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Abstract. Benatar and Maffucci (2019) established an asymptotic law for the variance of the
nodal surface of arithmetic random waves on the 3-torus in the high-energy limit. In a subsequent
work, Cammarota (2019) proved a universal non-Gaussian limit theorem for the nodal surface.
In this paper, we study the nodal intersection length and the number of nodal intersection points
associated, respectively, with two and three independent arithmetic random waves of same frequency
on the 3-torus. For these quantities, we compute their expected value, asymptotic variance as well
as their limiting distribution. Our results are based on Wiener-Itd expansions for the volume and
naturally complement the findings of Cammarota (2019). At the core of our analysis lies an abstract
cancellation phenomenon applicable to the study of level sets of arbitrary Gaussian random fields,
that we believe has independent interest.
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1. Introduction

1.1. QOwerview. The present paper deals with the high-energy behaviour of the nodal set associated
with arithmetic random waves (ARW) on the 3-torus, T3. ARWs (first introduced in Oravecz et al.,
2008; Rudnick and Wigman, 2008 for tori of arbitrary dimension) are Gaussian stationary eigen-
functions of the Laplace operator on the torus. In recent years, such a model has been intensively
studied, in the framework of a more general program, focussing on the high-energy behaviour of
local and non-local functionals of random Laplace eigenfunctions on generic manifolds (see e.g.
Canzani and Sarnak, 2019; Sarnak and Wigman, 2019; Rozenshein, 2017; Wigman and Yesha, 2019;
Krishnapur et al., 2013; Rudnick and Wigman, 2008; Granville and Wigman, 2017; Marinucci et al.,
2016; Dalmao et al., 2019; Todino, 2020, 2019; Peccati and Vidotto, 2020; Dalmao et al., 2021).

Our specific aim is to extend the findings of Benatar and Maffucci (2019), that first provided an
exact asymptotic variance for the nodal surface area of the nodal set of ARW on T3, and Cammarota
(2019), that subsequently derived the limiting distribution of the normalised nodal surface area.
More precisely, the goal of this paper is to study the high-energy behaviour of two further geometric
quantities associated with vectors of ARWs, namely: (i) the nodal length of so-called dislocation lines
of ARWs (see e.g. Dennis, 2001), obtained when intersecting the zero sets of two independent ARWs
with the same eigenvalue and (ii) the number of intersection points obtained when intersecting the
zero sets of three independent ARWSs with the same eigenvalue. For both quantities, we provide
the exact expected value, precise variance asymptotics and second-order limit results. Our findings
recover and extend the work of Cammarota (2019). Such a contribution is the latest installment in a
series of works exploiting Wiener chaos techniques for deriving limit results of geometric functionals
associated with Gaussian fields (see e.g. Cammarota et al., 2016b,a; Estrade and Leon, 2016; Dalmao
et al., 2019; Marinucci et al., 2016; Nourdin et al., 2019; Cammarota, 2019; Dalmao et al., 2021).
Our main source of arithmetic results, serving as building blocks for the nodal variance asymptotics,
is Benatar and Maffucci (2019).



Fluctuations of nodal sets 1129

An important contribution of our analysis is a detailed study of the Wiener-It6 chaos expansion
associated with non-linear geometric functionals of (possibly multi-dimensional) Gaussian fields ad-
mitting an integral representation in terms of generalised Jacobians (see Appendix A). In particular,
our findings of Section 2.2 provide a full description of a general cancellation phenomenon that (i)
explains all exact cancellations for the nodal length of Gaussian Laplace eigenfunctions on manifolds
without boundary encountered so far (see e.g. Dalmao et al., 2019; Marinucci et al., 2020, 2016;
Cammarota, 2019); (ii) contains as special cases the projection formulae (see also Appendix B) for
nodal length and number of phase singularities of Berry’s Random Wave model (see Nourdin et al.,
2019).

Notation. Throughout this paper, every random object is defined on a probability space
(Q, F,P). We denote by E [-] and Var[-] the mathematical expectation and the variance with respect
to PP, respectively. Also, v(z) := (27) " 1/2¢=%"/2
on the real line.

For sequences {4,, : n > 1},{B,, : n > 1}, we will use the notation A4, < B, or A, = O(B,,) to
indicate that A,, < CB,, for some absolute constant C. We write A,, = o(B,,) whenever A, /B, — 0
as n — 0o. Also, we write A,, ~ B, whenever A,/B,, — 1 as n — oco. For random variables, the

denotes the standard Gaussian probability density

symbols £ and 5 denote equality and convergence in distribution, respectively.

For an integer n > 1, we write [n] := {1,...,n}. For n > 0, we denote by Id,, the n-dimensional
identity matrix with the convention that Idg := 0 € R. For A € Mat,, ,(R) and B € Mat,y o (R), we
write

A 0
AP B = (0 B) c Matp+p/’q+q/ (R)

for the direct sum of A and B with the convention A & Idg := A for every A € Mat, ,(R).

1.2. Models of ARW and relevant existing results. Let (M, g) be a smooth compact Riemannian
manifold and let A be the associated Beltrami-Laplace operator. The spectrum of A is purely
discrete, that is: (i) there exists a non-decreasing sequence {\; : j > 0} of non-negative eigenvalues
of —A, customarily called the energy levels of M, and (ii) the associated eigenfunctions {f; : j > 0},
satisfying

Afj+Xifj=0, j=0, (1.1)
form an L?(M)-orthonormal system. The nodal set of f; is its zero set f;l({()}). In Cheng (1976)
it is shown that, except on a closed set of lower dimension, fj_l({O}) C M is a submanifold of
codimension one. Of particular interest are quantities associated with the nodal set of f;, such as
the nodal volume, in the high-energy regime, that is, as A\; — co. Yau’s conjecture (Yau, 1982, 1993)
asserts that there exist constants cpr, Cpr > 0, uniquely depending on M, such that

eary/Aj < vol(f7H({0}) < Car/y

with vol(+) denoting the volume measure on M. This conjecture was proven for real-analytic mani-
folds M in Donnelly and Fefferman (1988), whereas the lower bound is a result by Logunov (2018)
in the more general case where M is smooth.

Arithmetic random waves on T¢. Let us specialize the above framework to the setting of
the d-dimensional torus. Let d > 1 be an integer, let M = T¢ = R%/Z? = [0,1]¢/. denote the
d-dimensional flat torus, and let A be the Laplace-Beltrami operator on it. One is interested in
quantities associated with the nodal sets of real-valued random eigenfunctions of A, i.e. random
solutions f : T¢ — R of (1.1) for some appropriate Aj. It is a known fact that the eigenvalues of
—A are positive real numbers of the form E = E,, = 47%n, where n € S;, with
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that is, n is an integer expressible as a sum of d integer squares. For n € Sy, we introduce the set
of frequencies

An:={>\=(/\1,m,>\d)GZdi)\%JF”'J”\?i:n} ’

and write card(A,) =: N,, (card denoting the cardinality; note that we do not mark the dependency
on d) to indicate the number of ways in which n can be represented as a sum of d integer squares. An
L?(T%)-orthonormal system for the eigenspace &(F,,) associated with F,, is given by the complex
exponentials

{ex(+) = exp(2mi(A, ) : A € A},

so that dim &(E,,) = card(A,)) = N,,. For n € Sy, the arithmetic random wave of order n, denoted
by T),, is defined as the following random linear combination of complex exponentials

1 3
E ayex(z), zeT”,
V- ™ \eAn (

where the coefficients {ay) : A € A, } are complex N(0, 1)-distributed' and independent except for
the relation a) = a_,, which makes T,, real-valued. It is easily seen that the law of T}, is uniquely
characterized by the property of being a centred Gaussian field on T¢ with covariance function

ro(z,y) = E[T,(z) - Tn(y)] = ,/% Z ex(z —y) =rp(z—vy) . (1.2)

"™ AeAn

To(x) =

The function 7, depends only on the difference of the arguments, meaning that the field {7, (x) :
x € T4} is stationary. Note that the normalisation factor A, /2 in the definition of T, (z) does not
change the zero set of T, and appears purely for computational reasons; indeed, it implies that
rn(0) = 1, that is: for every z € T3, the variance of T},(z) is equal to 1.

Equidistribution of lattice points on S¢ 1. The set of frequencies A,, induces a probability
measure on the unit sphere S~ ¢ R?, given by

1
Hnd = 57 D O
™ xeAn
where 0, 5 denotes the Dirac mass at A/y/n. Since the measure (i, 4 is compactly supported, it is
determined by its Fourier coefficients

fin.a(k) ::/ 2R a(dz), keZ.
Sd—1

Up to rescaling its argument, the measure fi,, ¢ is the spectral measure of the Gaussian field {T;,(z) :
x € T%}, as can be seen by rewriting (1.2) as

rn(x —y) = /Sdl exp (2m’(\/’ﬁ§, T — y>),un,d(d§) .

The problem of angular distribution of the lattice points in dimension d has been investigated by
Linnik (1968). A notable difference arises when comparing dimensions d = 2 and d = 3: indeed, it is
known that there exists a density 1 subsequence {n; : j > 1} C Sa such that ji,, o converges weakly
to the uniform distribution on the unit circle as N, — oo (Frdds and Hall, 1999), but there are
infinitely many other weak limits of {2 : n € Sa}; such limits are referred to as attainable measures
(Kurlberg and Wigman, 2017). Instead, when d = 3, subject to the condition n — oco,n # 0,4,7
(mod 8), the probability measures {p,3 : n € S3} converge weakly to the uniform probability
measure on S2 (Duke, 1988), implying asymptotic equidistribution (Duke and Schulze-Pillot, 1990).

lwe say that a random variable X has the complex A(0, 1) distribution, if X = Y +iZ where Y, Z are independent
real A/(0,1/2) random variables.
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In this context, the arithmetic condition n # 0,4,7 (mod 8) arises naturally from the result by
Gauss and Legendre asserting that n € Sy if and only if n is not of the form 4%(8b 4 7) (see e.g.
Grosswald, 1985).

Previous work on this model. ARWs on the d-dimensional torus have been introduced in
Oravecz et al. (2008), where the authors consider the Leray measure of the nodal set of ARWs and
study its asymptotic variance. A quantitative Central Limit Theorem for the Leray measure on
the two-dimensional torus (in the high-frequency limit) is provided in Peccati and Rossi (2018). In
Rudnick and Wigman (2008), the authors take interest in the (d — 1)-dimensional nodal volume of
ARWs. Denoting by Z,, the zero set of T, and V,, :== H4_1(Z,) its (d — 1)-dimensional Hausdorff
measure, the expected nodal volume is shown to be a constant multiple of the square root of the
energy level, that is, E[V,] = Cy/E,, where Cy is an explicit constant depending only on the
dimension, which is in particular consistent with Yau’s conjecture. Concerning the variance of the
nodal volume, the authors derive the asymptotic upper bound

Ey,
r
Var[V,] < N N, — o
and conjecture the stronger bound < E,, /N,, to hold.

Recent developments on the two and three-dimensional torus concerning exact asymptotic laws
for variances and subsequent second-order results for fluctuations of quantities associated with the
nodal set of Laplacian eigenfunctions have gained great attention in the literature. We will now
briefly discuss these works.

Work on the two-dimensional torus. In Krishnapur et al. (2013), for any probability measure p on
the circle, the authors define

LY
clp) e= T EHAD
and derive a precise asymptotic law for the variance of the nodal length £,, of ARW, namely
E,
1\77% ;
This suggests that, if {n; : j > 1} C S is a subsequence such that p,; 2 converges weakly to some
symmetric probability measure p on S*, then (pin;,2) = (i) as Ny, — oo and hence

Var[L,] ~ c(pin,2) - N, — 00 (1.3)

Var[Ly,] ~ c(u) - Ni; — 00, (1.4)
yielding an asymptotic variance estimate with non-fluctuating order of magnitude. In particular, the
order of magnitude of the variance is FE,, /N2, which significantly improves the previously conjectured
bound E, /N, in Rudnick and Wigman (2008). Such a lower order of magnitude is known as
Berry’s arithmetic cancellation phenomenon, which follows from the exact vanishing of the second-
order projection of the Wiener-Itd expansion of the nodal length, as pointed out in Marinucci et al.
(2016); such a cancellation phenomenon is not observed when dealing with non-zero level sets, in
which case the variance would be commensurate to E, /N,.

The asymptotic estimate in (1.4) depends on the angular distribution of the lattice points, and
is therefore referred to as a non-universal result. Second-order results of the normalised nodal
length were addressed in Marinucci et al. (2016), where the authors show that for a subsequence
{n; : j > 1} C Sy such that |z, 2(4)| — n, for some n € [0,1] and N, — oo,

'an —E [,an} £> 1

Var [an] 2¢/1+n?

(2- (1 +nX7+(1—-n)X3) ,
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where (X1, X2) is a standard Gaussian vector in dimension two. In particular, this shows that
the limiting probability distribution of the normalised nodal length is parametrised by n € [0, 1],
which depends on the high-energy behaviour of the spectral measures i, 2 via the fourth Fourier
coefficient. This fact emphasizes that, similarly to the asymptotic law for the variance, the limiting
distribution of the normalised length is also non-universal. It is easily checked that the above
limiting distributions are different for distinct values of 77 and non-Gaussian. A quantitative version
of this limit theorem is proven in Peccati and Rossi (2018).

Phase singularities of complex ARWs on the 2-torus have been investigated in Dalmao et al.
(2019); there, the authors consider the number of intersection points of the nodal sets of two
independent ARWs of same energy level. More precisely, if T;, and 7, denote two independent
ARWs associated with eigenvalue E,, and I,, := card(T}, *({0}) N T,~1({0})), the authors establish
the following non-universal asymptotic law for the variance: as N,, — oo,

B2 3in2(4)* 45
Varlln] ~ elpin2) - 375 cliin2) = 71’12(87)9
n

Similar to the asymptotic variance of the nodal length, the variance of I,, fluctuates due to the fact
that lattice points are not necessarily asymptotically equidistributed. The following distributional
limit result is also provided: for {n; : j > 1} C Ss such that |z, 2(4)| — 7, for some 5 € [0,1] and
Np, = 0,

In-_E[[n-] L 1 <1—|—’I7 1—n
! - = A+ BQ(C’Q)) ,
Var[[nj] 24/10 + 67> 2 2

where A, B,C' are independent random variables such that A £ B £ 2X12 + 2X22 — 4X§ and

cE X12 + X22, and (X1, X9, X3) is a standard Gaussian vector in dimension three.

Related work on the two-dimensional torus include the study of the volume of the nodal set
intersected with a fixed reference curve (Rossi and Wigman, 2018), or line segment (Maffucci,
2017). In Benatar et al. (2020) the authors restrict the nodal length of ARWs to shrinking balls
and prove that the restricted nodal length is asymptotically fully correlated with the total nodal
length. In Granville and Wigman (2017), Granville and Wigman study the small scale distribution
of the L?-mass of Laplacian eigenfunctions. Finally, in the recent work Cammarota et al. (2020)
the authors investigate the probabilistic fluctuations of Lipschitz-Killing curvatures in the high-
frequency regime.

Work on the three-dimensional torus. Statements on the three-dimensional torus include the arith-
metic relation n # 0,4,7 (mod 8) and, unlike the two-dimensional case, they do not rely on the
spectral measures {i, 3 : n € S3} due to equidistribution of lattice points on the unit two-sphere.
The existing literature in d = 3 considers the nodal set Z,, of T}, and its two-dimensional Hausdorff
measure A, := Ho(Z,), that is the nodal surface of Z,. In Benatar and Maffucci (2019), an exact
asymptotic law for the variance is provided, namely as n — co,n # 0,4,7 (mod 8),

n [ 32 _ o
Var[An] = m <375 =+ O (n 1/28+ (1)>> . (15)

Similarly to the two-dimensional case, the order of magnitude of the variance is commensurate to
E, /N2, which originates from the cancellation of the second chaotic projection in the Wiener chaos
expansion of the nodal surface. As a consequence of the asymptotic equidistribution of lattice points
on S2, the leading coefficient in front of n/A2? in (1.5) does not fluctuate. The limiting distribution
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of the normalised nodal surface was investigated in Cammarota (2019), where the following non-
Gaussian, universal result was derived: as n — oco,n # 0,4,7 (mod 8),

An—BlA £ 1

2
Var|A,,] O

where x2(5) denotes a chi-squared random variable with 5 degrees of freedom. This distributional
limit result is analogous to the case d = 2 in the sense that the limiting distribution is a linear
combination of independent chi-squared random variables, but does not involve any non-universality
phenomenon.

Results on the intersection of nodal sets against a surface can be found in Rudnick et al. (2016);
Rudnick and Wigman (2016), see also Maffucci (2020) for a study of the intersection length obtained
when intersecting nodal sets of ARWs with planes.

2)

1.3. Our main results. Let T, be an arithmetic random wave on T2 and T,ﬁf),T,E ,T7§3) be i.i.d.

copies of T,,. Fix ¢ € [3] and consider the centred ¢-dimensional Gaussian field
TO .= {T(e)(x) = (T (@),..., TO())  z € ’]1‘3} , (1.6)

to which we associate the quantity

1= o | m o). (1)

where, for a k-dimensional measurable domain A C T3, H(A) denotes the k-dimensional Haussdorff
measure of A, that is (Ho, H1, Ho) = (area, length, card). We denote the normalised nodal volume

by
— L -E[LY)]
Lq(f) = BTy R
Var [L( )]
Since T,gl), Tr(LZ) and T,(f” are i.i.d. copies of T,,, we have
rD(z —y) :=E|T () - TV =7rp(z — 1e |l
n y n n y y ) )

where 7, is as in (1.2).

Our main result, stated in Theorem 1.1 below, provides exact second order results for the three
quantities Lg), L£L2),L,(13), and thus contains the findings of Cammarota (2019) in the special case
¢ = 1. The statement is divided into three parts: (i) gives the precise expected nodal volume, (ii)
is an asymptotic law for the nodal variance and (iii) concerns the second-order fluctuations of the

normalised version of the nodal volume.

Theorem 1.1. Let the above notation prevail. Then the following holds:
(i) (Ezpected nodal volume) For every n € Ss,

2VE ,_,
V3r
E
E[LP] =4 35, (=2
B2 B
\ 3\/57'('2 ’
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(ii) (Universal asymptotic nodal variance) As n — oo,n # 0,4,7 (mod 8),

Ey,
E3 2
1 oy, £=3
(iii) (Universal asymptotic distribution of the nodal volume) As n — oco,n # 0,4,7 (mod 8),
_\/1?051(5) , =1
105 52 (- H00) - LaB) + £+ 566 - 16@) . (=2
| 5 331 : <— 5—1051(15) —~ 2%52(15) + %53(15) + 5—1054(15) - é§5(9)> , £=3

where, in each line, the symbols éz(kz) denote independent centred chi-squared random vari-
ables with k; degrees of freedom.

Remark 1.2. (a) We point out that the results stated separately in Theorem 1.1 can be written
in a compact form. For integers 1 < /£ < k, we set

a(l, k) = m : (1.8)

where (k)y := k!/(k — ¢)! and kg := 1“(%22/2) stands for the volume of the unit ball in R,
Note that one can re-write

where [’z] = (lz) mfznz are the so-called flag coefficients also appearing in the Gaussian
Kinematic Formula (see for instance Adler and Taylor, 2007, Chapter 13). Using this def-
inition, the content of Theorem 1.1 can be restated as follows: for every ¢ € [3], one has
that

(i) For every n € Ss,

E [Lgf)} _ (%)eﬂw : (1.9)

(ii) Asn — oo,n # 0,4,7 (mod 8),

of 1 H—1) T6
V“Wﬂ“@”)@am+ > 'mQ’

where

— —1/2
1O L, <£_ R Gl 76> YOOy ©O)T (1.11)
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(b)

(c)

(d)

We

where YO ~ /\fg(gg,@(o, Idy(9¢—4y) is a £(9¢ — 4)-dimensional standard Gaussian vector
and M ¢ Matg(9£,4)7£(9574) (R) is the deterministic matrix given by

MO = Id5g H— Id se(e-1) EB IdoZ(Z 1) GB

Ids —Id .
50 25 e(e 1 D 3@(@ 1)

50

For the point (iii) above, we observe that YO M© (Y(O)T in (1.11) is a diagonal quadratic
form that has the same probability distribution as

~ o0 - 36U ) 4 e (M)

(M) o (44)

where {&;(k;) : i =1,...,5} denote independent centred chi-squared random variables with
k; > 0 degrees of freedom with the convention & (0) = 0. In particular, this shows that for
every £ € [3], in the high-energy regime, the normalised nodal volume exhibits universal and
non-Gaussian second-order fluctuations.

As already discussed, for £ = 1, Theorem 1.1 coincides with known results on the nodal
surface area on the three-dimensional torus: Indeed part (ii) gives

E 8 n 32
\V/ [L(l)} ~R =
ML) N2 37502 T N2 375
as n — oo,n # 0,4,7 (mod 8), thus recovering the same order of magnitude as in The-
orem 1.2 of Benatar and Maffucci (2019), whereas our limit result (iii) is Theorem 1 of
Cammarota (2019): as n — oco,n # 0,4,7 (mod 8),

) 1) 11 vOnT £ 1
Ly’ = v250 - YW MW (Y = —=(0—-£&(5)),
( ) TO( &( ))

where £(5) £ Y2+, + Y2
Note that the order of magnitude E/AN? of the asymptotic variance in each of the cases
f =1,2,3 is consistent with what is observed in other models. As we will prove, this fact

emerges from the vanishing of the second Wiener chaotic component of L,(f ). An abstract
cancellation phenomenon for functionals of Gaussian fields, applicable to the setting of level
sets of Laplacian eigenfunctions, is stated in Theorem 2.5 (ii).

By inspection of the proof of Theorem 1.1, it is clear that the arguments used to prove
items (ii) and (iii) of Theorem 1.1 crucially rely on the fact that the Wiener-Ité chaos

decomposition of the nodal volumes Lg ) is dominated in the L2 (P)-sense by its projection
on the fourth Wiener chaos. As we will discuss later, such a phenomenon is absent on the
related models of Laplace eigenfunctions on the Euclidean space of dimension 3 (see for
instance Dalmao et al. (2021) and the discussion in Section 1.4), due to the fact that the
variance of the ¢-th Wiener chaos projection of the nodal volumes (for ¢ > 3 even) all have
the same asymptotic scaling in the high-energy regime. In view of Marinucci and Rossi
(2015), a situation analogous to the one detected in Dalmao et al. (2021) is expected to take
place on the sphere of dimension d > 3.

also point out that the statements (i) and (ii) of Theorem 1.1 are sufficient to derive a

universal weak law of large numbers; it tells that the distribution of the normalised random variable

LY /B

Y2 is asymptotically concentrated around its mean:
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Corollary 1.3. For every § >0, as n — oo,n % 0,4,7 (mod 8), we have

b Ly a(t,3)
Ef/Q 3(/2(27.‘.)02

This immediately follows from Chebyshev’s Inequality: as n — oco,n # 0,4,7 (mod 8),
(0)
Ly,

> 5} =o(1) .

(£)
Ln OZ(E, 3) 1 B Cy .
HEf/z B 30/2(2r)t/2 > 5] < 52 Var Eﬁ/Q - 52/\[3(1 +o(1)) =o(1) ,

where ¢y is a constant only depending on /.

Remark 1.4. In the two points listed below, we highlight further technical novelties appearing in
the proof of Theorem 1.1.

(a) The chaos expansions of Lg ) is obtained from the Area/Co-Area formula by an approxima-
tion argument similar to those used in Kratz and Leon (2001), where the authors discuss
Gaussian limit theorems for general level functionals associated with stationary Gaussian
fields with integrable covariance function. Our arguments for proving existence in L?(P)
rely on the use of an adequate partition of the torus into singular and non-singular regions,
see for instance Oravecz et al. (2008); Krishnapur et al. (2013). To the best of our expertise,
although such a route has already been effectively exploited for obtaining variance estimates
for higher-order chaotic projections of nodal quantities (see Peccati and Rossi, 2018; Dalmao
et al., 2019; Nourdin et al., 2019), this approach for proving existence results in L?(PP) for
geometric functionals associated with multi-dimensional Gaussian fields appears for the first
time in the literature. We also stress that the argument based on almost surely bounding
the nodal length Lg) associated with a single ARW (see Rudnick and Wigman, 2008 and
Cammarota, 2019) does not apply in the case of more than one ARW, and therefore requires
a different approach.

(b) In order to derive the explicit expression of the fourth-order chaotic projection of Lg ),
we compute the Hermite projection coefficients associated with the mapping X ~—
det(X XT)1/2) where X is a £ x 3 matrix. In order to do this, we tackle the more gen-
eral task of computing these projection coefficients in the case where X is a generic £ x k
matrix. Our techniques build on standard properties of the Gaussian distribution as well as
Gramian determinants, and in particular recover the known results obtained in Lemma 3.3,
Dalmao et al. (2019).

1.4. Further connection with literature. Berry’s Random Wave Model. In Berry (1977), Berry in-
troduced the so-called Berry Random Wave model (BRW), that is, the unique translation-invariant
centred Gaussian field B; = {B;(z) : z € R?} on the plane with covariance function

ri(z,y) = E[B;j(x) - Bi(y)] = (VX - |z —yll) = rj(z —y) (1.12)
for (z,y) € R? x R?, with Jy denoting the Bessel function of order 0 of the first kind and |-|| the
Euclidean norm in R?. Berry conjectured that local aspects of the geometry of zero sets of generic
high-energy Laplace eigenfunctions on a two-dimensional manifold can be modelled by the BRW.
More precisely, his observation proposes that eigenfunctions of chaotic systems locally 'behave’ like
a random superposition of plane waves with fixed energy. Since Berry’s publication (Berry, 2002),
the study of local and non-local features associated with the geometry of nodal and (non-zero)
level sets of high-energy Gaussian Laplace eigenfunctions has gained substantial consideration and
different models have been studied in recent years, the case of random spherical harmonics on the
2-sphere (see e.g. Marinucci et al., 2020; Rossi, 2016; Wigman, 2010; Marinucci and Peccati, 2011)
and arithmetic random waves on the torus (see e.g. Oravecz et al., 2008; Rudnick and Wigman,
2008; Krishnapur et al., 2013; Cammarota, 2019; Dalmao et al., 2019; Marinucci et al., 2016) being
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of particular importance. The study of BRW on R? has been initiated in Dalmao et al. (2021).
Therein, the authors consider the nodal length restricted to growing cubes of the complex BRW and
distinguish between isotropic and anisotropic covariance functions. In the isotropic case, they show
that the limiting distribution of the nodal length is Gaussian whenever the underlying covariance
function of the model is square-integrable. The proof of such a Central Limit Theorem, based on
the Wiener chaos expansion of the nodal length, reveals in particular that, in this framework, all
the even chaoses except the second contribute to the limit. As already mentioned, this is in stark
contrast with the results of our paper, based on the dominance of fourth chaos projections. Such
a discrepancy can be partially explained by comparing the underlying covariance functions of the
models, which is nearly monotonically decaying in the Fuclidean setting and periodically oscillating
on the torus. In Canzani and Hanin (2020); Zelditch (2009), the authors study monochromatic
random waves on a general smooth compact manifold, that is, Gaussian linear combinations of
eigenfunctions associated with eigenvalues ranging in a short interval.

Berry’s Cancellation Phenomenon. Berry’s cancellation phenomenon was first observed in Berry
(2002) for nodal sets of BRW. Using the notation introduced in (1.12), Berry considered the length
L;j(D) of the nodal lines of B; (Berry random wave for eigenvalue A;) and the number of nodal
points N;(D) of the complex version of the BRW, i.e. the random field {B;(x) +iBj(z) : v € R2},
with B} denoting an independent copy of Bj;, when both statistics are restricted to a compact
domain D. For these observables, denoting Ap the area of D, Berry obtained

BIL,(D)] = S 2V/A . EIN(D) =52

as well as variance asymptotics, as j — 0o

Var[L;(D)] ~ Ap log(v/AjV/Ap) ,

2567
114
Var[N; (D)] = <5 A log(v/A;V/Ap) - (1.13)

In Nourdin et al. (2019), the authors recover these results and show that the properly scaled versions
of Lj(D) and N;(D) satisfy a central limit theorem in the high-energy regime. Berry’s cancella-
tion phenomenon essentially concerns the order of magnitude of the asymptotic variance in (1.13):
indeed, its logarithmic order is unexpectedly smaller than a natural prediction. Loosely speaking,
such a lower order of magnitude originates from the exact cancellation of the leading term in the
Kac-Rice formula for the variance. A general explanation of such a cancellation, based on the use
of Wiener-chaos expansions of the nodal volumes, distilling the main ideas introduced in Marinucci
et al. (2016); Dalmao et al. (2019); Nourdin et al. (2019) into a general principle, will be developed
in the forthcoming sections.

1.5. Plan of the paper. In Section 2, we provide a general result (see Theorem 2.5) leading to
cancellation phenomena in the setting of geometric functionals associated with nodal sets of multiple
independent Gaussian fields. The proof is deferred to Appendix A. The proof of Theorem 1.1 on
nodal sets of arithmetic random waves on the three-torus is the content of Section 3. Appendices B-E
contain proofs of technical results needed for the proof of Theorem 1.1.

Acknowledgement. The author acknowledges support of the Luxembourg National Research Fund
PRIDE15/10949314/GSM. The author thanks an anonymous reviewer for their insightful comments
and suggestions, as well as Giovanni Peccati for the guidance throughout this work.
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2. Wiener Chaos and abstract cancellation phenomena

In this section, we present some general results about non-linear functionals of Gaussian fields
that admit an integral representation in terms of Dirac masses and Jacobians. As discussed in
Section 2.3, this contains as special cases exact and partial cancellations discovered in Dalmao et al.
(2019); Nourdin et al. (2019); Marinucci et al. (2016, 2020).

2.1. Preliminaries on Wiener Chaos. We briefly recall standard facts from Gaussian analysis. For
further details, the reader is referred to the monographs Nourdin and Peccati (2012); Nualart (1995).

Let {Hj : kK > 0} denote the family of Hermite polynomials on the real line given recursively by
Ho(z) =1, Hy(z) = x2Hy_1(z) — Hj_;(z), k>1.
The first few are then given by
Ho(z) =1, Hi(z) =z, Hy(z) =2® — 1, Hy(x) = 23 — 3z, Hy(x) =2* — 622+ 3.
Moreover, the following symmetry relation holds for every k > 0, and every = € R,
Hy(—z) = (=1)"Hy(z) . (2.1)

It is well-known that H := {Hy/Vk! : k > 0} forms a complete orthonormal system of L?(y) =:
L*(R, Z(R),~y(x)dx), where v(x) denotes the standard Gaussian probability density function.

Let G = {G(u) : u € %} denote a centred Gaussian field on a generic set % and let G be the
real Gaussian Hilbert space obtained as the L?(P)-closure of the vector space of all finite real linear
combinations of elements of G. For an integer ¢ > 0, we then denote by C(g’ the g-th Wiener chaos
associated with G, that is, the L?(P)-closure of the vector space of all finite real linear combinations
of elements of the form

m
HHQj(Xj) ;o o m=>1,
j=1

such that g1 +...4+¢n = gand (Xq,..., X;,) is a standard m-dimensional Gaussian vector extracted
from G. In particular, CE)G’ = R consists of all constant random variables. Since H is an orthonormal
system of L?(v), it follows that whenever ¢ # ¢/, the spaces CE’ and Cg;i are orthogonal with respect

to the inner product of L?(IP), and one has the following decomposition

L*(Q,0(G),P) =P CF,

q>0

that is, every o(G)-measurable random variable F' can be uniquely written as series (converging in
the L?(IP)-sense)

F=> proj,(F) , (2.2)

q=>0

where for ¢ > 0, proj,(F) € C(g’ denotes the projection of F' onto C(g’. Moreover, since CS = R, it
follows that proj,(F) = E [F).

2.2. An abstract cancellation phenomenon. We consider a finite measurable space (Z, %, 1) such
that u(Z) = 1. Let G = {G(z) : z € Z} be areal-valued centred Gaussian field indexed by Z. For an
integer £ > 1, let GM, ... G be ii.d. copies of G and write G = {G(2) = (GW(2),...,GO(2)) :
z € Z} to indicate the associated ¢-dimensional Gaussian field. Additionally, let W = {W(z) : z €
Z} be a (not necessarily Gaussian) random field indexed by Z. We denote by §,, the Dirac mass at
u € R. We introduce the following definition.
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Definition 2.1. For every u® = (uty...,ug) € R¢, we define the random variable

?
a0y = (GO (2)) z z
J(G,W;ul®) /Ziljlaxe (2)) - W(2) uldz)

l
:= lim Z(25)_£ H 1[,575](G(i)(z) — ;) - W(z) u(dz) (2.3)

e—0

whenever the limit exists P-almost surely. In the case where the limit exists in LP(P) for p > 1, we
say that J(G, W;u®) is well-defined in LP(P).

Our aim is to study the Wiener-Ité chaos expansion of J(G, W;u(e)). As we will prove later
(see Lemma 3.1), the nodal volumes LY ),E € [3] defined in (1.7) are obtained P-a.s. and in L?(PP)

as LY = J(G,W,(0,...,0)), where G = TY is as in (1.6) and W (%) is the square root of the
(0)

Gramian determinant of the Jacobian matrix of Ty’ computed at z.

For integers 1 < ¢ < k, we use the notation X = {X](-i) : (i,7) € [€] x [k]} to indicate a generic
element of the class Maty (R) of £ x k matrices. The following definition generalizes the notion of
Gramian determinants.

Definition 2.2. We say that a map ®,j, : Maty ,(R) — R satisfies Assumption A if it satisfies the
following four requirements for every X € Maty ;(R):

(A1) @y is invariant under permutations of columns and rows of X, that is,

(X)) = @ (X0 (5,5) € 10 x [K]}) = Dox ({X: (0,5) €[] x [K]})

for every permutation o of [k] and 7 of [¢].

(A2) @4, is positively homogeneous as a function of the rows of X, that is, for every ¢ € R and
every i € [{], |c|Ppr(X) = Py i(X*), where X* denotes the matrix obtained from X by
multiplying the i-th row by c.

(A3) @, is invariant under sign changes in the columns of X, that is, for every j € [k], ®x(X) =
Oy 1,(X*), where X* denotes the matrix obtained from X by multiplying the j-th column by
—1.

(A4) If £ > 2, @y, is invariant under row addition, that is, ®y 5 (X) = ®;,(X*), where X* denotes
the matrix obtained from X by replacing its ¢1-th row by the sum of its i;-th and 7s-th row
for i1 75 19 € [f]

A prototype example of a function satisfying Assumption A above is given by the Gramian

determinant @, (X) := det(X XT)1/2 as proved in Lemma B.1 of Appendix B.

Remark 2.3 (Role of Assumption A). Although in the proof of Theorem 1.1 we apply the results
of the present section only to the particular function ®g;(X) = det(XXT)1/2 we prefer to state
our findings in the more general framework of functions verifying Assumption A, thus highlighting
those features of the mapping X — det(XXT)l/ 2 that determine cancellation phenomena.

To state our result, we introduce the following objects:
e For every i € [/], let
X0 = {XO() = (X{(2), X{(2),.... X () 1 2 € 7}

be a (k + 1)-dimensional standard Gaussian field, i.e. X® is a Gaussian family and for
every fixed z € Z, the vector XV (z) is a standard (k + 1)-dimensional Gaussian vector, that
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is, its coordinates X (i)( ),J = O , k are independent standard Gaussian random random

variables. For z € Z, we let x{ (z) (Xl(i)(z), . ,X,gi)(z)) and write
X,(2) = {XJ0(2) 1 (5,) € [0 x K]} (2.4)

for the ¢ x k matrix whose i-th row is given by X&i)(z). If ¢ > 2, for every i1 # ig € [(], we
assume that the random fields X() and X () are stochastically independent.
e For every i € [/], we define the quantities

) . 1ly (i) (@)
Do = 13 | X002 utae) = [ X0 e (2.5

m@ = /ZXéi)(z) w(dz) . (2.6)

e Consider a map @y, : Rk — R, that satisfies Assumption A of Definition 2.2 and such
that for every z € Z,
E [00k(X4(2))?] < 00,
and set

E[®gr(Xi(2))] = cgp - (2.7)
Our next result provides the chaotic projections onto the g-th Wiener chaos associated with
(XM X®} of the random variable J(G, W;u(®)) defined in Definition 2.1 in the case where

G= {(Xél)(z), o xP)) i ze Z} LW = {Bpi(Xu(2) iz € Z) . (2.8)

Note that, for every z € Z, W (z) as defined in (2.8) is o(G)-measurable and stochastically indepen-
dent of G(z). Part (ii) contains a general version of the chaos cancellation phenomenon observed
e.g. in Wigman (2010); Marinucci and Rossi (2021); Krishnapur et al. (2013); Dalmao et al. (2019);
Marinucci et al. (2016); Nourdin et al. (2019); Cammarota (2019). Its proof is deferred to Appen-
dix A.

Remark 2.4. We stress here that the technical assumption requiring that G(z) is independent of
W (z) for every fixed z € Z is needed in order to deduce the Wiener chaos expansion of the the
random variable J(G, W;u(9). Indeed, exploiting this assumption, the latter will be obtained once
(formally) expanding Hle 6u;(GW(2)) and W (z) into Hermite polynomials and then integrating
the product over Z (see Section A.l for more details). On the other hand, the assumption that
X and X) are stochastically independent as random fields is formulated for the later use in
the context of nodal volumes of ARW (see in particular example (i) in Section 2.3).

Theorem 2.5. Assume the above setting. Then, we have:
(i) (General projection formulae) Fiz u'® := (uy,...,us) € R® and assume that J(G, W;u®)
with (G, W) as in (2.8) is well-defined in L*(P) in the sense of Definition 2.1. Writing
J = J(G,W;u®), we have, for every q >0,
(ul) » uz)
proj, () = 3 M, /] HH, ) proj,(W()uldz),  (29)

J1seenJer20
Jit...+Jjetr=q

where {Bj(ul) : 7 > 0} denote the coefficients associated with the formal Hermite expansion
of the Dirac mass 6u1, given by

/ () H; (9)y(y)dy = Hj(w)y(u) -
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In particular,

14

projo(J) = E1J] = ags - [ v(us) (2.10)
=1

¢ l
proj,(J) = agp - ny(ul) . Zm(i)ui , (2.11)

proia() = % o) - 3 (s [ -0 utae) +00) . (212

i=1
(i) (Abstract cancellation) If u; = D@ =0 for every i € [{], then (using (2.7))

oy k;

projo,1(J) = proja(J) =0, ¢=>0. (2.14)
As anticipated, we will apply Theorem 2.5 to the study of nodal sets of Gaussian Laplace eigen-

functions. The following section deals w1th two such examples.

2.3. Applications to nodal sets of Gaussian Laplace eigenfunctions. We provide two examples of
applications of Theorem 2.5 dealing with nodal volumes associated with (possibly multi-dimensional)
stationary Gaussian random fields that are Laplace eigenfunctions. Example (i) deals with ARWs
on the d-dimensional torus and is effectively used in the proof of Theorem 1.1, whereas (ii) is Berry’s
random wave model in RY,

(i) ARW on T? Let d > 2 and (Z,Z,u) = (T B(T?),dz) with dz denoting the Lebesgue
measure on R%. For integers 1 < ¢ < d, consider independent ARWs T,gl), .. .,T,&f) on T¢. By a
straightforward computation, we have that, for every i € [¢] and j € [d], the partial derivatives
0;T, () (x) are centred Gaussian random variables with variance

Var {@T,(f)(:z:)} = n€ Sq, x €T, (2.15)

where 0; := 0/0x;. Let G = {(Tél)(m), LT (2)) : x € T?} and write 9; := (E,,/d)~'/29; for the
normalised derivatives. Denote by Gy (x) the normalised Jacobian ¢ x d matrix of G computed at
x € T¢ and consider the random field W = {@7 4(Gx(2)) r v € T?} where ®7 4(A) = det(AAT)/?
for A € Maty 4(R). Then, using the Area/Co-Area formula (see e.g. Propositions 6.1 and 6.13 in
Azals and Wschebor, 2009), the random variable

/
LOd) = (Eil”)g 2J(G,W, (0,...,0))

represents the (d — ¢)-dimensional volume of the zero set of G, where J is defined according to
Definition 2.1. Note that L. (3) = L%),E = 1,2,3 as defined in (1.7). The continuity result in
Theorem D.3 shows that the nodal volume is defined P-a.s. The fact that the random variable
L,(ll)(d) is well-defined in L?(IP) for d > 2 is proved in Rudnick and Wigman (2008), whereas the
case (£,d) = (2,2) is proved in Dalmao et al. (2019). The remaining cases on the three-dimensional
torus corresponding to (£,d) = (2,3),(3,3) will be proved in Lemma 3.1, the existence in L?(P) of
the nodal volume for arbitrary £ and d can be proved by similar arguments, for which we omit the

details. Now, for every i € [f], the quantity D(®) in (2.5) satisfies (see also Rossi, 2016; Marinucci
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et al., 20 l())

@ — @ _ (1) ()2
D dz ;T 2 dx /TdTn (x)* dx

= 2 dx — () ()2 dx
d/ IVTO@I do = [ TP d
- d/WWT“(W 10@) do— [ T da

Td
1 . . .
= 2 w9 @), v () de — / 7O ()2 da
En Td
Using Green’s first identity (see e.g. Lee, 1997, p.44) and the fact that AT (x) = —EB, T (x),
gives
. 1 . . .
DO = —/ T (2) AT (2) da —/ TD(2)? de =0 .
E T3 T3
In particular, we conclude from (2.14) that the second chaotic projection of the nodal volume Lg)
is identically zero.

(ii) BRW on R% Let 1 < ¢ < d be as above. Consider a compact convex set D C R? with C!
boundary 0D. Let (Z,%,u) = (D,B(D),dz). Write {Bg(z) : * € D} to indicate Berry’s random
wave with parameter E > 1 restricted to D, that is, B is the stationary centred Gaussian Laplace
eigenfunction on R? with covariance function (see e.g. Adler and Taylor, 2007, Theorem 5.7.2)

Jia—2)22nVE|z —y|)
@rVE|x —y|)@-2/2
with J,, denoting the Bessel function of order m of the first kind, and energy 472E. Consider
Bg), e ,Bg) ii.d. copies of B and G = {(Bg)(x), . .,Bg)(x)) : x € D}. One can show by a
direct computation, that for every i € [¢] and j € [d],
47’ E

d )
As in Example (i), we write 9; := (472E/d)~'/29; for the normalised derivatives and consider the

random field W = {®] ;(Gu(z)) : € D} with @7 ;(A) = det(AAT)Y/2 for A € Maty 4(R). Then,

the random variable

E[Bp(z) - Be(y)] = z,y €D,

reD.

Var [@Bg) ((IJ)} =

/
L9(a) = (‘”;E)K 2J(G,W, 0,...,0))

is the (d — ¢)-dimensional nodal volume of G, where as previously, J is as in Definition 2.3. Again,
an application of Theorem D.3, shows that Lg)(d) is well-defined P-a.s. The existence in L*(P)
is proved in the cases (¢,d) = (1,2),(2,2) in Nourdin et al. (2019) and the arguments therein can
be extended to the case of arbitrary integers ¢ and d. Arguing as in the previous example, using
Green’s identity, the quantity D in (2.5) is equal to

. 1 i i
DO = —— [ BP@)(VBY (@), n(x))dz,

where n(z) denotes the outward unit normal vector to dD at x. In particular, D and hence
the second chaotic component of L%)(d) reduce to an integration over the boundary of D, thus

recovering the exact expression of the second Wiener chaos of Lg)(Q) obtained in Nourdin et al.
(2019, Lemma 4.1) for d = 2. As already pointed out, in Dalmao et al. (2021), the authors study
among others the nodal length restricted to growing cubes of the complex BRW on R? corresponding
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to the case (¢,d) = (2,3). In particular, applying Green’s formula to the expression of the second
chaotic component (see Lemma 8, Dalmao et al., 2021), one can proceed similarly as above to show
that it reduces to a boundary integration.

Remark 2.6. (a) An analogous analysis as in example (i) for ARWs on T¢ can be carried out
for the related model of spherical harmonics on the d-sphere, see Marinucci et al. (2020) for
the case of the 2-sphere.

(b) From (2.12) it follows that, in the case where D) = 0 for every i € [¢] (as in example (i)
above), the projection on the second Wiener chaos of the random variable J can be rewritten
as (bearing in mind that u(Z) = 1)

L L
. Lk 2
projs(J) = “28 - [T wi) - > e {18 1322~ 1}
i=1 i=1
where | |g||L2 = [,9(z2) ), (see also Marinucci and Rossi, 2021 and Cammarota et al.,

2020). In partlcular the second order chaotic projection of J is a linear combination of the

centred square (random) norms of the fields Xéi),i € []. Therefore, at least heuristically,
one expects that in the setting where J is a geometric functional associated with the zero
(5))

level (such as the random variables Ly,
scaling factors.

, it should vanish as nodal lines do not depend on

3. Proof of Theorem 1.1

Section 3.1 contains the proof of Theorem 1.1: such a proof is based on a number of technical
results, whose proofs and discussion are provided in Appendix A-E. The only exception to this
strategy of presentation is given by Proposition 3.3 and 3.4: indeed, since these results follow from
direct probabilistic arguments, their full proofs will be immediately provided in the forthcoming
Section 3.2.

3.1. The proof.

3.1.1. An integral representation of L,(f ). The proof of Theorem 1.1 is based on the Wiener chaos
expansion of the quantities Lgf ) defined in (1.7). In order to derive this expansion, we will rigorously

(£)

prove that the nodal volume Ly, is formally obtained P-almost surely and in L?(P) as

Lﬁf):/ H50 ) - ®p3(Jacyo(r)) de,
T

3
1=1
where ©7 5(A) = det(AAT)/2 for A € Maty3(R), and Jac ) () stands for the Jacobian matrix of

Tg ) evaluated at . More precisely, for € > 0, we consider the e-approximations L% )g of L,(f ) given

by (compare with Definition 2.1)

l
L) = /T (20 T e (T (@) - B3 0ac o () di, >0

and prove the following statement.

Lemma 3.1. For (¢ € [3] and n € S3, the random variable L%)e converges to L%) P-a.s and in L*(P)
as € — 0.
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The proof of Lemma 3.1 is presented in Section E.2 of Appendix E. Note that the case £ = 1 has
been investigated in Rudnick and Wigman (2008) for arbitrary dimensions. To deal with the case
¢ = 3, one can directly adapt the proof of points (i)-(v) of Lemma 3.1 in Nourdin et al. (2019) for
the two-dimensional torus, based on universal bounds for the number of solutions of a system of
trigonometric polynomials (see e.g. Khovanskii, 1991).

The proof of the almost sure convergence relies on a deterministic continuity result for nodal
volumes restricted to compact sets on the torus associated with sequences of functions converging
to a non-degenerate limit in the C'-topology (see Appendix D). Our proof of the L?(P) convergence
takes advantage of similar techniques as those that will be exposed in the forthcoming Section 3.1.4,
based on partitioning the torus into singular and non-singular subregions. We refer the reader to
this part for an overview of our strategy.

3.1.2. Wiener-Ito chaos decomposition of Lg). The statement of Lemma 3.1 together with the
fact that, for every fixed x € T3, the random variables T (z) and Jac o (x) are stochastically
independent, justify the use of the general framework of Theorem 2.5 to this Ti)recise setting, yielding
in particular an explicit expression for the chaotic decomposition of Lg). In view of Example (i)
of Section 2.3 in the case d = 3, the quantity D in (2.5) is zero for every i € [(]. This together
with the fact that we study nodal sets, implies that (in view of Theorem 2.5 (ii)) the second-order
as well as the odd-order chaoses identically vanish, yielding

LY =E[LP] + 3 projs, (L), £ €3], (3.1)
q=>2

where we adopted the notation (2.2).
Normalised gradients. Writing T#l)(x) = N2 Y aed, @ipaex(z) for iy € [£], in view of (2.15), we

introduce the scaled partial derivatives having variance 1,

T8 (2) == 9TV (2) == ,/EajTgl>(x) - u/nN 3" Naiea@) (3.2)

™ XeAn,

for j € [3] and adopt the same notation as in (2.4), that is
TW () = {T)(@) : (5,) € [) % [3]} € Mates(R) -

Using the homogeneity property (A2) in Definition 2.2 of the map ®j 4, it follows that

E, £/2 - L . . ’
LY = () /T (29) T 1ea(@P (@) - @5 5(TH (@) dz &> 0. (3.3)
=1

Therefore, by virtue of the almost sure convergence stated in Lemma 3.1, we can write the nodal
volume as (recall Definition 2.1)

o _ (B )
LW = Y J(G,W;u'™),

n

where

G=TO, W={0,(T):2eT}, u=(0,..,0ecR" .
The following proposition gives the Wiener-It6 chaos expansion of L%) and is a direct consequence
of Theorem 2.5.
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Proposition 3.2 (Wiener Chaos expansion of L%)). Fiz 0 € [3]. Forn € Ss, the chaotic projections
of L%) are given by

proja (L)) = pf032q+1(an)) =0, ¢=>0, (3.4)
while for q =0 and ¢ > 2,
ﬁp(()n e ﬁp(()z)

1 l
W1 plh

proj?q(L%))

<E £/2
3) DY
pi 0§20 Py pg) >0

P57 4§ A p) ) =24

l 3
o (s e x B} [ TTH,0 00 @) [LH,0 00 @) dr
i=1 j=0

where {B; : j > 0} and ozgg){-} are the Wiener chaos projection coefficients of 69 and ®} 4, that is

H>;(0 .
B2j+1 =0, Boj = \2/%), j=>0,
and for k > £,
¢k
GG 1 " (i)
ap  \D; Z(Z,j)ew])([k] = i -E (pﬁ,k(X)HHH(Z)(X ) )
s ! IT T () g S

respectively. In particular,
(3.5)

where h)
0 k) = — \RE
Oé( ’ ) (QTF)Z/QH]C_[ )

is as in (1.8).

3.1.3. Analysis of the fourth chaotic projection. Our main findings on the high-energy behaviour of

the fourth-order chaotic projections proj 4(L£f ) ), £ € [3] are contained in the next two propositions,
whose proofs are presented in Section 3.2.3:

Proposition 3.3. For { € [3], asn — oco,n # 0,4,7 (mod 8),

. 1 f—1) 76
] (g 2 .

(£)

where the constant ¢y’ is given by

0. (En 22 a(,3)
w3 ) enE A,

Proposition 3.4. For ¢ € [3], we define the normalized fourth-order chaotic component

{proj4(L$f)) in € Sg} = {(Uiﬂ)*lﬁ proj, (LY : n e 5'3} ,

where vﬁfg := Var [proh(LﬁP)} . Asn —oo,n#0,4,7 (mod 8),

: 1 ee—1) 76\ 2
Lgf) N L vy O @y ONT
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where Y ~ Nyor—2)(0,Idy(9¢—4y) and M©® ¢ Mat9¢—4),0(90—4)(R) is the deterministic matriz given
by

MO — %Idg,g@ Id5e</z 1) 69 Idsw 1) @ Idsf(l' 1) @71(13@(@ b -

Such results are proved as follows: In Section 3.2.1, we prov1de an exact expression of the fourth-
order chaotic projection of Lg ). In order to achieve this, we compute the Fourier-Hermite coefficients
of the function <I>Z3 on the fourth Wiener chaos (see Proposition B.5). We then use the orthogonality

relation for complex exponentials on the torus

/ ex(x) dz = 1y | (3.6)
T3

and rewrite each integral of multivariate Hermite polynomials evaluated at the arithmetic random
waves and its gradient components by means of a useful summation rule over 4-correlations Cy,(4)
and non-degenerate 4-correlations X, (4) (see (3.13) and (3.14) for precise definitions).

A subsequent asymptotic analysis of proj4(L$f )) is presented in Section 3.2.2. This analysis is
based on a multivariate Central Limit Theorem (see Proposition 3.19) for the summands composing

the explicit expression of proj 4(L(€)) Such a Central Limit Theorem, already appearing in Marinucci
et al. (2016); Dalmao et al. (2019) for the two-dimensional torus and Cammarota (2019) for the nodal
surface on the three-dimensional torus, is obtained by verifying a suitable condition characterising
normal convergence of the so-called Fourth Moment Theorem (see Nourdin and Peccati, 2012,
Theorem 5.2.7). Among others, we use the following asymptotic estimate bounding non-degenerate
4-correlations on T2 (see Benatar and Maffucci, 2019, Theorem 1.6):

card(X,(4)) = OWN/4+oWy | p o0 (3.7)

3.1.4. Contribution of higher-order chaotic projections. We show that the projection on the fourth
(£)

Wiener chaos of Ly’ dominates the series in (3.1), in the sense that

LY = proj, (L) + 0p(1)

where op(1) denotes a sequence of random variables converging to zero in probability as n — oo, n #
0,4,7 (mod 8). This is done by proving the following statement (see Appendix E):

Proposition 3.5. For { € [3], asn — oo,n # 0,4,7 (mod 8),

Var Zpronq(LTf)) :0<Var[proj4(L7f))]> . (3.8)

q>3

The arguments for the proof of Proposition 3.5 are based on the use of a suitable partition P (M)
(where M = M (n) is proportional to v/E,) of the torus into singular and non-singular pairs of
subregions (see Definition [.1), following the route of Oravecz et al. (2008) and, later, Peccati and
Rossi (2018); Dalmao et al. (2019). We denote by LY )(Q) the nodal volume restricted to a cube @

and by projg, (Lgf )) =) >3 prOJQq(L%)) the chaotic projection of LY on Wiener chaoses of order
at least 6. This allows us to write the variance of higher-order chaoses as

Var[proje, (L) = > Cov|proja (L (@) projs, (@) . (39)
(Q,QNEP(M)?
where the summation is over all pairs of cubes (Q, Q") of side length 1/M. Splitting this sum into
the singular part S and the non-singular part S§¢, we bound each of the contributions separately.
For the singular part, we prove the following bound (see Section 2.3 of Appendix E):



Fluctuations of nodal sets 1147

Lemma 3.6. For (€ [3], asn — oo,n % 0,4,7 (mod 8), we have

= S Cov[prois. (LIP(Q)). proie (L (@)]| = O(ELRA(6))
(QQN)es
Here, R,,(6) denotes the integral 6-th moment of the covariance function r,, see formula (3.12)
below. We give a brief overview of the proof of Lemma 3.6. We use the Cauchy-Schwarz inequality
and translation-invariance of the model to write

5] < B3R (6) - Var|projs. (L(Q0))]. (3.10)

where we used that the number of singular pairs of cubes in the summation index is bounded by
E3R,(6) and where Qg denotes a small cube of side length 1/M around the origin. In Lemma C.6,
we justify the use of Kac-Rice formula in g, so that, writing

Var [projs, (L (Qu)) | < E [LY(Qo)?]

one can use Kac-Rice formulae for moments (Theorem 6.2, 6.3 of Azals and Wschebor (2009) for
¢ = 3 and Theorem 6.9 of Azais and Wschebor (2009) for £ = 1,2). Doing so, we exploit stationarity

to obtain
B[L0@)] = [ KO (0.....0)) dedy + B [L(Q0)] 1=y

QoxQo
153/2
< Leb(Qo) K9(2,0;(0,...,0)) dz + —=14—3 , (3.11)
2Qo M

where K is the two-point correlation function defined in (C.3) of Appendix C. Appendix C contains
a self-contained study of the two-point correlation function; in particular, in (C.4), we derive an
upper bound of K® in terms of the covariance function 7, and its gradient, and subsequently
perform a precise Taylor-type expansion near the origin of this expression (see Lemma C.5). Using
these results then yields the estimate

E {L%)(QO)Q} < B, 121+ By ' 1ymg + 123,

which combined with (3.10) establishes Lemma 3.6.
Concerning the contribution to the variance of the non-singular pairs of cubes, we prove the
following proposition (see Section .3 of Appendix E):

Lemma 3.7. For (¢ € [3], asn — oo,n # 0,4,7 (mod 8), we have

L
S

= > Cov|proje. (L)), proje, (L (@)]| = O(ELRA(6)) -
(Q.Q)ese

In order to prove Lemma 3.7, we take advantage of (i) the Wiener-Itd chaos expansion of Lg ) and

(ii) a particular version of diagram formula for Hermite polynomials (see Proposition [.3) allowing
us to handle covariances of products of Hermite polynomials. The desired bound is then obtained
by exploiting the fact that the summation is over non-singular pairs of cubes.

Combining the decomposition of the variance in (3.9) with Lemma 3.6 and Lemma 3.7, the proof
of Proposition 3.5 is then concluded once we derive a bound for the integral 6-th moment of r,,. In
order to achieve this, we can again use the orthogonality relation for complex exponentials on the
torus (3.6) in order to link moments of the covariance function r, to m-correlations, for m > 1,

m 1
Rom)i= [ r@ras= g 2 [ empam (e

@ Am))yeam
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card(C,(m))

N '
Using this formula for m = 6 together with the estimate bounding the number of 6-correlations on
T3 (Benatar and Maffucci, 2019, Theorem 1.7)

card(Cp(6)) = ONI/3TeM)) = 0,

yields
d(Cn (6 _
Rn(6):/ ra(2)0 dz = SEUCO) o oty L (3.12)
T3 NE
Combining this with the content of Proposition 3.3, we conclude that E‘R,(6) =

0 (Var [proj4(L$f))D.

Remark 3.8. As described above, we point out that the combination of the findings in Lemma 3.6,
Lemma 3.7 and the estimate in (3.12) is essential in order to prove that the fourth chaotic component
is dominant in the Wiener-It6 chaos decomposition of Lgf ). These results should be compared with
the analog statements in Section 2.4 of Dalmao et al. (2019) for the study of ARW on the two-torus,
and with the findings in Section 7 of Nourdin et al. (2019) for the somewhat similar approach in

the setting of Berry random plane waves.

3.1.5. Finishing the proof of Theorem 1.1. The proof of Theorem 1.1 is concluded as follows: Rela-
tion (1.9) follows from (3.5) and the distributional identity stated in formula (B.4). The asymptotic
variance in Proposition 3.3 together with Proposition 3.5 prove (1.10). Finally, (1.11) follows from
the limiting distribution established in Proposition 3.4 combined with Proposition 3.5.

3.2. Complete study of the fourth chaotic component of L,(f). In this section, we provide the exact
(£)

expression of the fourth-order chaotic component of Ly’. A subsequent asymptotic analysis of this
expression serves as preparation to deriving the limiting distribution of the normalised version of

LY,

3.2.1. Ezplicit form of pr0j4(L£f )). In order to write the explicit expression of the fourth-order
(0)

chaotic component of L;’, we introduce some auxiliary random variables. Fix ¢ € [3].

Definition 3.9. For iy,i5 € [/], j,k € [3] and n € S3, we define:

W(il)

N

)\GA
(i1) )
ij (n) : n\//—\/r )\GZA A )‘k ’all, ) )
M(il’h) Z al1,)\a12 A i1 < iQ’ te {2’3} ’
)\GAn
M(il,iz)(n) — Z )\ iy Ay X i <ig, e {2 3}
j 11,A%12,A ’ ’ ’
\/TAGA
T T

W)\GA
R(il’iQ)(n : j\/’ Z |aiy 2| |a127)\‘2

AEA,
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(il,lz) 2
Ry : 2/\/ E Aj A2lai, A aial?
AEA,
S(u,zz) § all )\az% ,
)\GA
(41,42) ) 2
Sip(n) = 2/\/ E A2 )\kall ATl
AEA,
X(i1,i2) e 1
(n) = N, Z Qg AQiy N Qg N/ Qg N7
NN NI E X (4)
X(il,iZ) . 1 A\
kk (n) n Z kAR Qi iy X Qi N1 Qg X177
NN XY E X (4)
X(il,iz) . 1 AN NN
kkjj (n) == n2N,, Z EARAG A Qig Ay N Qg N Qg X111

(NN A XY E Xy (4)

Note that )\% + )\2 + )\2 =n implies the relations

7,1,12 (11712 21722 (Zl 7/2
Z Rjk ’ Z SJk

a] 1 ,_] 1
Definition 3.10. For i; € [¢], and n € S3, we set

agil)(n) — 3 H4(TT(L1‘1)($)) d | (21 Z H2 T(Zl ))HQ(TT(:;{)(ZC)) dx
T

g n Z (x)) da =2 / (T3 () Ho(T,3) () dor

and for ¢ € {2,3} and i1 < iy € [{],n € S,

bgil,ig)(n) — H2(TT(L7«1)($))H2(TT(L7‘2)(SU)) d.ﬂU 9

T3
bgil,iQ)(n) — Z H2 T(Zl ))H2(TTE,’,L]2C)(Z.)) dx ’
bé(il,ig)(n) — Z H T(“ ))H2(T7’(1Z2)(:E)) dx 9

o = Y / Hy(T) (0) Ha(T,2) () da

k;é =1
béi1,i2)(n) — Z/ T(h T(ll( )Téfz)(x)Tr(:j)(x) dx .
k<j

Spectral correlations on T3. For n € Sz and an integer m > 1, we introduce the set of m-correlations
on the torus,

Co(m) = {w, LAYy e Am A A 2 o} (3.13)
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and the set of non-degenerate m-correlations

X (m) := {(A(l), LAY e Cu(m) VT G [m], Y AW £ o} C Cn(m) . (3.14)

el
Recall that card(C,(4)) = 3N? — 3N, + card(X,,(4)), which is in accordance with the following
summation rule (see (3.6) in Cammarota, 2019)

2, =Xt At

()\7)\/,>\II7A/”)EC77,(4) )\7_)\/ )\7 )\/I )\/Il
)\// A/N Al )\/// A _7AU

S S S SR D SHC
A:*/\’:A":*/\”’ )\:)\/:7)\//:7)\/// )\:7)\/:7A”:)\”/ (A,)\/7A//7A///)€Xn(4)

In the sequel, we will write (A, N, X, X)) = (AW, X2 AG) A for elements in C,(4) and X,,(4)
and use the following abbreviations

Z Do D= D> =)
AeAn  Cn(4) AN N MNDECL(A)  Xu(d) (NN NEX,(4)

The following lemma is a generalization of Lemma 4.5 in Cammarota (2019) (obtained for £ = 1)
applying to the setting of multiple independent arithmetic random waves. These formulae follow
by carefully applying the summation rule (3.15).

Lemma 3.11. Fiz ¢ € [3]. For every i1, iz € [{] and every j,k € [3], the following formulae hold:

Z @iy Ay N Qg N7 Ay X7 (3.16)
Cn(4)

2
= Yleua 22%»2+z(zail,w2,x)

A

2
_25 |a217)\’ |a12,)\‘ § :a“ )\am,)\ + E : Qi A Qg N Qg N Qg N7

Xn(4)
1A
E NNk @iy AGiy N Qi X Wiy N7 (3'17)
Cn(4)
2
2 2 2 —_— 2 2 2
:_E ‘ail7/\| § )‘k|ai2,>\‘ +2<§ )‘kaih/\aim)\) +2§ )‘k’ail)\ ’ai2,>\|
A A A A
2 2 —2 1"y
_E )‘kail,/\ain\ + E Ak Qi Ay N Qg N1 Qi N7
A
E YDV )\/'l)\;'”ail,/\ail,A’aiz,A”aig,)\”’ (3.18)

Cn(4)

2
= Mlaial? Z Nlaia? + Q(Z Ak)\jail,AaiQ,A> —2) AN ai, iy
A A

2 /RN/AN/
- E MATaF \Tign” + E AR ARAG A Qiy Ay N Qi A7 Cig N1
Xn(4)

Z )\kA/)\ )\”'a“ Ay N Qg N1 Qg N1 (3.19)
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= MAjlai AP NN lain P Y A ai AT x> A, AT
A A A A
2
+ < > Ak/\jail,wiz,x> =23 XN lai, A aiy al?
A A

2v2,2 —2 IRN/AN/
—E ARAT a3 ATig x” + E ARAGARAS Qi AGiy N Qi N7 Qi N7
Xn(4)

The next two lemmas express the random variables introduced in Definition 3.10 in terms of the
quantities defined in Definition 3.9. The following expansions have been proved in Lemma 4.4 of
Cammarota (2019).

Lemma 3.12. Fiz ¢ € [3]. For every iy € [{], we have

(i) agil)(n) = Ns,f(W(il)( )2 — RG1i1) () 4 ;X(z‘l,z‘l)(n))

(ii) agl)(n) = NZ(W(“)( )2 — RO () — 373 IX}glkL%l)'(n))

() g n) = £ 2y (Wil 07 = B0 + 30050 (0)

(iv) ai“)(n) Nn qu( (21)( )W(“)( )+2Wl£;1)(n)2_3R1(;'1’”)< >+X]gzk:1j,;1)( ))

j
The next lemma deals with mixed expressions containing indices i; < 9.
Lemma 3.13. Fiz ¢ € {2,3}. For every iy < iz € [{], we have
(i) B (n) = 3= (WD ()W) () + 2M12) ()2 — 2R () — §0182) () 4 X (@22 (1))
(i) b3 (n) = “”“(n) = R (WO@WE () + 2570 M (n)* — 2R02)(n) +

5“’12( ) — Zk 1 X Zl’m (”)) o . .
(i) b2 (n) = mzk#:l (WD (W (n) + 2MH (n)? — 2RI (n) — S (n) +

Xy ()
) By 9 5 i) i) o1 ()2 gplini) ) (i)
(iv) by "(n) = A et (Wi (MW (n) + 2Mp0"™ (n)? e (1) e () +
X )
plinsiz) _ w ) (o i2) Apliniz) (o g tinsiz) Al g2
(v) by ' (n) = TWZIKJ( kj (n) kj (n) + My~ (n)M;" (n) + kj (n)
2R (n) — S (n) + XG5 (n))
Proof: Let £ € {2,3} be fixed. For (i), by (3.16), we have
o) = | Ha(T @) Ha(T) () da
T

-/ (Té“)(szé”)(a:)?—T£i1><x>2—T£i2><x>2+1) o
TS

1
2 2
= NQ Z Wig Mg N Qg N7 g N1 — N Z ‘au,)\’ /\Tn Z |ai2,)\‘ +1
A

" Cn(4)
2 2
= WZ’ail,AFZ‘aim)\P_}_ A/'Q( ai1,>\ai2,>\> - mZ‘ai17A’2|ai2,A 2

N2 E azl )\alg,/\ + N2 E all,)\al1 )\’alg,)\"azg A

TLXn )

A7 Z ‘aih/\’Z T AT Z ‘ai27>\’2 +1.
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Now using the relation

1
WZ(MZL)\F Z |a12,>\‘ -1) =
LD

A

:2“ =

1
5D e a? > las, xf* = N > lai s
A A D)
S lapal?+ 1, (3.20)
A

= -

we can rewrite bg ! 2)(n) as

1 2 2
N Zuah,m RO SCRUSES =10 o =y

A
Z \alh)\] ‘G127)\’2 /\/,2 Za“ /\0/127)\ + — _/\[2 Z Qi NGy N Qg N Qg NI

"™ X, (4)
:j}avwkmwﬂﬂmy+mwmhnm2—mWMﬂmy—ﬂwmun+X%@Mm).

Let us now prove (ii). We start by computing [ Hg(Téil)(x))Hg(Téfi) (x))dz for fixed k € [3].

Bearing in mind that
. 3
szz) (x) EY Y ; )\kai%)\e,\(x)

Ho (T (2)) Ho (T2 (2)) dx
T3 ’

:/(ﬁm@%ﬁM¥—ﬁmmﬁqﬁk)+md
T3 '

and using (3.17), we have

7

2
6
Z\a“,,\! Z)‘k’alz)\’ - Z/\kah,)\aiz,)\
n/\/2 nN?2 )\
S 5 Ao Pl + Y N
nN;? nN;? S

1
)\// ///a' Qi i i I — —— ‘LL‘ ’2
§ k Qi1 AGap N Qig N Wig A E , 11,
n./\f2 Ny, /\

" X, (4)

2 : 242
. )\ 1 .
n/Vn X ‘ 12’)\’ k

Hence, summing over k and using the fact that )\% + )\g + )\g =mn for A = (A1, A2, A3) € A, yields
3
(41,92) _ 3 2 6 I ?
by = 15 Z LY Z @i * = Z Zkkaz‘maw
N? nNn —
/\/’2 Z |a21 )\‘ |a12,>\| + Zazl AGig,
3
mn
Z Z )‘k k Qig AQiq N Qjp N7 Qg N7
n =1

AT Z ‘aih)\’2 VA Z |ai2,>\‘2 +3.

A




Fluctuations of nodal sets 1153

Note that we can rewrite the second term as

n/\[z Z (Z/\kan,xam, ) = /\(;i (

n

; 2
E AkQiy A @iy X
VnMN, S

" k=1 k=1
6 5 3 02)
11,0 2
= N LM
k=1
Substituting (3.20) in the computation above shows that b(ll’m)(n) is equal to

Ar(W““mﬂwwmw+2§:N¢“”mﬁ—2R“”mﬂ+S“ka
" k=1
_ Z X(Zlﬂz >
which is the desired equality. Relations (iii)-(v) can be proved by similar arguments. O

(@)

Ezplicit expression of projs(Ly’). We are now in position to provide the precise expression of

(€)

0, € Maty 3(R) for the zero-matrix; for an integer m > 1, we consider the mapping 59 . ([ <[3)™ —
Mat, 3(R) defined by

the fourth-order chaotic component of Ly, We introduce the following notation: We write

S%)((ila.jl)a ceey (Zmajm)) = {1(i,j)€{(il7j1)7---,(im7jm)} : (7’7.7) € [ﬁ] X [3]} ’

that is, s%)((il,jl), <+, (4m, Jm)) is the £ x 3 matrix whose entry is 1 at positions (i1, 71),- - -, (im, Jm)
and 0 elsewhere. The following Proposition 3.14 contains the values of all the projection coef-
ficients a{pg-l) : (i,4) € [€] x [3]} appearing in the Wiener chaos expansion of LY in (3.5) and
is a direct consequence of Proposition B.5 applied with X = Tgﬁ(z),z € T3 in the three cases
(4, k) € {(1,3),(2,3),(3,3)}; The exact values are entirely determined once we compute (see (1.8))

4
oY
Proposition 3.14. For every ¢ € [3] and every collection I = {
(é4aj4) S [e] X [3]}7 we have

a{0,} = a(6,3)

a(l,3) = a(2,3) =2, «a3,3)=

—~
~.
. 3
=
SN— .

(i2,72) # (i3,J3) #

O8G0} = 3a(t.) = gal6.3)
C&WWMM—JW$—%M$

ol (260 (i1, j1), (i 2))} = — (£, 3)Lsy s,

60
1
—@a(f »3)Liy £in j1=jo Lee (2,3}
1
+270a(€7 3)12'17&1'27]'17@'2 156{2,3} )
OF Ofr N (o o\ 1o 2
ag {5y (i1, 1), (i2, J2), (i3, J3), (ia, Ja))} = =zl k)Lresleeqz3)
where S = {{(i1, j1), (i1, J2), (42, J1), (i2, J2) } : i1 # 42, J1 # J2}-
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In particular, from Proposition B.5, it becomes clear that the fourth-order chaotic component of
LY does not involve (i) any non—hnear interaction of the three ARWs simultaneously (for £ = 3), and
(i) any product of odd Hermite polynomials except expressions of the form Hy(-)Hi(-)H1(-)Hi(+).

Recalling the random variables introduced in Definition 3.10, we define the following two quan-
tities: for £ € [3] and iy € [/],

AR = BB 000 o )4 BP0 001, 1) - o)
+ ,a’ocv“){zls1 (L))} a5 ()
+ B {2s0((1,1), (1,2))} - afV () (3.21)

and for ¢ € {2,3} and i1 < ig € [{],

2
By = (i,) 6 a5 {00 - b (n) + MO af {25 ((1, 1)} - 65 ()

B o0 2401, 1)} - B

E 2 (n)
of 1 (2s3)((1,1), (2,2))} - 5 ()
ﬁo i {2537 ((1,1), (2, 1))} - ““()
+ B (s ((11),(1,2), (2, 1), (2,2))} - B8 (n) (3.22)
) .

Then, the fourth-order chaotic component of Ly,

n

+ o+ o+

)
is given by (recall (3.3))

E E L/2
projy (L)) = <3"> SoaW g N gl < 3”) IO (3.23)

i1€[{] i1 <ig€[{]

with the convention that Zi1<i2€m =0if £ =1. Using (A.4) and Proposition 3.14, the expressions
in (3.21) and (3.22) simplify to

() _ 2 i)y L @y L a1 )
An,f - (27_‘_)[/2 (6 3) <].6 (n) 24CL2 (n) 240a3 (n) 120(14 (n)
and
(i1,92) 2 (i1,72) . i (41,32) 1 7 (i1,i2)
B = el (G0 ) - ) = i )
i (i1,12) _ L (i1,52) i (i1,52)
+40b (n) 1201)4 (n) — 156 (n) | .
Using the expansions in Lemma 3.12 and the fact that W (n) = 323 _ W, ( ), we compute
(i) _ 2 off3)/ 1 (ir) (in) (i) i
A0 = Gy a0 2 W () = W) QOZWM +u(”( ) (324)
k<j k<j
where (1) (n) is given by
. 1 .. 1
(11) - (11,11) 11,11 21711)
pl) (n) LA )+16X ZX
3
3 i1
% XGu () (3.25)

k.j=1
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Similarly, if ¢ € {2, 3}, using Lemma 3.13 together with the fact that M(132)(n) = 33 _ M 21’12)(71),
yields

i, 2 a(43) 1 i i i i
B = G (o 2 VA ) = W) (9 )~ )
n k<j
3 : 1<
=5 DWW )+ 1 3 M (0)?
k<j k=1
1 (i1,i2) (i1,i2) 1 (i1,i2) , \2
~55 2 M )M () = 5 37 M (n)
k#j k=1
+1OZM(“’” )+ (n )) (3.26)
k<j
where 1(12) (n) is given by
. 2 3 1. .
(%1,32) — 2 p(i1d2) _ 2 qlirsie) =y (41,92)
7012 (n) = 2RO () — 25612 () 1 X (1) ()
LS (2) 3N (i)
11,8 11,1
12X ) = 45 D0 X (), (3.27)
k=1 k,j=1

3.2.2. Asymptotic simplification of proj,(L LY )) We will now lead an asymptotic study of the fourth
chaotic component of proj 4(Lq(f)) obtained in (3.23). This analysis is based on a multivariate Central

Limit Theorem for the summands composing the expressions of Affle) and ij;’iz).

We start by recalling the following formulae (see Lemma 3.3 and Appendix C in Cammarota,
2019), which are a consequence of the asymptotic equidistribution of lattice points projected to the
unit two-sphere.

Lemma 3.15. For every j,k,l,m € [3], we have

N > = 1k —i, (3.28)
AEAn
1
n2/\f > AN = & Lk=i=j=m
AEAn
1
+— Lozt jmmtj + Lomjimmkpl + Lkmmizjitt) + En (3.29)

15
where e, = O(n~1/28T°(1)) 45 n — 0o,n # 0,4,7 (mod 8).

For the random variables in Definition 3.9, we prove the following asymptotic relations.

Lemma 3.16. Fiz { € [3]. For every i1,io € [{], the following holds as n — co,n % 0,4,7 (mod 8):

ROV (n) 5 21, iy + 14,4, (3.30)
Slii2) () P, 214 i, (3.31)

o o . 2
X0132) (), X502 (), X2 () S5 0. (3.32)

Proof: We introduce the equivalence relation ~ on A,, defined by A ~ X if and only if A = —)\ and
write A, /~ for the set of representatives of the equivalence classes under ~. Then, it follows that
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card(Ap/~) = Np/2 and the collections {|az, x[*|ai,\]* : A € An/~} resp. {af \ax* : A € Ap/}
are families of i.i.d. random variables with respective means
E [|ai aPlaia*] = 2Li,=iy + Liyi, . E[a], \@ix°] = 213y, -

Thus, relations (3.30) and (3.31) follow from the Law of Large Numbers: as n — oo,n # 0,4,7
(mod 8), we have

o 1 P
RO = L S o Pl 5 28 + Lo
Ny /2
AEAR/~
and
S(il,lé)( )= _/\f/2 Z a“ )\azzx\ _>2111 =iz -

AEAR/~

The convergences in (3.32) have been proved in Cammarota (2019) in the case i; = i9. Using
independence and the fact that a;, » = @;, —x for every i; € [¢] and X € A,, yields

E [|X<ihi2>(n)\2] —E [X@'wé)(n)xum(n)]

1
= m E E ]E [ail7)\ai1,>\,ai17_ﬂai17—ul] ]E [aiz,)\”aiQ7)\///ai27—ll//a’i27—u/l,]
" X (4) Xn(4)

LS S e B[]
" Xn(4) Xn(4)
(i1)

Let us consider the random variable z, . Denote by N the number of pairs of vectors that

77/177“/
are equal in absolute value among {\, X, u, ;/}. Since we consider vectors of X,,(4), we have that
A+ XN # 0and p+ ¢/ # 0. Conditional to this observation, we claim that the only non-zero

contributions of [zgﬁ), u —u’} arise when N = 2 or N = 4. Indeed, if N = 0, all the vectors are

distinct, so that by independence, E [zf\“A), o ,} =0. If N =1, then E [zgﬁ), —u —u’} takes one of
the forms
E “ah 8|2] E [a’h,t] E [ail,t’] =0, E [azzl,s] E [ah,t] E [ah,t’] =0, s 7£ +t 7& +t' .

IfN=2E [zf\“)\), L _“,] is of the form

E “ail,S‘Q] [ n,] 0, Uan,s, ] Uail,tm =1,
E[a2 E[,] =0, s#%t.

If N =3, thenE{() ]isoftheform

—H—
Ela} | Elai] =0, E/[lay s Ts Elaid=0, s#=%t.

11,8
Finally, if N = 4, the elements A\, \', i, u’ are all the same in absolute value, so that E [z/(\“)\), - u’]

is of the form E [|a;, s[*] = 2 or E [ a;, S} = 0. The same arguments hold for E [2&,, )>\/// " ,u///i|-
Therefore, in every non-zero contributions, the vector (A, N, N, \”") determines the choices of
(s ', 1", 1), s0 that

i1 card(X,(4)) /\/',Z/4+0(1)
E[;X( : )(n)ﬂ R v AR UE

n

asn — oo,n #0,4,7 (mod 8) in view of (3.7). O
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A multivariate Central Limit Theorem. Recalling the random variables defined in Definition 3.9, we
define the following two random vectors for n € Ss: for every ¢ € [3] and i; € [¢],

W (n) = (Wi (), WY (n), WY (n), WY (n), Wis” (n), Wig” (n)) € RS,
and, for every ¢ € {2,3} and i1 < iy € [(],
M(il,iz)(n) — (M1(i1,i2)(n)7M2(i1,i2)(n)7M§i1,i2)( ) Ml(u,m)( ) Ml(él,ig)(n)’Ml(él,ig)(n)7
My (n), Myg™ (n), Mgz (n)) € R .

The covariance matrix of the vectors W) (n) and M%) (n) above is computed in the following
lemmas.

Lemma 3.17. For everyn € S3,¢ € [3] and every iy € [€], the covariance matriz of W01 (n) is

%—I—sn 0 0 1%4—5” 0 1%4-5”
0 &+en O 0 0 0
0 0 f#+e. O 0 0
Sy = Zte 0 0 21¢ 0 21|’ (3:33)
15 n 5 n 15 n
0 0 0 0 f+en O
%—Fan 0 0 %—Fan 0 %4—5”

where £, = O(n~/2+t°(M) 45 n — 0o,n # 0,4,7 (mod 8).
Proof: The proof mainly follows from the relations in Lemma 3.15, together with the fact
E [(lai, al* = D (Jai, v [* = 1)] = Liix -

for j, k € [3] have been computed in Cammarota (2019), Appendix C. O

i1)

The covariances of Wj(k

Lemma 3.18. For every n € S3,f € {2,3} and every iy < iz € [{], the covariance matriz of
M(152) () 4s

00 0 0 0 0 0 0
00 0 0 0 0 0 0
003 0 0 0 0 0 0
000 t+en O 0 H4+en 0 H4en
Smy =0 0 0 0 Lte, 0 0 0 0 , (3.34)
000 0 0 fH+en O 0 0
000 z4+en 0 0 £ +en 0 & +en
000 0 0 0 0 f£+en O
00 0 fg+e, O 0 f£+en 0  F+4en

15
where e, = O(n=1/28t°(1)) 45 n — co,n # 0,4,7 (mod 8).

Proof: Similarly as in the proof of Lemma 3.17, we use Lemma 3.15 and the fact that, by indepen-
dence

E [ai, @iy xai, vy v | = E [ai, rai, v E [@Ggx @] = 1iew .
Using this identity, it follows that

cov[M}W)(n),M,g"h”)(n)} :E[MJ(W)( )M (i) ]— v ZA Mo = 71limp
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and
Cov [M}’W)(n), Ml(gi’”)(n)} —E [M](il’iz)(n)Ml(;;’iQ)(n)} - M+N S AAAR =0
D)

Moreover,

Cov| M (m), M ™ (m)]| = B [ MG )M (0)] =~ 37 AAAAw

D
1

= glkzl:jzm + 'H (Lpmtjmm ks + Lhmjimmtt + Lommi=jkzl) + €n

which finishes the proof. O

The following proposition plays a central role in the study of the fourth chaotic component of
the nodal volume Lgf ) in the high-frequency regime. We define the limiting matrices obtained from
(3.33) and (3.34):

Y = nh_g)lo Ywm) » XM= nh_)n(f)lo YM(n) 5

where for a square matrix M,, = (m;;(n)), we set lim,, M,, := (lim,, m;;(n)).
Proposition 3.19. Asn — oco,n # 0,4,7 (mod 8), the random vector
Vipa(n) = (W (n), W (n), WO (n), M2 (n), ME2) (n), M*? (n)) € R®
converges in distribution to
Gia3:= (G(l),G(Q),G(?’),G(l’2),G(1’3),G(2’3)) ~Ni5(0,5a, )
where
XG5 = 2w D Zw © Xw O Xy © v @ Xm € Matys 45(R) .
Proof: We start by showing that the covariance matrix of the vector V o 3(n) has the block diagonal
form
XVi2a(m) = 2W(n) D Zwin) © Zwin) D Xu(n) S Xam) D Zni(n) -

From Lemmas 3.17 and 3.18 and by independence, we have
E [(lai, Al* = Dag, yamxn] = E [(lai, 2> = Dag, v E [agn] =0,

and therefore COV[((W(il)(n))l, (M(“@)(n))m] =0foreveryl=1,...,6 and m=1,...,9. Simi-
larly, since for every is # i3,

E [ail,Amaiw\/aiw\/] =FE [ail}\ail’x} E [m] E [ai&,\/} =0,

we have that Cov[((M(il’iQ)(n))l, (M(il’”)(n))m] =0 for every [,m =1,...,9. Thus, Vi23(n) is of
the desired form. Furthermore, we notice that all the components {(V1,273(n))l cl=1,...,45} of
V1,2,3(n) belong to the second Wiener chaos and that Xy, , ,(n) = XG55 entry-wise as n — oo, n #
0,4,7 (mod 8). Thus, Theorem 6.2.3 of Nourdin and Peccati (2012) implies that, in order to prove
the joint convergence to the Gaussian vector G 23, it suffices to prove that the convergence holds
component-wise, that is

(Vi23(n), S N0, (Sgi)u) , 1 —o00,n#0,4,7 (mod8),

for every [ = 1,...,45. Using the Fourth Moment Theorem (Theorem 5.2.7, Nourdin and Peccati,

2012), this can be shown by proving that the fourth cumulant of (V17273 (n))l converges to zero for

every [ = 1,...,45. For the sake of completeness, we include the computations for Wj(,il)(n) with
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§ # k and MU12)(n): writing A, /~ for the set of all the representatives of the equivalence class of
A, under the symmetry A — —\ and using the fact that j 7é k, we have

Wg‘(;?)(” W > Nik(lai Al i Z Njelai A,

AEA, XA/

that is, Wj(,il)(n) is a sum of i.i.d. random variables. Moreover, for A € A, /~,

2 2
ru v
lai, 2> = f + f ,

where wu) £ vy are independent real N (0,1) random variables. Thus, using homogeneity and
independence properties of cumulants (see e.g. Peccati and Taqqu, 2011), we have, as n — oo, n #
0,4,7 (mod 8)

K4 (W](;l)(n)> = K4

SN )\k< ”5)

AEA, [~

\//_Vr

= = > MM Raw}) + 27k (v}))
N AEAL )~
< L Z (ka(u}) + Ka(v})) < 1 o(1)
- M AEAn /e Na
where we used that )\z < n for every k = 1,2,3, which implies that )\jf)\i < n*. Concerning
M(122) ()| we write

M(i1,22

)\al2, § : all »)\alZ’

AeA )\EA [~
Noting that for every A € A, /~,

- - 2 — 9
£ (a’il)\ + ai2¢\)(ai1,)\ — a2'27/\) . @i — Qig,)
ai17>\a'i27>\ - -

2 2
and using independence, we infer
o 24 1
K4 (M(zmz)(n)) N2 Z Ii4(ai1’>\ai2,)\) = N2 Z /<;4(a1217>\ — ai27)\2)
™ XeAn/~ " XEAR/~
1 1
=7 2 (ra(ad ) @) < 5 =o(1)
" XEAn/~ "
asn — oo,n # 0,4,7 (mod 8). The other computations are done similarly. ]

The following corollary follows immediately:

Corollary 3.20. For { € {2,3} and iy < iz € [{], asn — oo,n # 0,4,7 (mod 8), the random
vector

Vi iy (n) := (W(il)(n)’W(D)(n)’M(il,h)(n)) c R
converges in distribution to
Gi1,i2 = (G(ll)a G(iz)a G(ihb)) ~ NQI (07 ZGil,iz) )

where

Ya =Yw D Xw D XM € Mat21721 (R) .

1,19
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We use the above established CLT in order to derive the limiting distribution of the fourth-order
chaotic component of Lgf). From Lemma 3.16, it follows that, as n — oo,n # 0,4,7 (mod 8), the
sequences in (3.25) and (3.27) satisfy

. 1 o 2
1 () = m +op(l), nlni(n) = s + op(1) , (3.35)

where op(1) denotes a sequence converging to zero in probability. Now, bearing in mind the expres-
sions (3.24) and (3.26), we define

i)y . L (i1) (1), )2 _ 3 @) N2
F(W( 1)) T a0 & (Wkkl (n) — Wjjl (n)) ~ 920 Zijl (n)*, i€l
k<j k<j
and
G(Vipi) = —=— Z (Wi () = WS () (W2 () = WP (n))
k<]
) (i RN
_*ZWkl ka EZM o)
k<j k=1
1 11,0 11,0
% ZMlgkl 2)( )M](jl 2)(71)
k’sﬁy
1 ZM z1,z2) ZMku,zz i <idp € [0

k<]

Combining these definitions with (3.35), leads to the asymptotic relations

AS}E) = (2;)@/2 04.(/\?/2:) ’ [f(W(il)(n)) + OP(l)]» i1 € [{] (3.36)
B (Qf)m “ﬁé:’) (9 Vii () +0p V)], i1 <iz €[4 (3.37)

where
f(W(il)(n)) = F(W(il)(n)) + 1—10 . 9(Viip(n) = G(Vi,ip(n)) + % (3.38)

Plugging (3.36) and (3.37) into (3.23) and using the CLT in Corollary 3.20, we obtain that, as
n — oo,n % 0,4,7 (mod 8),

()7 projy (L) 5 30 J@M) + YT gl(Gipa) = L (3.39)
i1€[(] i1<i2€[¢]
where o/2
E 2 «al,3)
0 .— (=~ 27 4

3.2.3. Proofs of Proposition 3.3 and 5./. From the convergence in distribution stated in (3.39), we
conclude that the sequence {Yn(e) = (c,(f ))_1 pr0j4(L,(f )) :n € S3} living in the fourth Wiener chaos,
is tight and thus bounded in LP(P) for any p > 0 by virtue of the hypercontractivity property
of Wiener chaoses (see e.g. Lemma 2.1 Nourdin and Rosinski, 2014). This implies that the se-

quence {(Y,EZ))2 :n € S} is uniformly integrable. By Skorohod’s Representation Theorem (see e.g.
Billingsley, 1999, Theorem 25.6), there exist random variables {Y = S3} and LO* defined
on some auxiliary probability space (2*,.7* P*), such that (i) Y(Z)* = Y( ) for every n € S3 and
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L0 £ 1O and (ii) Yn(e)* — LW* Pras. as n — co,n # 0,4,7 (mod 8). Therefore we con-

clude that the sequence {(Yn(e)*)2 : n € S3} is uniformly integrable. In particular, we infer that
¢ ¢ . )

19521 20) = 1Y 2y = 1EO | 12 = 1L 2oy, e

(C%))_2Var [pr0j4(L(€))} — Var [L(f)] ,

n
asn — oo,n # 0,4,7 (mod 8), or equivalently
Var [proj4(L,(f))} ~ (D)2 Var [L(@} , (3.41)
asn — oo,n # 0,4,7 (mod 8). Therefore, the asymptotic variance of proj4(Lg)) in Proposition 3.3

and its asymptotic distribution in Proposition 3.4 follow respectively from the variance and distri-
bution of L), given in the following statement.

Proposition 3.21. For the random variable L) appearing in (3.39), we have

e Lo 1o (50—1)Y\ 1. (50(—1)
L= =500 2552< + o5

2 2
1. (500—1)\ 1, /30(¢—1)
where {f(k:l) ci=1,...,5} is a family of independent centered chi-squared random variables, and

therefore

1 —1) 76
LO| =p. — L
Var[ } Cot T2 3

Proof: The proof is based on lengthy but standard computations involving covariances of Gaussian
random variables. We provide a sketch of the proof for the sake of readability. From relation (3.39)
and the structure of the covariance matrix of Gy, ;, in Corollary 3.20, it follows that

0l —1)

Var {L@)} = /(- Var {f(G(l))} + - Var[g(G1,2)]

The variances of f(G™) and 9(G1 2) are then computed using the explicit expressions of f and g as
well as the covariance matrix Xq,,, in (3.19). The probability distribution of L is obtained by a
standard diagonalization argument in order to express the latter in terms of independent standard
Gaussian random variables, implying in particular the formula for its variance. O

The proof of Propositon 3.4 is concluded, once we note that the distribution of L) in Propo-
sition 3.21 can be written in the form Y@M YT where YO ~ Ni9e—4)(0,Tdgg¢—4y) and
MO ¢ Mat(9¢—4),¢(9¢—4)(R) is the deterministic matrix given by

—1 -1 1 1 -1
MY = —Tdsp & == Idsee—1) D Idsee—1) S— Idsece—1) B— Id seqe-
50 5(@25 52(22 1) @25 52(22 1) 6950 5@(42 1) D 6 3[(22 n
with the convention that, A ® 0 = A for any matrix A.

Appendix A. Proof of Theorem 2.5 and chaos expansion of level functionals

A.1l. Wiener-1to chaos expansion of J(G,W;u(@). Formal chaotic expansion of the Dirac mass.

For u € R, denote by {ﬁ](u) : 7 > 0} the Hermite coefficients of the formal expansion in Hermite
polynomials of d,, that is
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where
/ b (y)dy = H;(u)y(u) (A1)

Approximating the Dirac mass by indicators (2¢)"'1j_ 4(z—wu) for € > 0 and denoting by {/3 J(.u) (e):
j > 0} their associated Fourier-Hermite coefficients, the following lemma (roughly corresponding to
Marinucci et al., 2016, Lemma 3.4) shows that the coefficients {BJ(-U) :7 >0} in (A.1) are obtained
from {BJ(.U) (€) : 7 > 0} by letting € — 0.

Lemma A.1. For every u € R and € > 0, the following expansion holds in L?(v):

(u)
i1[_&5](:(; —u) = Z & (E)H](a:) , z€eR

2e = 4!
where
(u) 1 u+te
By (€)= 25/ Y(y)dy ,
u—e
and for j > 1,

89() = — o (Hya(u+ 21 +2) = Hya(u—eprfu—e)) (12)

In particular, for every j >0, ase — 0,
By (e) = B . (A3)
For the nodal case corresponding to u = 0, we write ﬁj(.o) =: j, and compute

H3;(0)
Vor
where the first equality is a consequence of the symmetry relation (2.1). In particular, we have

1 1 3

/60 - \/ﬂ 9 ﬁQ - \/ﬁ 9 B4 - m N
The following standard proposition gives the Wiener-Itd chaos expansion of J(G, W; u(e)) defined

in Definition 2.3. Its proof is based on the expansion of (2¢)~* Hle 1_. (- — u;) into Hermite
polynomials by means of Lemma A.1 and then letting ¢ — 0. We omit the details.

Proposition A.2. Let the above setting prevail. Assume that the random field W = {W(z) : z € Z}
is such that (i) sup,c, E [W(2)?] < oo, (i1) W(z) is o(G)-measurable for every z € Z, and (iii)
W (z) is stochastically independent of (GM(2),...,GY(2)) for every = € Z. Then, the random
variable

Boj41 =0, Boj = j=0,

(A.4)

J(G,W;u?) / (2¢) eHl[ e (G (2) —u;) - W(2) p(dz)
is an element of L*(P) for every e > 0. Moreover, if J(G,W;u®) as in (2.3) is well-defined in
L?(PP), then for every q >0,

proj,(J(G, W;ul)) (A.5)

gl .

- X / H ) proj, (W(2)) 4(ds)
.jl,...,j,g,TZO
It tJetr=q

where {ﬂj(.u) : j > 0} denote the coefficients of the formal Hermite expansion of 6, given in (A.1).
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A.1.1. Some elementary facts. Let k > 1 be an integer and X = (Xi,...,Xx) a standard k-
dimensional Gaussian vector. We write ||-||, to indicate the Euclidean norm in R¥. We will need
the following standard fact, whose proof is omitted.

Lemma A.3. The random variable || X || is stochastically independent of X /|| X ||k

For integers 1 < ¢ < k, we recall the notation introduced in (1.8)
(k)ekir

Uk) = ——F—
a( ’ ) (QW)Z/ZHIC—E )
where (k); := k!/(k — 0)! and kj := 1“(%22/2) stands for the volume of the unit ball in R¥. The

following lemma contains an expression of the moments of the Euclidean norm of a standard k-
dimensional Gaussian vector.

Lemma A.4. For all integers k > 1 and n > 1, we have

n _ ons2L((k+n)/2)
E[[[X]l%] =2 /ZW : (A.6)
In particular,
E[HXHIC] - O‘(Lk) ’ (A7)
E[IX|:] =k, (A.8)
E [IIX]}] = a(L k) (k +1) (A.9)
E [ X[l;] = k(k+2), (A.10)
E [ X3] = (1, k) (k + 1)(k + 3) , (A.11)
so that
3
LT

Proof: The law of the random variable ||X||; is the chi-distribution with k degrees of freedom,
whose density is given by

_ ; k—1_—x2/2
flx) = 2’“/2_1F(k/2)x e , x>0.

Thus, it follows that, for n > 1,

ny __ > n _ 1 > k+n—1 _—x2/2
E[|1X|[3] —/0 2" f () = 2,C/QP(M/O P2y
Performing the change of variables y = 22/2 yields
1 - I'((k+n)/2)
ENX|M = ——— . ok+tn)/2=1p( (L 9 Qn/zi
X1 = S (=L

which proves (A.6). The identities (A.7)-(A.11) are obtained from (A.6) forn = 1, ..., 6 respectively,
together with the relations I'(z 4+ 1) = 2I'(z) and the definition in (1.8). O

A.1.2. Wiener-Ito chaos expansion of ®; . For integers 1 < ¢ < k, we consider a generic map @y,
as in Definition 2.2 and a matrix X = {X](-l) : (i,7) € [€] x [k]} € Matgy(R) with independent
standard normal entries.

The next lemma provides a characterization of the second chaotic projection associated with X
and @, ;(X), where we assume that E [<I)57k(X)2} < 00. As before, we set E [®y 1, (X)] =: ay .
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Lemma A.5. Let the above assumptions and notation prevail. Then, the following properties hold:
(i) for every m > 1,(i1,41),- -, (im,Jm) € [€] X [k] and p1,...,pm € N such that p1 + ...+ pm

18 odd, we have
(I)gk H H. a Za) ] =0;

(i) for every (ir, 1) # (iz.2) € 4] x [k], we have
E [0 (X)X X =0

(iii) for every (i,7) € [€] x [k], we have
1

E [q)e,k(X)Hz(X](z))} = 200k -

Proof: Let us prove (i). Writing p; + ... + p;,, = r and using the fact that X £.x together with
property (A3) and the symmetry relation (2.1), we have
Za
Hp, ( ja

E | @ (X HHa z“) [‘I)Zk
Dy (X HH ]

which implies the claim. Let us now prove (ii). Assume first that ¢ > 2 and i; # iz. Let X* be the

matrix obtained from X by multiplying the i¢;-th row by —1. Then, X £ xx together with (A2)
applied with ¢ = —1 imply

||::]3

= (-1)E

J = E [0 (X)X VX | = E |00 (x) X5 x|
a0 X =

and therefore J = 0. Assume now that iy = i (and therefore that j; # j2). Let X** be the matrix
obtained from X by multiplying the ji-th column of X by —1. Then, X £ xx together with (A3)
imply

J =B [0 (X)X VXD | =B [0, (X)X 0x;0)]

J1 J2 72

= E |00(X)(- X)X | = -,

J2

which yields the desired conclusion. In order to prove (iii), let X* be the matrix obtained from X
by multiplying the i-th row by ¢ = 1/||X®||,. Then, according to Lemma A.3, the i-th row of X*
is stochastically independent of | X®||,. We have
i 1
E (@0 (X) Ha(X[")| = 1B [000(X)IXD 2] — E[@0(X)] |
so that, using (A2) and the independence mentioned above, yields

E [0 (R)H(X)] = 1B [0k(X)X O] - B[4 (X)]
- ;mﬁ [IXO1] - B [204()]

1 1
= EE (@1 (X)] = TOk

where the last equality follows from (A.12). O
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The following proposition combines Lemma A.5 with the classical general formula for the chaotic
projections of all order of @, ;(X).

Proposition A.6. Let ¢y, : Mat, ,(R) — R be as in the previous lemma. Then, for ¢ > 0, the
projection of @y (X) onto the q-th Wiener chaos associated with X is given by

proj, (e (X))
¢k
¢ D) i
= Y Y Y {p§.> (i, §) € [0] x [k}}-HHpr)(X;)) ,
pDpP30 p® . p® >0 i=1j=1
5”+.-.+p1(€1)+...+p(1é)+...+p§f):q
where the coefficients a,(c) {pg) (i,7) € [4] x [k]} are given by
@ 1 T (@
ay) 3p;” : (i,5) € [0 x [k] | = — B |oX) - [[[[ 20| - (A13)
{ ’ } Hle H§:1(p§))! i=1j=1 ot
In particular, we have
projo(Pek(X)) = E [@er(X)] = arg (A.14)
¢k
. agr 1 i
proja(@rx(X)) = =5 - 2> (X)) - 1) . (A.15)
i=1 j=1
pr0j2q+1(q)é,k(x)) =0 y 4 >0. (A]'G)

Proof: The formula for proj,(®¢x(X)) follows from the orthogonal decomposition of L?(P). For

q = 0, we have pg.i) = 0 for every (4, 7) € [¢] x [k], so that proj(®¢ (X)) = E [®1(X)]. For ¢ = 2,

in view of Lemma A.5, only the tuples (pgi) : (4,7) € [] x [k]) involving exactly one 2 contribute to
the projection on the second chaos and the conclusion then follows from Lemma A.5 (iii). Finally,
the projections onto Wiener chaoses of odd order vanish in view of Lemma A.5 (i). O

A.2. Proof of Theorem 2.5. Part (i) follows from the form of the ¢-th chaotic projection of J provided
in (A.5) and Proposition A.6 where the random matrix X is replaced with X, (z). Indeed, by (A.14)
and the fact that p(Z) = 1, we have

L

projo(J) = A5 - W)/ HHO (X5(2)) - projo(@e(Xu(2))) pu(dz) = [ v(ws) - s -

i=1
This proves (2.10). For (2.11), since proj;(®¢r(X«(2))) = 0 by (A.16), we have (recalling the
definition of m® in (2.6))

¢ l
proj; () = Y 4" T A5 /ZHo<Xé”<z>>H1<Xé"><z>>-projo@e,k(x*(z)» n(dz)
=1

Y(uj) - app, - Zm

Il
]~
—~
=

IS

o

2
=
&
S~—
&
N
25
/-i/
\_/

Q

('\

S
7;
Q.
&
.’:16%

1 j=1
i
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Let us now turn to (2.12). We have
¢

5(“1 u )
pon() = 305 Hﬁo] | HlX§ @) HX () - proig(@ex(X. () uld)
Jséz

+H50“1 | HoX0 @) - profy (@ (X () ud2)

Now, using BéuZ) = vy(u;)(u? — 1) and (A.15) yields

pTOJQ(J)
¢ ’

= Y ) - Sk - 1) [ (X(2)? - 1) pldz)
2
j=1 =1 4
aﬁ,k (4)
5 Hy u,/ ZZX p(dz)

i=1 j=1
¢ ¢ k
TV P W2 = ()2 _ 1) 4 L ()2 _ ;
- o Ew( 0wt [ - VAR i) |
= 5 Hw i{ ' / (X5 ()2 = 1) u(dzHD“)}
2 l =1 v Z ’ ’

where we used the definition of D®) in (2.5).

For part (i), set u; = D® = 0 for every i € [¢(]. Then, (2.13) follows since v(0) = 1/v/27. By
(2. ]2), we have that projy(J) = 0. It remains to show that proj,,,,(J) = 0 for ¢ > 0. The fact
that ﬂ% v1 = 0 for every k > 0 implies that the expansion in (A.5) runs over indices ji, ..., je that
are all even. The projection of J onto Wiener chaoses of odd order is therefore of the form

pr0j2q+1(=])
50 5(0
. L. s o HHZ (X5(2)) - proj, (@1,(Xa(2))) ()
jlr“:jﬁ:TZO
St tjetr=2q+1
where ji,...,j; are all even and r is odd. The conclusion then follows from (A.16).

Appendix B. Fourier-Hermite coefficients of Gramian determinants on the fourth
Wiener chaos

For integers 1 < /£ < k and a ¢ x k matrix X with i.i.d. standard normal entries, we consider the
function
@}, Matg(R) = Ry, X det(X XT)M2. B.1)

The following lemma shows that ®7, defined in (B.1) satisfies Assumption A of Definition 2.2. In
order to prove this, we recall Cauchy-Binet’s identity:

/—\

1/2
(I)Zk(x) = Z det(Xj1,~~~,jz)2 ) (B.2)
J1<...<je€K]

where, for j; < ... < j, € [k], we denote by X, . j, € Maty,(R) the matrix obtained from X by
only keeping columns labeled ji,...,j,. We refer to det(Xj, .. j,) as the minors of X.
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Lemma B.1. The function ®}, in (B.1) satisfies Assumption A of Definition 2.2.

Proof: (Al) Permuting two columns multiplies some of the minors by —1, which is absorbed by
taking its square. Permuting two rows multiplies each minor by —1, which is again absorbed
by taking its square.

(A2) Let X* denote the matrix obtained from X by multiplying the i-th row by ¢ € R. Then, for
every j1 < ... < jy € [k], we have det(X7} 2 = c2det(Xj,..j,)? so that (1B.2) implies
‘I)Zk(X*) = |C|q’z,k(X)-

(A3) Let X* denote the matrix obtained from X by multiplying its j-th column by —1. Then,
X*(X*)T = X X7, so that trivially f ,(X) = @ (X*).

(A4) Let X* denote the matrix obtained from X by replacing its i;-th row with the sum of
its 41-th and io-th row for ¢y # ¢9. Then, the invariance of the determinant under this
operation implies that for every j1 < ... < jy € [k],det(X], = det(Xj,,...j,), so that
‘1>ka(X*) = fI’Z,k(X).

7“".72)

1~~~1j€)

O

B.1. A representation of the Gramian determinant. In the forthcoming discussion, our goal is to
compute the Fourier-Hermite coefficients within the fourth Wiener chaos associated with the func-
tion @7, in (13.1). Our strategy goes as follows: in Lemma B.2, we prove a deterministic identity for
Gramian determinants in terms of products of distances between subspaces generated by the ma-
trix based on geometric observations. In Lemma B.3, we subsequently characterize the probability
distribution of each of the factors and obtain in particular a formula for the expected value of the
Gramian matrix associated with a standard Gaussian matrix. We point out that similar techniques
based on factorization of Gramian determinants are used in Chapter 13 of Adler and Taylor (2007)
in order to establish the Gaussian Kinematic Formula. We refer the interested reader to this book
for further details.

We start with a deterministic result. Let vV, ... v®) € R¥ be linearly independent vectors and
X the ¢ x k matrix whose i-th row is v, For s = 0,...,¢ — 1, we write ¥, := span{v(l), e ,v(s)}
to indicate the s-dimensional linear subspace generated by the first s rows of X with the convention
7o := {0} and denote by ps the projection operator onto ¥#;. Furthermore, we set

d(k - 8) = ”U(s+1) _ps(q}(s_'_l))”k ) § = 07 B ag -1 ’

that is, d(k — s) is the Euclidean distance in R¥ between v(**1) and ¥;. The next lemma yields a
useful representation of Gramian determinants.

Lemma B.2. Let the above notation prevail. Then, the map ®7, in (B.1) admits the representation

-1
o (X) = [ dk—s) . (B.3)
s=0
Proof: Applying the Gram-Schmidt orthogonalization process to the vectors {’U(l), . ,v(é)}
gives rise to a family of orthogonal vectors {w, ... w®} such that span{w®, ... w®} =
span{v(l), . ,U(Z)}. These are given recursively by w) = o) and for s =1,...,0—1,

5o (sH+1) (i)
WD = s+ _ Z (T W)

i=1

(s+1)

= et

[ ’

where (-,-) denotes the canonical inner product in R?. Denote by W the £ x k matrix with rows
w®, . w®. There exists an orthogonal £ x ¢ matrix P such that W = P X, which implies that
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WWT = PXXT PT| 50 that ®7 (W) = @7 (X). As the rows of W are mutually orthogonal, we
have that

WwW = diag (Jlw |, ..., [w?|}) = diag (d(k)2, .., d(k — (€~ 1))?),

and therefore,

-1
(W) = [T dlk - ).
s=0
which is formula (B.3). O

We will now pass to the probabilistic setting and replace each of the deterministic vectors
v, .., v® by independent standard Gaussian vectors XM, ..., X® . The following lemma char-
acterizes the probability distribution of the random variables d(k — s).

Lemma B.3. Let the above setting prevail. For every s =0,...,0—1, the random variable d(k — s)
is chi-distributed with k — s degrees of freedom and stochastically independent of (X1, ..., X)),
In particular,

{—1
agp =E [0} ,(X)] = [[E[d(k - 5)] = a(L, k) , (B.4)
s=0
where a(l, k) is defined in (1.8).
Proof: Let {ey,...,e;} denote the canonical basis of R¥. Since d(k) = || X ]|, the random variable
d(k) is clearly chi-distributed with k& degrees of freedom. Now fix s € {1,...,¢—1}. By the rotational
invariance of the Gaussian distribution, the conditional distribution of d(k—s) given {X™), ... X()}

is precisely the same as the distribution of the distance from X+ to R®, that is

k 1/2
= X, XL E (3 e e?)
Jj=s+1
Since the coefficients (X(+1) e;) = ](-SH) are i.i.d. standard Gaussian, we infer that d(k —

S){XW, ..., X&)} is chi-distributed with k — s degrees of freedom. Thus the characteristic function
of d(k — s)2{XM, ..., X} is

Pa(e—s)2|(x W, x} () =E [eitd(kfs)ﬂX(l)a e ,X(S)} = (1—2it)"*=2  teR.
Therefore, taking expectation
i t) = E [0 — B [ [etati=*|x D x)] = (1= 216y~

from which we conclude that d(k—s) is also chi-distributed with k—s degrees of freedom. Moreover,
since d(k—s)[{X™, ..., X)) £ d(k—s), we deduce that d(k—s) is independent of { X (1) ... X()},
The identity in (B.4) follows from independence, and the fact that by (A.7), E[d(k — s)] = a(1, k—s):

{—1

/-1 /-1
Q. = ’ = —3)] = « —3) = m:a
ow =B 7,00] = [T Btk o) = [T et1ob =) = JT {2 =t

which finishes the proof. O
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B.2. Technical computations. The following result entirely characterizes the fourth chaotic compo-
nent of the function @, (X) defined in (13.1) where X is a £ x k matrix with i.i.d. standard Gaussian
entries.
Lemma B.4. Let the above notations prevail. The following properties hold:

(i) for every (i,j) € [¢] x [k], we have
(k+1)(k+3)

B [2,00(0")'] = 3a(6 k) 7P

(ii) for every (i1,j1) # (i2, j2) € [£] X [k], we have
E |0}, (X) (X)X | =0,
(ili) for every (i1, j1) # (i2, j2) # (i3, J3) € [¢] x [k], we have

(iv) for every (i1, j1) # (i2, j2) € [{] x [k], we have
(k+1)(k+3) o
k(k+2) 1=

(k+1)(k+3)
+ a(l, k)k(k—mlméim:ﬁlezz

(b Dkt2) = (kH3)y s
k(k‘ — 1)(k + 2) i17#42,J1 72 T4>2 5
(v) for every collection I = {(i1,j1) # (i2,72) # (13,73) # (ia,74) € [£] x [k]}, we have
kE+1 _—
k;(k;_ 1)(I<:+2) IeSte>2
where S = {{(i1, j1), (i1, J2), (12, j1), (92, J2) } : i1 # 42, j1 7# Jo}.

Proof: We prove (i). By (Al), without loss of generality, we can assume that ¢ = 1. Using the
representation in (B.3), the fact that | XM, = d(k), as well Lemma A.3 and (B.4), we have for
every j € [k],

J1 J2

E |0} ()X = alt k)

+ all,k)(k+1)

E [0 0X X X = —ate)

i3
J3 Ja

1 = ()
E|o;,x)(x{")] = E (k) [T dtk = o) e HX(”H%]
s=1
-1 (Xj(l))4
— Ed@fllak—@d%ﬂ]
E [d(k)°]

-1
= Eta L1 one )]
s=1

(k+1)(k +3)

= 3a(l.k) k(k+2)

where the last equality follows from Lemma A .4.

We now prove (ii). Assume i3 = is (so that j; # j2). Multiplying column jo by —1 and using
(A3) then yields the desired conclusion. If i1 # io and j; = ja, the result follows from (A2). The
case i1 # i2,j1 # j2 follows either from (A3) or (A2).

The result in (iii) is obtained by arguments similar those in (ii).
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For (iv), let us assume that i; = i2 (so that j; # j2). Denote by X* the matrix obtained from X
by multiplying the i1-th row by 1/||X@)||,. Then, we first observe that by (A2) and Lemma A3,

E [0, (X)IXW 1] = B [0 (X)) X)) = B [@7,(X")] B [IX)]
E | 9,(X)|
E [ XG0]|,]

where we used Lemma A.4. On the other hand, we can write

E[IX)E] = att. k) (k+1)(k+3)

k
E [0, (X)X =B [07,%) 3 (X))
J:j'=1
= S E[ep )M+ > E[@p X)X
=1 A el
= kE [‘DZk(X)(X}f”)ﬂ +k(k—DE {@Zk(X)(X(”))Q(X(.“))2}

J1 J2
E+1)(k+3
= 3a(l, k)(k:)(Q)

for every j; # jo, where for the last equality we used the formula proved in (i). Therefore, it follows
that for every j; # jo,

+ k(k = DE |23, (X)(X[PP (XG0P

[%k(X)( X’

- ( o7 (X HXh)H} (ﬁ,k)(k+kl)+(k2+3)>

_ m <a(z k) (k+ 1)(k +3) — 3a(l, k)W)
(k+1)(k+3)

k(k+2)
Let us now deal with the case i1 # is and j; = jo, for £ > 2. Denote by Xy the matrix obtained
from X as follows:

a(l, k)

1
V2
(X1)2) = \}5 (—2X<i2) + (x4 XW)) =

(X)) = (x ) 4 x(2)y

1 . .
—(xG) _ x(2)
75 )
(X4)®D = XO e[\ {ir, iz} .

By construction, the rows (X1)®) and (X)) are stochastically independent standard Gaussian

)

vectors, so that X £ X4. Hence, we have on the one hand

A (1)) 4 (i1)y4] _ (k+1)(k+3)
E |0 (Xa) ()] = B[00 ()| =306 05750
in view of (i), and on the other hand, since ®7 ,(X4) = (\/25)2 @7 .(X) = @ (X), we conclude

‘ X(u) X(ZQ) 4
E [@;k(xi)((xi)ﬁ“)ﬂ —E @Z,k(x)<”+ﬂ”> ]

(2 200 ] + 0 a7, 000G 5]

1
Z J1
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where we used that E {@j’k(X)X](.fl)(Xj(fQ))?’] ~E [@Zk(X)(XJ(.fl))?’X](.?)] — 0 in view of (ii). There-

fore,

E @}, (X) (X)X

- é (4B @7, (X (X)) ] 28 [0, (X) (X 1))
(E+1)(k+3)
k(k +2)

Let us now treat the case i1 # iz and ji # j2. Let X* be the matrix obtained from X by multiplying
rows X () resp. X(2) by 1/|| X[, resp. 1/||X(2)||;. Then, by independence, we infer

= a(lk)

E |7 (X)X O RIX 2] = B @7, () X0 ) 36 ]
| | E|@7,(X)] o
= E[®;,(X)]E |[|XO}] B |X@)}] = ——— B || x|}
[ } [ ] E [HX(“)Hk]Q [ }
= a(l,k)(k+1)2.
Expanding the product of the norms, we can write
E @7 (%) | X012 x 6]
= kE [cp* (X)(Xﬁil))Q(X(.”))?] +k(k—1)E [cp* (X)(XW)?(X(??))?}
g,k‘ ]1 ]1 E,k

where we used the formula proved just before. Hence, we have that for every ji # jo,
E [ @7,(X)(xi)2(x ()]

- k(kl—l) <a(€’ k)(k +1)% — a(t, k;)W)

+ k(k = DE | @7(X) (X[ (X))

J1 J2

(k+1)(k+2)— (k+3)

k(k—1)(k+2) ’
which is the desired formula. The other cases do not contribute as one can mutliply a row or column
by —1.

We finally prove (v). First, note that if I ¢ S, then the expectation is zero. Indeed, we
notice that if I ¢ S, there is at least one row or column of X that contains only one ele-
ment corresponding to one of the four pairs of indices of I. Multiplying this row resp. col-
umn by —1 and using (A2) gives the desired conclusion. Let us now assume I € S and denote

E(I):=E [Cbzk(X)X](jl)X(iQ)X(iS)X(i4)} 17cs. Since I € S, we can write

= a(t,k)(k+1)

J2 J3 J4

E(I) =E &%, (X)x ™) x 0 xi2) x (2] g0 5 £ gy,
L,k

VAR - B F R
Let us again consider the matrix X1 used in part (iv). From formula (iv) in the case i1 = 19, it
follows that
(k+1)(k+3)

Rk 1 2) (B.5)

E | @7,(X) (x0)5)* (X0))?] = att, k)

On the other hand, we can write

. i i 1 « i i i i
E | @7,(X) (X)) (X0))?] = 7B |07, ()X + X2 + X (7))
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J2 J1 J2

-3 (215 [cb“(X)( X ()2 (x()2 ] 42K [@M(X)(X@l))?()((”)ﬂ +4E(1)) .

Notice that the terms of the form E [@;ﬁ}k(X)(X(.il))QXgl)XgQ)} are zero, by (iii). Hence, combining

J1

(B.5) and (B.2) together with the results obtained in (iv), we obtain
B (k+1)(k+3) 1(k+1)(k+3) 1 (k+1)(k+2)—(E+3)
EU) = altk) ( R B R (Y R LA Ry g T ey )
k+1
k(k—1)(k+2)’

which proves the formula. O

= —a(l,k)

The following proposition follows immediately from Lemma B.4 and extends the results derived
in Lemma 3.3 Dalmao et al. (2019) (corresponding to (¢,k) = (2,2) in our notation) to arbitrary
integers 1 < ¢ < k.

Proposition B.5. The following properties hold:
(i) for every (i,j) € [¢] x [k], we have
3

ma(& k) ;

E |07, (X)Hy(x")] = -

(ii) for every (i1, j1) # (i2, j2) € [(] X [k], we have

E [cbzk(X)Hg(X(“))Hl(XJ(.f))] —0,

(iii) for every (i1, j1) # (i2, j2) # (i3,73) € [{] x [k], we have

E [@Zk(X)HQ(X](j”)Hl(Xg”)Hl(X](f))} —0,

(iv) for every (i1, j1) # (i2,j2) € [€] x [Kk], we have
o
Rk 1 2)
1
—ma(& k) Liy iy 1=y Lo>2

k+3
k)1 1
+k(k—1)(k‘—|—2) (b, k) Liystin Ljnstp Lez2

E éj’k(X)Hg(X](fl))Hg(XgQ))} - _ a(l, k)L, —;,

(v) for every collection I = {(i1,j1) # (i2,72) # (i3,73) # (i, ja) € [£] X [k]}, we have

4
" (a)y| _ kE+1
E [Q&k(x) alzll Hl(Xja )] - ki(k‘ — 1)(](3 + 2)a(€7 k)]-IES]-ZZQ ’

where S = {{(i1,J1), (i1, j2), (i2, 1), (2, J2) } : i1 # 2, j1 # Jo}-

Proof: These formulae follow when writing Hy(z) = 2*—622+3, H3(z) = 233z, Hy(z) = 221 and
Hy(x) = z and then combining the formulae for monomials proved in Lemma B.4 with Lemma A 5.
We include the proof of (i):

E |0}, (X)Hu(X)))] = B [@7,(X)(X]")*] - 6 [@7,,(X)(X]")?| + 3E [@7,(X)]

— 30(0, k)w 6 (; + 1) a(t, k) + 3a(l, k) = —k(;’ma@, k)|

where we used (B.4). The remaining formulae are proved in the same spirit. O
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Appendix C. On the two-point correlation function

C.1. Covariances. Fix £ € [3] and i € [¢]. The following lemma gives the joint distribution of the
vector (VT,SLZ) (2), v (0)) € R® conditioned on {Trgl)(z) = T#)(O) =u;} foru; € Rand 0 # 2 € T3.

Lemma C.1. For every z € T2 such that r,(z) # =1, the distribution of the vector
(VTT(f)(z),VTT(f) (0)) € R® conditioned on {Tél)(z) =T (0) = u;} is NG(/L,(f),Qn), where

@) — ) () = i Vra(2)"
and
%= = (G ain(d) ©2
where
O = ua(z) = 210y - eIV CL
Qo = N2y (2) = —Hess(ry(2)) + %vrn(z)vrn('z)T )

with Hess(ry,(z)) denoting the Hessian matriz of r,(z).
Proof: We write 0, := 0/0,, and 0y := 0°/0,,0., for a,b = 0,1,2,3 with the convention 9y = Id.
Computing the covariance E [&LT}LQ (2) - 8bT7(LZ) (O)} and relating it to the covariance function r,, given

in (1.2), we obtain that the covariance matrix of the vector (VT,Si) (2), v (0), Téi)(z), 7" (0)) € R®

is given by
An BTL
BI «©,)

E,/31d —Hess(r, (2

Ap = An(2) = (—Hesé(rn(gz)) En/é Id(?’ ))> ,
T T

B, = By(z) = <—V7(“)n(z)T VTS;Z) ) )

Cp = Cu(2) = ( ' T"f”) :

rn(2)

where

and 0 := (0,0,0). Thus, the covariance matrix of (VT,(Li) (2), v (0)) conditioned on {Téi)(z) =
TT(ZZ)(O) = u;} is given by Q, = Q,(2) = A, — B,C;' BI', which yields the matrix in (C.2) after a
standard computation. Its mean is given by
, T
M) _ () =g ot (W) - Y Vra(z) _
' = p (2) e (Uz L+ 7p(2) \=Vra(2)"
O

C.2. Two-point correlation function. For £ € [3], we fix u®) := (uy,...,us) € R’. The two-point
correlation function associated with the random field Tgf) is given by

KO, ;u0) := B [8] 5 (Jac 0 ()8 5 (Fac 0 (1) T (2) = T () = u

W 4©

Xp(Tﬁp(x),Tﬁf)(y))( ;ut’), (C.3)
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) T“)(y))(" -) denotes the density function of the vector (Tgf) (x),Tg) (y)) € R?* and
®j5(A) = /det(AAT) for A € Maty3(R). The function K () is defined whenever the distribution
of (T,(f) (x), T (y)) is non-degenerate, that is, whenever r,(z —y) # +1.

where p (T

The following lemma gives an upper bound for K (2,05 u(é)) for z € T2 in terms of the covariance
function r, and the norm of its gradient.

Lemma C.2. For every z € T® such that r,(z) # +1, we have

KO (z,0;u®)
/2 ENT (Ea _ IVra@N® | JuO)? [Vra(2)]?
< (=) '(3”(3) <3_31—rn(z)2+ 3 (1+rn(z))2>
= ¢z, 05 Ju])). (C.4)

Proof: By independence, the density factorizes as follows

4
(¢ )y ) ) A
Pt ey 70 oy (@ 1) _I_Ilp<T#><z>,T£“<o>><“““2)’

and moreover satisfies
l
0 (¢ 2\ —¢/2
Prtt 20 o) (4 ) < I_Ilp<T£“(z>,T#><o>)(O’o) < (=m0 (C:5)

We now deal with the conditional expectation in (C.3). First, by the Cauchy-Schwarz inequality,
we have
E [0} 3 (Jacy (2)) @} 5 (Jacg (0)] T(2) = T (0) = u?]

1/2
< E [0y (Jac g0 () T (2) = T (0) = u?]

1/2

E [, (Jacqyo (02 T(2) = T (0) = ]

T®

By symmetry, we conclude that the two expectations above coincide, yielding

E |0} 3(Jacy (2)) @7 5(Jac (0)] TH(2) = T (0) = u®|

<E [0} 3(Jacg ()% TH(2) = T (0) = u?| = E |[075(X (,u®))?] . (C.6)

where X (z,ul®) = {X;i)(z,u(z)) : (i,7) € [f] x [3]} € Matg3(R) is a random matrix having the
same distribution as Jac, (2) conditionally on {Tg)(z) =T (0) = u®}. Now, the Cauchy Binet
formula (B.2) yields
* 2
Vps(X(zu))? = 3 det (X(zu)4)"

J1<...<je€[3]
where, as previously, X (z,u(@)jhm,jé is the matrix obtained from X (z,u(®)) by only keeping the
columns labeled ji,...,js. By definition of the determinant, we have

14

det (X(Z’U(Z))jl,-..,][ — Z HX]Z)@) (z,u)

geG)
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where (o) denotes the signature of the permutation o € &,. Then, developing the square, taking
expectations and using independence,

B[ (X(u®)?] = Y Edet (x(z ), )7
Ji<.. <jg€[3]
4
- Z Z H Ja( ) H J(l)/(l)(z’u(z))]
J1<...<je€[3] o0,0'€G, _

Z . .
- Y ¥ 5(0)5(0’)11[@[XJ(.;)(i)(z,u(g))-X;;%(i)(z,u(f))]. (C.7)

j1<...<jr€[3] 0,0'€G,

For notational ease, we write
B, = By (zu?) = E [ X0z, u) X[ (2,u®)| i€ lfabe 3.
Exploiting once more the independence of the fields TT(LI), . T(Z) we have that
Bfo = B[220 ()00 (2) T () = T0(0) = u|
= E [0.10 ()T ()T () = T (0) = wi]

Writing formula (C.7) for £ = 1,2, 3 gives the respective relations

E [0 (X (2, u))?] = S EL, | (C.8)
a€(3]
E|054(X(zu®)?] = Y {B{),ED, - ELED), ) (C.9)
a#be|3]
and
Blaixea®)?) = 5 {ELEED. (C.10)
a#b#c#a€(3]

1 2 3 1 2 3 1 2 3 1 2 3
~ (BLLES, B, + B, BELRT, + B, BE B ) + 281, B B } -

3,cc 3,ac
We will now provide an explicit expression for the formulae on the right hand side of (C.8), (C.9)
and (C.10). For z = (21, 22, 23) € T3 and (a,b) € [3] x [3], we use the shorthand notations

0 9?2
r(2) 5 Owrn(z) :i= e 8Zbrn(z)

Oarn(2) :=

024

. Bura(2) - Oyral2) Bura(2) - Oyral2)

. — aTn\Z)  OpTn\2) . Tn(2) - Oprp(z

Pab = pn,ab(Z) : 1_ T'n(Z)2 5 Mab = Hn, ab( ) (1 T ’l“n(Z))2 .
Note that
pgb = PaaPbb ; /‘Lgb = Haalvb 5  Paaltbb = PabMab - (Cll)
From Lemma C.1, it follows that for every i € [¢] and (a,b) € [3] x [3],
; ) . 2 FE,

E{"), = Var [X}j)(z, u@)] +E [Xy)(z, u<f>)} = 2" paa + U¥iaa (C.12)

and for a # b,

Eg()zb = Cov {X(l) (z,ul), (l)( (Z))} +E [X(Si)(z,u(e))} E {Xlgi) (z,u(z))]
= —pPab+ Ui Hab - (013)
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Then, it is immediate that
1 En
E [0 3(X(2,u)?] = ST B, = > {3 ~ Paa +u%uaa} .
a€(3] a€(3]
Similarly, using (C.12) and (C.13) in (C.9) and (C.10) and exploiting the identities in (C.11) yields

after simplifications

E [ @54(X (2, u®))?]

= Z ? — Paa T+ Uy Haa ? — Pub + Usg bb

a#be|3]

_( — Pab + u%,uab) ( — Pab + u%ﬂab) }

E.,\° E, En 4 En
= Z ? - ?(paa + Pbb) + ?ulﬂaa + ?UZMbb .

a#£be[3]

and

E [@54(X(2,u®))?]

E.N\? (E\? E.\?
= Z ? - ? (paa+pbb+pcc)+ ? U1 Haa

a#b#c#a€(3]

E,\?2 E,\?
() s (5)

respectively. Then, we note that for every ¢ € [3], writing Ay := {i) = (iy,...,ip) € [3] : ia #
iy, Va # b € [(]}, the following identities hold

Yool = @)

i®eh,

/B [Vrn(2)?]
3 it = 3 pan =gt T

’L'“)EAg Z“)EAE

Z (u%/’l’ilil +.o.F u?uieie) = u% Z Hiyiy | + oot u? Z Higig

i0) EAy i(e)EAg i(0) EAy

= ( "‘W Z Hiviq

é)EAg

H (€)H2( Je |[Vra(2 )H2
3 (1+rp(2)?

Using these identities, (Cb’), (C.9) and (C.10) finally reduce to
E [‘Pz 3(X( ) ]
_ B\’ e VeI (En Z_IHU(Z)HQ(?)M V7 (2)II?
3 1—rn(2)2 3 3 (14 7r(2))?

_ (B EHWn @I O [Vra(2)]?
. ( ) (3 B1-nm(z2 " 3 <1+rn<z>>z)- (C.14)
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Plugging the bounds obtained in (C.5) and (C.14) into (C.3) yields the desired upper bound for the
two-point correlation function in (C.4). O

Lemma C.3. For every fived (x,y) € T3 x T3 such that r,(x —y) # £1, the function u® =
(uy,...,up) = KO (z,y;u®) is continuous.

Proof: Denoting by ¥ = ¥(x — y) the covariance matrix of the vector (T,si) (x), 7" (y)) for i € [{],
the Gaussian density is given by

Pr®(2),m0 () (u

il <2¢1—1<——y>>Hp{ 35 )

i} <zﬂm>gﬁf"p{‘2<1+r:§w—y>>}’

which is a continuous function of u(¥). We will now argue that the conditional expectation appearing
n (C.3) is a continuous function of u®. Tt can be rewritten as

E [ @ 4(Jac 0 (2))®f 3 (Jacqo (1) T (@) = T () = u)]
= E [0} 5(X (2,u?)®7 5(X (y,u))] |

where, for every z € T?, the random ¢ x 3 matrix X (z,u(®)) = {X( )(x u®) : (i,7) € [ x 3]} has
the same distribution as Jac«) () conditionally on {Tn (x) = Tg)( ) = u®}. From Lemma C.1,

it follows that the mean in (C.1) depends linearly on u(?). In view of the definition of ®; ,, and
the structure of the covariance function in (C.2), we conclude that the above expected value is also

a continuous function of u®¥, showing that K® (ac,y;u(f)) is a continuous function with variable
(0 O
ul™.

C.3. Taylor expansions. We compute an expansion of ¢(¥)(z,0; [|u]|) in (C.4) around z = 0. In
order to do so, we start by deriving the Taylor expansions of 7, and its first-order partial derivatives
near z = 0. For n € S3, let

. 4 _
T, = nw X, k=123, (C.15)
AEA,

and set e, := F, /3. Note that ¥,, <1 since )\i < n?.

Lemma C.4. For z = (21, 20, 23) € T? and every k € [3], the following Taylor expansions hold near
z=0:

b, -
ro(z) = 1—FHZ\|2+—\I/ Z ]—|—<— > Z z222+R
1<j€[3]

= 1——|| 12 + tn(z) + RO (C.16)

En E2 5 2
Okrn(2) = — Z 2"(—\11) Z 222 + RP

=1 i#j €3]
=! —ep?L+ un,k(z) + Rglk) ) (017)
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where RY) = E30(||z]%) and ri E30(||z|1%), and the constants involved in the big-O notation
are independent of n.

Proof: These expansions follow from direct computations of partial derivatives. Note that all deriva-
tives of odd (resp. even) order of r, (resp. Ogry) vanish in view of the fact that, by symmetry,
> e, Aj is zero whenever « is odd. Also, we note that

1 1 1
o Y NN =T
2 a”'b n
n2N, = 6 2
for a # b € [3], where W, is as in (C.15). The remainders are of the form RY = O(]|057p ||| 2]|%)
and R = O([|0°n|s0]|2]|?), where
rn = sup Oy, ign

11,506 €[3]

and 0;, . isTn(2) denotes partial derivatives of r,, of cumulative order equal to 6. Observe that for

every z € T3,
Z AT
N AeA,
where «, 3, are non-negative even integers such that o + 8 4+ v = 6. Therefore, we can write
)\f‘)\g A3 = A2A2\2 for a,b,c € {1,2,3} not necessarily distinct. Then it follows that A2ZAZA2 <
N/3+N9/3+ X8/3, so that

‘867"

\a%n

Z(A%H +23)% = (2m)®n® < B3,
N AEA,

AEA,
which concludes the proof. ([l

The following result contains the expansion around zero of ¢()(z,0;[|u?|). In particular, we
remark a singularity in the coefficient of ||z]|~¢ in the case £ = 3, which is consistent with the fact
that the mapping z + ||z[| =3 is not integrable on T3.

Lemma C.5. For (¢ € [3], as ||z — 0, we have

L _ _
(00O = @) (1 5 ) 2107+ @ (14 0OF) BP0, (cas
where the constants involved in the big-O notation are independent of n.

Proof: From the expansion in (C.16) we obtain that
L= (2)? = (1 —=7(2)1 +7(2))
= (ZN2I? ~ ta(2) + BROUIZA)) (2= S22 + ta(2) + EZO(2]%))
= aallelP = (G + 22| + EZO(I)
= enllzl? = fa(2) + BO(2]°) | (C.19)

and

(4@ = (2= LUl + tule) + BO(I=10)
=4—mvﬁﬁ@¥mmeﬁ+@mMm

= 4—2e,||2]|* + ha(2) + E20(]2]%) , (C.20)
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where t,,(z) is as in (C.16). Note that since ¥,, < 1, we have t,(2) = E2O(||z||*) where the constant
in the big-O notation is independent of n. Therefore, we have fn(z) = (en/2)2||2]|* + 2tn(2) =
E20(||2||*) and hy(2) == (en/2)?]|2||* + 4tn(2) = E20(||2||*). From (C.17), we have

Orn(2)? = (—enzi, + uni(2) + E2O(||2| )) = €227 — 2enzpuni(2) + E2O(]12]|°) |

so that summing over k = 1,2, 3 leads to

3
IVra(2)I? = exll=l1? — 2en Y zrtunp(z) + ERO(|I2]|°)
k=1
= epllzl® + gn(2) + E,O(12]%) (C.21)

where g,(z) = E30(||z||*) and again the constant in the big-O notation does not depend on n.
Hence we obtain the expansions of the quotient

[Vra(2)[1? _ enllz ||2+gn( ) + E,0(]12]°)

L—r(2)? enllz]” = fa(2) + EZO([|2[|°)
1+ e %[zl ~%gn(2) + EZO(I=]")

"1 651IIZII*2fn(Z) + EZO(ll=]1)

= en |1+ + + EZ0(||2
< TP S EROUEY)
dnlZ fn(z
- ety |y(zu)2 * Hz(HQ) + ERO(l121%) = en + ERO(|12]), (C.22)

since e, 1|z]| 72gn(2) + ||z 72 fn(2) = E20(||2||?) and similar computations yield

ro(2)]? en
M = (&) + BrO(1Y (C.23)

Combining (C.22) and (C.23), the expansion around zero of E [@273(X(z, u(e)))z} is then obtained
from (C.14):

- IV [P [ Vra(2))?
E |:q)g,3<X(Z,u(£)))2i| = (3)€€fl 1(€n T 31 T (2)2 + 3 (1+ rn(z))Q)

= @i (o0 § lon+ B200AP) + L (2 p2g2 4 Bl00I0 )

= @ (e (1-5) + (14 W) B20(11))
~ B (1 - §) et + (30 (14 1uO]2) BELO(2]) (C.24)
Then, using 1 — rn(2)2 = en||2[2(1 + E2O(|2]2)),
0O, 05 lu®)) = (1= 7a(2)2) 7" B [@05(X (2, ul?))?]
= P2 E [@03(X (2,u®)?] (1 + EnO(|121%)
= @0 (1 5) 0+ @ (1 1OP) BLPH O,
which has the desired form. ]
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The following lemma justifies the use of Kac-Rice formulae in a sufficiently small cube around
the origin, Q.

Lemma C.6. For every n € Ss, there exists a sufficiently small constant cg > 0 such that for every
(z,y) € T> x T? satisfying 0 < ||z — y|| < co/V/En, we have ro(x —y) # £1.

Proof: We set z = x —y and perform a Taylor expansion of 1 — 7, (2)? around z = 0. From (C.19),
we have

E E,
L=ra(2)? = 20 + ERO(1201Y) = =1 (1 + BaO(l1211%) -
Thus, for every 0 < [|z]| < 1/v/E,, we obtain

E, C? C?
1-— 2= (1+001)=—(1+0(1
r()? = S (14+0(1) = -1+ 0(1),
for some absolute constant C' > 0, so that there exists a sufficiently small constant ¢y > 0 such that
1 —7,(2)? > 0 for every 0 < ||z|| < co/V/En. O

Appendix D. Continuity of nodal volumes

In this section, we prove a more general version of the continuity theorem proved in Theorem 3 of
Angst et al. (2018). Our version applies to vector-valued functions on the torus. For completeness,
we give the arguments for the d-dimensional torus T¢,d > 2. Recall that T? = R?/Z9 ~ [0,1]¢/,
where ~ denotes the equivalence relation given by (z1,...,zq) ~ (z),...,2}) ifand only if z;—2} € Z
for every ¢ = 1,...,d. Let us introduce some notation.

Topology on T?. (see e.g. Shastri, 2014) Denote by 7y : [0, 1] — T¢ the quotient map associated
with ~. We endow the torus with the quotient topology, that is, the open (closed) subsets of T? are
precisely the subsets U C T¢ such that W;l(U ) C [0,1]% are open (closed) in [0, 1]¢ for the Euclidean
topology. Moreover, we equip the torus with the quotient metric given by

disty(mg(z), 7q(z')) = inf |z — 2’ +allq, =2 €[0,1]¢,
a€Zd

where |[|-||4 denotes the standard Euclidean norm in RY. From now on, we will write x instead of
mq(x) for a point on the torus. Since the equivalence relation ~ is defined coordinate-wise, we will
implicitly use the fact that the T¢ is a realisation of the cartesian product of d copies of T*.

Banach space of continuous functions on T?. For integers 1 < k < d, let E = C'(T?,R¥)
be the set of C! real vector-valued functions on T¢. Then, for a compact space K C T? (note

that a compact subset on the torus has the form m4(K) for some compact K C [0,1]¢), and
F=(FW .. F®) e E we define the norm

d
F|lg := max su FO(z)| + 0, F9 (g >
1Pl = sy (1F0) >

=1,...,

We will use the following version of the Implicit Function Theorem for Banach spaces (see e.g.
Edwards, 1994, p.417).

Lemma D.1 (Implicit Function Theorem for Banach spaces). Let X,Y,Z be Banach spaces and
f: X xY — Z be a function of class C*. Let (zo,y0) € X x Y such that f(zo,y0) = 0 and
(dyf)(wowo) Y — Z is an isomorphism. Then there exist neighborhoods U(xzo) C X of wo and
U(zo,y0) C X XY of (zo,y0) and a function g : U(xg) — Z of class C* such that

((xay) S U(x(]vy()):x € U(x())) = (f(:U,y) =0 <= y= g(.’E))
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Here (dy f)(z,40) denotes the partial differential of f with respect to y € Y computed at (xo, o).

Some notation. For ' € E, let Zx (F) be the set of zeros of F lying in the compact K C T i.e.
Zk(F) ={z € K : F(x) = 0}. We denote by vol(Zx (F")) := Ha—r(Zxk(F)) the (d — k)-dimensional
Hausdorff measure of Zg (F'). As usual, we write Jacp(z) € Maty 4(R) to indicate the Jacobian
matrix of F' computed at x. We introduce the set Dy, := {J C [d] : card(J) = k}, that is, the set of
all subsets of [d] that have cardinality k. For J € Dy and x € T?, we denote x; := (z;:1 € J) and
pr(x) =2y :=(x;:1 ¢ J). For x; as just defined, we write Jacp g, for the k x k Jacobian matrix
obtained when differentiating with respect to the variable x ;. We say that F' is non-degenerate on
K if Jacp(xo) has full rank & whenever zo € Zp(K), that is, whenever there exists J = J(zg) € Dy
such that Jacp,, (x0) is invertible.

We first prove the following lemma, adapted from Angst et al. (2018).

Lemma D.2. Let (F,),>1 C E and F € E be such that F,, — F in the C' topology on K C T? as
n — co. Then, for n sufficiently large and for every € > 0, we have that Zx(F,) C Z}°(F), where

ZFE(F) = {z € K : disty(x, Zx (F)) < e} .

Proof: We proceed by contradiction. Assume that there exists ¢ > 0 such that Zg(F,) is not
a subset of Z£°(F) for n big enough, i.e. such that for every N > 1, there exists n > N and
Ty € Zi(F,) with distg(zn, Zx(F)) > €. As (zp)p>n C K and K is compact, we can extract a
converging subsequence (7p;);>1; denote T := lim; x,,; € K and note that distq(veo, Zx (F)) > €
by assumption. Then, using the triangular inequality, we have for every j > 1,

k
1F(zoo)llr = IIF(woo)—Fnj(wnj)HkSZIF(i)(woo)—Fé?(xnj)l

k
< S IFD(2s0) )(200)] + Z |E) (200) = F ()|

where

k d

ZZ sup 0, F ()] < k- nrllakaSup 0 F ()] < k- || Fo, | < o0,

i=1 |= ol vEK
because (Fy)n>1 C E. Letting j — oo in (D.1) leads to F(7o) = 0, since Fy,, — F in the
C' topology on K and Tp; — Too. Hence oo € Zk(F), but this contradicts the fact that
disty(2oo, Zi (F)) > € > 0. O

We now prove the continuity result about nodal volumes. The strategy of our proof is inspired
by the proof in Angst et al. (2018).

Theorem D.3 (Continuity of the nodal volume). Let (F,,),>1 C E and F € E be such that F is
non-degenerate on a compact K C T% and F,, — F in the C topology on K as n — co. Then, as
n — oo,

vol(Zk (Fy)) — vol(Zk (F)) .
Proof: Denote by ¢ : E x T? — R* the evaluation map ¢(f, ) := f(x). Since F is non-degenerate,
for all zyp € K such that ¢(F,z9) = 0, there exists Jy = Jo(xg) € Dy such that Jacpz,, (o) is

invertible, that is, the linear map (d, Jo D) (Fz0) T* — R is an isomorphism. Therefore, by the
Implicit Function Theorem stated in Lemma D.1, there exist open neighborhoods U(F') C E of F,
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U((z0).,) € T* of (0), and U((70)4,) C T4F of (20), as well as a function X : E x T4=F — RF
of class C'! such that

(f € U(F)7xJ0 € U(($0)J0)aiJo € U((fO)Jo))
= (¢(f, x) =0 < Ty, = Xo(f, .fjo)). <D2)

Now denote Wy = Wy(Jy) C T? the set of points of z € T¢ such that x;, € U((0)s,) and
Zj, € U((20)y,). Then, choosing f = F in (D), we obtain that Z (F') restricted to Wy is the
(d — k)-dimensional submanifold of T%

Zi(F) N Wo = {z € Wy i 2y = Xo(Fitgy) = (X§(Fog) o, X (Friy)) b
parametrized by
go = go(Jo) : T4F — TR xR | &5+ (&, Xo(F,25,)) - (D.3)

Exploiting the compactness of Zx (F') together with the Implicit Function Theorem, there is m > 1
such that for every j € [m], there are z; € Zk (F), J; = Jj(zj) € Dy and W; = W;(J;) C T?, such

that
m
C U Wj,
j=1
and moreover, for every j € [m], the Implicit Function Theorem ensures the existence of an implicit
function X; of class C'! that yields a local parametrization
9i =9;(J;) : TF 5 TP < RF | 25— (3, X;(F, 4,))
of Zk (F) N W;. Hence, if T' = {j1,...,jr} C [m] for r <m and (;cp W # 0, then
I (F) = Zg(F)N ( N Wj> (D.4)
JET

describes a (d — k)-dimensional surface whose volume is computed when integrating the corre-

sponding volume element y — \/det(Jacg;l (y) Jacy, (y)) (see e.g. Humpherys and Jarvis, 2020,
Section 10.4). An application of the chain rule gives

vol(I'r(F / \/det Jac y) Jacy; (y)) dy —/ \/1 + ZHVX (F, )3 dy ,
Yr

W;). The total volume of Z (F) is then computed

where the region of integration is Y7 = py, ()
by

jET

vol(Zx(F)) = Y (=)™ Dvol(Tp(F)) . (D.5)
0£TC[m]

Now we can find € > 0 small enough such that Z,°(F) C UjZ, W; and in view of Lemma D.2, it
follows that Zx (Fy,) C UL, W; for n sufficiently large, so that

w) = U (Zx(F) nT5) .

Since for T' = {j1,...,Jr} C [m], Tr(F,) as defined in (D.4) identifies with a (d — k)-dimensional
surface of volume vol(T'r(F},)), the total nodal volume of F,, in K is given by

vol(Zi (Fn)) = Y (1) Dvol(Tp(F,)) .
0£TC[m]
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Using Lipschitz continuity of z + /1 4+ x for > 0, it follows that
‘vol(ZK(Fn)) - Vol(ZK(F))}

< ¥ / 1+ S Ivx D Fay = 1+ S IVXO(F )2
0£TCm] ¥ YT iclk] i€ (k]
< ¥ /'Ejuvx” (B )2~ VX OB, y) 2] dy -
0A£TC[m] ' T i€lk]
Now, using the reversed triangular inequality ]l = lo]l]| < [lu— v]| yields
19X (Bl — VX (Fuy) I}
= VX Fu )l = 19X Elle| - (19X, >m+wvx“wmm@

g|WX;<mw—v@Rme-@v4< Wl + IV (FEy)le) -

In order to conclude, it suffices to show that the first factor converges to 0 uniformly on Y7 as
n — o0o. Consider the equation

F(?)prJl) = F(@Jple (F, g]1)) = 07 (D6)

where, for the vector (9s,,ys,) it is implicitly understood that coordinates with indices in J; are
located in the corresponding position. Differentiating (D.6) with respect to the coordinates 7z, , we
obtain

Jacrg, (9o, y0) Ida—k +Jace;, (G0, y5) - Jacx;, g, (F.95) =0,

where the zero in the right-hand side denotes the zero k x (d — k) matrix. Therefore, since
Jacry, (9.,,9.,) is invertible,

N ~ -1 ~
JaCle 90y (Fygn) = — [JaCF,le (91,90, )] ’ Ja’cFﬁ‘}Jl (G11,90) - (D.7)

Since F}, converges to F in the C! topology, we have that, for n sufficiently large, (1D.7) holds true
for F,. Writing out the i-th row for i € [k] of this relation, and using the fact that all the partial
derivatives of F}, Converge uniformly to the corresponding partial derivatives of F' (as F,, — F)),

we conclude that HVX ( nsUgy) — VXJ(:) (F,9,)|lx converges to zero uniformly on Y7 as n — oo,
proving the statement. O

Appendix E. Singular and non-singular cubes

E.1. Definitions and ancillary results.

E.1.1. Singular and non-singular pairs of points and cubes. For every n € S3, we partition the torus
into a disjoint union of cubes of length 1/M, where M = M,, > 1 is an integer proportional to v/E,,
as follows: Let Qo = [0,1/M)3; then we consider the partition of T obtained by translating Qg in
the directions k/M, k € Z3. Denote by P(M) the partition of T? that is obtained in this way. By
)

construction, card(P(M)) = M3. By linearity, we can decompose the random variable L(
L= LY@, tep (E.1)
QEP(M)

where Lg )(Q) denotes the nodal volume restricted to . From now on, we fix a small number
0 < n < 10710, In the forthcoming definition, we define singular pairs of points and cubes.
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Definition E.1 (Singular pairs of points and cubes). A pair of points (z,y) € T3 x T? is called a
singular pair of points if one of the following inequalities is satisfied:

(@ = y)l >0, |0irn(z —y)[ >0V En/3, |0ijra(e —y)| > nEn/3

for (i,7) € [3] x [3]. A pair of cubes (Q, Q") € P(M)? is called a singular pair of cubes if the product
Q x Q' contains a singular pair of points. We denote by S = S(M) C P(M)? the set of singular pairs
of cubes. A pair of cubes (Q, Q') € S¢ is called non-singular. By construction, P(M)? = S U S¢.

For fixed @ € P(M), let us furthermore denote by B¢ the union over all cubes Q' € P(M) such
that (@, Q') € S. In particular, analogously as in Lemma 6.3 of Dalmao et al. (2019), we have

Leb(BQ) = O(Rn(6)), (E.2)
where Ry,(6) =[5 7n(2)%dz. We write

Fap(t —y) =E [5GT7§i)(x) TV, ab=0,1,2,3, icl],

where, we recall that 9, = (E,/3)~1/28, with the convention 9 := Id. Note that To0 = ryn and
that we dropped the dependence on n in order to simplify notations. We need the following lemma:
its proof is based on differentiating the expression of r,, and the orthogonality relations for complex
exponentials on the full torus. We omit the details.

Lemma E.2. For every a,b € {0,1,2,3} and every integer m > 1,

/( Fap(2)™ dz < / T (2)™ dz = R (2m), (E.3)

where the constant involved in the ‘<’ notation depends only on m.

E.1.2. A diagram formula. The proofs to be presented in the forthcoming sections are based on the
following diagram formula. Such a formula is counterpart to Proposition 8.1 in Dalmao et al. (2019),
and is based on the Leonov-Shiryaev formulae (see e.g. Peccati and Taqqu, 2011, Proposition 3.2.1).
We introduce some notation: For ¢ € [¢], write

(X5 @), X{7 (@), X3 (2), X5 (2)) == (T (@), VI () , @ €T (B.4)

and consider families of non-negative integers
p@ =\ 5=01,23}, ¢@={¢":j=01723)
for which we write
S =>"p", SD):=> 4" (E.5)
j=0 j=0
For m € {p®¥, ¢}, we also define the vector of R™0 x R™ x R™2 x R™3 given by
X0 (@) = (1X5” @) (X1 @)l s X5 (@) nas 1557 @) )

where for an integer n > 1 and a real number N, we write [N], := (N,...,N) € R™.
Proposition E.3. Fori € [(], consider families of non-negative integers p(t) = {py) :7=0,1,2,3}
and ¢\ = {q](-i) 15 =0,1,2,3} as above, as well as x,yy € T3. Then,

L

s [T (50) g (x50

i=14=0 ’
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¢ Sp")
— (i) (i)
= [ tsp0)=swo > 1] E [(Xp(,-))j () - (qu)g,(j) (y)] ;
=1 g3 ]:1 g
where the sum runs over all permutations o; of {1,...,8(p(™")}.

E.2. Proof of Lemma 5.1. Proof of the almost sure convergence: In the case £ = 3, one can argue
similarly as in the proof of Lemma 3.1 in Dalmao et al. (2019). We present the arguments for
¢ = 2. Since, T is of class C*°, Sard’s Theorem (see e.g. Sard, 1942) implies that its set of
critical values has almost surely zero Lebesgue measure. Therefore, applying the Co-Area formula
(Proposition 6.13, Azais and Wschebor, 2009) to the functions f = T£L2) :T? - R%?and g : R? —
R, g(z1,12) = (2¢) 72 H?Zl 1_c o (zi) yields

L) = (2¢)7? / LP(T?; (u1, us)) duydus | (E.6)

[7575]2

where for B C T3, we set Lg)(B;(ul,uQ)) = Hl{(T’SL2))_1({(U1,U2)}) N B}. Now, as (uy,us) —
(2)

(0,0), the random field Tg) —(u1,u2) converges in the C! topology on T? to the random field Ty,
which is non-degenerate - as can be seen e.g. by checking the assumptions of Proposition 6.12 in
Azais and Wschebor (2009) - so that by the continuity of the nodal volume proved in Theorem D.3,

lim H {(T) (1, u2) " ({0,001 } = 0 {(T) {0,001 }

(u1,u2)—(0,0)
= L2(T3; (uy, ug)) .

n

This proves the continuity of L? (T3; (u1,u2)) at (u1,uz) = (0,0). The almost sure convergence

then follows by letting ¢ — 0 in (E.6).

Proof of the L?(PP)-convergence: We now prove that the convergence also takes place in L?(PP). For
completeness, we include the three cases corresponding to £ = 1,2,3 in our proof. We start by
proving an auxiliary result. Recall that Qg is the small cube around the origin of side length 1/M.

Lemma E.4. The map (u1,...,up) = E [Lgf)(Qg; (u, ... ,u@))ﬂ is continuous at (0,...,0).

Proof: Writing u® := (uy, ..., uy), we will prove that

lim B [L0(Qoiu®)?| = E | L (Qui (0,...,0))?] - (E.7)
u(0—(0,...,0)

By virtue of Lemma C.6 the random field (T,(f ) (x), Tgf)(y)) is non-degenerate in Qg so that we may

use Kac-Rice formulae in the cube Q. For £ = 1,2, by Azals and Wschebor (2009, Theorem 6.9),

E [L%)(QOW(@)?} = / KO (2, y;u) dady |
QoxQo

where K is as in (C.3), whereas for £ = 3, we write
E | L()(Quu®)] = B [L (Qo:u®) (L (Qo:u®) — 1) | + E [LP (@0:u®)]

and apply Theorem 6.2 resp. Theorem 6.3 of Azals and Wschebor (2009) to the respective sum-
mands, so that

E [ (Qosu®)?]

= / K® (2, y;u®)dwdy
QoxQo
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+ / B[00y DI T ) = 0] g (9o

= / K® (2, y;u®)dady + / E |97 3(Jacye (@)] - by, (@) da |
QoxQo " "

0

where the last line follows from the independence of T (z) and Jac s (2). Thus, the LHS of (E.7)
reduces to

m o E[LO0gu®?] = 1 </ KO (2, y: ) dzd
u(@)_:(fél’m,o) { n (Qosu'™) ] u<l>—>l(%1,.._,o) oo, (z,y;u'™)dxdy
+1p_3 X /Q OE [(I)}:?)(JacT;s) (m))} : pTS,)(x)(u(:i))dx). (E.8)

Let us deal with the additional term appearing in the case £ = 3: The Hadamard inequality (see
e.g. Rozanski et al., 2017) and independence yield

E [0 4(Jacygo ]<HE[|VT< @] <B[Ivr @] = 5

Moreover, the Gaussian probability density u®) Pyp(® (m)(u(?’)) satisfies

3 _
Pr® (s HPT(”( ui) < (pyn(,y(0)" = (27) a
Therefore, applying dominated convergence yields,

; * ) (3)
odm /Q E [0 a(Incg ()] g (07

— [ [0 50acg0 ()] pygo ) (0.0.0) do = E [L(Qui (0,0.0)]
0
We now deal with the first summand of the RHS of (E.8). By stationarity,

/ K® (z,y; u(@)dwdy = / Leb(Qo N Qo — z)K(Z)(z, 0; u(g))dz.
QoxQo 0—Qo

Now, for every u¥) in a neighbourhood of (0, ..., 0), say |[ul¥|| < §, for some § > 0, in view of (C.4),
we have K (z,0;u®) < ¢ (z,0;[|u®|) < ¢ (z,0;6) for every z. Therefore, again by dominated
convergence, we infer

lim / KO (2, y;u9)dzdy :/ lim KOz, y;u?)dzdy
u(l)—)(O,...,O) QoxQo QoxQo u<£)—>(0,...70)

=E [L{(T% 0, .., 0)?],
where, in the last line we used the continuity result proved in Lemma C.3. O

Now, for a domain B C T3, we set L(Z)( B) = L,(f)(B; (0,...,0)) and for ¢ > 0, we write

Lq(f,)e(B) = L%)E(B; (0,...,0)) for the e-approximation of LY ( ) (recall definition (3.3)). We define
the random variable
AD(Bie,e') = L(B) - LV (B) , neS; >0, ¢ >0. (E.9)

Proving that L% )5 converges to L%) in L2(P) as ¢ — 0 is equivalent to showing that for every n € S,

the random variable Ag)(T?’; e,€') converges to zero in L%(P) as e,&’ — 0. We first show that the
latter convergence holds in the small cube )y around the origin.
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Lemma E.5. For every n € Ss, one has that A (Qo,s ey =0 in L2(P) as e,&’ — 0.

P'roof We will show that, for every n € 5'3, the sequence {L%’ )e(Qo) : € > 0} converges in L?(P)
to LY (QO) as ¢ — 0. This implies that {L +(Qo) : € > 0} is a Cauchy sequence in L?*(P), and

therefore A (Qo,e ') = 0 in L?(P) as e,¢' — 0. Since almost sure convergence together with
convergence of norms implies convergence in L?(P) (see e.g. Rudin, 1987, p.73), it suffices to show

that E [L%)E(QO)Q} —E [Lg) (Qg)ﬂ as € — 0. We start by proving that L,(f,)g(Qo) € L?(P) for every
e > 0: Using the definition of L% )s(Qo) and the Hadamard inequality, we have

1@Q0) < o) [ @ialncy () do < 297 | T[99 () s

Qo ;—1

/ Huv:f“ Jde |

and hence, using Jensen’s inequality,

E [1;5{1((90)2} < (2e)%E

([, HHVT \dwﬂ

/HHVT )| daf]
— (o) /T E[IVEO@I] dr = (207 < o

(2¢) —2E

IN

In order to prove that LY (Qg) is in L?(P), we use Kac-Rice formulae for second moments and
proceed as in the proof of Lemma E.4: For ¢ = 3, we write

E [LP(Qu?] = E[LP Qo)L (@) - V] +E[LP Q)]

and apply Kac-Rice formula for moments and use stationarity, to write

Blr0@or) = [ KOG 0.0 dedy + B [10(@0)] 1

3/2

< Leb(Qo) K9 (2,0:(0,...,0)) dz + =

11 3 (E]'O)
2Qo M3

where the last line follows from the fact that E [LS’)(QO)] = Leb(Qo)E [Lgf)} < M *3E,31/ 2 From
(C.4) and the Taylor expansion in Lemma C.5, we can upper bound (E.10) by

1 B2
7 ) -0) d 1
M3 /2Q0q (Z,0,0) z+ M3 (=3

1 1/M i
< ]\43/ [(3)4 (1 — 3) efl/27,272 +(3) <1 + ||u(£)”2) E£/2+17,4g] dr
0

532

RTER

SO s VESEY Sy VPSS VAR (E.11)

<
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This proves that LY (QO) is an element of L?(IP). In order to show that the convergence holds in
L?(P), we will prove the inequalities

E[L(Qo)] < limE |LO(Q0)?| <E[L(Q0)] -

e—0 ’

For the first inequality, we use the almost sure convergence proved above and Fatou’s Lemma to
write

E |2$(Qo)?] = E [timinf LL(Qo)?] < liminfE [L)(Q0)?] = lim E [ L{(Qo)?] .

' e—0 '
The second inequality is proved as follows: Applying the Co-Area formula (Proposition 6.13, Azais
and Wschebor, 2009) and then the Cauchy-Schwarz inequality

B [L(Qu] = 2™ [ E [L40(Qo u®) - L9/(Qoso)] du®nt®
[—e,e]tx[—e,e]t

1/2 2
< (e[ ef@uu] " wt).
—£,&

where u®) = (uy, ..., us) and v¥ = (vy,...,vy). By Lemma E.4, the map u® — E [Lg) (T3; u(e))Q]
is continuous at (0, ...,0), so that letting e — 0 yields the desired inequality. (]
Taking advantage of the partition of the torus introduced in Section E.1.1, we decompose
B[40 = 3 E[AD(Qie)AD Qe 2)
(Q.Q)eP(M)?
{ ¥+ ¥ e[a0@ieea0 @] = s + s
(RQNes (Q.Q)ese
and control each term separately. This is the content of the next two lemmas.

Lemma E.6. For every n € Ss, one has that |S(€ (g,e')] = 0 as e, e’ — 0.

Proof: Using the triangular inequality and then the Cauchy-Schwarz inequality, we can write

wa(e el < Z \/IE AP (Qie, &) }E [A%)(Q’;s,e’)z
(Q.Q")eS
- card(S)-IE[An (Qo;e,s)] : (E.12)

where we used translation-invariance of Tg) in order to reduce the arguments over the cube Q.
Now, thanks to (E.2) and the fact that we are summing over pairs of cubes yields card(S) =

M- Leb(Bg) = O(E3R,(6)). By Lemma E.5, E [Aq(f)(Qo; £, 5')2} converges to 0 as €,¢’ — 0, which
yields the desired conclusion. [l

Lemma E.7. For every n € Ss, one has that |5'7(f)2(5,5')| — 0 ase, e’ = 0.

Proof: Adopting the same notation as in Section E.1.2, we write p for multi-indices of the form
{py) : (i,7) € [€] x {0,1,2,3}} and set S(p) = Zle Z?:o pg.z). The Wiener-chaos decomposition of

A%)(Q; g,e’) in (E.9) is obtained from that of LY in (3.5) by replacing T? with @ and the coefficients
’Bpél) x ',Bp(()e) with

¢
8,00 o Hﬁ o il—[lﬁpéw (€
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where the coefficients ;(e) are as in (A.2). Moreover, using the notation in (I£.4) and writing

WP} =0 {p? G,y e 0% 81} = o B 1 (1) € }]jﬁﬁ (E13)

i=1j=1

for the Fourier-Hermite coefficients of the function ®j 5, we infer that

SY (e, e)

) I, (@) 0§ (@)
( ) D 0,00 0 Z)") 3 {J} NI CICE RN {J }

0 o =D,
1 ‘ ¢ i
S Do Hz 1HJ 1pj : Q(())----Q(())! Hi:lnjzlq](')!

q>0 p,q
X 1g(p)=2¢15(q) 2q’W<p q)

where

W(p,a) = Y, / / HH(> (X Z )H (i) (XJ@(?/)) dzdy. (E.14)

(Q.Q1ese

Applying Proposition .3, using that 1. < 1 and the fact that S(p)!- .. S(pO)! < (S(p(l)) +...+
S(p(f)))! = S(p)! = (29)!, we see that W(p, q) is a sum of at most (2¢)! terms of the type

w= Y //Hr% x —y) dzdy (E.15)

(Q,Q)eSe
for some ay,by, ..., a2,b2q € {0,1,2,3}. Now, using the fact that for every (z,y) € Q@ x Q' C §°¢
and every a,b € {0,1,2,3}, we have |7, (x,y)| <7, we infer that \W(p, q)| < (2¢)! x n*4. Using

22 (20 Ls-arlsia=z < 3 VIRV

¢=20 p.q
we obtain
5,0 w(Ee) SRR
’B,(f)(s,e’) < Z p(l,):o — 3 {J }(i) . S(p)!\/ﬁsm);sm)
pa| Potopo! Hi:1 Hj:lpj !
Sy wlee) A0 {g® o550
S {; }@ NN
@ ap ! Tlio = g
2 ~y 2
5 0§ ()
< > | .l (520 ) {n'} SN s

1 0 4 3 i
5 o T T P! Hi=1Hy’=op§')!
(E.16)

where the last inequality follows from an application of the Cauchy-Schwarz inequality to the sym-

metric measure (p,q) — \/ﬁs(p)+s(q). We now argue that ]Bff) (e,€')] = 0 as e,&’ — 0. First, the
estimate (see e.g. Stein, 1970, formula 22.14.16),

56 <2 (55) gty <18k e>0.521
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implies that
1) (1) (@(E,&‘/)‘ <2 X ‘ﬁ (1) ﬁ (e)

so that we can apply dominated convergence and use the fact that § 0, O (e,') > 0ase,e =0
() ser 5D,
in view of (A.3). We will now prove that the remaining series over p, q is ﬁnite. We note that (i)

for every p, the quantity

2 2 YOG
5}361)...5}3(()2) ’Y?(,){p§~)}
1 0, 17¢ 3 (
p(() )! . -pé )! ITiza Hj:1p§ )!
is bounded, and (ii) using the multinomial theorem

¢
S(p)! S(p)! (i) s
. I = @aose
4 % 4 %
[Tz H?:opg')! m=(m (z>) [Ii H?;om§)! i=1 j=0

S(m)=5(p)
Plugging (i) and (ii) into (I2.16) and using the fact that 4¢,/n < 1, gives

‘ BO(e, ') (40)S®) /S @ITS@ 4o

pP.d
This finishes the proof. ]

E.3. Proofs of Lemma 5.6 and Lemma 3.7.

Proof of Lemma 3.0. Arguing as in (F.12), we have

< card(S) - Var [pr0j6 +(L$f)(Q0))} < B3R, (6) - Var [pr0j6 +(L§)(Qg))}, (E.17)

where Qg is the cube around the origin. Now we notice that

Var [proj, (L(Qo))| < Var[ZO(Qo)| <E[L0(Qu)?] -

Using Kac-Rice formulae and reasoning as in (F.10) and (E.11), we obtain that

4
Sl

E [L%)(Qo)ﬂ < B, lymy + By g + 1es.
Combining this with the estimate in (E.17), yields the desired conclusion. U

Proof of Lemma 5.7: Using the fact that projg +(Lg )(Q)) is centred and the triangular inequality,
we first write

50

n,2

< Y E[proje, (L(Q)) - proje, (LV(Q)]
(Q.Q"eSe
For a family of non-negative integers p := {ij 2 (4,7) € [€] x {0,1,2,3}}, we write S(p) :=

Zle Z?:o p§-i). Adopting the notation introduced in (E.4), it follows from the chaotic expansion
in Proposition 3.2 that,

GENG © [ ()
s« () o g L) s A 4)
n 1 Y4 4 i
>3 p.d po !' (()'Hz 1H] 1P j~ ""q((])!Hz':IHgg':lq](')!
X 1S(p) 2q]-S (q)= 2q|W( )| ) (E.18)
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where 'yée){-} is as in (E.13) and W (p,q) as in (E.14). Arguing as in the proof of Lemma E.7, we
see that W(p, q) is a sum of at most (2¢)! terms of the type

w = Z // Hr% (x —y) dzdy

(Q.Q")ese

for some ay,by,...,a2,b2q € {0,1,2,3}. Now, using the fact that for every (z,y) € @ x Q' C §°¢
and every a,b € {0,1,2,3}, we have |fab(:L‘ y)| < n, we deduce that

|w| < n?a=6 Z // HT‘ZJ x —y)dzdy < n*~ 6/ HT‘%

(@,Q")eSe

Then, by Cauchy-Schwarz inequality |7, 5,(2)] < 1 for every z € ’]I‘?’, we have 7,3 € L5(dz) for
every j € [6], so that applying the generalised Holder inequality yields

1/6
lw| < n*a- GH </ Ta;b; 6dz>

R, (6 S(p)+5(a) 5(p)+5(a)
< 0 R, () = 0 pEese g (E.19)

where we used Lemma E.2 and the fact that S(p) = S(q) = 2¢. Then, arguing exactly as in (F.16),
we write

’W(pa Q)’ < (2q)| . Rn(6) . S(P);S(Q) \/ﬁS(p);rS(co

R (6 5(p)+5(a) 5(p)+5(a)
o SRV VTN

and obtain that

Ny 2
B (En>€Rn(6) 25?1 B0 A8 {0} S(p)!

6 7
3/ oo pMh ”H@_IH]U)! [T T2

Proceeding exactly as in the end of the proof of Lemma .7, shows that the series over p, q converges,
which finishes the proof. O

¢ S(p)+S
Sfl)z \/77 (p)+5S(a)
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