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Abstract. We prove sharp two-sided estimates on the tail probability of the first
hitting time of bounded interval as well as its asymptotic behaviour for general
non-symmetric processes which satisfy an integral condition

/OOLQO.
o 1+Rey(§)

To this end, we first prove and then apply the global scale invariant Harnack inequal-
ity. Results are obtained under certain conditions on the characteristic exponent.
We provide a wide class of Lévy processes which satisfy these assumptions.

1. Introduction

The aim of this paper is to discuss the distribution of the first hitting time of
the point or the bounded interval for non-symmetric Lévy processes which satisfy
the following condition:

/WL<OO.
o 1+Rey(§)

Such condition implies that 0 is regular for itself. Under some regularity assump-
tions we prove sharp two-sided estimates on the tail probability of the first hitting
time of a point or a bounded interval, as well as its asymptotic behaviour. In
the case of symmetric processes, it can be described by the compensated potential
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kernel (see Grzywny and Ryznar, 2017), which is given by

K(x) = / " (0(s,0) — pls,)) ds.

where p(s, -) is the transition density of the process (which exists due to the integral
condition). However, in our setting one of substantial difficulties one has to over-
come is the fact that we do not a priori know if K exists, and even if it does exist, it
may vanish on the whole half-line, an example being a one-dimensional completely
asymmetric point recurrent stable process, i.e. with the stability index « € (1,2)
and skewness parameter 8 = +1 (see the formula for the compensated potential
kernel in Port (1967, page 372)). For symmetric Lévy processes its existence is an
easy consequence of the monotone convergence theorem, but in our case we are,
in general, forced to adopt a different method. Instead, we propose an approach
based on the symmetrized compensated potential kernel

1 1
’ll)(s)‘| dS,

(o]
H(z) = 7/ (1 —coszs)Re
™ Jo
which turns out to be the proper object for description of the behaviour of the
first hitting time. Its huge advantage is the fact that the integrability condition we
assume in the whole paper ensures that H is well-defined and therefore can serve
our purpose.

Let us briefly describe our results. First, we concentrate on the asymptotic
behaviour of the first hitting time of arbitrary compact sets which contain the
origin (Theorem 4.7 and Corollary 4.8). The obtained asymptotics hold true if Re ¢
varies regularly with parameter o € (1,2] and Im displays a similar behaviour.
We devote Section 3 to discussion about situations in which such condition holds
true (see Theorem 3.4). In particular, that turns out to be true if the Lévy measure
is of the special form

v(dz) = Cyqly<ovo(dr) + Culysovo(dx),

where vy(dz) is a symmetric Lévy measure. An important class of processes which
clearly exhibit such behaviour are spectrally one-sided Lévy processes; in such case
we simply have either Cy = 0 (spectrally positive case) or C,, = 0 (spectrally
negative case). For the sake of completeness we also note that C,, = Cy gives rise
to a symmetric process.

Next, we turn our attention to derivation of sharp two-sided estimates on the first
hitting time. To that end, we prove the global scale invariant Harnack inequality
under weak lower scaling condition on the real part of the characteristic exponent.
That result seems to be of some value in and of itself, as Harnack inequality is very
strong theoretic tool in the potential theory. For instance, its easy consequences are
estimates on the derivative of the renewal function for the ladder height process,
which in turn entail estimates on the density of the distribution of the supremum
process (see Chaumont and Matlecki, 2016). We also provide estimates on the
boundary behaviour of harmonic functions. Meanwhile, we derive estimates on the
Green function of a bounded interval and a half-line (Lemma 5.1 and Corollary 5.6),
which also seem to be interesting on its own. For example, the first one together
with some regularity assumptions on the Lévy measure imply the boundary Harnack
inequality, which is also an important potential theoretic tool (see e.g. Bogdan et al.,
2015).
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Eventually, we apply those results to obtain estimates on the tail of the first
hitting time of points and intervals. They are derived under assumptions of global
lower scaling property, zero mean and control of K* from below by H for small
A (see (2.8) for definition). The estimates are expressed in terms of symmetrized
compensated potential kernel H and renewal function for the dual process ‘A/, and
therefore, in particular, do not require the existence of the compensated potential
kernel K. Nevertheless, in Section 4 we provide conditions which assure that K is
well-defined. We remark here that if the process is symmetric, then our assumptions
reduce to those obtained in Grzywny and Ryznar (2017). Since the third assump-
tion is not a priori obvious for general non-symmetric processes, in Subsection 6.1
we present an example of wide class of processes for which such property holds true.
Furthermore, if we restrict ourselves to the special case of spectrally negative Lévy
processes then due to its specific structure, we are able to prove sharp two-sided
estimates on both sides of the interval and for any ¢ > 0 (see Corollary 6.13). To
our best knowledge, such results have not been obtained before. Apart from its own
value, they can be used, together with heat kernel estimates (Grzywny and Szczyp-
kowski, 2020) for instance for estimation of the Hausdorff dimension of the inverse
images of Lévy processes (see Park et al., 2020). We also remark that although our
main object to operate with is the real part of the characteristic exponent, one can
work with the tail of the Lévy measure instead, since in view of Grzywny et al.
(2018, Proposition 3.8), scaling property of the latter implies scaling of the former.

The first studies on the first hitting time of a point or a compact set concerned
a-stable processes. The asymptotic behaviour in the case of recurrent a-stable
process, i.e. 1 < a < 2, for arbitrary compact sets, was derived in Port (1967).
Next, in Yano et al. (2009) the authors discuss the law of the first hitting time of a
point for the symmetric a-stable processes with 1 < o < 2. A series representation
of the density of the first hitting time of a point in the case of spectrally positive a-
stable Lévy processes, 1 < a < 2, was obtained in Peskir (2008) and Simon (2011).
That result was extended two general spectrally two-sided a-stable processes with
1 < a < 2in Kuznetsov et al. (2014). Let us note here that in case of spectrally
negative Lévy processes starting from the left side of the interval, the first hitting
time is equal to the first passage time through the left end and in consequence,
one may apply tools from the fluctuation theory to handle the problem (see e.g.
Bertoin (1996) or Sato (1999) for details).

The general symmetric case is much harder to handle and in principle, requires
some regularity assumptions on the characteristic exponent of the process. In
Kwasnicki (2012) the author derives an integral representation of the distribution
function of the first hitting time of a point in terms of eigenfunctions of the semi-
group of the process killed upon hitting the origin. That idea was later adopted
in Juszezyszyn and Kwasnicki (2015) to obtain the asymptotic expansion of the
distribution function (and its derivatives) of the first hitting time of a point for
symmetric Lévy processes with completely monotone jumps. Recently, in Mucha
(2019), the ideas from Kwasnicki (2012) were extended to non-symmetric Lévy pro-
cesses. A different approach was proposed in Grzywny and Ryznar (2017), where
the authors prove and apply the global Harnack inequality in order to obtain sharp
estimates on the tail probability of the first hitting time of points and bounded
intervals for symmetric processes under global lower scaling condition imposed on
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the characteristic exponent. In the present paper we generalize these ideas to non-
symmetric Lévy processes, which, to our best knowledge, has not been investigated
in such generality before.

The article is organized as follows. In Section 2 we introduce our setting, basic
objects and tools exploited in the paper and prove some auxiliary results. In Sec-
tion 3 we prove that some specific form of the Lévy measure and regular variation of
Re v implies that Im 4 is in fact, comparable to the real part; we apply that result
in Section 4, where asymptotic behaviour of the tail of the distribution of the first
hitting time is obtained. Here, Theorem 3.4 provides an important example. Sec-
tion 5 is devoted to the proof of the Harnack inequality, some of its consequences
and boundary behaviour of harmonic functions. We apply those results in Sec-
tion 6, where we provide sharp two-sided estimates on the tail probability of the
first hitting time of a bounded interval. Finally, in Subsection 6.1 we indicate a
wide class of non-symmetric processes which satisfy assumptions of Theorem 6.10.

2. Preliminaries

Notation. Throughout the paper ¢, ¢1, Cq, ... denote positive constants which may
vary from line to line during estimates. We write ¢ = ¢(a) when ¢ depends only on
parameter a. For two numbers a, b we denote a A b = min{a, b}. For two functions
fyg we write f & g if the ratio f(u)/g(u) stays between two positive constants.
That notation gives rise to the notion of sharp estimates. Namely, we say that
a sharp two-sided estimate on a function f holds if there is a function g and a
constant ¢ > 0 such that
¢ lg(x) < flx) < eg(a),

or, in terms of the definition above, f & ¢. Similarly, we write f < g (f 2 9)
if the ratio is bounded from above (below) by a positive constant. By analogy,
this corresponds to one-sided (upper or lower) estimates. By f & cg, z — xq,
we mean that lim, ., f(z)/g(x) = ¢. For positive g we write f(z) = O(g(z)),
x — xo, if limsup,_,, |f(2)|/g(x) < co. For a complex-valued function f: R — C,
by f~! we denote its generalized inverse, that is f~!(s) = sup{r > 0: f*(r) = s},
where f*(r) = sup, <, Re f(z). Borel sets on the real line are denoted by Bg.
Finally, for » > 0 by B, we denote a ball centered at the origin and of radius r, i.e.
B, ={zeR: |z| <7}

Throughout the whole paper we let X = (X;: ¢t > 0) be a one-dimensional
Lévy process with the Lévy measure v. Recall that any Lévy measure satisfies the
following conditions:

v({0})=0 and /]R (1A 2?)v(dz) < oo. (2.1)
If we let ¢ be its characteristic exponent, that is
FeiXt — e*tw(é), ¢ R,
then it is well known that 1 is of the form
0O = ¢ —ing = [ (¢ —1 i1 ) d). EeR,

where o > 0 and v € R. Note that since we do not assume symmetry of X;, both
v and 1 need not be symmetric. The triplet (o,~, ) uniquely determines the Lévy
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process and is therefore called the generating triplet of X. Let us notice that

Rep(€) = 02> +/ (1 —coséz)v(dz), €E€R, (2.2)
R
and
Im (€)= —€ + / (E21)jcr — singz) v(dz), €€R
R

Observe that Ret is symmetric even if X is not symmetric. If we assume that
f(_1 1) |z| v(dz) < oo, then we can also write

Imy(&) = —m&+ /]R (§z — sin{z) v(dz), (2.3)

where v = v + f(71 1)e 2 v(dz). In particular, if EX; = 0 then v, = 0.
Our standing assumption is finiteness of the following integral:

/0 71+Re¢(§) < 0. (2.4)

Such condition implies that Re 1) is unbounded, hence it must not be a characteristic
exponent of compound Poisson process. It follows that Re(£) > 0 for £ # 0, since

otherwise we would have ¢ = 0 in (2.2) and v(dz) would be supported on {2}? ke

Z\{0}} for some £ # 0. In particular, due to Lévy condition (2.1) we would conclude
that ¥(R) < oo, which is the case for compound Poisson process only. Furthermore,

since e < (1 +2)~! for x > 0, we obtain that ’e‘t’/’(‘)‘ = e tRe?¥() is integrable.

Thus, by the Fourier inversion formula, the transition density p(t, -) of X exists for
all t > 0 and is given by

_ 1 —tp(€)—ika
p(t,x)72ﬂ/RRe [e ]d{, x eR.

If, following Pruitt (1981), we define the concentration function by setting for r > 0,

o? s|?
h(r) = =) —|—/]R (1 A |r2> v(ds),

then by Grzywny (2014, Lemma 4), for all z € R,
h(1/]z]) = " (|z]). (2.5)

Recall that h is continuous and strictly decreasing. Lastly, also due te Pruitt we
introduce the compensated drift part by setting

br =7 +/ Z(1|z|<r - 1|z|<1) V(dz)
R

We now turn to introduction of basic objects from the potential theory. For any
x € R, P?* and E* will denote the distribution and the expectation for the process
X + z, with the standard notation PV = P and E° = E. We also write E*[4;Y] =
E*14Y. By 7p we denote the first exit time from an open set D, i.e.

7p = inf{t > 0: X; ¢ D}.

For a closed set F' we define the first hitting time of F' as the first exit time from its
complement F¢, that is Tp = 7p.. If F = {b} is a singleton, then slightly abusing
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the notation, we write T}, = Typy. For A > 0 we let u® be the A-potential kernel,
that is the Laplace transform of p(-, z):

wMa) = OC>e_’\t x .
@ = [ e pteoar

If u* exists for A = 0 then we set u = u and then the process is transient (see
Bertoin (1996, Theorem 1.17)). In general, this needs not be the case (take for
example the classical stable process with stability index o > 1, which is recurrent).
Nevertheless, the condition

|, e <
— 5 <o,
o 1+Rey(§)
together with Bretagnolle (1971, Theoreme 7 and 8), implies that 0 is regular for
itself, that is

P°(Ty = 0) = 1.
That in turn, combined with Kesten (1969, Theorem 1), yield that P*(Ty < oo) > 0
for any z € R.
Let us also set
1 1 1 o
= lim —— = lim — Re|———— | d . 2.6
Do ur(0) ADO+ 2 (/R ¢ [A —H/J(&)} 5) (26)

Clearly, € [0,00). Moreover, from Bertoin (1996, Theorem 1.17) it follows that
the process is transient if £ > 0.

By Bertoin (1996, Corollary I1.18 and Theorem I1.19) we get that x + E¥e=AT0
is continuous with respect to x, and for any x € R we have

uM(x) = u(0)E~%e Ao, (2.7)

Note that for recurrent processes we have u(z) = oo for all z € R. Instead one can
define the compensated \-potential kernel by setting for A > 0

K*z) = u*(0) —ut(z), = €R. (2.8)

In view of (2.7) we get that K> >0 for all A > 0.
The next natural move would be to pass with A to 0 and define the compensated
potential kernel

K(z) = lim K*z), z€R.

A—0t

In general, however, it is not easy to show even the existence of K, let alone its
further properties. For some elaboration on that subject, including special cases
when K can be well-defined, see Section 4. If it does exist then one can express
the probability of not hitting the origin in terms of K and k.

Proposition 2.1. Suppose that K ezists. Then
P*(Ty = o0) = kK (—x).
If Kk =0 then P*(Tp < 00) =1 for all x € R.

It follows that if K exists and P*(Tp < oo) = 1 then X is recurrent.
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Proof: Observe that
lim E*e 0 = P*(T, < o).

A—0t
On the other hand,
A A N Yo
]Ezef/\To _ M =1-— M — 1 7/4;K(7:L’),
u*(0) u*(0)
as A — 0t. -

Instead of K, let us consider the symmetrized A-potential kernel
Hz) = KMz) + KMN—x).
By Bertoin (1996, Theorem II.19),

1

H’\(m):f/R(l—cosxs)Re !

A+ U(s)
Under (2.4) one can show that the symmetrized compensated potential kernel

H(z) = Ali)%lJr H*=z), z€R,

ds.

™

is well-defined and

H(x) = f/R(l — cosws) Re

™

1
1/)(5)] ds, x€R.
Indeed, it follows immediately from the fact that Re (&) 2> &2 for |¢] < 1 (see e.g.
Sato, 1999, proof of Theorem 37.8), which together with (2.4) justify the application
of the dominated convergence theorem and the claim follows. Proceeding as in
the proof of Grzywny and Ryznar (2017, Proposition 2.2) one may prove that H
is subadditive on R. See also Panti (2017, Proposition 3.7) for a similar result,
although derived under different assumptions.

We will often assume the so-called global weak lower scaling condition on the
real part of the characteristic exponent with the scaling index strictly bigger than
1. We will say that a function f satisfies the global weak lower scaling condition, if
there are @ € R and ¢ € (0, 1] such that for all u > 0 and A > 1,

fOw) = eA“f(u), w>0.

We will write shortly f € WLSC(q, ¢). The pair («, ¢) will be referred to as scaling
characteristics or simply scalings. Note that by Bogdan et al. (2014, Lemma 11),
f € WLSC(a, ¢) for some o € R and ¢ € (0, 1] if and only if the function

(0,00) 3z — 27 f(x)

is almost increasing. See e.g. Bogdan et al. (2014, Section 3) for details. Clearly,
the condition Rety € WLSC(«,¢) for some a > 1 and ¢ € (0,1], implies (2.4).
Moreover, by (2.5) and Grzywny and Szcezypkowski (2020, Theorem 3.1), for all
z R,

Re¢(z) = ¢*(|z[) = h(1/|z]). (2.9)
We note that under assumptions of the global scaling property of the real part
of the characteristic exponent, its control over the imaginary part (see Grzywny,
2019, Lemma 12) and vanishing of the first moment, i.e. EX; = 0, one can show
that fol Re(1/4(€))d¢ = 0o and, in view of Bertoin (1996, Theorem 1.17), conclude
that X is recurrent, and consequently, u(z) = oo for all z € R. As the processes
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we study in this paper often satisfy such assumptions, we are in dire need of some
object alternative to the (infinite) potential kernel. The symmetrized compensated
potential kernel H can be of usage here, but it appears that the (ordinary) compen-
sated kernel K is more appropriate for description of hitting probability behaviour.
The only problem is that in general we are not able to determine whether it exists.
We devote Sections 4 and 6 to the detailed discussion on the subject.

We note one simple yet crucial observation.

Proposition 2.2. Suppose that EX; = 0 and Rey € WLSC(«, x) for some o > 1
and x € (0,1]. There is ¢ = 1 such that for all r > 0,

g1 1
rh(r) SH(r) < CT(T).

In particular, H € WLSC(a — 1, x) for some x € (0,1].

C

Proof: Observe that by Grzywny (2019, Lemma 12), for any r > 0,

H(r)= /000(1 —cosTs) Rejp(s) ds.

Now, the claim follows by Grzywny (2019, Lemma 13). [

Apart from free processes, for an open set D one can consider the process killed
when eziting D, denoted by X. Namely, for any measurable function f,

E*f(XP) =E"[t < 1p; f(Xy)], t>0,z€R
By analogy, by p”(t;-,-) we denote its transition density. It is then known that
pP(t;x,y) = p(t,y —2) — E* [t>7p;p(t—7Tp,y—X:p)], t>0, 3,y €R. (2.10)
ByD analogy to the free process, for any x € R we define the A-potential measure of
X, as

Gp(z,A) = / e NP (t < Tp; Xy € A)dt, A€ Bp.
0

Since p”(t;-,-) exists for all ¢ > 0, the A-potential measures are absolutely contin-
uous with the density G, given by

G)(z,y) =/ e MpP(tyz,y)dt, x,y € D.
0

The 0-Green function is simply called the Green function and denoted by Gp(z,y).
Next, we introduce the harmonic measure of the set D, which describes the
distribution of X, started from x on {7p < oo}. Namely, for any Borel A C R,

Pp(z,A) =P"(X,, € A).
If the density kernel of Pp exists then we call it the Poisson kernel for the set D
and denote by the same symbol Pp(z,z). The celebrated Ikeda-Watanabe formula
[keda and Watanabe (1962) provides a connection between the Poisson kernel and
the Green function:
Pp(x,A) = / v(A—y)Gp(z,dy), AcCD".
D

Finally, we say that a Borel measurable function w is harmonic in an open set D
with respect to X, if for any bounded open set B such that B C D,

u(z) =E*u(X,,), z€B.
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If the equality above holds also for B = D then we say that u is reqular harmonic
in D (with respect to X). Also, u is (regular) coharmonic in D if it is (regular)
harmonic in D with respect to the dual process X. Clearly, for symmetric processes
a harmonic function is coharmonic and vice versa; in general, that is not necessarily
true. We remark that by the strong Markov property, a regular harmonic function
is harmonic. Moreover, the Green function for the set D (if it exists) is harmonic
in z on D\ {y}.
Let us note two simple observations.

Proposition 2.3. For any z,y € R we have
Gop-(z,y) < H(z) A H(y).
Proof: By (2.10), for any A > 0 we have
Gloye(,y) = M (y — x) — B2 Tou (y — Tp)

= U)\(y - x) - uA(y) ’U)‘(O)
KX (=) K (y)
u(0)

Recall that K* > 0. Proceeding as in the proof of Grzywny and Ryznar (2017,
Proposition 2.2) we get that K* is subadditive on R. Thus, K*(y) < K*(x) +
K*(y — z) and consequently,

Gloye(@,y) < KMy — o) + K*N—2) + KX (y) < K*(2) + KX (~a).
Similarly, we have K*(—z) < K*(y — z) + K*(—y), and the claim follows. O

=Ky — )+ KM—z) + K*y) —

Proposition 2.4. For any |z| € (0, R) we have
E* [T(—R,R) A To] < 2RH(x).
Proof: By Proposition 2.3,

E* [7—p,r) A To] = / G- rou,r) (7, y)d / Gioye(w,y)dy < 2RH (z).

(]

2.1. Fluctuation theory. Before embarking on further results we need some intro-
duction from the fluctuation theory of Lévy processes. The general reference here
is the book Bertoin (1996).

First, let us observe that the condition (2.4) implies that X is of unbounded
variation. Indeed, suppose the converse; then X can be written as a difference of
two subordinators. It follows that Re ¥ has at most linear growth and hence,

|, e
= OO’

o 1+Rey(§)

which is a contradiction. Thus, by Rogozin (1968), 0 is regular for half-lines (—o0, 0)
and (0,00). Now, let L = (L;: ¢ > 0) be a local time at 0 for the process S — X,
where S; = sup,; X, and L' — its right-continuous inverse, called the ascend-
ing ladder time process. Next, we define H by setting H; = SL;1 = XL;1 on
{L;' < oo} and H; = oo otherwise. H is a (possibly killed) subordinator called
the ascending ladder height process.
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Next, we introduce the renewal function V as a potential measure of the interval
[0, 2] for the ascending ladder height process, ie. V fo (Hs < x) ds, with the
convention V(z) = 0 for x < 0. Similarly, V' fo H < z)ds and V( ) =
for x < 0. Clearly, if X is symmetric, then X = X and consequently, V=V
Directly from the definition of V' and V we conclude that both are subadditive.
Moreover, by Silverstein (1980, Theorem 1 and 2), V and V' are harmonic on
(0,00), and V and V' are coharmonic on (0,00). In fact, also from Silverstein
(1980) we have that both V’ and V' are positive on (0,00), hence both V and
V are actually strictly increasing on (0,00). Note that using monotonicity and
subadditivity of \7, for all A > 1 and any r > 0 we have

V(az) < 20V ().

One feature that will be substantial in Section 5 is the fact that the Green function
for the positive half-line can be represented in terms of V' and V in the following
way:

G0,00) (T, ) = / ‘A/’(u)V’(y —z+u)du, y>zx>0. (2.11)
0

That identity is provided by Bertoin (1996, Theorem VI.20).

A number of helpful results concerning ‘7, which is of significant importance and
usage in the case of non-symmetric processes, are derived in Grzywny (2019). Below
we provide a sharp estimate on the probability that the process, when exiting the
interval (0, R), chooses the right end. Such result seems to be interesting in and of
itself, as we provide sharp two-sided bound, which is an analogue of the estimate
for the symmetric case (see e.g. Grzywny and Ryznar, 2012, Proposition 3.7).

Proposition 2.5. Suppose that EX; =0 and Rey € WLSC(«, x) for some o > 1
and x € (0,1]. Then there is ¢ € (0,1] such that for any R >0 and 0 < z < R,

V(z V(z
C,\( ) <Px(T(O’R)<T(O’OO)) < A( )
V(R) V(R)
Proof: Fix R > 0 and let « € (0, R). From the proof of Grzywny (2019, Theorem
9) we get the following results. First,

P (7(0,R) < T(0,00)) <

Next, we claim that there is ¢; such that

Clwhvffl)/t)) - HER <P o < o) 212)
ifonly t > 1/h(R). Indeed, observe that by Markov inequality and Grzywny (2019,
Proposition 4),

P*(T(0.00) > 1) <P (7(0.r) > t) + P*(7(0.0) < T(0,00))
_T@v®)

= t

Thus, using Grzywny (2019, Theorem 6) we get (2.12) for ¢ > 1/h(R) as claimed.

+ P* (T(()’R) < T(O,oo))-
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Now we specify ¢ > 0. Set ¢t = a/h(R), where a > 1. By Grzywny and Szczyp-
kowski (2020, Lemma 2.3), there is ¢a > 1 such that

h=1(1/t) = h™  (h(R)/a) < coa'/*R.
Taking into account subadditivity and monotonicity of ‘7, we infer that
‘A/(h_l(l/t)) < V(CQal/aR) < 2¢2a"*V(R),

if only @ > ¢; . Furthermore, by Grzywny (2019, Corollary 5), there is ¢z > 1 such
that

It follows that

_ 1 — Oé‘//\'x c vx
]P)I(T(O,R)<T(O,Oo)) > 9 101021a 1/ ( )7 3‘7( )

V(R) aV(R)
— Y(‘x) 1 (2—10162—1a(a—1)/a _ Cg) > 1 Y(x) ,
V(R) @ aV(R)
if a is big enough, and the claim follows. O

3. Regular variation

In this section we aim to prove that the regular variation of the real part of
the characteristic exponent implies regular variation of its imaginary part, if we
impose some condition on the structure of the Lévy measure. First, we recall some
basic definitions and properties from the theory of regular variation. The general
reference here is the book Bingham et al. (1989).

We say that a function f: (0,00) — (0, 00) is regularly varying at 0 with param-
eter p, if for all A > 0,

A
im f(\z) =P
z—0t+ f(x)
Similarly, we say that a function f: (0,00) — (0,00) is regularly varying at the
infinity with parameter p, if for all A > 0,
im L2 _ .
z—oo f(x)
If p = 0 then we say that a function f is slowly varying at 0 (or at co).
Next, we recall Potter’s Lemma, a not to be underestimated property of regularly
varying functions (Bingham et al., 1989, Theorem 1.5.6). If a function f is regularly

varying at infinity with a parameter p, then for any C' > 1 and § > 0 there exists
X = X(C,9), such that

i RN

Let k: (0,00) = R. The Mellin transform M of the function k& is defined by

M{k}(z) = / Tk

?a
for z € C such that the integral converges.
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Next, for f,g: (0,00) — R we define its Mellin convolution by

t 3

0% f(@) = / Tg@nrn® e

Finally, by

_ /Om F@/Hdg(t), = > 0.

we denote the Mellin-Stieltjes convolution for functions f and g such that the
Stieltjes integral is well defined.

Let us start with the observation on the equivalence between tail measure and
real part of the characteristic exponent behaviour.

Proposition 3.1. Let a € (0,2). Rev is regularly varying at infinity (at 0) with
the exponent « if and only if t — v({s: |s| = t}) is regularly varying at 0 (at
infinity) with the exponent —a. Moreover,

I'l+a)
B(1f%,1+%

Il

v({s: [s[ > t})

)Rezp(l/t), t—=0" (t— o00).

Proof: We compute the Laplace transform of the function Re. By Fubini’s the-
orem,

L{Re} (A (1 — costx) v(dz)dt = (1 — costx) dt v(dx)
ML L

:X/R A2 4 x2 v(dz).

Next,
A 1 0 22 o g2
semen =3 ([ W i)+ [ gt

/ / /\2 5 dtv(dr) + / / D )\2 5 dtv(dx)

_ At)? dt
——/_oo m”((—%at])?‘FA m’/([t 00))?

G Y
_/0 (1+(%)2)2((( 1)+ v([t,00)) 7

Assume that Re) varies regularly at infinity with exponent « € (0,2). Let us
define v = v1|_; 1) and the characteristic exponent ¢; corresponding to the triplet
(0,0,v1). We have Re = Re); at infinity. Indeed, since

0< / |>1(1 —cos(zz))v(de) < 2v({a: |z| > 1}), z€R,

and lim,_,, Re¢(z) = oo, we get

Rev(z) — Re(2)
Red(z)

— 0,
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as z — oo. Next, using the Abel theorem (Bingham et al., 1989, Theorem 1.7.1)
one can observe that

AIL{Re 1 }(1/A) 2 Rep( V(1 +a), A — oo.
Let g(t) = va({s: |s| = 1/t}),¢t > 0, and k(t) = e
Laplace transform of Rev; is the Mellin convolution of k£ and g:

srttreva/ = | "R/ % = / T he/Ne0 D = kT g0,

Observe that the

t
where in the last equality we used k(t) = k(1/t) for ¢ > 0.
To prove that g(t) is regularly varying function, we will use Bingham et al. (1989,

Theorem 4.9.1) for the function ¢, (t) = fot 9(s)“ and convolution k fa(\)=k%
g(A). Set o such that —2 < ¢ < —a: and 7 = 0. Observe that

kllor = Z max(e” 7", e”™)  sup ’k:(m)}

engwgen+1

—oo<n<oo
e—on
2n
< DD
S e’ + o2n < Q.
n<—1 n=0

See Bingham et al. (1989, p. 210, eq. (4.4.3)) for the first appearance and intro-
duction of the ||k||,.-. Moreover, by Oberhettinger (1974, Table 1.2 (2.19)),

o'} t2 1 1 [ee] 1
— v gz _ - (z/2+1)—1
M{k}(z) /0 (1—|—t2)2t dt 2/0 (1—1—5)28 ds

_Ma-5)ra+3)
2 )
if only Rez € (—2,2). Since (0, 7) C (—2,2) and neither I'(1+ %) nor I'(1— %) have
any roots for Re z € (o, 7), the Wiener condition M{k}(z) # 0 is satisfied. Notice
that g7 is non-decreasing on (0, c0) and vanishes on (0, 1). Hence, g1(t) = O(t7) at
0T. That is, the kernel k and the function g; satisfy assumptions of Bingham et al.
(1989, Theorem 4.9.1), hence,

I'l+a) Re(t)
B(1-5.1+5) @

gl(t)g , t— o0

By monotone density theorem Bingham et al. (1989, Theorem 1.7.2) and the fact
that g(1/t) = v({s: |s| > t}) as t goes to 0T, we obtain that

I'l+a)
B(l—%,1+%

v({s:|s| > t}) = ) Rev(1/t), t— 0.

In particular, t — v({s: |s| > t}) is regularly varying function at 0 with index —a.
Now assume that ¢ — v({s: |s| > t}) is regularly varying function at 0 with
index —a. Again, instead of ¥ one can consider ;. Since

1 z
Rey1(z) = z/ sin(zz)v({s: |s| = z}) dx :/ sin(z)v({s: |s| = x/2}) dx,
0 0
one can use Potter’s Lemma to justify that

. Ren(2) /°° sin x
lim = dz
VT b1 Sy e

)
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which finishes the proof in this case.
If Ret varies regularly at 0 one can modify the above prove to obtain the be-
haviour of the tail of v at infinity. |

We remark that in fact, equivalence of regular variation of Re at 0 and regular
variation of the tail of v at infinity can be easily obtained from Pitman (1968). Our
proof, however, works in both cases.

If the Lévy measure is of the special form

v(dx) = Cql zcoyvo(der) + Cul (503 vo(de), (3.2)

where vy(dz) is a symmetric Lévy measure, the theorem above provides the be-
haviour of the one-sided tail of v as well. For instance, if Re is regularly varying
at 0 with the exponent « € (0,2), then

1 I'l+a)
CutCap(1-5,1+%)

This is the case for stable processes, where even the equality holds true.

vo([t, 00)) =

B(1/t), t— 0.

Lemma 3.2. If Re varies regularly at 0 with an exponent o > 1, then

/ |z v(dx) < .
(_171)C

Proof: If Re varies regularly at 0 with a positive exponent then Rey = ¢* near
0. Hence, h(r) = Re(1/r) for large > Ry. By the Potter Lemma we get

/|I>1 |z| v(dx) = /Ooo v({s: |s| > 1Vu})du

</0 h(1Vu)du < h(1 )RO+C/1%0 Re9(1/u) du < .

The claim follows immediately. ]

Lemma 3.3. Assume that f(s), s 2 0, is a function which is non-negative, reg-
ularly varying at oo with parameter —a, where a € (1,2), and such that f(;)o(l A
s2)f(s)ds < 0. Then the transformation

xl—>/ (1 —cosxzs)f(s)ds, x>0,
0

is regularly varying at O with the parameter a — 1 and satisfies
> 1
/ (1 —coszs)f(s)ds = _f/) T )
o x 20(c) cos (Z2)

Proof: Let x > 0. By the Potter Lemma, one can set A such that for s > A, there

exist —a < —& < —1 and M such that ;E‘;;i; < Ms—%. Notice that

/00(1 cos z5) f(s) ds

x—0t.

X

(1/:10

(1 —cosxs)f(s)ds+

f(l/x)/A (1 —cosxs)f(s)ds

1—cosa?s Vf(s )ds—l—/Aj(l—coss);Ei;g ds
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Again by the Potter Lemma, for constant C' and p < 2 there exists € > 0 such that
Cz? < f(1/x), when 0 < & < e. Then we can observe that

f(lx/x) /OA(I —cosxs)f(s)ds < Cz—j OA s2f(s)ds — 0,
as ¢ — 07. Moreover, for |s| > Az,
(1 —coss) ;Ei;g < M(1—coss)s™ 2.

It allows us to make use of the dominated convergence theorem. Therefore,

lim L/00(1—cosxs)f(s)ds:/00(1—coss)sf"‘ds: T

z=oc f(1/2) Jo 0 2l () sin (@)

™
where the second equality follows from Sato (1999, Theorem 14.15). a

Next theorem is the main result of this section. It shows that under assumption
(3.2), regular variation of the real part of the Lévy exponent implies regular vari-
ation of the imaginary part. This is the case for instance for spectrally one-sided
Lévy processes.

Theorem 3.4. Assume that the Lévy measure v(dz) satisfies (3.2). Let the real
part of the characteristic exponent Re () be reqularly varying at 0 with a parameter
a€ (1,2). Ifyy=~v— f(_l 1)e av(dx) = 0 then the imaginary part Im () satisfies

C,—C,
Tm (€)= _WCZ tan (%) Re(€), € 0%,

For v1 # 0 we have
Imp(§) =g 0.

Proof: By Proposition 3.1, t — vg([t,00)) is a regularly varying function with the
exponent —a at oo. More precisely,

1 I'(l+a)
Cu+CiB(1-%,14+%)

vo([t, 00)) & Rew(1/t), t— oo (3.3)

By Lemma 3.2 we know that f(71 1ye |z| v(dz) < oco. We are therefore allowed to

use the representation (2.3) of the imaginary part of the function . Let £ > 0.
Observe that

m () =né + [ (60 sinéa) v(da)
R
= C,—C —sin &t) dt vy (d
e+ ( d>/0 / (et — sin&t)’ dt vo(da)
=71£+(Cu—0d)§/0 (1—cos§t)/ vo(dx) dt

=11& + (Cu — Ca)§ /000(1 — cos &) v ([t, 00)) dt.
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Let Cy, # Cq4. Observe that f(s) = v([s, 00)) satisfies the assumptions of Lemma 3.3.
Thus, a function & — (Cy, —Ca)€ [3~ (1 —cos &)y ([t, 00)) di is also regularly varying
function at 0 with the exponent . Assume that «; # 0. Then
€+ &(Cy — Cy) fooo(l — cos &)y ([t, 00)) dt .
71€

as & — 0T, which follows from the Potter Lemma for the function (C,,—Cy4)¢ fooo (1—
cos &t)vp([t, 00)) dt. Then Im () is comparable at zero with a linear function. Now,
assume that 41 = 0. Again by Lemma 3.3, if £ — 0T,

f/mﬂ—w%WMMWDﬁ%wMU§mD
0

L

-~
2T () cos (%)
Using I'(1 — 2)I'(2) = 5 and invoking (3.3), we obtain

Cu - Cd aP(a) s

my(§) = - 5—F¢ T(1— 2)T(1+ &) 21 (a) cos (22) Re1)(€)
= — Cu = Ca %F(%) s
BT O (e (T e R
~ Cu - Cvd T
ST, o, (2> Rey(§), &€—07.

4. Asymptotics

If the process X; is symmetric then by Yano (2013, Theorem 4.2), the function
K is well-defined. Furthermore, for non-symmetric case by Yano (2013, Proposi-
tion 6.1), existence of first derivatives of (Re(£))" and (Im1(€))" such that

/°° (I(Re ()] + [Am(£))']) (62 A 1)
0 [P (&)

is sufficient. We remark here that in view of Sato (1999, Theorem 21.9) and discus-
sion at the beginning of Subsection 2.1, the condition (L1%) in Yano (2013) always
implies (L2).

Unfortunately, (4.1) does not suit our case and therefore, we prove the existence
of K in several cases.

d¢ < oo. (4.1)

Lemma 4.1. Assume that 1/(1 + Ret) is integrable and Imy > 0 on (0,¢) for
some € > 0. Then K exists and

K(x) = 1 /OO Re [1 (1—e"*)| ds. (4.2)
T Jo ¥(s)
Proof: Since e™® < (1 +2)7!, > 0 we obtain e=¥ € L'(R). By the Riemann-
Lebesgue Lemma we have Re9)(§) — oo as £ — oo. Since Rep(€) > 0 for £ # 0,
that implies 1/ Re) € L*([6, 00)) for any § > 0. Next, let us observe that Re (&) >
c€? €| < 1, for some ¢ > 0. Hence,
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By the dominated convergence theorem, for z € R,

oy [ Lmcos@E))A+Redp(§)) o [ (1= cos(a)) Rey(€)
B S PERTELE de= [ S
and
lim sin(zé) my(§) sin(z€) Im ()
A=0% Jigsen(r/lz) 1A H P - /|E>sA(ﬂ/|x) [v(&)I? <

For |¢| < e A (n/|z|), the function & — sin(z€) Im ¢)(&) is non-negative, therefore by
the monotone convergence theorem,

. sin(z§) Im ¢ (§) _/ sin(z§) Im ¢ (§)
1m o d€é = — e
A=0+ Jie|<enta/lzl) 1A TP €| <en(/|2]) [P (8)]

Since 0 < K*z) < H(x) < oo for every A > 0 and = € R the above integral is

finite. Finally let us notice that the integrand is an even function which ends the
proof. ([

Corollary 4.2. If 1/(1 4+ Rev)) is integrable, EX; exists and EX1 # 0 then K is
well-defined and (4.2) holds.

e, (4.3)

Proof: Since E|X| < oo, we have
P(€) = o* +imé + /(1 + iz — %) v(dz).
R

A consequence of the dominated convergence theorem is

Imy(€)
m ——= =7
gm0t €
Hence, if 74 = EX; # 0 then Im has a constant sign on (0,¢) for some £ > 0,
which finishes the proof due to Lemma 4.1. (|

Proposition 4.3. Assume that 1/(1 + Re1)) is integrable and there is ¢ > 0 such
that

/||> |z|v(dz) < crh(r), r>1. (4.4)

Then K exists and (4.2) holds.

Remark 4.4. If Rey € WLSC(a, x) for some o« > 1 and x € (0,1], then the
assumptions of Proposition 4.3 are satisfied.

Proof: By (4.4) we have E|X;| < co. If EX; # 0 we apply Corollary 4.2 to get the
claim of the Proposition. Therefore, assume that EX; = 0 and then

B(E) = 0% + / (1+ i€z — €6%) u(d2).

By the proof of Lemma 4.1 it is enough to prove that (4.3) holds. Let us consider a
Lévy measure 7(dz) = 1(9,1)(z)2~>/2dz+1}1 o) v(dz) and a characteristic exponent

B(e) = / C (0 bits - ) i(ds), R

Since Re¢h(¢) ~ |¢[*/2, [¢] > 1, and

(o) - [ " (€2 — sin(€2)) #(dz) > 0,
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we can apply Lemma 4.1 and its proof to obtain finiteness of

/°° | sin(z¢) Tm 1) (¢)|
0 v (€)]2

¢, xeR.

Let -
P1(8) = / (1+i€z— eifz) v(dz),
0

and 1y (&) = ¥(€) — ¥1(€). Notice that Rev; ~ Retp and Ime); ~ Im+) on (0,1)
and Im v (€),Im o (—&) > 0, £ > 0. Hence,

/1 | sin(z€) Tm 1 (¢)|
0 |1 ()1

But we also have that |[Imn(£)] < cRewy(§) for |£] < 1. Indeed, by Taylor’s
formula and (4.4),

1/1€] 0o
Im < 2)3 v(dz zv(dz
(T o (6)| / (I€1)* v >+|5|/1/I§| (d2)

d¢ < oo.

1/1€| 0
< 2 2
<] / 22 u(dz) + [€] / )

1/1€]
< lep / 22 u(dz) + h(1/[€])
< Rew(e),

where the last inequality follows from (2.9) and Grzywny and Szczypkowski (2020,
Lemma 2.3). These implies

1 .
| sin(zg) Im ¢ (£)|
d .
e <
Hence, by the monotone convergence theorem,
) sin(x€) ITm 1 (§) sin(z€) Im 1 (§)
1 — 2 ¥ = d )
ADO* el<en(r/lz) 1A+ P62 ¢ /|§<8/\(7r/|;v) [P(8)12 ¢

and the limit is finite. Again by the monotone convergence theorem,

lim sin(z€) Im 5 (&) g — / sin(z€) Im 9 (&)
A=0% Jigj<enn/lz) AT P(E)]? lel<en(n/|z]) [v(€)?
Combining the above limits together we obtain (4.3), which ends the proof. O

de.

Corollary 4.5. Let Retp vary regularly at 0 with an exponent « € (1,2], then K
is well-defined and (4.2) holds.

Now we turn our attention to the asymptotic behaviour of the tail of the distri-
bution of the first hitting time.

Lemma 4.6. Assume that Re varies reqularly at 0 with an exponent o € (1, 2]
and

for some C; € R. Then
Mt (0) 2 (Re) H(N)C(a, Cr), A — 07,
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where
cos(arctg(Cr)/a)

a(l+ CHY R/ sin(r/a)’
Proof: Denote 0(€) := Re(§) and w(§) := Im¢(§). We have

e L[ A5
0= [ sraer e

O(Oé, C[) =

Notice that, for any § > 0,

O a0 <1
MM’A @+%W+MW%<A o =

Since a > 1, we obtain 9,%()\)11()\) — 0 as A — 07, hence it does not have impact

on the asymptotic behaviour.
Set I(\) := 7u*(0)—1I;(\). Since 6 is continuous function we have §(671(s)) = s.
Hence,
A () /efm 1460 (671 (Nw) /A
OV (L4001 (Nw) /N)? + (@ (0= (Nw) /A)?
00—t (\w)

dw

0

:/9’1‘” S GRIeN) dw.  (4.5)

, dw. (4

60— (\)w) (01 () 061 (\)w)
0 (” 0-T\) ) + (9(9*1<A)w> -1\ )

Now we will choose §. Set p such that 1 < p < a. By the Potter Lemma there
exists § > 0 such that for A < 6(d), s > 1 and 67 1(\)s < 6,

60t (N)s) _ 1
— L > s, 4.
200y~ 2° o)
The integrand in (4.5) is then dominated by
1 2

<
000 1 (Nw) ’

w < 5/0(N).

By the dominated convergence theorem,

1 [ 14+ w®
lim ———u?(0) = = d
Jm GO =2 /0 1+ w2 + (Cruwm)2 ™
which ends the proof since the limit is equal to u*(0) for stable processes (see Port,

1967, p. 389). ]

Theorem 4.7. Assume that Re(§) varies regularly at 0 with an exponent o €
(1,2] and limg_,o+ Im+)(§)/ Rep(§) = Cr. Let B be a compact set such that 0 € B.
Then, for z € R,
1
C(a,CT(1/a)
Let us note here that Theorem 4.7 extends Port (1967, Theorem 2), where general
recurrent stable processes are treated.

tir&t(Rew)—l(1/t)PI(TB >t) = (K(—z) —E"K(—X71y)).

Proof: We have

L(B*(Tp > ))(\) = ~[1 — E2e>T5],

> =
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In view of Proposition 2.3 and the fact that 0 < G (z,0) < G{oye(2,0), we can
observe that G%.(x,0) = 0. Hence,

M0V L(P™ (T > +))(A) =u(0) — u*(—z) + u*(—x)
—E%e 5 (uM0) — uM (= X71,)) — E%e MP (uM(—X1p))
=KM—z) — E%e e K> (= X7,) + G3e(2,0) (4.7)
=KM—z) —E*e MP KA (—Xp,).
Since K* is bounded by H and, by Proposition 2.2, H is bounded on B because

of its compactness, using the dominated convergence theorem, Lemma 4.6 and
Corollary 4.5 we infer that

Al_ifgg(Reiﬂ)_l()\)ﬁ(Pz(TB > )N = (K(—z) - E*K(~X71,))/C(a, Cy).
Let U(s) := [ P*(Tp > t)dt. We have
LUM) = L LB (T > (V).
Hence,

Jim A(Rew) ' (ALU) = (K () ~ E°K(~X1,)) /Cla, C),

Notice that (Re)) ! is regularly varying with an exponent 1/q;, thus, by the Taube-
rian theorem Bingham et al. (1989, Theorem 1.7.1) we can observe that

Jim (Rew) ™ (1/0)U (1) = g7y (K(=2) = °K(= X, ).

Eventually, by the monotone density theorem (Bingham et al., 1989, Theorem
1.7.2),

1
Cla,Cr)T(1+ 1/a) (

Jim t(Re) L (1/t)P*(Tg > t) = K(—z) —E°K(—Xr,)).
oS &

(]
Since E* K (X71,) = 0, we obtain the following Corollary.

Corollary 4.8. Assume that Re ) varies regularly at 0 with an exponent o € (1,2]
and suppose that limg_,o+ Im (&) / Rep(§) = Cr. Then, for v € R,

1
Cla. O (ija) ) (48)

Using Theorem 3.4 we conclude the asymptotic behaviour for Lévy measures of
specific type (3.2).

Jim ¢(Re )~ (1/OP" (T > 1) =

Corollary 4.9. Suppose that v(dx) is of the form (3.2). Assume that EX; = 0
and Re ) is regqularly varying at O with parameter o € (1,2). Then (4.8) holds true.
In particular, this is the case for spectrally one-sided Lévy processes.

Proposition 4.10. Suppose that 1/(1 + Re)) is integrable and EX; exists. If
EX; # 0, then

P*(Tp > t) = (K(—z) — E*K(—Xr,))k, t— oo,

where K is as in (2.6).
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Proof: Let us observe that by Sato (1999, Theorem 36.7), we have k > 0. Hence,
by (4.7), Corollary 4.2 and the Tauberian theorem Bingham et al. (1989, Theorem
1.7.1) we obtain the claim. O

Corollary 4.11. Under the assumptions of the above proposition the compensated
kernel exists and it is coharmonic on (0,00).

5. Harnack inequality and boundary behaviour

This Section is devoted to the proof of the Harnack inequality and a discussion
on its consequences. The main result here is Theorem 5.4, which will then allow
us to deduce some useful properties, including boundary behaviour of harmonic
functions.

Lemma 5.1. Suppose that EX; = 0 and Rev € WLSC(«, x) for some a > 1 and
X € (0,1]. Then there are §; € (0,1] and ¢ > 0, depending only on the scalings,
such that for any R > 0,

G-rp)(z,y) = cH(R), |z[,]y| <5 R.
Proof: By the sweeping formula, for any A > 0 and any x,y € R we have
G —rr)(7,y) > G?_R,R) (z,y) = UMy — x) — E"e MR A (y - XT(,R,M)-
Since EX; = 0, we have b, = — f\z\>r zv(dz), thus, by Grzywny and Szczypkowski
(2020, Lemma 2.10), there is ¢; € (0,1] such that |by-1(1/4| < c1h™'(1/t) for
all t > 0. Hence, by Grzywny and Szczypkowski (2020, Theorem 5.4) with 6 =
(24 c1)h=Y(N), there is ¢z € (0, 1] such that for all |z|,|y| < h=1(N),

o dt
UMy —x) > / e Mp(t,y —x)dt > 02/ e M
1/A

1/x h=1(1/t)
By Grzywny and Szczypkowski (2020, Lemma 2.3), there is ¢5 € (0,1] such that
CoC3 _. ds 1
UMy —2) > ——— s = ,
=22 550 /1 RV S VRSOV

with ¢4 = CQCg/floo ess— /e s,
Next, using the estimate on the supremum of the density p(t,-) (see Grzywny
and Szczypkowski, 2020, Theorem 3.1) we infer that

(oo}

o dt
T, —AT(_ [7)\ X T —AT(_ —At
E%e e (y o T(*R,R)> S E'e o /O € m

By the scaling property of h=1,

[t e [ e = g
0 h=1(1/t) ~ AV/eh=t(X) Jo  tYe T TCARTI(N)

Moreover, by monotonicity of h~1,

> dt 1 /OO 1
—\t —At -1
e < e dt=-¢ .
/m 0 S ) s VRIPY

Now let tp > 0. By Pruitt’s estimate (see Pruitt, 1981), there is ¢5 > 0 such that

E* {T(—R,R) < 1o e*AT(—R,R)] < cstp (h(R) + R71|bR|).



748 T. Grzywny, L. Lezaj and M. Mista

Furthermore,

Cse—)\tg

to(h(R) + R~*[brl)’

Thus, if we set tg = cs/(h(R) + R™'bg) and A = ¢7(h(R) + R~ 'bg), where ¢s and

des(cate™ 1)
Cq4Cgq

By > to e <

cr are such that c¢g < c4/(4cs(ca +e71)) and ¢ = c5' In
everything together yields

, then putting

Cq 1

2 Ah=1(N)°

Since by Grzywny and Szczypkowski (2020, Lemma 2.10) we have A ~ h(R), using
scaling properties of h~! we get that

G(—rr(7,y) =

1
G_ Z = <0 R,
( RvR) (.’I;,y) ~ Rh(R)’ |.'L'|, |y‘ 1
with some §; € (0, 1], and the claim follows by Proposition 2.2. |

Proposition 5.2. Suppose Retp € WLSC(«, x) for some o > 1 and x € (0,1].
There is 6o < 01 dependent only on the scalings such that for any R > 0 any
non-empty A C (—02R, 62 R),
1
P® (TA < T(—RJ%)) Z 5
Proof: Let |a| < R/4and D = (—R/2,0)U(0, R/2). By Grzywny (2014, Lemma 3)
and Proposition 2.4, there is C7 > 0 such that for |z — a| < R/4,
P (Ta > T(,R’R)) <Pprre (To > T(—R/Q,R/2))
< Cih(R/2)E*"%tp < 8C1RA(R)H (2 — a).
In view of Proposition 2.2, there is C; > 0 dependent only on the scalings such that
H(x—a)
H(R) ’

Since by Proposition 2.2, H € WLSC(a — 1, %) for some x € (0, 1], we can pick
d2 < 1/2 such that

Pz<Ta>T(,R’R))<CQ |$—G|<R/4.

1
P (Ta > T(,RVR)) < 3 |z —a| < 202R.
It follows that if z € A C (—02R, d2R) and a € A, then

1
P (TA > T(—R,R)) <P (Ta > T(fR,R)) <5
and the proof is completed. ([
Denote Ry = d2 R, where d5 is taken from Proposition 5.2.

Proposition 5.3. Suppose Rep € WLSC(«, x) for some o > 1 and x € (0,1].
Then for any R > 0 and any non-negative function F such that (supp F)¢ C
(_R7 R):

E“‘F(XT(_RO,RO)) < %EyF(Xn_R,m) ||, ly| < Ro,

where ¢ is taken from Lemma 5.1. The implied comparability depends only on the
scalings.
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Proof: Let us denote, for any w € R and a Borel set A, v(w, A) = v(A — w). By
the Tkeda-Watanabe formula and Lemma 5.1,

Ro
EyF<XT(7R7R>> > / / F(2)Gp,r) (y,w) v(w,dz) dw
(-=R,R)* J—Ro

Ro
> ¢H(R) / / F(z)v(w,dz) dw.
(~R,R)¢ J—Rq

On the other hand, by the Tkeda-Watanabe formula, Proposition 2.3, subadditivity
and almost monotonicity of H,

Ro
IEJCF(XT(_RO_RO)) </( RR)C/R F(2)Goye(x + Ro,w + Ro) v(w,dz) dw
— 4, — 4w

Ro
< H(Ro) / / F(z)v(w,dz) dw.
(=R,R)* J—Ro
Hence,
1
]E’”F(XT(_RO’RO)) < E]E@!F(XT(_W).
(]

Theorem 5.4. Suppose Reyp € WLSC(a, x) for some a > 1 and x € (0,1].
Then the global scale invariant Harnack inequality holds, i.e. there is a constant
Cy dependent only on the scalings such that for any R > 0 and any non-negative
harmonic function on (—R, R) we have
sup h(z) < Cy inf h(z). 5.1

z€(—R/2,R/2) () < z€(—R/2,R/2) (=) (5-1)
Proof: Suppose first that i is bounded. Then using the approach of Bass and Levin
(2002) we infer that there exist constants ¢; = c1(a, x) and a = a(a,x) € (0,1]
such that for any non-negative, bounded and harmonic function on (—R, R),

sup  h(z)<a inf  h(x). (5.2)
z€(—aR,aR) z€(—aR,aR)
For the justification of that claim we observe that Lemma 5.1 is an analogue of Bass
and Levin (2002, Lemma 3.2), Proposition 5.2 corresponds to Bass and Levin (2002,
Proposition 3.4) and Proposition 5.3 mirrors Bass and Levin (2002, Proposition 3.5).
We also observe that Bass and Levin (2002, Lemma 3.3) in our setting follows
immediately from Pruitt’s estimates (Pruitt, 1981) and Proposition 2.2. With these
tools at our disposal, one can follow the proof of Bass and Levin (2002, Theorem 3.6)
almost directly.
Now we apply a standard chain argument to get
sup h(z) < Cy inf h(x).

z€(—R/2,R/2) z€(—R/2,R/2)
Indeed, observe that h is harmonic in (aR — (1 —a)R,aR + (1 — a)R). Thus, after
applying (5.2) to the function h(xz) = h(x — aR) we conclude that (5.2) holds true
also for z € (—(a+a(1 —a))R, (a +a(l —a))R) with the constant c?. By verbatim

repetition of that argument we get that (5.2) holds true for x € < —aRk Zz;é(l -

a)*, aR ZZ;S(l - a)k> = (— R(1-(1-a)"),R(1-(1- a)")) with a constant 7.



750 T. Grzywny, L. Lezaj and M. Mista

It is clear now that we get the claim with Cyg = ¢} for sufficiently large n which
depends only on a. It remains to observe that the boundedness assumption on h
may be removed in the similar way as in the proof of Song and Vondracek (2004,
Theorem 2.4). O

Thanks to the Harnack property we are able to prove a relation between renewal
functions and their derivatives, and provide a sharp estimate for the Green function
of the positive half-line.

Corollary 5.5. Suppose that EX; = 0 and Rev € WLSC(«, x) for some a > 1
and x € (0,1]. Then there is ¢ = 1 such that for all x > 0,
L V(@) V()

< V/(LE) g C—,
x x

C

and

In particular, V', Ve WLSC(a — 2,7) for some 5 € (0,1].

Proof: First, let us consider the second part of the claim. Let = > 0. Recall that

~

V' is harmonic on (0, 00). Thus, by Theorem 5.4,

<0

(z) > / ., V'(s) ds > ﬁxf/’(m).

On the other hand, since Ret is the same for X and f(, we may apply Grzywny
(2019, Lemma 8) for V. Let ¢; be taken from Grzywny (2019, Lemma 8) and
o€ (0, (01/2)1/(0‘_1)] Then, again by Theorem 5.4,

Cu(l—8aV'(z) > ; V'(s)ds = V(z) = V(dz) = (1 — 716> )V (2) > %17(:5).

Now, the lower scaling property follows immediately by Grzywny (2019, Lemma 8).
For the proof of the first part it remains to observe that by the previous remark on
the real part of the characteristic exponent, V' also satisfies the Harnack inequality
(with the same constant) and one can repeat the reasoning above to finish the
proof. O

Corollary 5.6. Suppose that EX; = 0 and Rev € WLSC(«, x) for some a > 1
and x € (0,1]. Then

V(z)V'(y), 0<z<y
G T,Y) =~ ~ ’ ’
©0.00)(%:Y) { V'(z)V(y), 0<y<uz.
The comparability constant depends only on the scaling characteristics.

Proof: First assume that 0 < z < y. Recall that

G(0,00)(,Y) = / V’(u)V’(y —z+u)du, 0<z<y.
0

Since V' is monotone and subadditive, for any A > 1 and > 0 we have

V(Ax) < 22\V (2).
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That, in view of Corollary 5.5, implies that V' is almost decreasing, and conse-
quently,

Glome)(@.9) 2 / )V (y) du = V)V ().

Next, let < y < 2z. By Corollary 5.5, Grzywny (2019, Corollary 5), and almost
monotonicity of V/,

T T du
< ! ! ~ —_
G(O,oo) (‘Ta y) ~ A 14 (U)V (u) du /0 u2h(u)

Using scaling property of h, Grzywny (2019, Corollary 5) and Corollary 5.5, we
conclude that
L V@V  VoVe)
G ) S = < SV(x)V'(y).
where the third inequality follows from monotonicity of V. Finally, for y > 2z we
use scaling property of V’ with index o — 2 (Corollary 5.5) to obtain

2—a
Y 2—ay s/
Vi(y — <V’ —_— < 2°7%V(y),
(y—z+u) < (y)(y_x+u> (y)
and the first part follows.
If 0 < y < = we use the Green function for the dual process to get the claim. O

Assume that EX; = 0 and Rey € WLSC(«, x) for some a > 1 and x € (0, 1].
By Silverstein (1980, Theorem 1), V' is coharmonic on (0, 00), that is harmonic on
(0, 00) for the dual process X. Since Re v is symmetric, the Harnack inequality for
X holds as well. Thus, by Theorem 5.4, for any 0 < § < w < u < w + 20,

With that property at hand, proofs of the remaining lemmas in this section fol-
low directly results obtained in Grzywny and Ryznar (2017, Subsection 4.2) and
therefore they are omitted.

Lemma 5.7. Suppose that EX; = 0 and Rev € WLSC(«, x) for some o > 1 and
X € (0,1]. Let F(z) be non-negative, F(x) < F1(z) on R and F(x 4+ y) < Fi(x) +
Fi(y), forxz,y € R. Suppose that E”F(XT(OYOO)) < F(z) and E*Fy (Xr(o,oc)) < Fi(z)
for > 0. Then there is ¢ > 0 such that for any 0 < x < 1,

T(O,oo) AN

B lX, < -2 F(XT(O)OC))} < cCLFr(1)

The constant ¢ depends only on the scalings.

Proof: Follows directly by proof of Grzywny and Ryznar (2017, Lemma 4.7) with
applications of Lemma 4.6 and Lemma 2.9 replaced by Corollary 5.6 and Grzywny
(2019, Corollary 5), respectively, and using a function F instead of subadditivity
of F. ([

Lemma 5.8. Suppose EX; = 0 and Reyp € WLSC(a, x) for some a« > 1 and
X € (0,1]. Let F be a non-negative harmonic function on (0,2R) for some R > 0.
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Suppose that r > 0 is such that 17(R) > 217(1“)/6, where ¢ is taken from Proposi-
tion 2.5. Then for 0 < x <,

F(x) < cc_l_R/TV(x)

F(ry~ 41 V)

where Cy is the constant from the Harnack inequality (5.1).

Proof: Follows directly the proof of Grzywny and Ryznar (2017, Lemma 4.8) with
applications of Theorem 4.5 and Lemma 2.11 replaced by Theorem 5.4 and Propo-
sition 2.5, respectively. O

6. Estimates

In this Section we prove sharp two-sided estimates on the tail of the first hitting
time of the interval. Our main result here is Theorem 6.10. We also provide
an analogous estimate for the specific case of spectrally negative Lévy processes.
Afterwards, in Subsection 6.1 we point out a large class of non-symmetric Lévy
processes which satisfy its assumptions.

We begin with the following estimate on u™.

Lemma 6.1. Assume that there exist constants a > 0, b > 0 such that | Im(€)] <
bRey(§), £ € R and ayp*(xz) < Rew(x), x = 0. Then we have

a 1 » 3m2(1+b%) 1
et (@) <20 < ()
Proof: Since |Im(€)| < bRe (&) we have

1 o d 1 [ d
YRR SRy
Hence, by Grzywny and Ryznar (2017, Lemma 2.15), for A > 0,

a e 3 ds
0> g [ eos(s/Rew) )T
and
A 737r2(1—|—b2) h —cos(s/(Re)™* ds
w0 < T [ cos(a/ et )

Using |Im¢(§)] < bRe(§) we infer that

mH(z) < /000(1 - cos(:z:s))ReCf;(S)

which ends the proof. O

< (14 v*)7H (z),

Lemma 6.2. Suppose that EX; = 0 and Rey € WLSC(a, x) for some a > 1 and
X € (0,1]. Then there exists ¢ = c(a, x) such that, for any a,x > 0,

EXNz) > (1 — e )ur0), X > ah(x).

Proof: Since
KM (z) = M (0)L[P*(To > (),
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it is enough to prove that L[P*(Ty > -)](A) = ¢/A, if A > ah(z). Using estimates
of the tail distribution of the first exit time from the positive half-line (Grzywny,
2019, Theorem 6) we conclude that there is ¢; such that

LT > ) > e [ N (1 A V(hv((l’/))> e ds

1/h(z)
> 01/ e M ds > ci(1—e AL
0
|
Proposition 6.3. Assume that there exist constants a > 0, b > 0 such that
[Im(&)] < bRey(§), € € R and av*(z) < Rey(z) for x > 0. Then
4(e—1) (1+0?) H(z)

o HI/®Rew) 11jn) "

Pz(TO > t) <

Proof: Recall that

A
AL (B (To > ) (V) = [~ Ee™] = == — = =55

By Lemma 6.1,
4(14v?) H(z)
a  H(1/(Rey)~1(N)’
Therefore, using Bogdan et al. (2014, Lemma 5) we conclude that
e 4(1+b?) H(x)
e—=1 a  H(1/(Rey) 1 (1/t))

LP*(To > ) (A) <

([l

Corollary 6.4. Assume that EX; = 0 and Rey € WLSC(a, x) for some a > 1
and x € (0,1]. Then there is ¢ > 0 such that for all t > 0,

A

PI(TQ > t) <c

The constant ¢ depends only on the scalings.

Proof: Using Grzywny (2019, Lemma 12) and Grzywny and Szczypkowski (2020,
Remark 3.2) we see that the assumptions of Proposition 6.3 are satisfied. Now
it remains to apply comparability of 1/(Rew)~! and h~! together with Proposi-
tion 2.2. ([

Lemma 6.5. Suppose EX; = 0 and Reyp € WLSC(«, x) for some o > 1 and
€ (0,1]. Ifx > 1 and t < 1/h(1) then

V=D
V(h=1(1/1))

The comparability constant depends only on the scalings.

P*(Tp, >t) ~
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Proof: Of course, the lower bound is a consequence of the estimates on the tail
for the first exit time from a half-line, that is Grzywny (2019, Theorem 6). By
subadditivity of V, it is enough to consider 1 < 2 < 14 h~'(1/t)/2, because if z is
larger, by the lower bound the probability is comparable to 1.

To prove the estimate from the above let us denote » = h~!(1/t). Notice that
r < 1 and we have

P*(Tp, > 1) <P* (1,140 > t) + P°(| X7,y — 1] > 7).

T(1,14+r

Combining Grzywny (2014, Lemma 3) and Grzywny (2019, the proof of Proposi-
tion 4) we obtain

P*(|X -~ 1 >7) < B 11, 140)h(r) < cV(z = 1)V (r)h(r),

T(1,14r

for some ¢ > 0. Finally by Grzywny (2019, Corollary 5),

Vie—1
e — U >7) < C(Vx())-
.

This together with Grzywny (2019, Theorem 6) imply

P*(|X

- X
P (’TB1 > t) < 67‘7 .
([l

Lemma 6.6. Assume that EX; =0 and Rey € WLSC(a, x) for some o > 1 and
€(0,1]. Ifx > 1 and t > 1/h(1) then

V(x—1) H V(z—1) H
P (Tp, > t) < oL@ 1) (z) RORACED 7@ AL
V(e) H(h='(1/1)) V(z) t/h7H(1/1)
The constant ¢ depends only on the scalings.
Proof: If & > 2 we have, by subadditivity and monotonicity of V, V‘E/x(;)l) > %,

hence the claim follows from Grzywny (2019, Lemma 12) and Corollary 6.4.
Let 1 < 2 < 2. By Grzywny (2019, Theorem 6),

V(iz—-1)
V(h=1(1/1)

Since ¢ > 1/h(1), using subadditivity of V and Grzywny and Szczypkowski (2020,
Lemma 2.1) we obtain

PI(T(LOO) > t) ~1A

v V-1 V(1) Ve —1),
P (T(l,oo) > t/2) < V(l) V(h—l(l/t)) < co f/(l) P (T(l,oo) > t)

V(z—1
< CgMPI(TO > t)
V(z)
Since
P*(Tp, > t) < P*(1(1,00) > 1/2) + E*P* "0 (T, > 1/2),
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due to Proposition 2.2 and Corollary 6.4, it is enough to estimate the second term.
We have

X7 o T
E*P e (Tp, > t/2) <E"[X,,
=E" X
Let F(z) = P*(Tp > t/2). Observe that

< —LPYae) (T) > t)2)]
| < =2 P (T > t/2)].

T(0,00

F(2) = P*(1(0,00) > t/2) + E {no,oo) < /2 PYTo) (Ty > 1/2 - T(o,o@)}
> B [wam (Tp > t/2)]
=E*F(X;, )
Furthermore,
F(z +y) < P™HY(T, > t/4) + E* [Tz < t/4; PXTe (T > t/4)]
S PY(To > t/4) + P*(Tp > t/4).

Hence, F and Fy(z) = P*(Tp > t/4) satisfy the assumptions of Lemma 5.7. There-
fore, the conclusion follows from Lemma 5.7 and Proposition 6.3. |

Lemma 6.7. Assume EX; = 0 and Rev € WLSC(«,x) for some a > 1 and
€(0,1. Ifxo > 1,1 <z < xo and t > 1/h(1), then there is ¢ = c(zg,a, x) > 0
such that A
(z—-1)
V(z0)
Proof: With Lemma 5.8 and Grzywny (2019, Theorem 6) at hand, the proof is the
same as the first part of the proof of Grzywny and Ryznar (2017, Lemma 5.4) and
therefore it is omitted. O

}P)I(TB1 > If) >c P*o (To > 2t).

Lemma 6.8. Assume that EX; =0 and Rev € WLSC(«, x) for some a > 1 and

€ (0,1]. Suppose that there exist constants ¢ > 0 and a > 0 such that for x > 0,
KXx) > cH(x), A < ah(z). Then there is ¢ = &(a,a,c) > 0 such that

H

G
H(h=1(1/1))

We remark that in case of symmetric Lévy processes the last assumption follows
from Grzywny and Ryznar (2017, Lemma 2.15).

Proof: By Lemma 6.1, comparability of h and %, and Proposition 2.2,

K*(z)
H(h='(N)

Let £ >0, A > 0 and s > 1. Combining Lemma 6.2 with the assumption on K*
we obtain, for A > ah(z) or As < ah(z),

K@)
KX (x) ~
If As > ah(z) > A we have, by Lemma 6.1 and almost monotonicity of H,
K>3 (z) ~ u?(0) _H (h=(Xs)) < H(h™!(ah(z)))
KMa) ~ H(z) ©  H() ~ H(x)

AL (T > ))(A) ~

<1
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Thus,
K)‘S(J?)
—7 5 S¢6
KXaz) ~°
and consequently,
@ . As H —1 —1
LE(To > )Qs) A K@) H(TW) - h7M0s) v
LTy > ) S s KNa) H(h 1) A1)
where ¢ depends only on the scalings and a. Hence, by Bogdan et al. (2014, Lemma

13) there exists a constant ¢; that depends only on the scalings such that
Kl/t(a:)
N .
H (=stiym)
For t > 1/ah(x) we get the claim by the comparability K/ with K and for t <

1/(ah(x)) we use estimates for the positive half-line (Grzywny, 2019, Theorem 6).
O

Pl(To > f) >

Proposition 6.9. Assume EX; =0 and Rey) € WLSC(«, x) for some a > 1 and

€ (0,1]. Suppose that there exist constants ¢ > 0 and a > 0 such that for x > 0,
KXx) > cH(x), A < ah(x). Then there is xo > 2, which depends only on the
scaling characteristics and a, such that for x > xo we have, fort > 1/h(1),

- - H(zl) ~ ( _Hzl)
0> 0> (gt 1) ~ (i )

The constant ¢ depends only on the scalings and a.

The proof is very similar to the proof of Grzywny and Ryznar (2017, Proposition
5.3) with modifications like in the proof above therefore it is omitted.
We now proceed to the proof of the main result of this Section.

Theorem 6.10. Suppose that EX; = 0 and Rev € WLSC(«, x) for some a > 1
and x € (0,1]. Then for any R >0 and z > R,

V(z—R
V(h—l(l/t))
Furthermore, if we additionally assume that there exist constants c; > 0 and a > 0
such that for x > 0, KNz) > c1H(x), A < ah(z), then

V-1 H V-1 H

bt~ o TEDHE e A
V(z) H(h™'(1/1) V(z) t/h7HA/)
Proof: The case R = 1 follows by Lemmas 6.5 and 6.6, and Proposition 6.9. Now
we may proceed as in the proof of Grzywny and Ryznar (2017, Theorem 5.5) to
obtain the claim for any R > 0. (]

P* (T, > t)

Q

AL, t>1/h(R).

Let us turn our attention to the specific class of Lévy processes.

Lemma 6.11. Suppose EX; =0, Reyp € WLSC(a, x) for some a > 1, x € (0,1],
and let R € [0,00). Assume that

' u(y,00) dy
/o hy) y
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Then
H(xz — R)
H(h=1(1/1))

Proof: A consequence of Proposition 14 and Corollary 5 in Grzywny (2019) is
V(z) =~ %, 0 < z < 1. That together with Proposition 2.2 imply V(z) =
H(z), 0 < z < 1. Hence the claim holds due to Grzywny (2019, Theorem 6) and

Corollary 6.4. O

P* (T, > t) & ANl, R<xz<R+1,0<t<1/h(1).

Similarly the consequence of Grzywny (2019, Proposition 15 and Section 3) is
the following.
Lemma 6.12. Suppose EX; = 0 and Rey) € WLSC(«, x) with o > 1, x € (0,1],
and let R € [0,00). Assume that any of the following holds true:
(i) EX? < oo,
(i) there are C,r > 0 such that v(x,00) < Cv(—o0, —x), © >, and

oo
/ v(y, ) dy _
1 h(y) y
H(z—R)
H(h=1(1/1))
Combining the above two lemmas and the fact that for spectrally negative pro-

cesses Ty = T(_o0,0) if the process starts from negative half-line, we obtain the
following result.

Corollary 6.13. Suppose EX; =0 and Rey € WLSC(«, x) with a > 1, x € (0,1],

and let R € [0,00). Assume that X is spectrally negative, i.e. v(0,00) = 0. Then
H(z — R)

(b 1(1/1)

|z + R|
h=1(1/t)

Then

P* (T, >t) ~ AL, z>R+1,t>0.

P*(Tp, >t) = Al, >R, t>0,

and

P*(Tp, >t) ~ ANl, z<—-R,t>0.

6.1. A class of processes which satisfy the assumptions of Theorem 6.10. Let us
now provide an example of a class of non-symmetric Lévy processes which satisfy
the assumptions of Theorem 6.10. As one can suspect, the main difficulty here is
the lower estimate on K* for small \, which is far from obvious for general non-
symmetric process, even if the remaining two assumptions are satisfied. Note that if
process is symmetric then the third assumption follows from Grzywny and Ryznar
(2017, Lemma 2.15).

Let v be of the form (3.2) such that Rey € WLSC(a, x), for some a > 1 and

€ (0,1]. Since f|2|>1 |z|v(dz) < oo, the characteristic exponent ¢ is differentiable
and

(Im ) (&) = /Rz(l —cos&z)v(dz) = (Cy, — Cq) /000 z(1 —coséz)v(dz), £€R.

Now we specify vg. Assume that 0 < 7 < Sy < land 0 < as <1 < a;. Let
vo(dz) = 2 4, where f is non-negative, non-increasing and satisfies

asA " f(2) < f(Az) Sar A f(z), A>1,2>0.
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For such v it is easy to verify that Re ) is non-decreasing on [0, 00) and by Bogdan
et al. (2014, Proposition 28), there is ¢; = ¢1(f1, B2, a1, az) such that

1Cu = Ca| Re vy (€)
Cy+Cq &
Next, we obtain the lower bound for K* for small \. We have, for z > 0,

NN A+ Reu(e)
K (””)‘w/o (= o2 S R (O + (@) ©
1 [ . Imw(f)
* %/o S N T Re g (@) 1 (mo(@)2
= %H/\(x) + Iy(x).

Since | Im ¢ (&) < ca Rep(€), € € R, where ¢y = ¢2(51, a1), by Grzywny and Ryznar
(2017, Lemma 2.15), for > 0 and A < h(x),

. 1 oo de 1
H*(x) > 7T(1+C%)/0 (1— COS%‘E)AJFRH/,(&) > C?’xh(x)’

where c3 depends only on 57 and a;. The integration by parts implies, for x > 0,

mxly(x) = - — COS T 9()
A(@) /0 (1 5)((HRezp(g))?+(Im¢(€)2)

|(Im ) (€)] < e|Cy — Cul F(1/€) < c

¢eR.

3 dg,
where
9(&) = 2Im (&) (Rey) ()(A + Re(€)) + (Im )’ (€) Tm1p(€))

= (Im ) (€) (A + Re(€))* + (Im (€)*) -

Assume that Cy, > Cy4, then Im ¢, (Im))’, (Re))’ are non-negative on the positive
half-line, therefore

o0 Im’l/} /
maly(x) > _/O (1 — cosxf) O+ Rez(ﬁ(§))2)—|(—§21m¢(§)2 d§
o Cu - Cd > N Re¢(§)
Z =G, G /0 (st O Rew(@)2 + (m g ()
Cu—Cq [ 1
e A Tt
C,—Cy 1

> -
Z T, + CaRev(1/z)’

where in the last inequality we used Bogdan et al. (2014, Corollary 22) and ¢4
depends only on 1, 82,a; and as. Finally we obtain

1 cy Cy — C
A > _HAuT d d <
K*(x) > 2h(z) ( 87 C’quC’d)’ A < h(z).
we have, for x > 0,
1
xh(x)’

For 2 < 0 additional assumption on f(s) — sf’(s) are needed in order to provide
similar calculations.

Cu_cd
Cyu+Caq

Hence, for small

KMx) =~ A < h(z).
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