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Abstract. We prove a conditional decoupling inequality for the model of random
interlacements in dimension d > 3: the conditional law of random interlacements
on a box (or a ball) A; given the (not very “bad”) configuration on a “distant” set
As does not differ a lot from the unconditional law. The main method we use is a
suitable modification of the soft local time method of Popov and Teixeira (2015),
that allows dealing with conditional probabilities.

1. Introduction and results

Random interlacements were introduced by Sznitman (2010), to model the trace
of the simple random walk on the discrete torus Z< := Z?/nZ? or the discrete
cylinder Z x Zd_l, in dimension d > 3. Detailed treatments and reviews of recent
results can be found in the recent books Cerny and Teixeira (2012); Drewitz et al.
(2014); Sznitman (2012c¢). Loosely speaking, the model of random interlacements
in Z%, d > 3, is a stationary Poissonian soup of bi-infinite simple random walk
trajectories on the integer lattice. There is a parameter u > 0 entering the intensity
measure of the Poisson process, the larger u is the more trajectories are thrown in.
The sites of Z¢ that are not touched by the trajectories constitute the vacant set V¥,
and the union of all trajectories constitutes the interlacement set 7% = Z¢ \ V.
The random interlacements are constructed simultaneously for all v > 0 in such a
way that 7“1 C 7% if u; < ug. In fact, the law of the vacant set at level u can be
uniquely characterized by the following identity:

P[A C V"] = exp ( — ucap(4)), (1.1)
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where cap(A) is the capacity of a finite set A C Z?. Informally, the capacity
measures how “big” is the set from the point of view of the walk, see Section 6.5
of Lawler and Limic (2010) for formal definitions, or Section 2 below.

The model of random interlacements naturally has more independence built
in than just one random walk on the torus or the cylinder (because on a fixed
set one observes traces of independent trajectories). Still, the analysis of random
interlacements is difficult because of the long-range dependencies present there. For
example, in (1.68) from Sznitman (2010) we can see that

Cqu

Cov(lgezu, Lyezu) ~ as ||z —yl|| = oo, (1.2)

[l — yl|4—2
which means that the “degree of dependence” decreases polynomially in the dis-
tance.

Naturally, one is interested in “decoupling” the events supported on distant
regions; that is, to argue that they are approximately independent to a certain
degree. One possible approach to quantify that degree is the following: given finite
sets Aj, Ay C Z% and functions f; : {0,1}* — [0,1] and fo : {0,1}42 — [0,1]
depending on the interlacements set intersected with A; and As respectively, we
have
cap(A; ) cap(A)
diSt(Al, A2)d72 ’
as proved in formula (2.15) of Sznitman (2010), see also (8.1.1) in Drewitz et al.
(2014). However, the polynomial error term in (1.3) can complicate one’s life in
many applications (and, e.g. in the case when the diameters of these sets are of the
same order as the distance between them, (1.3) is simply of no use); on the other
hand, while (1.3) can be improved to some degree (de Bernardini et al., 2018+), the
error term there should always be at least polynomial, as (1.2) shows. To circumvent
this difficulty, one first may note that usually the “interesting” events/functions are
monotone (i.e., increasing or decreasing). For e.g. increasing events, we know that
their probabilities increase as the parameter u increases. Note also that the FKG
inequality (see Teixeira, 2009, Theorem 3.1) gives us

E*[g192] > E“[g1]E"[g2], (1.4)

for any increasing functions gi,ge with finite second moments. To complement
the FKG inequality, we use sprinkling, i.e., we slightly change the intensity of
random interlacements in order to decrease the error term; this approach was used
in Sznitman (2010) and Sznitman (2012a). Then, in particular, in Popov and
Teixeira (2015) it was proved that

E*[f1fo] < EUH[AIECT fo] + calr + 5)  exp(—cheus®™?);  (1.5)

with f : {0,1}* — [0,1] and fo : {0,1}42 — [0,1] both increasing functions in
the interlacements set, r = min(diam(A4;),diam(A4s)), and s = dist(A41, A2). The
same bound was also obtained for decreasing functions.

It is important to observe, however, that the decoupling in the above form may
not always be useful for one’s needs. Intuitively, one is tempted to understand
inequalities like (1.3) as “what happens in one set does not influence a lot what
happens in the other set”. Now, consider the following situation. Suppose that
on top of the random interlacements we have some additional stochastic process
(e.g., a random walk) that “explores” the interlacement set in some way. Assume

Covy(f1, f2) < cqu (1.3)
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that this process has already explored the interlacements in a given area, reveal-
ing a lot of information about it; think, for definiteness, that it simply revealed
the interlacement set exactly. The probability of a particular configuration of the
interlacement set is usually very small; so, (1.3) (even (1.5)!) will blow up when
one divides by that probability, because of the error term. In fact, in the end of
Section 2 we discuss a particular model of the random walk on the interlacement
set, where our main results turn out to be useful.

This justifies the need for conditional decoupling, i.e., show that, given the con-
figuration on some set, the law of the interlacement configuration on a distant set
is still in some sense close to the unconditional law. This is what we are doing in
this paper. To prove our results, the main method we use is a suitable modification
(that allows dealing with conditional probabilities) of the soft local time method
of Popov and Teixeira (2015). We hope that this modification will be useful in
other contexts, for instance, for dealing with the decoupling properties of the loop
measures Chang and Sapozhnikov (2016).

Another important observation is the following. There are strong connections
between random interlacements and the Gaussian free field, see e.g. Sznitman
(2012b,c). In particular, there are decoupling inequalities similar to (1.3) and (1.5)
for the Gaussian free field as well, see Popov and Rath (2015). Notice, however,
that the decoupling-with-sprinkling result for the Gaussian free field (Theorem 1.2
of Popov and Rath, 2015) is already conditional (the unconditional decoupling is
obtained as a simple consequence, just by integration). On the other hand, note
that the error terms in the conditional decoupling in the main result of this paper
(Theorem 1.1) are much worse than that of (1.5); related to this is the fact that in
the conditional setting the minimal distance between sets that permits the result
to work is much bigger. A comparison with the situation for the Gaussian free
field suggests that, hopefully, there is still much room for improvement for the
conditional decoupling for random interlacements.

Let us briefly introduce a bit of notation in order to state our main result.
Let » > 0 be sufficiently big, and let s := s(r) > 0, with s = o(r). We define
A7 := A7(r) to be the discrete Euclidean ball of radius r and center at the origin,
that is

A9 = {x € Z%; dist(z,0) < r},
where dist(-,-) denotes de Euclidean distance. We also define A7 := AP(r) as a
d-dimensional hypercube with side-length 2r 4+ 1 and center at the origin, that is

A7 = {z € 2% ||z[|l <7},

where || - ||oo denotes the £, norm. We then define the sets

AD = A9(r,s) := {x € 2% dist(x,0) > r + 25},

AS = AS(r,s) == {z € Z% ||||oo > r + 25}.
When there is no risk of confusion, or when the arguments presented work for
both balls and smoothed hypercubes (which will be often so), we will omit the
super-indexes o, o.

We will now state our main result. Heuristically, it says the following: Let s

be bounded from below by a power of r with an explicit given coefficient (strictly

smaller than 1, depending only on the dimension d and whether A; is a ball or a
hypercube). Let Az be a subset of Ay with finite boundary, that is, As is either
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FIGURE 1.1. Our main result says that if the interlacements con-
figuration in a set A3 C A, is not too weird, that is, it does not
belong to a set with stretched exponentially small probability (in s,
as s — 00), then with high probability (1 minus stretched expo-
nential in s) the distribution of the interlacements set intersected
with A; conditioned on the state of Z* N A3 can be well approxi-
mated by the unconditional distribution.

finite or has finite complement. If we pay a stretched exponentially small price
(in s) to guarantee that the interlacements configuration of Z% N As is not too
weird, then the distribution of Z% N A; conditioned on this configuration is well
approximated by the unconditional distribution, with high probability (1 minus a
stretched exponential function of s).

Theorem 1.1. Let the real numbers by, bg be such that

2d — 2
1<bs < 7 (1.6)

4d — 4

1<b —_— 1.
<bo < 37— (1.7)
Then, define

ao =2d — 2 —dbs > 0, (1.8)
a = 4d — 4 — 3dby + 2by, > 0. (1.9)

From now on we will again omit the indexes o,o. Recall that r is of the same order
as the diameter of Ay, and that s has the same order as the distance between Ay
and As. Assume s = s(r) =< ré, let r be sufficiently big. Let € > 0 be smaller
than 1/4. Let A3 be a subset of Az such that [0As| < co. Define I} :=1"NA;,
forj=1,2,3.

Then there are positive constants c,c’ depending only on the dimension d, and a
measurable (according to a suitably constructed o-field) set G € {0,1}43 such that

/
P [If;s IS g} >1—exp ( - %azusa),
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and for any increasing function f on the interlacements set intersected with Aq,
with || fllee < 1, we have

(Ef(IZ(llfs)) —cexp ( — 0/52U5a))]11;;36g <E(f(Z4,) | IXS)]lzxseg

< (Ef(IZ(IHE)) +cexp (— c’£2us“)) L7y eg-
(1.10)

We also obtain a result analogous to Theorem 1.1, but this time we allow the
sprinkling factor to be arbitrarily big. This decreases the “precision” (in the result
below, Ef (I}ﬂ'“/) can be very different from Ef(Z} )), but, in compensation, the
size of the complement of the “good” set as well as the “error term” become smaller.

Theorem 1.2. Let u' > u > 0. We use the same definitions as in Theorem 1.1.
There are positive constants c,c’ depending only on the dimension d, and a mea-
surable (according to the random interlacements o-field) set G, € {0,1}42 such
that

P [I:fls IS gu,] >1—exp ( — c’u’s‘I),
and for any increasing function f on the interlacements set intersected with A,
with || flleo < 1, we have

E(f(Z4,) | T4,) 1y o, < (BFTET) +coxp (= cu's®))Lzy g, (111)

Remark 1.3. We have to explain why we need to consider A3 C As. Indeed, at first
sight it seems that conditioning on a configuration on Az does not add generality to
our results, since any fixed configuration on A3 corresponds to a set of configurations
on A,. However, the problem with always setting A3 = As is the following: the
“exceptional set” G¢ will then be supported on the whole Ay, and this can be
inconvenient for applications. For example, assume that we successively apply
the conditional decoupling results to a process (such as the one of Section 1.1) that
“explores” the interlacement environment. If that process has explored only a finite
chunk of As, we would not be able to say if the configuration is “good” (i.e., belongs
to G) by only observing that finite chunk. This would force us to condition on the
(configuration on the) whole Ay, which would mean that a subsequent application
of a conditional decoupling may be difficult, since we already “revealed” some
information about the configuration on a set which is “too big” (i.e., when we
apply the decoupling result for the next time, the “new” A; may be inside the
“previous” As)

Remark 1.4. In the course of the proof of the above theorems we actually prove a
stronger result: the same conditional decoupling inequality holds true if we replace
the sets T4 C Ay and 7% C Aj by sets of random walk excursions in A; and
As (we also have to replace the function f by an increasing function on the set
of excursions). That is, the conditional decoupling continues to work when we
replace the ranges of the excursions (which constitute the random interlacements
set) by the actual excursions themselves. We chose to state the results in the above
manner for the sake of clarity and brevity. Note that this remark also applies to
the decoupling obtained by Popov and Teixeira (2015).

Remark 1.5. The above theorems can be proved in the same way if we replace the
hypercube A} by a box [0,a;] - - - X [0, aq], with ¢ 1r < a; < erforalli=1,...,d,
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and some constant ¢ > 1, and then replace the set A5 accordingly. We chose to
prove the theorems for A7 only to simplify the notation. We also note that we
prove the theorem for both balls and boxes because the error term obtained in the
decoupling for balls is much smaller than the error obtained in the decoupling for
boxes, but at the same time the decoupling between boxes tends to be more useful
because boxes cover the space in a much more efficient manner.

Remark 1.6. For d = 3, the only way to obtain an exponentially small (instead of a
stretched exponentially small) error term in equations (1.10) and (1.11) is to allow
the distance ~ s between the sets A; and As to be of the same order of the minimal
diameter ~ 7.

Here is an overview of the paper. In Subsection 1.1, we discuss an application of
some of our results. Section 2 is devoted to establish the notation and state further
definitions. In Section 3 we show how we simulate the interlacements set 77,
conditioned on the information given by 7% using a suitable version of the soft
local times method. Finally, in Section 4, we prove the main theorem using a large
deviations estimate for the soft local times associated with 7% . The Appendix is
then used to collect and derive the technical estimates we need.

Now, let us comment on how this paper relates to Popov and Teixeira (2015).
As observed above, the present results neither imply nor follow from those of Popov
and Teixeira (2015). The very main idea of the proof remains the same: construct
the processes on the same probability space using the soft local times method,
and then prove that one soft local time lies completely above the other with high
probability. However, carrying this program out for the conditional decoupling is
a much more nontrivial task, for the following reasons:

e There are some fundamental differences in the construction of the condi-
tioned process itself. The unconditional excursion process was a Markov
chain, with a lot of regenerations. On the other hand, here, given a spe-
cific configuration of the clothesline process defined in (3.7), the excursions
of the conditioned process are independent, but not identically distributed
(using a RWRE analogy, one may think of the conditioned excursion pro-
cess as a process in a quenched random environment, where the realization
of the random environment is a instance of the aforementioned clothesline
process, whose law depends on the interlacements configuration on As).

e To control the soft local times, in Popov and Teixeira (2015) one basically
only needed to control the entrance measures (given the starting point, the
excursion was “free”, i.e., just a simple random walk). Here, however, the
excursion space has a more complicated base measure u (cf. the definitions
in Section 3): we have to take both the entrance and exit point into account,
and the excursions’ law is conditional. There is an additional problem
that the estimates on the soft local time increment depend on the relative
position of the two points, as well as on the domain’s shape itself.

e Due to the above, the task of controlling the first two moments and the
tails of soft local times becomes more complicated as well (as the reader
may have inferred from the size of this paper). Also, it is probable that
the final results are not sharp: we were not able to obtain the s?~2-factor
in the exponents (as in Popov and Teixeira, 2015), the distance between
the sets needs to be polynomial with respect to the diameter, and also the
results for balls and boxes are different (as contrasted to those of Popov and
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Teixeira, 2015, where it was possible to obtain the result for fairly general
sets).

1.1. An application: biased random walk on the interlacement set. Let G be some
(possibly random) subset of Z%, d > 2. Fix a parameter 3 > 0, which accounts for
the bias; also, fix some non-zero vector £ € Z%. Let us define the conductances on
the edges of Z¢ in the following way:

eBEty)tif ¢y are neighbors and belong to G,
Clz,y) =

0, otherwise,

and we call the collection of all conductances w = {C(x,y),x,y S Zd} the ran-
dom environment. Consider a random walk (X,,n > 0) in this environment of
conductances; i.e., its transition probabilities are given by

C(x,
PolXsr =y | Xp = 1] = oW

2. Clx, 2)
(the superscript in P¥ indicates that we are dealing with the “quenched” probabil-
ities, i.e., when the underlying random graph / conductancies are already fixed).

There have been significant interest towards this model in recent years, mainly in
the case when G is the infinite cluster of supercritical Bernoulli percolation model,
see e.g. Berger et al. (2003); Sznitman (2003); Fribergh (2013). In particular, one
remarkable fact is the following: the walk is ballistic (transient and with positive
speed) in the direction of the drift if 5 > 0 is small enough; however, it moves only
sublinearly fast (its displacement is only of order ¢* by time ¢ with a € (0,1), as
proved in Fribergh and Hammond, 2014) for large values of §.

In the work Fribergh and Popov (2018) the case G = Z" was considered. It
turned out that in dimension d = 3, for any value of 5 > 0, although still transient
in the direction of the drift, the walk is not only sub-ballistic, but has also sub-
polynomial speed, in the sense that its distance to the origin grows slower than ¢°
for any € > 0. This is also in contrast with the result that the walk on Z* without
any drift is diffusive (so, loosely speaking, its “speed” is v/t), as shown in Procaccia
et al. (2016).

We will not describe all the details of Fribergh and Popov (2018) here, but
the main idea is the following. As in the case of the biased walk on the infinite
percolation cluster, to prove zero speed one needs to show that the walk frequently
gets caught in traps. These traps are “dead ends” of the environment looking in
the direction of the bias, see Figure 1.2. When the walk enters such a trap, the bias
prevents it from goint out, so there is a good chance that the walk will spend quite
a lot of time there, and this effectively leads to zero speed. Now, the crucial fact
is that, specifically in three dimensions, it is much cheaper to have a trap in the
interlacement set than in the (Bernoulli) percolation cluster. Indeed, it is possible
to show that the capacity of the dotted set on Figure 1.2 is of order hﬁf ; for any
fixed @ < 1. The formula (1.1) then shows that having a trap as above has only a
subpolynomial (in ¢) cost; also, it turns out that “forcing” a trajectory to create a
“dead end” as shown on the picture is not too costly as well.

So, when the walk advances in the direction of the bias, from time to time it will
encounter a trap and be trapped. However, to make such an argument rigorous, one
has to face the following difficulty. When the walk already explored some parts of
the environment and then came to an unexplored area, we can no longer use (1.1)
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F1GURE 1.2. A trap for the random walk on the interlacement
set (on this picture, the bias is directed along the first coordinate
vector). Only the interlacements are shown; the trajectory of the
RWRE X is not present on the picture.

to estimate the probability that there is a trap in front of it, due to the lack of
independence. It is here that the conditional decoupling enters the scene: it is
possible to use the main results of this paper to show that probability of having
a trap in front of the particle (when it comes to an unexplored area) is not very
small. As mentioned above, the detailed argument can be found in Fribergh and
Popov (2018).

2. Definitions and notation

In this section we will introduce the basic definitions, conventions and notation
used in this paper. We start by stating our convention regarding constants: ¢, ¢/,
c1, Co, C3,. .. are always defined as strictly positive constants depending only on the
dimension d. Constants can also change value from line to line, unless when the
text explicitly states the contrary.

We let || - || and || - ||« denote the Euclidean and £, norms in Z¢ respectively.
For z,y € Z%, we also let dist(z,y) = ||z — y||. We say that two vertices z,y € Z¢
are neighbors when ||z — y|| = 1, this notion introduces the usual nearest-neighbor
graph structure in Z?. For z € Z¢ and r € R, we define

B(xz,r):={y € Z% |y — || < r},
the discrete ball in the Euclidean norm centered on x with radius r, and
Boo(z,r) = {y € Z% |ly — 2] <7},

the discrete ball in the oo-norm centered on = with radius r. Given a set A C Z¢
we denote by

AY = {z e 7%z ¢ A}
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its complement and by
OA := {x € A; there exists y € A such that ||z — y|| = 1}

its (internal) boundary.

For any set Z and any two functions f,g : Z — R, we write f(z) < g(z) to
denote the fact that there exist two strictly positive constants, ¢; and ¢z, such
that c1f(2) < g(2) < caf(z) for all z € Z. When Z is equal to R we say that

f(z) = o(g(z)) when ;08 goes to 0 as z — oo.

Given = € Z¢, we let P, denote the probability measure associated with the
simple random walk in Z? started at z. We will also let (Xj,k > 0) denote the
simple random walk process in Z¢. Given a set A C Z%, we define the entrance
time for the set A

Hy = inf{k >0; X € A}.
We also let the hitting time for A be defined as

Hy = inf{k >1; X, € A}.
When A is finite we denote its harmonic measure by

ea(x) = lyealP, [ﬁA = oo} for z € 72
We are then able to define the capacity of the set A
cap(A) := Z ealx),
z€A

and the normalized harmonic measure

ea(z) == ea(z)cap(A)~ .
We now write down the definition of the Green function for the simple random walk
in Z4: for z,y € Z¢, we let

G(z,y) := ZPI [Xe =y].

k>0

Theorem 1.5.4 of Lawler (2013) provides us with the following estimate on the

Green function: )
Glr,y) <X ————.
L+ [z —y|d2

An application of the optional stopping theorem then gives us the following ele-
mentary result:

(2.1)

Lemma 2.1. Let 0 < p1 < p2 be sufficiently large real numbers, and let x €
B(0,p2) \ B(0, p1). Then

|~ — (p2) 2 + O((pr) V)
Po[Hop,0) < Hono,0,)] = )T~ ()@ - (22

Let us briefly discuss the definition of the measure associated with the random
interlacements process intersected with a given finite set A C Z¢. Assume we have
constructed a probability space where, for every ¢ > 1, there exists a simple random
walk process (X ,gl), k > 0) with starting distribution given by €4(-), and such that
(X]gl), k > 0) is independent from (X,gj), k > 0) for i # j. We also assume that in
this space we can construct an independent Poisson process (J,)y>0 on the positive
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real line with intensity u - cap(A4). The law of the random interlacements process
(ZT%)u>0 intersected with the set A can then be characterized by

(T% N A)yso < (Am U U X,E“)

i<Ju k>0

(2.3)

)
u>0

as can be seen in Sznitman (2010), Proposition 1.3, or in the paragraph before (2.6)
in Cerny and Teixeira (2016). This definition gives rise to compatible measures in
the following sense: Given two finite sets K1 C Ko C Z¢, we have that ((Z% N
Ks3)y>0) N K1 has the same law as (Z% N K1 )y>0.

We now introduce the concept of the “smoothed hypercube”. Throughout this
paper we will need to use estimates on the hitting measure of a simple random walk
on the sets A; and As. However, the sharp edges present on AT and AS greatly
complicate such estimates. Instead we will prove our main results in the context of
“smoothed” versions of these sets, that is, we let

AT = {z € Z% B(z,s) C B(0,7)}, A3 := ({x € Z% B(x,s) C Boo(0,7 + 25)})0.

We will later explain how to obtain our main results for the unsmoothed versions
of these sets.
To finish the section, we define V© := V©(r, s) to be the boundary set

VO = 0{x, € Z%, dist(21,x2) < s for some 9 €A},
and we define V® := V7(r, s) in an analogous way. Since s = o(r), we have
cap(V) = cap(A§) (1 + o(1)) = cap(A1)(1 + o(1)),
and also, by Proposition 2.2.1 and equation (2.16) of Lawler (2013),
cap(V) = rd=2, (2.4)

3. Simulating excursions with soft local times

We begin the present section with a short recapitulation of the technique intro-
duced in Popov and Teixeira (2015), the Soft Local Times method. This review
will also be important in order to reformulate the results of Popov and Teixeira
(2015) in a more general setting (the original paper was written with a Markovian
setting in mind).

The method essentially allows us to simulate any number of random variables
taking values in a state space ¥ using a realization of a Poisson point process
in ¥ x R,.

Let 3 be a locally compact Polish metric space, and let B(X) be its Borel o-
algebra. Let u be a Radon measure over B(X), so that every compact set has finite
J-measure.

Such measure space (X,B(X), u) is the usual setup for the construction of a
Poisson point process on Y. We consider the space of Radon point measures in ¥ x
Ry

L= {77 = Z O(zx00)s 21 € B,ux € Ry and 7(K) < oo for all compact K}, (3.1)
AEA

endowed with the o-algebra D generated by the evaluation maps

n—n(D), DeBR;y)B(X).
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We are then able to construct a Poisson point process 7 in the space (L, D, Q) with
intensity measure given by p ® dv, where dv is the Lebesgue measure on R, see
Resnick (2008), Proposition 3.6 on p.130.

Let X1, Xs,...,X, be random variables on ¥ such that X;’s distribution is
absolutely continuous with respect to p and, for all ¢ = 2,... n, the law of X, con-
ditioned on the values taken by Xi,..., X;_1 is absolutely continuous with respect
to p. Using the process 7 constructed above, we define

g1 : X — R, the density function of X; with respect to u,

& = inf {t > 0; there exists A € A such that tg;(z)) > vA},
Gi1(z) ==& g1(z), for z € 3,

(2x,, V2, ), the unique pair in {(zx,vx)}rea with Gi(zy,) = vy, .

(3.2)

Then, recursively, for 2 < k < n we define g; : ¥ — Ry to be the density function
of X}, conditioned on the event {X1 = zx,,..., Xk—1 = Zx,_1 1

& = inf {t > 0; there exists A € A such that tgi(zx) + Gk—1(2x) > ’U)\},
Gi(2) =& gr(2) + Gr—1(2), for z € X, (3.3)
(235 0x,), the unique pair in {(zx,vx)}rea with Gr(2x,) = va,-

Using Proposition 4.1 of Popov and Teixeira (2015), we are able to state the fol-
lowing proposition:

Proposition 3.1. The vector (zx,,--.,2x,) has the same law as (X1,...,X,).

We call the function G,,(z) the soft local time of the vector (Xi,...,X,) up to
time n with respect to the measure u, or more usually simply the soft local time.
If T is a stopping time with respect to the canonical filtration generated by the
variables X, it is simple to define G (z), the soft local time up to time 7.

Note that by controlling the value of the soft local times function we will au-
tomatically control the values our random variables take, as the next corollary
summarizes:

Corollary 3.2. For any measurable function h : ¥ — Ry we have, using the same
notation as above,

Ql{z1,...,2r} C{zn;ur < h(z,\)}} > Q[Gr(z) < h(z), for p-a.e. z€ X], (3.4)
for any finite stopping time T > 1.

We will now use the above result in our random interlacements context. More
specifically, we will show a way of simulating the intersection of the random in-
terlacements set with a given subset of Z? in such a way as to make explicit the
dependence each random walk excursion has with its entrance and exit points on
the subset. We refer the reader to Figure 3.3 for a brief overview of the arguments
used in this section.

It is clear from (2.3) that in order to simulate the random interlacements set at

level u in a bounded subset K of Z? we need only to pick N 4 Poisson(u cap(K))
points in 9K, each point chosen according to the measure ex(-), and from each
point start a simple random walk.

We intend to study Zj = I" N Ay, showing that this set is not that much
influenced by the random interlacements set intersected with Az, 7% = Z% N As.
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Y,

Yy

&39ws,ys) + G2 = G

.

&9Wa,ys) + G1 = G

)

FIGURE 3.3. The figure shows how we use the soft local times
technique to simulate the range of a simple random walk trajectory
intersected with A;. We first simulate a process of pairs of points
((Wg, Yg), k > 0) denoting the entrance at V and exit at A3 of a
simple random walk trajectory that starts at V. We then use the
soft local times method to simulate the pieces of trajectory that
lie between each of the pairs (Wy, Yy).

We will later clarify what we mean by “influence”. For now, we observe that the
only “information” Zj receives from 773 is the location of the entrance and exit
points of the excursions on 9 Az of the random walks that constitute 7% .

Let us now describe how the process is constructed. We first generate the points
of entrance at V and exit from AS of each excursion on V of a random walk
trajectory. These points will be the clothesline onto which we will hang the pieces
of trajectory that meet A;, we will do so using the soft local times method.



Conditional decoupling of random interlacements 1039

Let us define the successive return and departure times between V' and A,. Given
a trajectory that starts at V', we define

Dy =0, Ry = Hpya,,
D1:HVO9R1—|—R1, R2:H3A209D1+D1, (35)
Dy = Hy ofpr, + Rs and so on.

We also define the random time
Ta = inf{k > 1; R}, = oo}, (3.6)

which is almost surely finite, as the walk is transient.

Let (X,,n > 0) be the simple random walk with initial distribution given by
ey (-). Let A be an artificial cemetery state. We construct a random sequence
of elements of (V x 0A3) U {A} in the following way: Conditioned on the event
{Ta =m}, we let

((W17 }/1); ceey (Wm717 YTTL71); (Wm7 Ym)) (Wm+17 Yerl)? b ) (37)

= ((XDos XR,)s -+ (XD 0y XRp 1 ) VA L)
It is then elementary to prove that the process ((W, Ys))r>1 inherits the Markov
property from the simple random walk. We call ((Wj, Y%))k>1 the clothesline pro-
cess started at W;. When there is no risk of confusion we will also denote by Py,

the probability measure associated with the clothesline process started at a given
point wg € V.

FIGURE 3.4. An example of the process (Wx, Y%))k>1-

Let us now use the soft local times method to generate the trajectories inside Ay,
given the entrance and exit points ((Wg,Y%))r>1. We first define the underlying
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space X where our pieces of trajectories will live. We let K be the set of nearest-
neighbor paths in AS with one endpoint in 9A4; and the other in V/,

K:= {(xo,xl,...,xn);n €N, z; € A for 1 <i < n,zo € A,z € V}. (3.8)

We introduce yet another artificial state © for reasons that will be made clear in

FIGURE 3.5. The definition of o(w,y) and =(w, y).

a few moments. We let ¥ := K U {©} and let u be a measure on ¥ defined in the
following way: given A C X,

,LL(A) = Z ﬁb(mo,mn)[XO =20y, Xp = In] + 1{@614}’ (39)
(z0,...,Tn)EA

where ]f’)(mo)mn) is the simple random walk measure conditioned on the event where
xo is the walk’s initial point and x, is its last point on V before reaching 0As.
Notice that p({©}) = 1.

Given (w,y) € V x dAy we let P, , be the measure associated with simple
random walk starting at w conditioned on the event where y is the first point the
walk hits in 0A,, that is:

Pyl :=Pul - | Xopa, =yl (3.10)
We want to randomly select (according to the conditional simple random walk
measure above) a piece of trajectory in A; given a starting point in V and an
ending point in 0A;. Given w € V and y € 0As we define the random element
Ow,y € X in the following way:

e Let B, , be a Bernoulli random variable with parameter ]f"w,y[HaA1 <

H@AQ].
o If Byy =0 welet o, = 0.
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o If By, y =1 we let, for A C K:

_ 5 Xpa, =00, Xpy 41 = a1, XHy 40 = Gy
Plow,y € 2] _( Z) mpwvy [ X ;é V for ever)lfk::HA1 +n+lt-'-7HA2
AQ,y..., an)€
(3.11)

In other words, the random element o, € > will either be ©, on the event where
a random walk starting at w and exiting at y fails to reach Ay, or a simple random
walk trajectory (zo,x1,...,zr) € K distributed so that xg is the first point in Ay
after the start at w and zy, is the last point in V' before reaching y € 0 As. We then
define g(y,y) : ¥+ Ry to be the u-density of o, ,,. We refer to Figure 3.5.

Given z = (xg,...,2,) € K we denote by Z(z) the pair (x¢,z,), the path’s
starting and ending points. We also let Z(0) = © so that Z(z) is defined for
all z € 3. For (w,y) € V xJAs we define Z(w, y) to be the random element =(oy, ).

Let us calculate g(y,,,) using the above notation. For 2l C ¥ we want to express
the probability Poy,,, € 2] as a p-integral over 2.

Plow,y € A= Z}P’Jwy—a
a€cU

= 1{@em}Pw,y[E(w7 y) = O]

ac
a#0O
=Lioca}Puy[E(w,y) = 0] + Y Puy[E(w,y) = E(a)|Pz(a)[al
A =
=Y Py y[E(w,y) =E(a)]u(a)
acA

(3.12)
so that ge,,)(2) = Py, [E(w,y) = Z(z)]. Notice that the function G(w,y)(2) only
depends on the pair Z(z), the path’s initial and ending points.

Let (L, D, Q) be the measure space of the Poisson point process on ¥ x R} with
intensity measure p ® dv, where dv is the Lebesgue measure on R;. A weighted
sum of functions g. .y indexed by clothesline processes ((Wx,Yx))x>1 will be the
soft local time used to simulate the pieces of trajectory we need. This way we will
be able to simulate the intersection of a simple random walk trajectory with A;.
As we have seen in the random interlacements process’s definition, to simulate the

interlacements set inside V' we need a number Ny} 4 Poisson(u cap(V')) of inde-
pendent random walks. We will need the same number of independent clothesline
processes. For such task we will need a much bigger probability space, easily defin-
able as a product between the Poisson point process space and an infinite product
of independent simple random walk spaces starting on V. We call this bigger space
the global probability space, and denote by P its distribution. Abusing the nota-
tion slightly, we will also write E to denote the expectation associated with this
probability space.
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Given a clothesline process ((Wyg,Y:))r>1, we define the trajectory’s soft local
time:

Ta
G(2) =Y &gwe) (2)- (3.13)
k=1

We will also need to consider the soft local time up to a random time 7' < Ta:
T
Gr(2) =Y &gwvi)(2)- (3.14)
k=1
Analogously, we define for any deterministic time n > 1
Gn(2) =Y &g,y (2)- (3.15)
k=1

We denote by zj the piece of trajectory randomly selected by the k-th soft local
time, Gk

As we have seen before, in order to simulate the random interlacements set at
level u in A;, we actually need a

Ny 4 Poisson(u cap(V))

number of random walk trajectories, each started at a point in V' distributed as
ey (). For j =1,...,Ny we let ((W,g,ij))kzl be a clothesline process started
at WY, so that ((W/,Y{))x>1 is independent from ((W},Y{))x>1 for i # j, and
so that le is distributed as ey (-). Let Ti be the killing time associated with
(W, Y))k>1. We denote by

TA
G(2) =D &g v () (3.16)
k=1

the soft local time associated with the j-th clothesline process. It should be clear
from Proposition 3.1 that we can simulate all the random elements (o5 y7);j,k>1
k" k -

at the same time using only one realization of a Poisson point process in ¥ x R,..
As the Corollary 3.2 shows, in order to control the values our random elements take
we only need to control the function

u
NV

Gh(z) =) G(2), (3.17)
j=1

the soft local time associated with the whole process. With such objective in mind
we for now set our goals at estimating the soft local time’s moments. We first show
an easier way to express the expectation of G(z).

Proposition 3.3. Using the same notation as above, we have

Ta
E(G(z)) = E(Z 1{E<ka,l,ka>:E<z>})- (3.18)
k=1
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Proof: In fact,

Ta Ta
E(GE)=E( Y gwr () = E( D P m[EWe, Vo) = E(2)])
N =L (3.19)
= E( > 1{E<wk,yk>:a<z>}) = E( > L=k, ,ka>:E<z>}) :
k=1 k=1
O

We have shown that the expectation of G(2), for z # O, is the same as the
expectation of how many times a random walk started at W7 will do an excursion
on AS with starting and ending points given by Z(z).

The next proposition gives a bound on the second moment E(G(z)?). It is a
straightforward adaptation of Theorem 4.8 of Popov and Teixeira (2015) to our
context and therefore we omit its proof. In what follows, we let E,,(G(z)) denote
the expectation of the soft local time G(z) when the associated clothesline process
is conditioned on starting at w € V.

Proposition 3.4. For any wg € V,
Euw, (G(2)?) < 2By, (G(2))( Sup. B G(2) + SUp g, (2))- (3.20)
w’'e w,y

For this paper’s results, an estimate on the exponential moments of G will be
essential. The next proposition, again adapted from Popov and Teixeira (2015)
(Propositions 3.5 and 3.4 are proved in the context of Markov chains in the original
paper), gives us such an estimate. Since the proof of the following result is essen-
tially the same as the proof of Theorem 4.9 of Popov and Teixeira (2015), we will
omit it.

Proposition 3.5. Given zZ € ¥ and a measurable set I' C 3, let

g(w,y)('z/)

g(w,y)(é)

N() =#{k <Ta;zx €'}, and
14

> sup 9(w,y) (2)
(w,y)EV xBA,

a:inf{ ;(w,y)er@Ag,z'eI‘},

(3.21)

Then, for any v > 2,
PIG(2) > v{]

< PlG(2) > é](exp{ -(3-1)}+ sup Py [n(T x [0, 1vla]) < N(F)D (3.22)

(note that n(I' x [0,3vla]) is a random wvariable with distribution
Poisson(gvlau(T))).

4. Conditional decoupling

We begin with an overview of the main argument presented in this section. We
will sample the random interlacements set intersected with A; in two ways. In
the first way we will sample 77 =~ using G~ that is, we will sample T}, using the
soft local times indexed by a collection of independent clothesline processes. In the
second way, we will construct a set made up from random walk trajectories in Ay
in a similar way to the construction of 7} , the only difference will be that the soft
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local times used in this second construction will be indexed by a given nonrandom
sequence f of pairs of points belonging V x 0 As. We will denote this second random
set by Ijjhl & and we will show using the soft local times method that I}jh ¢ and 7%
are usually very similar to each other. We then prove a similar result when the
pairs of points that constitute the nonrandom sequence all belong to the boundary
of a set contained in As.

Throughout this section we will again only differentiate between A} and A7
when the need arises.

For 4 >0, 0 € (0,1) and z € K, we define the interval

= [(1 — 8)icap(V)E[G(2)], (1 + 6)a cap(V)E[G(2)]

and the event
DS = {G3(2) € Igyz for all z € K}.
The main technical goal of this section is to prove the following result:

Proposition 4.1. Recall the definition of an,ag. Using the notation above defined,
we have that, for u > 0 and ¢ € (0,1/4), there exist constants ¢,c’ > 0 depending
only on the dimension and on whether of the set Ay is an Fuclidean ball or a
hypercube such that

P Df/4, DZ{?_E), Di{i‘_a)} >1—cexp ( — c/EQUSG). (4.1)

We will prove the above proposition later, after establishing some preliminary
results about large deviations for the soft local times we defined. We will first show
how we obtain the Theorems 1.1 and 1.2 from (4.1).

Proposition 4.1 implies that each of the soft local times associated to the pro-
cesses TY Ix(ll_g) and IZ(IHE) stay confined between the graphs of two explicit
deterministic functions (as can partially be seen in Figure 4.6). This happens when
we let the points of entrance at V and exit at 0As of the excursions on A; of the
simple random walk trajectories of the interlacements process at level u be dis-
tributed according to the “right” law, that is, the law of the clothesline processes.
That is, when we “average” these points according to this law we obtain a good
concentration for the whole function GZ. Nevertheless, our goal is to obtain a sim-
ilar concentration when these points are deterministic. The heuristic argument is
that when something happens with high probability in the “annealed” law, then
most of the times it will also happen with high probability in the “quenched” law.
Therefore, for “many” of these deterministic entrance and exit points, we will also
have a strong concentration inequality result similar to Proposition 4.1. We will
introduce some new notation to make this argument rigorous and prove our main
theorem.

We let

(CU(V, 0A2), B, (V,04z), P%/,OAQ)

be a probability subspace in which the collection of clothesline processes

{(W,'g,YkJ)Zél j\/;"l is defined, where each ¢ € C,(V,dA;) can be written as a fi-

nite collection of finite sequences of points belonging to V and dAs:

CAi: {51,---751(},
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where for each j =1,..., K; éj is a finite sequence alternating between points of V'
and 0A,. We write . ‘ ‘
Cj = (Cév . '7<7Jz(j))7
where n(j) is odd, every even entry belongs to V' and every odd entry belongs
to 8A2
We then define the soft local times associated with é . Using the same realization
of the Poisson point process on ¥ x R defined in Section 3, we construct the soft

local times
n(-1

~ 2 ~
G (Z) = Z gig(Cék’CékJrl)(z),
k=0

where 5; is an exponential random variable defined in the manner of (3.13). We
then define

~ K ~
GS(z) = ZGQ (2).

This function should be viewed as a quenched version of the soft local times G=,
when the collection of clothesline processes {(Wg,Y,g)fél};V:“l is given by the de-

terministic element é We denote by IZ the interlacements process inside A;

1l¢
determined by the ranges of the excursions of ¥ bellow Ge. qujhl ¢ is distributed
as the random interlacements process inside A; when its associated random walks
excursions have entrance points at V and exit points at Ay given by f . The
next proposition implies that GC is usually between GE(lf o and GE@ +e) with high
probability.

Proposition 4.2. There exists a set A € B, (V,0As2) such that

/

c
U > _ _ 2 a
Pv,aAz[A]_l exp( 28 us ),
and for all fized f €A,
,P[G'E(l—a) (Z) < G{(z) < Gg(l—i-a) (Z) fOT all z € IC}

/

>1—cexp ( — %5%18“).
Proof: Observe that (4.1) implies
/P[Gf(lfs) (2) < G(2) < GE(HE) (z) for all z € K|P} 54, [dﬂ
>1—cexp ( - c’szusa).
(4.2)
Let
A= {é € Cy(V,0As2) such that:

~ /
P[GE(PE) (2) < G4(2) < GE(HE) (z) forall z € K| > 1 — cexp ( - %8211,8&) }
Then (4.2) implies

/

Y 94 [A] + (1 — cexp ( — %52usa)) (1 =Py oa, [AD
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>1—cexp ( — c’£2us“),

so that
/
PV o, [A] =1 —exp ( - %52us“).
This finishes the proof of the proposition. O
R+ X
A * * x
B x X/\ x/—>(1+5)(1+i)g0

G§(1+5)

N X ~ -

X \\\7-/// \\;// \" (1+€)(1—%)@
N X
x X
x
x x Gf

X

X x

=
>

FIGURE 4.6. When the sequence Q: belongs to a well behaved
set A, the decoupling probability is greater than 1 — cexp( —

%EQUJSU’). The symbol ¢ in the figure stands for the function

uwcap(V)m(Z(z)). The figure shows the decoupling event, where
¢

Gf(lfs) (2) <G(2) < GE(HE) (2) for all z € K.

Proposition 4.2 implies that, for Qc € A, there exists a process (Axl, u > 0)
distributed as the random interlacements set intersected with A;, and a coupling
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‘P such that, for all € > 0 sufficiently small and r > 0 sufficiently big, we have

/

Py c 1 e S 509 > 1 - cexp ( - %E%s ) (4.3)

To complete the proof of our main theorem we need to show that a result similar
to Proposition 4.2 remains valid under a different conditioning.

Let As C As be such that |[0A3| < co. We enlarge our global probability space
in order to make room for two new random elements. The first is ¥ = U(Aj3),
which is a random collection of points of d A3 distributed as the intersection of 9 A3
with the random walk trajectories that constitute the interlacements process Z“.
Given some p0s51b1e realization 1& of ¥, we define the second new random element
to be M(¢)) € C,(V,8As,), which is distributed as the clothesline process between V/
and 0As generated by the interlacements trajectories at level u conditioned on the
fact that ¥ = z/AJ We can then construct a process Ijjm 3 which has the law of the

the random interlacements process at level u intersected with A; conditioned on
the event where the intersections of the interlacements’ random walk trajectories
with 0As are given by . We obtain

Py cre o1y = N Pyt v i M) = (]

Al = TAr Al = TA
CEC (V,0A53)
(4.4)
x PIM() = (]
=Y PlIyY Ty c TP IM@) = ]
(eCu(V,0A5)

/

- (- com( - et )Jpip < 4]

Let € be the set of all the z/;’s such that

PIM() € A%] = [y, [A°T.
bon[AC] = [ PIME) € A°VP1ad] = PLe] [y, [4]

PlE] < \/BV0, [A7]-

We have proved the following theorem, which implies Theorem 1.1:

Since

we have

Theorem 4.3. Using the same motation as above, we have that, for constants
¢, >0, there exists a set £ made of possible values of U such that

/

P[\I/ S 5} >1—exp ( - Czazusa),
and for all Y eEE,
c 5

,P[Iu(l €) C Iu g . C IA(1+8)} >1-— cexp ( — 55 us ) (45)

We now present a brief proof of Theorem 1.2.
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Proof of Theorem 1.2: Note that, on equation (4.15), § can be any real number
greater than 0, whereas in equation (4.16), we need to have 0 < § < 1. Recall that
u' > u > 0. We have, by substituting the appropriate § in (4.17) and ignoring the

union bound term cr2¢=2,

PIGE(:) < G2, (2)] 2 1= PG2() > (urw/d ) eap(V)n(E(:)]  (46)
= PGy (2) < 27 (u+ ) cap(V)m(E(2))]
c " a c (u)?
Zl—exp(—z(u—l—u)s ) — exp <_E(u2) us )

/.1 .a

>1—exp(—cu's?).

Now, proceeding in the same manner as we did in the proof of Theorem 4.3, we are
able to prove Theorem 1.2. (I

Remark 4.4. As we previously stated, the above theorems are also valid for the
unsmoothed versions of the sets AT and A5. This result follows after employing
the same argument present in the above proofs, where one considers the law of the
entrance and exit point of the interlacements’ trajectories in the smaller set (the
smoothed version of AF) generating a law of entrance and exit points in the larger
set (the unsmoothed version of AS), and then performing a computation similar
o (4.4) in order to obtain good concentration inequalities for the “quenched” law.
One then obtains in the same way the result for Az C A3.

The remainder of the section is devoted to proving Proposition 4.1. We begin
by stating the following bound

sup I@’w,) [E(w y') = (wo, yo)} < s 204D, (4.7)
w' €V
y'eg/b
for which the proof is technical and we thus postpone it to subsection A.1 of the
appendix.
Let z € ¥ be such that Z(z) = (wp,yo) € 0A; x V, and let h := dist(wo, yo). We
let F'(wp,yo) stand for G(z), making explicit the dependence of the soft local time
on the endvertices E(z). We define

F(wo,yo) = E(F(’wo,yo)) (48)
We define fa,(wo,yo) to be the probability that the simple random walk started
at wq visits yo before hitting As. We will prove in the appendix (see Section A.1,
propositions A.1 and A.2) the following bounds for these probabilities:
(i) Given (wo,yo) € AY x VO, there are constants ¢, c2 > 0 such that

2 2
C13gq < on (wo,yo) < a7 - (4.9)

(ii) Let (wo,y0) € AT x V7, and recall that B (0,7 + 2s) is the unsmoothed
version of Agc. Let .V);-i_l; it =1,...,2d; denote the (d — 1)-dimensional
hyperfaces of Boo (0,7 + 2s), and let I!"° := min{dist(wo, H¢ '), h}, and
1¥° .= min{dist(yo, H*),h}. Then there are constants ¢;,c; > 0 such
that

o g 1 1L

d R AR B L SN &
h2d  pd—2 h2d2 <fAD(w07yo)<C2 2

2d
h2d  pd—2 p2d (4.10)

C1



Conditional decoupling of random interlacements 1049

The following lemma, whose proof we also postpone to the appendix (Sec-
tion A.2), gives us an estimate on 7(wg, yo)-

Lemma 4.5. Using the notation defined above we have, for constants ci,ca,cs,cq >

0:

(i) c1cap(V)~'s™" fa, (wo,yo) < m(wo,yo) < cacap(V)~"s™ fa, (wo, o),
(ii) E(F(wo,y0)?) < czcap(V) ™ s™24F2 f4, (wo, o).
Moreover, since dist(wo,yo) > s, we have

(iii) SUD,,0 4 T(Wo, Y0) < €4 cap(V)_ls_(d_l).

We now provide a large deviation bound for F(wyg, yo)-

Lemma 4.6. There are constants ¢, c1,co > 0 such that for every (wg, yo) € 0A1 X
V', we have

P[F(wo,y0) > ’U0872(d71)] < 18273 4 (wo, yo) cap(V) " tem 2 (4.11)
for any v > 2 (we can also assume ca < 1 without loss of generality).

Proof: In the proof of this particular result it will be important for us to distinguish
between the constants. We will use Proposition 3.5 for F'(wo,yo), with
Loy = {(wh, 40) € 0A1 x Vimax{|Jwy — woll, 46 — yoll} < cas},
with 0 < ¢4 < 1 defined in Section A.3 of the appendix.
Using the same notation as in Proposition 3.5, we note that (4.7) implies

/ S 0872(d71)

and observe that (T, 4) > c552@ 1 for some constant c; > 0. Also, as can be
seen in Section A.3 of the appendix, we have

a>c3 > 0.

Chebyshev’s inequality and Lemma 4.5 then imply

—2(d—1 7"-(U)ano)
P[T) < oo] < P[F(wo,y0) > es 2" V] < —gmms (4.12)

< 18273 fa, (wo, yo) cap(V) L.

We denote by N(I'y,.y,) the number of times the simple random walk trajec-
tory associated with F(wp,y0) makes an excursion of the form 2’ € ¥ on AY
such that Z(z') = (W',y") € Twy,y- We also let 1y, .4, stand for the number
of points of the Poisson process associated with our soft local times that belong
t0 Twg,yo X [0, Svcess™2@= D], We note that both definitions are consistent with
Proposition 3.5 and write

06305U}

’P{nwO7y0 < N(l"wo,yo)} < P[nwmyo < 4

We claim that both terms in the right side of the above inequality are exponentially
small in v. To see why this is true, observe that:

CC3CsrV

| +P[N(Cun0) =

® 7wy, has Poisson distribution with parameter at least 7%, and
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e every time the simple random walk associated with F'(wp,yo) hits 0As,
with uniform positive probability the walk never reaches I'y,, ,, again. This
way N (Tw,,yo) is dominated by a Geometric(cg) random variable, for some
constant cg < 1.

Together with (4.12) and Proposition 3.5, this finishes the proof of the lemma. O

We are now able to complete the proof of Proposition 4.1, that in turn implies
our main results:

Proof of Proposition 4.1: Let Wy, 0 (\) = E(e*'(w0:90)) be the moment generating
function of F'(wo,yo). We are going to use the bounds above to estimate W, .- It
is elementary to obtain that e! —1 < ¢+ 2 for ¢ € [0,1]. With this observation in

. . 2(d—1) .
mind, we write for 0 < A < 25— where c and ¢y are the same as in the theorem

above:
Wwo,yg ()‘) 1=
_ E(e)\F(wmyo) _ 1)]1AF(w0,y0)§1 + E(EAF(woyyo) _ 1)]]->\F(w0,y0)>1
< E(AF (wo, yo) + A2 F(wo,10)%) + E(M 0¥ — 1) 13 pwg o) >1
< At(wo, o) + e A% cap(V) " s ™22 £ (wo, yo) + E (e (wovo) — D 1xF(wo,yo)>1

< )\W(w07 yo) + C/)‘Q Ca.p(V)71872d+2fA1 (’LUQ, yO) + A / eAy,P [F(’LUQ, yo) > y} dy
)\71
< Am(wo, Yo)
® o 22(d=1)
+ fa, (wo,yo) cap(V) ™! (C//\2572d+2 + A/s%178 / exp (%)dy)
)\71
< Am(wo, Yo)
ey g2(d=1) 1
+ fa, (wo,yo) cap(V) " (c’)\zsfzd‘L2 +cAs texp (0282—»
c
< Ar(wo, yo) + /A2 cap(V) ~Hs 22 £, (wo, o), (4.13)
where we used Lemma 4.5 and Lemma 4.6. Now since et — 1 < —t + ¢2 for all

t > 0, we obtain for A > 0
Wy o (—A) = 1 < =Am(wo, y0) + eA® cap(V) " s 7242 4, (wo, yo), (4.14)

(the large deviation bound of Lemma 4.6 is not necessary is this case).

Observe that if (x;,j > 1) are i.i.d. random variables with common moment
generating function ¥ and N is an independent Poisson random variable with pa-
rameter 6, then

N
Eexp ()\ ij) = (0N,

j=1
We let Fj(wo,yo) denote the expectation E(G?(z)) defined in (3.16), when 2z € &
is such that Z(z) = (wo,yo). Using Lemma 4.5 and (4.13), we have, for NY 4
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Poisson(é cap(V)) and any 6 > 0
PlGE(2) > (1 + 5)ﬂcap(V)7T(wO,yo)] =

=P Filuo, o) = (1 + a)ican (V). o)

j=1

E(exp (A4, Fj (wo, 90)))
= exp (A(1 + 8)acap(V)m(wo, yo))

(
(
exp (— A1+ 8)acap(V)m(wo,yo) + @ cap(V) (Puwq.yo (A) — 1))
(-
(-

exp (= (Addcap(V)m(wo, yo) — ¢/ AN2as 242 f 4, (wo,10)))
<exp (= (Adacs™ ! fa, (wo, y0) — N aus™ T2 f4, (wo,10)))-
(4.15)
Analogously, with (4.14) instead of (4.13), we obtain
’Pnggl—éﬁcaV 7 (wo,
[ (2) = ( ) p(V)m( oyo)} (4.16)

<exp (— (Adties ™! — N2as™242) f4, (w0, y0)).

We choose A = 7652973 with ¢; small enough so that A < 62522(271)

that the bounds for fa, (wo,yo) given in (4.9) and (4.10) imply

, and observe

inf fAu (wo,yo) > cs?dp—3d+2,
Hlf on(wo,yo) > cs”rd.
Yo

wo,Y

Recall the definition of by, a number such that

1 <b, < 2dd 27

and the definition of by, a number such that
1 <by < 4d — 4'
- 3d —2

Recall that s = s(r) =< rb. Then, since an := 2d — 2 — dbs > 0 and agy =
4d — 4 — 3dbg + 2by > 0, we have

P[GZ(2) > (1+ 8)icap(V)m(wo, yo)] < exp (— c6%us®).
Using the union bound (note that dA; x V has O(r2(¢=1)) elements),
P[(1—68)icap(V)m(E(z)) < Gy (2) < (1 + 8)acap(V)m(E(z)), for all z € K]
>1—er? @ Yexp (—6%as"). (4.17)
Observe that we can suppose ¢/ < 1 without loss of generality. Using (4.17) and
the union bound we obtain, for € € (0,1/4),

P D) DYl

2(d—1 2, .Q
u(l—e)’ u(1+s)} >1 - er )exp ( — e us )

Since s = s(r) < r%, by replacing the constants ¢ and ¢’ in the above equation we
obtain (4.1) and finish the proof of Proposition 4.1. O
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Appendix A. Technical estimates

A.1. Bounding the relevant probabilities. For wy € 0A; and yo € V we want to
study the supremum

sup Py y [E(w’,y’) = (wo,yo)]. (A1)
w' eV
y' €0A,

Furthermore, we need to bound the “hanging” probability ]f”wﬁy [E(w,y) = (wo,yo)]
for arbitrary w € V and y € 0As from above and from bellow.

Given a finite nearest neighbor path v, we denote by |v| its length. We will say
that a path v belongs to an event F if E occurs every time the simple random walk
(Xk, k > 0) first || steps coincide with v. We also let P, [y] denote the probability
that the first |y| steps of the simple random walk started at x coincide with .

In order to avoid a cumbersome notation we now introduce what, hopefully, will
be a simpler way to denote our events of interest. For w,yg € V, wg € dA; and
y € 0Ay we define:

o w > wp: The collection of all finite nearest-neighbor trajectories starting
at w that do not reach neither 9A; nor 0A,, except at its ending point
wg € 0A;. Note that this collection can be thought of as the event where
the simple random walk started at w hits dA; for the first time at wq before
reaching 0As.

® w 2 yo: The collection of all finite nearest-neighbor trajectories starting
at wo and ending at yo without reaching 9 As.

® 3 y: The collection of all finite nearest-neighbor trajectories starting at
yo that hit 0As for the first time at y before returning to V. Note that this
collection can be thought of as the event where the simple random walk
started at yo hits dAs before returning to V' and its entrance point in 0As

is y.

o w -l y: The event where the entrance point in Ay of the simple random
walk started at w is y. This event can also be regarded as a collection of
simple random walk trajectories starting at w and hitting 0 As for the first
time at y.

We also let w —» wo 2 Yo 3 y be the “concatenation” of the first three col-
lections, where the first trajectory’s ending point becomes the second trajectory’s

starting point and so on. That is, if v € w L wo 2 Yo 3 y then ~ is the concate-

nation of three distinct paths: v € w RN wo, Y2 € Wo 2 Yo, V3 € Yo 3 y. With
our new notation the hanging probability becomes

oy [E(w,y) = (wo,y0)] = Pu [w Bwo By Bylwd y]
]P’w[wgwoﬁyoiy] (A.2)
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FIGURE A.7. ~ as the concatenation of the three paths 1, v2 and ~s.

We have
1 2 3 1
]P’w[w—>w0—>yo—>y]— Z (2d—)‘7|
VEw%wo%yo%y
- Y i ¥ mm L @i
B (2d)|’71\ (2d)|’72\ (Qd)WS\ ’
Y1 Ewéwo ’Yzewoihlo VSEyoifU

(A.3)

Let us focus on the second sum, for a moment. Each v, €

1
Vzewoifyo (2d)21”
Wo 2 Yo can be seen as the concatenation of one path 79 responsible for the walk’s
first visit to yo and a sequence of paths 74, ...,7% associated with the returns the
walk makes to yo before hitting 0As, see Figure A.8. So

> Pug [12] ZPwo D Z vo [13] -+ Py [15]- (A4)

k>1 1,

.....

But for a fixed ko > 0, the last sum >, -, Z - Py, [13] - - - Py, [750} equals

.....

the probability that the simple random walk started at yo returns to yo at least kg
times before hitting 0 A,. Since the walk is transient, we can use the strong Markov
property to show that there exists a constant 0 < ¢ < 1 such that

> Z Pyo [12] - - Pyo [15°] < . (A.5)

k>ko 73, 72
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FIGURE A.8. 79 as the concatenation of the paths 7§, 74,...,74.

We have thus shown the existence of a constant ¢ > 0 such that

D Puo[18] < Puy[12] <€) Puy 18] (A.6)

where +3 represents any nearest neighbor path that starts at wy and ends at its only
visit to yo, without ever reaching dAs. Let us update our collection’s definition in
view of this last computation. We denote by

® wy L yo: The collection of all finite nearest-neighbor paths starting at wq
and ending at their first visit to yo, without hitting 0As. This collection
now can be thought of as the event where the simple random walk started
at wp makes a visit to yo before hitting 0As.

Combining (A.3) with (A.6) we get
Py [w LN wo 2, Yo 3, y} < cP, [w EN wo]]P’wo [wo Z—) yo} Py, [yo 3, y] (A7)

Our work will now reside in giving upper bounds for these probabilities.

Using standard techniques from simple random walk theory, such as exit and
entrance measure estimates, the Green function’s estimate (2.1) and Lemma 2.1,
one can prove the following result:

Proposition A.1. Recall that h := dist(wo,yo) and define
hy = dist(w, wo) (A.B)
hs = dist(y, yo)
hy = dist(w, y)

Regarding the sets A7, V© and A3, we have that there exist constants ¢, > 0,
k=1,...,9, such that

—cohy
s

cie s~ <p, [w EN wo] < 026705}1'1 541, (A.9)

cze —HR —(d-1) -1 <Puly 3 Yo < 0467045“2'3 e (A.10)
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$2 o $2
C53a < Py [wo = o <06ﬁ’ (A.11)
S 4 S
15q < Py, [w—)y} SCgﬁ. (A.12)
4 4
1 2 3 4 —2(d—1)
sup Py [w = wo = yo =y | w = y] < cgs . (A.13)
weV
yE%Ag

We will briefly describe how the random walk trajectories should behave in order
to satisfy the conditions in each of the above events, which should give a general
idea about how to prove the above result rigorously. We will omit the details for
the sake of brevity.

Sketch of the proof: In (A.9) the walk started at w has to cross ~ his~! subsets
of AQC \ A; with diameter ~ s without reaching either d Ay or dA;, which implies
the exponential factor; and then after coming within distance ~ s of wy it has to
enter A; though wy, from which the ~ s~(?=1 term comes from.

The bound (A.10) follows from similar reasoning as in (A.9), but now the walk
started at 1o pays a price ~ s~! in order to reach y without returning to V.

In (A.11), the walk started at wy has to escape the proximity with Az, which
it does with probability ~ sh™!, then reach a ball with radius ~ s centered at yq
without ever reaching dA,, which costs ~ s?~1h=(4=1 hefore finally reaching o
from this ball, which has a cost of s~(4=2),

In (A.12), the random walk started at w escapes the proximity with 0As with

probability ~ shll and then hits 0 A5 for the first time at y with probability hz(dfl).
Finally, (A.13) is implied by the above bounds in an elementary way. (]

We will now focus on sets AT, V" and A3, and the related simple random walk
probabilities. We will continue to use the notation introduced in (A.8) in this new
context.

w = wo, Yo kN y: The bounds for the probabilities of these events have the
same order as the bounds for the corresponding events when the underlying sets
are Euclidean balls, and their proofs are essentially the same.

wo z, yo: If h < 100s, an application of a Green’s function estimate gives the
desired result. We then assume h > 100s. Define B, to be the discrete ball in the
loo-norm centered in z with radius -2

wd
We will break up the path 79 € wyp LN Yo into pieces that are easier to work

with. Let wy € OBy, N AS, ys € 0B, N AS. We define the collection of finite
paths:

® wy 3, wy: The collection of all finite nearest-neighbor paths starting at
wo whose only intersection with 0B,,, U 0As is at its ending point wy €
OBy, N AS.

® wy S, ya: The collection of finite nearest-neighbor paths starting at w4 and
ending at y4, without intersecting 0As.

° 1y, iR yo: The collection of all finite nearest-neighbor paths that start at
Y4, never return to By, N AY, and end at yo without ever reaching 9As.
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Az
14
A
)!/4
7
OBy,

TR

VL

FIGURE A.9. Definition of the paths 75, v and 7.

As before, we denote by wg 5, Wy S, Ya z yo the concatenation of these three
collections.
Analogously to what we noted at the start of this section, we observe that 7§ €

wo 2, yo if and only if there exists wy € 8ng NAS and y, € aByO N A such
that 720 is the concatenation of three paths: 5 € wy 5, Wy, Y6 € Wy S, Y4, and
7
Y7 € Y4 — Yo-
We also define

® wy 6—/> ya The collection of finite simple random walk trajectories starting
at wy and ending at its first visit to y4 without intersecting dAs. This
collection can also be seen as the event where the simple random walk
started at wy visits y4 before it hits 0A,.

Using the same argument used to obtain the bound (A.6), we can find a constant
¢ > 1 such that

1 /
Pu, [w4 LN ya] < Z Gl < Py, [wy RN Y. (A.14)

6
Y6 EW4—7Y4

We then have

2’ 1 1 71
Puy [wo = yo] = Z W Z (2d) 17l Z (2d)7l

w4€83w0ﬂA20 y4eaéyomAZC 77€y4ﬁ>yo
5 6
5 EWo —>wy Y6 EWa—r Y4
5 6’ 7
<c E Py [wo = wy] E Pu, [wa = ya|Py, [y = yo].  (A.15)
w4 Ya

We then use the Green’s function estimate (2.1) to bound Py, [w4 LN y4] by ch?—2
(note that dist(ws,ys) = O(h)). Using this bound on the above inequality, we
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obtain
Py [wo 25 5] < ch¥? S Py [wo 2 wa] S Py, [ys 5 yol. (A.16)
Note that b :
> Pug[wo 2 wa] =Py, [Hyp, < Hoa,), (A.17)
and using the simple random walk’s reversibility, we also have
Y Pufys B yo] =Py [Hyp, < Hoa), (A.18)
v

so that we obtain the following bound
2’ &
P, [’LUO — yo] < WPMO [H(?Bwo < H3A2]Py0 [Haéyo < HaAz}. (A.lg)

We still have to obtain bounds for these last two probabilities. Since they are
similarly defined, the bound for both of them follows from the same arguments,
and thus we will only provide a bound for P, [Hﬁffwo < HaAJ.

We will do so by looking at the projections of the random walk trajectory in
each of the d orthogonal axes. Since we will need to look at these projections
independently, we will change our object of study from the simple random walk on
7% to the continuous time simple random walk on Z¢ with waiting times between
steps distributed as Exp(1) random variables. Since we will be studying properties
of the random walk’s trajectories, this change of framework will in no way impact
the probabilities of interest.

We recall that Bu, (0,7 + 2s) is the unsmoothed version of AS. To simplify our
notation we will work with the following translate of By, (0,7 + 2s):

paos 1= {(xl,...,a:d) €Z4:0<z; <2r+4s+1, foralli= 1,...,d}.
Without loss of generality we assume that 0 € Z? is the point belonging to
{0,2r + 45 +1}4

which is closest to wg. We denote wy = (wg, ..., wd). The projection of the simple
random walk in the jth coordinate axis is itself a continuous time random walk
started at w}, with waiting time between jumps given by a Exp(d) random variable,
and, as we already noted, these projected random walks are independent from each
other.

Given wp, we divide the d directions of Z4 in two kinds. The first kind will
be such that wj < h(4v/d)~', the second will be such that w} > h(4vd)~'. We
assume without loss of generality the first dy directions to be of the first kind and
the remaining directions to be of the second kind. Our goal now is establishing the
following bound: ‘

3
P[Hy5, <Hon) <c [ % (A.20)
1<i<do
This inequality can be proved using the independence of the random walk projec-
tions on the coordinate axes and rather standard techniques, and therefore we will
omit its proof. It can be interpreted as a version of the gambler’s ruin estimate
(see Section 5.1 of Lawler and Limic, 2010) where each of the walk’s projections
has to reach distance ~ h from 0As without ever hitting the associated projections

of A5 in the process.
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We will change the notation so that we are able to express (A.20) in a way that
does not uses the fact that {0}? is the vertex of {0, + 2s}? which is closest to wy.
Recall the definition of 55?71, i =1,...,2d; the (d — 1)- dimensional hyperfaces
of $,1a, of 1 := min{dist(wo, H? "), h}, and of I¥° := min{dist(yo, "), h}.
We have that (A.20) implies

1o 15e
P [Hagwo < Hpa,| < C%.

Together with (A.19), this shows
R b N
12d p2d -

We need a matching lower bound. Again we assume h > 100s, since otherwise
the lower bound follows immediately from using (2.1). We define

P, [wo z, o] < ch™(4=2) (A.21)

h h
1 do do+1 d
ws = (wyg + ——=,...,wy° + —=,w ,...,w), A.22

° ( 0 4\/E 0 4\/_d 0 0 ( )

We analogously define ys: Let €;, ,...,¢€;, be the vectors in the orthonormal basis

of R corresponding to the directions in which the ball By (yo, 4—\%) passes the
limits of the hypercube $),125. ys is defined to be the point in AS such that

N
Wd

n#dy,...,dp = [(ys —yo,€i,)| =0

lzdl,...,dk - |<y5_y07eiz>| =

and

By (y5, ﬁ) C Hry2s.

Our plan is to describe an event contained in wg EN yo with probability matching
that of the right side of (A4.21). We let

By, :

(o).

and

By:s = By (957 Ffi/g)v

For wg € AB.,, and ys € dB,,, we define the events
e Wy 8, we: The event where the random walk started at wg hits 8Ew5 before

hitting dA5 and its entrance point in 831,15 is we.

® wWg 2, ye: The event where the random walk started at wg visits yg € 8By5
before reaching 0As.

® s 19, 1o: The event where the simple random walk started at yg hits yo
before returning to 0B,,.
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A
s N
v
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’lU(i h ;T Y
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! I (

N wo )

FIGURE A.10. Definition of the paths g, v9 and ~1¢.

And we denote by wy LN wWe 2, Y6 19, yo the “concatenation” of these three
events, that is, the path « belongs to the event wy LN We 2 Y6 19, yo if and
only if v is the concatenation of three paths: s € wy 5 We, Y9 € We 2 ye and

10 .
Y10 € Y6 — Yo- It is then clear that

8 9 10 2’
UUw0—>w6—>y6—>yono—>yo,

We Yo

. 8 9 10
so that; summing over vg € wyg — wg, Yo € wg — Ye and Y10 € Y¢ — Yo; we have

]P)wo Wo _> yO ZZ |'ys\ ZZ Wg\ Z "710‘
Vs Yo

Y10

:ZPW wo = ws] Y Pug [ws = y6]Pys [y6 —> 0] (A.23)
we Ye

o [wo 5 we| Z Py, [v6 = Yol

we Ye

where we bounded P, [wg 2 yﬁ] from below by ch?=2 using a Green’s function
estimate and the fact that the distance of both wg and yg from dAy has order h.
Due to the simple random walk’s reversibility, we obtain

Py [wo 2 0] > #]P’wo [Hyp, < Hom|Py[Hyp < Hoa).  (A24)
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The bound for Py, [Hﬁéws < H@AQ] and the bound for Py, [HaBy5 < H@AQ] are
obtained in the same way. All we need is the following inequality:
wi
]Pwo [Haéws < HBAg] >c H 70, (A.25)

1<i<dy

but again this bound follows from standard arguments from random walk theory,

where we essentially use the independence of the random walk projections, the

gambler’s ruin estimate (Section 5.1 of Lawler and Limic, 2010) and the central

limit theorem in order to construct an event where all random walk projections hit

the respective projections of 8Bw5 at around the same time without ever hitting

the projections of 0A3. We will therefore omit the details.

Together with (A.24), (A.25) implies, using the general notation,

wo wo Yo Yo , wo wo Yo Yo

ll }'L'm-ilzd . ll }'L'2('112d < ]P)wo [wo E_> yo} < C/h—(d—z)ll f'L'Ql-ilzd .ll f'L'zL'ilzd
(A.26)

w y: We suppose hy > 100s, since (2.1) implies the case when hy < 100s.
We will start with the lower bound. Let B; be a discrete Euclidean ball of radius
s contained in A§ such that 0As N By = {y}. Let By be a discrete Euclidean ball
of radius § concentric with By. Then, the probability that the walk started at y
hits Bs before returning to 0 A, is bigger than the probability that it hits Bs before

returning to B;, and has order s~!. Now, for every point § € 0B,, we bound

Chi(diz)

P, [w z, gﬂ from below in exactly the same way as we bounded Py, [wo 2, yo] . So
that, using the walk’s reversibility, the fact that hy > 100s, and the same notation
introduced above, we have

Polwdy] > 3 Pulw s B, [Hos, < Hony, Xy, = 9]
§EIB,

1 . 2
>cs™!oinf P,lw =
- §edBy [ 7]

S s 1y @2 e ey W05
- Y geom,  h3e n2
For the upper bound, let B} be a discrete Euclidean ball of radius s contained in

Az UDAs such that 94 N B] = {y}. Let B} be a discrete Euclidean ball of radius
2s concentric with Bj. Then

4 2 ~
Pylw = y] < Y Pulw = §Py[Hop, < Hoay, Xt1,,, = ]
§€0B)
<es7loinf Py, [w 2, gj}
G€OB)
e [wo . qwo g9 Y
§cs*1h4 (d—2) sup 1 2d “1 2d
geon,  h3 h3

We have proved the following proposition:

Proposition A.2. Regarding the sets AT, V" and A5, we have that, using the
notation defined above, for some constants cy, ca, c3, ¢4, C5, Cg, C7, Cg, C9 > 0, the
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following bounds are valid:

—cghy
s

(d— 1 —eahy g
cie s (d 1)§]P’w[w—>w0] < coe s 1),

—cah3 g 1) _ 3 —cahy g1y —
cse =+ s (g ISPw[y%yO]SCw STl

[wo | qw Yo v y gy B0 L 1
724 aa = Puo [wo = yo] < coh 724 n2d

C5h_(d_2)

EL N A

Y
075_1h47(d72) inf 2d < P, [w 4 y}

geoB,  h3d h3d
wo wo 79 g
1y —(d-2) o e 19
<cgs hy
. , h2d h2d
§€dB), 1 1
1 2 3 4 _o(d—
sup Py [w = wo = yo >y |w = y] <cos 2d=1),
weV
YyEDAs

A.2. Proof of Lemma 4.5. Let z € ¥ be such that Z(z) = (wo, yo), and again let h
stand for the Euclidean distance between wy and yo. We let m(wo,yo) be defined
in the same way as in (4.5). Given a simple random walk trajectory g started in a
set B containing V, we define CJ , (o) to be the function that counts how many
times the random walk trajectory o makes an excursion on A§ that enters A; at
wq, and g is the last point such excursion visits on V' before reaching 0As. We let
CY ., denote the random variable CJ , (¢) when @’s first point is chosen according
to ép. Proposition 3.3 then implies
m(wo, yo) = E(Cypy y0)-
Define V := dB(0,3(r + s)), the discrete sphere of radius 3(r + s). We define

ﬁ'(’wo,yo) = E(C‘./ )

Wo,Yo
From the compatibility of the laws defined in (2.3), one can see that (see also the
proof of Lemma 6.2 of Popov and Teixeira, 2015):

ucap(f/)E(CV ) =ucap(V)E(CY. ,.).

wo,Yo wo,Yo

Since cap(V') =< cap(V), if we successfully estimate 7 (wyp, yo) we will automatically
be provided with an estimate for 7(wg,y0). We changed the problem from esti-
mating m(wo, yo) to estimating 7(wo, yo) so that the distance between the simple
random walk’s starting point and wp does not affect our calculations.

First we note that C, , is dominated by a Geometric (c;) random variable, for
some 0 < ¢; < 1. This follows from the fact that every time the simple random walk
exits AY, with probability uniformly greater than some constant 1 — ¢; > 0, the
walk never returns to wp. This way, it will be sufficient to estimate the probability
P[Cxo,yo > 1] for our purposes.

So, for a walk started at V to reach wy, it first has to hit a discrete sphere dB;

of radius 5 centered on wg. The probability of such event is of order ij—:z, by

Proposition 6.4.2 of Lawler and Limic (2010).
Let B; be a discrete Euclidean ball of radius s contained in A7 such that By N

A1 = {wo}. We also let B3 be a discrete Euclidean ball of radius 2s lying outside
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Aj such that B3N A; = {wp}. Using Proposition 6.5.4 of Lawler and Limic (2010)
we have, for any 2’ € 0B; N A!C and some constant co > 0:

]P)z/ [XHAl = wO} < Pm/ [XHB2 = wo} < CQS_(d_l)_

Then, recalling the notation fa, (wo,y0) = Pu, [wo 2z, yo| and the fact that
cap(V) = r(@=2) " and using the strong Markov property, we get, for constants
c,cp > 0:

m(wo,yo) < c’P[CV >1<¢ cap(V)flsflfAl(wo,yo). (A.27)

wo,Yo

For the lower bound, we let By be a discrete Euclidean ball of radius  contained
in AS \ B(0,7 + s) such that for every x € By, dist(x,wp) < 2s. Using the strong
Markov property, we get

PCigyo = 1] = inf Py [Hp, < o0] inf Po[Xp, = wo] fa,(wo, o),
zeV z''€By
so that, using Proposition 6.4.2 of Lawler and Limic (2010) we have, for some
constant ¢z > 0,
m(wo,y0) > czcap(V) s~ fa, (wo, yo)-

The part (ii) then follows from (i) and Proposition 3.4.

A.3. A lower bound for . Let z € ¥ be such that E(z) = (wo,y0), let ¢4 > 0 be
some positive real number. For

Cugyo = {(wh,yp) €V x dAz;max{||wy — woll, [|yo — yoll} < cas}
and

!/
o= inf{m; (w,y) € V x 0As, 2" € Ty 4, 2 € IC},

9(w,y) (2)
we need to find a constant lower bound for a. But this is just a consequence of the
bounds obtained in Propositions A.1 and A.2.

Acknowledgments

Caio Alves was supported by FAPESP (grants 2013/24928-2 and 2015/18930-0).
Serguei Popov was supported by CNPq (grant 300886/2008) and FAPESP (grant
2009/523798).

References

N. Berger, N. Gantert and Y. Peres. The speed of biased random walk on percolation
clusters. Probab. Theory Related Fields 126 (2), 221-242 (2003). MR 1990055.
D. de Bernardini, C. Gallesco and S. Popov. An improved decoupling inequality

for random interlacements (2018+). Work in progress.

J. Cerny and A. Teixeira. From random walk trajectories to random interlacements,
volume 23 of Ensaios Matemdticos [Mathematical Surveys]. Sociedade Brasileira
de Matemadtica, Rio de Janeiro (2012). ISBN 978-85-85818-69-2. MR3014964.

J. Cerny and A. Teixeira. Random walks on torus and random interlacements:
macroscopic coupling and phase transition. Ann. Appl. Probab. 26 (5), 2883—
2914 (2016). MR3563197.


http://www.ams.org/mathscinet-getitem?mr=MR1990055
http://www.ams.org/mathscinet-getitem?mr=MR3014964
http://www.ams.org/mathscinet-getitem?mr=MR3563197

Conditional decoupling of random interlacements 1063

Y. Chang and A. Sapozhnikov. Phase transition in loop percolation. Probab. Theory
Related Fields 164 (3-4), 979-1025 (2016). MR3477785.

A. Drewitz, B. Rath and A. Sapozhnikov. An introduction to random interlace-
ments. SpringerBriefs in Mathematics. Springer, Cham (2014). ISBN 978-3-319-
05851-1; 978-3-319-05852-8. MR3308116.

A. Fribergh. Biased random walk in positive random conductances on Z%. Ann.
Probab. 41 (6), 3910-3972 (2013). MR3161466.

A. Fribergh and A. Hammond. Phase transition for the speed of the biased random
walk on the supercritical percolation cluster. Comm. Pure Appl. Math. 67 (2),
173-245 (2014). MR3149843.

A. Fribergh and S. Popov. Biased random walks on the interlacement set. Ann.
Inst. Henri Poincaré Probab. Stat. 54 (3), 1341-1358 (2018). MR3825884.

G. F. Lawler. Intersections of random walks. Modern Birkh&user Classics.
Birkh#user/Springer, New York (2013). ISBN 978-1-4614-5971-2; 978-1-4614-
5972-9. MR2985195.

G. F. Lawler and V. Limic. Random walk: a modern introduction, volume 123
of Cambridge Studies in Advanced Mathematics. Cambridge University Press,
Cambridge (2010). ISBN 978-0-521-51918-2. MR2677157.

S. Popov and B. Rath. On decoupling inequalities and percolation of excursion sets
of the Gaussian free field. J. Stat. Phys. 159 (2), 312-320 (2015). MR3325312.

S. Popov and A. Teixeira. Soft local times and decoupling of random interlacements.
J. Bur. Math. Soc. (JEMS) 17 (10), 2545-2593 (2015). MR3420516.

E. B. Procaccia, R. Rosenthal and A. Sapozhnikov. Quenched invariance principle
for simple random walk on clusters in correlated percolation models. Probab.
Theory Related Fields 166 (3-4), 619-657 (2016). MR3568036.

S. I. Resnick. Eztreme values, reqular variation and point processes. Springer Series
in Operations Research and Financial Engineering. Springer, New York (2008).
ISBN 978-0-387-75952-4. MR2364939.

A.-S. Sznitman. On the anisotropic walk on the supercritical percolation cluster.
Comm. Math. Phys. 240 (1-2), 123-148 (2003). MR2004982.

A.-S. Sznitman. Vacant set of random interlacements and percolation. Ann. of
Math. (2) 171 (3), 2039-2087 (2010). MR2680403.

A.-S. Sznitman. Decoupling inequalities and interlacement percolation on G X Z.
Invent. Math. 187 (3), 645-706 (2012a). MR2891880.

A.-S. Sznitman. An isomorphism theorem for random interlacements. FElectron.
Commun. Probab. 17, no. 9, 9 (2012b). MR2892408.

A.-S. Sznitman. Topics in occupation times and Gaussian free fields. Zurich Lec-
tures in Advanced Mathematics. European Mathematical Society (EMS), Ziirich
(2012¢). ISBN 978-3-03719-109-5. MR2932978.

A. Teixeira. Interlacement percolation on transient weighted graphs. FElectron. J.
Probab. 14, no. 54, 1604-1628 (2009). MR2525105.


http://www.ams.org/mathscinet-getitem?mr=MR3477785
http://www.ams.org/mathscinet-getitem?mr=MR3308116
http://www.ams.org/mathscinet-getitem?mr=MR3161466
http://www.ams.org/mathscinet-getitem?mr=MR3149843
http://www.ams.org/mathscinet-getitem?mr=MR3825884
http://www.ams.org/mathscinet-getitem?mr=MR2985195
http://www.ams.org/mathscinet-getitem?mr=MR2677157
http://www.ams.org/mathscinet-getitem?mr=MR3325312
http://www.ams.org/mathscinet-getitem?mr=MR3420516
http://www.ams.org/mathscinet-getitem?mr=MR3568036
http://www.ams.org/mathscinet-getitem?mr=MR2364939
http://www.ams.org/mathscinet-getitem?mr=MR2004982
http://www.ams.org/mathscinet-getitem?mr=MR2680403
http://www.ams.org/mathscinet-getitem?mr=MR2891880
http://www.ams.org/mathscinet-getitem?mr=MR2892408
http://www.ams.org/mathscinet-getitem?mr=MR2932978
http://www.ams.org/mathscinet-getitem?mr=MR2525105

	1. Introduction and results
	1.1. An application: biased random walk on the interlacement set

	2. Definitions and notation
	3. Simulating excursions with soft local times
	4. Conditional decoupling
	Appendix A. Technical estimates
	A.1. Bounding the relevant probabilities
	A.2. Proof of Lemma  4.5
	A.3. A lower bound for alpha 

	Acknowledgments
	References

