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Abstract. We investigate Bochner integrabilities of generalized Wiener function-
als. We further formulate an It6 formula for a diffusion in a distributional setting,
and apply it to investigate differentiability-index s and integrability-index p > 2 for
which the Bochner integral belongs to D7.

1. Introduction

In this paper, we justify the symbol fOT d,(X;)dt” denoting a quantity relating
to the local time of a d-dimensional diffusion process X = (X;);>0 with Xy being
deterministic (in multi-dimensional case, we assume X, # y), or more generally, the
object “fOT A(X;)dt” where A is a distribution. Our diffusion process X = (X;)i>0
is assumed to satisfy a d-dimensional stochastic differential equation

dX; = o(Xs)dw(t) +b(X,)dt, Xo =z € R,

where w = (w!(t), -+ ,w?(t))i>0 is a d-dimensional Wiener process with w(0) = 0.
The main conditions on o = (0§)1<i,j<d and b = (b%)1<icq under which we will
work are combinations from the following.

Hypothesis 1.1.  (H1) the coefficients o and b are C°°, and have bounded
derivatives in all orders > 1.
(H2) (o0™*)(x) is strictly positive, where x = Xo and o* is the transposed matriz

of o.
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(H3) oo™ is uniformly positive definite, i.e., there exists A > 0 such that
MéRa < (€, (00")(y)E)ga  for all £,y € RY,

where (o, )ga is the standard inner product on R, and | @ |ga = | ® | is the corre-
sponding norm.

(H4) o and b are bounded.

We further formulate stochastic integrals and an It6 formula in this distributional
setting and investigate when the local time belongs to D§ (the Sobolev space of
integrability-index 2 and differentiability-index s € R with respect to the Malliavin
derivative).

In fact, we will formulate fo y(X;)dt as a Bochner integral in the space of
generalized Wiener functional. We remark here the Bochner integrability seems
nontrivial when y = X, since d,(X:) no longer makes sense at t = 0. On the
other hand, the local time is usually formulated as a classical Wiener functional.
Hence, once the Bochner mtegrabmty is proved, a “smoothing effect” should occur
in the Bochner integral fo (X¢)dt, i.e., the differentiability-index for fo (X¢)dt,
should be greater than that of 5y (Xy).

In the case of Brownian motion X; = w(t), everything can be explicitly computed
and we can exhibit this phenomenon. Namely, the following is the prototype of this
study.

Let .#/(R?) denote the space of all Schwartz distributions on R.

Theorem 1.1. Assumed =1. Let A € /' (R) and s € R. If A(w(T)) € D§ then

the mapping
0, Tt~ \/ @/ e D3

is Bochner integrable in D5 and we hcwe

[ VEs(cpucns

Since it is known that do(w(t)) € Dé_l/Q)_ (see Watanabe, 1991), we obtain
fo do(w(t))dt € ]D)(l/z) , which agrees with the result by Nualart and Vives (1992)
and Watanabe (l‘)‘)4<1) The proof of this theorem is due to the chaos compu-
tations (which is essentially the same as Nualart and Vives, 1992 but with no
approximations of the integrand). When b = oo’/2, this computation brings the
Hélder-continuity of the local time with respect to space variable. The norm on D
will be denoted by || e ||p,s-

Theorem 1.2. Let d = 1. Assume (H1), (H3) and that the drift-coefficient is
given by b= 00’ /2. Then for each s < & and B € (0, min{% — s,1}), there exists a
constant ¢ = c(s, 3) > 0 such that

1
o() / X —oz) [ 5.xat],, < ety ==

for every y, z € R.

The proof of this theorem seems interesting in its own right. The study of
Hélder continuity of local times had been initiated by Trotter (1958, inequalities
(2.1) and (2.3)), in which the almost-sure Holder-continuity of the Brownian local



Distributional 1t6’s Formula and Regularization of Generalized Wiener Functionals 705

time {I(t,z) : t > 0,z € R} in time-space variable (¢,x) was proved (see also

Boufoussi and Roynette, 1993). There are a lot of such studies (see, e.g., Liang,

2006, Ait Ouahra et al., 2014, Lou and Ouyang, 2017 and references therein).
Theorem 1.2 implies immediately the following.

Corollary 1.3. Under the conditions in Theorem 1.2, let pi(x,y) be the transition
density of Xi. Then the mapping

1
Rayw(w/ pi(z,y)dt € R
0

is (globally) B-Holder continuous for every B < 1.

The latter half of this paper concerns with an Ito formula in a distributional
setting. The classical It6-Tanaka formula had been extended with several formula-
tions (see Follmer et al., 1995, Bouleau and Yor, 1981, Wang, 1977/78, Kubo, 1983
and so on). In particular, according to results in Wang (1977/78) and Bouleau and
Yor (1981), the It6-Tanaka formula for f(X;) is valid in the case where f is just a
convex function. In our case, we obtained the following.

Theorem 1.4. Assume (H1), (H2) and (H4). Let A; = 25:1 old/(dx;) and L be

the generator of the diffusion process X. Suppose that f : R — R is a measurable
function such that

(i) f is continuous at x,
(ii) f has at most exponential growth,

(i) fy [(Aif)(X0)[3 _xdt < 400 fori=1,2,---.d,
@) f L)X l2—rdt < +o00
for some k € N. Then we have

d /T . T
f(Xr) = f(z) :Z/O (Aif)(Xt)dwz(t)—i-/o (Lf)(X)dt  in D™,

We can drop the assumption (H4) if f has at most polynomial growth.

The definition of stochastic integral will be given in Section 4.1 and the time-
integral fOT(Lf)(Xt)dt is understood in the sense of Bochner integral in D5 *. Kubo
(1983) also obtained an It6 formula for Brownian motion in a distributional setting.
However, his formula does not need to consider the Bochner integrability because
the time-interval of integration is a closed interval excluding zero. A generalization
to the case of one-dimensional fractional Brownian motion was done by Bender
(2003) (and see references therein), in which, even the case where the time-interval
of integration is such as (0,7 is considered (Bender, 2003, Theorem 4.4), though
the first distributional derivative of f is assumed to be a regular distribution. But
he did not give a systematic treatment of Bochner integrability. Theorem 1.4 will
be proved in Section 4 and it will be established in Section 4.2 even the case where
f itself is a distribution of exponential-type and furthermore the time-interval of
integration is (0, 7.

A distribution A € .#/(R%) is said to be positive if (A, f) > 0 for every nonneg-
ative test function f € .#(R%). To include local times for diffusions in our scope,
we prepare the following
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Theorem 1.5. Assume d =1, (H1) and (H2). Let A € ' (R) be positive. Then

there exists k € Z>o such that we have fOT IAX)||p,—2xdt < +00 for every p €
(1, 00).

Hence the mapping (0, 7] 3 ¢ — 0,(X;) € D, " is Bochner integrable in the case
of d = 1. For multi-dimensional cases, it is sufficient to assume x # y in order to
guarantee the Bochner integrability (Proposition 3.12).

Finally, let H3(R?) := (1 — A)=%/2L,(R%,dz) for p € (1,00), s € R, which are
called the Bessel potential spaces (see Abels; 2012 or Krylov, 2008 for details). We
will then apply the It formula (Theorem 4.9) to derive the following.

Corollary 1.6. Assume (H1), (H3) and (H4). Let p € (1,00) and s € R. Then for
each A € H3(R?), we have

(i) A(Xy) €Dy, for t >0 and p’ € (1,p);
(ii) if p > 2, we further have ft:gA(Xt)dt € ID);,+1 for to € (0,T] and p’ € [2,p).

It might be natural to ask about the class to which |, t:[f A(Xy)dt belongs when
to = 0. Some examples are included in Section 4.3.

The organization of the current paper is as follows: We first review the classical
Malliavin calculus in Section 2 to introduce several notations. In particular, the
mapping of Watanabe’s pull-back will be extended to the space of distributions of
exponential-type. Section 3 is devoted to investigate Bochner integrability of the
mapping (0, 7] 3 ¢ — A(X;) where A is a distribution. We will illustrate the Brow-
nian case with detailed computations. The methods there bring a Holder continuity
in the space variable of the local time in the case where the stochastic differential
equation is written in a Fisk-Stratonovich symmetric form. In Section 4, we give a
definition of stochastic integrals and formulate an It6 formula in this distributional
setting. Corollary 1.6 and some examples will be presented in Section 4.3. Several
estimates necessary for these examples are wrapped up in Appendix A.

2. Review of Malliavin Calculus

First, we make a brief review of the classical Malliavin calculus on the d-dimen-
sional classical Wiener space to introduce notations.

Let (W, F,P) be the d-dimensional Wiener space on [0,7T], that is, W is the
space of all continuous functions [0,7] — R%, F is the o-field generated by the
canonical process W 5 w — w(t) € Rd, 0 <t<T, and P is the Wiener measure
with P(w(0) = 0) = 1. The expectation under P will be denoted by E. The
space W contains the subspace H, consisting of all absolutely continuous h € W
with h(0) = 0 and the square-integrable derivative. The subspace H is called the
Cameron-Martin subspace and forms a real Hilbert space with the inner product

T
<h1,h2>H ::/ <h1(t),h2(t)>Rddt, hl,hz € H.
0

It is known that Lo := Lo(W, F, P) has the following orthogonal decomposition,
called the Wiener-Ito chaos expansion:

Lo=R®Ci ®CoP---,
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where each Cj is a closed linear subspace of Ly spanned by multiple stochastic
integrals

/ <h1 )@ - hk(tk), dw(t) ® - ® dw(tk)>(Rd)®k,
o<t <<t <T

for hy,ho, -+ ,hx € H, of k-th degree. Each Ci is called the subspace of Wiener’s
homogeneous chaos of k-th order. We denote by Ji the orthogonal projection onto
Ci. For each separable Hilbert space (E, (e, )g), L,(E) denotes the space of E-
valued p-th order integrable random variables F' with norm ||F||, = E[|F|}]'/?.
Each projection J,, extends to La(E) = Ly ® E — C,, ® E, which is still denoted
by the same symbol.

For each s € R and p € (1,00), a Sobolev-type space Dy (E) (we write this Dy
when E = R) is defined as the completion of P := U2 Nyysn {F € Lo(E) : J, F =
0} under the norm || - ||, s defined by ||F|,.s = ||(I — £)*/2F||, for F' € P, where £
is the Ornstein-Uhlenbeck operator on the Wiener space. It is known that

(I-L)*F=> (1+k)?IF, FeP. (2.1)
k=0
Note that ]D)g =L, for p € (1,00), and
IFI3, =Y (1+k)|IJkF|3, F eDs. (2:2)
k=0

We further define
D¥(E):=() () DyE) and D >E):=]) |J DiE).

s>0 1<p<oo s<01<p<oo
It is known that (Dj(E))" = D, *(E) if and only if 1/p + 1/¢ = 1 (where “/~
stands for the “continuous dual”) for each s € R, the space D*°(FE) is a com-
plete countably-normed space and D~ °°(FE) is its dual which is called the space of
generalized Wiener functionals. The pairing of ® € D™°°(E) and F € D*>°(FE) is
written as E[®F] := p-o(g) (P, F)pe(g), and then E[¥] = p-o (¥, 1)pe is called
the generalized expectation of ¥ € D™,

One can define a (continuous) linear operator D : D™°°(E) — D~ *°(EF ® H) such
that (a) each restriction D : D5T!(E) — D5(E ® H) and is continuous for every
s € Rand p € (1,00), and (b) we have (DF,e ® h)ggu = (DnF,e)g for e € E,
h € H and F € P, where Dy, F' is given by

(DpF)(w),e)p = ;1_{% é(F(w +h)—F(w),e)g forweW. (2.3)

The differential operator Dy, in (2.3) is well-defined for almost all w because of the
so-called Cameron-Martin theorem. There also exists a (continuous) linear operator
D*:D™>°(E® H) — D™°°(E) such that (a)* each restriction D* : D5 (E® H) —

Dy (E) and is continuous for every s € R and p € (1,00), and (b)* we have

T .
D*(G®h) = —DhG+/O (h(t), dw(t))ga G

for h € H, G € Di(E). These operators are related as follows: For F,G € Di(E)
and h € H, it holds that

E[(DF,G ® h)pgu] = E[(F, D*(G ® h))g].
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Let .7(R%) be the real Schwartz space of rapidly decreasing C'*°-functions on
R9. We denote by .#x(R?), k € Z the completion of .#(R?) by the norm

k
[Blok = (1427 = £/2) 0le, 6 = 6(2) € S (R,
where A = 31| 02/(9:)? and [@loc = sUp,cga [6(2))-
Definition 2.1. (i) A Wiener functional F = (F!,-..  F) € D®(R?) is said
to be non-degenerate if || det((DF?, DFj>H);j1||p < oo for any p € (1,00).
(i) A family of Wiener functionals F, = (F},---,Fd) € D®(R?), a € I,

where I is an index set, is said to be uniformly non-degenerate if for any
p € (1,00), it holds that sup,c; || det((DF., DF3)p); Hlp < oo.

If F € D®(R?) is non-degenerate, then the mapping .#(R%) 3 ¢ — ¢(F) € D>
extends uniquely to a mapping ./ (R?) 3 A — A(F) € Uss0Ni<peoo D, such that
each restriction maps .%_aj(R%) — D, 2k and is continuous for every k € Z and p €
(1,00) (see e.g., Tkeda and Watanabe, 1989, Chapter V, Section 9). The generalized
Wiener functional A(F) is called the pull-back of A € ' (R?) by F € D>(R?).

For A € .#/(R), we denote by A(™ the n-th distributional derivative of A.

Lemma 2.2. Lety € R and 6, be the Dirac delta-function aty. Then d, € S_2(R),
57(,%) € S _oth+1)(R) for k € N, and sup,ep [0a] -2 < +00.

Proof: 1t is well known that J, € 7_5(R) and 57(,%) € S o(et1)(R) for k € N (see
Tkeda and Watanabe, 1989, Chapter V, section 9, Lemma 9.1, p.380). It is also
known that
1 2 _ AJ9) 15 ) ) < 1 /+00 ei(z—y) d
(( +x /) y(l'\?ﬂ_ . (1+§)§
for any z,y € R, from which, we easily conclude that

1 +oo dé—
sup |0a| 2 < 7= —— - < Fo0.
a€R 21 J_ (1 + 7)

O

2.1. Slight extension to exponential-type distributions. It will be convenient to ex-
tend the pull-back procedure from Schwartz distribution space to the space of all
distributions of exponential-type. Let 0; := 9/(dz;), i =1,2,--- ,d.

Definition 2.3 (Hasumi, 1961). We say ¢ € C™(R?) belongs to &(R?) if for any

pE ZLsoand ki, -, kq € Zxo, we have sup,¢p | exp(p|37:|)8{Cl e 8§d¢(x)| < +o00.
Semi-norms on & (R%), defined by
|o|p == sup sup |exp(p|gc|)aicl e 6§d¢(x)|, p=0,1,2,---

k1, kq€Lzo: xweR?
0<k1+-+ka<p

make & (R?) a locally convex metrizable space and induces continuous inclusions
IRY) — ERY) — L (R?) and .#'(RY) — &'(RY) — 2'(R?)

where 2'(R?) is the space of all distributions on R? with the test function space
2(R?), and & (R?) is the continuous dual of &(R%). Elements in &’(R?) are referred
as distributions of exponential-type. The following is known (see Hasumi, 1961,
Proposition 3).
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Theorem 2.4. For any A € &'(R?), there exist k € Z>¢ and a bounded continuous
function f : R* — R such that
kd
= m[exp(k|$|)f($)]-

Here, the derivatives are understood in the sense of distributional derivatives.

Remark 2.5. The spaces &(R?%) and &’ (R?) are denoted by H and A, respectively
in Hasumi (1961). The space &'(R?) = A, is introduced by Sebastiio e Silva
(1958) in the study of the Fourier transform of Ao, called ultra-distributions (see
Sebastiao e Silva, 1958, Hasumi, 1961 and Yoshinaga, 1960).

Define e(z) := Hle cosh(kz;) for k € Zso and x = (v1,--+ ,24) € RT. We
postpone the proof of the next proposition after Definition 2.7.

Proposition 2.6. Suppose that F, = (F},--- ,F%) € D®(R?), a € I, where I is
an index set, are uniformly non-degenerate and satisfy

M, :=sup E[exp(r|Fy|ra)] < +00  for each r > 0. (2.4)
ael

Then for any p € (1,00), k € Zso and r > 0, there exists a constant ¢ =
c(g, k,r, M) > 0, where 1/p+1/q =1, such that

(e, 0)
5 gk Folp,—ia < € 510 16()

for all g € S (R?) and a € 1.

Now, let F € D>°(R?) be non-degenerate. Take A = 9F - -- 9% [exp(k|z|) f(z)]
€ &'(R?) (where f is the one associated to A in Theorem 2.4) and assume k > 1. Let
e € (0,1) be arbitrary and put 7 := k+e > 0. Define ¢ € Cy(R?) (the space of con-
tinuous functions on R vanishing at infinity) by ¢(z):= (e*!*!/ H?Zl cosh(rz;)) f(x),
so that now we have A = 9F---9%(e,¢p) = OF .- -85[(1_[?:1 cosh(rz;))¢(x)]. Take
any sequence ¢, € .7 (R%), n € N such that |¢,, — ¢|oc — 0. Then Proposition 2.6
tells us that lim, oo[0} - - - 05 (er¢,)](F) exists in D, for each p € (1,00). The
limit does not depend on the choice of € > 0 and the sequence ¢,, € .7 (R%). Under
these notations, we put the following.

Definition 2.7. We denote the limit by A(F) and call the pull-back of A € &'(R?)
by F.

Proof of Proposition 2.6: Let p € (1,00), k € Zzo, r > 0, a € I, ¢ € #(R?) and
J € D be arbitrary. Then

d
E[(9} - 0} (er0)) (Fa)J] = B[( [] cosh(rF3) ) #(Fa)la ()
i=1
where [, (J) € D> is of the form
kd
la(J) =Y (Pj(w),DV.J)ge;
§=0
for some Pj(w) € D*(H®J), j = 0,1,---,kd which are polynomials in F,, its

derivatives up to the order kd, and det((DF, DFi)H);jl. Take ¢’ € (1,q), where
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1/p+1/q=1. Since {F, }qcr is uniformly non-degenerate, there exists ¢y > 0 such
that

Ha( Ny < collJllgr forall @ € I and J € D™.
Therefore by taking p’ € (1,00) such that 1/p’ + 1/¢' =1, we have

d
[EI(T] cosh(rF2) ) o(Fa)la ()| < chlélocllexp (r]Fal) 1l
i=1

for some constant ¢f > 0, which implies
1(ex)™ (Fa) o1 < chllooll exp(r|Fal)lpr < cf Sup || exp(r|Fa) [ 6]oc-
[e3
O

Corollary 2.8. Suppose that F,, € D®(R?) for a € I C R, where I is an index
set, satisfy

(i) {Fu}aer is uniformly non-degenerate;
(ii) supyer Elexp(r|Fu|ga)] < 400 for each r > 0;
(iii) the mapping I > a s F, € D*®(R?) is continuous.
Then for any p € (1,00) and A = 9% --- ¥[exp(k|z|) f(z)] € &' (R?) (f is the one
associated to A in Theorem 2.4), the mapping
I3 o A(F,) € D*

1S continuous.

Proof: Let p € (1,00), a € I and € > 0 be arbitrary. Suppose that A =
o ... 8§[(H?:1 cosh(rz;))p(x)] where r > k > 1 and ¢ € Cy(R?). Then by Proposi-
tion 2.6, there exists 1 € .%(R?) such that ||A(Fg)—[0F - - 0% (e, V)| (Fp)|lp—k < /3
for every 8 € I. Furthermore, by the condition (ii) and (iii), there exists § > 0 such
that [|[0F - - 0% (e, )|(Fg) — [0F -+ - 0% (e )] (Fa)llp < /3 if |8 — a| < §. Hence, for
each 8 € I with |8 — a] < 4,
IA(Fa) = A(Fp)llp,
< IAFS) = (07 9 (er )] (Fa) .-
+HI0F -+ O (ert))(Fa) — (07 -+ 0 (ex9)] ()l
1[0 -+ 0 (er))(F) — A(EB) lp,—x
<e.

The case of k = 0 is clear. O

If we assume (H1), (H2) and (H4), then we have the Gaussian estimate for the
transition density of X (the special case n =0 in Lemma 3.10—(ii)) and

tséllgE[exp(ﬂX(t,iL’,w)m < 400 (2.5)

for all » > 0 and compact set K C (0,00). Hence by Corollary 2.8, for any A =
OF - - 9% lexp(k|x|) f(x)] € &'(R?), the mapping (0,00) 3 ¢t — A(X (¢, 2, w)) € D~
is continuous for every p € (1, 00).
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3. Bochner Integrability of Pull-Backs by Diffusions

Let w = (w(t))i>0 be a d-dimensional Wiener process with w(0) = 0. Let
o : R 5 R*@ R4, b: R — R? We consider the following stochastic differential
equation

dX; = o(X;)dw(t) + b(X;)dt, Xo=x € R (3.1)

In this section, we assume conditions (H1) and (H2). Under these conditions,
the equation (3.1) admits a unique strong solution. We denote by {X (¢, z,w)}i>0
the unique strong solution X = (X;);>0 to (3.1). Furthermore, for each ¢ > 0 and
r € R, we have X (t,z,w) € D*(R?) and is non-degenerate. Henceforward for
t > 0, one can define the pull-back A(X (¢, z,w)) of A € .#'(R%) by X (t, z,w) as an
element of Uss0 Ni<p<oo Dy ° (Recall things just after Definition 2.1).

Fix T > 0 be arbitrary. By the condition (H2), we further know that

sup || det((DX}, DX{)p);;'|lp < +00 for 1 <p < oo
teK

holds for each closed interval K C (0,7, which implies that for each k € Zx,
p € (1,00) and A € .7 9 (R?), the mapping (0,T] 3 t — A(X(t,z,w)) € D,k
is continuous (see e.g. Watanabe, 1987, Remark 2.2). In particular, the mapping
[to, T] > t = A(X(t,2,w)) € D, ?* is Bochner integrable for each to > 0, and hence

the Bochner integral | tf A(X(t,2,w))dt makes sense as an element in D, 2¥ for
each top > 0. If we assume (H4) additionally, then analogous results follow also for
A € &' (RY) by virtue of the Gaussian estimates for the transition density function
of (Xt)¢>0 (or one can refer Lemma 3.10 below) and Corollary 2.8.

Now our problem is the Bochner integrability on (0,7, i.e., whether it holds
that fOT [IAX (¢, z,w))|p,—2kdt < 400 or not. The main results of this section
are Theorem 3.4 and Proposition 3.12. Before seeing this, we shall start with the
Brownian case, which would be an introductory example.

3.1. Bochner integrability of do(w(t)).
Proposition 3.1. Let d =1, A € '(R) and s € R. If A(w(T)) € D then the

mapping
(0,7 9t'—>\/ \/ €D2

is Bochner integrable in D5 and we hcwe

Voo

Remark 3.2. Hence the Bochner integral poses a sort of “smoothing effect”, in the
sense of raising the regularity-index s, which might be a common understanding
for most of us.

Proof: Recall the integration by parts formula
w(t)

’ _4-1/2 w(t)
BIN (w(t) Ha (= )] = ¢ BIA () Hupa (77 )]
where A’ = A is the distributional derivative of A, H,, := 9*"1 is the n-th Her-
mite polynomial and 0* = —9 + z. The family {ﬁHn}ff:O forms a complete

orthonormal base of Ly(R, (27)~1/2¢72*/2dz) (see Lemma A.1 in Appendix A).



712 T. Amaba and Y. Ryu

Then A((T/t)*/?w(t)) has the Fourier expansion (the Wiener-It6 chaos expan-
sion)
=1 w(t) w(t)
A ) = 32 Smin(y o (40 (42),

|A(\/§w(t))||§s = Z a —;!n)SE[A( %w(t))Hn(%)]Q

n=0

and hence

Here we have

Therefore

|\f (y/ Zu)1

= 1> L g (U2 = Tiawls..
n=0 :

that is, we get ||(T/t)l/QA((T/t)1/2w(t))||275 = (T/H)Y?||A(w(T))]||2,s- Since

T
H\/ (/500 0 = T2 AT / 124t < oo,
0

the functlon (0,T] >t = (T/t)Y2A((T/t)*/?w(t)) € D§ is Bochner integrable and
Iy (T/lt)l/r‘)/\((T/lt)l/2 (t))dt € D3.

Next we show
/ ,/ ,/ ))dt € Dyt (3.2)
For this, we note that

/T \/TA \/?U}(t))dt
-5 e (S0 [T (20

is the chaos expansion for fo (T/t)Y/2A((T/t)**w(t))dt (more precisely, we have
used Corollary 3.6 below). We shall focus on the Le-norm of the last factor:

] [ ()
0
2 e T (I ([ + S
= 2/ Ln'(t)n/zdtds
o<t<s<T Vs N "
=2(n!) /0<t<s<T tn= /2= (4241 = . 1n!.
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In the third equality, we have used the integration by parts formula and H) =
nH, _1. Hence we have

[ Eeoans...

n)® 1 w T 2
_TZ 1+ . A(w(T))Hn(%>]2E[{ O \}_H ( ég))dt}]
) 14+n w(T)\ 2 2 2
=4TE;L;TLﬂMwGME(7%%]=4THMw@»M§<«x
which proves (3.2). O

By Nualart and Vives (1992, Section 2) and Watanabe (1994a), it is known that
So(w(t)) e DSYPT but So(w(t)) € Dy * for t >0,

where D3~ := Np<sDY. From this fact and Proposition 3.1, we reached the following
result by Nualart and Vives (1992) and Watanabe (1994a).

T
Corollary 3.3. Ifd =1, we have / do(w(t))dt € Dél/m*.
0

3.2. Bochner integrability of A(X:) where A is a distribution. A distribution A €
2'(R?) is said to be positive if (A, f) > 0 for all nonnegative f € Z(R?). It is
known that for a positive distribution A € 2’'(R?), there exists a Radon measure
on R? such that

(5= [ G Putan). e 7R,

The main objective in this section is to prove

Theorem 3.4. Let d =1 and = € R. Suppose that A € 2'(R) is positive.
(i) If (H1), (H2) and A € S_9,(R) where k € Zxq, then for any p € (1,+00),
Jo A (£ 2, w0)) |, —2dt < +00

(ii) If (H1), (H2), (H4) and A € &'(R) hold, then

T
/ / 10, (X (¢, z,w))|p,—2p(dy)dt < +o0, (3.3)
o JRr
where p is the Radon measure associated to A as above.

Remark 3.5. (a) Therefore if we assume (H1), (H2) and A € ._24(R) is pos-
itive, then (0,7] 5 t — A(X;) € D,?* is Bochner integrable. If we have
(H4) additionally, the mapping (0,7] X R 3 (t,y) — 6,(X;) € D, ? is also
Bochner integrable with respect to dt ® u(dy) (the measurability can be
checked from the construction of §, (X)), and we have

/OTA(Xt)dtZ/OT/R(Sy(Xt)M(dy)dt
- /R/OT 8y (Xy)dtp(dy) in D,
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(b) Under (H1) and (H2), Lemma 2.2 and Theorem 3.4—(i) assures
fOT 16y (X¢)|lp,—2dt is finite for any y € R.

Corollary 3.6. Let d = 1. Assume (H1) and (H2). For each y € R and n € Zxo,
the mapping (0,T] > t — J,[0,(X,)] € Ly is Bochner integrable and

T T
I [ /0 6y (Xy)dt] = /O Jn[8y(Xy)]dt.

Proof of Corollary 5.0: By Theorem 3.4, we have

T T
/ 17016, (X Ladt = (1 + n) / 116, (X0 220l
0 0

T
< (1 + TL)/ ||5y(Xt)||27_2dt < +00.
0

This shows the Bochner integrability of the mapping (0,T] 3 ¢ — J,[0,(X;)] € Lo,

and hence fOT Jn [0y (X)]dt € Lo.

Second, for each F' € D>, the mapping D§ 5 G — E[GF] € R is linear and
bounded for each s € R. Therefore Bochner integrals and (generalized) expectations
may be interchanged, and accordingly we have

E[J,| / L5, (X0 F] = B / L5, (X0)dtT ]
0 0
_ / U B, (X0) Tl

= /TE[Jn[éy(Xt)]F}dt = E[/T Jn[0,(Xy)|dEF],

which proves the second assertion. ([

To prove Theorem 3.4, we need several implements.

For each € > 0, we consider the following d-dimensional stochastic differential
equation

dX; = eo(Xy)dw(t) + %b(X,)dt. (3.4)

Similarly to the equation (3.1), we denote by {X*®(t,z,w)};>0 a unique strong
solution X¢ = (X§)i>0 to (3.4) such that X§ = 2 € R%. Then it holds that for each
e >0, {X (g2, z,w) }+>0 is equivalent to { X (¢, z,w)}+>0 in law. A more tricky fact
which we need is the following.

Proposition 3.7. Let A € .7'(R?). Then for every p € (1,00), s € R and t > 0,
we have |A(X (€%, z,w))|p.s = |AXE(E, 2, w))||p.s-

Proof: For simplicity, we give a proof in the case of d = 1. Let p € (1,00),
s € R and ¢t > 0 be arbitrary. It is enough to prove that ||f(X (%, 2, w))||p.s =
I f(Xe(t, x,w))|p,s for each f € #(R). By the Veretennikov-Krylov formula (see
Veretennikov and Krylov, 1976, p.279, Theorem 4), we have

Jnl[f(XE(t, z,w))]

/ / (PEQE, Q5 Q5 D(@)dw(ry) - du(rn),
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where (P£f)(z) := E[f(X®(r,z,w))] for z € R, Q5f := A*(P:f) and A° 1= eo L.
In the case ¢ = 1, we will write P, := P!, A := A! and Q, := Q} for simplicity.
Therefore, we have to show that

{/OEZt.../O€2T2(PT1Qr2—T1”.Qrk_’,‘kIQEZtka)(x)dw(/rl).”dw(rk)}:_o

_{/Ot.,./OT?(PrEl i2fr1~- Tk Th_ 1Qt ka)(x>dw(Tl)"'dw(Tk)}

in law for each n € N, and hence by the scaling property of Brownian motion:
(e w(?t))i=0 = (w(t))i>0 in law, it suffices to show that

(Ps2r1 Qs2r2752r1 T Qszrnfszrn 1Q52t752rnf)($)

k=0

—-n (3.5)
=€ (Pf1 f‘g—rl o rn—rn 1Qt rnf)( )
for each 0 < r1 < --- < 7, < t. But this is clear since we have P.2,. = P¢,
A =¢e"1A% and Q.2, = e Q¢ for each r > 0. (]
For each € > 0 and z € R?, we set
Xe(1 —
F(e,z,w) := —( Tw) —
€

Then the following two conditions are equivalent (see Watanabe, 1987, Theorem
3.4):
o (H2), i.e., there exists A > 0 such that
NEP < (€, (00%)(2)€)ga, for all £ € RY.
o the family {F(e,z,w)}es0 is uniformly non-degenerate.

Proposition 3.8. Let d = 1 and z € R. Suppose (H1) and o(x)*> > 0. Then for
any p € (1,00), we have supy.<; ||00(F (g, z,w))|p,—2 < +o0.

Proof: Let ¢(z) := (14+22—A) 715y (2) € F and take g € (1, 00) so that 1/p+1/q =
1. Then for each J € D*°, we have
E[6o(F(e,z,w))J] = E[((1 + 2> — A)8) (F (g, 2, w))J]
E[¢(F (e, z,w))le(J)]
where [.(J) € D™ is of the form
I(J) = (Po(e,w),DJ) g + (Pr(e,w), D’ J) pon

for some P;(g,w) € D>®(H®%), i = 1,2, both of which are polynomials in F (e, z,w),
its derivatives up to the second order and |DX*(1,z,w)||;” (see e.g., Watanabe,
1987, equation (2.20)).

Take ¢’ € (1,¢q). Since {F(e,z,w)}eso is uniformly non-degenerate, there exists
co > 0 such that

Ie(Nlg < colld]lq2 forall e € (0,1] and J € D*.
Therefore we have for each J € D*>°,
[BlSo(F (e, w))]] < [0l < colléllocl Tl
which implies supg..<; |00(F (g, 2, w))|lp,—2 < col[¢]loc < 400. O

Second, we recall the next fact (see Ikeda and Watanabe, 1989, Chapter V,
Section 8, p.384) to prove Theorem 3.4.
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Proposition 3.9. Let x € R? and suppose that (H1) and (H2). Then for any
p € (1,00) and k € Zxy, there exists C > 0 such that

¢ o Fe,z,0)|lp—2k < Clld|-2r for ¢ € S (R), e € (0,T).
The last tool we need is the following.

Lemma 3.10. Let z € R?.
(i) If (H1) and (H2) hold, then there exist K > 0, Ty € (0, T with the following
property: For each ki,--- kq € Zxo and p € (1,00), there exist constants
1, C1,Co > 0 such that

— T —
100 - 0845, (X (£, 2, w)) |l —(ma2) < C2t ™ exp{ - 02| . y'}

for each t € (0,Tp] and y € R such that |y| > K.
(ii) If (H1), (H2) and (H4) hold, then for each ki,--- ,kq € Z>o, K > |z| and
p € (1,00), there exist constants vy, c1,co > 0 such that
k k - |z —y|?
08 - 08, (X (1, w)) [, 2y < ext ™ exp { = e =2}
for each t € (0,T] and y € R such that |y| > K.
Here, n:= ki + -+ + kq in both cases.

Proof: (i) Assume (H1) and (H2). For simplicity of notation, we prove the case
d = 1. The case d > 2 can be proved by a similar argument. It suffices to prove
that there exist K > 0 and Ty € (0,7 with the following property:
For each n € Z>¢ and p € (1, c0), there exist constants vy, ¢1,c2 > 0
such that
BLI500 (X)]] < ext ™ exp { — e 2 Y
PN < et exp { = 2L 1 sz,
for each J € D, ¢ € (0,Tp] and y € R with |y| > K.
Let y € R be arbitrary and ¢(z) := (1 + 2% — A)716,(2) € F. Take a C>-
function ¢ : R — R such that

_[1oire<1/3,
¢(5)_{0 if £>2/3

and then we set 9, (z) == gb(ﬁ) Let p € (1,00) be arbitrary and let ¢ € (1,00)
be such that 1/p + 1/¢ = 1. Further take ¢’ € (1,¢). Since 1,6, = J,, we have for
each J € D*° that
n dn
ELJ6)") (X)) = B[Jv, () (5 (
n+2 (3.6)

= E[gp(Xt){ > gl (Xt)lj,t(‘])}]a
=0

1427 = D)p) (X0)

where wéj ) is the j-th derivative of 1, (with convention that ¢1(10) = 1)) and each
1;1(J) is of the form

Po(t,w)J + (Pi(t,w), DJ) g + -+ + (Ppyo(t,w), D" 2J) gomr2 (3.7)

for some P;(t,w) € D>*(H®*), i = 0,1,---,n + 2, which is a polynomial in X; =
X (t,x,w), its derivatives and || DX (t,z,w)|;*, but does not depend on .
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Note that ¢, (z) =0 for |z — z| < @, and hence the last term in (3.6) equals
to
n+2

B{( D (o)X L, gy 5 tamey)

J=0

Therefore, by taking p’ € (1,00) such that 1/p" 4+ 1/¢' = 1, we have
n—+2

n y — x|\ /P
U XN < 3 ot e NP1 -2 B g

Henceforth we shall focus on each factor in the last equation.
First, since ¢(J)( Y=z —y|77¢W((z —y)/|z —yl|) for j = 0,1,--- ,n + 2, and
by Lemma 2.2 we have

sup ot ||oc < +00 for K >0and j=0,1,--+,n+2. (3.9)
|y|>K
Second, it is well known that for each r € (1, 00), there exist v,¢; = ¢j(r) > 0
such that
|IDXe|| %], < ¢yt~ for any t € (0,7

(see Kusuoka and Stroock, 1985, (3.25) Corollary p.22 or Ikeda and Watanabe,
1989, Chapter V, Section 10, Theorem 10.2). Now, bearing in mind the form (3.7),
we see that there exist vg,c] > 0 such that

Ne(Dllg <At T|lpe forj=0,1,--- ,n+2andte (0,7 (3.10)

Third, we shall prove that there exist K > 0 and Ty € (0, 7] with the following
property: there exist ¢}, ca > 0 such that

(|Xt x| > v = 3 |) < c’l”exp{ —cz|$;y|} (3.11)
for all ¢t € (0,Tp] and y € R with |y| > K. For this, we recall the following general
fact (see Tkeda and Watanabe, 1989, Chapter V, section 10, Lemma 10.5):
Let k > 0 and X = (X¢)ogecr be a one-dimensional continuous
semimartingale with its Doob-Mayer decomposition Xy = Xo+ M+
Ay such that (M) = fO s)ds, Ay = fO s)ds and
sup max{|a(t)],[B(t)|} <

Itx

Then for any a > 0 and t € (0, min{z=, T'}], it holds that

4 a?
Jra P ( - %)
where 7, = inf{t > 0: | X; — Xo| > a}.

Since we have assumed (H1), o and b are Lipschitz continuous. Thus there
exists a, 3 > 0 such that max{|o?(y)|, |b(y)|} < aly — x| + 3 for any y € R. Put
k(z) := az + B and fix y € R arbitrarily. Let Ty € (0,7] so that 1 — 6aTy > 0.
Define 7 :=: 7),_4/3 := inf{t > 0 : |X; — x| > @} Then the stopped process
X7 = (Xiar)i>0 is a continuous semi-martingale satisfying

P(r, <t) <

tAT tAT
Xipr = —|—/ oy (Xsnr)dw(s) +/ by (Xsnr)ds,
0 0
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where 0y, (z) := min{o(2), k(ly — z|)} and by (2) := min{b(2), k(ly — z|)}.

By setting a = @ in the above, we see that if |y—x| > & := max{ lfgz"TD 11>
0 and 0 < t < T (here, note that m > T} since € — m is a nondecreas-

ing function) then

ly — =| . ly — =|
— < a
P(|Xt Xo| > ¥ )\P(|Xt Xo| > ¥ )
<P(r, < t)
4 (Iy*ml)z
< ex - 3
ly—al p( 8(aly — = +ﬁ)t)
3
A3 eXp(_ ly — ] )
Vo 72(aly — x| + Bly — =|)t
_ 43 ex - M)
v 7T€0 72((1 + ﬁ)t ’
Thus (3.11) is satisfied if we set K := |z|+ &, |’ == % and ¢ == (72(a+ )71

Now, combining (3.8), (3.9), (3.10) and (3.11), we obtain the result.
(ii) Assume (H1), (H2) and (H4). In this case, o and b are bounded, and hence

the following well-known estimate is available: There exist ¢}’ ca > 0 such that

_ a2
P(|Xt —z| > v 3 I|) < c/l”exp{ —C2|I ty| } (3.12)

for all t € (0,7] and z,y € R. By using this instead of (3.11), and combining with
(3.8), (3.9) and (3.10), we obtain the result. O

We are now in a position to prove Theorem 3.4.
Proof of Theorem 3.4: (i) Let K > 0 and Ty € (0,7] be as in Lemma 3.10—(i).
Since

2 —yl? _ (=l =y))* _ v* —2Jzy| +2?
Y2 2 Y2 = Y2
there exists K’ > 0 such that

—1 asly| = +oo,

|z —y| > %, for any |y| > K. (3.13)

Let K := max{K, K'}. Let k € N be such that A € .%_5;(R%). Let p € (1,00)
be arbitrary. We have

T To T
[ I8 ardt = [ 1A osndt + [ At
0 0 To

here, the last term is finite since (0,7] 3 ¢ — A(X;) € D, is continuous. The
other term is estimated as

To TD
| I8zt < [ 18,000 an(n)de < 1 + 1
0 0 R
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To
L= / / 18, (X0) | —2ps(dy)dt
0 ly|>K""

To
b= )
0 Jlyl<K"”

We shall look at the integral I;. By Lemma 3.10—(i) and (3.13), there exist
Vg, c1,c2 > 0 such that we have

where

p—2i(dy)dt.

lz—yl

16 (X¢)|lp—2 < c1t ™0™ <clt_”°exp(—02|y|> (3.14)

2t

for |y| > K" and t € (0,Tp]. To dominate the last quantity, we shall prove that for
some c3 > 0, it holds that

t7"0 exp ( - CQM) < czexp ( ) %) for t € (0,Tp] and |y| > K".  (3.15)

Indeed, we have

"

t—l/() — M
L L <
exp(—c2iy7) " "

as t J 0, which proves (3.15). Combining (3.14) and (3.15), we obtain

o |yl
01C3/ / exp —eay }u(d )dt
ly|> K"

< clch/ exp{ — 4|ly1|1} (dy) = cresT{A, f) < 40

where f € .7 (R) is given by f(y) := ¢(y)e=2¥/4T) 4 € R and ¢ is a C*-function
such that ¢ = 0 on a neighbourhood of 0 and ¢(y) =1 if |y| > K".

Next we turn to I. By Proposition 3.9 and with noting that sup,cp ||dal|—2 <
+00o (Proposition 2.2), we have

£/ sup |6, (X (£, 2, w)) |, -2 = /7 sup |8, (X VA (1, 2,w0)) [},
yER yER
=sup ||0,,_ F(Wt, z,w _9 < Csup||da]|-
D 13,1y (V) 2 < Csup 5
for each t > 0. Hence we can conclude that there exists C’ > 0 such that

16, (X (t, 2, w))||p—2 < C't™Y2 for [y| < K", t € (0,T).
Now, it is easy to deduce that

T
Cully e R:lyl <K [ #7121 < 4ox.
0
(i) is proved similarly by using Lemma 3.10—(ii) instead of Lemma 3.10—(i). O

Recall that the support of A € 2'(R?) is defined as the complement of

there exists an open neighbourhood
y € R: U of y such that for any f € 2(R?),
suppf C U = (A, f) =0.

The proof of the following lemma will be given after Proposition 3.12 below.
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Lemma 3.11. Let x € R? and A € 9'(RY) be such that suppA % x. Then there
exists k € Zxo such that

lisn [ACX(t, 2, 0l =0 for each p € (1,00),

if either one of the following holds:
(i) (H1), (H2) and A € &' (R?).
(ii) (H1), (H2), (H4) and A € &'(R?).

From this, the following is immediate.

Proposition 3.12. Let 2 € R? and A € 2'(R?) be such that suppA % x. Under
the assumption in Lemma 5.11, there exists k € Zxo such that

T
/ [AX (t, @, )|y _dt < 400 for each p € (1,00).
0

Proof of Lemma 5.11: We shall prove under the assumption (ii). The proof in the
case (i) is omitted since one can prove similarly.

We assume d = 1 just for simplicity. Let p € (1,00) be arbitrary. By Propo-
sition 2.4, we can write A = %[exp(k|x|)f(x)], where k is a nonnegative integer
and f: R — R is a bounded continuous function.

Since x ¢ suppA, we have rg := inf{|x —y| : y € suppA} > 0. Let Q :=
UyesuppA Bry/2(y) (i-e., the (r0/2)-neighbourhood of suppA), where B, (y) is the
open ball with center y and radius 7. Then, we have A € 2'(2), and the function
f can be rearranged so that suppf C €.

Now let € > 0 and J € D> be arbitrary. Putting ex(z) = ex(|z|) = exp(k|z|),
we have

E[A(Xa(lvwi))‘]] = E[(gkf)(k)(Xa(lvwi))J]
= E[exp(k|X€(1,x,w)|)f(X€(1, Z, w))la(J)]

where [.(J) € D> is of the form

k
lE(J) = Z<Pj(‘€7 ’LU), DjJ>H®j
§=0
for some Pj(e,w) € D®(H®7), j =0,1,--- , k, which are polynomials in F (e, z,w),

its derivatives up to the order k, and |DX5(t,a:,w)|;l2. Take ¢’ € (1,q). Since
{F(g,x,w)}es0 is uniformly non-degenerate, there exists cp, v > 0 such that

()]l < coe™"||J]|gr foralle € (0,7] and J € D*.
Therefore by taking p’ € (1,00) such that 1/p' +1/¢' =1, we have
|E[A(XE(1, 2,w))J]|

[lexp (k[ X (L, 2, w)[) f (X5 (1, 2, w)) [ ([l ()]

<
< coe” "l exp(k[XE(1, 2, w) ) f (X1, 2, w)lp [Tl g5
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which implies ||A(X(1,z,w))||p—r < coe | exp(k|X(1, z,w)|) f(X(1, z,w))|
for any € > 0. By Proposition 3.7, we obtain

IACX (8, 2, w))|p—k = [AX VL, 2, w)) ||,
< cot 2| exp(k| X VI, 2, w)|) F(X VI, 2, w)) |
= cot ™| exp(k| X)) (X)L x, — g > m

By Lemma 3.10-(ii), we find that for any r > 0, E[exp(r|X (¢, z,w)|)] = O(t™"") a
t | 0 for some v/ > 0. However we have P(|X; — x| > ) = O(e™0/(e1D) as ¢ | 0
for some constant ¢; > 0, so that the last quantity converges to zero as ¢t | 0, and
hence get the conclusion. ([l

3.3. Holder continuity of local time in space variable: a special case. In this section,
we assume d = 1, (H1) and (H3). Let X = (X;)¢>0 be a unique strong solution to
the following one-dimensional stochastic differential equation

1
dX; = U(Xt)d’LU(t) + 50’(Xt)0'/(Xt)dt, Xo=x €R, (316)

or equivalently,
dX; = o(Xy) odw(t), Xo==x.
The main purpose in th1s sectlon is to prove Theorem 1.2
Note that the object o(y fo w)du in Theorem 1. 2 is identified with the
symmetric local time assomated to the d1ffus1on process (X¢)¢>0. See Remark 4.15.
The Hermite polynomials H,, n € Z>( are defined by Hy(x) =1 and H,(z) :=
9*"1(x) for n € N and € R, where the operator 9* is given by

O f(x):=—-f(z)+xf(x), z€R

for any differentiable function f: R — R.

The proof of Theorem 1.2 starts from this paragraph. Let y, z € R be arbitrary.
Let A=A, := a(z)% and p¢(z1, z2) be the transition-density function of X. For
eacht > 0, the Krylov-Veretennikov formula tells us that 6,(X;) = Y. Jn[0a(X)]
(the convergence is in D; *°) for every a € R, where

Tlba(X0)] = / M, (23, )t tldw(t) - dw(ty)  (3.17)
0t < <tn <t
and

(z;t,a)[tr, -+, tn]
/ /pt1 Z, 21 21 [pt2 tl(ZhZz)] Azn [ptftn(zn;a)]dzl"'dzn

We remark that the stochastic integral in (3.17) is well defined since the square-
integrability of each component (t1,--- ,t,) — I, (x;t,a)[t1, - ,t,] of the chaos
kernel {IL, (z;t, a)}22  is established in Watanabe (1994b, Corollary 4.5), in a more
general situation. Since the generator L = %AQ commutes with A, we have

I, (23t a)[tr, -, t] = (e T Aelt2 =1L ge(tn—tn-DL gelt=tn)l) 5,

= [A"exp({t1 + (t2 — t1) + -+ (tn — tn1) + (t = ta)}L)]00 = (A"e"")(04)
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in the distributional sense. By using (e'd,)(x) = pi(x,a), the formula (3.17)
reduces to

L18.(X%0) = Ao )] [ du(tr)- - du(ty).

0t <<t <t

Therefore, by using Corollary 3.6, we have

o [ st = 3 [ewanteol [ du)-avg

Hence we have

7;) (1+mn) SE {/o [c(y)AZpe(z,y) — o(2)Alp(x, 2)]

2
x / dw(ty) - ~dw(tn)dt} ],
0ty < <tn <t

and so we need to compute

2
dw(ty) - ~-dw(tn)dt} ]

<1< <tp <t

n-elf [ o)Az (a.) — o(2) Ao, 2) /

—o / dsdt{o(y) A%pa(x 3) — 0(2)APpa (2, 2) } o (W) AZpi(, ) — 0/(2) ATpy(z, 2)]}

Ls<t<1

X E[/ dw(ty) - - dw(tn)/ dw(ty) - - - dw(ty)]
0t < <tn<s 0Kt < <t <t

_5' :ilfgf{a( )Agps(zv,y)—o(z)AZps(x,z)}{o(y)Agpt(:v,y)—o(z)AZpt(:v,z)}.
(3.18)

Since o is Lipschitz continuous (which is because of (H1)), the vector field
A = o(2)(d/dz) is complete, so that one can associate the one-parameter group
of diffeomorphisms {e*4},cg. Note that e*4(x) for each € R is defined by
LesA(z) = o(e*(z)) and e*4(2)|s—0 = 2.

Lemma 3.13. Lct4(z2) = o(2)Ze"A(z) for every u € R and x € R.

ox
Proof: By the homomorphism property: e(st®4 = ¢4 o 44 we have %eSA(:v) =
dilumo €T @) = il g € (@) = o (@) et @), 0

To continue the calculation of I,,, we shall look at A,p¢(x,a). The unique strong
solution X = (X;);>0 is now expressed by X; = ()4 (z) (To check this, just apply
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the Ito formula for ¢4 (x)). Therefore by using Lemma 3.13, we have

Aepi(z,a) = ALE[6, ("D (2))]

@) /Réa<em<x>>e;;2 au
_ /R (a(x)a%eﬁ“(x))5;(eﬁuA(x))Ldu

= [ (G ™) (e ) it
_u2/2

= %A(aéa(eﬁ“A(x))) e\/ﬁ du

1de“/2
= [ da(eV™4 = )du,
/R<e @) (e T )

where the integral is understood as the coupling of the Schwartz distribution and
the test function. By the repetition of the above procedure, we obtain

n _ ViuA (-1 dn e/
Ampt(x,a)—/Réa(e (x)){ 7T dun o }du
e—u2/2

_ Viu 1
_/R(Sa(e A(x))WHn(u)—du.

For each t > 0, define a mapping ¢ : R — R by ¢(u) := eV™4(z). Since ¢ is
continuously differentiable and |¢'(u)| = vt|o(@(u))| = VIA/? for every u, where
A > 0 is the constant appeared in (H3), we see that ¢ is a diffeomorphism. Hence
we can apply the change of variables b = p(u) ' (and then du/db = (vto(b))~!) in
the above integral to get

. e— (1 (0)?/2
Azpi(w,a) /5 (n+1 Hn(p (b))mdb
. e— (v (a))?/2
= e D@

By using Lemma A.1—(i), we obtain the formula

—1)n¢—(n+1)/2 poo L
Alpi(x,a) = (1)2t—()/ (iﬁ)"e_52/2ezf“’ @) ge. (3.19)
mo(a oo
Therefore by using (3.19),
o(y)Azpi(e,y) — o(2)Azpi(, 2)
—1)q—(n+1)/2 poo - -
B G t2 / (i§)"e‘52/2{e159" Hy) _ ity 1(Z)}d§ (3.20)
7T — 00

=:1,.

Lemma 3.14. For any o € [0,1] and 6 € R, we have |e? — 1| < 2|0|* with the
convention 0° := 1.

lwhen t = 1, we see that ¢=1(z) = JZ 42 and the stochastic process »~(Xs), which is

z o(a)
nothing but the Wiener process w(s), is known as the Lamperti transformation of X.
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Proof: Let a € [0,1]. If # € R\ (=1, 1), then we see that [e? — 1| < 2 < 2/¢|%. On
the other hand, for § € (—1,1), [e? — 1| < [0] < |8]* < 2|6]* because a € [0, 1].
Thus we obtain [e? — 1| < 2|0|® for all § € R. O
Let 8 € [0,1) be arbitrary. By Lemma 3.14, we have
2 B o
Ll < e ) - e [ e g

tf(n+1)/22(n+571)/2 7’L+ﬂ+1 _ B
- P )le ) ¢

Since o (b) = 7k, we have [¢7}(y) — o (2)] = £71/2] [ o(b) " db, so0 that

™

| <

t—(n+ﬂ+1)/22(n+,@—l)/2 1
(TL"‘B"‘ >|y—Z|B, (321)
TAP/2 2
where it is recalled again that A > 0 is what appeared in (H3).
Substituting (3.21) into (3.20),

lo(y)Azpe(w,y) — o (2)ALpi(z, 2)]
< CQt*"*ﬁ“)/?z(“ﬁ*l)/Qr(771 ks 1)Iy —z|?
2

where ¢y := (7T)\ﬁ/2)*1. Note that cs does not depend on y and z. With putting

cs(n) := F(%ﬁﬂ),

we have obtained
o (y) Appi(z,y) — 0(2) Afpi(, 2)| < eat™ MHPFD2QMHE=D 2y (n)]y — 2|°. (3.22)

Now, by substituting (3.22) into (3.18), we have

1 1
( ) \2) on+p,, ( )2|y_zl2,8/ Sns—(n+ﬂ+1)/2d8/ t—(n+B+1)/2 44
0 s

n'

I,

//\

Note that the last iterated integral is finite because § < 1, and gives

1 1
2
ng-(ntB+1)/2q / p=(ntB1) /24 —
S°S S .
/o . (1= B)n—pB+1)

Hence we have

(2 2 ey (n)?
hs a1 sy

Finally we have

oy /5 (Xo)dt — oz /5 a2, = S0 4 ),
n=0

n+BG+1 2
< (02 |2ﬂz (1+n 2 c3(n)
1-5) (n—B+1)
By Stirling’s formula, we see that the quantity
on+p+1 2 on+pB+1 1\ 2
(1 2 (g e P
nln—B8+1) nl(n—pF+1) 2
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behaves like

on+pB+1 ntb—1

s 7’L+ﬂ—
(1+n) EEE R W= x {y/m n—f—ﬁ—l( )

7TTL—
e

rin+p-)( )" = o

_ (1 +n)s2n+,3+1
(n— B+ 1)V2mn(2)"

as n — oo for each 5. Hence the sum converges if s + 8 — % <—-1l,ie,s+8< %
The proof of Theorem 1.2 finishes.

—~

Proof of Corollary 1.5: This is clear from Theorem 1.2 and the inequality

|a(y)/0 Pt(iv,y)dt—a(z)/o pe(x, z)dt|

v) / 5,(X,)dt — o(2) / 5. (X))
1 1
- y)/o 6y(Xt)dt—a(z)/0 5.(X)dt2 1 2.

4. Ito’s Formula for Generalized Wiener Functionals

Let w = (w(t))i>0 be the d-dimensional Wiener process with w(0) = 0 and
let (F{*)i>0 be the filtration generated by w: F{¥ := o(w(s) : 0 < s < t), for
t > 0. Similarly to the previous section, we fix z € R? and consider the following
d-dimensional stochastic differential equation

dX; = o(Xs)dw(t) +b(X,)dt, Xo =z € R% (4.1)

Also in this section, we assume the conditions (H1) and (H2). We denote by
{X(t,x,w)}i>0 a unique strong solution X = (X;);>0 to (4.1).

4.1. Stochastic integrals of pull-backs by diffusion. For each J € D>, we will de-
note by (DJ) the i-th component of DJ € D*®(H): DJ = ((DJ),---,(DJ)%)
(Recall H is the Cameron-Martin subspace of the d-dimensional Wiener space).
For each t € [0,7], the evaluation map ev; : H > h ~ h(t) € R? naturally
induces a map id ® ev; : Lo(H) = Ly ® H — Lo ® R? and then we write
DyJ i=: (D), -+ (D)) == & (id @ evy)(DJ) for a.a. t € [0,T].
Let A € 2'(R?). Throughout this section, we assume either one of

o (H1), (H2) and A € ."(R%);

o (H1), (H2), (H4) and A € &'(R?).
Then A(X(t,z,w)) is defined as a generalized Wiener functional. If
fOT [A(X (t,x,w))||5,_,dt is finite for some k& € N, we define the stochastic inte-

grals fOT AX (t,r,w))dw'(t), i =1,--- ,d as elements in D~ via the pairing
T T
E[(/O AX (L, w))dwi(t))J] - /0 E[A(X (t, 2, w))(D.J)]dt, (4.2)

for J € D* and ¢ = 1,2,---.,d. We define the stochastic integral
fST A(X (¢, z,w))dw'(t) similarly for each 0 < s < T.
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This pairing is well defined because of the following:

Proposition 4.1. For eachk € N andi=1,2,--- ,d, there exists a constant C' > 0
such that

T . T ) 1/2
/0 [EIACX (1,2, w))(DyT) ldt < O / I (L, w))IE e} 1 2
for all J € D*°.

Proof: For simplicity of notation, we prove in the case d = 1. For each k € N and
J e D,

T T
/ BIA(X,)D,J)\df < / IACX) .| D2 T2 0t
0 0

T ) 1/2 T ) 1/2 (4.3)
<{ [ 18l yae { [ 1D et
By Meyer’s inequality, there exist constants ¢/, C’ > 0 such that
k/
CIDY Flla < [|Fllage < €Y |ID'Flla,  for all F € D}
1=0
for ¥ =1,2,--- ,k+ 1. Therefore we have
k ) k
1D < (€72 > ID' D2} < (C)2(k+1) D110 D3
1=0
k
2(k+1)> E[|D'DyJ|[3e]
1=0
T T
{1+ Y [ o [ D DD sy s )
=170 0
where C” := (C")?(k + 1), so that
T
JRCA R
k41
C”Z/ / Dy, J)?duy - - - duy
k+1
<C"Y DS < () 2T g
1=0
Hence by substituting this into (4.3), we get the result. O

Remark 4.2. (a) As is easily seen, the stochastic integral fOT A(Xy)dwt(t) has an-
other expression:

T °
/ A(Xt)dwi(t):D*[(O,---,/ A(X.)du, -+, 0)].
0 0

i-th position
Hence it coincides with the Skorokhod integral as long as the object standing on the
right of D* lies in the domain D}(H) and then automatically coincides with the Ito
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integral because of the adaptedness. In fact in view of the Clark-Ocone formula,
every J € Ly can be written as J = E[J] + 2%, fo J)¢|F]dwt (t) and then
(4.2) is just the Itd isometry. Therefore our stochasme 1ntegral may be a natu-
ral extension of the classical anticipative stochastic integral to this distributional
setting.

(b) By Proposition 4.1, we have fOT AX)dwi(t) € Dy F for i = 1,2, ,d
provided [ [|A(X,)||2 _dt < +oo.

The following is the main result in this section. This is a version of a result by
Uemura (2004, Proposition 1).

Theorem 4.3. Let s € R, p > 2 and assume that (0,T] > t — A(X (¢, z,w)) € Dy
is continuous. Then we have

T
/A(X(t,x,w))dwi(t)emg, fori=1.2.-.d
0

provided either one of the following
(i) Timeyo [|AX (¢, 2, w))llp,s = 0.
(ii) 5> 0 and [, [|A(X(t,z,w))|2,dt < co.

Remark 4.4. (a) See also a remark just after Lemma 4.12 for verification of the
continuity assumption.
(b) From the proof of Theorem 4.3, we would find that

T
/ A(Xy)dw'(t) € D5 for any to > 0
to
and i =1,2,---,dif (0,T] > ¢t — A(X;) € Dj, is continuous.
The proof of Theorem 4.3 mainly consists of the following series of Proposi-
tions 4.6, 4.7 and 4.8. We will give the proof at the last of this section.

Before the next definition, we note that E[F|F}*] € D> for every ¢ > 0 if
F e D.

Definition 4.5. Let t > 0. We say that a generalized Wiener functional F' € D™
is Fi¥-measurable if it holds that E[FG]| = E[FE[G|F}"]] for any G € D*°.

Proposition 4.6. Let s € R and p > 2. Then there exists ¢ = ¢(p,s,T) > 0 such
that, for any mapping F: (0,T] > t — F(t) € D with F(t) is F;"-measurable for
any t € (0,T], any division 0 =tg <t; <---<t, =T, and anyi=1,2,--- ,d, we
have

1D F(tia)(w' (t) — w' (tx—1) CZHF to—1)lIp,s (te — te—1)-
k=2
Proof: Let 0 =t <t; <---<t, =T be any division of [0, T] and set
O =Y Fte1)(w' (te) — w'(te—1)).
k=2

To calculate ||®||,s, we begin with the chaos expansion of each F(ti—1)(w'(tg) —
w'(tk—1)). Noting E[F(tx—1)(w' (t) — w'(tk-1))] = 0 and

T [F(tim1) (@' () = w' (b)) = Tt [Pl )]0 () = w'(bier)) (44)
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for m > 1 (here we have used the condition that F(tx—1) is F{/_ -measurable), one
finds that the chaos expansion is given by

F(te—1)(w' (tx) — w'(ty—1) ZJm L (te—)](w' () — w' (te-1)),

where F(tp—1) = > ~_ Jm[F(tx—1)] is the chaos expansion of F(t;—1). Hence, by
using (4.4), we have

(I—L)*? Zn: F(tr-1)(w' (te) — w' (tr-1))

k=2
:Z Z (14 m)*2 T 1 [F(te—1)] (w0’ (tr) — w' (tr_1))
k=2m=1
> s/2 ™ - |
- Z El —|—m)5/2 Z (14 m)* 2T [F(tg_1)](w' (t) — w'(tx_1)).

0

3
]

By Meyer’s L,-multiplier theorem (see e.g. Ikeda and Watanabe, 1989, Chapter V,
Section 8, Lemma 8.2), there exists ¢’ = ¢/(p, s) > 0 such that

n

1D Ftr—) (w' () — w' (t—1) 1,
k=2
= [(1 = £)*2> " F(tr-1)(w' (tx) — w' (te-1)
k=2
<Y 0+ m) I [F(te-))(w (tk) — w' (ts-1))
m=0 k=2

=37 = £)*2F(teer)] (w (t) — wi (te1)]] .

p
k=2

Note that (I —L£)*/2F(t;_1) € Lo and is F{*_ -measurable. Hence the last quantity

in the Ly-norm can be written as

/O Z (1 = L) F(ty—1)] L0y 100 (£)d00 (2).

Thus by using the Burkholder—Dams—Gundy inequality, we get

I Z F(tr-1) (' (te) — w' (tr-1)) [} s

/2
<C”E Z I ,CS/QF(tk 1)]21(tk717tk](t)dt}p }
0 k=2

for some constant ¢’ > 0. Finally, using the assumption p > 2 and the Jensen
inequality, we reached

1D F(tem1)(w (t) = w' (b)) 15 CZHFtk DI, (= te—1)

k=2

for some constant ¢ > 0. ([
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Givenn € N, i =1,2,--- ,d and the dyadic division {t;, := kT/2"}%:O of [0,T],

we define
2’7l

O =Y AX (tp1, w,w)) (W' (t) — w' (ts-1)).
k=2

Proposition 4.7. Let s € R, p > 2 and suppose that
(i) (0,773t A(X(t,x,w)) € D} is continuous and
(ii) limgpo |A(X (E, 2, w))]
Then we have ||®, — ®p,]|p,s — 0 as n,m — co.

ps = 0.

Proof: Suppose that n < m and let t;, := kT/2™ and w; := {T/2™. Then we have

on
Qp — P = Z Z [A(th—l) - A(Xuz)](wz(ul) - wi(ul—l))
k=21€{0,1,- 2™ }:
tp_1<u;<te

and hence by Proposition 4.6, we obtain

on

18— Blz, <3 IAGLL) — AL e — 1),
k=21€{0,1,--,2™}:
tp—1<u<tg

for some constant ¢ > 0. By the assumption, the mapping (0,77 > t — A(X;) € Dy
is uniformly continuous, from which, we easily get ||®, —®p,|/p,s = 0asn — oco. O

Proposition 4.8. Suppose k € Z>( and
(i) (0,T]) >t — A(X(t,z,w)) € D;* is continuous;
(ii) limyyo |A(X (¢, 2, w))||2,—k = 0.

Then we have

T
|®, — / AX(t, , w))dwi(t)||27,(k+1) -0 asn — oo.
0

Proof: The same argument in Proposition 4.1 leads us to

T
1@, — / A )dw (8) o, ey

te—1

th ) 2"ty ) 1/2
<{ I e+ 30 [ 1AL - AR par}
k=2

By the assumption, we have (0,7] 3 t — A(X;) € D;* is uniformly continuous,
and hence the above quantity converges to zero as n — oc. (I

Proof of Theorem 4.3: (i) Suppose that lim o [|A(X¢)||p,s = 0. In the first, suppose
that s < 0. Let k be the largest integer, not exceeding s, i.e., k = max{k’ € Z :
k' < s}. By the assumption, the stochastic integral fOT A(Xy)dwt(t) is defined as
an element in D! (see Remark 4.2-(b)). On the other hand, Proposition 4.7
tells us that {®,};2; is a Cauchy sequence in D; and hence converges to some
¢ € Dy. Hence @, converges to ® also in ]]])]2“_1. Now by Proposition 4.8, it must
be [ A(X¢)dw' () = limy, o0 ®, = ®. Thus we have [ A(X,)dw!(t) € D,

Second, suppose that s > 0. In this case, it is clearly satisfied that
fOT [A(X¢)[[5 dt < +o00, and hence it reduces to the case (ii).



730 T. Amaba and Y. Ryu

(ii) Suppose that s > 0 and fo [A(X:)[5 dt < +o00. Then by Proposition 4.6,
we have
2’7l

[l < const. 3 IACK e~ ) = [ IACKIE
k=2

as n — oo. Here, t, = kT/2", k= 0,1,---,2". Hence {®,,}52, forms a bounded
family in Dy, so that by Alaoglu’s theorem (for dual spaces of separable normed
spaces), there exists a subsequence {®,, }{°, and ® € D, such that ®,,, — ® weakly
in D7. In particular, since s > 0 and p > 2, this convergence is still valid in the weak

topology on Ly. On the other hand, it is clearly satisfied that fOT |A(X)|[3dt < oo,
and hence {A(X;)}i>0 is now a square-integrable (F;):>o-adapted process. The

classical stochastic analysis proves that ®,, — fOT A(X;)dw'(t) in La. Therefore, it
must be fOT A(Xy)dw'(t) = limy_y0o @, = @, and thus fOT A(Xy)dw'(t) eDs. O

4.2. Distributional Ité’s formula. Let A;, i =1,2,--- ,d and L be the vector fields
and the second-order differential operator given by

Z i 8Zk

d
Z (O’o’* )J ( 62162] _|_ Z bz 821

ij=1

for f € (R9) and » € R?. In the case of d = 1, the vector field A; will be denoted
by A. Under the assumption (H1), these operators naturally act on .#’(R%) and
&'(RY).

Theorem 4.9 (cf. Kubo, 1983). Let x € R? and assume (H1) and (H2). Then for
each A € " (R?) and to € (0,T], we have

ANX(T,z,w)) — A(X (Lo, z,w))

N =

(Lf)(2) =

d
= /tT(AiA)(X(t,x,w))dwi(t)+ /T(LA)(X(t,x,w))dt e (45

i=1 to
Similarly, we have (/.5) for A € &'(R?) if we further assume (H4).

Proof: For simplicity of notation, we assume d = 1. The case d > 2 is similar. Fix
to > 0. Suppose that A € #_o. Then there exist ¢, € #(R), n € N such that
A =1lim, o ¢, in 9. By It6’s formula, we clearly have

T

6 (Xr) — fu(Xsy) = / (Adn)(Xy)dw(t) + / (L) ()t

to to
for each n € N. What we have to prove is the following: As n — oo,
(a) [[A(Xy) — dn(Xi)|l2,—2k — O for t =to and T,
T

b) | / [AN(X:) — Ady (X0)]dw (). (ars2) = O,

T
(c) |l ) [LA(Xt) — Lon(Xe)]dt||2,— 2k42) — 0.
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It is easy to show (a). In fact, for any p € (1, +00), we have the inequality
IA(Xe) = @n(Xe) lp,—2n < cot ™™ [A — du| 2 (4.6)

where the constants ¢y > 0 and K > 0 can depend on p but not on ¢ and ¢,,’s (see
[keda and Watanabe, 1989, Chapter V, Section 9, Theorem 9.1 and Section 10,
Theorem 10.2). We shall prove (b). By Proposition 4.1 and (4.2), we have

T T
| t [AA(X:) = Apn(Xo)]dw(t) 13— 2ps2) < C/t ITAA = )1 (X013 — 2011y dt-
Next we shall show that there exists ¢, > 0 such that
A = o) (X013 - 201) < et (A = ¢n) (X[l 2 (4.7)

for every t € [to,T], and then the above quantities converge to zero uniformly in
t € [to,T] as n — oo, and hence (b) is proved. To prove (4.7), it suffices to show
that: there exist ¢, > 0 such that

|E[(00")(X:)J]| < et [[W(X0)lla,— 2kl 2,261 (4.8)
for each ¥ € . 5, and J € D°°. In fact, we have
E[(00)(X,)J] = E[W(X){ Fo(t)o(X0)J + (Pi(t), D(o(X0)T))u }),
for some P;(t) € D®(H®?), i = 0,1 which are polynomials in X; = X (¢, z,w), its
derivatives and || DX,/ ;. Hence
[E[(c9)(X:)J]]
< ) a2 { PO (X0 T+ [P 0), D (X)) s -
Noting that % + % = % < 1, we can make estimates
1 Po(t)or(Xe) T |layz.on < 77| [|2,2k,
I(PL(8), D(o(Xe) )} llagz,on < <77 ([ T]|2,2041

for each t > 0, and for some constants ¢/,v > 0 (where, ¢ may depend on the
derivatives of o up to the (2k + 1)-th order, which are assumed to be bounded by
(H1)). Now (4.8) follows.

(c) is proved similarly. The statement for A € &’(R) is also proved similarly. O
Theorem 4.10. Let v € R%. Suppose (H1), (H2) and (H4). Let f : R* = R be a
locally-integrable function such that

(i) f is continuous at x,

(i) f € &' (RY),
Gii) fy ICA) (X (2, 0) |3yt < o0 fori =1,2,0-.d,
: T

(iv) Jo ILHX(E 2, w))]2—kdt < 400
for some k € N. Then we have

FX(T,z,w)) = f(x)
= s ' A X (¢t dw' (¢ ! LAX(t At inD-
_2/ (A (,x,w))w()+/0 (LH(X(t,,w))dt in D,

The equation (/.9) still holds without (H4) if f € .7"(R%).



732 T. Amaba and Y. Ryu

Proof: By the conditions (ii), (iii), (iv) and Theorem 4.9, we have for each tg > 0
that

d T T
£06) = 1(X) =3 [ (Aot + [ (L)X
=1 " "0 0
in D™*°. Letting ¢ J 0 with using (i), we have f(X:,) — f(z) in probability.
Moreover, again by (i), we can take § > 0 such that for any y € RY, |y — 2| < 6
implies | f(y)| < |f(x)|+1. Thus E[f(X,)*] < (If (2)|+1)* +E[f (X0)% [ X, —a| > 4],
where limsup, o E[f(X:)* |X; — 2| > 6] < 400 in view of (i) and Lemma 3.10~
(ii). Therefore {f(X;)?}o<i<r is La-bounded, so that {(f(X;) — f(z))?}o<i<r is
uniformly integrable. Hence f(Xy,) — f(x) in Lg as to 4 0 and (4.9) is proved.
If f € 7(R%), then f has at most polynomial growth. In this case,
{f(Xt)*}o<t<r is Lo-bounded without assuming (H4) and then (4.9) can be proved
similarly. ([

By Proposition 3.12, Lemma 3.11 and Theorem 4.9, we obtain the following.

Corollary 4.11. Let x € R? and A € &' (R?) be such that suppA % z. Assume
(H1), (H2) and (H4). Then we have in D™,

d T . T
AX (T, z,w)) :Z}/O (AN (X (¢, 2, w))dw (t)+/0 (LA)(X (t, z,w))dt.
This still holds without (H4) if f € %" (R%).

4.3. An application and examples. In the sequel, we denote by X = (X¢)i>0 the
unique strong solution to the d-dimensional stochastic differential equation

dX; = o(X;)dw(t) + b(X;)dt, Xo=x€R?, (4.10)
where w = (w(t))i>0 is a d-dimensional Wiener process. We denote by L the
associated generator, i.e., L = 3 szzl(oo* )50;0; + 2?21 b'0;.

Let {F.}.e; C D*®(RY) be a bounded and uniformly non-degenerate family (see

Definition 2.1). Here, the boundedness is used in the sense of {F.}.cs is bounded
in DF(R?) for each p € (1,00) and k € Zxo.

Lemma 4.12. For any s € R, p € (1,00) and p’ > p, there exists ¢ = c¢(s,p,p’) > 0
such that
IACE) llp,s < ell(1 = 2)7?All L, (mt,d)

for every e € I and A € 7' (R?) with (1 — N)*/2A € Ly(R?, dx).

We note that one can take p’ = p when F. = ¢~ 1w(e?T') as mentioned in Remark
A.5. We don’t give a proof of Lemma 4.12. However, we prove a similar inequality
(Lemma A.4) in Section A.3. The same techniques there are available to show
Lemma 4.12 if we replace the harmonic oscillator H by the Bessel potential (1—A).
(Although the step (b) in the proof of Lemma A.4 uses results by Bongioanni and
Torrea (2006), we don’t need for the proof of Lemma 4.12. The steps (a) and (b) for
the proof of Lemma 4.12 can be established analogously by a standard integration-
by-parts techniques in the Malliavin calculus. The steps (¢)—(e) also run in exactly
the same way.)

Let HS(RY) := (1 — N)732L,(R%,dz), p € (1,00), s € R be the Bessel potential
spaces (see Abels, 2012 and Krylov, 2008 for details). By imitating the proof of
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Corollary 2.8 with using Lemma 4.12 (instead of Proposition 2.6), we can show that
for each p € (1,00), s € R and A € Hj(R?), the mapping (0,00) > t — A(X;) € D,
is continuous for p’ € (1, p) under assumptions (H1) and (H2).

We are now in a position to prove Corollary 1.6.

Proof of Corollary 1.6: (i) is clear by Lemma 4.12.

(ii) The operator L is a uniformly elliptic operator of the second order satisfying
(H4). Hence the elliptic regularity theorem (see e.g., Abels, 2012, Chapter III,
Section 7.3, Theorem 7.13) assures that f:= (1—L)"'A € H3"?(R%) and o} 0, f €
H;“(Rd) for each j,k =1,2,--- ,d. On the other hand, Theorem 4.9 gives

T
F(X7) = f(Xiy) = Z/ ok, f)(X,) dwﬂ()+/ (LF)(X,)dt

G k=1 to
Let p' € [2,p) be arbitrary. We find that f(Xr) € DJ* by (i) and
ft kakf ) Xy)dw! € ]D)SJrl for T > 0 by Theorem 4.3, so that we have
fto Lf)(Xy)dt € D;frl. Furthermore, since [tg,T] > t — f(X;) € D;f"2 is continu-
ous (recall the remark just before the proof), this mapping is Bochner integrable

and ft f(X,)dt € DS+2 Therefore

T T T
A(Xy)dt = f(Xt)dt—/ (Lf)(Xp)dt € D3

to to to

O

Remark 4.13. By the above remark (just after Lemma 4.12), one would see that
in Corollary 1.6, we can take p’ = p when o = (identity matrix) and b = 0, i.e.,

Second, we investigate the class Dy to which ft: A(Xy)dt belongs when tg = 0
for several cases of A € .7/ (R%).
Ezample 4.14. Assume d =1, (H1), (H3) and (H4). Let

s(z) == /01 exp{ — /OZ 21(77(77;) dn}dz

P 29 N , for z € R.
m(x) :=2/0 exp{/0 il()q(;;gdn}%’

The function s(z) is called the scale function of L and the measure m(dz)
m/(z)dzx is called the speed measure of L. We fix y € R and define v : R —
by

=l

u(z) == u(z,y) := m’2(y) [s(z) —s(y)], = eR. (4.11)

Then it is easily checked that Lu = §, and
“2b(n) , \ o(x)
(Au)(x) = sgn(z — y) exp{ - / dn} , x€R.
P, ot
in the distributional sense. Now we shall prove

1 . S .
{ s<zi { Lix(tow)<yy €D ; (4.12)
pe(l, g) hmsuptw |‘1{X(t,m,w)<y}HZDvS < 0.
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In fact, let s € (0,1/2) and p € (1,1). Take p’ > p so that sp’ < 1. Then by

Proposition 3.7 and Lemma A .4, there exists ¢ > 0 such that
||1{X(t,m,w)<y}||P15 = ||1(7oo,(yfz)/\/f)(Ft)||PaS
<l (2 = D)1 (ywyvillL, (Raz) forall t € (0,7].

where F; = (XVi(1,z,w) — 2)/v/t. Hence we can conclude (1.12) by Proposi-
tion A.3—(iii).

By the condition (H3) and (H4), we see that u € &’'(R). Hence by Theorem 3.4
and Theorem 4.10, we have

T T
/ 0y (Xy)dt = u(Xr) — u(z) — / (Au)(Xy)dw(t).
0 0

It is easy to see that u(X7) € Np>1D), and by (H3) that

T Y o(Xe) oo
exp{ - /y U(n)an} e €Dy forall p € (1,00).

From this and (4.12), we find limsup, g ||(Au)(X¢)[|p,s < oo for s < 1/2 and p €
(1,1). Then by Theorem 4.3-(ii), [ (Au)(X;)dw(t) € D} for s < & and p € [2, 1),
and thus we reached: under (H1), (H3) and (H4),

T
1 1
/ oy (X¢)dt € Dy for s < 3 and p € [2,-).
0 S
See Airault et al. (2000) for a more general and stronger result.

Remark 4.15. In particular, we see from Example 4.14 that fOT d,(X;)dt is a classical
Wiener functional when d = 1, which is related to the local time at y. This can

be seen as follows: Classically, the symmetric local time {l(y,t) : y € R,¢t > 0} is
defined as a unique increasing process such that

t
Xt =yl = |z -yl + / sgn(X, — y)d X, + 1(y, )
0

and equivalently given by

1t
l(y, t) = lim — / 1(y75,y+5) (Xs)d<X>s
0

(see Revuz and Yor, 1999). Since it holds lim.o(2¢) "t 0?1(y_c 4o = 06y = o(y)d,
in ./(R), we have

I(y,1) = o(y)? / 5, (X.)du.

In the sequel, we denote D3~ := N5 D5~ °.

Ezample 4.16. Assume d = 1, (H1), (H3) and (H4). Let z,y € R be such that x # y.
By using Lemma 4.12, we see that the mapping (0,7] > ¢ = 6, (X (t,7,w)) € D;*
is continuous for some k € Zx.

Define u(z1, 22) by (4.11), and then

u(2) = =(9,u)(2,9)

= %{m/(y)sl(y)sgn(z —y) — m”(y)|s(z) . 5(y)|} c éa/(R)
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satisfies Lv = 5; and

(Av)(z) = @ (Qm’(y)s'(y)éy(z) —m/ (y)s'(z)sgn(z — y))

Since X; = X (¢, z,w) is non-degenerate for each ¢ > 0, it is known by Watanabe
(1991) that 6,(X;) € D if s € (=1, —3) and p € (1, 15). Hence by virtue of con-

ditions (H1) and (H3), for each ¢y € (0,T) and p > 2, we find ftf(Au)(Xt)dw(t) €

19y
ID)I(f’ Y , and thus

T 19y
) b, (Xy)dt € ]D),(,p R any top > 0 and p > 2.
9

Ezxample 4.17. In the above Example 4.16, we shall try to investigate the class
to which fOT d,(X¢)dt belongs. Let p > 2 be arbitrary. Since dy(z + co) =
limgo(2ma) /2 exp{—(z + c 0 —y)?/(2a)} = e~ limayo(2me2a) " /2 exp{— (=% —
*)?/(2e72a)} = e '6(y_s)/=(®) in the distributional sense, we have
o (X)(m's') )8y (Xe) = (om's') (y)e™ 0y = (F),
where ¢ := /1, X; = X(t,z,w) and F. = (X, — x)/e. We shall prove
5_1||5(y_gc)/5(ﬁ5)||]mS —0 ase=+/t |0 for every s < —1. (4.13)

Note that the probability density function pz of F. has an estimate SUPg<.<1 P (2)

< Cp(2) for some C' > 0, where p(z) := (2r¢/)~Y/2e%"/(2¢) and ¢/ > 0is a constant.
By refining the argument in the proof of Lemma A .4, one finds that for every p’ > p,

18(y—a) /e (F)llp,s < comst.|| (1= 2)*26(, ) /el )

for all € € (0,1], where pu(dz) = p(z)dz. To estimate the last quantity, we apply
the Fourier transformation and integration by parts to get

-1 [ eié® ey
-2 5/2 _ —2,i€¥5
€ (1 - A) 5(74*1)/5(2) o [oo (1 + 52)—5/28 € dg

oo 2 itz o
-t / {d_ie }eszd&
2m(y —)? J_oo LdE? (1+£%)72/2
in which, one finds that there exists ¢ = ¢(s) > 0 such that
d2 eigz
- g 1 2 1 2 5/2'
}d§2 (1_‘_52)—5/2} c(1+27)(1+ &)

Hence we obtain

oo

le72(1 — A)s/25(y—m)/g(2)| < WC_WQ + 22)/ (14 €2)/2de.

Note that ffooo(l + £2)%/2d¢ < 400 since s < —1. We thus have
>0 e (1= 88 aysell iy < /R(l + 22 p(2)dz < +oo,
g

where the constant ¢/ > 0 may depend on y — z, and which gives (4.13).
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By (H1), (H3) and (H4), we see that lim;jgo(X;) = o(z) in D*°. Combining
this with (4.13) and Theorem 4.3—(i), we obtain fOT(ady)(Xt)dw(t) € D,(,_l)_. On
the other hand, we have fOT (08")(Xt)sgn(X: — y)dw(t) € La C ]D)](D_l)_. Therefore

T
/0 (Au) (X)dw(?)
T T

=) [ (@8, (Xdu(e) = 32 [ (o) (Xsn( i~ o) € D

Hence by Theorem 4.10,
T
/0 & (X,)dt € DTV for any p > 2.

Example 4. 18 (Cauchy’s principal value of 1/z). Let d = 1. The tempered distri-
bution p.v.- is defined by

<p.V.l,f> = lirn/ @dx, feZMR).
€z |z|>e

el0 x

Let A € '(R) be the regular distribution (i.e., a distribution associated with a
locally integrable function) given by A = zlog|x| — z. Then the distributional
derivatives are: A’ = log|z| and A” = p.v.1.

We shall first show the Bochner 1ntegrab1hty of the pull-back of (p V. ) by a
Brownian motion w(t): (0,7] 3t — (p.v.2)(w(t)). For each J € D> and p,q > 1
such that 1/p+ 1/g = 1, we obtain

B{(p-v.) (w(t)J] = B(xlog|| ~ 2) (w(1))J]
= E(w(t) log [w(t)] — w(t)) ()
< [ (w(t) log [w ()] — w(®)) 14 () |-

Here I;(J) = Z?:0<Pi(t),DiJ>H®i € D> for some P;(t) € D®(H®), i = 0,1,2
which are polynomials in w(t), its derivatives and || Dw(t)| ;> = t~!. Since we have

2

dx

@) log ®l = | \(ﬂxnog(mwmpe;—w

12/2
dx + 2ptp/2/ |z 1og |:v|‘

V2
which tends to zero as t | 0, and hence limsup, g || (p-v.1)(w(t))||p,—2 < +oo for
p > 2. This proves that (0,7] 3 ¢t —~ (p.v.2)(w(t)) € D;? is Bochner integrable.

On the other hand, it is clear that fOT | log |w(t)|||3dt < +o0.
Now, by Theorem 4.10, we have

< 27 |Vilog VP / o de,

T 1" 1
w(T)log |w(T)| = / log |w(t)|dw(t) + 5/ (p.v.—)(w(t))dt. (4.14)
0 0 z
The chaos expansion of log|w(1)] is given by
2
1 e T /2
log |w(1)| = E[log |w(1)|] + Z — lim Hn_l(x) dzH,, (w(1)).

n! elo lz|>e T \/ﬂ
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Put pu(dz) := (27) "2 exp(—2?/2)dz. Tt is clear that lim. o fm% LH (z)p(dz) =
Jz u(dz) = 1. For n > 2, by using Lemma A.1-(ii), we have
li —Hn d
il (z)p(dz)
. 1
= lim —{axH,_1(z) — (n — 1)Hp—2(x) }u(dz)
el0 \w\>8$
. 1
~ [ Hos@utdn) - -l [ S H @)
R el0 Jig|>e T
1
—(n—-1)1 —-H,_ dx).
(n—1)lim o T 2(2)p(dz)
Therefore if n = 2k 4 1, then
1
li —-H, d
B8 o @ (z)p(dz)
. 1
— (—2k)(—(2k — 2)(~(2k —4) - (-2)lm [ LE @)
el0 \z\>€‘r

= (=1)k(2k)!.
Similarly, if n is even, lim. o f o|>e x 1 H, (z)p(dz) = 0. Thus we get

27’L I
log |w(1)] = E[log |w(1)|] + Z ) ) H2n+2(w(1)),

from which, we find that

Hog [w(t)/ VI3« = [[log lw(1)]]3

((2n)!
= Ellog |w(1) —i—Zl-ﬁ- 27:)_2))

Noting (2n)!! = 2™n!, the Stirling formula tells us
o | log |w(t) s = [Hog [w(D)|]l2.s < +o0 iff 5 < 3.
o A similar computation shows that

1 1
H(pvz)(w(l))ﬂgs <+oo iff s< —3

Now, for s < 1/2, we have

T T
[ og w3 e < 4 [ GogvaPar+ Tl log u(V13,) < +oc.
0 0

so that [ log [w(t)|dw(t) € DS/?~ by Theorem 4.3(ii). Hence by (4.14),

/OT (p,vé) (w(t))dt € Dgl/z),'

Ezample 4.19. Let d > 2 and z,y € R% Suppose (H1), (H3) and (H4). Since
dy € H;(Rd) if s < —(p—1)d/p (Lemma A.G), we find from Corollary 1.6,
T (1_(17*1)&1)_

5,(X)dt €Dy 7
to

for tg > 0 and p > 2



738 T. Amaba and Y. Ryu

where X; = X (¢, z,w).

Assume that x # y, and then we shall further investigate the class to which
fOT §,(X;)dt belongs. Let f := (1 — L)~16, and let ¢ : R? — R be a C°°-function
such that (1) = ¢ suppd, (2) » = 1 on a neighbourhood of y, and (3) supp¢ is
compact. By Theorem 4.10, we have

T
(6F)(Xr) - _y / (0 04(6)) (X,)duwi (1) + / (L) (Xt

7,7=1
in which we note that
L(¢f) = (L) f + {0V, 0V fra + & f — 0,
and (L) f, (0V¢,0V fira € Z(RY). By Lemma A.7—(ii),
{ p € (1,00); N { lim o [[(@f)(Xe)llp,s =0
—4 < s <min{;2; —d,0} limyo [|0i(f) (Xe)||p.s = O,

and then we have limy o [|(0%50;(¢f))(X¢)llp,s = 0 since lim; o 05(X;) = o%(x) in
D and [[(050i(6f))(Xe)lp,s < const.[|o5(Xe)llq.—s 0:(6f) (Xe)lrs (this follows by

taking the dual of Watanabe, 1993, inequality (1.6)), where ¢, € (1,00) and s’ € R
are such that 1/p =1/q+1/r and s < s’ < min{;%; — d,0} (< min{ %43 —d,0}).

Now by Theorem 4.3, we obtain fOT (050i(0f))(Xy)dw (t) € D3 for p > 2, so that

—d)—

T D
/ 0y (Xy)dt € ]D)I()E for any d > 2 and p > 2
0

Remark 4.20. In Examples 4.16 and 4.19, the conclusions seem not the best poss1ble

given p > 2, because recalling that ft &, (X;)dt and ft 4 (X¢)dt belong to ]D)( R
(p=1)d

and ]D)(1 77 respectively for each tg > 0 (Note that X;’s in each case are

different though we are using the same symbol), it is natural to ask that fOT 0y (Xyp)dt

and fo (X;)dt also do. To get further results for p € (1,2), one would have to
1nvest1gate Theorem 4.3 for p € (1,2), which we could not.

Appendix A. Auxiliary Lemmas

A.1. Some knowledge of Hermite polynomials. The Hermite polynomials Hy,, n €
Zy is defined by Ho(z) =1 and H,(z) := 0*"1(z) for n € N and z € R, where

O f(z):=—f'(z) +zf(z), z€R
for any differentiable function f : R — R. The Hermite functions are now defined
by

bn(z) == H,(V2z)e 717, z € R and n € Zxo.
Some facts about {H,}52, and {¢,,}22, are summarized as follows.
Lemma A.1. (i) For each n € Zxy,
2
H,(z)=(-1)"ez —e 2 = ()762 (if)n€7%615md§,

dzn Ver )
(ii) H =nH,_1 and H,(x) = xH,_1(z) — (n — 1)H,_2(x).

(iii) \/%H tn>o0 is a complete orthonormal basis of La(R, (2m)~Y/2e""/2dy).
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(iv) {(v7n)"2¢,} >0 is a complete orthonormal system of Lo(R,dx).
(v) 1 +2% = A)pp =2(n+ 1)dy for n € Zsg, where A = (f—i

A.2. Some knowledge of Heaviside function. We begin with introducing some re-
sults by Bongioanni and Torrea (2006). Let H = 22 — A, A := % + z and
B = —% + x. From the point of view of Lemma A.1-(iii), (iv), A family of
linear operators (A + H)®*, s € R and A > 0 can also be defined by the relation
A+ H)*¢, = (2(n + 2EL))*6,, for n € Zs,.

Then for s < 0, the operator H*/2 has an integral representation (see Bongioanni
and Torrea, 2006, Proposition 2)

(H*2 f)(x /Ks/2 x,y)f(y)dy for f € 7 (R), (A1)

where the kernel K /;(7,z) has an estimate K,/s(z,y) < c®y/2(]z — y|) for some
constant ¢ > 0 and

|CL'|_(1+5 Ljaj<1y + e_m2/41{m>1} ifs>—1,
(1)5/2(I) = (1_10g|x|)1{|m|<1}+€ * /41{|m|>1} if s =—1,
Lijo|<1y +€7 /e L{jz|>1} if s < —1.

Lemma A.2. Ifs€ (—1,—%) and p € (1 ), H3/25,(z) € L,(R,dx).

71+

Proof: Since s > —1, we have
(H*/?6,)(x) = Ky)a(z,y)
(|l’—y| A+ oycry + e 1{Iw y|>1})-

Hence we can easily conclude the result. O

By using Bongioanni and Torrea (2006, Theorem 4, Lemma 4, Theorem 7) and
L,-multiplier theorem (see Thangavelu, 1993, Chapter 4, Section 4.2, Theorem
4.2.1) for operators [H'(H + 2)]*/?, s € R, we can deduce that for each s € R,
there exists a constant ¢; = ¢1(s) > 0 such that

IH D2 f| 1,00

(A.2)
< s (B2l 1, .o + I2H2 | 1, ey + 1 H |1, 00

for all f = f(z) € S(R), where ¢ := Af. By a standard argument, this inequality
extends and is still valid for f = f(z) € #/(R) such that (H*/2Af), (H*/%f),
(xH*?f) € Ly(R,dx).

Proposition A.3. Let y € R. For each s < 1/2 and p € (1,1/s), we have
(i) H*'?1(—eo,y) € Lp(R,dz),
(i) limy——oo [[H*/?1(Z ool 2, (®,dz) = O and

(iii) supyep [[H*?1(—o0)llL, (2,d2) < 0.



740 T. Amaba and Y. Ryu

Proof: Let f(x) := 1(_so,y)(x) and ¢(x) := Af(x) = 0y(2) + 21 (_ooy)(2). Then by
(A.2), we have

||Hs/21(foo,y)||Lp(]R,dm)
< 2¢q (”H(Sil)/zéy”LP(R,dm) + ||H(Sil)/2(xl(—oo,y))HLP(]R,dz)

+ ||xH(s—1)/21(7001y)HLP(Rydx) + ”H(S_l)ml(foo,y)||LP(IR,dm)>u

which is finite by virtue of Lemma A.2 and by a similar argument in Lemma A.2
with using the integral expression (A.1). Furthermore again by (A.1), we find also
that the last four terms converge to zero as y — —oo, and uniformly bounded in
y € R. ([l

A.3. Fractional inequalities. Let {F.}.c; C D> be a bounded and uniformly non-
degenerate family (see Definition 2.1). Here, the boundedness is used in the sense
of {F.}cer is bounded in D% for each p € (1,00) and k € Zxo.

Lemma A.4. For any s € R, p € (1,00) and p' > p, there exists ¢ =
c(s,0,0', {F:}eer) > 0 such that
IAE)lp,s < ell(z® = 2) /Al 2,a0)
for every e € I and A € ' (R) with (22 — A)*/2A € Ly (R, dx).
See also Remark A.5. The following proof is based on the technique in Watanabe

(1991).

Proof: We show in the case of —2 < s < 1. Other cases are similarly proved.
Define a linear operator T, () for —2 < o« < 1 and € € I by

Ta(e)¢ = (I = £)°2[(2” = £) 26| ()
for ¢ = ¢(z) € L (R). Since {F.}.es is uniformly non-degenerate, the density
function pp, (x) is uniformly bounded in (g,z) € I x R:

o := supsup pr. (z) < 0.
ecl zeR

Take p’ > p > 1 arbitrary. We divide the proof into five steps.
(a) In the first place, when av = —2, we shall show that T_s(¢) : Ly (R,dz) —
DY = L, and is a continuous linear operator with an estimate

||T_2(5)||Lp,(R1dm)ﬁLp <e¢p foranyeel
for some constant ¢; > 0. Let ¢ € .#(R) be arbitrary. Then
IT-2(e)¢llp = (I = L)~ [(2* = 2)g] (Fo)llp = (H ) (Fx)lp, -2
where H := 22 — A\, and for each J € D* and p” € (p,p’), we have
E[(H¢)(F:)J] = E[((z* — 2)¢)(F2)J] < | ¢(F) [l ()l

where 1/p” +1/¢” = 1 and I.(J) is of the form I.(J) = Zf:()(Pi(a,w),DiJ)H@
for some P;(e,w) € D®(H®?), i = 0,1,2, all of which are polynomials in Fy, its
derivatives up to the second order and || DF.||;*. Since {F.}.cs is uniformly non-
degenerate, there exists ¢ > 0 such that ||I.(J)|lq7 < ¢yl J]q,2. Hence we have

E[(He)(F2)J] < colld(F)llp 1 71lq.2 < cocoll bl w.aw [ ]lg.2
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for each J € D>, which implies [|[T-2(e)dll, < c1[9llr,, (®,daz), Where 1 == cocp.
Since .(R) is dense in L, (R, dz), we obtain the desired estimate.

(b) Next, we focus on the case of @« = 1. We shall show that this operator
actually defines a continuous linear mapping Ti () : Ly (R, dx) — D) = L, with an
estimate

ITv(e)l|z,, (®odz) L, < co forany e €1,
for some constant co > 0. Let ¢ = ¢(z) € /(R) be arbitrary. Then

1736z, = 17— £)2[(@* = 2) 26 (F)], = I(H26)(F)llpa-

By Meyer’s inequality, there exists a positive constant ¢4 > 0 such that ||J|,1 <
AT, + DI 1, m)) for every J € Dy. Hence we have

I 200 (F) < & (1CH20)(Fln, + | (H26) (F)DE 1, ) ).

We easily have ||(H~"/26)(F.)|1z, < coll(s? — A) 261 4w Take ¢’ € (1,00)
so that 1/p’ + 1/¢ = 1/p. Then there exists ¢f = 4 (p’,¢’) > 0 such that
||J1J2||LP(H) < CIQ/HJl”LP,HJQHLq,(H) for all (Jl,Jg) S Lp/ X qu(H) Hence we
have

I(HY/2¢)" (Fo) DFe || 1, u
< &ll(@® = 2)7 V2] (F )IIL/IIDF g

< c;'co(sg||DF5||LQ,<H>)||[<x - )*/%} Iz, ,de)-
I

By aresult by Bongioanni and Torrea (2006, Lemma 3 and Theorem 4), there exists
a constant ¢5’ = ¢4’ (p’) > 0 such that

I[(2% — &) 2g) Iz, ®ax) + [[(2® - A)_1/2¢||Lp,(R,dz)
d _ _
<l (a + 95) (1’2 - A) 1/2¢||Lp,(R,dm) + ||(5132 - A) 1/2¢HLP((R,dm)
+ [|z(2® - A)71/2¢||LPI(R,dm)

<y l|9lle, dr)

and hence we have obtained
1T1(e)¢lle, < c2lléllr, ®dr foraleel

as desired, where o := coch(1 + ¢ sup.¢; ||D}~7'5||Lq,(H))c’2".
(c) Foreach e € I, z € C and ¢ € ./(R), we define

T.(e)¢ = (I — L)*/?[(a® = A)*2)(F), ¢ €L (R)

(the operators (I — £)*/? and (2> — A)~*/? are defined by the same definition
formulae for the real-exponent case). For any ¢ € (R) and ¢ € D>, we shall
show z — E[(T,()¢)v] is analytic. For this, we note that

E[(T.(e)¢)¢] = E[(H*/?¢)(F)(I — £)*/*]

Z (1+m)PB[(H*/?¢)(F.)Jm 2] (A-3)
m=0
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Letting {én}nez, be as in Lemma A.1, we have H=*/2¢, = (2n + 1)7*/2¢,, for
n € Zso and {¢, := (Van!)"Y2¢, }nez., is a complete orthonormal system of
Ly(R,dz). Then we have ¢ =Y > (&, 5n>L2(R)dw)gf5n in Ly(R,dx). Therefore

oo

E[(H*/2¢)(F)Jm[¥]] = > (20 +1)7*/%(6, $n) L, (.a) Blon (F2) T [V]]

n=0

is an infinite sum of analytic functions in z. Furthermore, this series converges abso-
lutely and locally-uniformly in z. In fact, with recalling that ¢y =
SUp.c;SUP,egr PF. () < oo where pp, is the probability density function of Fr,
and by using the Cauchy-Schwartz inequality,

o0 ~ ~

D@0+ 1726, 6n) 1y (2. Blon (F2) Jn Y]]

n=0

< coll Tm[¥lllz, Y [@n+1)"Hg, HRCEP G0 p a0
n=0

> o\ 1/2 e
< coll Tl (Do @n+1)72) T IH TR DG .

n=0

is finite because ¢ € .7(R). Therefore, E[(H ~*/2¢)(F.).Jm[¢]] is indeed an analytic
function in z. Thus each term in the summation in (A.3) is analytic in z. We see
further that the each term has the estimate

[E[(H20)(F2) Jm[¥1]|
<NH 2 (F) ol T 1 2.
< ol H720 Ly ,ap) | T[] -

Therefore

D1+ m)PE[(H20)(Fe) Ju[]] | < col H 20 Ly.ay) |19]l2,re(:) -

m=0

Here, the two quantities || H~*/26|| 1,z ay) and |[¥]|2,re(») are continuously depend-
ing on z because ¢ € .(R) and ¢ € D*>°. Hence the infinite sum in (A.3) converges
absolutely and locally-uniformly in z, so that E[(T,(¢)¢)v] is analytic in z.

(d) For ¢ € L (R) and ¢ € D®, &(z) := E[(T:(g)¢)v] is analytic on C. By the
Marcinkiewicz Ly-multiplier theorem (see e.g. Thangavelu, 1993, Chapter 4, Sec-
tion 4.2, Theorem 4.2.1), one gets sup, cp || (z* — A)”HLP, (R,dz)— L/ (R—C;dz) < 100,
where L, (R — C;dx) is the space of all complex-valued measurable functions that
are p’-th order integrable. On the other hand, by Meyer’s L,-multiplier theorem
(see e.g. ITkeda and Watanabe, 1989, Chapter V, Section 8, Lemma 8.2) gives
sup,eg ||(I — ﬁ)iTHLP—»Dg(C) < 400. By using these, we can conclude the following:

(1) the complex function ® has the estimate

sup sup [P(a+iT)| <400
TER —2<a<1

for each ¢ and ¥ (see Hirschman’s Lemma in Stein, 1956).
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(2) for 7 € R, the operators T_o4;r(¢) and Ti4-(¢) uniquely extends to a
bounded linear operators Ly (R, dz) — DY(C) with estimates

sup [|[T-2+ir (€)|l 1, (R dx)—p0(C) < +00,
TER

sup | T14ir ()|, (R,ax)—pg(c) < +00
TER

(Note that one can take these upper bounds independent of e since the bounds
c1 and c¢p obtained in steps (a) and (b) are independent of €). Then by Stein’s
interpolation theorem?” (see Stein, 1956, Theorem 1), we can conclude that the

operators T, (¢) for —2 < Re(z) < 1 uniquely extends to a bounded linear operator
Ly (R,dz) — DY(C) and

Sup _sup 1Ta(E) 2, (R dz)—L, < +00.
(e) Now, for each ¢ € .7 (R), we have
IS(F) lp.s = 11 = £)*2[(2® = £)7*2(@® = £)*2¢](F2) |,
= |ITu(e)[(2* = )4z,
<N Ts(@)llL,, @dz)—L, 1@ = 2)2S] L, R .az)-

Again by denseness of . (R), this inequality extends to A € ./(R) such that
(2% — A)32A € Ly (R, dz). O

Remark A.5. In Lemma A.4 and Lemma 4.12, one can take p’ = p when F. =
e~ w(e?T), wheree € (0,T) =: I, T > 0 and w = (w',--- ,w?) is the canonical pro-
cess, i.e., the d-dimensional Wiener process starting at zero (assume d = 1 if consid-
ering Lemma A 1), because then DF. = e 'Dw(e?T) = e (1. c2)5 -+, L[o,e27))
and (DF!, DF?)y = 6;;T are non-random.

A.4. Regularity of something related to resolvent kernel associated with elliptic op-
erators. Suppose (H1), (H3) and (H4). We set, for f € . (R?) and = € R,

d

2
Li@) = 3 3 (00 @) 5ot (@) + b (@) oL (),

8:@» 6$j i—1 8:51

i,j=1
The fractional power (1 — A)*/? is defined as a pseudo-differential operator:
(1= 8720 = [ 1+ PaOCaE e SRY,

where (&) = (2m) /2 Jra #(y)e~"E¥)dy is the Fourier transform of ¢, and is also
given by

~ AV 2(p) = 1 > —$—1o—t(tD ) (2 d
(1= 8)00) = gz [ F RO @, b€ SR

2Strictly speaking, this theorem was stated in the case where ¢ and v are simple functions
in Stein (1956, Theorem 1). This is because just that his argument is based on general o-finite
measure spaces where we can not speak about ‘smoothness’. The same arguments apply to our
case.
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t5 is the heat semigroup associated to A. Actually,

for —d < s < 0, where e
y|2 .
formulae ¢(y fRd )et&v d¢ and [y, e*%ez@*mdy = (4mt)¥/2e~ 16t give the
above equwalence
Before entering the following series of estimates, we recall that

/ |z]7%de < 400 if s<d,
|z|<1

where the integral is over R? and |z| = |z|ga.

Lemma A.6. For every p € (1,00) and s € (—d,—(p — 1)d/p), we have (1 —
N)*/25, € L,(R?, dz) for each y € RY.

Proof: The transition density associated to the semigroup generated by A is given
by pi(x,y) = (4nt) =2 exp(—|y — x|?/(4t)). Hence we have

1 T sl
— [ ¢ dt
F(_S/2>/O > (. y)

e o = g2
=" [y B Ly
r—s2) ), = ¢ eXp{ 4t }

4 —d/2 0 R 2
= —(+j) |z — y| 7+ / u T e exp{ _lemof }du,
4772 T (—5/2) 0 4u

which behaves, up to a multiplicative constant, as |z — y|~(¢+*) when |z —y| — 0
and rapidly decreasing as |z — y| — oo. In fact, by using the identity

(1= 2)*%6,(x) =

2 2
e_uexp{— |$_y| } :exp{_w}e_‘w_y‘,
4du 4du
and putting a := |z — y|, the last integral can be written as

[eS) 2
/ u Tl exp{ - a—}du =e (I + 1)
0 4u

(e 2u)?
——d
/0 u 2 exp ™ } u,
s — 2u)?
/ u T Lexp { 7@ 4uu) }du.

Since d+s > 0, we have I < [ u T ldy = Fa “* . On the other hand, by using

Sv, one has I = (a/2) 2 ER ;Oo vl exp(—%a}dv.

For a > 1 and v > 2, we have exp(—%a} = exp(—5(v — 2))exp(—55) <

exp(—§(v—2)) < exp(——(v 2)) = e-exp(—v/2). Thus we obtain IT < coe(a/2)%

2+OO viE
that fo uF e exp(—%)du decreases rapidly when a — +00, as claimed.

Therefore, (1 — A)*/25, € L,(R?, dx) if (d+ s)p < d, i.e., s < —(p—1)d/p. O

Let # € RY. Under the conditions (H1), (H3) and (H4), we denote by X; =
X (t,xz,w) a unique strong solution to the stochastic differential equation (4.10). In
the sequel, we fix y € R? such that y # = and define

fy(z) =1 —=L)"'6,(2), zeR%

where

the change of variable u =

ifa > 1, where ¢y := exp(—v/2)dv < +00. The arguments above shows
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Let ¢ : R? — R be a C>®-function such that (1) = ¢ suppo, (2) ¢ = 1 on a
neighbourhood of y, and (3) supp¢ is compact.

Lemma A.7. Assume (H1), (H3) and (H4). Let p € (1,00) be arbitrary.

(i) For each s < min{l — = 1)d ,0} and t > 0, we have (Vf,)(X;) € D3(RY)
and (0,T] 3t — (ny)(Xt) € D5 (RY) is continuous.
(ii) Assume d > 2. Then for each —% < s < min{_t; — d,0}, we have

2
lim; 0 H(V(¢fu))(Xt)| p,s = 0 and lim; o H((bfy)(Xt)”p,s =0.

Proof: Let p € (1,00) and ¢y > 0 be arbitrary. In the following, we write f := f,.
(i) Take p’ > p such that s < min{l — ®=1 0}, Since {X,}i<icr is uni-
formly non-degenerate, the assertion follows by Lemma 4.12 once we show (1 —
N)2(0f )0z) € Ly (R, dz).
Denote by p:(z, 2') the transition density associated to L. By a standard estimate
(see e.g., Friedman, 1964, Chapter 9, Section 6, Theorem 7), there exist ¢,C > 0
such that

|z = 2|2

pi(z,2) < C(2met) =42 exp{ ~ 2w },

2
%(z,z'ﬂ < Ct™ Y2 (2met)~ /2 exp{ - u}

0z, 2ct
for every k = 1,2,---,d and z,2/ € RY. We may assume ¢ > 2 by rearranging
C > 0. Then we have

8f 1 > 7t 8pt
5Zk( )}gm/o | 2k (2,9)]dt

> |z —y|? (A-4)
< —1/2 —t —d/2 12
\C/O t=/%e7"(2mct) exp{ sy }dt7
so that
of
_A)s/2 2
ENESHL
1 * sy —t/ Of  Niq
<—— | 51 S dz'dt
F(—S/Q)/ Rd /AT td ‘82% >|
Jz—yl%
—5—1y,—1/2—(tru) & P 2t dudt
5/2 (1/2) / / (2me(t + u))/? “

|z—yl?
1-s 1 _ e " 2cv
= vz e '————=dv,
r(l;s ) / (2mcv) 2

for some constant C’ > 0. Hence (1 — A)*/2(9).f)(2) € Ly (R4, dz).

(i) Suppose that s < min{;27—d, 0}. Take § > 0so that {z € R : [z—z| < §} C
(suppg)®. Note that Ok (dfy) = (Okd) fy+E (O fy), (Oxd)(@)fy(x) = 0 and (Opd)fy €
Z(R%). Therefore by bounded convergence theorem, limyq ||[(Ok®) fy](Xe)lp.s <

limy o [|[(Ok@) fy](X)|l, = 0. So in the following, we investigate the behaviour of
(0(Ok fy))(Xy) and (@ fy,)(Xy). For this, we divide the proof into four steps.
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(a) Since s < 0, we notice that

1
I'(=3)
1

STy

(I —L£)*/*F| = | / w2 e T, Fdul
0

/ w5 Le VT, | Pldu = (I — £)*/2|F|
0

for any F' € Lo, where T,, = exp(uLl), u > 0 is the Ornstein-Uhlenbeck semigroup
on the Wiener space. Then, taking p’,q,r7 > 1 so that % + % + % < 1 and with

putting F := (¢ f)(Xs) = (¢0k f)(X1)1{1x, —2|>s5}, We have
160N (XOIE, = I~ £)2F
<B[|(1 -0 F" (1 - 0y

S S -1
= E[|(00N(X){ (I = 021 = £ F[ " }1y1x, — > ]
< coll (@)X I |I(1 = L) 2FP| | P(1Xe — ] > 0",
where ¢ = co(p’,q,7) > 0 is a constant independent of t. We easily have
(@0 ) (Xe)llp < |looll(Orf)(Xe)lp and
17 = £)/2F Pt |
< |{I =Ly 2FyP Y,
= |1 = L) 2P| = 1T = £)*2 (0 ) (Xe) |5

q(p—1

where p” := ¢(p — 1). Thus we have obtained
10k ) (XI5 ¢
< coldloo [l (Buf) (Xo) I | (1 = £)*2 (900 f) (Xo) 15 (A.5)
x P(|X; — 2| > 8)"".
Similarly, we have
(@) (XI5, s
< ol fXD (T = £ (@)X (A.6)
x P(|X; — 2| > 6)"/"

for some constant ¢f, > 0, independent of .

(b) We will write & := /¢ in the sequel. We shall give estimates for each factors
in (A.5) and (A.6G), though the proof is presented in the next step. Note that for
the last factors in (A.5) and (A.6), there exists ¢z, c5, K > 0 such that

52 9
P(|Xt—17|>5) é%exp(—cg?) fort=c¢ G(O,K] (A?)
Let p € (1,00) anew be arbitrary. To see (A.5), we shall prove
d
1 d p— i _—
lim | (0 1) (Xo)llp =0 it p < 7=, (A.8)

. d—sp _\s/2 P — i _—
lim ePI(I = £)*F (90 H(XIF =0 i p < ey
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On the other hand, for (A.G), we shall prove

d
. d .
161&)15 [f(X)[p =0 ifp< -1 (A.10)

giggd—spu(l — L) (¢f)(X)|IE =0
d 2d - d
—-1'd-2% d+s—-1

where d2d2 is understood as +o0 if d = 2 and the last equality follows from s > —%.

(c) Take p’ > p arbitrary. First we shall prove (A.8). By using Proposition 3.7
and Lemma 4.12 (Recall that ¢ = v/# and X; = x4+ ¢F., where F. = (X°(1,z,w) —
x)/e is uniformly non-degenerate), we have

1@k XL = @)@+ eF)|5 < 61H(8kf)(a:+sz)|\L (R,d2)

o ()2
< cll/ {/ U_l/ze_u(2ﬂ'cu)_d/2exp{ — w}du} dZ
R 0 2cu
I e—d (1—d) e, o) P’
=G€ {'Z_ (y_fﬂ)l (O e e 2cv dv} dz.
R4 0

for some constants ¢1, ¢} > 0 independent of & (In the last equality, we have applied
2

the change of variables v = W ). The last factor can be further computed

as follows:

R |2|2 /
/ {|z|(1*d)/ v%*le*”e_%dv}p dz
R4 0
</ {|z|(17d)/ v%*le*”dv}p/dz
|z|<1 0

4 / {J210- /“v%—le el VeIl e,
2>1 0

(A.11)

ifp<min{d+

_ (z=v2cv)* \/iv)
(For getting the second term, note that e~ve~l2?/(2ev) = 2cv —V @/l
The first term equals to (f\zKl 2P =D dz) ([° U%_le_”dv)p/. The assumption
d > 2 assures [;° v 7 ~le~vdv < +00 and hence the first term is finite if p’ < 4
For the second term, we have

o Nor) !
[ {0 [Tt ot S VR az < i+ ),
|z|>1 0

where ¢ > 0 is a constant depending only on p’, and I, IT are defined by

I ::/ {|Z|(l—d)e—\/(2/c)\2\/z v%_ldv}p dz,
221 0

I ::/ {|Z|(17d)efv(2/c)‘z‘ /Oov%*le (el 2\c/j_w)2 dv}p dz
|z|>1 ||

The term I is estimated as I = (3%5)P fl|>1{| 2T e VRN gy <
fl > P'V(2/912lq; < +00. On the other hand, by applying the change of
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variable v = |z|u and noting that |z| > 1
— z 7\/76'114 2
I :/ {jo 45 VT |/ w7 e TR ) s
|z[>1
- Ccu 2 /
</ ew\/(z/c)\z\{/ w1 S du}p dz.
l2|>1 1

Since exp(— 1=y’ V2cu)* ) = e~ maeV /¢ exp(—u) < eV2/Cexp(—u), we get

2cu

1T < ep’\/m(/

211

’

efplvz/c‘z‘dz) (/ u?flefudu)p < 400
1

(the arguments so far will be used repeatedly below). Putting all together, we have
obtained that for p’ € (p, 7%), limsup, EdH(ka)(Xt)Hg < 400, which implies
(A-8).

For (A.9), with assuming e € (0, 1], we have

(1= A)2[($0k f) (@ + e0))(2)]

> o (A.12)
1 _s_ —u 4u
:‘F(—g)/o wEle [ (90 2

By using (A.4), change of variables €2’ = z” and the semigroup property of e!*/?
(recall that ¢ > 2), we have

o ‘2721‘2

/Rd ﬁmba’“ﬁ (x+ 52/)|dz/

_ =212 (et —yl?

+oo 4u e 2cv
< C —1/2 -vq / € dz’
/0 vooe ra (4mu)¥/2 (2mcv)d/? :

_lez—ez'2 0 [(@ez)—yl?

+oo 42 e 2cv
=C d —-1/2 | / € dz’
© /0 v ra (4me2u)d/2 (2mcv)d/? ?

"2 e+ —yl?

+oo 4e2u e 2cv
=C -1/2 —vq / e 4"
/0 v ¢ ra (4me2u)/2 (2mcv)d/2 :

lez—(y—a)|?

T 2(2e2utcv)
=C —1/2 —v € d
/ (27 (2e2u + cv))4/2 Y

_lez—w-o)|?
2(ce2u+tcv)

lez—z

+oo
<C@! d/2/ —1/2 —v__© d
27) 0 v (27 (ce?u + cv))d/? v

where in the last inequality, we have used that

. (ce? + cv)¥/? (ce? + cv)¥/?
up

-_ g S A — 271 d/2'
w0 (262 4 cv)d/2 fgo (262 + 20)4/2 (2770)
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Substituting this estimate into (A.12), we get
(1= 2)2[(601 f)( + 2@)](2)]

_lez=(y=o)?

—uy—1/24—v e 2¢(cPutv) dud
02/ / ¢ (2me(e2u + v))d/2 uav

_lez—w-o)?

- e B e o G B N W
= C28 / / 2me(u+ v) 72

lez—(y—a)|?

0 0 T 2c(uto)
< s —5-1,-1/2 —(u+v) € dud
C2€ /0 / U v e —(27rc(u—|—v))d/2 udv

_lez—w-o)?
e 2cu

oo
/s —

= CH&E Uu 2 e 7(1'[1,
2 /0 (2meu)?/2

for some constants cg, ¢4 > 0 independent of e, and so that, by using Lemma 4.12,
(T = £)*72 (@0 S) (X0 IE
(1= 2260w + e gt gy

_lez—(y—2)|2 ,

o —s cu p
< 1" sp {/ 12 —1_-u® 2 d } d
Co /]Rd ; U e 7(271’0’11/)’1/2 U z
_ C/QNESZD/*d/ {|Z _ (y _ $)|7(d7(175))
Rd

[e%} 2 ’
a-(=s) 1 _, _lz=@=2)]" P
x/ w2 lemve 2cu du} dz.
0
11

for some constants ¢4, ¢y’ > 0. Here, note that d — (1 — s) > 0 because d > 2 and

s > —<. Hence fo = le—udy < 400 and by repeating the above argument,
we see that ifp<yp < d+s 7, limsup, o g~ (P’ =d) || (] — E)S/Q(QSakf)(Xt)Hg < +o0,
so that

timsup (=1 = £ /200 (xE) "
el0

= timsup 5= (=P — £) (00 (X)) = 0
el0

This is nothing but (A.9).
Next we prove (A.10). By virtue of Lemma 4.12, it suffices to show

If @+ e2)II} | ga gy
> =@-y)l> P
S Cgaid{/ {|Z — (- y)|17d/ uE*le*“e_Tuydu} dz
R4 0

>~ 2= (a—y)[2
* / {|Z — (- y>|7(d71)/2/ ufl/zefue_Tuydu}p dz}
R4 0

(A.13)

for some constant c¢s > 0, independent of e.  Actually, then we have
lim sup, |, EdHf(Xt)Hgl < +o0if p < p’ < 7%, from which we can conclude (A.10).
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To prove (A.13), we begin with the inequality

C(2me)~4/? /°° /2~ el
0

flx+ez) < () 2cu du.

We divide the integral as

(o] 2
_ oy _ly=(Etex)|?
/ u=2%e e 2cu du
0

ly—(zte2)| ly—(z+e)[? o0 ly—(o+ez)[?
:/ w2 2cu du—i—/ w2 te™ 2cu du.
0 |

y—(z+e2)|

The first term in the last equation is estimated as

|[y—(z+ez)| lez—(z—y)|?
/ w2 meT T 2w du
0

- 2= )l
= (20)% ez — (x —y) ud—2emne Ty
ly=(etez)
- e Gy)I?
< (20)%fez — (x —y)['° uile e zar du

> je2=(z—9)I?
< (20)%]ez — (2 — y)|1_d/ uile e zer du.
0

On the other hand, the second term is
e _ly—(z+e2)|?
/ w2 ve 2cu du
ly—(z+ez)|
_ly=(z+e2)|?

<lez—(z— y)|*(d*1)/2/ w1 2eve 2cu du.
0

Now a change of variable leads us to (A.13) and thus (A.10) is proved.
For (A.11), it is sufficient to prove

0= 2)2(0N@ + 2N e
< C4sspl7d[/ {|z —(x— y)|17(s+d)/ W lemuem du}p dz (A.14)
R 0 '

— o0 s z—(z—y)|2 P’
—|—/ {|z - (x—y)|¥/ u~ e e~ du} dz}
R4 0

where ¢4 > 0 is a constant independent of €. Note that d+s > 0 and —s > 0, so that
it is assured that [~ uF ~le~tdu < 400 and JoS um%e "du < 400, respectively.
Note also that 1—(s+d) < 0. These imply lim sup, o gd=sp'||(1—L)3/? ((bf)(Xt)Hg <
+ooif p<p’ < min{#‘;_l, 243}, and so (A.11).

To prove (A.14), we apply a similar argument, with assuming ¢ € (0, 1], which
leads to

(1= A)*2[(6f)(x + o)) (2)]

oS} 2
2-Ctd) g, Jezm(@oy)|”
gconst.ss/ u 2 lemue 2ca du.
0
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We divide the integral as

o0 2
2—(s+d) 4 _ . _ lez=(z—y)|
/ U 2 1e ue 2cu du
0
|ez=(e=y)| sty g _, _lez=(@oy)|?
= u 2 e “e 2cu du
0

o 2

2—(s+d) _, _ . _ lez—(z—y)|

—I—/ u~ 2 lemue 2cu du.
lez—(z—y)]

We estimate the first term as follows.

e B Y L )
u 2 e e 2cu du
0

o0

z—(z—y)|?
= (20 ez — (a - y) P+ / g g

ez—(@—y)|
2¢

{_d+s=3 1 (s+d) > dts 1 _, _lez—(@—w)I?
< (20) = ez — (x —y)| uz e te 2ca du

lez=(z—y)|
2c

oo ()2
< (20)1‘d+373|62—(I—y)ll_(s+d)/ W temue = g,
0

The second term is estimated as

o0 2
2=(std) _{ _, _lez=(@=y)|"
/ u 2 Le—ue 2cu du
\

ez—(z—y)|
a [ |ez—(z—y)[2
<Cler-@-p)l® [t T
0

Combining these, and a change of variable, we reach the estimate (A.14), and hence
(A.11) is proved.

(d) In view of (A.8), (A.9), (A.10) and (A.11), what we have to do now is to find
p’,q,7 > 1 such that

In fact, since s < ﬁ—d, we can take e € (0, 3) such that s < ﬁ—l_dgd < ﬁ—d.
Then take p’,q > 1 so that
d—1< 1 <d—1+ q 1 1 (< 1)
— < =-<——+4¢ and ~==-¢ ).
d p d q d d

These conditions imply 1/p’ 4+ 1/¢q < % + é = 1 and hence one can take r > 0
such that 1/p’ +1/q+ 1/r < 1. Finally, we have if p” —1 > 0, then 1 — (p”p%)d =

" _1Yd " _1)d "_q d .
L= > 1= = 1= B5 = B g = 5By - oy > s, which
implies p” < ﬁ. If p” —1 <0, then 1 — (’)p%)d > 0 > s, which also implies
d
' < i

Therefore, by taking p’,q,7 > 1 as above, we conclude from (A.5), (A.6) and

(A7) —(A.11) that ||(¢0k f)(X¢)|p.s and ||(¢f)(X¢)||.s converge to zero as t = 2 | 0.
g
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