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Abstract. Normal comparison lemma and Slepian’s inequality are essential tools
for the analysis of extremes of Gaussian processes. In this paper we show that the
Normal comparison lemma for Gaussian vectors can be extended to order statistics
of Gaussian arrays. Our applications include the derivation of mixed Gumbel limit
laws for the order statistics of stationary Gaussian processes and the investigation
of lower tail behavior of order statistics of self-similar Gaussian processes.

1. Introduction

In the recent contributions of Debicki et al. (2015a, 2014b, 2015b) order sta-
tistics of Gaussian and stationary processes are studied. Given a random process
{X(t),t > 0} with almost surely (a.s.) continuous trajectories, and Xi,..., X,,n €
N independent copies of X we define X,.,,(t) generated by X as the rth lower or-
der statistics of X1(t),...,X,(t) for any fixed ¢ > 0, and thus Xi.,(t) < --- <
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Xnn(t),t > 0. The calculation of the so-called r-th conjunction probability

Dron(U) = ]P’{ sup X, (t) > u} (1.1)
te[0,T]

for fixed r,T" and large w is of both theoretical and applied interest; see e.g., Alodat
(2011); Alodat et al. (2010); Ling and Peng (2016); Worsley and Friston (2000).

Order statistics processes play a crucial role in various statistical applications,
for instance in models concerned with the analysis of the surface roughness during
all machinery processes and functional magnetic resonance imaging (FMRI) data.
Given the fact that p,.,(u) cannot be in general calculated explicitly, asymptotic
expansions as u — oo and the so-called Gumbel limit results (with u = ugr — oo as
T — o0) are derived in Debicki et al. (2015a,b). Indeed, such limit theorems have
been in the focus of many theoretical and applied contributions, see e.g., Aue et al.
(2009); Berman (1982, 1992); Piterbarg (1996, 2004) and the recent contributions
Debicki et al. (2015¢); Jaruskovd (2015). The crucial tool for establishing Gumbel
limit theorems is the so-called Normal comparison lemma, which has been shown
to be one of the most important tools in the study of Gaussian processes and
random fields, see e.g., Berman (1982, 1992); Leadbetter et al. (1983); Li and Shao
(2002, 2004); Piterbarg (1996). The lack of a comparison lemma for order statistics
processes has already been noted in Debicki et al. (2015a); therein some results are
derived only for the minimum process.
In the simpler framework of two d-dimensional Gaussian distributions ®y.a) and
P50y with N(0,1) marginal distributions, the normal comparison inequality gives
explicit bounds for the difference

Au) == By (u) — Py (u), Yu = (ui,...,uq) € R?

in terms of the covariance matrices L(*) = (Uff))dxd, k = 0,1. The derivation of
the bounds for A(u), by Slepian (1962), Berman (1964, 1992) and Piterbarg (1996,
2015) relies strongly on Plackett’s partial differential equation; see Plackett (1954).
The most elaborate version of the normal comparison inequality is due to Li and
Shao (2002). Specifically, Theorem 2.1 therein shows that

1 () . (0) u + uj d
Au) < o 1<;j<d (arcsm(oij ) — arcsin(o;; ))+ exp Ty ) Yu € RY,

where p;; = max(|ag-))|, |0§;)|) and z; = max(x,0). Clearly, if Ug-)) < 05;),1 <
1,7 < d, then

Py (u) < Py (u),
which is the well-known Slepian’s inequality derived in Slepian (1962). Based on
the results of i and Shao (2002), Yan (2009) showed that for W an N (0, 1) random
variable and u € (0, 00)?

(ui+uj)? . (0)
i) 1 = T — 2arcsin(o;;
1< Pmolw) (L > o ( : ( (Jn))
D0 (u) Ver, = 4 E {(W + WTUJ)-F} T — 2arcsin(o;;”)

provided that 0 < ag»J) < ag ) < 1. Recent extensions of the normal comparison
inequalities are presented in Chernozhukov et al. (2015); Debicki et al. (2015a);
Harper (2013, 2017); Hashorva and Weng (2014); Lu and Wang (2014).
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Our principal goal of this paper is the derivation of comparison inequalities for
order statistics of Gaussian arrays, which are useful in several applications. In
order to fix the notation, we denote by X = (X;;)axn and Y = (Yij)axn two d x n
random arrays with N (0, 1) components and jointly Gaussian (hereafter referred to

as standard Gaussian arrays), and let ©(1) = ( l(l)lk)dnxdn and 2O = (ag?)lk)dnxdn
be the covariance matrices of X and ), respectively, with 0( )k =E{X;; X} and

l(f)lk = E{Y};Yi.}. Furthermore, define X () = (Xy(),..., Xg)), 1 <7 < nto

be the rth order statistics vector generated by X as follows

Xz(l) = 1r<nJl£1 Xi; <--- < Xi(r) << 1I£1Ja<xn Xij =X, i(n), 1<1< d.
Similarly, we write Y,y = (Y1¢y, ..., Yq()) which is generated by Y. Clearly, in
the case of independent rows of Gaussian arrays, the study of X ;) reduces to
that of the component-wise order statistics X {(T)s for Gaussian random vector, see
Chernozhukov et al. (2015).  Our principal results, stated in Theorem 2.1 and
Theorem 2.4, derive bounds for the difference

A(T)(u) =P {X(T) < u} —P {Y(T) < u} , uc R (12)

Two applications of those bounds are discussed in Section 3, including the study
of the mixed Gumbel limit theorems for order statistics of stationary Gaussian
processes and the lower tail probability of order statistics of self-similar Gaussian
processes.

We organize this paper as follows. In Section 2 we display our main results.
Section 3 is devoted to the applications. The proofs are relegated to Section 4 and
Appendix.

2. Main Results

This section is concerned with sharp bounds for A,)(u) defined in (1.2), which
go in line with Li and Shao’s normal comparison inequality (see Li and Shao, 2002).
For notational simplicity we set below

e . (0 G . (0
Qijik = arcsm(agj))lk) - arcsm(agj?lk)} , Q;;)lk = (arcsm(agj?lk) - arcsm(agj))lk))Jr.

Theorem 2.1. If X and Y are two standard d x n Gaussian arrays, then for any
1 <r <n we have

1 2
Bl < 5| ¥ Quaen (-5t

1<i<d L pijiin
1<j<k<n

+ Y Q ( Ui + uf ) vueRY, (21)
ik €XP | =g T % , vu ) .
1<i<i<d 2(1+ pijan)

1<j,k<n

where pijie = max(|aw lk| |O'U lkD If further

o =0, 1<i<d 1<jk<n, (2.2)
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then
Ay (u) < 1 Z Q+ ep( U12+Ul2 ) Va € RY (2.3)
M\ =57 Gk P\ —om T~ | . ,
27T1§i<lgd ! 2(1 + pijar)
1<j,k<n

Remark 2.2. For r =1 and r = n the claims in (2.1) reduce to Lemma 11 in Debicki
et al. (2014a). Note that for 1 < r < n our results are derived using a different
technique. Furthermore, using in addition similar arguments as in Theorem 1.2
in Piterbarg (1996), one can establish for any [a,b] C [—00,00]? the following
comparison inequality

[P{X ) € la,b]} —P{Y) € [a,b]}]

1 u +Ul )
<= i,k €X i1k OX
s - Z Qij.ik p( 1+ngzk> Z Qijiik p( (1+nglk)

1<i<d 1<i<i<d
1<j<k<n 1<j,k<n
with u; = min(|a;], |b:]),1 < i < d.
A direct consequence of Theorem 2.1 is the following Slepian’s inequality for
the order statistics of Gaussian arrays, which for » = 1 is, however, weaker than
Theorem 1.1 in Gordon (1985).

Corollary 2.3. Suppose that (2.2) is satisfied and O'( )lk > Uz(;)lk holds for 1 <i <
1<d,1<j,k<n. Then

]P’{ U, { X > ui}} > ]P’{ UL, {Yigy > u}} Vu € R (2.4)

Note that the bounds in Theorem 2.1 do not depend on r, which indicates that
in some cases they may not be sharp enough. Below we present a sharper result
which holds under the assumption that the columns of both A and ) are mutually
independent and identically distributed, i.e.,

ol =0 j=k}, 1<il<d1<jk<nr=0,1, (2.5)

with some ogf) € (-1,1),1 <41 <d,k = 0,1, where I{-} stands for the indicator
function. This result is useful for establishing mixed Gumbel limit theorems; see
Section 3.
In order to simplify the presentation, we shall define
n!

cnm:m,()grgn, pil:max(|agl0)|,|a§ll)|), 1<4,01<d

and

(1)

[T (14 ]h)2) .

A= /<o> 1o dh 1silsd Isrsn
il

Theorem 2.4. Under the assumptions of Theorem 2.1, if further (2.5) is satisfied,
then for any u € (0, 00)?

A(T)(u) < n(cn—l,r—l)2 u—2") Z (AEZT))Jr exp (_ (n—r-+ 1)u2) 26)

e _
(2m)n=r 1<i<l<d L+ pa
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and

Ay (u)] < 2en1r-1)* —a(n-r) 3 ’Am exp <_M>

] ,
(2m)n—r <D< 1+ pa
hold with w = min;<;<q u;.

As in Theorem 2.4 we also have the following bounds, without introducing u =
minlgigd U

Proposition 2.5. Under the assumptions of Theorem 2.1, if further (2.5) is sat-
isfied, then for any u € (0, 00)¢

(r)
n(cn—l,r—1)2 (le )+
n—r+2 . n—r
2(v7) 1<i<l<d (ui +w)

(n—7r)(u; +w)? + 2(u? + u?)
XeXP(‘ A+ pu) | )’

Agy(u) <

(2.7)
with
o) [0 (L a2
_T — - v vz < . < < < '
Bi /0—?2” (1 — h2)L/2 dh, 1<i<i<d, 1<r<n

If additionally Dy = min(u; — paur, up — paw;) >0 for all 1 <i <1 <d, then

n(cp—1,r-1)° ~(r) Ui + Uy ~nn)
Apy(u) < O > (A, 5 Di

1<i<I<d
_ 1) (u? 2
X exp (_ (n 4+ )(uz + ul)) , (28)
2(1 + pi)
where
)
=) _ [T (L4 A0 = [p])nn) ,
A —/G(?) (1_h2)(n—r+1)/2 dh, 1<i<liI<d, 1<r<n.

Motivated by, e.g., Li and Shao (2002); Lu and Wang (2014); Yan (2009), we
obtain next an upper bound for ©,)(u):=P {X(T) < u} /P {Y(T) < u}

Proposition 2.6. Under the assumptions of Theorem 2.1, if further (2.2) holds
and 0 < JEJQ)% < Ug)lk <lfor1<i<l<d,1<jk<n, then for anyu € [O,oo)d

1 Z Cyjpevitu)™/8
Var, o ELW A (st w)/2)5) |
1<j,k<n

1 <O (u) <exp (2.9)
with W an N(0,1) random variable and

=2 arcsin(ogﬁ)lk)

Oij,lk—1n< >, 1<i<l<d, 1<,k <n.

=2 arcsin(ogﬁ)lk)
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3. Applications and Discussions

3.1. Limit theorems for stationary order statistics processes. When dealing with
supremum of Gaussian processes on large intervals, the so-called Gumbel limit
theorems are of interest for statistical applications.

Next, let {X,—rt1.(t),t > 0} be the rth upper order statistics process generated
by a centered stationary Gaussian process { X (t),¢ > 0} with a.s. continuous sample
paths, unit variance and correlation function p(-) satisfying for some a € (0, 2]

p(t) =1 —[t|" +o(|t|"), t = 0, and p(t) <1, Vt # 0. (3.1)

From Theorem 1 in Debicki et al. (2015a) or Theorem 2.2 in Debicki et al. (2014D),
we have for any 7" > 0 and v — oo

2
IP’{ sup X, pp1n(t) > u} ~ TAT,acn7T(27r)_5u§_T exp (—%) , (3.2)

t€[0,T]

where A, , € (0,00) is given explicitly as a limit and ~ means asymptotic equiva-
lence. As a continuation of Debicki et al. (2015a) we establish below a limit theorem
for the rth upper order statistics process X, —yy1.n-

Theorem 3.1. Let {X,—r41.0(t),t > 0} be the rth upper order statistics process
generated by X, a centered stationary Gaussian process with a.s. continuous sample
paths. Suppose that (3.1) holds and further lim; o p(t) Int =~ € [0, 00].

a) If v =0, then

lim sup
T—00 zcR

P {anT( sup Xp—prt1m(t) — br,T) < :17} — exp (—eﬂ”) =0,

te[0,T]

where, with D = ¢y, Ay o(r)2)7/27 1@ (27)77/2

2InT 1 1 r
ar7 =V2rInT, b.7 = + <<— — —) 1nlnT—|—1nD> . (3.3
7=V TN P amT \\a 2 (33)

b) If v = o0, and o € (0,1], p(t) is convex for t > 0 with lim;_,o p(t) = 0 and
further p(t)Int is monotone for large t, then with ® the df of an N(0,1) random
variable

lim sup = 0.

T—00 zcR

P {%( Sup Xn—r-i-l:n(t) Y, 1- p(T)br,T) < JJ} - (I)(LL')

t€[0,T]

¢) If v € (0,00), then, with W an N(0,1) random variable

lim sup
T— o0 zER

P {aT,T( sup Xp—ri1m(t) — bnT) < x}

te[0,T]

& o (eI | o,

The proof of Theorem 3.1 is presented in Appendix.
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3.2. Lower tail probability for order statistics processes. The seminal contributions
Li and Shao (2004, 2005) show that the investigation of the lower tail probability
of Gaussian processes is of special interest in many applied fields, including the
study of real zeros of random polynomials, the study of Gaussian pursuit problem,
and the study of the first-passage time for the Slepian process. In this section, we
aim at generalizing some results in i and Shao (2004, 2005), by considering order
statistics processes instead of Gaussian processes.

Our first result is concerned with extension of the celebrated Slepian inequality
for order statistics processes. Let {Y(¢),t > 0} and {Z(¢),t > 0} be two cen-
tered Gaussian processes with a.s. continuous sample paths, and {Y;..,,(t),¢ > 0},
{Z;.n(t),t > 0} be the corresponding rth lower order statistics processes. Applying
the standard discrete-continuous approximation technique (cf. Adler and Taylor,
2007) to Corollary 2.3 one can easily verify the following proposition.

Proposition 3.2. If for all s,t >0
E{Y(1)?} =E{2()?) ad E{Y(s)Y (1)} <E{Z(s)Z(1)}.
then for any T > 0 and u € R we have
P< sup Yen(t) >up > P sup Zpn(t) >up.
te[0,T] te[0,T
Remark 3.3. In view of Proposition 3.2 for any # € R (cf. Li and Shao, 2004)
1 1
pr(x) := lim —ln]P{ sup Y., (t) < x} = sup —lnP{ sup Y,.,(t) < 3:}
T—oo T 0<t<T 7>0 T 0<t<T

exists and p,(x),z € R is left-continuous, provided that {Y(¢),¢ > 0} is a centered
stationary Gaussian processes with E{Y (0)Y (¢)} > 0 for all ¢ > 0.

4. Proofs

Hereafter, we write 2 for equality of the distribution functions. A vector z =
(21, -+, zan) will also be denoted by

z=(21,...,24), with z; = (zi1,...,2in), 1<i<d,
where zij = 2(;_1)n+4j,1 < i < d,1 < j <n. Note that for any p = (i — 1)n+j,q =
(l-Dn+k1<il<dl1<jk<n
{p<qgt={i<l,ori=1landj <k}
Denote
z/zi=(z1,...,2i-1,Ziy1,.--,24), 1<i<d.

Furthermore, for any * € R"™ we denote

CE/.IZ = ({El,...,Ii,1,$i+1,...,$n),
dx .
= dxydzy---dri_1dxipr - -dx,, 1<1<n,
d.Ii
and for 1 <i<j<n

9T dey - dug 1 d da;_1d d
- = x To - -AXx;_ €T ceedxa_ T e AT .
dIide 1 2 1—1 1+1 j—1 J+1 n

Proof of Theorem 2.1: We shall first establish (2.1) by considering r = 1,
r =2 and 2 < r < n separately.
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Case r = 1. Note that X < —X for the standard Gaussian array X. It follows from
Theorem 2.1 in Lu and Wang (2014) that

|Aq)(u)] = ‘P{ ULy i {=Yi5 < _“i}} - ]P{ UL, Nioy {—Xi5 < —Ui}}‘

2 2
S 2i Z Qij,lk exp <_ 2(;L:_+ il%l ))
T (i—1)n+j<(—1)n+k Pij.ik
establishing (2.1) for r = 1.
Next, by a standard approximation procedure we may assume that both (1)
and 2 are positive definite. Let further Z = (Zij)axn be a standard Gaussian
array with covariance matrix

Fh — hz(l) 4+ (1 — h)E(O) = (6Z,lk)d"Xd"’

where by our notation 5%7% =E{Z;;Z;}. Clearly, I'" is also positive definite for
any h € [0,1]. Denote below by gx(z) the probability density function (pdf) of
Z. It is known that the Plackett’s partial differential equation holds as (see e.g.,
Leadbetter et al., 1983, p. 82, or Lu and Wang, 2014)

Ogn(z) _ 0%gn(z)

= 1<i,l<d,1<j,k< i, j 1,k). 4.1
a61hj,lk azijazlk7 >Lixa,l>),REN, (la]) # ( ) ) ( )
Case r = 2. Hereafter, we write A = —u and set
QZTM =P{Z,_1) > A} = gn(z)dz.  (4.2)
mglezj,:1:j¢j,{Zij >>‘iﬂzij’ >N}

Since X (g) 4 —X (n—1) we have

1 h
0Q(Z;T
Byl =@z - ) = [ HED g (43)
0
Note that the quantities Q(Z;T") and g;(z) depend on h only through the entries

87 1 of I'"". Hence we have by (4.1)

94 z.rmy 0Q(Z;T") sl
’ h
on (i—1)n+j<(I—-1)n+k ‘%z’ij Oh
1 0 .
= Z (Uz(j,)lk - Uz(j,)lk)Eil (J, k), (4.4)
(i—1)n+j<(-1)n+k
where
82

Ea(j, k) = / m(z) 45)

N9, U7 o dzae>Ae iz, > A0} 076502tk

Next, in order to establish (2.1) we shall show that
[Ba(j, k)| < o, M0 )s - (i = Dn+j < (1= n+k, (4.6)

where (-, ;) is the pdf of (Z,;, Zi), given by
1 x? — 200 Yy + y?

<P(:E7y;5zhj,lk) = —heXP - PR
2my /1 = (5ij,lk)2 2 (1 - (5ij,zk) )

, T,y €R.
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We consider below two sub-cases: a) ¢ =1 and b) i < [.
a) Proof of (4.6) for ¢ = 1. Let

A = mg:l;s;ﬁi Uty —1.eee 12st > Ay Zstr > As ) (4.7)
= {z/z; e RO forany 1 < s(#14) <d,
there exist 1 < t,t' <n:zg > g, zsr > As},
A, = Uﬁt/:ht#,{zit > N,z > N} (4.8)
= {z; € R": there exist 1 <t,t' <n:zy > N,z > N}

We can rewrite E;;(j, k) as

52%
Eii(7, , 1<i<d, 1<j<k<n. 4.9
] /’/ 821Jazlk az ! I< " ( )

Next, we decompose the integral region A; according to
al) {Zij > N\, Zig > )\1} = {Zi e R™: Zij > iy Zike > )\1},
ag) {Zij > )\iazik < )\1} = {Zi cR": Zij > )\iazik < )\1},
ag) {Zij < N\, Zig > )\1} = {Zi € R": Zij < N\, Zig > )\1},
ag) {zij < Xiyzie <N} ={z €R™: ziy < N,z < N
For case a;) we have

2
dz;
/ 897’1(2) dz; = / gn(2ij = Xis zik = Ai) iv (4.10)
A Rn—2

m{zij >N Zik >>\i} azwazlk d’zl]d’zlk

where gn(2zi; = Ai, zik = A;) denotes a function of dn — 2 variables formed from
grn(2z) by putting z;; = A;, zir = A;. Similarly, for cases a2) and as)

/ T 4., :/ Ton@ 4.,
Ain{ziy> Az <hs) 0%ii0%ik Az <z} 070 0%k

dzi
= _/ gn(zij = i zik = \i) Todo (4.11)
UP gy i 1Zit>Ai } ZijAZik

where
Uit e {2it > Ai}
= {2;/(zij2ix) € R"™2 ¢ it exists 1 < t(# j,k) < n such that z; > \;}.

Finally, for case ay4)

/ 0%gn(2)
9gnt2) 4
Ain{zi; < zie <) 07i0%ik
dzl-
dzijdzik’

= / gn(zij = Ni, zi = Ni)
Ul rit g e (it > A0z > A}

where
n
Ub b 151,025 kst 120t > Aiy 2 > A}t

2
= {—l € R" 2 there exist 1 < t,t'(# j,k) < n such that z;, zip > )\i} .
ZijZik
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This together with (4.9)—(4.11) yields

Zl ]a / / h(zu - Ahzzk = ) dz
oy Ais 6 1) )\1,51] ik crneoup L zeeay (N Ais O ) dzijdeik

/; /U?I;t¢j,k{zit>)‘i}U?,t/1,t,t/;éj,k;t;ét’{Zit>>\i’zitl>)\i}
gh(zu == )\1; Z’Lk = Az) dz

i) zg ik

:]P’{ 5751{2 (o) > Ash, 20 € {wl = oo}

Zij = Ziky = )\i}

—P{DS#{ZS(H b > A 20 e (Wl < mywly = oo} 2y = Zu = ,\} (4.12)

with Z7 the (n — 2)-dimensional components of Z; obtained by deleting Z;; and
Zik, and wjj, wih given by
wih =inf{t: 1 <t(# 4, k) <n,zi > N}

4.13
wly = inf{t s wlh < 6 G, K) < nyza > Ak (4.13)

Hereafter we use the convention that inf{()} = oo. For instance,
{w}) = 00} = {z:i/(zijzir) ER" 21 2 <\ for all 1 < t(#£ 4,k) < n}
{w) < n,w =oco} ={zi/(zijzi) ER" 2 :it exists 1 <U(# j,k) <n
such that z; > X\;, and z;; < \; for all 1 < ¢(# j,k,1) < n}
Consequently, it follows thus from (4.12) that (4.6) holds for ¢ = 1.
b) Proof of (4.6) for i <. Denote A} = ﬁle;s#)l (SHVES {zst > Agy2s0 >
Ao} € R@=27 parallel to (4.7) and recall A; in (4.8). We have

32%
K2 ) 414
lj /// /AL/ 32@32116 ( )

Next, we decompose the integral region A; according to {z; € R™ : z;; > \;} and
{zi € R": z;; < \;}. We have

/ 39h()dzl_+/ Fonz) 4.
Aiﬁ{zieR”:zij>>\i} azl_]azlk Aiﬁ{zieRn:zingi} azl_]azlk
Ogn(zij = N\i) dz;

/Uzll%f?fj {Z“>)"}7U?t/ 1it,t/ #£5; t;ét’{zif>)‘ivzit’>>\i} Oz dzij

= / Ogn(zij = Ni) dzi
{wh<nwy=oc) Ok dzij’

where w};, w}, are defined by (similar notation below for wj,,w}, with respect to k
instead of j)

wip = inf{t : 1 <UF# j) <myzie > A}

4.15
Whe = inf{t : wiy < t(# j) < n,zig > N} ( )
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Using similar arguments for the integral with region A;, we have by (4.14)

dz
zl .77 / / / Rij = )\17 Rk = )\
i Hwl <n,wl,=oo} J{w), <n, wlzfoo} ( ! ) dZZJlek

= 90()‘%)‘l;6ij,lk)P{ﬁS75i,l{ZS(nfl) > s}, Z; € {wjy < n,wiy = oo},

Z; € {wh < n,uiy = 00}{Zy; = Ay Zu = M} |, (4.16)

where Z; and Z] are the (n— 1)-dimensional components of Z; and Z; obtained by
deleting Z;; and Z, respectively. Consequently, by (4.12) and (4.16) the validity
of (4.6) follows.

Next, by combining (4.3)—(4.6), the claim in (2.1) for » = 2 follows by the fact
that (see Li and Shao, 2002)

e)) (V)
/1 o M 3% Y dh < arcsin(o;;7;,) — aresin(o;7;) (_M) (417)
0 ” 27 ( z(gl)lk - O'l(f)lk 2(1 + pijx)

Case 2 < r < n. Letting @(Z;Fh) =P {Z(n—r+1) > )\} we have

1
1 0) \T5 /-
Apy(u) = / dh > (of0x = o) Ealis ) | (4.18)
0 (i—1)n+ji<(—1)n+k

where

~ o2

Bu( k) = / Ponlz)

nd_ WP e 1;tl¢tj{23t1>)‘5""’zStT>>‘S} 3zijazlk

With the aid of (4.17), it suffices to show that

‘Eil(ja k)‘ <@, A0l ), (i—Dn+j<(—1n+k. (4.19)

Similarly as above, two sub-cases : a) ¢ = [ and b) ¢ < [ need to be considered
separately. B
a) Proof of (4.19) for ¢ = I. Similarly to E;;(j, k), we rewrite E;;(j, k) as

= ?gn(2)
Eu(]ak) = /y, gl mdz, (420)

with
A; = mg:l;s;ﬁi U?l ..... tr=1;t;#t; {Z/Zi € R(dil)n Zsty > )‘Sa ey Zst, > )‘S}a
A, = Ug,...,tqnzl;tl;étj {Zi eR": Zity > Niy .- <y Zit, > )\z}

Next, we decompose the integral region A, according to the four cases ai)—a4) as
introduced for A; (see the lines right above (4.10)).
For case ay)

82 d i
/ 9n(2) dz; — / gn(zij = Mi zik = \) zi (4.21)
A {w//

Ain{zi>Niyzik > A } 0250z, _,<n} dz;;dz

where wj} is given by (4.13) and (notation: w;’, = wj;)

wyy = inf{s:wj, | <s(F#j,k)<n,zis >N}, 2<t<r, 1<i<d.
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Next, for cases a2) and a3)

/ Fols) . | Pnlz)
giﬂ{zij>>\i;2ik§)\i} 621]621]9 giﬂ{zijg)\i,zik>)\i} aZUazlk

dZi
=— i = Ny Zik = N .
‘/{w// <n} gh (Z 7 Fik ) lede»Lk

i, r—1—=

(4.22)

Finally, for case a4)

6 ~ dzi
/” % dz; = / gn(zij = Ny Zik = Ni) T———.
Ain{e nzin<n} 0250z {w! <n} dzijdz;k

This together with (4.20)—(4.22) yields that

L ]’ / / gh(zu = \i, Zik = \i) dz
>\ s Ais 51] ik P JH{wy . _,<nwy =00} ()\ Ai; O ) dZideik

iyr—1 v Yig,ik

/ / h(zlj — /\17 Zik = >\1) dz
i MHw! . <nawj =0} (/\ /\17 51] zk) dz”dzlk

:]P){ s;éz{Zs(n T‘+1)>)\ } Z//e{wzr 2<nwzr 1_00}

Zij = Zik, = )\i}
_P{ s#1 {Z n r+1 > )‘ } Z” € {wzr 1 < n7wz/'/,r = OO}’Zij = Zik = )‘1}
(4.23)

establishing (4.19) for ¢ = [.
b) Proof of (4.19) for i < I. By A; as in (4.20) and

Hl - ﬁs 184,10 Utl, Str=1t #t; {Z/(lel) D Zsty > /\Sv cees Zst, > >‘S}a

we have
32%
E; (g, 4.24
l j //// /AL 32”3211@ ( )

By decomposing the integral regions Ai and Al according to z;; >, < A; and 2y, >
, < A\ in R™, respectively, we obtain by similar arguments as for E;;(j, k) that
Eil (]a k)
P(Nis A5 0 1)
= P{ ms;ﬁi,l {Zs(nfqul) > )‘5}7 Z; € {wg,r—l <n, w;r = OO}’
VARS {wfm,l <n,wj, =00} Zi; = Zip = )\l}, (4.25)
where w}; is introduced in (4.15) and (similar notation for wj,)
wiy =inf{s:wi, | <s(#j) <n,zis >N}, 2<t<r 1<i<d.

It follows then from (4.25) that (4.19) holds. Consequently, the desired result (2.1)
follows for 2 < r < n.

Finally, in view of (2.2) we see that the indices over the sum in (4.4) and (4.18)
are simplified to 1 < i <1 < d,1 < j,k < n. Then the claim in (2.3) follows
immediately from (4.16), (4.17) and (4.25). This completes the proof of Theorem
2.1. O
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Proof of Theorem 2.4: Tt is sufficient to prove (2.6) since it implies the second
result of Theorem 2.4. Note that (2.6) holds for » = 1 by the argument of Lemma
12 in Debicki et al. (2014a), and in view of (2.5), (4.3), (4.4) and (4.20), we have

1
n i Ei dh, r=2,
Agy(u) = Zasi<izil? (1) fo (4.26)
”El<z<l<d fo adh, 2<r<n,
where Ej := Ey(1,1), Ey := Ey(1,1) with Ey(1,1), Ey(1,1) given by (1.5) and
(4.16), respectively. Therefore, we shall present next the proofs of (2 ( ) for a)
r =2and b) 2 < r < n, and assume in the following that afll) # o, ) for all

1<i<i<d.
a) Proof of (2.6) for r = 2. It follows by (2.5) and (4.16) that, with 6% := 5;11711
(recall \; := —u;,1 <4 <d)

E;y
o(—ui, —u; 61)
IE”{ZQ € {wl <n,wly =00}, Z; € {w); < n,wjy = oo}} (4.27)

IN

Note that hereafter w},,w), and wj,,w), are defined as in (4.15) with respect to
j=k=1 _

Next, let (Z;, Z;) be a bivariate standard normal random vector with correlation
|5m and u = minj<,<qu; > 0. It follows by Slepian’s inequality in Slepian (1962)
and Lemma 2.3 in Pickands (1969) that, for 1 < j,k <n

P{Zij < =, L < —ul} < ]P){ZZ < —Ui7Zl < —ul}

(1+ |6k])?
RS /A VYO

S]P’{—Z->u,—z>u}§ 5 ( ,u;‘ém) (4.28)

u

implying thus

P{ 2} € {(wh,wly) = (2,50}, Z] € {(wh, wh) = (2,50)}}

—_—
—=
~
— =
N
<.
A
£
N
A
|
£
—_—

= ]P’{Ziz > —ug, L1z > —uy

1+ [0%])2
< (B o, 321

u

N—
i
[

and

P{Z; € {(wh, wly) = (3,50)}, Z1 € {(wh,why) = (2,00)} |

n

= ]P’{Ziz < U, L1 > —up, Liz > U, Zi3 < _Ul} H ]P{Zij < —ug, Zij < _Ul}

Jj=4
1+ 642 n—2

u
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Similarly, we may consider all (n —1)? cases in (4.27) for w}; = wj; and w}; # w};.
Therefore, using further (4.6) in Li and Shao (2002) we have

1+|60])2 n—2
B < (=172 (R o 1950) ", s )

B R ) (o 1>u2>
= en (1= [ 2)=D72 T+ o]

Consequently, by (1.26) we have

1
A(Q) (u) S n Z (Ul(ll) — 0’5”).,./ Eil dh
1<i<i<d 0
n(n—1)* 5, 9 1 _ (0
< o= S oy —o)))s
1<i<i<d
wexn [ — (n —1)u? /1 (1 + |6k])2(n=2) dh
TR A TR e
n(n —1)% —2(n—2) (2) (n — 1)u?
= o ¢ Z (Aj")+exp | — _ .
(2m) 1<i<i<d L+ pa

The last step follows since p;; = max(|0£lo)|, |0§ll)|) > 61 and (recall 68 = h(ogll) -

o)) +ol)

1)

Pl ) A T )i 4.29
o (= b2 T O O fo (1-h2)ee (4.29)

b) Proof of (2.6) for 2 < r < n. Clearly, from (1.25) we have E; > 0. Further,
similar arguments as for E;; (consider the number of wj, = wj,, s,t < r) yield that

E;
———— < Pzl e {u],, <nw|, =oo}, 2} € {uf,, < nwj, =oo}}
p(—ui, —wi; 65) ’ 1
14+ 5h 2 n—r
< (enro (R s o))"

Consequently, the claim in (2.6) for 2 < r < n follows, establishing the proof. O
We give next a result which extends Lemma 2.3 in Pickands (1969) needed for
the proof of Proposition 2.5.

Lemma 4.1. Let (X,Y) be a bivariate standard normal random vector with corre-
lation p € (—1,1). For any x,y > 0, if p < max(x/y,y/x), then

2(1+p)*(L = p)
(z +y) min(z — py,y — pz)

P{X>zY >y} < oz, y; p). (4.30)
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Proof: The proof follows with similar arguments as in Pickands (1969). By a change
of variable 2’ = z +u/x,y’ = y + v/y, we have

P{X >zY >y} = / / o', y's p) da'dy’

:vyp/ / exp( 1—py/9i)_+v(1—pw/y))

Xexp( (u/2)* = 2p(u/z)(v/y) + (y/v)Q) dudi

2(1 = p?)

so(:v;z; p) /O°° /0°° exp (_ (u/z)(x — py) + (v/y)(y — pw))

1—p?
X exp (—%) dudv

oz, y;p) J(
xy

IN

T,Y,p).

Next, let s = ((u/x)(x — py) + (v/y)(y — p)) /(1 = p?),t = (u/z —v/y)/\/1 - p*.
Clearly,

Os(u,v)  9s(u,v)

otlin)  Btluw)
ou ov

- Ty . (4.31)

zy(l+p)y/1 - p?

Further, since p < max(z/y,y/z), we have

1— 2

_s=p) >Y L VS I p?, —oo <t < oo
min(z — py,y —pr) T Y

Consequently, with m, , := min(z — py,y — pz)/+/1 — p?

J(x,y, p)

IN

y(d+p)y1- —t2/2/ e~ dsdt
[t|ma,y

r+vy

_ Zmtp)Vi-p exp<—— m, t) dt
= v oy

r+y
2zy(1+ p)y/1 = p? (1 — (may))

T+y o(my.y)

where p(z) and ®(x) are the pdf and df of the standard normal random variable,
respectively. Hence the well-known inequality

1-®(x) <o(z)/z, >0 (4.32)

establishes the proof. (I
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Proof of Proposition 2.5: We adopt the same notation as in Theorem 2.4. It
follows by Slepian’s inequality and (4.32) that

P{Zij < =i, L < —ul} < Z < ’UJ“ZI < ul}

Z-i—Z[ U; + Uy

\/21+|5 \/2 (1+18%))
V 1+|5| witu ) (4.33)

Us 2(1 + |0%])

IN

Furthermore, we have by Lemma 4.1
P{Zij < —uq, Ly < —ul} < P{—Zi > Uy, —Zl > ul}

< 2(1+ |0 )*(1 — [05])
(s + wy) min(u; — |08 ug, ug — |68 u;)

o MLEDPUZWND o, ). sy
(wi + w) min(u; — paug, wp — pius;)

Hence (2.7) and (2.8) are established by replacing (4.28) with (4.33) and (4.34),

respectively, and utilising similar arguments as in the proof of Theorem 2.4. O
Proof of Proposition 2.6: The lower bound follows directly from Corollary

2.3. Next we focus on the upper bound. We present below the proof for r = 2.

Hereafter, we adopt the same notation as in the proof of Theorem 2.1. Further,

define

o(ug,w; [65))

1
1S§§d H((u;i +w)/2)
1<j,k<n
where
m—2 arcsin(agg)lk)

)’ H(z) = V2re” PE{(W + )1},

ch . =1
ik n< ™ — 2arcsin(d7) ;)

with W an N(0,1) random variable. It suffices to show that Q(Z;T")/f(h) is
non-increasing in h, i.e.,

OQ(Z;T")/0h _ 0 (h)/0h

We have
af(h)/on 20 — o) 1
- (4.36)
f(R) 1<i<i<d (m — 2aresin(0f; 1)) 4 /1 = (8); 1) H ((u; 4+ w)/2)
1<j,k<n .
and by (4.4)
oQ(Z;Th .
Q(ah ) > 1(31)lk z%').,)lk)Eil (4, k). (4.37)
1<i<i<d

1<j,k<n
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Therefore, by the assumption that 0 < Ug-))lk < Uf;)lk <lforl <i<lI<d1l<
7,k < n, it is sufficient to show that

2Q(Z;Th) 1

Eg(j, k) < .
{:%) (7r - 2arcsin(5£‘j)lk)) 1-— (5%7%)2 H((ul + Ul)/Z)

(4.38)

From (4.16) we have (recall u = —X)
Ea(j, k)
o(ui, ;o )
S P{Nszii{Zsn—1) > A5} (27, Z)) € {wiy, wiy < n}|(Zig, Zue) = (N, M)}
=P {Nerii{ Zs2<us}, (Z}, Z7) € {in,vp <n}|(Zig, Zik) = (wiswr) ), (4.39)
where v}, v}, are defined by
vip =inf{t: 1 <t(#j) <nyzie <ui}, vy =inf{t:1<t(#k)<n,zip <u}.
Define next
(Zij — ui) = 6% 1w (Ziw — )  (Zu =) = O (Zig — i)
1= (0 B 1= (0 |

T;; =

Since (Z;j, Zix) is a bivariate Gaussian random vector with N(0,1) marginals and
correlation 5%7”6, we have
E{TjZij} = E{TicZu} = 1, E{Ty;Zu} = E{T;;Zu.} = 0.

Then it follows that the random vectors

Zy = (Zow— 00 Tij — 0ty T, 1 <w <), v #4l
ZF = (Ziw— 0} yTij — i Tk, 1< H(#4) <n)
z; = (Zu- 5ﬁ,ijTij - 5ﬁ,lkﬂka 1<t(#k)<n)

are independent of (Z;;, Z;,) and further independent of (T3, Tix). Thus, by (4.39)
and the fact that 0 < 5ijlk<1, 1<i<i<d,1<jk<n,hel0,1], we have as in
Lemma 2.1 in Yan (2009)

P{T;; <0, Ty < 0}
o (i, w; O )
< P {05#,1{2;(2) <u}, Z7 e {vy <n}, 20 € {uy <}, Tiy; < 0, Ty < o}

Eqy (.]7 k)

< P{ Nszit {Zo2) < s}, Z5 € {viy <n}, Zy € {vpy <}, Zij < i, Ziy, < Ul}
= Q(&Th). (4.40)
Moreover, by Lemma 2.2 in Yan (2009)
P{T;; <0,T; 0 W—Zarcsinéf. ;
{T;; <0, ik< }2 (0 .1x) 1_(6%%)2}[(11 +uz>,
sp(uhul;(sij’lk) 2 ’

which together with (4.40) implies (4.38), hence the proof for r = 2 is complete.

For 2 < r < n, we need to show that (4.38) holds for Ey(j, k). This follows by
similar arguments as for r = 2, using the inequality (4.25) instead of (4.16). O
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5. Appendix

We give the detailed proof of Theorem 3.1, which is based on the two lemmas
below. For notational simplicity, we set ¢ = g(u) = u=2/%,u > 0 and write [z] for
the integer part of z € R.

Lemma 5.1. Under the assumptions of Theorem 5.1 with v =0, for any a,T > 0
and any positive integer k < n we have

[£/P{X o (0)> )]
msup > P{ Xy (ag)) > u‘ka(O) >uf =0, £10.(5.1)

T = [T/(aq)]

Proof: By Lemma 2 in Debicki et al. (2015a) (see the proof of (3.5) therein), for
sufficiently large u

ay(t) =P {Xn_rﬂ;n(t) > u‘Xn_TH;n(O) > u} < 2P {Xl;r(t) > u‘Xl;T(O) > u} .

Since further X(t) — p(¢)X(0),¢ > 0 is independent of X (0), we have for some
constant K > 0 (below the value of K might change from line to line)

IN

au(t) 2+ (P{X (1) > X(0) > u’X(O) > u})

>
. o0\
2t (1—@ u 1+p(t)>>
(L=l (et 1= |p(0)
< xo(fpa) oo ) 2

where the last inequality follows by (4.32).
Next, let g be a positive function such that

IN
[\)
2
+
=
~~
=
>
=~
N~—
|
)
=~
=
=
N~—
I
—~
=
|
B}
—~
N
—
Jay
o
S—
V
IS
——
N—
S

lim g(u) = o0, |p(g(uw))]=u"

U—r 00

It follows from u=2?Ing(u) = o(1) that g(u) < exp(€'u?) for some 0 < €’ < r/2(1 —
lo(T)) /(1 + |p(T)|) and sufficiently large u (recall that |p(T")| < 1; see Leadbetter
et al. (1983), p.86). Next, we split the sum in (5.1) at agj = g(u). The first term
is
l9(w)/(aq)]
Z P {anrJrl:n(aqj) > U‘anrJrl:n(O) > u}
=IT/(aq)]

_ —r/2 _
SKg(u)u_r<1 Ip(T)I) exp( ru? 1 — |p(T)| )
aq 1+ [p(T)] 2 1+ p(T)]

< Ku* " exp (€u2__7) =0, u— oo.
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For the remaining term, it follows by Lemma 1 in Debicki et al. (2015a) and (5.2)
[e/P{Xn—rt1:n(0)>u}]
P {anrJrl:n(aqj) > U‘anrJrl:n(O) > u}
i=lg(u)/(aq)]

€ (1= u? _T/Qe ru?l —u2
u xp | ————
P{Xn_r1:m(0) > u} 1+u? P\ 2 T+u2

ru? (1 —u—2
= Keew (‘7 (m ‘1>>

< Ke, u— o0.

<K

Therefore, the claim follows by letting € | 0. O
Next, with the notation as in (3.2) we set
2
T=T(u)= A (27)2u" "= exp (%) , u>0. (5.3)

Lemma 5.2. Let T = T(u) be defined as in (5.3) and a > 0,0 < X < 1 be given
constants. Under the assumptions of Lemma 5.1 for any 0 < s1 < -+ <5, <11 <
<ty in{aqi:j €Z,0 <aqj <T} witht1 —sp > NT', we have as u — 00

‘P {mle{anrJrl:n(Si) S u}; m:;:l{anrJrl:n(tj) S u}}

—P{ Ny (X)) < w} PO (X rpaan(t)) < ub | 0. (5)
Proof: Denote
Xij = X;(s)H{i <p} + Xj(tip){p <i<p+p}, 1<i<p+p,1<j<n
and {Y;;,1 <i <p,1<j<n} 4 {Xij;1 <1 <p,1<j<n}, independent of

(Yijp+1<i<p+p,1<j<n}2{Xy,p+1<i<p+p,1<j<n}. Applying
Theorem 2.4 with

Xi(nfrJrl) = Xn—r-l—l:n(si)]l{i S p} + Xn—r-i—l:n(ti—p)]l{p <1 S p + pl}
and

Y;(nfrJrl) = Yn—r—i—l:n(si)]l{i S p} + Yn—r-l—l:n(ti—p)]l{p <1 S p + p/}v
it follows that, the left-hand side of (5.4) is bounded from above by

2 [p(t;—si)l 2(r—1)
Ku72(7“71)z Z exp <_ U > / (1+1h]) dh
0

U xp<t,—si<T L+ 1p(t; — si) (1 — h2)r/2
T ru’
< Ku 200 ool exp (1o (55)
q AT<anj<T 1+ |p(agj)|

for sufficiently large u. Here K is some constant. The rest of the proof consists of
the similar arguments as that of Lemma 12.3.1 in Leadbetter et al. (1983). Indeed,
letting v(¢) = sup{|p(s)|Ins : s > t},t > 1, we have that |p(t)] < ~v(¢)/Int and
~(t) < M for some positive constant M and all sufficiently large ¢. Recalling (5.3),
we have

1-2/(ra) 2/
u2_21nT+<3—1> 1nlnT+1n<<g) M) (1+ o(1)),
T

ro 2
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exp (—ru2 (1 - 11(()/\\17:))>)
K exp (—ru?) < KT 2(InT)" %/«

for all T large. Consequently, the right-hand side of (5.5) is bounded from above
by

which implies that

. p( ru? )
Xp | —————
1+ |p(agy)]

IN

IN

™[ 1 1
=2(r=1)( = _ ; . - =2 r—2/a
Ku ( ) T/q XTE lp(aqj)|In(agj) ln()\T)T (InT')

9 Sagi<T

q . ,
<Ko Y. lelagi)|in(agj),
AT <aqi<T

which tends to 0 as T' — oo since p(t) Int = o(1). Hence the proof is complete. [

Below W denotes an N (0, 1) random variable which is independent of any other
random element involved.

Proof of Theorem 3.1: a) Note that (3.2) and Lemmas 5.1 and 5.2 hold for
the rth upper order statistics process {X,,—+1.,(t),t > 0}. In view of Theorem 10
in Albin (1990) we have for T' = T'(u) defined as in (5.3)

lim IP’{ sup  Xp—rq1n(t) <u+ i} = exp (—e_w) , x€R.
U0 t€[0,T(u)] ru
Expressing v in terms of T using (5.3) we obtain the required claim for any x € R,
with a,7,b,r given as in (3.3); the uniform convergence in z follows since all
functions (with respect to x) are continuous, bounded and increasing.

b) The proof follows from the main arguments of Theorem 3.1 in Mittal and
Ylvisaker (1975) by showing that, for any ¢ > 0 and z € R

Ow—2) < LminfP {MX(T) < erbyr + \/p(T)J:}
—00

lim sup P {MX(T) < erbrr + \/p(T)a:} <Pz +e), (5.6)

T—o0

IN

where

Mx(T):= sup Xp—ri1n(t), cr:=+/1—p(T).

t€[0,T]
We start with the proof of the first inequality. Let p*(t),¢ > 0 be a correlation
function of a stationary Gaussian process such that p*(t) =1 —2[t|* + o(|t|") as
t — 0. There exists some tg > 0 such that for 7" large

p* ()t + p(T) < p(t), 0<t<to. (5.7)
Denote by {Y%(¢),t > 0}, k € Nindependent centered stationary Gaussian processes
with a.s. continuous sample paths and common covariance function p*(-), and define
{Y(t),t >0} by
Y(t) =Y VeIt € [(k — 1)to, kto)}, ¢ > 0. (5.8)
k=1
It follows from (5.7) that for T sufficiently large

E{X(s)X (1)} > E{(CTY(S) +VpMW) (erY (t) + \/p(T)W)} . st >0.
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Therefore, by Proposition 3.2
P {MX (T) < erbrr + \/p(T)x}

>P {CTMy(T) + /oMW < erbrp + \/p(T)x}
[T/to]+1
> ®(x—¢) (IP’ {t S[lérz ]Yn—r-‘,-l:n(t) <b.r+ 5\/@}) .

Noting that a = infoci<s, (1 — p*(¢)) [t|* > 0, we have by Theorem 1.1 in Debicki
et al. (2015a) (see also (3.2))

P {Supte[o,to] Yo—ri1m(t) > brr + a\/p(T)}
toca 75 (1= @ (brz +24/p(T)))”

=24, 4.

lim
T— 00

Consequently, since v = co we have

te(0,to]

I’ILII})O([T/tO] +1) ln]P’{ sup Yo—ri1:n(t) < brr + Ex/p(T)}

T—ooty | tefo,to]

T
= — lim —]P’{ sup Yo_rp1m(t) > bpr + Ex/p(T)}
— 7 1/« 2/ _ "
Thﬁr{l)o Tcn 2/ Arob, ! (1 Qb +e p(T)))
=0

establishing the first inequality in (5.6).

Next, we consider the last inequality in (5.6). Note that, by the convexity of
p(+), there exists a separable stationary Gaussian process {Y(¢),¢ € [0,T]} with
correlation function given by (using the well-known Polya criteria, see e.g., Gueiting,
2001)

— _ P(t) = p(T)
p(t) = o)

We have the equality in distribution

t e [0, 7). (5.9)

Mx(T) 2 cr My (T) + /p(T)W
implying

P{Mx(T) < erbyr +v/p(T)a}
= /00 P {My(T) <b.r+ () (x — u)} o(u) du

o cr

S‘I)(:Z?—I—E)—I—]P){My(T)SbryT—ELT)}. (510)
Ccr

Consequently, we only need to prove that

lim P {MY(T) < by — s\/m} —0.

T—o0
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To this end, using again the convexity of p(-), we construct a separable stationary

Gaussian process {Z(t),t € [0,T]} with the correlation function (recall p(-) in (5.9))
o(t) = max (ﬁ(t), p(Texp (- lnT))), t€10,T]. (5.11)
Again by Proposition 3.2, we have

P{My(T) < bur —e/p(T) ) <P{Mp(T) <br—e/pD}. (5.12)

Next, we construct a grid of intervals as follows. Let I1,..., iz} be [T] consecutive
unit intervals with an interval of length § removed from the right-hand side of each
one with ¢ € (0,1) given, and

Gr = {k@WT)"¥ keN}n (U 1).
It follows from Theorem 10 in Albin (1990) and Theorem 1.1 in Debicki et al.
(2015a) that, SUPyeo,7] Zp—ry1:n(t) and sup;eg,. Zn—ry1:n(t) have the same asymp-
totic distribution and thus we only need to show that

lim P { sup Zn7r+1:n(t) < bT,T —Ev p(T)} =0.

T—oo tegr

Let {Z,,_,1.,(t),t > 0} be generated by {Z'(t),t € [0,T]} which is again a sepa-
rable stationary process with the correlation function (recall o(-) in (5.11))

N o(t) —o(T)

=279 )

o0 = T,

Analogously to the derivation of (5.10) we obtain

t€0,T].

P { sup Zn—r-i—l:n(t) S br7T — & p(T)}

teGr

= ]P’{ 1 —o(T)max Z,_, 1.,t) + Vo (T)W < bpp — ax/p(T)}

tegr
()

+P {max Zvlz—T-l-l:n(t) < bTvT +

by ro(T) _&y/p(T)
VI—o(T)(1+/1-0(T) 2/1—0o(T) ]’
which tends to 0 as T' — oco. The proof of it is the same as that of Theorem 3.1 in
Mittal and Ylvisaker (1975), by using instead Theorem 1.1 in Debicki et al. (2015a)
and our Theorem 2.4. Consequently, the last inequality in (5.6) follows by (5.10)
and (5.12). We complete the proof for v = oc.

c) Given § € (0,1), take I1,...,I;7) as in b). For {Yi(t),t > 0}, k € N indepen-
dent copies of X define

teGr

Y(t) = iYk(t)]I{t elk—1k)} t>0
k=1

and

Xo(t) = V1= pu(D)Y () + /o (D)W, te U1,
where p,.(T) = «v/InT. The rest of the proof is similar to that as of Theorem 2.1
in Tan et al. (2012) by using our Theorem 2.4 instead of Berman’s inequality. We
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omit the details.
Combining all the arguments for the three cases above, we complete the proof of
Theorem 3.1. O
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