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Abstract. This paper studies Lévy mixing of multivariate infinitely divisible dis-
tributions u, where the parametrisation is in the form of a rescaling of the Lévy
measure and of the cumulant transform of p by a matrix mapping. Particular
examples appear in the study of multivariate operator self-decomposable distribu-
tions and the construction of multivariate superpositions of Ornstein-Uhlenbeck
processes. Under mild conditions the associated transformations preserve infinite
divisibility and have smoothening effects, such as guarantying absolute continuity
of the resulting Lévy measures and a decreasing effect on the Blumenthal-Getoor
index. Their domains, behavior under convolution and composition, continuity
with respect to weak convergence and other basic properties are systematically
considered. Moreover, a representation of these transformations as distributions of
integrals of a deterministic function with respect to a Lévy basis is established. We
present a review and a self-contained treatment of the relevant random integrals
with respect to Lévy bases in a unified approach closely connected to Lévy mixing.

1. Introduction

In order to introduce the concept of Lévy mixing we note initially that probabil-
ity mixing, i.e. the generation of a new probability law by randomising a parameter,
does not generally preserve infinite divisibility. Thus, if (Py)eco is a parametrised
family of infinitely divisible probability measures, and if © is endowed with a prob-
ability law @, the resulting measure R (dz) = [ Py (dz) Q (df) does as a rule not
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determine an infinitely divisible distribution, even if also @ is infinitely divisible.
This aspect of probability mixing has motivated a major amount of research in the
theory of infinite divisibility for several decades; see for example Steutel and van
Harn (2004), Chapter VI.

On the other hand, if vy is the parametrised class of Lévy measures corresponding
to the class Py, then a measure of the form w (dz) = [ vg (dz)~(df), for some
o-finite measure -y, will, under mild conditions, again be a Lévy measure, hence
determining an infinitely divisible law. We illustrate this by a simple example.

Ezample 1.1 (supOU processes). Let X be a non-Gaussian OU process

t
th/ e P=9)dL,, (1.1)

—00
where L is an increasing Lévy process on R (with no drift), such that the Lévy
measure v of Ly (necessarily concentrated on (0, 00)) satisfies the conditions

1 0
/0 zv(dr) < oo, and /1 In(x) v(dz) < oo. (1.2)

The second condition ensures that the integral in (1.1) exists (as a limit in proba-
bility). Now the cumulant transform’ of X; may be calculated as

t oo
ClCEX) = [ C{Ce P49 § Ly} ds = /0 Cice £ Ly} du

_ /OOO /OOO (eiCe"“m - 1) y(dz) du = /0oo /Ooo (e — 1) v(e’*dy) du

= / (eicy - 1) w(dy; 5)

0
for all ¢ in R, and where

@ (dy: §) = / T uerdy)du, (B> 0); (13)

that is, w(dy; 8) is a mixture of scalings of the Lévy measure v, where the mixing
measure is Lebesgue measure. The condition (1.2) then means exactly that

/OO min{1,y} w(dy, 8) < oo,
0

so that w is again the Lévy measure of an increasing Lévy process.
We may proceed to mix @ (dy; 8) with respect to the parameter 3, devising a
new measure w on (0,00) by letting

o) = [ " o (dy: 8) x (d8) (1.4)

for some measure y on (0,00). Assuming that [~ 87! x(dj) < oo, one may check
that [~ min{1,y}w(dy) < oo, so that w is again the Lévy measure of an increasing
Lévy process.

In continuation of the above considerations, we now introduce a Lévy basis L
on R x Ry with characteristic quadruplet (fo1 zv(dz),0,v, A ® x), and where A

Lthe log of the Fourier transform of X4.
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denotes Lebesgue measure on R.” For any bounded subset F of R x R, it follows,
in particular, that f/(F) is an infinitely divisible random variable with characteristic
triplet A® x(F) (fol zv(dx),0,r). The conditions imposed on v and y above ensure
the existence of the stochastic integral

X, = / / —BE=9)T (ds,dp) (1.5)

(see e.g. Barndorfi-Nielsen and Stelzer (2011)). The process X is a supOU process,
i.e. a superposition of OU processes, and its cumulant transform may be calculated
as (see e.g. Barndorff-Nielsen and Stelzer (2011))

oo t
ClCER) = /0 [ C{ce P § Ly} ds y(dB)

/ow /OOO /ooo (™™= —1) v1(dz) du x(aB)
B /ow (Y — 1) w(dy).

In particular, taking x (d8) = Bw (df) where 7 is the gamma law I (k, 1), the
process X; will exhibit long range dependence provided & € (0,1); see Barndorfi-
Nielsen (2001).

The above example illustrates both how Lévy mixing occurs naturally from sto-
chastic integral representations of random variables or processes (cf. formulae (1.3)
and (1.1)), and the construction of a new infinitely divisible process - the supOU
process (1.5) - by Lévy mixing of a given infinitely divisible process, the OU process
(1.1). The constructions and assertions made in the example will appear as special
cases of the theory developed in the following sections. In addition we shall return to
this example when multivariate situations are considered (see Examples 3.8 and 6.10
below).

The present paper discusses in a systematic way various types of Lévy mixing,
focussing on cases where the parametrisation is in the form of rescaling of a given
Lévy measure v. More specifically, we consider mixtures

(05 00B) = [ [ 1m0y (T vidn) (s (16)

for a given Lévy measure v on R? and where T(s) is a d x d matrix with real
entries, while s varies in a measure space (5,8,7). In case T'(s) is invertible for all
s, formula (1.6) may be written as:

[9.()](dz) = / V(T (s)"1dz) 7(ds).
S

The specific mixtures (1.6) are referred to as (matrix) Upsilon transformations of
type Y0 := Y9, and they map Lévy measures on R¢ into - typically more regular -
Lévy measures. Associated to these mappings are another type of transformations

2See Section 5.1 for background on Lévy bases (also known as infinitely divisible independently
scattered random measures).



1016 Barndorff-Nielsen et al.

denoted by T := Y. These map multivariate infinitely divisible d-dimensional
laws 4 into infinitely divisible d-dimensional laws Y () via the formula

Croo = [ CTEWA).  (weR) (1.7)

where the letter C stands for the cumulant transform. In the case S = R and
T = sly (with I the d x d unit matrix) Upsilon transformations of these types
have from different points of view and levels of generality been the subject of in-
vestigation in numerous papers over the last couple of decades; see Section 2 for a
brief summary of some of the previously established results in this direction. The
present paper provides a unified and generalized approach to much of the theory
developed in those papers. Specifically we study transformations of the types T%
and Tp corresponding to general classes of d x d matrices T'(s). Our framework
and results are relevant in several situations and directions. Indeed, as the intro-
ductory example shows, there is a need for considering a more general space S than
R. Secondly, matrix Upsilon mappings appear naturally in studies of multidimen-
sional operator-selfdecomposable distributions and multivariate superpositions of
Ornstein-Uhlenbeck-type processes, where T'(Q,r) = ¢"? with @ in an appropriate
space of matrices and r € R; see Jurek and Mason (1993) and Barndorff-Nielsen
and Stelzer (2011), respectively. Thirdly, in our set-up the transformation T is also
a variable in the sense that the Upsilon transformations Y9 and Y7 are functions
of T in addition to being functions of a Lévy measure, respectively an infinitely
divisible law on R?. Accordingly, we investigate interesting properties for Y7 (u)
for a given T while p varies, and reciprocally. Finally, the associated random inte-
gral representations are with respect to a general Lévy basis in .S rather than to a
Lévy process, the relevance of which is also illustrated by Example 1.1. Recently,
Lévy bases have been extensively used in Lévy type modelling and several aspects
of the theory and applications of Ambit processes; see Barndorfl-Nielsen (2011);
Barndorff-Nielsen et al. (2011); Jonsdottir et al. (2011) and references therein.
The main results and organization of this paper are as follows. Section 2 pro-
vides a brief account on previously established results on transformations of upsilon
type. Section 3 starts by introducing the notation used in the paper and proceeds
with the definitions of the mappings Y9 and Y. A number of basic properties
of these mappings are subsequently established. This includes the study of their
domains as well as their behavior under basic probabilistic operations. In case 7y is a
probability measure, T' may be thought of as a random matrix, and a number of ex-
amples of Upsilon transformations corresponding to fundamental classes of random
matrices (diagonal exponentials, symmetric Gaussians and Wishart matrices) are
specifically considered. Section 4 considers continuity with respect to weak conver-
gence of Yr(+) for fixed T and of Y. () for fixed u. Section 5 deals with regularising
properties of Y9 and Y. Conditions on vy o T~! ensuring absolute continuity of
Y9.(v) with respect to Lebesgue measure on R? are given. It is also shown that Y
has, in general, a decreasing effect on the Blumenthal-Getoor index of an infinitely
divisible distribution on R?, but in the case of the stable distributions the index is
preserved. Section 6 deals with the representation of Y7 as a random integral with
respect to a Lévy basis L. Specifically, it is shown that given a measurable family
of linear mappings T'(s) : R — R?, s € S, there exists (under suitable conditions)
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for any 4 in the domain of Y7, an R? -valued Lévy basis L on (5,8, 7), such that
L{/T(s)L(ds)} = Tor(p).
S

Furthermore, there exists a Lévy basis L on the product space
(S x [0,00),8 ® B([0,00)),7 ® A),
(where A denotes Lebesgue measure) such that the process (Z;):>o defined by

Zy = / T(s)1(0,4(u) L(ds, du), (t>0),
S%[0,00)

realizes the Lévy process (in law) associated to the infinitely divisible measure
Tr(p).

We present a review of the relevant random integrals with respect to Lévy bases,
giving a self-contained treatment. This is in line with the study of random integrals
with respect to Lévy bases initiated by Urbanik and Woyczyniski (1967) and further
developed by Rajput and Rosinski (1989) and by Sato in Sato (2004). Our pre-
sentation, however, provides a unified approach to random integrals closely related
to the properties of Upsilon transformations established in the earlier sections (in
particular the continuity results of Section 4).

Acknowledgements. OEBN and ST were partially supported by the Thiele Centre
for Applied Mathematics in Natural Science at the University of Aarhus.

While conducting the research presented in this paper, VPA was partially supported
by a grant from the Aarhus University Research Foundation, and ST was supported
by Centro de Investigacién en Matematicas in Guanajuato, Mexico, during a visit
there in 2012.

2. Previously established results

Over the last decade or so much attention has been given to Upsilon transfor-
mations of the types Y° and Y in the case S = R and T'(s) = sl; in (1.6) and
(1.7), where I4 is the d x d unit matrix. The measure v may then be an arbitrary
o-finite measure on R. This case was methodically considered recently in Macjima
et al. (2013), where it is shown in particular that not all mixtures of Lévy mea-
sures correspond to such Upsilon transformations. Cases where  is concentrated on
(0, 00) were previously studied in Barndorfl-Nielsen and Thorbjernsen (2004, 2006);
Barndorff-Nielsen et al. (2006b, 2008); Barndorff-Nielsen and Maejima (2008), and
related questions regarding stochastic integral representations of infinitely divisible
distributions with respect to Lévy processes are investigated in Jurek (1985, 1990);
Jurek and Mason (1993); Barndorff-Nielsen et al. (2006b); Maejima et al. (2012);
Rosinski (1984); Sato (2006a,b, 2007), among others.

Some important subclasses of the class ID(R?) of infinitely divisible distributions
on R? are describable as the range of a one-dimensional Upsilon transformation of
type Y. This is the case, for example, for the class of self-decomposable distributions
L(R?), the Goldie-Steutel-Bondesson class B(R?), the Thorin class T(R), the class
G(RY) of generalized type G distributions, the Jurek class U(R?), and the class
A(R?) obtained by Lévy mixing with arcsine Lévy measure, among others; see
for example Barndorff-Nielsen and Thorbjgrnsen (2006); Barndorff-Nielsen et al.
(2006b, 2008); Maejima et al. (2012, 2013).
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Some further interesting applications of one-dimensional Upsilon transformations
were highlighted in the lecture Rosinski (2007) at the Conference on Lévy Processes
in Copenhagen in 2007; see also Rosiriski (1990, 2007).

Assuming that v is a probability measure on R (and still that T'(s) = sl for all
s), the formulae (1.6)-(1.7) may be written conveniently as

50)B) =B [ Im@Gnr@n}.  Bes®) (2

and

Cyp(w(u) = E{C.(Xu) }, (u e ]Rd) (2.2)
where X is a one-dimensional random variable carrying the distribution ~. Two
important one-dimensional Upsilon transformations correspond to the cases when
X has the standard Gaussian distribution or the exponential distribution.

The Gaussian case corresponds to the Lévy measures of the type G distributions
introduced in Marcus (1987) and systematically studied in Rosinski (1991). These
are the infinitely divisible variance mixtures (considered in Kelker (1971)) of the
form VZ, where Z is Gaussian and V2 is infinitely divisible. When T = ZI; and
Z is a one-dimensional random variable with standard Gaussian distribution, the
measure T9.(v) is, for any Lévy measure v, the Lévy measure of a type G distribu-
tion on R? as considered in Macjima and Rosiriski (2002). Integral representations
of type G distributions were established in Aoyama and Maejima (2007). Moreover,
the class G(R?) of generalized type G distributions considered in Maejima and Sato
(2009) correspond to the image of Y. In addition, it was shown in Magejima et al.
(2012) that the class G(R?) is the image of the class of distributions A(R?) under
an Upsilon transformation where « is the arcsine measure.

The exponential case, i.e. where y(dz) = ™19 o) dz, was studied extensively
in Barndorff-Nielsen and Thorbjernsen (2004, 2006). In this case the formula (1.7)
is related to the relationship between classical and free probability theory embodied
in the formula (see Barndorff-Nielsen and Thorbjornsen (2004))

Ca(u (iz) = /000 C(zx)e™* dz, (z € (—0,0)). (2.3)

Here A is the Bercovici-Pata bijection between the classes of one-dimensional infin-
itely divisible probability distributions in classical and free probability, respectively
(see Bercovici and Pata (1999) or Barndorff-Nielsen et al. (2006a)). Moreover, €,
denotes the free cumulant transform of a probability measure p on R.

We mention finally that a class of matrix Upsilon transformations has been
briefly considered in Barndorff-Nielsen and Pérez-Abreu (2007) in the case of linear
transformations T : S; — S;, where S; is the open cone of positive definite
matrices.

3. Upsilon transformations associated to matrix valued mappings

3.1. Notation. In the following we denote by ||u|| the Euclidean norm of a vector
u = (u,...,uq)* in R%, ie.

lull = (uf +--- +u) /2. (3.1)
By B; we denote the corresponding closed unit ball in R%:
By = {(u1,...,ua)" € R [ [Jul| < 1}. (3.2)
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We denote by My ,,, (R) the linear space of d xm matrices with real entries, by My (R)
the space My 4(R) and by S; the subspace of symmetric matrices in My(R). Fur-

thermore we let g:l_ denote the closed cone of d x d nonnegative definite symmetric

matrices in My(R) while S; is the open cone of d x d positive definite matrices. For

Ty and Ty in Mg ,,, (R) we denote by (T4, T») the inner product (Th,T5) = tr(ThT5)

where T denotes the transpose of T', and tr is the (un-normalized) trace on M4(R).
For a matrix T in My(R) we denote by ||T|| the operator norm of T, i.e.

IT|| = sup{||Tu | v € R?, |ul| <1}. (3.3)
Recall then that
IT*T| =TI |Tull <|T|ull, and [TV <|T||V] (3.4)

for any d x d matrix V and any u in R?. We shall also consider another norm
on Mg4(R): For any T in Mg4(R) the Hilbert-Schmidt norm ||7'||s is the euclidean

. . 2
norm of T considered as a vector in R?" . In other words:

d d
ITlRs = D I1Tesl* =D (T Tej e5) = te(T™T) = (T, 1), (3.5)
j=1 j=1
where {ey,...,eq} is the standard orthonormal basis for R9.

Since all norms on M;(R) are equivalent, it follows that there exist strictly
positive constants ¢q4, Cy (depending only on d), such that

call 71l < | Tls < CallT]| for all T in My(R). (3.6)

By 9M(R?) we denote the class of all Borel measures on R% and by P(R?) the
subclass of Borel probability measures. By ID(R?) we denote the class of infinitely
divisible measures in P(R?) and by 91, (R?) the class of Lévy measures on R?. That
is, v € My (RY) if and only if v € M(R?), such that v({0}) = 0 and

/Rd min{1, ly|*} v(dy) < oo.

For y in ID(R?) we denote by C), the cumulant transform of p (i.e. the logarithm
of the characteristic function of ;). We recall that C), has the Lévy-Khintchine
representation:

CM(U) = 1<777u> - % <Auau> + /d (ei<y,u> —1-i <ya u> 1B1 (y)) V(dy)v (u € Rd)7
R

where 7 is a d-dimensional vector, A is a non-negative definite d x d matrix and

v is in M (RY). The triplet (1, A,v) is uniquely determined and is termed the

characteristic triplet for p.

3.2. Definitions of Y3 and Yr. Let (S,8,7) be a o-finite measure space, and for
each s in S let T'(s): RY — R be a linear transformation depending on s in a mea-
surable way. In other words we consider a Borel-measurable mapping 7: S —
Mg (R). In this subsection we define the rescaling mappings Y9.: M (RY) —
Mz (RY) and YT7: ID(R?Y) — ID(R?), such that the following formulae hold:

(05 0NE) = [ [ T v(dn) (s (37)
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for any v in My (R?) and any Borel set B in R, and

cnﬂm@rzﬁcmawrwWM@ (3.8)

for any p in ID(R?) and any y in R%. In order to ensure that Y9 maps any Lévy
measure into a new Lévy measure, it is, as we shall see in Theorem 3.3 below,
necessary and sufficient that

v{s€S|T(s) #0}) <oo, and /S 1T(s)||* v(ds) < oo. (3.9)

In this case the right hand side of (3.8) is, for any u in JD(R?), the cumulant
transform for an infinitely divisible probability measure (cf. Corollary 3.6). If (3.9)
is not satisfied, then one needs to restrict the domains of T9 and Yr (see Defini-
tions 3.2 and 3.4 below).

Proposition 3.1. Let (S,8,7) be a o-finite measure space, and let T: S — My(R)
be a (Borel-) measurable mapping.
Then for any o-finite measure v on R? the formula:

oB) = [ [ 1m@TEmran s, (5 eBE)), (3.10)
defines a new measure 7 on R such that ©({0}) = 0. In addition
1)) = [ [ FEE 0 TG v r@s). (31
R s JRrd

for any positive measurable or U-integrable function f.

Proof: We note first that the function (s,u) — 1p\103(T'(s)u) is measurable with
respect to the product o-algebra @ B(R?), and therefore the double integral on the
right hand side of (3.10) is well-defined. Subsequently it is straightforward to check
that 7 defined by (3.10) is indeed a measure on B(R?), and clearly #({0}) = 0.
Formula (3.10) shows that (3.11) holds for indicator functions for Borel subsets of
R? and a standard extension argument then establishes (3.11) for general f (either
positive measurable or in £1(7)). O

Definition 3.2. Let (5,8,7) be a o-finite measure space, and let T: S — My(R)
be a measurable mapping. Then the associated Upsilon transform of 9y (R?) is
the mapping Y9.: My (R?) — M(R?) defined by

Trw)=v,  (veM(R)),

where, for any v in 97 (RY), 7 is the measure described in Proposition 3.1.
In addition we define the Lévy domain domy(T%) of T% by the formula

domy (1) = {v € ML(R?) | YT (v) € ML(RY)}.
That is, v € domp(T%) if and only if

Léfm&M%wﬁWM%®<m- (3.12)

Theorem 3.3. Let (S,8,v) be a o-finite measure space, and let T: S — My(R) be
a (Borel-) measurable mapping. Then domp(Y3) = M (R?), if and only if

Yy{s€ S|T(s) #0}) <0, and /S 1T(s)||> v(ds) < oo. (3.13)
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Proof: Assume first that (3.13) is satisfied, and put
={se S| T(s)+#0}.

Consider further a Lévy measure v on R?. On account of Proposition 3.1, it suffices
to show that [, min{1, |Ju[?} #(du) < co. Using (3.11) we find that

/]Rd min{1, ||ul|?} 7(du) = /ST (/]Rd min{1, |T(s)ul|*} Lga\ {0y (T(s)u) V(du)) ~(ds)
< () mingo @) P ) (e
< [ (] ming el max{1, )2} v(dw)) 1(ds)

- / max{L, | T(s)]?} 7(ds) / min1, [ul*} v(du),
St R4
(3.14)

and by the assumptions the resulting expression is finite.
Assume conversely that domp,(Y9.) = 90, (R?). We establish first that

3R € (0,00) Vy € R%: /Smin{l, 1T(s)ylI*} v(ds) < Rmin{1, ||y|?}. (3.15)

Indeed, if (3.15) is not satisfied, then for any positive integer n we may choose a
(non-zero) vector ¥, in R%, such that

R, — / min{1, | T(s)yn %} 7(dt) > nmin{L, |ly.||}.
S

We consider then the measure v on R¢ given by

and we note that v({0}) = 0, and that

i iy ) = 3 ) < SR 252 <o

n=1

Thus, by assumption, v € My, (RY) = dom,(Y9), and therefore by Proposition 3.1

so> [ min{L ol 050 d) = [ ([ min{1 TR o)) 2(as)

_ /S (i min{l,ngis)yn”Q}) (ds) = i

n=1

(8)ynll*} 7(ds)

3\'—‘

5

and thus we obtain the desired contradiction.
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Assume in the following that R is a positive constant satisfying (3.15). Then for
any unit vector u in R? and any number @ in (0, 00), we have that

/ min{1, a?|T(s)ul|*} v(ds) < Rmin{1, a*}, (3.16)
s
and letting then a 1 oo, it follows by Monotone Convergence that
R [ Truoy(s)(ds) = 1((s € | T(o)u £ 0))
s

Considering then e.g. the standard basis {e; | 7 = 1,...,d} for R% we conclude
that

d
Y({s €S| T(s) #0}) < Z'y({s €S| T(s)e; #0}) < dR < oo,
j=1

which proves the first statement in (3.13). Regarding the second statement, division
with a? in (3.16) leads to the estimate

/Smin{cfQ, |1 T(s)ul|*} y(ds) < Rmin{a™2,1},

for any unit vector u in R% and any a in (0,00). Letting then a J 0, it follows by

Monotone Convergence that
LIl < &

Considering again the standard basis for R?, we find by application of (3.5) that

w>w>Z/W ()62 1(ds) = /(ZW Jei?) v(ds)

a/W@%mM@z%/M@Ww@x
S S

where ¢4 is the (strictly positive) constant from (3.6). Thus, the second condition
n (3.15) is also satisfied, and this completes the proof. O

We proceed to “extend” the mapping T9 to a mapping Y of infinitely divisi-
ble laws, essentially by applying T% to the Lévy measure of an infinitely divisible
distribution followed by some adjustments of the remaining parameters in the char-
acteristic triplet. We note initially (see Proposition 11.10 in Sato (1999)) that for
any measure g in JD(RY) with characteristic triplet (1, 4,v) and any fixed d x d
matrix R, the transformation o R™! of i by the linear mapping associated to R
has characteristic triplet (ng, Ar,Vr), where

Ar = RAR",
vr(B) = /R 1p\(0y(Ry) v(dy), (B € BRY), (3.17)

me =R+ [ [, (Ry) = 15, ()] Ry v(d).
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In particular the latter integral (taken coordinate-wise) is well-defined for any Lévy
measure v and any d X d matrix R. This may be seen e.g. as a consequence of the
following useful estimate:
|15, (Ry) — 15, ()| || Ry[| < min{1, [ly[1*} max{L, [|R|*}, (y € RY, R € My(R)).
(3.18)
The passage from p to o R~! corresponds to the definition of Y7 given below in
the case where 7 is a one-point measure.

Definition 3.4. Let (5,8,7) be a o-finite measure space, and let T: S — My(R)
be a measurable mapping. We then define a mapping Y7 : dom;p(Y7) — ID(RY)
in the following way:

(a) The domain dom;p (Y1) of T consists of those measures x in ID(RY) for
which the characteristic triplet (7, A, v) satisfies the following three condi-
tions:

v € domp (YY),
/S IT(s)AT(5)" | 1(ds) < oo

/ |7+ / (15, (T(s)y) — Lz, W] T()y v(dy) || 7(ds) < 0. (3.19)
n (3.19) the “inner” integral in (3.19) is taken coordinatewise.”
(b) For any measure . in dom;p(Y7) we define Y7 (1) as the measure in ID(R9)

with characteristic triplet (7, A, 7), where

A= [ 7)aT(s) ().

v ="Tr(v), (3.20)

i= [ [t ([ 1m @ - 1m0 Te@n) | 2@,

and where the integrals of vectors and matrices are taken coordinate-wise.

Regarding condition (a) of the definition above, we note that if A is posi-
tive definite (in particular invertible), then [q||TAT*||y(ds) < oo, if and only

if [ | 7()12 7(ds) < o

Proposition 3.5. Let (S,8,7) be a o-finite measure space, and let T: S — My(R)
be a measurable mapping. Consider further a measure pu in ID(R?) with character-
istic triplet (n, A,v). Then p € domrp(Yr), if and only if

v € domp(T%), and/ |CL.(T(s)*w)| v(ds) < oo for all u in R%.
s
In that case it holds furthermore that

Crrin) = [ CUTEIW)Ads),  (weR).

3It follows by from (3.18) and standard arguments that the inner integral in (3.19) is a mea-
surable R%-valued function of s.



1024 Barndorff-Nielsen et al.

Proof: For any fixed s in S the function u — exp(C,(T*(s)u)) is the characteristic
function for p o T(s)™1, so according to (3.17) we have, writing T for T'(s), that

Cu(t*0) =i(Tu+ [ Tyl (T) = 1o, 0)]o(y) ) = § (PAT )
Rd (3.21)
+ / (1T 1 i(Ty,u) 1, (Ty)) g oy (T) (dy)

for any u in R%. Now, if u € dom;p(Y7), then by the Cauchy-Schwarz inequality
the first two terms on the right hand side of (3.21) are in £1(v), and regarding the
last term we find by application of Proposition 3.1 that

/S ‘ /Rd (e i(Ty,u) _ 1—1 <Ty, u> 1B1 (Ty))le\{O} (Ty) y(dy)’ dry
< /S (/]Rd |€ i(Ty,u) 1—-1 <Ty7 U> 131 (Ty)‘le\{O}(Ty) y(dy)) dfy

= [ R i) 1, )] O] () < o,

where the strict inequality is due to the fact that Y9.(v) is a Lévy measure. Thus,
also the last term on the right hand side of (3.21) is in £'(v) and hence so is
C(T*u).

Conversely, if v € dom(Y.), and [ |C(T'(s)*u)|v(ds) < oo for all u, then, as
we just saw, the last term on the right hand side of (3.21) is in £!(v), and hence
the sum

(T + /R Ty[1p,(Ty) = 1o, ()]v(dy),u) = § (TAT"u, ) (3.22)

must also be in £1(). Since one term is positive (real) and the other purely
imaginary, both terms in (3.22) must themselves be in £!(y). Letting u vary
throughout the standard basis {e,...,eq} for R%, it follows that each coordinate
in the vector

To+ [ To[1,(Ty) = 15, ()]w(dy)

belongs to £1(7), and hence so does its norm. Regarding (T'AT*u,u), we find by
application of (3.5) that

d

so> [ (Sorares ) dy = [ 147 sy
S S

j=1

> /g AT 2 dy = & /S |TAT"| dn,

where ¢4 is the strictly positive constant appearing in (3.6), and where the last
equality is due to (3.4). Altogether, p € dom;p(Tr).

Assuming now that p € dom;p(YTr), it follows from the above considerations
that we may integrate term by term on the right hand side of (3.21). Together with
linearity of the integral (with respect to 7) and Proposition 3.1 this yields for any
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u in R? that
[ euriar=i{ [ (to+ [ Tolio.0) ~ 10, w]vidn) dr.u)
%<(/ TAT* dv)u,u>

+/ ellzu) 1 —i(z,u)1p, (2 )) [T%(V)](dz)’

Rd

and by definition of Y (u), the right hand side equals Cv,.(,,)(u). This completes
the proof. O

Corollary 3.6. Let (S,8,v) be a o-finite measure space, and let T: S — My(R)
be a measurable mapping. Then dom;p(Y7) = ID(R?), if and only if

y({s€ S|T(s) #0}) <o, and /S 1T(s)]|? v(ds) < oc. (3.23)

Proof: If dom;p(Yr) = ID(R?), then in particular (cf. Definition 3.4) domp,(Y$.) =
Mz (R?), which according to Theorem 3.3 means that (3.23) is satisfied.

Assume conversely that (3.23) is satisfied. According to Proposition 3.5 and
Theorem 3.3 it suffices to verify that

/ |C,.(T*(s)2)|v(ds) < oo for all g in ID(R?) and z in R%. (3.24)

So let z in R? and p in IJD(R?) be given, and let (1, A,v) be the characteristic
triplet for . Recall then (see e.g. Lemma 7.2 in Barndorff-Nielsen et al. (2008))

that
) — 1 —ify, @)1, 1(lal])] v(de) < (2+ Fyl?) / min{1, [lz]*} »(dz)

.
(3.25)

for any y in R?. It follows from this and the Cauchy-Schwarz inequality, that

[Cu@l < lInllllyll + 31 ANIYIZ + (2 + 31yl*) /Rd min{1, ||z[*} v(dz)

for all y in R, and hence that

Cu(T* )| < Il N2l + 3 AT 1?2017+ 2+ 31 T1]120%) /Rd min{1, [l[|*} v(dz).

(3.26)
Since [ |Cu(T*(s)z)|~v(ds) f{T;éO} |C(T*(s)z)| v(ds), the assumption (3.23) in
conjunction with (3.26) imply that (3.24) is satisfied, which completes the proof. O

In order to calculate (the cumulant transform of) Y, (u) for concrete examples
of T, the following result proves very useful (see Subsection 3.4).

Proposition 3.7. Let (S,8,7) be a probability space and let T: S — My(R) be a
measurable mapping such that

[ < o
S
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Let further p be an infinitely divisible probability measure on R% with characteristic
triplet (n, A,v). Denoting by E. expectation with respect to vy, it follows that the
cumulant transform of T (u) is given by

Crp(py(u) = i<E7{T}77, U> - %<E7{TAT*}'LL, u>

(3.27)
(B AT} = 1 BT ) 15, 0)) ()

for all w in R?.

Proof: Consider the characteristic triplet (7, A, 7) for Y7 (u) described in Defini-
tion 3.4. Using Proposition 3.1, formula (3.18) and Fubini’s Theorem, we find that

/Rd (ei@’“) —1-i{y,u)1p, (y>) 7(dy)
N ]E”{ /Rd (eMTy’u) —1-i(Ty,u)1p, (Ty)) v(dy)}

_ /]R d (E7 (T} _ 1 (B {T}y,u) 15, (y)) v(dy)

i / E. {(Ty, u)(15, (v) — 15, (Ty))} v(dy)
Rd

= /}R (B { T — 1 iy, B (T ) 15, (9)) v(dy) + B {Tn — 7, u),

where the last equality uses the expression for 7 in (3.20). Since A = E {TAT*},
the above calculation combined with Definition 3.4 proves (3.27). O

The following is a multivariate generalization of the illustrative example in the
Introduction.

Ezamples 3.8 (Distributions of multivariate supOU processes). (a) Let M be
the cone of matrices in My(R) with eigenvalues having negative real part,
S =M, xR and 8§ = B(M; x R). Let @ be a probability measure on
B(M ), A be the Lebesgue measure on R and v = 7 ® A the corresponding
product measure on 8. For each s = (Q,r) € S, consider the d x d matrix
T(s) := T(Q,r) = e"%. In this case, if y with characteristic triplet (n, A, v
belongs to the domain of Y7, we obtain from (3.10) and (3.20) that the
characteristic triplet (7, A, 7) of Yp(u) is given by

A:/M_/ReTQAeTQ* dr 7(dQ),
o) = [ [ [ o arnaQ), (5 e @),

i= [ [+ ([ e - 1nwle @) | arno)
’ (3.28)
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This is also the characteristic triplet of the distribution of a stationary d-
dimensional supOU process; see (3.5)-(3.7) in Barndorff-Nielsen and Stelzer
(2011).

(b) A particular case of this example, where 7 is degenerate at a matrix @
appears in the theory of multidimensional operator-selfdecomposable dis-
tributions; see the book Jurek and Mason (1993).

(¢) The measure v = 7 ® A does not in general satisfy the first condition in
(3.23). Hence dom;p(Yr) is not the whole class ID(R?). A sufficient con-
dition is presented in Barndorf-Nielsen and Stelzer (2011) in connection to
the existence of superpositions of Ornstein-Uhlenbeck processes as random
integrals with respect to Lévy bases. Let us further assume that there exist
measurable functions p : M[; — (0,00) and x : M; — [1, c0) such that

HerQH < K(Q)e™ @ for all 7 in Ry and m-almost all Q. (3.29)
and )
r(Q)
7(dQ) < . (3.30)
/M; p(Q)
Let u € ID(R?) with characteristic triplet (1, A,v) be such that
/ In(||z])) v(dz) < oc. (3.31)
{ll=l=1}

It is shown in Barndorff-Nielsen and Stelzer (2011) - in the context of
existence of random integrals with respect to Lévy bases - that conditions
(3.29) - (3.31) imply (3.19) and hence we have u € dom;p(Tr) (see also
Example 6.10 below).

Remark 3.9. One-dimensional Upsilon transformations Y° and Y for infinitely di-
visible distributions on Banach spaces have been considered in Jurek (1985, 1990).
Our set-up for the multivariate mixing transformations Y% and Y7 could also be
extended to Banach spaces. More specifically, let X be a Banach space and denote
by B(X) the Banach algebra of all bounded (or continuous) linear operators on X.
Equipping B(X) with its Borel-o-algebra, we may consider a measurable family of
operators with values in B(X), i.e. a measurable mapping

T: S — B(X),

where (5,8, ) is a o-finite measure space. Assuming (3.23), one next considers the
formula

T(%(V):/S/X13\{0}(T(S)y)1/(dy)v(d5), (B € B(B(X)), (3.32)

for v in My (X), the set of Lévy measures on B(X). Recall here that for general
infinite dimensional Banach spaces, Levy measures are not determined by an in-
tegrability condition like: [y min{1,[|z||*} v(dz) < co. In fact, a o-finite measure
v on X is said to be a Lévy measure if there exists a probability measure p on X
such that

i) =exo ([ (@9 1=, 0) ). (feX),

where i(f) = [y e/®@pu(dy), f € X*, is the characteristic functional of p; see
Araujo and Giné (1980).
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However, if we specialize to the case of a Hilbert space H (with inner product
(-,-)g and norm || - ||gr), then the Lévy measures v on H are indeed characterized
by the condition:

/ min{L, [|4l|%} (dh) < oo (3.33)
H

(see Araujo and Giné (1980)). Moreover, the class JD(H) of infinitely divisible
probability measures on H may be characterized as consisting of those measures p
on H for which the characteristic functional has the Lévy-Khintchine representa-
tion:

. : h
log/ ) y(dz) =1 (n, h)gy — 3 (Ah,h)g +/ (e‘<y’h>H -1- 1M) v(dy)
H H 1+ Iyl

for all A in H. Here n € H, A is a trace class positive operator in H and v is
Lévy measure on H (see e.g. Laha and Rohatgi (1979); Samorodnitsky and Taqqu
(1994)).

For a family of linear operators T: S — B(H), such that (3.23) is satisfied, the
mapping Y. (defined as in (3.32)) can then be extended to a mapping Y7 :ID(H) —
ID(H) by copying the corresponding arguments for matrix mappings given in the
proof of Proposition 3.5.

3.3. Basic properties. Since the mapping Yr(u) is a function of two variables, the
linear mapping 7" and the infinitely distribution g, there are a number of useful
properties that can be established keeping one variable fixed while varying the
other. In this section we establish a number of basic properties in this respect. We
start by considering a fixed T and study the behavior of Y7 under convolution of
probability measures and composition.

Proposition 3.10. Let (S, 8,7) be a o-finite measure space, and let T: S — My4(R)
be a measurable mapping.

(i) For any vector c in R, we have that
5, € domyp(Tr) <= / IT(s)e]l v(ds) < o, (3.34)
s

and in that case Y (0c) =05 7cay-
(i) If p1, po € domrp (Y1), then also g * usy € domrp(Yr), and Yr(py *p2) =

Yr(p1) * Yr(p2).
(il) If V e My(R) and p € domip(Yr), we have that

uo vt S domID(TT) — U E dom;D(TTV), (335)
and in that case Yp(po V=1 = Try ().
(iv) If V.€ Mg(R) and u € dom;p(Yr), then also pn € domip(Yyr) and
TVT(,U/) = TT(M) oV—L.
(v) If V. € My(R), VI = TV and p € dom;p(Yr), then also po V= €
domID(TT), and

Yr(po V™ =Tr(u)o VL

(vi) If u € domip(Yr) and ¢ € R, then also Doy € dom;p (Y1), and Tp(D.p)=
D.Yr(u). Here Dy denotes the transformation of p by the mapping
u— cu: RT — RY,
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Proof: (i) Let ¢ be a vector in R?, and note then that

/Kk 2)]7(ds) = /NcT 2| y(ds) = /| 5)e, 2)] 7(ds)

for any z in R?. Now, if 6. € dom;p(Y7), it follows that

/(Zl s)eves)) 1(ds) = [ I7()ell ()

where {ey,...,eq} denotes the standard basis for R?.
If, conversely, [q || Tc||dy < oo, then by the Cauchy-Schwarz Inequality

[ 1562l ads) < a1 [ IT()ell(ds) < o
S S

and since the Lévy measure for . is 0, it follows from Proposition 3.5, that J. €
dom[D(TT).

Having established (3.34) we note finally, that if [¢[|Tc||dy < oo, then for any
z in R4

Crriane) = [ ClT(92)7(ds) =1 [ (T(s)er2)3(ds) = i{ [s T(s)er(ds). ).

and the resulting expression is exactly the cumulant transform for § s Tedy at z.

(ii) Assume that pi, s € domyp(Yr) with Lévy measures v and vq, respec-
tively. For any z in R? we note then that

/Q|culﬂw<zn0|dv:=./grculcru>+-c¢2«ru>ydv

S/ ’C’M(Tu)’d'qu/ |C/L2(Tu)|d'y<oo.
S S

In addition,

/Rd min{L, ||z} [T (1 + v2))(dz)

= [ [ ming1 17l )2 (ds) + [ [ ming1L[T()alP) i) ()

< 00,

and since v; + v5 is the Lévy measure for g * s, it follows from Proposition 3.5
that p1 * s € domyp(Yr). For any z in R? we note subsequently that

O (i) (2) = /Scm*/tz (Tz)dy = /S (CM(TZ) + CH(TZ)) dry

= Orr(u)(2) + Crp(ue) (2) = Cxp(un)s T () (2)s

and this completes the proof of (ii).
(iii) Recall first that C,oy-1(2) = C,(V*2), and therefore

/| wov—1(T7z)| dy = /|c (V*T*z)|dy = /|C’u (TV)*z)| dv
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for all z in R%. Note next that the Lévy measure v# for yo V=1 is given by:
V#(B) = / (o) (V) (o)
R

(cf. Sato (1999, Proposition 11.10)), and hence

min x||? 9 (w# T) = min s)z||?} v# (dx S
/Rd {1 [l=["} Y7 (v™)](dz) /S/Rd {L T (s)z]|*} v (dz) v(ds)
=// min{1, |T(s)Va||*} v(dz) v(ds)

S JRE

- /S / min{1, a2} [Ty () (de).

The above considerations together with Proposition 3.5 establish (3.35). Assuming
now that g o V=1 € dom;p(Yr), we find for any z in R? that

CTT(/JOV*l) (Z) = /

g Choy—1(T"2)dy = / C,(V*T*z)dy = CTTv(M)(Z)v

S

which completes the proof of (iii).
(iv) Assume that p € dom;p(Y7). For any z in R? we note then that

Jieuwryaia = [ e, (v el < .
S S

Letting v denote the Lévy measure for u we note next that

[ minL a2} 002 0))a) = [ [ mingL V()] () (s

<max{L[VIE) [ [ ming1, 7)) () 2(ds) < .

and it follows from Proposition 3.5 that u € dom;p(Yyr). For any z in R¢ we find
finally that

CTVT(H)(Z) = /SCM(T*V*Z) dfy = CTT(H)(V*Z) = C’I‘T(,u)oV*l(Z)v

and this completes the proof of (iv).
(v) This follows immediately by combining (iii) and (iv).
(vi) This follows immediately by applying (v) in the case V = cly. O

The following result complements Proposition 3.10(ii) and is important in con-
nection with the study of the action of Upsilon transformations on stable and
selfdecomposable measures (cf. Corollary 3.12 below).

Lemma 3.11. Let (S,8,7) be a o-finite measure space, and let T: S — Mg(R) be
a measurable mapping. Suppose further that pi1, s are measures from ID(R?) such
that py, py * po € domrp(Yr). Then also ug € domrp(Yr).

Proof: Let (m,A1,11) and (12, Aa,v) denote, respectively, the characteristic
triplets for w1 and pg, so that (91 + n2, A1 + A2,v1 + v2) is the characteristic
triplet for pq * po.
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We note first that by Proposition 3.1

[ mint el () = [ ([ mingt, (70} (o) ao

< /s (/]Rd min{1, | Tz|*} [v1 + Vg](dx)) dy < oo,

so that vy € domp(Y%). Since 0 < TAT* < T(A; + As)T*, we also have that
| TAT*|| < ||T (A1 + A2)T™||, and hence

[t ay < [ rea+ A1 dy < o
S S

Note finally that

/HT"2+/ (15, (Ty) — 15, (5)] Ty va(dy)|| a

< [ +m+ [ 15,00 = 15,007y b+ @) a0

[ rm [ @0 = 1o @) Ty |y < .
and this completes the proof. (I

As a consequence of this lemma we have that Tp preserves the classes of Gauss-
ian, stable and selfdecomposable distributions (within its domain).

Corollary 3.12. Let (S,8,7) be a o-finite measure space, and let T: S — My(R)
be a measurable mapping. Let further G(R?), 8(R?) and L(R?) denote, respectively,
the classes of d-dimensional Gaussian, stable and selfdecomposable laws. We then
have that
(1) TT (domID TT Rd)) g

(ll) TT (domID TT Rd)) Q R

(111) TT (domID TT (Rd)) Q (
Proof: (i) A measure u from G(R?) has characteristic triplet in the form (5, 4, 0),
and hence, if additionally g € dom;p(Yr), the measure To(u) has characteristic
triplet ([ Tndy, [¢ TAT* dy,0). Thus, Y7 () is again a measure from G(R?).

(i) Recall that 8(R?) is the class of probability measures u on R? satisfying
that (cf. Samorodnitsky and Taqgqu (1994, Definition 2.1.1))

Vo,of >03a” >03beRY: Dops Dorpt = Do i % 6.

Assume then that u € §(R?) Ndom;p(Yr) and that «,a’ € (0,00). Then we may
choose o’ in (0, 00) and bin R, such that D pu* Dyt = Do pixdy. According to (i)
and (vi) of Proposition 3.10 we have here that Dyp* Doy € domyp(YTr) and that
Dy € domrp(Yr), and hence Lemma 3.11 ensures that also &, € dom;p(Yr). Tt
follows then by application of (i),(ii) and (vi) in Proposition 3.10 that

DQTT(,U,) * DO/TT(/L) = TT((DQ/J,) * (Da/p,)) = TT (Da”/i * (51,)
= Do T (p) %61, Tbays
and this shows that Y7 (u) € S(R?) too.
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(iii) Recall that £(R?) may be characterised as the class of probability measures
in ID(RY) satisfying that

Ve € (0,1) 3pe € P(RY): = Dep  pic. (3.36)

In that case p. is necessarily in JD(R?) (cf. e.g. Sato (1999, Proposition 15.5)).
Assume then that 4 € dom;p(Y7) N L(R?) and choose for ¢ in (0,1) a measure .
in JD(R?) such that (3.36) is satisfied. Since p, Doy € dom;p(Y7), Lemma 3.11
ensures that p. € domyp(Yr), and applications of (ii) and (vi) in Proposition 3.10
then yield that

Yo () = Tr(Dep * pe) = DX (p) = Lo (pec).-

This shows that Yr(u) € L(x*). O

Proposition 3.13. Let (S,8,7) be a probability space, and let T,V : S — My(R)
be measurable mappings such that [¢||T|* dy < oo. Assume further that T and V
are independent with respect to v. We then have that

(1) dom[D(Tv) g domID(TTV).
(ii) Yrv(u) = Yo(Yv(w)) for all p in dom;p(Yv).

Proof: We note first that the independence assumption implies that

/S F(T)g(V)dy = /S F(T) dy /S (V) dy (3.37)

for any measurable functions f, g: My(R) — [0, 00).

(i) Assume that p € domrp(Yy). We show directly that the three conditions
in Definition 3.4(b) are satisfied (with T" replaced by TV). So let (n, A,v) be the
characteristic triplet for u, and note then that

[ min{L e} (05 (o) = [ ([ win1,7Val} v(do)) ay
S S Rd
< [ max(u 2Py ([ minf1, Vel v(do)) dy
S R4
:/max{1,||T||2}d'y// min{L, [Va]]?} v(dz)) dy < oo,
S S JR4
which verifies that v € domp(T%;,). Note next that by (3.4) we have that
[rvavray = [rvarea < [ ipyapa
S S S

- / 1T dy / VAV dy < oc.
S S
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Note finally that for fixed s in .S (suppressed in the notation) we have that

|V + /Rd 15, (TVy) = 1, ()] TVy v(dy)|
- H /Rd (15, (TVy) —15,(Vy)|TVyv(dy) + TVn
+7 [ [15,V9) = 15.0)] Vvl
<V [ 1TV = 15, (V)T o] ()

7

HITIVa+ [ 6 V) = 15, )] Vi)

where we have used linearity of the integral as well as the fact that || [p, fdv|| <
\/EfRd | fI| dv for any v-integrable function f: R? — R<. Applying now (3.18) and
(3.37), it follows that

L (] 150V = 15, vVl vian) dy
< [ ([ min1 Vol max(r 1717} i) ) dy
S R4
= [ ([ min{rvelPyan ) ([ max(r. 7} dv) viay
R4 S S
:/maX{LHTHQ}dv/ (/ min{L, [Vy[} v(dy)) dv < cc.
S S R4
In addition,
Limiva+ [ v = 1 m]vyvian]|
= [y [ vas [ 109 - 1o, @]Veridn | a < .
S S R4
Combining the preceding three calculations, we conclude that
/SHTVn+ /d [15,(TVy) — 15, ()] TVy V(dy)H dy < o,
R

and this completes the proof of (i).

(ii) Assume that g € dom;p(Yy ), and let 7 and y denote, respectively, the
distributions of 7" and V with respect to 7. For any z in R? we find then by
application of Proposition 3.5, the independence assumption and Fubini’s theorem
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that
Crpy(u)(2) = /SCH((TV)*Z) dvy = /SCM(V*T*Z) d~y
= / CH(B*A*Z) (v ® yv)(dA,dB)
Md(R)XMd(R)
= / (/ C.(B*A*z) WV(dB)) ~yr(dA)
Mg (R) Mg (R)
N / Crry ) (A"2) yr(dA) = Crrpry () (2),
Mg (R)
and this verifies (ii). O

3.4. Ezamples. Throughout this subsection we specialize to the case where (5,8, )
is a probability space. In this set-up we consider concrete examples of Upsilon trans-
formations corresponding to three naturally considered classes of random matrices;
namely a) diagonal matrices with i.i.d. exponentially distributed diagonal elements,
b) selfadjoint Gaussian random matrices, and ¢) Wishart matrices. In each case we
calculate the cumulant transform of Yr(u).

Ezample 3.14 (Diagonal matrices with exponentially distributed diagonals). The
one-dimensional Upsilon transform corresponding to the exponential distribution
e "1(0,00) (%) dz was studied intensively in e.g. Barndorfl-Nielsen and Thorbjornsen
(2004, 2006); Barndorfi-Nielsen et al. (2006b). A natural way to generalize this
particular transform to higher dimensions is to consider a random matrix T': S —
Mg4(R) in the form

T 0
T
T = , (3.38)
0 Ty
where T1, ..., Ty are i.i.d. random variables on S with distribution e ™1 o) () dz.

Since [ [|T]|? dy < oo, we may, for any measure p in JD(R?), calculate the cumu-
lant transform of Y (u) conveniently using Proposition 3.7.

Denoting by (1, A, v) the characteristic triplet for p, we note first that E{T} = I,
and secondly that the entry at position (j, k) in E{T AT} is given by

2ajk, lfj =k
Ajk, lf] 7£ ka

where aj, is the corresponding entry of A, and {ey, ..., eq} is the standard basis for
R, Tt follows that E{T AT} = A+ A4, where A4 is the diagonal matrix with the
same diagonal entries as A. Note finally for y = (y1,...,9q4) and u = (uq,...,uq)
in R? that

E{(ATey,Te;)} = E{(ATker, Tje;)} = (Aex, e;)E{T}.T;} = {

d d
B{e0r} = []e{etmm) = 10 i)™
j=1 =1
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and therefore
[ (BT} = 1= BT 16, () ()

d

-/ (1_11_1yu S 1-ifyu) 1Bl<y>) v(dy).

Combining the calculations above with Proposition 3.7 we conclude that
Corruy(u) =1 (n,u) — 5 (A + Aa)u,u)
d
1 (3.39)
A g~ 1 i 1) | viaw)
A~ 1) | v

for all u in R4,

Ezample 3.15 (Gaussian random matrices). Let T be a d x d Gaussian random
matrix with mean M € My (R) and covariance ¥ € S?. That is,
E(eitr(Te*)) _ eitr(M@*)—%tr(@Z@*) (@ c Md(R)). (3'40)
Then it is well-known (see Gupta and Nagar (2000); Muirhead (1982)) that
E{T} =M, and cov(T)=1;® %, (3.41)

and we say that T' has the matrix Gaussian distribution N4(M,I;® ). In this case
Y7 (ID(RY)) forms a new class of multivariate type G distributions (cf. Marcus
(1987) and Rosinski (1991)). Since E{||T||*} < oo (see Gupta and Nagar (2000);
Muirhead (1982)), we may apply Proposition 3.7 to calculate Cy . (1) for any p in
ID(RY).

Denoting by (n, A, v) the characteristic triplet of u, we note first that E{T AT} =
E{ZZ*}, where Z = TA'Y2. Using the characteristic function (3.40), one may
show that Z has the Gaussian matrix distribution Ng(M A2 1; @ (AY/25AY/2))
(see e.g. Gupta and Nagar (2000)). Assuming that A is invertible, this implies that
ZZ* has the matrix noncentral Wishart distribution Wy(d, A'/?23AY2 Q), where
Q= A"Y25-1M* M A2, Therefore

E{TAT} = E{ZZ*} = dAY?SA"/? + A2 M M AY/?

(see e.g. Muirhead (1982, 441-442)). Finally, for any u, z in R? note that uz* is a
d x d matrix of rank 1, and (z, Tu) = tr(Tuz*). Using (3.40) we find thus that

]E{ei<z,Tu>} _ ]E{eitr(Tuz*)} _ eitr(Mzu*)fétr(uz*Zzu*)v (342)
and therefore
/ (]E{ei<z’T“>} —1—1i{z,E{T}u) 1p, (z)) v(dz)
Rd

_ / (cfr =) e B20) (e Mu) 1, (2) ) w(d2) (3.43)
]Rd

= /d (ei<Z»M“>—%““”2<ZvEZ> —1—i(z, Mu) 131(,2)) v(dz) (3.44)
R



1036 Barndorff-Nielsen et al.

where, to obtain (3.44) from (3.43), we have used the fact that uz*YXzu* = z*Szuu*,
since z*Xz is a real number. Combining the calculations above with Proposition 3.7
we conclude that

Corp gy () = 1 (M, u) — % <[dA1/22A1/2 + Al/zM*MAl/z]u,U>
(3.45)
[ (eI 1 e M 1, (2)) v(d)
Rd

for all v in R?. In the case M = 0, we have in particular that

Corp () (1) = _g <2A1/2u,A1/2u> + /Rd (e—%lluH?(z,Zz) _ 1) v(dz), (u c Rd) '

If additionally ¥ = I, then the distribution of 7' is invariant under orthogonal
transformations, and we have that

Cr @) =~ (Au) + [

9 (e—%uunznzw _ 1) v(d2)

for all u in R4,

Ezample 3.16 (Wishart matrices I). In Example 3.14 we considered one possible
d-dimensional generalization of the one-dimensional exponential case. Another pos-
sibility is to consider the case when T is a d x d symmetric random matrix with
the matrix exponential distribution, i.e. 7" has the following density with respect to
Lebesgue measure on Sg:

fr(X) = cde—tr@f)lSZ (X), (Xe€Sy). (3.46)
Here ¢g = 1/T4((d 4+ 1)/2), where I'y is the multivariate Gamma function defined
by
Dg(a) = / e det (X))~ (dHD/2qx (3.47)
81

for all complex numbers «, such that Re(a) > (d—1)/2. The matrix exponential
distribution is equal to the Wishart distribution Wy (d + 1, %Id). For any a > 0 we
consider more generally a symmetric, positive semi-definite d X d random matrix 7Ty,
carrying the Wishart distribution Wg(c, 315). We refer to the books Eaton (1983),
Gupta and Nagar (2000) or Muirhead (1982) for an introduction to the Wishart
distribution. Here we will use the following three properties:

(i) Let Gq = {0,1,...,d — 1} U (d — 1,00) be the Gindikin set. For a € G,

the Fourier transform of Ty, is given by

E(e'™(Ta®)) = det(I; —i0)™/2, (O € My(R)). (3.48)
(ii) The mean and covariance of T, are given by

E{Ta} = %Ida and COV<Ta) = %Id ® Iq. (349)

(iii) The matrix T, is nonsingular with probability one, if and only if a > d. In
this case it has a density with respect to Lebesgue measure on S, given by

Jr.(X) = caadet(X) @721 (X), (X € Sa), (3.50)

where g0 = 1/Tq(5).
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Since E{||T,||?} < oo (see Muirhead (1982, 87-90)), we may once again apply
Proposition 3.7 to calculate the cumulant transform of Yr, (x) for any p in ID(R?).
According to (ii) we have that E{T,,} = §14. Denoting as usual the characteristic
triplet for p by (n, A, v), we put A, = E{T,AT,} and we consider the matrix W, =
AY2T, A2, Then W, has the Wishart distribution Wy(c, 4/2), and furthermore

E{W?} = E{Al/QTaATaAl/Q} _ Al/QIE{TaATa}Al/Z — A2 A2,

From Gupta and Nagar (2000, pp 120) we have
A= % (2tr(A)y + (a 4 1)A)
and hence

E{W?2} = % (2tr(A)A + (a + 1)A?)

Finally, for any u,z in R? we recall that uz* is a d x d matrix of rank 1 and
that (z, Tou) = tr(Touz*). Using (3.48) and that the eigenvalues for I; — iuz* are
1—i(z,u) and 1 (with multiplicity d — 1) we find that Gupta and Nagar (2000, pp
120)

E{e!®To®} = det(Iy — iuz") "% = (1 —i(z,u)) "2, (uecR?).

Therefore

/R (BT 1 (2 BT 1, (2)) w(d2)

_ /R (=it u) ™2 = 1= Sie,0) 15,(2) ) v(d2)

for any u in R?. Combining the calculations above with Proposition 3.7 we conclude
that

o' 1
Crpo(uy(u) = is (n,u) — §<Aau,u>

1 «
+ /]Rd (W —1- 15 <y’u> 1Bl(y))y(dy)7 (U S Rd) ,

where Za satisfies that
AV2ALAY? = B{W?2}, with W, ~ Wy(a, A/2). (3.51)

If A =0, then A, = E{T,AT,} = 0 too, while for A non-singular we have that
Ay = ATV2E{W2}A~1/2,

4. Continuity

In this section we study continuity of Y (u) in p (for fixed T') and in T (for
fixed p). We start by phrasing the following well-known lemma (see e.g. the proof
of Barndorff-Nielsen et al. (2006b, Proposition 2.4(v))).

Lemma 4.1. Let (u,) be a sequence of measures from ID(R?), and for each n let
(M, An,vn) be the characteristic triplet for p,. Then (u,) s precompact, if and
only if the following four conditions are satisfied:

(4) SuPners 4] < 0.
(b) sup,en Jpa min{1, [|z[|*}vy (dz) < co.
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(c) Ve >0 3K > 0: sup,eyvn({l|lz]| > K}) <e.
(d) supen [|mml| < oo

Proposition 4.2. Let (S,8,7) be a o-finite measure space, and let T: S — My(R)
be a measurable mapping, such that

YH{T #0}) < o0, and /S | 7|12 dy < oo. (4.1)

Then the mapping Yr: ID(RY) — ID(R?) is continuous with respect to weak con-
vergence: If (i) is a sequence of measures from ID(RY) converging weakly to some
measure ju (necessarily) from ID(RY), then Yr(u,) converges weakly to Yr(p).

Proof: Consider a sequence (i) of measures from JD(R?) converging weakly to a
measure g from JD(R?), and for each n in N let (9, Ay, ) be the characteristic
triplet for pu,. According to Lemma 4.1 we then have that

H :=sup ||| < oo, A:=sup|4,] <oo, R:= sup/ min{1, ||z|?} v, (dz) < oo,
neN neN neN JRd

and by Lemma 7.7 in Sato (1999) also that
ILm C,.. (y) = Cu(y) for all y in R (4.2)

Using now formula (3.26) (on g, rather than p), it follows that
|Cpu (T72))]

< T N20 + S HARMIT I 020 + (2 + ST 12]201%) /Rd min{1, ||z[*} v (dz)

< H|| T2l + $AITIP=l1” + (2 + SITI21=01) R
(4.3)

for all z in R%. Fixing z in R? and denoting by G the resulting expression in (4.3),
it follows for all n in N that

|Cy, (T72)| = |C, (T*2) 1120y < G2L{T20},

and the assumptions (4.1) imply that f{Tﬂ)} G.dvy < oco. Hence by (4.2) and
dominated convergence, we may conclude that

lim Cy ) (2) = lim [ C, (T"z)dy = / Cu(T*z)dy = Cy () (2).
Clearly this implies that the characteristic function of Y7 (u,,) converges pointwise,
as n — 00, to that of Yr(u), which yields the desired conclusion. O
Proposition 4.3. Let (S,8,7) be a finite measure space, and let T,T1,T5,T5, ...
be measurable mappings from (S, 8) into My(R) such that

(a) limy o0 |T0(s) = T(s)|| = 0 for y-almost all s in S.

(b) There exists a measurable function g: S — [0,00) such that

/g(s)'y(ds) < oo, and ||T.|> < g almost everywhere for all n.
S

Then [ ||T(s)]|*v(ds) < oo, [q|Tn(s)|I*v(ds) < oo for all n and

(1) T, (1) = Yr(p) as n — oo for all p in ID(RY).
(i) Yo, 7, (1) — 0o as n,m — oo for all pu in ID(R?).
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Proof: The assumptions (a) and (b) clearly imply that the integrals [ [|T(s)[|*y(ds)
and [o [|T,,(s)||> v(ds) are finite.

(i) Let p be a measure in ID(R?) with characteristic triplet (n, A,v). It follows
from (a) and the continuity of C,, that for all s outside a v null-set we have that
Cu(Tn(s)*z) — Cu(T(s)*2) as n — oo for all z in R% Moreover, we find by
application of (3.26) that

|Cu(Tn(s)"2)] <

T ()=l + SIANT )P0 + 2+ ST ()P ]121%) /Rd min{1, |lz[|*} v(dz)

< Imllli=llg(s)** + 5 1ANI=1%g(s) + (2 + 512079 (s)) /Rd min{1, ||z|*} v(dz)

for almost all s and for all z in R?. Since « is a finite measure, it follows thus by
dominated convergence that

Crr (2) = /g Cul(Tu(s)"2)1(ds) — [ CulT(5)"2)1(ds) = oy (2)

n—o0 S

for all z in R, and this implies (i).
(ii) Using again (3.26) we find for any n, m in N (suppressing s in the notation)
that
|Cu((Tn - Tm)*z)l

< Il T = T2l + IAINTn = Tonl* 121

+ 2+ 31T = Tul?N1211%) /]R min{1, 2]} v(dz) (4.4)

< 2|nlll=llg*’® + 20| Allll=1%g + 2(1 + gl =) /Rd min{L, |z]|*} v(dz).

If we assume that Cy, _,. (,)(2) does not converge to 0 as n,m — oo for some z
in R?, then we may choose a positive number € and a sequence n, < ng < nz < ---
of positive integers, such that

‘CTTnzkan%il (w(2)| =€ forall kin N. (4.5)
However, (a) implies that (7}, — T, )z — 0 almost everywhere, as k — oo, and

together with (4.4) and dominated convergence this implies that

CTTWM—Tn%fl(#)(Z) = /SC/J((THM - Tn2k—1)*z) d’}/ kjo 0,

which contradicts (4.5). Thus, Cy,, . (u)(2) = 0 as n,m — oo for all z in R,
and this implies (ii). O

5. Regularisation

Consider a finite measure space (S, 8,). In this section we establish that many
of the measurable mappings T: S — My(R) considered in the foregoing give rise
to Upsilon transforms which have a regularising effect. Thus, if e.g. the measure
voT~! on My(R) is absolutely continuous with respect to Lebesgue measure on
Mg4(R), then all Lévy measures in the range of T9 are absolutely continuous with
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respect to Lebesgue measure on R?. This is a special case of the results estab-

lished in Subsection 5.2 (see Corollary 5.8). We start however in Subsection 5.1 by

considering the simple but instructive situation, where S = R?, and T has the form
S1 O

TGshsa) = | ) o ((s1,...,5q) €RD). (5.1)

0 Sn

In this case we obtain rather specific expressions for the achieved densities. The
considerations in Subsection 5.1-5.2 are as such unrelated to the question of whether
T9.(v) is a Lévy measure or not. The results in these subsections are thus generally
freed from the assumption that v € domz(T%). In Subsection 5.3 we establish
another regularising feature of many Upsilon transformations, namely that Y
has a decreasing effect on the Blumenthal-Getoor index of an infinitely divisible
distribution on R%. For stable distributions, however, the index is preserved.

5.1. The case of Diagonal Matrices. Throughout this subsection we consider a finite
measure v on (R%, B(R?)) and the mapping 7: R? — My(R) given by (5.1).

Proposition 5.1. Let (S,8,v) and T be as described above, and assume that v has
a density g,: R? — [0,00) with respect to Lebesque measure on R:. Then for any
Lévy measure v on R?, satisfying the condition:

v(R?\ (R\ {0} x --- x R\ {0})) =0, (5.2)
the measure U = Tg(u) is absolutely continuous with respect to Lebesgue measure
on R* with a density given by

Tﬂ(y17--~7yd):/ ur -+ ual " gy (Y1 /un, - ya/ua) v(du, .. dug)  (5.3)
(R\{0})?

for any (y1,...,yq) in R%,

Proof: Let v be a Lévy measure on R? satisfying condition (5.2), and put 7 =
Y9.(v). For any s = (s1,...,5q4) in R? we identify T'(s) with the linear mapping
T(s): R? — R? defined by
T(s)(y1s----ya) = (5191, - -, Sayd), ((y15---,ya) €RY).

Note then that T'(s)u = T(u)s for any s,u in R? and also that det(T(s)™!) =
|s1 -+ s4/7" for any s in (R\ {0})%.

Now, let B be an arbitrary Borel set in R%. Using Tonelli’s Theorem, we then
find that

v(B)
= /]Rd </Rd 1p\jo3(T'(s)u) V(du)> v(ds) = /]Rd (/Rd L\f0y(T'(u)s) 'y(ds)) v(du)

= /Rd (/Rd 1\{01(T'(u)s)g~(s)dsy - - dsd) v(du).

Note here that for u in (R\ {0})¢ we have that T'(u)s # 0, whenever s # 0. Hence
by the assumption (5.2), and the transformation theorem for Lebesgue measure, it
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follows that
5(B) = /(R\{O})d (/R 15(T(w)s)g-(s) dsq - - - dsd> v(du)

= [ (] 1aan () )] det(T ) dyn -+ dya) ()
(R\{0})¢ Rd

=/ 1B(y)(/ gv(yl/uh-n,yd/ud)\ul'-'Ud|_1V(dU)) dyi - -+ dya,
Rd (R\{0})4

and the proposition follows. ([

Remarks 5.2. Consider the setting of Proposition 5.1.

(1) The conclusion of Proposition 5.1 does not hold without the assumption
(5.2). Indeed, assume that 7 is a non-zero, finite measure on (R?, B(R?))
which is absolutely continuous with respect to two-dimensional Lebesgue
measure, and consider further a Lévy measure v on RZ, such that e.g.
v({0} x R) > 0. Note then that for any s in (R\ {0})? and u in R? we have
that

T(s)u € {0} x (R\{0}) <= we {0} x (R\{0}),

and therefore

5({0} x R) = /

R2

- /(R\{o})2 </R2 Liopx(@\{op () V(d“)> 7(ds)

where the last equality uses the absolute continuity of . Since v # 0, we
conclude that ({0} x R) > 0, which clearly implies that 7 is not absolutely
continuous with respect to 2-dimensional Lebesgue measure.

(2) Maintaining assumption (5.2), we may consider the transformation 8 of v
under the mapping

o(ug, ..., uq) = (ul_l,...,ugl), ((ugy...,uq) € (R\{O})d). (5.4)

Then formula (5.3) may be re-written to the form:

(/Rz Loy e\ {op (T(s)w) u(du)> ~v(ds)

r5(Y1, -y Yd) :/ |v1 - vg|gy (Y101, - - -, yava) B(dvr, . .., dvg). (5.5)
(R\{0})4

In particular, if v has a density r, with respect to d-dimensional Lebesgue
measure, then, by the transformation theorem for Lebesgue measure, 8 has
density

(v1,...,04) — ru(vfl, . ,v;l)va . --v;2, ((v1,...,vq) € (R\ {0})d),

with respect to d-dimensional Lebesgue measure. Hence (5.3) becomes

m(yl,...,y@:/ for vl (o7 0y g (9101, - yava) don - - dug.
(R\{0})4
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(3) From the key formula (5.5) we have that the integral of 7 (y) equals v(R?)
in the case where v is a probability measure. It follows that if v is a
probability measure too, then the Lévy process generated by 75 is a com-
pound Poisson process. In particular, if 3 is the delta measure at a point
A= (A1, ., M) € Ri then the innovations of the compound Poisson are
distributed according to the probability density A1 - - Agg (A1y1,- .., Aayd)-

Proposition 5.3. Let Ty,...,Ty be i.i.d. random variables with common distribu-
tion e *1jg o) (x) dx, and let T denote the corresponding random d x d diagonal
matriz. Then for any Lévy measure v on RY, satisfying condition (5.2), the Lévy
measure U = Y9.(v) is absolutely continuous with respect to Lebesgue measure, and
the density r5 is given by

d

oY1, Ya) = / o1+ - wgle” Wt tvend) TT ) (0y5) B(dwy, - ., dva),
(R\{o})* j=1

(5.6)

for any (y1,...,yq) in R%, and where 3 is the transformation of v under the map-

ping ¢ given in (5.4). In particular Y% is injective on the class of Lévy measures
satisfying (5.2).

Proof: Formula (5.6) follows immediately from the general formula (5.5). To estab-
lish the injectivity statement we consider, for any tuple £ = ({1,...,£4) in {1,2}¢
the set

Ve i={(v1,...,vq) € R\ {0})" | sign(vy) = (1), j=1,...,d}.

Then let T;: R* — R? be the unique orthogonal linear transformation that maps
V; onto (0,00)¢ (and vice versa). For any z = (21,...,24) in (0,00)%, it follows then
from (5.6) that

) = [ el BTN @) fdn) = [ e Etm(du)
(R\{0})? (0,00)¢
where @y is the transformation by Ty of the measure we(dv) = |vy - - - v4|1ly, (v) B(dv).
In particular w, is concentrated on (0,00)?%, and the above calculation identifies
rz o Ty with the Laplace transform of wy. Since v is a Lévy measure, this Laplace
transform is finite for all z in (0,00)¢, and hence it determines w, uniquely. Thus,
r5 determines uniquely w; for all ¢; whence 8 and therefore also v (recall that
and v have no mass outside (J,¢; o34 V¢ by assumption). O

5.2. General random matrices. Throughout this subsection we consider a finite
measure space (5,8,7), and for convenience (and without loss of generality) we
shall assume that v is a probability measure. Then T: S — My(R) may be referred
to as a random matrix, and we can freely apply the usual convenient probability
terminology.

Proposition 5.4. Let T be a random d x d-matriz on the probability space (S, §8,7),
and let U be a k-dimensional subspace of My(R) such that v(T € U) = 1. Assume
in addition that the distribution of T has a density with respect to Lebesgue measure
on U.

Consider further a non-zero Lévy measure v on R? such that

v({y € R* | dim(Uy) < d}) =0, (5.7)
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where, for any y in R, we use the notation: Uy = {Uy | U € U} C R?.
Then the measure Y9.(v) is absolutely continuous with respect to Lebesgue mea-
sure on R with a density given by

A(z) = /G w(@v(dy),  (zeRY),

where G = {y € R? | dim(Uy) = d}, and, for each y in G, g, is a density of the
d-dimensional random vector Ty with respect to d-dimensional Lebesque measure
(cf. Lemmas 5.5-5.6 below).

To prove Proposition 5.4 we need a few preliminary results.

Lemma 5.5. Let k and m be positive integers, and let L: RFt™ — R* be a surjec-
tive linear transformation. Let further Y be a (k 4+ m)-dimensional random vector,
and assume that the distribution of Y has a density fy : R¥+t™ — [0, 00) with respect
to Lebesque measure on RF+™.

Then the k-dimensional random vector LY is again absolutely continuous with
respect to k-dimensional Lebesgue measure with density

fry(z) = /Rm mfy (A_l BD dyy - - dym, (= € RY), (5.8)

where y = (Y1, ...,Ym), and A is an invertible (k+m) x (k+m)-matriz whose first
k rows equal the rows of the k x (k + m) matriz corresponding to L.

Proof: This is well-known, but we include a proof for convenience: We identify L
with the corresponding k& x (k + m)-matrix. Since L is assumed surjective, the k
rows of L are linearly independent, so we may extend them to a basis for RFt™ by
adding suitable vectors hy, ..., h,, from R¥*™_ Then let A be the (k+m)x (k-+m)-
matrix whose first k rows are those of L, and whose last m rows are hy,..., hy,.
Then A is invertible, so by the usual (linear) transformation theorem for Lebesgue
measure, the random vector AY has the density

1

= ————fy(A7y), € RF™),

fay () |det(A)\fY( Y) (y )
with respect to Lebesgue measure on Rt As the first k-rows of AY form the
random vector LY, it follows that LY has the density (5.8). O

Lemma 5.6. Let (W, &) be a measurable space, let k,m be positive integers, and let
O: W — My kym(R) be an E-B(My j+m (R))-measurable mapping such that ®(w)
has rank k for all w. Let further Y be a (k + m)-dimensional random vector, and
assume that the distribution of Y has a density fy : R¥+™ — [0, 00) with respect to
Lebesgque measure on RFT™ . For each w in W, let g, denote the density of the k
-dimensional random vector ®(w)Y given in Lemma 5.5.

Then g, may be chosen such that the mapping (w, z) — gu(2): W xR¥ — [0, 00)
is measurable with respect to the product o-algebra € @ B(RF).

Proof: For each w in W we have that

i) = [ g (45 ]) dnedi, Gerd 69

where A, is obtained by extending ®(w) to an invertible (k4 m) x (k + m)-matrix
by adding suitable rows. According to Lemma 5.7 below (applied to ®(w)*) the
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mapping w — A, can be chosen &-measurable on W. Since the mapping A — A~!
is a homeomorphism on the group of invertible (k + m) x (k + m)-matrices, this
implies that the mapping

1

(w:2,8) = T

fy (A;l m) C W x RFF™ [0, 00)

is measurable with respect to the product o-algebra & @ B(RF+™). It follows sub-
sequently from Tonelli’s Theorem that the right hand side of (5.9) is an € @ B(R¥)-
measurable function of (w, z). O

Lemma 5.7. Let (W, &) be a measurable space, let k,m be positive integers, and let
O: W — Myt x(R) be an E-B(Myym i (R))-measurable mapping such that ®(w)
has rank k for all w in W. Then there exists an E-B(Myim m(R)) -measurable
mapping ¥: W — My pm.m(R) such that the (k+m) x (k4+m)-matriz [D(w) | U(w)]
1s invertible for all w.

Proof: For each w in W, let U, denote the k-dimensional subspace of RF*+™
spanned by the columns of ®(w). The orthogonal projection onto U,, is then given
by
E(w) = ®(w)[@(w) @ (w)] "' (w)",
which is €-measurable in w. The columns of F(w) := I,, — E(w) will then span
UL. Let Fy(w),..., Frim(w) denote the columns of F(w), which are clearly &-
measurable in w.
Consider next the function r: R — R? given by

el ~?2, if z #0,
r(x) = :
0, ifx=0,
and note that r is a Borel-function. Then define column-vectors Q1 (w),. . ., Qg+ mw)
recursively as follows:
j—1

Qi(w) = Fi(w), and Q;(w) = Fj(w) = Y (F;(w), Qu(w))r(Qx(w), (j = 2),
k

=1

<

and note that these vectors are orthogonal and that they span U (in particular
k of them must equal 0). Moreover it follows by induction that Q1,...,Qr+m
are E&-measurable functions of w. Next define 71,...,7,: W — {1,2,...,k + m}
recursively as follows:

7 (w) =min{j € {1,...,k+m} | Q;(w) # 0},
and
7j(w) =min{rj_y <j<k+m|Q;(w)#0}, (5 =2)
It follows then by standard “stopping-time arguments” that 7, ..., 7, are E-meas-
urable functions of w. We finally define

Rj(w) = QTJ.(w)(w)7 (we Rd),

for any j in {1,...,m}, and we note that each R; is an -measurable function of
w, since

{Rj S B} = I:L:JT{TJ = ki} N {Qk S B}
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for any Borel-set B in R**™. In addition R;(w), ..., R, (w) span U, so it follows
that if we define U: W — My 4,,.m (R) by

U(w) = [Rl(w) |-+ Rm(w)], (we W),
then ¥ has the desired properties. O

Proof of Proposition 5.4. Choose an orthonormal basis B = {hy,..., hs} for U,

and let Y be the random k-dimensional coordinate vector for T with respect to 8.

Then, since the distribution of T has a density with respect to Lebesgue measure

on U, the distribution of Y has a density with respect to Lebesgue measure on R¥.
For each y in R?, let ®((y): U — R? be the linear mapping defined by

[@o(I(U) =Uy,  (Uecl).

From the assumption (5.7) it follows that ®g(y) is surjective for v-almost all y in
R? and in particular we must have that k > d. For each y in R? we let ®(y)
denote the d x k matrix for ®((y) with respect to B and the standard basis for R<.
Then for any y in R? we have that

Ty = d(y)Y.

Note also that ®: R — Mg (R) is clearly a continuous mapping, and in particular
the set

G :={y e R? | dim(Uy) = d} = {y € R? | Dy (y) is surjective}

= {y € R | det(2(y)2"(y)) > 0}

is an open subset of R%.

For each y in G it follows from Lemma 5.5 that the distribution of Ty (= ®(y)Y)
is absolutely continuous with respect to k-dimensional Lebesgue measure, and by
Lemma 5.6 we may choose a Lebesgue density g, for T'y in such a way that the

mapping
(y,2) — gy(2): G x R? — [0, c0)

is Borel-measurable on G x R9.
Now, for any Borel-set B in R? we find by application of Tonelli’s Theorem and
the fact that v(G¢) = 0 that

05008 = [ ([ tmop T vidn) 2(as)
= [ (] 1@ @em@s) viay
= [ ([ 100 @) 3(0)) vian)
= L[ 1m0 (o) a2z v

= [ 1) ([ au(rvtan) dan --d.

which completes the proof. ([l
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Corollary 5.8. Let T be a random d x d-matriz on the probability space (S,8,7),
and assume that one of the following two conditions is satisfied:

(a) The distribution of T is absolutely continuous with respect to Lebesgue mea-
sure on My(R).

(b) T = T*, and the distribution of T is absolutely continuous with respect to
Lebesgue measure on the space Sy of symmetric d X d-matrices.

Then for any non-zero Lévy measure v on RY the measure Y9.(v) is absolutely
continuous with respect to Lebesque measure on R?, and the density is given by

)= [, e, Ger)

where, for each non-zero vectory in R, gy is a density of the d-dimensional random
vector Ty with respect to d-dimensional Lebesque measure (cf. Lemma 5.6).

Proof: The corollary follows by application of Proposition 5.4 in the cases (a)
U = My4(R), and (b) U = S,. Condition (5.7) is then satisfied for any Lévy measure
v on R?, since

My(R)y = R?  and Sgy = R? for any y in R?\ {0}. (5.10)

To see this, it clearly suffices to establish the second equation in (5.10) for any unit
vector y in R%. If y = e; (the first vector in the standard basis for R?), then this
equality follows from the fact that any vector in R% can obviously be placed as the
first column of a symmetric d x d matrix. For a general unit vector y in R%, we may
choose an orthogonal d x d-matrix U, such that Uy = e;. Then, for any vector z
in R?, it follows from the previous argument that we may choose a matrix A in S,
such that Ae; = Uz. Now U*AU € Sy, and U*AUy = U*Ae; = U*Uz = z. This
completes the proof of (5.10) and hence that of the corollary. O

Ezample 5.9 (Wishart matrices IT). Let d be a positive integer and let « be a
positive number, such that o > d. Consider further as in Example 3.16 a symmetric,
positive semi-definite d x d random matrix T, carrying the Wishart distribution
Wa(a, 214). Since a > d, P(T, € g:lr) = 1, and the distribution of Tj, has the
density (3.50) with respect to Lebesgue measure on S;. Moreover, E{||T,[|*} <
00, so that domp (19, ) = Mz (R?). For any non-zero Lévy measure v on R? it
follows thus from Corollary 5.8 that the Lévy measure 7, := T%ﬂ (v) is absolutely
continuous with respect to Lebesgue measure on R?. The density is given by

Ta(2) = “(z2)v z d
)= [, B, Ger)

where, for each y in R%\ {0}, gy is a density of the d-dimensional random vector
T,y with respect to d-dimensional Lebesgue measure. To identify the distribution
of T,y we consider for any u € R? the matrix © = yu* of rank one. Using (3.48)
we then find that

E{el o0y = B{e " Tev)} — det(ly — igu*) /% = (1 — i {y,u) />,

which determines the characteristic function for T, u.
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5.3. The Blumenthal-Getoor index. Let u be an infinitely divisible distribution on
R?. The Blumenthal-Getoor index a = a, for pu (or the corresponding Lévy process
(X (t))¢>0) is then defined by:

a=inf{6>0| I5, |2]]° v(dx) < oo},

where v is the Lévy measure for p and By denotes the unit disk of R? with respect
to the Euclidean norm || - || on R? (cf. (3.1)-(3.2)). Clearly « € [0,2]. If d = 1 and
(X (t))e>0 is a pure jump process, it is well-known (see e.g. Todorov and Tauchen
(2011)) that

a=inf{r>0] S, [AX(s)]" < oo}

where A X (s) is the jump at time s. Thus, the Blumenthal-Getoor index o measures
the jump activity of X (¢) (the larger the index the larger and the more jumps).

For the non-Gaussian stable distributions without drift the Blumenthal-Getoor
index equals the index of stability (cf. Sato (1999, p. 362)). We show next (refining
Proposition 3.12) that the Upsilon transforms preserve the index of stability for the
stable distributions.

Proposition 5.10. Let (S,8,7) be a o-finite measure space, and consider a mea-
surable mapping T: S — My(R). Let further a be a number in (0,2), and let i1 be an
a-stable distribution in domrp (7). Then Yr(u) is again an a-stable distribution.

Proof: Let (n, A, v) denote the characteristic triplet for u. According to Sato (1999,
Theorem 14.3) the fact that p is a-stable means exactly that A = 0 and

D,v=r% forall r in (0,0), (5.11)

where, as previously, D,v is the transformation of v by the mapping x — rx.
Since obviously fS TAT*dy = 0, it suffices thus to show that property (5.11) is
transferred to the Lévy measure Y% (v) of T7(u). Given a positive number r and
a Borel set B in R? we find that

DN =130 B) = [ [ 1sm o @van
= /S/Rd L\ (03 (T(ry)) v(dy) dy = /S/Rd 1\ (03 (T2) Dyv(dz) dy

o [ Uy (T2) v(@z) dy = (T4 1B,
R
as desired. O

For general infinitely divisible laws, the everywhere defined Upsilon transforms
(cf. Proposition 3.6) decrease the Blumenthal-Getoor index, as the following propo-
sition shows.

Proposition 5.11. Let (S,8,7) be a o-finite measure space, and consider a mea-
surable mapping T': S — Ma(R) such that [ ||T|* dy < oo, and v({T # 0}) < oco.
Let further pn be an infinitely divisible distribution on R?, and let o and & denote,
respectively, the Blumenthal-Getoor index for p and Yr(u). Then & < a.
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Proof: Let v denote the Lévy measure for p, and put 7 = T9.(v). It suffices then
to show that [, l|lul|® 7(du) < oo for any § in (a,2]. Given such a § we find, as in
the proof of Proposition 3.1, that

[ o) < [ mings iy sta)
- /s (/Rd min{1, HT(s)uH‘S}y(du)) ~v(ds)

< [, (L mntt I ) vaw) (s

. 6 5
s/{m}( [ mindL, ulpmax{1, 7 (s)] }y(du)) ~(ds)
= / max{1, | T(s)]|°} 7(ds) / min{L, |u]} v(du)
{T#0} Rd

2 . s
< /{T#O} max{1, [|T'(s)||"} v(ds) /Rd min{1, ||u)’} v(du),

and the assumptions imply that the resulting expression is finite. (I

6. Random integral representation

In this section we derive a representation of the Upsilon mapping Y as a random
integral with respect to an R%-valued Lévy basis L on a general space S. These are
Wiener type integrals of deterministic measurable functions 7' : .S — My(R) with
respect to L.

Integration of non-random functions with respect to a Lévy basis (also known as
infinitely divisible, independently scattered, random measures (i.d.i.s.r.m.)) goes
back to Urbanik and Woyczytiski (1967) and Rosinski (1984). It was systematically
studied by Rajput and Rosinski (1989) when L is R-valued and S is general, and
by Sato (2004) when L is R%-valued, S = [0,00). See also the related construction
of improper integrals with respect to additive processes in Sato (2006a,b, 2007).

We present here a review and a self-contained treatment of the constructions
of the relevant integrals which builds on the connection to the Upsilon mappings
studied in the foregoing sections

We start with a brief overview of notation and basics for Lévy bases and the
particular case of factorisable Lévy bases.

6.1. Background on Lévy bases. Let (S,8) be a measurable space such that 8§ =
a(8%), where 8° is a d-ring of subsets of S such that there exists a sequence {F,} C
80 with F,, C Fo+1 and U, F,, = S. A recurrent example in this theory is when
S is a Borel subset of R™, § = B(S) and 8° = B;(.9), the class of bounded Borel
subsets of S.

Definition 6.1. A family L = {L(F): F € 8°} of R%valued random variables
(defined on some probability space (2, F, P)) is called an R%valued Lévy basis on
S if the following three conditions are satisfied:
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(a) the distribution of L(F) is in JD(R?) for all F € 8°,

(b) for any n € N and pairwise disjoint sets E1,...,E, € 8° the random
elements L(F4), ..., L(E,) are independent,

(c) for any pairwise disjoints sets E, € 8°,n € N, satisfying UpenE, € 8° the
series .7 | L(E,) converges almost surely, and it holds that

oo
L(UnenBEy) =Y L(Ey) as.
n=1

For each F in 8°, we denote by C{u i L(F)} the cumulant transform of L(F),
ie. C{u1 L(F)} = logE (exp (i (L(F),u))) for any u € R%. The Lévy-Khintchine
representation of C{u I L(F)} is for each F in 8° given by

CLt L)} = i((F),u) — 5 (AF)u,u) (61)

where
(i) n(-) = 01(),...,ma(+)) is an Re-valued measure on 8°,
(i) A()=(A4() isa S, -valued measure on 8,
(iii) n is a bimeasure such that for fixed F € 8°, n(dy, F') is a Lévy measure on
R?, and for fixed dy a measure on 8°.

For F € 89 let
co(F)=n| (F)+tr(A)(F) + /Rd min{1, |:1:|2} n(dy, F), (6.2)

with |n| denoting the variation measure of 1. (Recall that the variation |b| of a
vector valued measure b is defined as

bl (F) =sup Y [0(En)| (F €8°),

where the supremum is taken over all the partitions F' = U, E,, of F into a finite

number of disjoint sets E,, in 8°). It can be shown that L(E,,) % 0 when E, 10,
E,, € 8°. Hence c is continuous at the empty set, and since ¢(F,,) < oo, for n > 1,
we can extend ¢ to a o-finite measure on (S, 8). This extension is called the control
measure of L and it is also denoted by c.

The measures 9, A and n(dy, -) are absolutely continuous with respect to ¢. We
define the functions 7(s) = (i (s),...,na(s)), A(s) = (ai;(s)) and v(dy,s), s € S,
using Radon-Nikodym derivatives as follow:

o) = ), i=1od (63
a”(s) = dj&(;é( >( )7 ivj = 17 >d7 (6 4)
Wy, s) = 28, (65

n(dy, ds) = v(dy, s) c(ds) (6.6)
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There is then no loss of generality in assuming that v(dy, s) is a Lévy measure for
each fixed s € S and that

v(F) = /F v(dy,s)c(ds), (F € B(RY) (6.7)

is a Lévy measure on R?. Moreover, the quadruplet (n(-), A(:), v(dy,),c((d-))
determines uniquely the Lévy basis L.

When v(dz, s), n(s) and A(s) do not depend on s, the Lévy basis is said to be fac-
torisable. In this case there exists a characteristic triplet (1, 4, v) such that L(F') has
an infinitely divisible distribution on R¢ with characteristic triplet ¢(F)(n, 4,v) :=
(c(F)n, c(F)A, c(F)v) for each F € 8°. In this case we also say that (1, A, v, c) is the
generating quadruplet of the factorisable Lévy basis L. If, in addition, S = R% and ¢
is proportional to the Lebesgue measure, the Lévy basis is said to be homogeneous.

Remark 6.2. Suppose v is a o-finite measure on S = ¢(8°), such that v(F) < oo
for all F in 8y. Then for any characteristic triplet (1, A,v) on R? we can construct
a factorisable Lévy basis L = {L(F) | F € 8"}, such that L(F) has generating
triplet y(F)(n, A,v) for any F in 8°. We note that L has generating quadruplet
(n, A, v, c), where the control measure ¢ is equal to kzy, with the constant kj, given
by

kr = lInll + tr(A) + /Rd min{L, [ly*} v(dy). (6.8)

6.2. Integral representation when ~y is finite. Throughout this subsection we con-
sider a fixed finite measure space (S,8,7). Let further n be a vector in R?, let A
be a symmetric non-negative definite d x d matrix and let v be a Lévy measure on
R<. Then, there exists a factorisable Lévy basis L = {L(F) | F € 8} in R? (defined
on some probability space (2, F, P)) with generating quadruplet (n, A, v, k) (cf.
Remark 6.2).

A simple measurable mapping T : S — My(R) may be written in the form:

T(z) = Z a;jlp, (z) (6.9)

where n € N, o; € My(R) and Fi,. .., F, are disjoint sets from 8. In this case we
define the Wiener integral of T with respect to the Lévy basis L introduced above
as the R%valued random vector

I(T) = / T(s) L(ds) = Y a; L(F}). (6.10)
S °
j=1
It follows by standard arguments that I, (7") does not depend on the specific rep-
resentation (6.9) and that
I(aT +T") = ol (T) + I, (T") (6.11)

for any simple measurable mappings T, 7": S — My(R) and any constant matrix «
in Md(R)

We note next the connection to Upsilon transforms for simple measurable map-
pings T: S — My(R).
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Lemma 6.3. Let i be a measure in ID(R?) with characteristic triplet (n, A,v) and
consider the Lévy basis L = {L(F) | F € 8} introduced above. For any simple
measurable mapping T: S — My(R) we then have that

L{ / TdL} = Tr(u) € ID(RY), (6.12)
s
where L{X} denotes the law of a random vector X.

Proof: Consider first T in the form: T = alp, where a € My(R) and F € 8.
Then [(TdL = aL(F), where L(F) has characteristic triplet (F)(n, A,v). It
follows then from Sato (1999, Proposition 11.10) that «L(F') has characteristic
triplet (77, A, v), where

A =~(F)ada* = /ST(S)AT(S)* ~(ds),

i =1(F)an+(F) | as(ip, (o) = 15,()) v(do)

= [ rema + [ ([ T 7)) - 15, @) v(d)) 1),
and for any Borel set B in R?

#(8) =2(F) [ 1mgorfea)odn) = [ ([ 1oo @) ) 2(ds),

Hence it follows from Definition 3.4 that (6.12) holds in this case. Proposition 3.5
(and Theorem 3.3) further implies that

C{ziaL(F)} = /gCu(T(s)*z) ~v(ds) = y(F)Cpu(a*z), (zeRY).  (6.13)

Consider now a general simple measurable mapping T': S — My(R) written in the
form (6.9) with disjoint Fy,..., F,. Then I (T) = Y."_, o; L(F}), where the terms
on the right hand side are independent random vectors. It follows thus for any z
in R? that

C{ztI(T)} = ZC{Z ta;L(F))} = ZV(FJ‘)CH(OGZ)

_ /S CulT(5)"2) 7(ds) = Crrp () (2),

where we have used (6.13) and Proposition 3.5 O

Proposition 6.4. Assume that T: S — My(R) is a measurable mapping satisfying
that [ ||T||*dy < co. Then

(i) There exists a sequence (T,,) of simple measurable mappings T,,: S —
Mg4(R) such that conditions (a) and (b) of Proposition /.3 are satisfied.
(ii) For any sequence (T,,) of simple measurable mappings T, : S — My(R)
satisfying conditions (a) and (b) of Proposition 4.3, the sequence (Ir(T,))
converges in probability, as n — 00, to a measurable mapping Y : Q — R%.
(iii) The limit Y described in (ii) is, up to P-nullsets, the same for any se-
quence (Ty,) of simple measurable mappings satisfying (a) and (b) of Propo-
sition 4. 5.
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Proof: (i) Foranyi,jin{1,2,...,d} welett;;: S — R denote the entry at position
(i,7) of T. Then by standard methods we can choose a sequence (tg?))neN of simple

measurable functions tg?) : S — R such that

n—oo

Sgg |t§;)(s)| < |tij(s)], and lim t@)(s) =t;;(s) for all s in S.

For each n we let T,,: S — My(R) denote the simple measurable mapping with
entries tg;), 1 <4,j < d. Since all norms on My(R) are equivalent, it follows then
that

li_r}n T (s) —=T(s)[| =0 forall sin S,
and that
(n) /
< s < . <
T < Ka max 16575 < Ko i) < KT )]

for all s in S and n in N, and where K4 and K, are positive constants (depending
only on d). Thus conditions (a) and (b) of Proposition 4.3 are satisfied if we put
9= K2|T|.

(ii) Assume that (T},) is an arbitrary sequence of simple measurable mappings
T,: S — My(R) satisfying conditions (a) and (b) of Proposition 4.3. Then for any
n,m in N the mapping T,, — T}, is again simple and measurable, and it follows by
(6.11) and Lemma 6.3 that

C{z1IL(Th) = I(Tw)} = C{z 1 IL(Tn = Tin) } = Cry 0 ()(2), (z € RY).
Hence, Proposition 4.3(ii) implies that
L{IL(To) = IL(Tw)} = T, -1, (1) = Go, as n,m — o0,
so that (I (T,))nen is a Cauchy sequence and hence convergent in probability (see
e.g. Lemma 1.2.4 in Barndorfl-Nielsen et al. (2006a)).

(iii) Assume that (7,) and (7)) are two sequences of simple measurable map-
pings both satisfying conditions (a) and (b) of Proposition 4.3. Then by (ii) there
exist random vectors Y,Y’: Q — R? such that Ir(T,,) — Y and I (7)) — Y’ in
probability as n — oo. Now the mixed sequence Ty, T}, T», Ty, ... also satisfies (a)
and (b) in Proposition 4.3, so there exists a random vector Y”: Q — R9 such that
I (Th), I(TY), I (T2), I (Ty), . .. converges to Y in probability. Thus, by subse-
quence considerations, Y =Y” =Y’ P-almost everywhere, and this completes the
proof. ([

Definition 6.5. Assume that 7: S — My(R) is a measurable mapping satisfying
that [ ||| dy < co. Then we denote by

IL(T) = / T(s) L(ds)
s
the random vector Y described in Proposition 6.4(ii)-(iii).

As an immediate consequence of Definition 6.5 and (6.11) we note that the
integral just introduced is linear in the sense that

/ (aTi(s) + To(s)) L(ds) = a / Ti(s) L(ds) + / Ty(s) L(ds), (6.14)
S S

S

whenever a € My(R) and T1,T5: S — My(R) are measurable functions satisfying
that [ ||T;[?dy < o0, j =1,2.
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Theorem 6.6. Let (S,8,v) be a finite measure space, and assume that T: S —
Mq4(R) is a measurable mapping satisfying that [ |T||*dy < oo. Let further p be
a measure in ID(RY) with characteristic triplet (n, A,v). Then

of [ 76 L)} = 1o

where L = {L(F) | F € 8} is an R%-valued factorisable Lévy basis with generating
quadruplet (n, A,v, k1) (cf. Remark 6.2).

Proof: By Proposition 6.4(i) we may choose a sequence (T},) of simple measurable
mappings Tp,: S — My(R) satisfying conditions (a) and (b) of Proposition 4.3.
Then by definition Iy, (T) is the limit in probability of the sequence I, (T},), so in
particular (cf. Lemma 6.3) L{I.(T)} € ID(R?), and C{z 1 I.(T)} = lim,, ,o. C{21
I(T,)} for all z in R? (cf. Lemma 7.7 in Sato (1999)). Combining this with
Lemma 6.3 and Proposition 4.3(i) we find thus that

C{z11L(T)} = lim C{z{ IL(Tn)} = lim Cy, ((2) = Crp(2)

for all z in R, and this completes the proof. (I

6.3. Integral representation when v is o-finite. Let (5,8,7) be a o-finite measure
space and consider the §-ring

8 ={F €8 |~(F) < oo}
Then choose a sequence (F},),en of sets from 8%, such that

FlgFggFgg'--, and U Fn:S (615)
neN

Let further y be a measure in JD(R?) with characteristic triplet (1, A,v). Then
on some probability space (2, F, P) there exists (see Subsection 6.1) a Lévy basis
L={L(F)|F € 8°} such that for all F'in 8°

L(F) has characteristic triplet v(F)(n, A, v). (6.16)

For any F in 8° we may then further consider the Lévy basis Lr = {Lr(G) | G € 8}
given by
Lr(G)={L(FNG)|G € §}. (6.17)
We note that Lpr has quadruplet (n, A, v, kr.vr), where vp is the finite measure
given by
1wr(G) =~(FNG), (Ge3).
Consider now additionally a measurable mapping T: S — My(R), and then put
G,=F,n{|T|<n}, and T,=Tlg,, (n € N). (6.18)
We note that
lim ||T5.(s) —T(s)|| =0, (s€S),
n— oo
and that
[ dre, = [ 17116, v < o0
s s

for all n. Hence the integral |, T dLg, is well-defined (cf. Definition 6.5) and we
have that

C’{zian dLGn} = /SC#(T,L(S)*z)fyGn(ds) :/ Cu(T(s)*z)v(ds) (6.19)

n
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(cf. Theorem 6.6).

Proposition 6.7. Let (S,8,7) be a o-finite measure space, let T: S — Mg(R) be
a measurable mapping and consider sequences (Fy,) and (Gy,) of sets from 8% as in
(6.15) and (6.18). Let further u be a measure in domrp(Yr), and consider for each
n in N the Lévy basis Lg, given by (6.17).

Then with T,, = Tlq, the integral fS T, dLg, converges in probability, as n —
00, to a random vector Y, and (up to a null-set) Y does not depend on the choice
of the sequence (Fy,) satisfying condition (6.15).

Proof: To prove the existence of the R%valued random vector Y it suffices to show
that (/. sTndLg,)n>1 is a Cauchy sequence in probability. Given n,m in N such
that n < m, note that [ ||T]* dva,, < [gITm|* dya,, < oo so that the integral
f S T, dLg,, is well-defined, and moreover

/ T,dLg, = / T,dLg,, (6.20)
S S

which follows easily by approximation of T, with simple functions as in Proposi-
tion 6.4. Now by (6.14)

/ TpdLg, — / T,dLg, = / (T — T,) dLg,,
S S S

so that (cf. Theorem 6.6)
C{zt[gTmdLe,, — [¢TadLg, } = / C.((Ty—T,)" 2) dym = / C.(T"z)dy,
s Gm\Gn

and hence
C{zt [¢TmdLe,, — [¢TadLeg, }| g/G |Cu(T*2)| dy (6.21)

for all z in R. Since p € dom;p(Yr) we know that [¢|C,(T*z)|dy < oo, and
hence the right hand side of (6.21) tends to 0 as n — oo. This implies (see e.g.
Lemma 1.2.4 in Barndorff-Nielsen et al. (2006a)) that ([g Ty dLa,, Jnen is a Cauchy
sequence in probability, as desired.

It remains to show that the limit Y = lim,, .o f gTn dLg, does not depend on
the sequence (F),) satisfying (6.15). Assume thus that (F)) is another sequence
from 8° satisfying (6.15) and then put

G, =F,n{|T| <n}, and T,=Tle, (neN).

Then since [q |T,|1* dye,uer,, [ |1 TH1? dva,ua;, < oo, it follows in analogy with
(6.20) that

/Tn dLGn :/Tn dLG-,LUG;” and /T;z dLG% :/T’I’IL dLG,LUG;a
S S S S

so that by (6.14)

/nua—/ﬂﬂwz/@wHM%wm
s S " S !
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Using then Theorem 6.6 it follows that

(=1 JsTudLa, - [sThdLa, }| = | / Cul(Tw = T)"2)) dyg,uc,
S
(6.22)
<[ e
GnAGH

where G, AG!, = (G, \ G),) U (G}, \ Gy,). Since both (G,) and (G),)) are increasing
sequences with union S, it follows that 1g,aq: (s) — 0 as n — oo for any s in
S, since s is in Gy, N G, for all sufficiently large n. Thus it follows from (6.22)
and dominated convergence that [T, dLg, — [¢T}, dLg; — 0 in probability as
n — oo, and this yields the desired conclusion. ([l

Definition 6.8. Let (5,8,7) be a o-finite measure space, let T: S — My(R) be
a measurable mapping and let p be a measure in dom;p(Yr) with characteristic
triplet (n, A,v). Consider further the Lévy basis L = {L(F) | F € 8°} given by
(6.16). Then we denote by

1.(0) = [ 7 Lds)
S
the random vector Y described in Proposition 6.7.

Theorem 6.9. Let (S,8,7) be a o-finite measure space, let T: S — My(R) be
a measurable mapping and let p be a measure in domyp (Y1) with characteristic
triplet (n, A,v). Consider further the factorisable Lévy basis L = {L(F) | F € 8°}
given by (6.16) with generating quadruplet (n, A,v, k1) (cf. Remark 0.2). We then
have

L{Lﬂ@umﬁzrﬂm

Proof: Choose a sequence (F},) of sets from 8% satisfying (6.15) and define (G,,)
and T, as in (6.18). It follows then from Definition 6.8 and (6.19) that

C{z1 [¢TdL} = lim C{z} [TndLg, } = lim . Cou(T*z) dy

=:/£ca47“z>dv:=<7rTun<z»

where the third equality follows by dominated convergence, since 1lg, (s) — 1 as
n — oo for any s in S (cf. Proposition 3.5). This completes the proof. O

Ezample 6.10 (Construction of multivariate supOU processes). Let us consider
again Example 3.8, where S = M, xR, §=B(M, xR), v = 7 ® A with 7 a
probability measure on B(M ), and A is the Lebesgue measure on R. In addition
T(Q,r) = e for any Q € M; and r € R. Assume that (3.29)-(3.30) are satisfied.

In addition consider the d-ring 8°= B(M ) x B, (R) where B,(R) are the bounded
Borel subsets of R. Let further u be a measure in JD(R?) with characteristic
triplet (1, A, v) and L be a factorizable Lévy basis on 8" with generating quadruplet
(n, A, v, kr(m®M)). Assuming that v satisfies (3.31) we have that p is dom;p(Yr).
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From Theorem 3.1 in Barndorff-Nielsen and Stelzer (2011), the R?-valued stochastic
process (X¢)ter given by

t
X, = / / MR 1(dQ, dr)
M, J—oco

is such that for all ¢ € R the distribution of X; is infinitely divisible with charac-
teristic triplet (7, A, ) given by (3.28). Hence, X; has distribution YTr(u).

6.4. Integral representation when v is Lebesgue measure on RY. In this subsection
we consider exclusively the case (5, 8,v) = ([0, 00), B([0, 00)), A), where B([0, 00)) is
the Borel g-algebra on [0, 00) and A denotes Lebesgue measure on [0, c0). Given any
measure g from JD(R?) with characteristic triplet (1, A, ) we may then consider
a Lévy basis L = {L(F) | F € B(]0,00))°}, where B([0,00))? is the family of Borel
subsets of [0, c0) with finite Lebesgue measure, and where

L(F) has characteristic triplet A(F')(n, A,v) (6.23)

for any F in B([0,00))° (cf. Subsection 6.1). In this case it follows easily (and is
well-known) that the formula

Zi=L((0,1]),  (te]0,00)) (6.24)

defines an R%valued Lévy process (in law), and the random integral f[o OO)T(S)L(dzs)
studied in the previous subsections coincides furthermore with the well-known in-
tegral f[o ooy T(8) dZ, with respect to (Zs).

Consider now further a measure p on (0, 00) such that [ max{1,#?} p(dt) < co.
Then define T': (0,00) — [0, 00) by

T(s) =inf{t > 0] p([t,00)) < s}, (s € (0,00)),

and note that 7" is non-increasing and hence Borel-measurable. In the following
we identify T with the matrix-valued mapping 7T, : (0,00) — Mg4(R). Note that

T(s) = 0 whenever s > M := p((0,00)). It is well-known that p may be recovered
as the transformation of A\ by T, i.e.,

p(B) = \M(T7*(B)) for any Borel subset B of (0,00).
Indeed, this follows by noting e.g. that
(0, p([er, 00))) € T ([ex, 00)) € (0, p([v, 0))]

for any number « in (0,00). Note now that

/0 T(s)* \(ds) = /0 2 Ao T 1H(dt) = /0 t2 p(dt) < oo,

and since T'(s) = 0 whenever s > M, we also have that A({T # 0}) < M < oo.
It follows thus from Corollary 3.6 that dom;p(Yr) = ID(R?), and for any u from
ID(R?) that
M M
Crpw(2) = ; C.(T(s)z) A(ds) :/0 C,(tz) p(dt),

which shows that T coincides with the mapping Y, studied in Barndorfi-Niclsen
et al. (2008). Moreover, if we consider the characteristic triplet (A4,v,n) for u
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and the Lévy basis L given by (6.23), then the integral f(o 00) T(s) L(ds) is well-
defined, and with (Z;) the Lévy process given by (6.24) we have by application of
Theorem 6.9 that

o /( L Tz} = of /( L TOLA} =T =Ty, (629

thus recovering the random integral representation of T, established in Barndorfi-
Nielsen et al. (2008).
In the particular case where p(dt) = e~tdt, we find that

In(s~1! if 1
0, if s € [1, 00),
and hence that

T, (p) = L{/Ol ln(s_l)dZs}

for any measure p in ID(R?). In the case d = 1 this provides a random integral rep-
resentation of the measures in the so-called Goldie-Steutel-Bondesson class, which
was obtained in Barndorf-Nielsen et al. (2006b).

6.5. Random integral representation of Lévy Processes. In this subsection we ex-
tend the random integral representation of Y7 (u) established in Subsection 6.3 to
a representation of the entire Lévy process associated to Yo (u).

Throughout the subsection we let (5,8,v) be a o-finite measure space, and we
denote by A the Lebesgue measure on [0, 00). We consider further a fixed measurable
mapping T': S — My(R). For any t,t’ in [0,00) such that ¢ < ¢’ we then define the
mapping Ty 4 : S x [0,00) — My(R) by

Tt,t’(sau) = T(S)l(t,t’] (u)a ((S,U) €S x [07 OO))

Lemma 6.11. Let f: My(R) — C be a Borel function such that f(0) = 0. Then
for any t,t' in [0,00), such that t < t', we have that

fo’fm/ el (y®)) < foTc Ll(fy).
If f>0or foT € L'(v), we have furthermore that

/ foTu(s,u)y®Ads,du) = (' — t)/ foT(s)vy(ds).
Sx[0,00) S

Proof: For any Borel set B in My(R) we note first that

(v @ M(T (BA{0}) = (t' = t)y(T71(B\ {0})).

Hence, if f > 0, we find by transformation that

[ relwuyeadsdy = [ fw)heneT i)

Sx[0,00) Mq (R)

- / F(w) (v @A) o T (dw) = (¢ — 1) / F(w)y 0 T~ (duw)
Mg (R)\{0} Mg (R)\{0}

= (¢ — w)yo T Hdw) = (' — oT(s s).
~ (1 t)/Md(R)f( )y o T~ (dw) = (¢ t)/sf T(s)(ds)
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The remaining statements in the lemma now follow by splitting a real-valued f in
its positive and negative parts and subsequently a complex valued f in its real- and
imaginary parts. t

Lemma 6.12. Let t,t' be non-negative numbers such that t < t', and consider as
above the matriz-valued mappings T and Ty v defined on the o-finite measure spaces
(S, 8,7) and respectively (S x [0,00),8 @ B([0,0)),y ® A). We then have that

domp(YT%) =domz (Y% ), and dom;p(Yr)=dom;p(Ls ).

Tt‘t’ t,t!

For p in domyp(Yr) it holds furthermore that

Ty, , (1) = ()",

where (Tr(p)")u>0 is the convolution semi-group associated to the infinitely divis-
ible measure Tr(u).

Proof: For any z in R? we consider the function g, : My(R) — [0, 00) given by
g:(w) = min{1, Jwz|?},  (w € Ma(R)),

and we note that g.(0) = 0. For any Le¥y measure v on RY it follows then by
application of Tonellis theorem and Lemma 6.11 that

-/SX[O,oo) (/Rdgz(ft,t’ (s,u)) I/(dz)) v ® A(ds, du)
= /]R (/Sx[om) 9=(Trw (s,u) v ® )\(ds,du)) v(dz)

== [ ([ a-re)p) s

Hence it follows from (3.12) that

vE domL(TOT~ ) = ve domp, (Y%). (6.26)

Consider next a measure y in JD(R?) with characteristic triplet (1, A, v). For any
z in R? we introduce then the function f,: My(R) — C given by

fo(w) = Cu(w™2),  (w e Ma(R)),

and we note that f,(0) = 0. It follows thus from Lemma 6.11 that onTw/ eLi(v®
A), if and only if foT € £'(v). In combination with (6.26) and Proposition 3.5
this shows that

n e domID(TT) — U Ec domID(TTH/).
In the affirmative case Lemma (.11 yields further in combination with Proposi-
tion 3.5 that

Oy @)= [ Culfiton)=) 7@ s dw) = (¢ 1) [ CulT(6)"2) 704

= (' = 1)Crr(2) = Crp(uyr—(2),
(6.27)

which completes the proof. ([l
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Theorem 6.13. Let j1 be a probability measure in ID(RY) with characteristic triplet
(n,A,v), and assume that i € domrp(Yr). Consider further the o-finite measure
space (S x [0,00),8 @ B([0,00)),7® \) and a factorizable Lévy basis'

L={L(F)| Fe8®B3([0,00)))°}
with generating quadruplet (n, A, v,k (y®M)) (cf. Remark 6.2). For each t in [0,00)
we may then define

7y = / T(s)1(0,(u) L(ds, du),
Sx[0,00)

and it follows that (Z;)i>0 is a Lévy process in law with marginals given by
L{Z}="Tr(w)',  (t€0,00)),

where (Y7 (p)")e>o is the convolution semi-group associated to the infinitely divisible

measure Lr().

Proof: Since p € dom;p(Yr), it follows from Lemma 6.12 that p € domID(TT].t,)

for all positive numbers ¢,t' such that ¢ < ¢. Hence Proposition 6.7 ensures that
the integral

/ T(5)1 (0.0 () L(ds, du) = / Ty (5, ) L(ds, du)
Sx[0,00) Sx[0,00)
is well-defined, and in particular Z; is well-defined for all . Lemma (.12 yields
further in combination with Theorem 6.9 that
L{Z;} = Y7r(p)" for all tin [0, 0), (6.28)

and it remains to show that (Z;);>0 is a Lévy process in law. Clearly (6.28) implies
that Zg = 0 almost surely, and that Z; — 0 in distribution as ¢ N\, 0. With ¢, as
above we note further that

Zo— 7, = / T(5)1 (0.0 () L(ds, du) = / Ty (5, ) L(ds, du),
Sx[0,00) Sx[0,00)

and hence Theorem 6.9 and Lemma 6.12 yield that
W2y =2y =5 (1) = o)™,

so that (Z;)>0 has stationary increments. For positive numbers 1,12, ..., %, such
that 0 < t; < ty < -+ < t,, we consider finally the corresponding increments of
(Z4):

Zo= [ T Lids du),
S%[0,00)
Ly — 2y, = / T(s)l(tl)tz](u) L(ds,du), ...
S%[0,00)

e Ly, — Ly = / T(s)1et,_y b, (u) L(ds, du).
Sx[0,00)

In case T is a simple function (cf. (6.9)) and =y is finite, it follows immediately from
(6.10) and the definition of a Lévy basis that these increments are independent.
For general T and o-finite y the same conclusion follows subsequently from the fact

4Here (8 ® B([0,00)))° denotes the class of sets F from 8 ® B([0, 00)) such that y® A(F) < oo.
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that independence is preserved under limits in probability (cf. Propositions 6.4 and
6.7). This completes the proof. O

Summary.

This paper investigates an alternative to probability mixing, termed Lévy Mix-
ing, which ensures infinite divisibility of the resulting distribution. The Lévy Mix-
ing is defined in terms of Upsilon transformations Y9.: My (RY) — Mz (R?) and
Yr: ID(RY) — ID(RY) associated to a measurable mapping 7': S — My(R) de-
fined on a measure space (5,8, ). Basic properties of the Upsilon transformations
are established, including continuity of the mapping (T, 1) — Yr(u) in both vari-
ables (separately). It is further established that the mapping T9 —and hence the
process of Lévy Mixing— has regularising effects, such as ensuring absolute conti-
nuity of the resulting Lévy measure. Finally the measure Y7 (u) is realized as the
distribution of the stochastic integral of T' with respect to a Lévy basis (depending
on p). The existence of the stochastic integral in question is derived simultane-
ously. The results mentioned above are all proved under rather mild conditions on
the mapping 7" and the measure . The type of Levy mixing considered here is
a special case of a general concept of Levy mixing that we hope to discuss, in a
separate note, in relation to probability mixing and a third kind of mixing termed
random object mixing.
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