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Abstract. A well-known problem in Malliavin calculus concerns the relation be-
tween the determinant of the Malliavin matrix of a random vector and the deter-
minant of its covariance matrix. We give an explicit relation between these two
determinants for couples of random vectors of multiple integrals. In particular, if
the multiple integrals are of the same order and this order is at most 4, we prove
that two random variables in the same Wiener chaos either admit a joint density, ei-
ther are proportional and that the result is not true for random variables in Wiener
chaoses of different orders.

1. Introduction

The original motivation of the Malliavin calculus was to study the existence and
the regularity of the densities of random variables. In this research direction, the
determinant of the so-callled Malliavin matrix plays a crucial role.

We give here an explicit formula that connects the determinant of the Malli-
avin matrix and the determinant of the covariance matrix of a couple of multiple
stochastic integrals. This is related to two open problems stated in Nourdin et al.
(2012). In this reference, the authors showed that, if F = (F},.., Fy) is a random
vector whose components belong to a finite sum of Wiener chaoses, then the law of
F' is not absolutely continuous with respect to the Lebesque measure if and only if
Edet A = 0. Here A denotes the Malliavin matrix of the vector F. In particular,
they proved that a couple of multiple integrals of order 2 either admits a density
or its components are proportional.
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They stated two open questions (Questions 6.1 and 6.2 in Nourdin et al. (2012),
arXiv version): if C' is the covariance matrix and A the Malliavin matrix of a vector
of multiple stochastic integrals,

e is there true that Edet A > cdet C, with ¢ > 0 an universal constant?

e is there true that the law of a two dimensional vector of multiple integrals
with components in the same Wiener chaos is either absolutely continuous
with respect to the Lesque measure or its components are proportional?

We make a first step in order to answer to these two open problems. Actually,
we find an explicit relation that connects the two determinants. In particular, if
the multiple integrals are of the same order and this order is at most 4, we prove
that two random variables in the same Wiener chaos either admit a joint density,
either are proportional. The basic idea is to write the Malliavin matrix as a sum
of squares and to compute the dominant term of its determinant.

We organized our paper as follows. Section 2 contains some preliminaries on
analysis on Wiener chaos. Section 3 is devoted to express the Malliavin matrix as
the sum of the squares of some random variables and in Section 4 we derive an
explicit formula for the determinant of A which also involves the determinant of
the covariance matrix. In Section 5 we discuss the existence of the joint density of
a vector of multiple integrals.

2. Preliminaries

We briefly describe the tools from the analysis on Wiener space that we will
need in our work. For complete presentations, we refer to Nualart (2006) or Nour-
din and Peccati (2012). Let H be a real and separable Hilbert space and con-
sider (W (h),h € H) an isonormal process. That is, (W(h),h € H) is a family of
centered Gaussian random variables on the probability space (€2, F, P) such that
EW(h)W(g) = {f,g)m for every h,g € H. Assume that the o-algebra F is gener-
ated by W.

Denote, for n > 0, by H,, the nth Wiener chaos generated by W. That is, H,
is the vector subspace of L?(Q) generated by (H, (W (h)),h € H,|/h|| =1) where
H,, the Hermite polynomial of degree n. For any n > 1, the mapping I,,(h®") =
H,, (W (h)) can be extended to an isometry between the Hilbert space H®™ endowed
with the norm v/n!|| - || gen and the nth Wiener chaos H,,. The random variable
I,(f) is called the multiple Wiener It6 integral of f with respect to W.

Consider (ej);>1 a complete orthonormal system in H and let f € H®", g €
H®™ be two symmetric functions with n,m > 1. Then

F= 00 Mg ©.. @, (2.1)
tredn>1
and
9= Y Brrknh ® . ®ep, (2.2)
klw';k?nzl

where the coeflicients A; and 3; satisfy Aj_ ...y = Misodn A0 Bk, ) knimy =
Bky,.. .k, for every permutation o of the set {1,...,n} and for every permutation m of
the set {1,..,m}. Actually \;, ; = (f,ej, ®..®¢€;,)and B, .k, = {9,k ..®
ek,,) in (2.1) and (2.2). Note that, throughout the paper we will use the notation
{-,+) to indicate the scalar product in H®* independently of k.
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If fe H®" ge H®™ are symmetric given by (2.1), (2.2) respectively, then the
contraction of order r of f and g is given by

[®rg = E § E At yewsirsjtreosin— v Bitsoyiv ks

i1yestr>1 J1, 0 n—r2>1 k1, kg —r>1
X (ej, ®.®e€j ) ® (e, ®..Q e, ) (2.3)

for every r = 0,..,m An. In particular f ®) g = f ® g. Note that f ®, g belongs
to H®(m+1n=27) for every r = 0,..,m A n and it is not in general symmetric. We
will denote by f®,g the symmetrization of f ®, g. In the particular case when
H = L*(T, B, 1) where p is a sigma-finite measure without atoms, (2.3) becomes

(f ®T g)(tla () tm+n—2r)

= d/“(ul)d/’(‘(u’r‘)f(ul7 vy Up,y tla 13} t’n—T)g(U’17 oy Upy tn—’r‘-‘r17 B3} tm+n—27‘)- (24)
Tr

An important role will be played by the following product formula for multiple
Wiener-It6 integrals: if f € H®", g € H®™ are symmetric, then
mAn
In(f)lm(g) = Z T!C;zcglm+n72r (f®rg) . (25)
r=0
We will need the concept of Malliavin derivative D with respect to W, but we will
use only its action on Wiener chaos. In order to avoid too many details, we will
just say that, if f is given by (2.1) and I,,(f) denotes its multiple integral of order
n with respect to W, then

DL(f)=n Y Nijna1(e,®..®6j) e,

J1s-sdn>1

If F,G are two random variables which are differentiable in the Malliavin sense,
we will denote throughout the paper by C the covariance matrix and by A the
Malliavin matrix of the random vector (F,G). That is,

||DF||2 (DF, DG)
A:<<DRDG> |DF|? )

3. The Malliavin matrix as a sum of squares

In this section we will express the determinant of the Malliavin matrix of a
random couple as a sum of squares of certain random variables. This will be useful
in order to derive the exact formula for the determinant of the Malliavin matrix and
its connection with the determinant of the covariance matrix for a given random
vector of dimension 2.

Let f € H®" and g € H®™ be given by (2.1) and (2.2) respectively, with
n,m > 1. Let FF = I,(f),G = I,,(g) denote the multiple Wiener-It6 integrals of f
and g with respect to W respectively. Then

L= D Niguda(e, ®..®@ej,) (3.1)
j17--,jn21

and
In(9) = D Brroknlm (e, @ .. @cx,,). (3.2)
ki, km>1
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From (3.1) and (3.2) we have
DF=n Y XN, o, ®.®¢)e;,
Jisesin>1

and

DG =m Z Btk Im—1 (€, @ .. @ €g,,) €k, -
ki kim >1
This implies
IDFIP=n*Y" > > AjergidikaokaIn1 (6, ® . ®e5,)
i1 joyerjn 21 ki kn >1
X 1,1 (6k2 ®X..&® ekn)
and
IDGIIP=m*> " > > Buisru Bk ki Imo1 (€, ® .. ®¢;,)
121 Ljz,ocdn 21 Lka,oo b >1
X Im_1 (ek.2 ®K..Q ekm)
and
(DF,DG)=nmY > D AigergnBigiinIno1 (65, @ . ®ej,)
P21 joreern 21 ke >1
X Ipq (6k2 ®.. & ekm) .

Let us make the following notation. For every i > 1, let

Sif= n(DF,e;) =n Z Nijarooiindn—1 (€j2 ®.Q ejn) (3.3)
J25Jn21
and
Si7g = m(DG,ei> =m Z ﬂi7k2,“7kam_1 (ek2 ®.Q ekm) . (3.4)
Kayokm>1

We can write

IDFI? =) 8% IIDGIP =) S, (DF.DG) =Y S, 4Si

i>1 >1 i>1
and
2
det(A) = |DF|’|DG|* = (DF,DG)* = Y S7:S7, — [ D SifSig
i1>1 i>1

A key observation is that

N | =

Z SiQ,fSl%g B ZSivaiyg =

iI>1 i>1
‘We obtained

Proposition 3.1. The determinant of the Malliavin matriz A of the vector (F,G) =
(L.(f), Im(g)) can be expressed as

> (SifSig - S11Sig)”.  (3.5)
i,1>1

1 1
deth =5 > (SifSig = SirSig)’ = 3 > ((DF,e;){DG,e)) — (DF, e1)(DG, e;))?

iI>1 i>1



The determinant of the Malliavin matrix 685

where S; 5, S; 4 are given by (5.3) and (3.]) respectively.

4. The determinant of the Malliavin matrix on Wiener chaos

Fix n,m > 1 and f,g in H®" H®™ respectively defined by (2.1) and (2.2).
Consider the random vector (F,G) = (I,(f), Im(g)) and denote by A its Malliavin
matrix and by C' its covariance matrix.

Let us compute E det A. Denote, for every i,1 > 1

sip=n(f@re)=n D Aij.j.eip®.Dej, (4.1)
j27~~7jmzl
and
Sg=m(g@re) =m Y Biks, kChs @ D ek, (4.2)
k27~-7k7n21

Clearly, for every 7,1 > 1
Sip =1In-1(sif), Sig=Im-1(si9)- (4.3)
The following lemma plays a key role in our construction.

Lemma 4.1. If f € H®" and g € H®™ are given by (2.1) and (2.2) respectively
and S; 1, Siq by (4.1), (4.2) respectively, then for everyr =0,..,(n Am)—1

1
[ ®ry19= o Z (8i,f ®r Sing) -
i>1
Proof: From relations (4.1) and (4.2), we have

% Z(Szf Qp Sig) = Z(f ®1€) R (g®1 €)= f i1 9.

i>1 i>1

We make a first step to compute E det A.
Lemma 4.2. Let f € H®", g € H®™ be symmetric and denote by A the Malliavin
matriz of the vector (F,G) = (I,(f), Im(g)). Then we have
(n—=1)A(m—1)

EdetA= > T
k=0

where we denote, for k=0,..,(m —1)A(n—1),
1 2 2 ~ ~
Ty = 5 Z k'2 (Crlizfl) (C:jzfl) (m+n—2—2k)!|\si7f®ksl,g—sl,f®ksi,g||2 (44)
i1>1

and s; 1, Si. g are giwen by (4.1), (4.2) for i > 1.

Proof: By Proposition 3.1 and relation (4.3)

2det A = Z (In—1(si,£) Im—1(s1,4) — Infl(Sl,f)lmfl(slkg))2

i1>1

(m—1)A(n—1)

> > KO Ch Tyna ok (51 5@k — 1,5k g)
ii>1 k=0
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where we used the the product formula (2.5). Consequently, from the isometry of
multiple stochastic integrals,

(n—=1)A(m—1)
1 9 L 2 L 2
EdetA = 52 > KP(CE)T(CEL) (mAn—2—2k)!
i,i>1 k=0
x|[8i,r @rs1,9 — 51,7 k561>
(n—1)A(m—-1)

= Z Ty..

k=0
O
For every n,m > 1 let us denote by
(n—=1)A(m—1)
Bpym:= Y Ti, Ryi=Ry,. (4.5)

k=1
Remark 4.3. Obviously all the terms T} above are positive, for k =0,..,(n — 1) A
(m—1).
We will need two more auxiliary lemmas.

Lemma 4.4. Assume fi, f3 € H®" and fo, fs € H®™ are symmetric functions.
Then for every r =0,..,(m — 1) A (n — 1) we have

(f1 @n—r [3, f2 @m—r f1) = (f1 @r f2, f3 Dr f4).

Proof: Tt follows easily from (2.3). O
Lemma 4.5. Suppose f1, fs € H®", fo, f3 € H®™ are symmetric functions. Then
- - min!
) = T\ CTC’T s ) T .
(f1®f2, f3®f1) (m +n)! ; nCmf1 @ f3, f4 @ f2)

Proof: This has been stated and proven in Nourdin and Rosinski (2013, to appear)
in the case m = n. Exactly the same lines of the proofs apply for m # n. O

We first compute the term T obtained for £ = 0 in (4.4).
Proposition 4.6. Let Ty be given by (/.4) with k = 0.

(n—=1)A(m—1)

Ty = Z mnm!n!cﬁ—lc;z—l [Hf Or 9”2 - ||f Or41 g||2] .
r=0

Proof: From (4.4),

1 N N
To = S(m+n=2) D s @sig — 1,581
i1>1
1 5 N N N
= (m+n-2) > [lsis@sigl? + s, @sigll® = 2(si, 1 Bs1,q, 51,1 @549)] -
i1>1

Let us apply Lemma 4.5 to compute these norms and scalar products. We obtain,
by letting f1 = s;5 = fa and fo = 54 = f3 (note that s; ¢,s; 4 are symmetric
functions in H®™, H®™ respectively)
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(m+n—2)ls; ;@51 4, 5i, §@51,4)
= (m+n—2)(s; 1514, 51,428 f)
(n—1)A(m—1)
= (m—1!(n—1)! Z Cr1Cr_1(Si,f ®r Si,g, Si,f ®r S1,g)
r=0
(n—=1)A(m—-1)
=m-Dln-1" > CrChylsig @ sigl*
r=0

Analogously, for fi = s,y = fa and fo = s; ¢ = f3 in Lemma 4.5 we get

(m+n—2)/s; @i, 51, DSi.4)
(n—1)A(m—1)
= > (=D m=1IC;_,Cpllsiy @ sigll®.
r=0

Next, with f; = Si,fs fo= St,g Ja = Su,f, f3 = Si,g

(m +n —2)!(s;, ;@s1,9, 51,5 D54 )
= (m+4n—2)(s; ;®s1.9,5i4D517)
(n—=1)A(m—-1)
= Y (=) m = 1)ICh_ Ch i (8 @r Sigy S1p Or S1g)-
r=0

Then

(m+n=2)! " |lsi s@s1.9 — 51,5 @55 4>
i1>1
(n—=1)A(m—1)
= Z (n—=Dlm —1)IC7_,CF,
r=0
X Z st ®r sigll® + llsif @r s1,6l* = 2(si.f @r g, S1.5 O S1,9)]
i1
(n—=1)A(m—1)

= 2 Z (n—1lm-1IC,_,C] _,

r=0
x> (Isif @ s16lI* = (515 @ 819,515 Dr 51.9)]
i1>1

(n—1)A(m—-1)

=2 Y (n-Dm-1)C,CL

r=0

XY Nsig @ sigll® = O siy @ sigy D515 O 1)

i1>1 i>1 >1
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(n—1)A(m—-1)
=2 > (n-D(m-1)C;_,C;_,
r=0
X sir @ sigll® = 11> sip @ sigl®| - (4.6)
i,1>1 i>1

Notice that, by Lemma 4.1, for every r =0,..,n — 1

1> (5.5 @ 5i9)|1? = 02m2 | f @1 gl|*. (4.7)

i>1

We apply now Lemma 4.4 and we get

. 2 — . .
Zi 9 9 b ) 9
D llsig @ sill D (sig ®r 51,807 ®r S19)
i>1 i>1
= Z <Si,f On—1-r Si,f5Sl,g Om—1—r Sl,g>
iI>1
= <Z<(Sz,f On—1-r Si,f)7 Z(sl,g Om—r—1 Sl,g)>
i>1 1>1

and by Lemma 4.1 and Lemma 4.4, this equals

Z Hsi,f Qr Sl,g ‘2 = n2m2<f Rn—r f7g Qm—r g>
Q=1
= n’'m?||f @, g|*. (4.8)
By replacing (4.7) and (4.8) in (4.6) we obtain
1 ~ ~
Ty = (m+n-2) > lIsi@sig — s1,.@si gl
i>1

(n—1)A(m—1)

= Z mnm!n!@;qc&q [Hf Or g||2 - ||f Or+1 g||2] .
r=0

Let us state the main results of this section.
Theorem 4.7. Let f € H®" g € H®™ (n,m > 1) be symmetric and denote by A
the Malliavin matriz of the vector (F,G) = (I,(f), Im(g)). Then

(n—1)A(m—1)

EdetA= Y mamnlCy_ Ch_y [If @, gl = |f @11 9°] + Rum
=0

where for every n,m > 1, Ry, n is given by (/.5). Note that Ry, > 0 for every
n,m > 1.

Proof: 1t follows from Proposition 4.6 and Lemma 4.2. O

In the case when the two multiple integrals live in the same Wiener chaos, we
have a nicer expression.
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Theorem 4.8. Under the same assumptions as in Theorem .7 but with m = n,
we have

EdetA =
[=22]
m?det C + (mm!)* Y ((Ch_1)* = (Cr D)) (1f @ 9> = If @nr glI*) + R
r=1

with Ry, given by (4.5). Here [x] denotes the integer part of x.

Proof: Suppose n < m and that m is odd. The case m even is similar. From
Theorem 4.7 we have

m—1 m—1
EdetA = (mm)? | (Ch )1 @rgl> = S (Co)’ I ©rp1 gl
r=0

%
sl
A=)

3

2 m—1

= (mml)? Cr_)’If@rgl? = > (Coit)’ IIf ®rra gl

r=0 T:%—l
1 m;l ,
mm' Z 7n 1 ||f r 9”2 - Z ( :n—l) ||f ®T+1 g”2
m21 r=0
m—1
2
= mm' 2 Z Hf Qr g”2 - Hf Sn—r g}
r=0

H

m—

+(mm!)? Z C’T 1 ||f On—r g|I> = || f @ 9”2]

r=1

where we made the change of index ' = n — 1 — r in the second and third sum
above. Finally, noticing that for » = 0 we have

m*m!? (C_ ) [IIf ®0 glI* = ||f ®n gl|] = m*det C

we obtain the conclusion. O

FEzample 4.9. Suppose m = n = 2. Then

EdetA = 16[|[f®g|® - |f 2 9]?] + R
= 4detC + R,.

We retrieve the formula in Nourdin et al. (2012) with

Ry =32 (|lf ®19l” — [f&19]?) -
Assume m = n = 3. Then

Edet A 9% 36 [(IIf ®gl*>— IIf @3 g]?)
+9 x 36 x ((C3)* = 1) (If @1 91> = If ®2 9%)] + Rs
= 9detC+9x36 x3(|[f @1 9> — [|f ®29[°) + Rs.

Suppose m =n = 4. Then
EdetA = 16detC +16 x 4! x 41 ((C3)* — 1) (|| f ®1 9[> = || f ®3 g[|*) + Ra.
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5. Densities of vectors of multiple integrals

Let us discuss when a couple of multiple stochastic integrals has a law which is
absolutely continuous with respect to the Lebesque measure. The situations when
the components of the vector are in the same chaos of in chaoses of different orders
need to be separated.

Let us first discuss the case of variables in the same chaos. In order better
understand the relation between det A and det C we need more information on the
terms R,, in Theorem 4.8. It is actually possible to compute the last term T,
in (4.4).

Proposition 5.1. Suppose m = n and let T,,,_1 be the term obtained in (/./) for
k=m—1. Then

Th—1 = QO!Q [Hf Om—1 9”2 - <f ®1 9,9 D1 f>:| .
Proof: From (4.4),

1 ~ -
To1 = 5 D = 1)Plsi ;@ 1519 — 51,5 Om-15i6]>
il>1
1
= 3 Z (m = 1)P[si,s @m—1 51,9 = 51,y Om—1 5i,gl”
il>1
1 2
= 5 D (m=1)1 [(si5,519) — (51, 8i9)]
i1>1
= (m=1P| > (sigs10)° = D (i 500) (51,5 510)
i0>1 il>1
= (M=) | > (50 @sipis0@519) = D (87 @ 81,9509 @ 51,5)
i0>1 i1>1
= (m—=DPm [(f @1 f,9©19) — (f @1 9,921 [)]
= m*mP [|f @m-19|* — (f ®1 9,9 @1 f)]
where we applied Lemmas 4.4 and 4.1. ([l

We first answer the open problem 6.2 in Nourdin et al. (2012) for chaoses of
order lesser than five.

Theorem 5.2. Let m < 4 and let f,g € H®™ be symmetric. Then the random
vector (F,G) = (In,(f), Im(g)) does not admit a density if and only if

det C' = 0.

In other words, the vector (F,G) does not admit a density if and only if its compo-
nents are proportional.

Proof: The case m = n = 1 is obvious and the case m = n = 2 follows from
Nourdin et al. (2012) (it also follows from Example 4.9). Suppose m = n = 3.
Then

EdetA = 9detC+9x36x ((CH2—1) [|If @1 9] = |If ®2 9]
+9 %36 [[| f @2 9[> — (f ®2 9,9 @2 [)] + Ry
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where RY is the term with k = 1 in (4.4). Using (f ®1 ¢,9®1 f) = (f ®29,9 ®2 [)
(Lemma 4.4) we get

EdetA = 9detC+9x36x3[[f®1gl*>—(f @199 f)]
—9x36x2[[|f®29]* = (f ®29,9 92 f)] + Rj.

Suppose det A = 0. Then Ty, Ty, T from (4.4) vanish. In particular 75 = 0 in (4.4)
and so

1f ®2 9[> = (f ®2 9,9 ®2 f) =0.
This implies
9det C +9 x 36 x 3[||f @1 g]I> = (f ®19,9®1 f)] =0

and therefore det C' = 0 because || f ®1 g||> — (f ®1 9,9 ®1 f) is positive by Cauchy-
Schwarz.
Suppose m =n = 4.

EdetA = 16detC+ 16 x 412 (CH)? —1) [|If @1 g|> — | f 5 ]
+16 x 41 [|f @5 gl|* — (f @3 9.9 @3 )] + R}

where R) is the sum of terms obtained for ¥ = 1 and k¥ = 2 in (4.4). Since
(f ®39,9®3 f) = (f ©19,9 ®1 f)(Lemma 4.1) we get

EdetA = 16detC +16 x 4% ((C3)* = 1) [|If @1 gl> — (f @1 9,9 @1 f)]
—16 x 41 ((C3)* = 2) [If @3 9l — (f ®3 9.9 ®3 f)] + R
Assume det A = 0. Then in particular T5 from (4.4) vanishes. So
If @3 9l* = {(f ®39,9®5 f) =0
and this implies det C' = 0. (]

Remark 5.3. For m =n > 5, we have
EdetA = 25detC+25x 52 (CH2 —1) [|If @1 9% = |If @1 9]?]
+25 x 512 ((C3)? = 1) [If @2 9l = |1f ®3 g]I°]
+25 x 512 [||f ®49]1* — (f ®19,9 @4 f>] + Ry

If det A = 0 then, since T} vanishes, we get that || f @49|*> — (f ®49, g®4 f) vanishes.
But this is not enough. We need some additional information in order to handle the
difference || f ®2 g[|%> — || f ®3 g]|?. One possibility is to look to the terms T}, Ty, T3 in
(4.4) but these terms cannot be written in a closed form, since they involve more
complicated contractions (some ”contractions of contractions”).

Let us finish by some comments concerning the case of variables in chaoses of
different orders. Consider (F,G) = (I,(f), Im(g)) with n # m. First, let us note
that E'det A = 0 does not imply det C' = 0. This can be viewed by considering the
following example.

Example 5.4. Take F = I1(h) and G = I3(h®?) where ||h|| = 1. In this case
detC' =2 and det A =0.
One can also choose F' = I,,(h®") and G = I,,,(h®™) with m # n and ||h| = 1.
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In the case (I,,(f), I1(g)) there is only one term in (4.4) obtained for k = 0. It

reads

Ty =nn! [||f @2 gl = |If @1 91°] -
and therefore the condition for the existence of the joint density is || f ®2g|? — || f ®1
gll> > 0.

The case (I,(f),I2(g)) is more complicated and needs new ideas in order to
obtain the if and only if condition for the existence of the density of the vector.
Even the ”last term”in (4.4) (that is, the term obtained for k = (m — 1) A (n — 1)
cannot be written is a nice form.
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