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Abstract. Using martingale methods, we obtain some upper bounds for large and
moderate deviations of products of independent and identically distributed ele-
ments of GLy(R). We investigate all the possible moment conditions, from super-
exponential moments to weak moments of order p > 1, to get a complete picture of
the situation. We also prove a moderate deviation principle under an appropriate
tail condition.

1. Introduction

Let (9, F,P) be a probability space and (Y;,),>1 be independent and identically
distributed random variables on (2, F,P) taking values in G := GL4(R), d > 2
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(the group of invertible d-dimensional real matrices), with common distribution pu.
Denote by I',, the closed semi-group generated by the support of u. Let || - || be the
euclidean norm on RY, and for every g € GL4(R), let | g| := SUp)||y(|=1 Ilgzll-

In all the paper, we assume that p is strongly irreducible, i.e., that no proper
finite union of subspaces of R? are invariant by I',, and that it is prozimal, i.e., that
there exists a matrix in I',, admitting a unique (with multiplicity one) eigenvalue
with maximum modulus.

For such a measure pu, it is known that there exists a unique invariant measure
v on the projective space X := Py_1(R) (see for instance Theorem 3.1 of Bougerol
and Lacroix, 1985) in the following sense: for any bounded Borel function A from

X toR
[ ntwwtan) = [ [ niguntagvian). (1.1)
Moreover, if

/G log N(g)u(dg) < oo, where N(g) == max(lgll. lg™*),  (1.2)

then (see for instance Corollary 3.4 page 54 of Bougerol and Lacroix, 1985 or The-
orem 3.28 of Benoist and Quint, 2016b), for every z € 91

log [[Yy, - - Vaz|
fﬂ—ﬂrw // o(g,u Jv(du) almost surely, (1.3)
where

o(g,z) = o(g,x) =log (”g ””) for g € GLq(R) and = € R? — {0},

Z denoting the class of x in X. Note that the function o defined above is a cocycle,
in the following sense:

a(gg’ u)=0(g,g'u) +o(g’,u) foranyg,g € Gandue X. (1.4)
Let Ay = Yy for k > 1 and Ag = Id. In this paper we wish to study the
asymptotic behav10r of
sup P ( max llog || Arzx| — kXu| > no‘y) ) (1.5)
[l]l=1 ksn

when «a € (1/2,1], under stronger moment conditions on log N(Y7) than (1.2). This
is a way to study rates of convergence in the strong law (1.3). In the probabilistic
terminology, the case a € (1/2,1) corresponds to the moderate deviation regime,
and o = 1 to the large deviation regime.

The case a = 1/2 corresponds to the normalization of the central limit theorem.
In that case, the asymptotic behavior of (1.5) is due to Benoist and Quint (2016a)
as soon as log N (Y1) has a moment of order 2 (note that Benoist and Quint, 2016a
do not deal with the maximum in (1.5), but their method also applies in that case,
see also Theorem 1(ii) in Cuny et al.,, 2017+). A previous result is due to Jan
(2001) under a moment of order 2 + ¢, € > 0.

In this paper, we shall give precise informations on the rate of convergence to
0 (as n — o0) of (1.5) when a € (1/2,1], under various moment conditions on
the random variable log N(Y7): sub or super-exponential moments in Section 2,
weak moments of order p > 1 in Section 3, and strong moments of order p > 1 in
Section 4.



Large and moderate deviations for the left random walk on GL4(R) 505

In Section 2.2 we shall give a moderate deviation principle for the process
{n_“(log | Ayl — [nt]AL), t € [0, 1]}

when log N(Y7) satisfies Arcones’s tail condition (Arcones, 2002), which is true
under an appropriate sub-exponential moment condition. In Section 4 we obtain
some results in the spirit of Baum and Katz (1965) which complement the results
on complete convergence obtained in Benoist and Quint (2016a) in the case v = 1.
When log N(Y7) has a strong moment of order p € (1,2) and a = 1/p, this gives
the rate n(»~1/? in the strong law of large numbers, which was proved by another
method in Cuny et al. (2017+), Theorem 1(i).

All along the paper, the following notations will be used: let Fy = {0, Q} and
Fr = o(Yq,...,Yy), for any k > 1. For any = € S4=1 " define X0,z = = and
Xnz =0, Ap_1z) for n > 1. With these notations, for any = € S9=1 and any
positive integer k,

k
log | Az| =) Xi.. (1.6)
i=1
The equality (1.6) follows easily from the fact that o is a cocycle (i.e. (1.4) holds).
In Section 6 we shall present some extensions of our results to general cocycles, in
the spirit of Benoist and Quint (2016a).

Throughout the paper we shall use two kinds of martingale approximation:
o If [, log(N(g))Pu(dg) < oo for some p > 2 then, see for instance the identity
(3.9) in Benoist and Quint (2016a), for any x € 971,

Xie = Ay = Dip +p(Ap_17) — p(Agz), (1.7)

)

where Dy, ,, is Fji-measurable and such that E(Dy, .| Fr—1) = 0 and ¢ is a bounded
function (we denote by ||¢||sup the supremum of |¢|). The decomposition (1.7)
is called a martingale-coboundary decomposition. Such a decomposition has been
used for the first time in the paper by Gordin (1969) (see also Gordin and Lifsic,
1978). In that case, for any z € S9!,
IOg ||Akx|| - k‘)\,u, = Mk:,z + w(m) - w(Ak:E) ) (18)
where My (x) = D1 4 + - -+ + Dy, is a martingale adapted to the filtration Fy.
The term v (z) — ¢ (Axx) will have a negligible contribution for the questions we
are concerned with, so that it will be sufficient to study the martingale (Mjy, z)g>1.

o If [ log(N(g))Pu(dg) < oo for some p > 1 then, setting

D, ., = U(Yn,An_ll‘)—/ o(g,Ap—12)p(dg),and Ry, , = / o(g, Ap—12)p(dg)—A,,
G G

we have, for any z € §91,

Xk’m — )‘H = Dk,m + Rkﬁz . (1.9)
Notice that the random variable Dk,m is Fj-measurable with ]E(Dk,m|]-"k_1) =0,
and |Ry.| <2 [, log(N(g))u(dg). In that case, for any z € S,

n

log | Anz|| = nAy = > (Dix + Ria) = Mz + Upa (1.10)
k=1
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Here, the contribution of (Uy 4 )r>1 will not be negligible, but we will take advantage
of the fact that ||Uy 4||cc < ci for some finite constant c;. Here and in what follows,
I - ||loo is the usual essential supremum norm on (2, F,P).

2. The case of (sub/super) exponential moments

2.1. Upper bounds for large deviations. Let r > 0. In this subsection, we assume
that

/ 81oe N9 y(dg) < 0o, for some § > 0. (2.1)
G

We first consider the case » > 1. In that case, using the spectral gap property,
Le Page (1982) proved the following large deviation principle (see also Bougerol
and Lacroix, 1985, Theorem 6.1): there exist some positive constants A, B such
that, for any y € (0, A) and any z € S91

. 1
Jim L 10z P (1og | 4, - > ny) = 0(0). (22)
where for any x € S9! ¢ > 0, and y € (0, A),

logy(t) = lim 1 logE (etlog”A"”c”> . o(y) =— sup {sy—logvy(s)+sA,} <0
n—oon 0<s<B

(note that the functions v and ¢ do not depend on x). Of course, this is the best

possible result for y € (0, A). However, it does not give any information for large

values of y, and the rate function ¢ is not explicit (in particular, one cannot easily

describe the behavior of ¢ when r varies in [1,00)).

The following result, which is obtained via a completely different method, can
be seen as a complementary result of (2.2). It gives an explicit (up to a constant)
upper bound for ¢ when y € (0, A), and this upper bound is valid for any y > 0.
In particular, we can see the qualitative change in the behavior of large deviations
for large y when r varies in [1, 00).

Theorem 2.1. Assume that (2.1) holds for some r > 1. Then there exists a
positive constant C such that, for any y > 0,

1
li —1 P 1 A — kA, >
e e i, P (s, et = > )

<-C (y21y€(0,1) + yr]-yZl) . (23)

For r € (0,1), there is no such result as (2.2). Instead, one can prove:

Theorem 2.2. Assume that (2.1) holds for some r € (0,1). Then there exists a
positive constant C such that, for any y > 0,

1
limsup — log sup P | max |log||Axx| — kA, | > ny | < —Cy". 2.4
msup g sup P (o log Al ~ k| > ) < <0 (2
Proofs of Theorems 2.1 and 2.2: Since [, (log N(g))*u(dg) < oo, we have the de-

composition (1.8). Clearly, since |[¢)(z) — ¥(Arz)| < 2[|9)||sup, it is equivalent to
prove (2.3) and (2.4) for My, , instead of (log [|Arx| — kAL).
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To do this, we first note that if (2.1) holds, then

HE (eslxk,m\"‘]:k_l>H - H/€6|U(9,Ak1fﬂ)r'u/(dg)

’ g/e‘s(logN(g))r,u(dg)<oo
o) G

(2.5)

(recall that || - ||oo is the usual essential supremum norm on (€2, F,P)). Using again
that v is bounded we infer from (1.7) and (2.5) that there exists a constant K such
that
sup H]E (e‘;‘D’”‘T‘fk_l) H < K, (2.6)
llzll=1 o0
for any positive integer k.

Starting from Inequality (2.6), it remains to apply known results to the martin-
gale (Mk,w)kZL

To prove (2.3) (case r > 1), we apply Theorem 1.1 of Liu and Watbled (2009),
which implies that there exists a positive constant ¢ such that, for any y > 0,

sup P <1r<nka§n | My, 2| > ny> < 2exp (—nc (y21y€(0’1) + yrlyzl)) . (2.7)

The upper bound (2.3) follows directly from (2.7). Note that a direct application of
Theorem 1.1 of Liu and Watbled (2009) gives us (2.7) without the maximum over
k. However, a careful reading of the proof reveals that one can take the maximum
over k. The only argument that should be added to the proof is Doob’s maximal
inequality for non-negative submartingales, which implies that

E (e/\maX1gkgn Mie) <E (eMm=) | for any A > 0.

To prove (2.4) (case r € (0,1)), we apply Theorem 2.1 of Fan (2015) (see also the
proof of Proposition 3.5 of Dedecker and Fan, 2015) and more precisely the upper
bound (13) in Fan (2015), which implies that there exist two positive constants c¢;
and co such that

et <1r<n;?§ | M | > ”?/> < dexp (—ei(ny)”), for any y > eon™ (177G,
lell=1  \1Sh<n

(2.8)
The upper bound (2.4) follows directly from (2.8). O

2.2. A moderate deviation principle. Let (by,)n>0 be a sequence of positive numbers
satisfying the following regularity conditions:

2
n
- and g(n) = b? are strictly increasing to infinity,

The functions f(n) = 5

n

and lim bﬁ —=0. (29

2
n—oo

n
For z € S 1, let

log || Apn|| — [nt]A
Zn,z_{0g| [t]Z” [TL} “,te[O,l]}.

The process Z,, , takes values in the space D([0,1]) equipped with the usual Sko-
rokhod topology.
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For V' > 0, let also Iy, be the usual rate function for the moderate deviation
principle, that is:
1t 9
Iy(h) = — n d 2.10
v = 55 [ 0w au (210)
if simultaneously h is absolutely continuous with 2(0) = 0 and V' > 0, and Iy (h) =
400 otherwise.

The following functional moderate deviation principle holds:

Theorem 2.3. Let (by,)n>0 be a sequence of positive numbers satisfying the condi-
tion (2.9). Assume [(log N(g))?u(dg) < oo and

. n

lim sup 2 lognu{logN > b,} = —00. (2.11)
n—oo O

Then, for any x € S¥1, n='E((log||Anz| — nA,)?) — V as n — oo, where

V € (0,00) does not depend on x. Moreover, for any Borel set T' C D([0,1]),

~ Jnf Iv(p) < liminf % log inf P (Zno €T)
< limsupﬁ2 log sup P(Z,, €T) < —inf Iy(p). (2.12)
novoo b af=1 wel

Remark 2.4. Let (by)n>0 be a sequence of positive numbers satisfying (2.9). If
(Xi)i>1 is a sequence of independent and identically distributed random variables,
Arcones (2002) proved that the functional moderate deviation principle holds pro-
vided E(X?) < oo and

2 log nP(|X1] > bn) = —00. (2.13)

n

Moreover, he showed that condition (2.13) is also necessary for the moderate devia-
tion principle. Note that our condition (2.11) is exactly Arcones’s tail condition for
the random variable log N(Y1). When b,, = n® with « € (1/2,1), the tail condition
(2.11) is true if

p{logN >z} < e—o’ale)

for B = 2 — (1/a) and a function a such that a(z) — oo as ¢ — oo (note that
B € (0,1), so only a sub-exponential moment is needed for log N(Y7)).

Remark 2.5. To get a moderate deviation principle for
zZ: =b1 log || Agz|| — kA
n,xr n 121?§n| 0g ” kx” H| )
it suffices to apply the contraction principle, as described for instance in Sec-
tion 4.2.1 of Dembo and Zeitouni (1998), to the functional

T'(h) = sup |h(z)|
z€[0,1]

acting on continuous functions from [0,1] to R. Tt follows that the sequence
(Zy +)n>0 satisfies a moderate deviation principle with rate function

J(y) = inf{Iy (h), h such that T(h) =y} = == .
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This means exactly that, for any Borel set I' C R™,

2
. Y o
—inf § =— r
1n {2V,y€ }

< lim inf bﬁ log inf P (

maxj<ig<n HOg ||Ak$|| — k)\u‘ c F)
bn
maxi <kg<n |10§ |Arz|| — kA, c F)

< limsup % log sup P (

n—o00 n ||z||=1

y? -

< —inf!{ Z—,yel} .

< —in {QV Y }
Note that a partial result in this direction has been obtained in Benoist and Quint
(2016Db), Proposition 11.12. In that Proposition, the authors proved a moderate
deviation principle for (log ||A,z|| —nA,) and the collection of open intervals, under
an exponential moment for log N(Y7). However, their result is stated in a more
general framework than ours (see Section 6 of the present paper for an extension
of Theorem 2.3 to general cocycles).

Proof of Theorem 2.3:  Since [, (log N(g))*u(dg) < oo the decomposition (1.8)
holds, hence n™'E((log || A,z| — nA,)?) — V as n — oo, for some V € [0,00). The
fact that V' > 0 follows from Theorem 4.11.c of Benoist and Quint (2016a) (see
also Theorem 5.1 page 121 of Bougerol and Lacroix, 1985). Moreover, by (1.8), it
is equivalent to prove (2.12) for the process

5 Mn x
Zn,m{ g)tL 7t€[031]}

instead of Z, ;. Now, by a standard argument, to get the result uniformly with
respect to x € S ! in (2.12), it suffices to prove the functional moderate deviation
principle for the process Zn@n, where (,,),>1 is any sequence of points in S4~1.

The result will follow from the next proposition, which is a triangular version
of Theorem 1 in Djellout (2002). This proposition is in fact a corollary of a more
general result for triangular arrays of martingale differences which can be deduced
from Puhalskii’s results and Worms’s paper (see Puhalskii, 1994 and Worms, 2001).
We refer to Theorem 5.1 of the Appendix for a complete statement and some
elements of proof.

Before giving the statement of this proposition, we need more notations. Assum-
ing (2.9), we can construct the strictly increasing continuous function f(z) that is
formed by the line segments from (n, f(n)) to (n+1, f(n+1)). Similarly we define
g(x) and denote by

() = 7 (g(x)). (2.14)

Proposition 2.6. Let (di,n)lgign be a triangular array of real-valued square-
integrable martingale differences with respect to a triangular array of filtrations
(Fin)o<i<n- Let (bn)n>0 be a sequence of positive numbers satisfying (2.9), and let

_ dn+...+dn n
Z —{ L - ], ,te[o,l}}.

Assume that the three following conditions holds
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(1) There exists a non-negative number V such that, for any § > 0 and any

t €10,1],
[nt]
1iis;p 2 " JogP Z]E PulFicin) | =Vt >8] = —c. (2.15)

(2) For anye >0 and § >0,
) n 1 2
hin_}solip %] logP (n Z E (di,nl\di,npanb;l
n i=1

3)

E;Ln) > 6) =—00. (2.16)

o1 log < sup sup nHIP’(|dkm| > by | Fre— 1m)H ) — —00 asn — oo,
b n<m<c(n+1) 1<k<m

(2.17)
where c(n) is defined in (2.14).
Then, for any Borel set T' C D(]0, 1)),

.. n >
_ saléllf" Iy (p) < hnrglcgfalogﬂj’(Zn en)

< limsup b7 loglP (Z, €T) < — inf Iy (p), (2.18)

n— 00 el
where Iy is defined in (2.10).

Let us conclude the proof of Theorem 2.3. Let (z,,),>1 be any sequence of points
in S%~1. We apply Proposition 2.6 to the martingale differences din =Dy, (recall
that D, , is the martingale difference of the decomposition (1.7)). Condition (2.16)
is clearly satisfied thanks to (1.7) and the fact that

2
H]E (Xk’z"]"xk,mn|>enb;1 fk—l) Hoo

= ‘/(0(97Ak1xn))21|U(Q,Ak—1ﬂin)|>5”b;1M(dg)H

/G<10gN( )) log N(g)>enb,, lu(dg)

To check Condition (2.15), we apply Proposition 3.1 in Benoist and Quint
(2016a), which implies that, for any 6 > 0 and any ¢ € [0, 1], there exist A > 0 and
«a > 0 such that, for the variance V' defined in Theorem 2.3,

[nt]

P ZE zn‘}-z'—l) —Vi|>6 ] <Ae ™.

Condition (2.15) follows then easily, since n?b,? — co as n — oc.
It remains to check Condition (2.17). By (1.7) again, it is equivalent to prove

the condition for Xy, . instead of Dy, . Now

H H/1|a (9,Ak—1Zm)|>bn ,u(dg)H <M{10gN>b }

oo

[ (1 iz

and the result follows by (2.11). O
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3. The case of weak moment of order p > 1

In this section, we study the asymptotic behavior of (1.5) when log N (Y1) has
only a weak moment of order p > 1.

Theorem 3.1. Let p > 1 and and assume that

suptPu{log N >t} < co. (3.1)
>0

Let o € (1/2,1] and o > 1/p. Then there exists a positive constant C' such that,
for any y > 0,

C
limsupn®?~! sup P (max |log || Axz|| — kX,| > n"‘y) < R (3.2)

n—ro0 lzll=1 \1SkS

Proof of Theorem 3.1: The case p > 2. In that case the decomposition (1.8) holds,
and it is equivalent to prove (3.2) for M}, , instead of (log ||Arx||— kA, ). To do this,
we shall apply the following inequality due to Hacusler (1984): for all v, u,v > 0,

P (mx (M| > v) <Y PPl 20 + 20 (Z E(D2,|Fi) > )
+2exp (yu~' (1 —log (yuv™"))) . (3.3)

Note that if (3.1) holds for p > 2, then

[IETRE I

/G(U(Mk196))2u(d9)Hc><> S/G(logN(g))Qu(dg) < 00,

(3.4)
and there exists a positive constant C' such that
C’
H]E (1|xk >u|Fr-1 H Lio(g,Ar—12)>u i(dg)|| < p{logN >u} < —
b s 5)

for any v > 0 and any positive integer k. Using again that ¢ is bounded we infer
from (1.7) and (3.4) that there exist two positive constants c;, co such that

S |[E (D ol Fie-1) ||, < 1, (3.6)
[|z]|=1

supu? sup P (|Dyo| > u) < supu” sup [|E (1p, ,|>ulFre 1)” <co, (3.7
>0 faf=1 u>0  z=1

for any positive integer k. Taking v = n%y, u = n%y/r with r € (0,00), and
v =2nc; in (3.3), we get

1 1
P <lr<nka§ |Mk I| =n y) < s (yPnO‘ZD—l + y2rn(2a1)r> ) (38)

for some positive constant c3. Selecting r > (ap — 1)/(2ac — 1), the upper bound
(3.2) follows directly from (3.8).
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The case p € (1,2). Let z € S?~1. In that case, the decomposition (1.8) holds. We
use now the basic inequality

- >ny | < Vi .| > n®
P (félz?%n [log || Apz|| — kAul = n y) <P (1?;% |Mio| 2 n y/2>

> n® . .
+ (U] > %0/2) . (9

We first deal with the second term on the right-hand side of (3.9). We shall need
the following extension of Theorem 3 in Wu and Zhao (2008). The proof is given
in Appendix.

Theorem 3.2. Let p € (1,2). Let (Xi)rez be a sequence of real-valued random
variables in P adapted to a non-decreasing filtration (Fy)rez. Let S; = X1+ +X;
and S} = maxi<;<n |Si|. Then, for anyn >1,

n 1/p
1S5l < e+ 1) | Y IX515
j=1
r—1 [2777 p
+2070/P(2¢, +1) > Z IE(Sk2i — Str—1)21 [Fh—2)2i 1)l , (3.10)
7=0 k=1

where ¢, = 21/”1% and r is the unique positive integer such that 271 <n < 27.

For k < 0, set Ry = Ro, and Fi, = Fy. We first observe that |Ry ;| <
Jolog N(g)p(dg) < oo for every k > 0. Hence we may apply Theorem 3.2 with
X} := Ry . With that choice, we have

27

Spai — Sk—1)20 = ZR(k—l)QJ'-i—é,za
=1

and, using independence (twice),

|E(R(k-1)2 40,21 F(k—2)2041)| < sup
yesd-1

/G (E (0(g, Ar—19)) — M) pldg)
= sup |E(Xpy) — Al
yesd—1

Let n > 1 and r > 1 be such that 27! < n < 27. We infer that there exists Cp >0,
such that

max Ural|| <Cpnt?+0C, ZW J /”Z sup |E(Xpy) — Al
p §=0 = 1||y\|7
E(Xy,) — Ayl
Up . Co2'7 1y P yl=1 [B(Xey) = An
< Cpn!/P o ; Y . (3.11)

Recall that (3.1) holds for p € (1,2). Hence, for any r < p, by (6) of Cuny et al.
(2017+),

> a2 sup [B(X,) — M| < 0. (3.12)

n>1 llyll=1
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Since p+1/p > 2 one can choose r close enough to p in such a way that —1/p < r—2.
In particular, it follows that

Zf‘l/p sup |E(Xyy) — Aul < 00. (3.13)

>1 llyll=1
Hence, using (3.11),

1212% |Uz,ac| ) < Cpnl/pv
and _
o7 (ZOp)pn
> < — .
HiIHII:)lP (@gﬂl%x > yn /2) < e (3.14)

which ends the control of the second term on the right-hand side of (3.9).

We now deal with the first term on the right-hand side of (3.9), that is the
martingale term. We shall need the following result (to be proved in Appendix).
It is a maximal-version of Theorem 2.5 in Gouézel and Melbourne (2014) (a von
Bahr-Esseen inequality for martingales having weak moments of order p € (1,2)).
For a real-valued random variable X, let || X ||).00 = sup,-q t(P(|X| > t))'/?.

Proposition 3.3. Let (Dy,)nen be a sequence of (Fp)nen-martingale differences in
weak-LP, p € (1,2). Then, for any y > 0,

k n

K
P | max ZD]’ >y | < y7 Z HD/CHp,oov
j=1 k=1

where K =4p/(p — 1) +8/(2 — p).

Now, since (3.1) holds, then so does (3.7). It follows from Proposition 3.3 applied
with Dj = Dj7$ that

- C
> n“ < .
HilHlElP (13{1}5” M| = y/2> = ypner—l’ (3.15)

for some positive constant C. The upper bound (3.2) follows from (3.9), (3.14) and
(3.15).

The case p = 2. We start from (3.9). Note first that the upper bound (3.14)
still holds for p = 2, with the same proof. We now deal with the first term on
the right-hand side of (3.9). Instead of Proposition 3.3, we shall use the following
result of Hao and Liu (2014) (see also Theorem 14 in Cuny et al., 2017+): if
P(|Dy.»| > y) < P(X > y) for any y > 0 and some positive random variable X,
then, for every ¢ > 1, every v € (1,2] and every L € N, there exists C' > 0, such
that for every n > 1 and every A > 0,

~ A
> < _
F (ﬁ?& | M| 2 A) < nP <X WL+ 1))
C
()\)qv(L+1)/(q+L)

We apply (3.16) with X = log N (Y1) 4+ E(log N(Y7)). Since (3.1) holds with p = 2,
then X has a weak moment of order 2, and, for every v € (1,2), there exists C;, > 0

q(L+1)/(q+L)

+ HE(|D1,£B|V|]:0) +o A+ E(|Dn,x|w|]:n—l) .

(3.16)
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such that for every n > 1,
IE(| D

’Y‘]:n—l)Hoo < C"/'
Hence, for every integer L and every ¢ > 1, there exists C' > 0 such that

n®y Cna(L+1)/(g+L)
(nay)Q’Y(L+1)/(Q+L) ’

~ > pQ < >
P <1r<n’3§n |My,z| = y/2) = nP (X = 8(L+1)

Since o > 1/2 one may find v € (1,2), such that ya > 1. For such a choice, taking
q = L large enough, we obtain the desired result. (]

4. The case of strong moments of order p > 1

In this section, we prove some results in the spirit of Baum and Katz (1965) for
the quantity (1.5).

Theorem 4.1. Let p > 1 and assume that

[ 0w N(g)Putdg) < . (4.1)
Let « € (1/2,1] and a > 1/p. Then for any y > 0
Z n°?=2 sup P < max |log ||[Agz| — kA,| > nay) < 00. (4.2)
n>1 lzll=1 \1=ksn

Remark 4.2. Theorem 4.1 is due to Benoist and Quint (2016a) in the case where
a=1andp>1.

Remark 4.3. Let us recall a well known consequence of (4.2), when p € [1,2)
and a = 1/p. The sequence maxi<k<n |log||Axz| — kA,| being non-decreasing,
Inequality (4.2) with a = 1/p is equivalent to

sup P ( max |log||Apz|| — k.| > 2N/py) - W)
N>1 ll=zl=1 1<k<2N

This implies that, for any 2 € S, the sequence

9~ N/p log || Agz|| — kX
( 1£2§N| og || Ar|| MI>N>1

converges completely. It follows that, for any x € S4=1, n=1/P(log || A x| — nA,)
converges to 0 almost surely as n — oo. Hence (4.2) is a more precise statement
than Theorem 1(i) of Cuny et al. (2017+).

Of course, (4.2) does not hold for p = 2 and o = 1/2. Instead, we have the
following result, which implies a bounded law of the iterated logarithm.

Theorem 4.4. Assume that [(log N(g))?u(dg) < oo, and let V' be defined as in
Theorem 2.3. Then for any y > V'V, we have

1
Z — sup P (112132( |log |Apx|| — kAl > y\/2nloglogn> < 00. (4.4)

1 llel=1
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Remark 4.5. From (4.4) one can easily infer that, for any z € S971,

Jimn sup Hog [l Anzl] —nAul _ N2
n—o0 v2nloglogn
Of course, this is a less precise result than the compact law of the iterated loga-
rithm, which also holds provided [(log N(g))?u(dg) < oo (for instance, this is a
consequence of Theorem 1(iii), case p = 2, of Cuny et al. (2017+)). Note however
that (4.4) and the compact law of the iterated logarithm are two different results,
which cannot be deduced from one another.

almost surely.

Proof of Theorem 4.1: The proof follows the line of that of Theorem 3.1.

The case p > 2. In that case the decomposition (1.8) holds, and it is equivalent to
prove (4.2) for My, , instead of (log||Axz|| — kA,).
Starting from (1.7) and (3.5), we see that

” HSUPk> P(|Dg,z| > n%y/r) < p{log N > n%y/2r} + 1nay<or@) oo+ Au)) - (4:5)
z||=1,k>1

Taking v = n®y, u = n%y/r with r > 0, and v = 2nc; (cf. (3.6) for the definition
of ¢1) in (3.3), we get

P (113,35 | M| = n“y) < nu{logN = n®y/2r}

aat
+ Loy <or@)¢llaup+ral) T ST (4.6)
for some k1 > 0. Interverting the sum and the integral, we see that
ap— a K2
> o e {log N = n®y/2r} < 2 [ log N(g) (). (4.7)
n>0

for some positive constant ko depending only on r. Taking r > (ap — 1)/(2a — 1)
in (4.6) and using the upper bound (4.7), the proof of (4.2) is complete for p > 2.
The case p € (1,2). We start again from (3.9). If (4.1) holds for p € (1,2) then, by
(6) of Cuny et al. (2017+), (3.12) holds with r = p. Since p+ 1/p > 2 and p < 2,
there exists ¢ such that p < ¢ <2 and p+ 1/¢q > 2. Hence, we infer that
Z n~ Y9 sup [E(Xp.) — Aul < o0, (4.8)
n>1 l=|l=1

and, using (3.11) in L9 rather than in L?, we infer that for every n > 1

< Cynl/,
q

ax |Us |

for some C,; > 0. Hence,

2C,)¢
sup P ( max |Ug ;| > yna/2> < M,

le=1  \1sk<n ooy

and, since q > p,

Zno‘p_Q sup P (max |Ug 2| > no‘y/Z) < 00. (4.9)

n>1 lzll=1 \1sksn

It remains to deal with the first term on the right-hand side of (3.9). As in the
proof of Theorem 3.1 (case p = 2), we use that P(|Dy .| > y) < P(X > y) with
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X = log N(Y1)+E(log N(Y7)) which means that | Dy, .| is uniformly (with respect to
k and x) stochastically bounded by the random variable log N (Y1) + E(log N(Y7)).
Since log N(Y7) has a moment of order p € (1,2), following exactly the proof of
Theorem 2 of Dedecker and Merlevede (2007), we obtain that

n®*~2 sup P (max |My .| >n y/2> (4.10)
TL§>:1 lz]|=1 1<k<

and the proof is complete for p € (1,2).

The case p = 1. In that case @ = 1 also. So, let us start from the inequality (3.9)
with a = 1.

The second term on the right-hand side of (3.9) may be handled thanks to a
“maximal version” of Proposition 3.1 of Benoist and Quint (2016a), which implies
that: for any y > 0, there exist constants A > 0, § > 0 such that, for any positive
integer n,

> < Ae™Pm, :
HilHlI:)l]P) <1r<n]§xé< |Uk, | ny/2> < Ae (4.11)
Note that a direct application of of Proposition 3.1 of Benoist and Quint (2016a)
gives us (4.11) without the maximum over k. To prove (4.11), it is convenient to
work on the projective space X := P;_1(R) rather than on S~!. Denote by T the
class (in X) of x € R? — {0}. Then, we define U,, ; := U, ,. Applying Lemma 23

in Dedecker et al. (2009), with B = 2 [ log(N(g))u(dg) > sup;<;<, || R, we
get that for any § > 0 and any positive integer m with mB/n < §/2,
—8%n
1 m
P omax =Y E(Rj7m|]-'(,»_1)m)‘ >o/4| . (4.12)

1<i<[n/m] m1
j=(—1)m+1

Note that, for any positive integer 1,

im m

Z E(Rj,zu:(i—nm) < sup Z

j=(i—1)m+1 TeX k=1

(& [ oto. Ammutds) - )

oo

Recall that, by our assumptions, the Markov chain (An 12)n>1 w1th (compact)
state space X and transition probability given by Pf(Z) := fG wu(dg) has a
unique invariant probability v. In particular, for every contlnuous functlon f on

X, the sequence
1 A
" k=1 n>1

converges uniformly (With respect to Z) to v(f). Applying this uniform convergence
result to f(u fG w(dg) — Ay, it follows that, for any § > 0, there exists an
integer m > 1 such that

sup |E(Up,z)| < md/4. (4.13)

reX
The maximal inequality (4.11) follows by taking into account (4.13) in (4.12) and
by taking § = y/2.
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Let us deal with the first term on the right-hand side of (3.9). Let I', :=
Up_,{log(N(Y))) > yn} and notice that on I'C,

0(Yie, Ap—12) = 0 (Y, Ap—12) Liog (N (Vi) <yn} -
Define
k
Lia =Y (U(Yk,Akqw)l{log(zv(yk))@n} - /Go-(gaAkflx>1{log(N(g))<yn},U/(dg)) ,
j=1

and note that (Ly z)1<k<n is a martingale. Let

I(n) :Llog(N(g))1{10g(N(g))2yn}.u(dg)7

and note that

P ( max | My, .| > ny/2> P(T,) +P (1r<n]g§n |Lko| > ny/4) + Li1(n)>y/4} -

1<k<n

Using Doob’s maximal inequality, we infer that

6 .,
v (&%?? | M | > ny/ 2) B(Tn) + 3,28 (L) + Lrmzeray -

The last term on the right-hand side is equal to 0 for n large enough since (4.1)
holds with p = 1.

Now, P(T',,) < nP(log N(Y1) > yn). Hence it is standard that > -, n™'P(T,) <
00, since (4.1) holds with p = 1. -

On the other hand,

s B(L2,) < n [ 008 N0 Legtvion unpilds)-
Then, it is also standard that Y7, -, n~%sup, =1 E(L?, ,) < oo, since (4.1) holds
with p = 1. a (Il

Proof of Theorem /.J: In that case the decomposition (1.8) holds. Again, it will
be convenient to work on X. By Proposition 4.9 of Benoist and Quint (2016a) (see
also their equation (3.9)) there exists a continuous function oo on G X X, such that
fG o0(g, - )u(dg) = N\, and Dy, 3 = 09(Yi, Ag—12)—\,. Moreover, sup,,¢c x |oo(-, u)| <
2[[¥[lsup +log N(-) € L2 ().

By (1.8) it is equivalent to prove (4.2) for M}, , instead of (log || Arz||—k\,). Since
09 is continuous and [, (log(N(g)))?u(dg) < oo, we define a continuous function x
by setting

X = /G (00(g,) — Ap)2uldg) -

Then (using (1.8) again), by orthogonality of the martingale increments, we have,
for any x € §41,

V = lim lE((logHAan—n)\) = lim ZIE

n—+oo n n—+oco n

n—+4+oo n

= lim ZE (Ap_17)) /E(D%yu)u(du),
p's
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where the above convergences are uniform with respect to Z (see the proof of The-
orem 4.1, case p = 1).

We are ready to prove Theorem 4.4. We shall proceed by truncation. Let y > vV’
and set € := y — V. Let n > 1. Let & > 0 be fixed for the moment. For every
1 <k <n, define

Fkx"@ = Dkwl{\Dk,m\Sa\/ﬁ/\/loglogn} -E (Dlﬁwl{\Dk)m\Sa\/ﬁ/\/loglogn}‘]:k?—l)

and

Then, using Markov’s inequality,

P (1r<nkai<n | My 2| > y+/2nlog logn>

<P (113?3{ L] > (y —6/2)\/2nloglogn)
+P <1r<nka§ IMk.o — Lignz| > (£/2) 2nloglogn>
< P(lréll?.x |Lioma] > (v —5/2)\/2n10g10gn)

2n
4+ ——————supE (
ev/2nloglogn k>1

).

loglogn

Now, starting from (1.7) and arguing as in (3.5),

sup E<Dk,ﬂ?1 a/n oon)
Wi 1Dkel 1Dy o150y viogTogn)

< E (108 N (Y1) [yl + 2010 o)L t0g 83214 (342 /o) )
Since [(log N(g))?u(dg) < oo, it is now standard that

4
——— s E ( Dy 2|1 ) <
7; ev/2nloglogn HzH:lE)kg | Do {IDg,z|>ay/n/\/loglogn} 0

Hence, it remains to prove that

1
Z — sup P( max |Lpn.|> (y—¢/2)v/2nloglogn | < co. (4.14)
n>1 n lz||=1 1<k<n

We shall use the following sharper version of Haeusler’s bound (3.3) (see the end
of the proof of Lemma 1 in Hacusler, 1984): for any v, u,v > 0,

~ S >
P(llgnkagn‘[/km,a: _’7> ZP zn93| u)—l—QP <ZE zna:lj:l 1) >

i=1
+ 2exp (vu™t = (yu™t +vu?) log(yuv™t + 1)) . (4.15)
Notice that for every 1 < k <n, |Fin.| < 2a4/n/+/loglogn and that

Z]E znfc|f1 1 <ZE x|fz 1 —ZX(Azflx) (416)
i=1

1
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Hence, by Proposition 3.1 of Benoist and Quint (2016a) (recall that x is continuous),

Z sup ]P’(ZIE F}, ol Fie 1) > n(VV 4¢)? > < 00. (4.17)

n>1 [lz||=1

We shall apply (4.15) with v := (y — £/2)v/2nloglogn, v := (v/V + £/4)*n and
u := 4av/n/+/loglogn. Using that for every t > 0, log(1 +t) > t — t2/2, we infer
that

’}/2’0_1

2

yu Tt — (yut +vum?) log(yuv T 4 1) < — (1 —yuv™).

Since
ol (V)2
2loglogn  (VV 4+e/4)2 =
and since yuv~! = 4v/2a(VV +¢/2)(VV +¢/4)7%2 — 0 as a — 0, we can choose a
small enough in such a way that there exists § > 1 for which

exp (yu™ ' = (yut +vu?) log(yuv ™! + 1)) < (log n)=°. (4.18)
Combining (4.15), (4.16), (4.17) and (4.18) we conclude that (4.14) holds. O

5. Appendix

5.1. Proof of Proposition 2.6. As we shall see the proposition is a consequence
of the following more general result concerning the functional moderate deviation
principle of an array of martingale differences.

Theorem 5.1. Let (d; n)1<i<n be an array of square-integrable martingale differ-
ences, adapted to an array of filtrations (F; n)o<i<n. Let (bn)n>0 be a sequence of
positive numbers such that by, /\/n — oo and by, /n — 0 as n — oo, and let

= dn++dn n
Zn{ R ,te[o,l}}.

Suppose the conditions (2.'15) and (2.16) satisfied. In addition, assume that

hmsup 0 log P <11<nl?é<n |dk.n| > bn> = —00. (5.1)

n—roo

and that, for any A > 0,5 > 0,

)‘bn‘dk n‘
hmsup i e P | 2 ZE e Ly g <o Fh-1a ) >0 | = —00. (5.2)

" =1
Then, the functional moderate deviation principle (2.18) holds.

Proof of Theorem 5.1: The proof will be done with the help of a truncature argu-
ment, using Puhalskii’s functional moderate deviation principle for the main part
and proving that the other parts have negligible contributions.

First, to soothe the notations, we suppress the index n and we denote dy = di »,
and Fy, = Fi . We use a tuncation of the variables dj as follows: for all 1 < k < n,
let

dy = dk1|dk\§nb;1 —E (dk1|dk\§nb;1|}—k*1) ,

;L .
k= delo g <, — E (dklnb;k\dklsm‘fk—l)
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and
d;c/ =dglyg, >0, — E(dkl\dk|>bn‘]_—k71) .
With these notations, we clearly have that, for any ¢ € [0, 1]

[nt]

(0= b X de = 20 + 2,00+ 2110).

with Z, () = 07" 0 dy,, 22 (6) = bt S and Z77(8) = b0 S d). Notice
first that

b-le |k Ljay 50, [ Fr1) <
j=1

3\*—‘

Z dklldk\>bn|-7:k*1)

310‘3

and that for any § > 0,

2 log]P’<b 1Z|dk|1‘dkl>b >(5> < blogIP(max |dg] > b )

k=1

Hence, by taking into account conditions (2.16) and (5.1), we can deduce that
the process Z!! has a negligible contribution to the functional moderate deviation
principle (see Theorem 4.2.13 in Dembo and Zeitouni (1998)).

On another hand, note that (Jk)lgkgn is a triangular sequence of martingale
differences such that ||dy||c < 2n/b,. Using conditions (2.15) and (2.16), we can
apply the functional moderate deviation principle of Puhalskii (1994) which en-
tails that Z,, satisfies (2.18). Therefore to end the proof it remains to show that
the process Z/, has a negligible contribution to the functional moderate deviation
principle; that is: for any § > 0,

lim sup —- B % jog P ( sup |Z)(t)| > 6) = —00. (5.3)

n—00 te[0,1]

Observe that

n 1 n

1 2

bt S E (L0 gy, 1) € 5 D DE (L, o i)
k=1 k=1

which by using condition (2.16) implies that (5.3) will hold if we can prove that,
for any § > 0,

: n R
IITI}LSOlip e logP <bn1 Z |kl L1 <l < > 6) = —00. (5.4)
n k=1

With this aim, we use the arguments developed in the proof of Proposition 1 in
Worms (2001). For the sake of clarity, let us give some details. Take \ a positive
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number and set Yy, y 1=

e " 2\002
P b, Z|dk|1nb;1<\dk|3bn>5 =P (> Yin> ;.

k=1 k=1

= v \6b2
SP Z{kaA—logE(e k')‘|.7:k_1)} > n

k=1
" Ve, A\6b?
+P <k§_110gE(e B Foo1) > pall I

|1nb;1<|dk\§bn' We have

Since the Y, » are Fi-measurable, we have

s (k) =t

Hence

n 2
hmsup 0 log]P’<Z{Yk>\log]E( Yix| B 1)} S Adb ) < ),
k=1

which is going to —oo by letting A tend to co. Hence, to prove (5.4) (and then
(5.3)), it suffices to show that, for any positive A, 4,

ASb2
Y; n
hyrflsup 0 log P <k§110g}]§ k| Fro 1) m ) = —00.

This holds under condition (5.2) by taking into account that e*14 —1 = (e —1)14
and also that log(l + u) < w for any z > 0,u > 0. The proof of Theorem 5.1 is
therefore complete. O

End of the proof of Proposition 2.6. We start with some observations. Obvi-
ously condition (5.2) holds under the stronger one: for any A > 0,

)\bn\dk nl
Lot t <y <bn [ Fle— 1, =0.
oo

Note now that this condition is equivalent to the following one. There is a constant
C with the following property: for any A > 0 there exists a positive integer N(A)
such that for n > N(\),

n

n k=

B Z P (|di,n| > unby M| Fre1n)||, < Cexp(—Au) forall 1 <u<bZ/n.
™ =1
(5.5)

(The proof of this equivalence can be done by following the proof of Comment 6 in
Merlevede and Peligrad, 2009). To end the proof of the proposition, it remains to
show that condition (2.17) implies (5.5) (since it obviously implies condition (5.1)).
Under the regularity conditions (2.9), this can be achieved by following the lines
of the proof of Corollary 7 in Merlevede and Peligrad (2009) (by taking s, = v/n,
k, =n and a, = n/b2). o
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5.2. Proof of Theorem 3.2. The proof follows the lines of the proof of Theorem 3
in Wu and Zhao (2008), but in the non-stationary setting, and is then done by
induction. For n = 1, the inequality is clearly true. Assume that the inequality
holds up to n — 1 for any sequence (X )rez of real-valued random variables in 1P
and adapted to a non-decreasing filtration (Fi)kez, and let us prove it for n. Set
ap = 2cp, + 1. By the triangle inequality

k

> X —E(Xi|Ficr)]

i=1

Sr <

1 (5.6)

=t

ax
n

+ max
k 1<k<n

IN

k
> E(Xi|Fioa)|
=1

By von Bahr-Esseen’s inequality together with Doob’s maximal inequality for mar-
tingales,

k
20, 2 (X~ Bl Fi)
- =1 P
n 1/p n 1/p
< (Z be —E(szf“nz) <%, (Z mng) - 6)
i=1 i=1

To estimate the impact of the second term in the right-hand side of (5.6), we start
by writing n = 2m, or n = 2m + 1 according to a value odd or even of n. Notice
that

k 2k
max ZE(XiU:i—l) < || max ZE(XiIE—l)
j=1 i=1 P
E(X. 5.8
ng;ﬁg}jl)ﬂH (Xok+1|F2k)| ) (5-8)
The second term in the right hand side of (5.8) is estimated in a trivial way:
E(X. F:
I R Al N
[(n—1)/2] 1/p n 1/p
< D IEXakr | Far) 13 < (Z ||Xi||§> - (5.9
k=0 i=1

For the first term in the right hand side of (5.8), we set

Y, = E(Xzi—l\]'—zi—z) + ]E(X2i|]:2i—l)a W; = ZY} and G; = Foi—1,

j=1
and we note that
2k k
max E(X;|F;— = || max Y;
1<k<m Zl (Xl Fi-1) 1<k<m 21 ¢
i= =

p p

In addition, (Y% )kez is a sequence of real-valued random variables in IL? and adapted
to the non-decreasing filtration (G )rez. By the induction hypothesis, noticing that
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m< 271 <n,

1/p
k m
||
max |3 Y > Iv;ie
e P » =1
r— or—1-J p
+207D/Pa, NS T [E(Whas — Wik-1)21 Gk—2)2 4113

k=1
But

IEWkai — Wi—1)2i1G—2)2i +1) lp < E(Skastt — Se—1)25+1 | Fe—2)25+141)lp -
On another hand,

m m
Z V5| < 2P~ Z (IE(Xai—1[Fai—2) [} + (X2l Fai-1)[5)

j=1 i=1

<2 E(XG | F)If3 -

i=1
Therefore
n 1/p
12khSm ZE Xi|Fin)||| <20=V/rq, <Z (X3 Fia ||p>
i=1 P =1
Ly [y 1/2
2P~ D/rq Z Z [E(Skai = S(k—1)23 [Fir-22 1)l ;
Jj=1 =
which gives since n < 27,
2k
B, [ 2, BOGIi)
===t »
Ly i 1/2
2(p=1/rq Z ZHE Skas = Sh—y2i | Frezzis) 2] - (5.10)
Jj=0 =

So, overall, starting from (5.6) and taking into account the upper bounds (5.7),
(5.8), (5.9) and (5.10), Inequality (3.10) follows proving the induction hypothesis
at step n. ¢
5.3. Proof of Proposition 5.5. Let y > 0. For every 1 < k < n, define

Dy = Dilyip,|<y) — E (Dilqp, <y} Fr1)

so that (bk)lgkgn is a sequence of martingale differences. We have

~ 4 &
Pl max |3 (D; = Di)| 2 y/2) <2 3 E(DelLnusu)) -
== =1 k=1
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Now,

—+oo

p _

E (|Dk|1{p,j>y)3) = yP(IDk] > y) +/ P(|Dg| > t)dt < 1 1||Dk||p,ooy1 .
Yy

Hence,

k n

- 4p
P D, —D)|>y/2| < —F— Dill? . 11
1Sk ;( i= D) zy/2) < yP(p—1) ,;H oo (1)

On another hand, by Doob’s maximal inequality,

k n
~ 4 9
P, o Di| 2 w/2) < 5 Y EDR i)
Jj=1 k=1
Now,
2 Y 2 » 2 p
E (Dilp,j<yy) < [ 2P(IDi| > D)t < T ID; oy
Hence,
k ~ 3 n
i > P — p )
P| max |3 D;| >y/2) < e ;HDkn . (5.12)

S ey
Il
—_

The result follows from (5.11) and (5.12).

6. General cocycles

It turns out that all the results obtained under moments greater than 2 made use
of a martingale-coboundary decomposition with bounded (in L*°) coboundary and
of the fact that we study partial sums associated with a cocycle. Another ingre-
dient of general nature used in the proofs is Proposition 3.1 of Benoist and Quint
(2016a). In particular all the results obtained under moments greater than 2 may
be generalized to cocycles admitting such a martingale-coboundary decomposition.
Such cocycles are called centerable in Benoist and Quint (2016a).

We shall also give sufficient conditions under which the results under moments
weaker than 2 hold for general cocycles.

Let us describe the situations that should be considered in the sequel.

Let G be a locally compact second countable group. Let X be compact and
second countable. Assume that G acts continuously on X and denote that action
by gz.

Let o0 : G x X — R be a cocycle, meaning that it satisfies the equality (1.4).
We shall only be concerned with continuous cocycles. Given a continuous cocycle,
define ogup(g) := sup,cx |o(g,u)| for every g € G.

Let p be a probability measure on the Borel sets of G.

Assume that there exists a unique p-invariant probability v on the Borel sets of
X, that is a unique probability satisfying (1.1).

Let (Q,F,P) be a probability space. Assume that there exists a sequence
(Yy,)n>10f iid random variables on (€, F,P) taking values in G with common law
u. Define A, :=Y,,---Y] for every n > 1 and Ay = e the neutral element of G.
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Our goal is to study the sequence defined by
Spui=0( Z (Yit1, Agu) Vn>1,Vue X.
k=0

Definition 6.1. We say that o is centerable if og,, € L'(p) and if there exist a
cocycle o and a continuous function ¢ on X such that [ ao(g,u)u(dg) = X, for
every u € X, where A, := [,  o(h,v)u(dh)v(dv), and

o(g,u) = oo(g,u) +¥(u) —(gu)  V(g,u) € G x X . (6.1)

Remark 6.2. A sufficient condition for o to be centerable is Gordin’s condition:

S sup [E(0(Yr1, Anu)) = Al

n>0 ueX

= E sup
n>0 ueX

/ o (g gw)u(dg)™ (dg) — M| < 00
GxG

e Assume that there exist » > 0 and § > 0 such that

[ o utdg) <
G

If o is centerable, then the conclusions of Theorem 2.1 and Theorem 2.2 hold with
Sk in place of log || Agz|| for the corresponding value of r > 0.

e Assume oy, € L?(u) and
) n
lim sup 5 log np{ogup > bn} = —00, (6.2)
n—oo Op
for some sequence (by,),>1 satisfying (2.9). Then, if o is centerable, the conclusion
of Theorem 2.3 holds with Sp,4),, in place of log || Ap,q||.

In the same way, if o is centerable, in the case of weak moments of order p > 2
(resp. strong moments of order p > 2), the conclusion of Theorem 3.1 (resp. of
Theorem 4.1) holds with Sy, in place of log || Axz||.

Let us now mention results under weak moments of order p, 1 < p < 2 or under
(strong) moments of order 1 <p < 2.

e Let 1 < p < 2. Assume that
sup tP u{ogyp >t} < 00,
>0

and that

Zn VP sup [E(0(Y, An_1u)) — M| < 00.
n>1 ueXx

Then the conclusion of Theorem 3.1 holds with Sy ,, in place of log || Axz||.

o Let 1 < p < 2. Assume that og,, € LP(u) and that there exists ¢ > p such
that

Z n 9 sup |E(0 (Y, An_1u)) — Au| < 00.
n>1 ueX

Then the conclusion of Theorem 4.1 holds with S ,, in place of log || Axz||.
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