r) =2P(|B| > 1) < 2¢~7"/(20),

0<s<t 0<s<t

This concludes the proof. ([l
The first consequence of this result is that the stochastic time T, p required by

the random process to go from z € (0, B) to B converges to the deterministic time
t,.pase— 0.

Corollary 4.3. Let 0 < z < B, then
P
Tm—>B — tm—)B'
e—0

Proof: Since we will apply the result of the previous lemma, we still work on the
event €2,. Let us denote 7 a real number such that 0 < n < ¢ — B. Then, on the

event 2, N {SUPogsgtcATc |X§E) — x4 < 77}, the random time T,_, g belongs to the

deterministic interval [t;—B—p,tz—B4y). In other words,
/B s _ <T top <t = /B+n ds
B V/(S) - B—-n—B >~ tz—B r—B >~ UB—B+n — . V’(S)

As a consequence, for any 7 € (0,¢ — B),

1
Ty B —tesp| <1 % Sup
s€[B—n,B+n| |V (S)|

Finally, for any n € (0,¢c — B),

P(Q, N |T tosn| > L <2 < 77262Ktc>
- - s€[B—n,B+n] |VI(S)| 4€t0

where t. = t;_,.. This concludes the proof of the corollary. O

Our next goal is to prove that this result still holds if the starting point, namely
b. = €8, goes to 0 sufficiently slowly as ¢ — 0, that means if 3 < 1/2. Let us fix
D € (b, B) (for sufficiently small €) such that

a
sup |V'(s)] < =—.
se[O,D]| () 26

This is always possible since 8 < 1/2, [V"(0)| = «, and V is assumed to be smooth.
Then, as previously, we fix ¢ € (D, B) such that ¢ — D < D — b., and

a
K := sup [V'(s)| < —.
s€0,c] 2[3

Corollary 4.4. If0 < b. = ” with B < 1/2, then

P
|Tb5—>D - tb5—>D| — 0.
e—0
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Proof: Here, we work on the event 2., which is not a problem since, as mentioned
above, P(€Q.) goes to 1 as e goes to zero. The first part of the proof is similar to
the ones of Lemma 4.2 and Corollary 4.3. For any n € (0,c — D),

Pl Q T, | > L <2 ( 7726_2Ktc)
N b.—D — tp.D| = 1 X sup —_— <2exp|—"—7—F,
: - - s€[D—n,D+n] |V/(S)| detc

where t. = tp, .. Moreover, since V'(s) ~s_,0 —as, we have

¢ ds 1
th. e = — = ——logb. + O:(1).
be— /bs V/(S) a 0g e+ E( )
As a consequence,
e~ 2Kte ozE@*l

det, o —4Bloge e—0
This proves the convergence in probability of T _.p as € goes to 0. (I

Finally, according to the Markov property, we can summary the previous results
by decomposing the path from b, to B into two independent pieces:

Ty.~p=Tp.~p +Tpp.
Using Corollaries 4.3 and 4.4, we immediately get the following proposition.
Proposition 4.5. If0 < b. = 7 with 3 < 1/2, then
B ds
be V'(s)

Remark 4.6. If V is given by (1.6), one can compute the expression of the solution
(@¢);50 of (4.2). Let us define the function ¥ on (0,1) by

U(z) = log (

P
|Ty. B — to.—B] —g 0 where th.p =~

x
V1— 22 ) '
112 1/2 1
V' (z) = - — - - .
(z) x x—1 z+1 V'(z)
As a consequence, the derivative of ¢t — ¥(x;) is equal to 1 and
=0 (U(2) +1).
Moreover, the elapsed time from z € (0, B) to B € (0,1) is given by

Notice that

teon = U(B) — U(z) = — log(x) + U(B) + %log(l _2?).

As was just proved, this result still holds when z = b, as long as 0 < 8 < 1/2.

4.2. The climbing period.

Proposition 4.7. If c. = €7 with v < 1/2, then, for x € (A,0), conditionally to
the event {T_.. < Ta},
P T ds
|Tos—c. — t—c.—al E) 0 where t_ ¢ p=— /CEVI—(S).
Proof: One has to consider the h-transformed process and use the fact that the
new drift converges to V’'(s) uniformly on [A + 8, —¢.| for any ¢ small enough as
goes to 0, see Lemma 2.4 above. O
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4.3. Central behavior. Let us finally study the behavior of T_.__;_ conditionally to
the event {T},, < Ta}. In all what follows, b. = &?, ¢, =7, with 0 < 8 <y < 1/2.
Additional conditions on 8 will be made precise below.

The sketch of proof is as follows:

(1) Prove that one may assume that the process does not go below —b.;

(2) Rescale space to map (—be,b:) onto (—1,1);

(3) Consider the h-transformed process to get the evolution of the process con-
ditioned on {71 < T_1};

(4) Introduce the h-transformed repulsive Ornstein-Uhlenbeck process;

(5) Compare the drifts;

(6) Use Theorem 4.3 in Day (1992);

(7) Conclude.

Step 1. The first step is to notice that it is equivalent to look at T"_.__,5_ condi-

tionally to {Tp, < T_p.} or conditionally to {Tp, < Ta}.

4

Lemma 4.8. If0 < 8 <y < 1/2, there exists a constant C' > 0 such that, for any
s>0
E_.. (e_SHA’bE |Tb5 < TA)

<1405
]E_Cs (e_SHibE’bE |Tb5 < T_bs) o + :

1-Ce7 P <

Proof: By continuity,
{Tbg < TA} = {Tbs < beg} U {bes < Tbg < TA},

where the two sets on the right hand side are disjoints. Moreover, the strong Markov
property ensures that, for any s > 0,

0 S ]Eft:‘E (eisHA’bE ]]'{T*bs <Tb5 <TA})
<E_. (e_SHA’bE L¢r,, <TA})
< ]P)—bs (T_cs < TA)]E—CE (eisHA‘bE ]l{TbE <TA})'

As a consequence, for any s > 0,

E-, [e™sHar1 ]
- |¢ {Toeema}] 14+P (T, <Ta) < 1 '

1<
—1- P—bg (T_CE < TA)

E_. e sH-benc1
- (ror)

Taking s = 0 in this equation leads to

P_. (Th. <T-s.)
P_CE (TbE < TA)

1—P_y (T . <Ta) < <1

Consequently,

E,CE (efSHAvi |TbE < TA)
E_c. (emsfvere Ty, <T.y,)

1=P (T, <Ta) < S14+P_p (T-c. <Ta).

To conclude, one just has to remark that, since V(=b.) < V(—c¢),

—be Vi(s)/
Ja €T ds b V(e /e < 1B,

Py (Toc. <Ta) = [ eV ds =0
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Step 2. Let us define 1. = £/b? and the process Y by Y; = Xt(‘i)/b8 (dropping for
simplicity the explicit dependence on ¢ in the notation for Y). Obviously, if Xéa)
is equal to —cg, then Y is solution of

'(b.Y,
dY, = \/2n.dB; — Vi(beY:) dt,

be
YQ = _Cg/ba.

In terms of Y, we are interested in the hitting time of 1 conditionally to the event
{Tl < Tfl}.

Step 3. Thanks to the hA-transform of Doob, one can see Y, conditionally to the
event {11 < T_1}, as a diffusion process. Define, for any y € (—1,1),

fillev(bES)/adS i h’a(y): eV (bey)/e

ho(y) =2z ™ .
(y) 2 eV bz ds he(y) [T eVCes)/e ds

Conditionally to {T1 < T_1}, the process Y is solution of

V' (b.Y, h (Y,
4y, = 2775dBt + <_ ( e t) +2776 5( t)]]-{tSTl}> dt,
V be he(Y7)
YO = _CE/bE'

Step 4. Similarly, the repulsive Ornstein-Uhlenbeck process (Zt)tZO solution of
dZt = v/ 27’]5 dBt + OéZt dt,
Zy = _Cs/b57

evolves, conditionally to the event {T7 < T_1}, as

"z
dZ; = \/2n.dB; + (aZt + mun{t@l}) dt,
gs(Zt)
Zoy = _Cs/b57

where
S emost/ene) ds gly) _ emev/Cn

= n — '
file—a52/(2ns) ds gg(y) fgle,asz/@na) ds

9:(y)

Step 5. Let us now notice that the drifts of the stochastic differential equations
that drive Y and Z conditionally to the event {77 < T_1} are close.

Lemma 4.9. Under Assumption 1.1, if 4/9 < 8 < 1/2, then

! <_M +on hé(y)) _ (ay+2nsgi-(y)>

— X sup
N ye(—1,-1] b “he(y) 9:(y)

—0. (4.3

e—0

Proof of Lemma /.9: Thanks to Assumption 1.1, as soon as b. < §, we have, for
any y € [-1,1],

V(b
‘_% - o‘y‘ S Kbsy2 S Kbsv
€
so that
1 V(b
— X sup — (Sy)—ay — 0
775 yE(—l,—l] bs e—0
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as soon as 8 > 1/3. It remains to prove that sup,c_1,_1][Ac(y)| goes to zero when
€ goes to zero, where

_hlly)  9l(y) eV (bey)/e o—oy?/(2n:)

he(y)  ge(y) [T eVeal/eds  [7 emas®/(2n) ds’
We propose to do this in two steps: first for y € [-1+¢", 1], then for y € (—1,—1+4
e"], where k = [5/2.

(1) y € [-1+¢&",1]: Thanks to assumption 1.1, we have for all s € [—1,1]

V(bes) = —ab?s? /2 + 0-(s)b2s®,

Ac(y) :

with )
sup |0:(s)| <= sup VO(x)<C,
s€[-1,1] 6 ze(—b. b.]
where C is a constant independent of €. As a consequence, since b, = ¢
and 7, = '~ 28,

eV(bes)/e _ g—as®/(2ne) ,0=(s)s°e 7
Now, we can write
PO — 1 46 (5)0(5)5%30 Y,
with

sup [0 (s)| < e“°
se[—1,1]

where C is a constant independent of . For the sake of simplicity, we
denote 0.(s) for d.(s)0:(s). This leads to the following decomposition
B (y) 1 e—r’ /@0
he(y) 14 I O x fi’le—asz/@ns)ds (

ffle*ab‘z/(zﬂs) ds

L+ 0.(y)y3e* ).

Now, let us notice that for any y € (—1, 1],
fi’le_o‘52/(2"5)05(5)53536_1 ds
7 emost /e ds

< Dsgﬁ*l,

with D independent of . Consequently,

1 _
=1—A(y)e3FL,

fi/lefasz/(2775)95(5)5353571 ds

TV e as%/(ne) ds

1+

and there exists a constant F, independent of ¢, such that

sup [Ae(y)| < E.
ye(—1,1]

Thus we can write
. (y) a5 e—ay’/(2n.)
= (1+ A=1Y % ,
he(y) ( ve(y)e ) ffle*asz/(%s) ds

and there exists a constant F', independent of ¢, such that

sup |ve(y)| < F.
yE(—l,l]
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Finally, for all y € (—1, 1], we have obtained

h(y)  gly) - g0’/ (@ne)
A = =2 _ e < FedPf1 % , 4.4

= [ - 4 < Freeeromg Y
and the goal is now to upper-bound the last term in this equation. In this
aim, we first consider the case where y € [—1 + ", 0]. In the integral, we
make the change of variable

v=¢ "X
21

with v = (58 — 2)/2, so that v > 0 as soon as > 2/5. We get
y
/ e=a5/(2n0) s ot /@) ().
-1

where )
—Y(1—
e Ta-y7) e—aa"’v

I ( ) / (2ne)

y) = ——
) 0 V2170 + y?
Since 1.eY = /2 and y € [—1 + £%,0], with k = /2, it is clear that for e
small enough, one has: Yy € [-1 +¢",1],

1/2 e—aa'y'u 1

d a)
0 V2eB/2y + 1 v e—0 2

so that for e small enough, one has I.(y) > 1/4. Putting all things together
gives

dv.

|AL(y)] S 4Fe*P1 x e7h/2 = 4 e —0,
e—
and the uniform convergence is proved for y € [-1 4+ &%,0]. In order to
conclude for y € [-1 4 ¢, 1], it remains to notice that if y € [0, 1], one has
e—ay?/(2ne) 1 20

< ~ .
fijle_a52/(2775) ds — f_ole—asz/(%]g) ds €0 e

Coming back to Equation (4.4) yields, for all y € [0,1] and for & small
enough,

IAL(y)]| < Fe*P~1 x P12 = petf=3/2 0,

e—0

since 8 > 2/5. This concludes the case where y € [—-1 + £, 1].
(2) y € (—1,—1+¢"]: let us denote y = —1 4 pe®, with 0 < p < 1, so that our
goal is now to upper-bound

RL(=1+4pe®)  gL(—1+ pe®
A o= Rl EPT)geloL )

he(=1+pe®)  ge(—1+per)

)

that is to say
eV (be(—14pe™))/e e—a(=1+pe™)?/(2n.)

B0 = |\ T e ge T I s d
-1 -1

)

independently of p € (0,1]. For any smooth function f on [—1,0], we may
write the following Taylor expansions

F(=14pe®) = f(=1) + f'(=1)pe" + %el)pzaz“,
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and

1+pe 1 "
/ b f(S) ds = f(—l)p&“ + f (2 1)p2€2n + / (692)]9363/{,
-1

where 67 and 63 belong to the interval (—1, —1+ "), and depend on p and
€. This leads to

y ) 3

Iy N SO (17 bl ¥
—14pe~ —_K 7 .
o pe f(s)ds pe 1_|_%ff(( 1)) +(1;J;((912)p o2k

e ® /2"5), we get,

Considering f(s) =
f'(=1)

et = apeP/2e=1428 — e,

f(=1)
and .
"
J(0) 2o _ 2 (a o _ 3) L2 ga(1-6%)/(2n.)
f(_l) Mg e
Now, since € (—1,—1+ "), then 0 < 1 — 6? < 2¢" and, uniformly w.r.t
0,
"
ea(1—02)/(2n5) 1 and f"(0) p2€2“ ~ a2p2527
e—=0 f(=1) e—0
Thus we have the following Taylor expansion
f(=1+pe") 1 ( ap 2
e — = —— X (1+ ¢+ ¢ ppEW),
711+;D€ f(S) dS pg/i 2 5( )
with supg,,<; |¢=(p)| < co. Considering this time f(s) = " (*=*)/¢ we get

e = et o M) ey e,

and

2
JJ:(”(@)) R <(bsV’(bs9)> N b?V”(bs9>> 26 o (V(b-0)—V (~b2)) e
—1 € €

For the same reason as above, we have then

f//(e) 2 _2K 2 2 2'y
pbe ape
f(=1)
Since 8 > v, we have the following Taylor expansion
f(=1+pe”) 1

ap 2
ppey prya— ><(1+—5V+90 ppfv)a
JITT f(syds pe” 2 o)

with supy_,<; [0<(p)| < oo. Gathering the intermediate results, we get
A (D)) = lpe(p) = de(p)| 7" < GO0/,

where G is independent of €. It turns out that the uniform convergence is
ensured as soon as > 4/9.

This concludes the proof of Lemma 4.9.
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Step 6. The difference of the two drifts in (4.3) is negligible with respect to the
variance 7. of the Brownian component as soon as 4/9 < 8 < 1/2. Theorem 4.3 in
Day (1992) ensures that L(Y.|Ty < T_1) and L£(Z.|Ty < T—;) are then asymptoti-
cally equivalent. This approximation result relies on the Girsanov Theorem. The
Novikov condition ensuring that the exponential martingale is uniformly integrable
can be checked as in Day (1992). In particular, a consequence of the results in Day
(1992) is that, in the limit ¢ — 0, 7Y and T have the same law.

Step 7. After an obvious scaling, we have to estimate the reactive time for a
repulsive Ornstein-Uhlenbeck process between —b. and b, starting at

T, = —c, = —' —— 0.
e—0

Since b./+/c and c./+/e both go to infinity when & goes to zero, the estimates in
the proof of Theorem 3.3 (see also Remark 3.5) ensure that

1 1
TZ + —(loge — logc. — logh,) £, —(G —log o),
«Q e—=0 «

where the law of G is a standard Gumbel distribution. Putting all things together,
we have established the following estimate.

Proposition 4.10. Conditionally to the event {Ty, < Ta},

1 1
T c.p. + —(loge —logc. —logb.) £, —(G —log a),
[0} e—=0 «

where the law of G is a standard Gumbel distribution.

4.4. Conclusion. The estimates of Propositions 4.1 and 4.10 are the key points of
the proof of Theorem 1.4.

Proof of Theorem 1./: One can write

= ([ (e e 1)

Thanks to Assumption 1.1, s — aV’(s)~! + s~ is integrable on (0, B).

logb: logB 1 /B @ 1
b. B —+— - ) 7 + < ) ds+oc(1)

Similarly,

loge. loglz| 1 /O a 1
oy = ——— — - |d 1).
= a + a +a - V’(s)+s s+o-(1)

Using the fact that
T,»B= Tzﬂfcg + chgﬁbg + TbE%Bv
Propositions 4.1 and 4.10 and the two previous estimates on ¢p,_,p and t_.
imply that for any = € (A4, 0), conditionally to {Ts < Ta},
1 1
Ty—p+ —loge £, —(log(|z|B) + F(z) + F(B) —loga + G).
« e—=0 @

This concludes the proof of Theorem 1.4. Notice that one can let x go to A in this
expression. O
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FIGURE 4.4. Mean time of the reactive path for the potential V'
given in (1.6) as a function of loge. The 95% confidence intervals
are of the size of the points. These results have been obtained with
the algorithm described in Cérou et al. (2011). The theoretical
asymptotic behavior (when & goes to 0) is drawn in red.

Figure 4.4 illustrates this result for the process
dx® = —v'(x\9)dt + V2edB,,

with V(z) = 24 /4—22/2, X{¥ = 2 = —0.89, on the set [4, B] = [-0.9,0.9]. Denot-
ing T_.89—0.9 the length of the reactive path from -0.89 to 0.9, then Theorem 1.4
ensures that, when ¢ goes to zero, E[T_o.89-0.9] is equivalent to

1 1
—loge + 1og(0.89 x 0.9) — 5 log(1 — 0.89%) — 5 log(1 — 0.9%) + 7,

where v stands for Euler’s constant. Figure 4.4 compares this theoretical result
(continuous line) with the empirical means obtained thanks to the algorithm de-
scribed in Cérou et al. (2011) for € ranging from 0.007 to 1 (circles).

5. Other examples

The aim of this section is to analyze the distribution of the lengths of the reactive
paths, when the potential V' has a maximum at point z* = 0, but does not satisfy
Assumption 1.1. More precisely, we successively consider three cases:

(1) V behaves like —|z| around z = 0,

(2) V is constant equal to 0 around x = 0,

(3) V is regular at 0 but V"(0) = 0.
We will derive explicit expressions for the distributions of the lengths of the reactive
paths in the asymptotic regime € goes to 0. In all these cases, it turns out that the
asymptotic behaviors are very different from what we obtained in Theorem 1.4.

5.1. Brownian motion with drift. The easiest case to deal with is the one of the
singular potential V(z) = —pg|x|. It corresponds to a Brownian motion with a
piecewise constant drift, namely:

dX© = 3 sgn (Xt("‘)) dt + v/2zdB;,
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where £ is a positive real number and sgn(z) stands for the sign of = (see for example
Veretennikov (1980); Gyongy and Krylov (1996) for the existence and uniqueness of
strong solutions to this stochastic differential equation). In that case, Equation (2.2)
is a second order ordinary differential equation with constant coeflicients.

Let us recall the expression of the Laplace transform of the conditioned first exit
time on (a,b) for a Brownian motion with drift (see Borodin and Salminen (2002,
p.309)).

Proposition 5.1. Choose a < x < b, i € R, and consider the process W defined
by Wt(“) = pt + Wi. Let us denote by H the first exit time of (a,b). Then,

B (e — ) = SO0l snh((a — ) /B F i
’ " sinh((z — a)|pl) sinh((b — a)\/2s + p2)

A few remarks are in order.

Remark 5.2. Notice that the law of H knowing that T < T, does not depend on
the sign of the drift p. This may seem surprising at first sight but it is consistent
with the fact that going up is equivalent to going down after introducing the h-
transformed process, see Section 4.2 above.

Remark 5.3. Notice that

im B, (e—sH W — p) = o —a)lu) V25 + 412
: Em( i _b)_ iz sinh((b — a)\/2s + p%)’ 51

Remark 5.4. If 1 > 0, then H converges to H; the hitting time of b as a — —oo:
lim_E, (e Wi = b) = rC-n0-VIEEND),

a—r—0o0

Tr—a

which is the Laplace transform of the inverse Gaussian distribution with parameter
m = (b—x)/u and £ = m?. We recall that the density of the inverse Gaussian
distribution with parameters (m, ¢) is

e 5 (x —m)?

We can use these results to study the law of the hitting of 0 starting from = = —§
if the process X () satisfies, at least when th) € (—4,0):

X© = 2+ V2B, — Bt.

From the scaling property of the Brownian motion, we can compute the Laplace
transform F of H = inf{t >0 : Xt(s) & (-0, O)} conditionally to {Xl(;) = O},
using (5.1):
sinh(68/(2¢)) B82/(2)2 + s/e

(8) = sinh(d+/8%/(2¢)2 + s/¢) B/(2¢)
s

. (
)
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For a fixed s, we thus get lim._,o F.(s) = exp ( ‘55) and

B
B (o0 (1 20)) = e (55/ B ) (5/vE)

NG

@
»

1+4\,§S 1 —exp (—?ﬁ 1—|—4‘5/§S>
6 2 2
e 50 + %8 1- \/58 + E—i
SoP\BVE T 2e 3
i
e—0 oxp [‘33

As a consequence,
as. O H-6/8 ¢ 20
H g5 md TQN(O —>-

In this case, with the same reasoning as in Section 4.1, one can deduce that
the length of the reactive path between points —) and +4 has the deterministic
limit 26/ when € tends to zero. The absence of any asymptotic randomness in the
length of the reactive path, in contrast with Theorem 1.4, is due to the fact that
in this case, we do not have V'(0) = 0. The next situation that we propose to deal
with is the opposite one, specifically when V’(z) = 0 in a neighborhood of 0, and
we call it the totally flat potential.

5.2. Totally flat potential. Let us investigate in this section the case when the po-
tential V' is flat around the saddle point. Specifically, let us consider the process

given by Xt(s) = /2eB;, b > 0 and
— inf {t >0, X ¢ (~b, b)}.
One has, for any s > 0,
F.(s)=E —sH x () _ ) = VS8 V4b?s/e
=(s) =E_(e Xy’ =b) = .
sinh (\/41725/5)
Moreover,
/452 2
E—b(eSH|X§IE) = b) = _ viAbse if0<s< 7T—2<€
sin (\/4()28/8) 4b

Notice that, for any s € [0, %5},

4b? 1
E_p (eSH|X§) = b) = G(—S> where G(z) = L
< Zk>0 2k+1)|
In particular,
8bt
45e2’

E(HIX =b) = é—lj and  V(H|X[) =b) =
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Lemma 5.5 (Borodin and Salminen (2002)). For any e > 0 and b > 0, one has,

conditionally to Xés) =x and Ty < T_yp, and in the limit x — —b,

22 22
e =2 [ 24+ 222y,
—bb e <3 3\/5

where E(Y) =0, V(Y) = 1, and its Laplace transform is given by

As Bs  where A:G—\/g and B:Lg.

~ sinh (VAS) V2 V2

In conclusion, in the case of a totally flat potential, the length of a reactive path
goes to infinity at rate 1/e when € goes to zero. Again, this is different from the
non-degenerate case of Theorem 1.4 where the length of a reactive path goes to
infinity at a slower rate, namely log(1/e) (if V" (0) = —1).

E(efsy

5.3. Degenerate concave potentials. Between the two extreme situations of Sec-
tion 5.1 (where V/(0) # 0) and Section 5.2 (totally flat potential), the main result
of this paper stated in Theorem 1.4 studies the length of a reactive path for a po-
tential V' which is non-degenerate at 0 (also called quadratic case: V'(0) = 0 but
V"(0) # 0). In this last section, we briefly discuss some intermediate situations,
when the second derivative of the potential V' is equal to 0 at the local maximum 0.
Again, we will see that the asymptotic of the length of the reactive path is very dif-
ferent from the quadratic case of Theorem 1.4. To that end, we focus on monomial
potentials: the potential V is given by
x2n+2

Vo) = =553

with n > 1.

We consider the diffusion process (Xt(a))t>0 solution of

t
X =2+ V2eB, + / (X ()2t g (5.2)
0

As will be explained below, in this case, the length of a reactive path goes to
infinity at rate e 7+ when ¢ goes to zero. Notice that when n goes to infinity,
£~ 7+ tends to 1/e, which is consistent with the scaling obtained in Section 5.2 for
a totally flat potential.

For convenience, we drop in the sequel the parameter €. Let us define
b T

_ _1
t.=c¢ ", g, =¢egInt2, bE:_, Te = —,
Qe Qe

and introduce the process (Xt)tzo defined by

The process (X;),s, is solution of the stochastic differential equation

t
X, =x.+ V2B, + / X+ g, (5.3)
0

and we have that
(Ty < Ty} = {Tba < T,bs},
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with obvious notation. On this event, Tj = tETbE. In Equation (5.3), the parameter
¢ only appears in the boundary conditions as in Equation (3.4) for the Ornstein-
Uhlenbeck process. Notice that, in the Ornstein-Uhlenbeck case (n = 0), t. is equal

to 1. As in the Ornstein-Uhlenbeck case, conditionally to the event {Tbs < T_bE },
(Xt)tzo is still a Markov process starting from z. and solution of
eV ()

dY, = V2dB, + f-(Yi)lgz, oy dt with fo(y) =-V'(y) + 2m.
—be

Our goal is to show that, conditionally to {TbE < T_bs}, TbE has a limit in law

when e goes to zero. This will show that Tj (conditionally to the event {T}, < T_p})
scales like e 747, which is the scaling announced above.
The idea is to compare (Y;),-, to the solution (Z;),- of the following equation

V(z)

dZy =V2dB; + f(Zy)dt  with  f(2) = =V'(2) + 2
Jooe¥ ) ds

(5.4)

The following lemma ensures that (Z;),-, goes to +oo in a finite (and integrable)
time, even if it ‘starts from —oo’. B

Lemma 5.6. If (Z;),-, is solution of Equation (5.4) starting from x € R, then it
goes to +0o at a (random) finite time .. Moreover, T is integrable and it converges
almost surely to an integrable random time when x goes to —oo:

+oo
lim Ea(r) = / (p(+00) — p(y))m(y) dy < +oo,

T——00 oo

where

m(z) = exp (/Ozf(z)dz> and p(ac)z/ozexp (—/Oyf(z)dz) dy = Oz%.

Proof of Lemma 5.0: The result on the longtime behavior of (Z;);>0 is a conse-
quence of the behavior at infinity of the drift f given by Equation (5.4). For any
x < 0, three successive integrations by parts lead to

’ V) 2n + 1 V()
V(s € n -+ e
0< /_Ooe ) ds + L2ntT (1 - x2n+2) <@+ DUn+3) s (55)
As a by-product, we get that for any z < —(2n + 1)772,
2
0< -2 < f(2) < -2 (ﬁ - 1) : (5.6)
1— 23t

Let us introduce, for any n > 1,
+oo +t0o  _ anqe
C, = / eV ) ds = / e zn¥z (s.
— 00 —0o0

For any x > 0, we have

/ eV ds =, — / eV (%) ds,
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so that the previous computations imply that for any « > 0 sufficiently large so
that f:T(i)l < (), we have

2¢V ()

0 < x® < f(x) < 2?4 (5.7)

C eViz) *
n T pIntl

A quick inspection of the estimates (5.6) and (5.7) indicates in particular that

flo) o~ fa
|z|—+o00

As a consequence, the process (Z):>0 starting from « € R explodes with probability
1 at a (random) finite time 7. and Z; — +00 as t — 7. (see for instance Karatzas
and Shreve (1991, ch.6)). In short, this is a straightforward consequence of the
expression of E, (T, A Tp) that can be found in Karatzas and Shreve (1991, ch.6)
and the fact that 1/f(z) is integrable at +oco. Indeed, for any = € (a,b),

T _ a b
Ey(Tu ATp) = —/a (p(x) = p(y))m(y) dy + % /a (p(b) — p(y))m(y) dy,

with
t m(zx) = exp (/wa(z) dz) and p(z) = Ow%.

One has obviously that p(b) — p(+c0) € (0,+00) as b — 400, and p(a) = —o0 as
a — —oo. Thus,

~ola) [P oo
aﬂ@w%/(p(b)—p(y))m(y) dy:/ (p(+00) = p(y))m(y) dy € (0, +o0].

Now, to show that 7 is integrable (including in the limit  — —o00), we need to
prove that

/+Oo(p(+<>0) = p(y))m(y) dy < +oc.

— 00

In this aim, let us first notice that for any real number y, we have

(p(+00) — p(y))m(y) = ( / e (— / “1s) ds) da:) < exp ( / Vi) ds)
- /y e (— /y ") ds) da.

From the definition of f, one clearly has f(s) > s?"*! for any s € R. Hence, for
any y > 0,

2n42 +too  _ ony2
0 < (p(+00) — p(y))m(y) < e / ¢ dr.
Yy

The symmetry of the potential V' and an integration by parts show that for any
y >0,

7y2n+2
+too  _ on42 -y v e 2nFz
e 2n+2 dw — e (S) dS P —
— 2n+1 7
Y —o0 Y

so that 1
0 < (p(+00) = p(y))m(y) < T
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Since n > 1, the integrability of the function y — (p(4+00) — p(y))m(y) when y
tends to +oo is established. In order to conclude, we have to estimate this quantity
when y goes to —oo as well. For this, let us first recall that

2n+1
Fs) I

so that p(4+o00)m(y) is clearly integrable when y goes to —oco. The estimation of
the remaining term is slightly more involved. We rewrite it as follows

—p(y)mly) = —m(y) / exp(—F(2)) da,

where for any real number z, we define F(z) as the primitive of f with value 0 at 0

F(z) = /wa(s)ds.

Notice that lim,_, o, F/(x) = —oo. Then an integration by parts gives
v Cy  exp(=F(y) /y f'(z)
exp(—F der = — — — exp(—F dzx. 5.8
/O xp(—F(z))de = ~ W) | e xp(—F(z)) dz (5.8)

Next, we focus on the last term of this equation, namely

/07! ]]:;:(6:1)7)2 exp(—F(z)) dx.

For this, we first deduce from the definition of f that
F@) = ~V"(a) 4 2 <V’<x> - L) .
fiooev(s) ds fiooeV(S) ds
From Equation (5.5), we know that

eV(;E)

f_mooev(s) ds m—:ioo

|$L'|2n+1,

and more precisely that

Vi) & Z@etl)
ffooeV(S) ds z——o0 2|
This leads to
f/(x) ~  —(2n+ 1)x2n,
and
—(2n+1)
f(@)? oo o (= F(2)).

From this we deduce

0 '
/_ ]]:(:(C))? exp(—F(z))dx = —c0.
f' (@)

Since 752 exp(—F(z)) = o(exp(—F(z))) when z tends to —oo, we have

r

f;gl exp(—F(z))dz = o (/Oyexp(—F(x))d$> ,

Yy——0Q
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and coming back to Equation (5.8) gives the following asymptotics

—exp(—F(y))
y——00 f)

)

/Oyexp(—F(:C)) dx

so that

—m(y) / Cep(-F@)dr ~ - !

y——oo f(y) v——oo JyPriT’
To sum up, we have shown that
—+oo
/ (p(+00) = p(y))m(y) dy < +oo.
This ensures that

E.(te) = lim E.(T, ATp)

a—r— 00

bHJrO; —+00
= —L (p(z) = p(y))m(y) dy+/ﬁ (p(+00) — p(y))m(y) dy.

In particular, E,(7.) is finite for any = € R. Finally, by the monotone convergence
theorem, 7. has a limit almost surely when x — —oo and

+oo
Jim E(n) = [ (p(+00) ~ pl)my) dy <+
This concludes the proof of Lemma 5.6. (I

Thanks to Lemma 5.6, we see that TaZ ~,, converges almost surely to a positive
and integrable random variable TZ as a — —oo and b — +oc0. Moreover,

—+oo

B(12) = [ (o) = ply))mly) dy < +oc,
— 00

Now, notice that the drift f. that drives Y is greater than f. This ensures that

if Zg = Yy then, almost surely, Z; < Y, for any ¢t € [0,75.). As a consequence,

for any x € (—b.,b), one has Tf_ﬂ) < TIZ_)b. By monotone convergence, T;:

converges to a random variable which is integrable since

—be

E(T) _.) <E(TZ) < o0.
To prove this result with full details, one would need to cut reactive trajectories
into pieces, as done in Section 4 above for the quadratic case. This concludes the
proof of the fact that Tj_, conditionally to {Tbs < Ty, }, has a limit in law when

€ goes to zero, and consequently, that 7, (conditionally to the event {1}, < T_,})
scales like ¢~ 74T,
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