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Abstract. In this paper we prove that the stationary harmonic measure of an infinite set in the
upper planar lattice can be represented as the proper scaling limit of the classical harmonic measure
of truncations of the infinite set.

1. Introduction

Motivated by the study of Diffusion Limited Aggregation (DLA) on graphs with absorbing bound-
aries, recently Procaccia and Zhang (2019, 2021) an appropriate harmonic measure was defined on
the upper planar lattice. The so-called stationary harmonic measure is a natural growth measure
for DLA in the upper planar lattice. In Procaccia and Zhang (2019) a finite DLA process (i.e.,
DLA such that the size of initial configuration is finite) on the upper planar lattice was defined
and studied. Moreover, an infinite stationary process that bounds from above any processes gen-
erated by the stationary harmonic measure was defined. However, the most interesting process we
wish to study is an infinite stationary DLA (SDLA). The well-definedness of infinite SDLA is not
straight-forward because the stationary harmonic measure is unbounded (see Procaccia et al.,; 2020
for details). In the subsequent paper Procaccia et al. (2020), we construct an infinite SDLA on the
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upper planar lattice, growing from an infinite line. SDLA can be seen as a limit of DLA on the
upper planar lattice, growing from a long finite line. Mu, Procaccia, and Zhang Mu et al. (2019)
consider an edge DLA on the lattice Z?, growing from a long finite line. They show that SDLA is
the scaling limit of the bulk of this edge DLA. The result in this paper is crucial to the definition
of SDLA in Procaccia et al. (2020) and is a big step towards establishing the convergence of DLA
from long line segment to SDLA in Mu et al. (2019).

Several stationary aggregation processes have been studied recently, e.g., stationary Eden model
Berger et al. (2014) and stationary internal DLA Antunovi¢ and Procaccia (2017). We expect that
SDLA has similar geometric properties. For example, one may adopt the approaches in Berger
et al. (2014); Antunovi¢ and Procaccia (2017), which rely on ergodic theorems and mass transport
principle, to show that all trees in SDLA are finite.

1.1. Notations and Definitions. Let H = {(z,y) € Z? : y > 0} be the upper half plane including
the the x-axis, and {Sp}n>0 be a 2-dimensional simple random walk. For any « € H, we write

z = (M, 2?),
where 2" denotes the i-th coordinate of z. For each n > 0, define the subsets L,, C H as follows:
L, ={(z,n):z e Z},
i.e. L, is the horizontal line of height n. For each subset A C H, we define the stopping times
T4 =min{n >1:85, € A},
and
Ta=min{n >0:S, € A}.
For any R > 0, let B(0, R) = {x € Z?: ||z||2 < R} be the discrete ball of radius R, and abbreviate
TR = TB(0,R)> TR = TB(0,R)-
Let || - ||1 be the ¢; norm. We define
OMA:={ycH\A: Iz c A ||z —y| =1}
as the outer vertex boundary of A, and define
OMA:={ycA:JreH\A,|z—y|) =1}

as the inner vertex boundary of A. Let P.(-) = P(:|So = x). The stationary harmonic measure H 4
on H is introduced in Procaccia and Zhang (2019). Let A C H be a connected set. For any edge
e = (z,y) of H with x € A and y € H\ A, define

ﬁA,N(e) = Z PZ(ST'AuLO :x’SfAULO—l :y)
ZELN\A

Since e = (z,y) is an edge in H with 2 € A and y € H\ A, we have z € 0" A and y € 9°“* A. For
all z € A, define
Han(z) = > Hawl(e),

e starting from x

and for all y € H\ A, define
Han(y) = > Hanle).

e starting in A ending at y

Proposition 1.1 (Proposition 1 in Procaccia and Zhang, 2019). For any A and e above, there is a
finite Ha(e) such that

lim 7-_[,471\7(6) =Hale).
N—oo
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Ha(e) is called the stationary harmonic measure of e with respect to A. The limits
Ha(x) := lim Han(z)
N—o00
and
Ha(y) = lim Han(y)
N—o00
also exist, and they are called the stationary harmonic measure of x and y with respect to A.

Definition 1.2. We say that a set Ly C A C H has a polynomial sub-linear growth if there exists
a constant « € (0,1) such that

{x = (x(l),a:(2)) cA:2® > |x(1)|a}| < 00.

In this paper, we write positive constants as ¢, C, or ¢y, but their values can be different from
place to place.

1.2. Main Theorem. Let ‘H be the regular harmonic measure. The main result of this paper proves
the asymptotic equivalence between the stationary harmonic measure of any given point with respect
to subset A satisfying Definition 1.2 and the rescaled regular harmonic measure of the same point
with respect to the truncations of A. To be precise,

Theorem 1.3. For any subset A satisfying Definition 1.2 and any positive integer n, let
Ap= AN ([—n, n] x Z) (1.1)

be the truncation of A with width 2n. There is a constant C' € (0,00), independent of the set A,
such that any point x € A\ Ly, )
C li_)In nHa, (z) =Ha(z). (1.2)

Moreover, C = 2/limy, o nHp, (0), where D,, = ([—n,n] x {0}) N Z2.
Remark 1.4. For points in Ly, we can replace the regular harmonic measure Hy, (x) in (1.2) by its
edge version. L.e., we have for all x € Ly,

C lim lim nP, (smn =2,8? | > o) = Ha(x). (1.3)

=00 Jy| 00 man
Later one can see the proof of (1.3) follows exactly the same argument as the one for (1.2).

The structure of this paper is as follows: We show that stationary harmonic measure is equivalent
to a normalized harmonic measure in section 2 (see Theorem 2.8), and the proof of Theorem 1.3 is
presented in section 3.

For Theorem 1.3, we first prove its special case when A = Ly (so 4,, = D,, in this case). It is
not hard to show that nHp, (0) has finite and positive upper and lower bounds. This and Theorem
2.8 imply the correct scaling for harmonic measure. One of the difficulties is to show that nHp, (0)
converges. We overcome this by showing that [nHp, (-)—nHp, (0)| is small around the neighborhood
of 0, and then pass the limit to its continuous case. Another difficulty is extending the special case to
all sets A with polynomial sub-linear growth. Suppose that Ly C A C H has polynomial sub-linear
growth and x € 9™ AN A,,. We consider a rectangular box B, with a small width and large length,
that barely contains A,,. Suppose that [ is a finite line that covers some central part of the top side
of 9™ B. A random walk starting from “infinity" in H (or in Z?) must hit 9B before hitting A (or
A,). With small probability the first time a random walk starting from "B\ [ in H (or in Z?) hits
A (or A,) is at x. Therefore, by the Markov property of random walks, one only need to study the
harmonic measure of [ with respect to B. For any point y € [, 2Hp(y) ~ Hp, (0), and the proof of
this approximation relies on a discrete version of Beurling estimate in Lawler and Limic (2004) (see
Leema 3.17). This explains why lim,,_,~, nHp, (0) appears in the constant C' of Theorem 1.3.
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2. Stationary Harmonic Measure is Equivalent to Normalized Harmonic Measure

Lemma 2.1. For all x € Lo, Hr,(z) = 1.

Proof: Like Proposition 1 in Procaccia and Zhang (2019), the proof follows a coupling argument

by translating one path starting from a fixed point of Ly horizontally. For each N, let 5,7(10,1\/) be a
simple random walk in the probability space P ny(-) starting at (0, N), and SN — glON) 4 (k,0)
for all k € Z. Note that SO is a simple random walk starting at (k, N). Let

7L, = inf{n >0: SO ¢ Ly}
be a stopping time. Then we have

TLo = inf{n >0: Sr(Lk’N) € L()}
for any k € Z, and

SN = §ON) o (k,0).

TLO TLO

Hence,

v _ (k,N) _ .\ _
Hron(@) =) P(Sz,) =)=
k€EZ
By definition of the stationary harmonic measure,

Hig(@) = lim Hp, n(z) = 1.
]

We now define a new measure # A(+) which is equal to the stationary harmonic measure H(:)
for all sets A with polynomial sub-linear growth. For each n > 0, we first define

ﬁA’n(x) = 7rnP(07n)(STAULO =z).
Lemma 2.2. For all z = (z(V),0) € Ly,
lim Hign(z) = 1.

Proof: By Theorem 8.1.2 in Lawler and Limic (2010),

n n 1
Blom)(Sr, =) = 71_(712_'_(56(1))2)<1 +O<n2—|—(:c(1))2)> +O<(n2+ (x(1))2)3/2>'

nh_)rgo Hron(z) =1

So,

0

Similar to the construction of the stationary harmonic measure H 4(-), we want to define a measure

H 4 on H as follows:
Ha(x) := lim Han(z).
N—o0

We denote H A(x) by in-harmonic measure. We want to show that Ha = Ha if Ahas polynomial
sub-linear growth. Proving that the two measures are equal partly suggests the correct scaling for
harmonic measure. Moreover, we provide a good way to approximate stationary harmonic measure.
For example, Lemma 2.6 is used in the proof of Lemma 7.1 in Procaccia et al. (2020). We already
proved that ﬁLo = H, in Lemma 2.1 and Lemma 2.2.
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Proposition 2.3. Let A C H be a connected finite subset. For any x € H,
Ha(z) = lim Han(z)
N—oo

exists, and Ha(z) = Ha(z).

Proof: Without loss of generality, we assume z € 9™ A. Let
k=max{y® :y = (yV,y®) € A},

and n > m > k so that L, N A = (). By strong Markov property and translation invariance of
simple random walk,

Hoan(z)
= WnP(O’n) (STAULU = l‘)

=7n Z Pon)(S7p,, = y)Py(Srasr, =)
yELm

(2.1)
n
= > Py(Sra, = 2)|m(n—m) P (S, =)
n—m
yELm
= —— 3" P(Srus, = D Hron-m(w)
- n—m Yy TAULO - Lo,n—m yO b
yELm
where 3o = (yV),0). Then by Dominated Convergence Theorem and Lemma 2.2,
x5, Han(e)
. n ~
= nh_)ngo Z Py(STAULO = x)n _ mHLo,n—m(yO)
yELm
= Z Py(STAUL0 =) [nh_{r;o — m/HLO,nfm(yo) (2.2)
y€Lm
= D Py(Sras, = 2)
YELpm,
= 7-_[A’m(x).

We can apply Dominated Convergence Theorem in equation (2.2) because H Lo.n—m(Y0) is uniformly
bounded from above for all n and yo € Z by Theorem 8.1.2 of Lawler and Limic (2010) and the fact

that ﬁLO,n_m(O) > ﬁLO,n_m(yo) for all yo € Ly. We claim that Ham(z) = Ha(z). Let my > m.
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By strong Markov property and Lemma 2.1,
?:[A7m1 (x)
- Z Py(STAuLO = 1)

yELml

- Z Z Py(S7,,, = 2)Po(Sraur, = )

YELmq 2€Lm

= 3 RSy =) 3 A, =) (23)

2ELm yELml

= Z PZ(STAULO = 2)Hromi—m(2')

ZGLm

= Z PZ(STAULO = 1)

2€ELm
= /HA,m (l‘) )

where 2/ = z — (0, m). Hence,

7'~[A(;E) = Ham(z) = ]\}i—{nooﬂA’N(x) =Ha(x).

For any positive integer n, consider the following rectangle in Z2:
I, = [-n,n] x [0,n] (2.4)

with height n and width 2n. It is easy to see that I,, C B(0,2n). Moreover, we let 9"*I,, be the
inner vertex boundary of A,, and let

"I, = {—n} x [1,n], 9", ={n} x [1,n], "I, =[-n,n] x {n}, "I, =[-n,n] x {0}

be the four edges of 9""1,,.
Let {Sy}n>0 be a simple random walk starting from 0 and denote by Py the probability distri-
bution of S,. Define the stopping time

T, = inf{k >0, Sy € 01, }.
Using simple combinatorial arguments, we prove the following lemma:
Lemma 2.4. For any integer n > 1
Py (St, € 0'1,) > Py (St, € 0", UO'L,,) .

Proof: Let 93", I, = [1,n] x {n} and 0/ I, = [-n,—1] x {n} be the left and right half of 9;"I,.
By symmetry it suffices to prove that
Py (St, € 0" I,) > Py (St, € O'IL,) . (2.5)

By definition, we have

Py (St, €0 1) => Py (Sk € 0 I, Ty = k)
k=1
and
Py (S, € 0"1,) =Y Py (Sk € 0L, T =k).
k=1
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Moreover, for each k,

IR,
4’g ’

+
4,
4k

Py (Sk €O In, Ty =k) = . Py(Skedl,, T,=k) =

where
Z/{;k = {(ap,a1,--- ,ax), such that ap =0, ||aj+1 —a;|| =1, Vi=0,1,---  k — 1,
a; € Ap\ O™ Ay Vi = 1,2, k—1, ax € O I}

and
Rk = {(ao,a1,--- ,ax), such that ap =0, |laj41 —a;|| =1, Vi=0,1,--- |k —1,

aj € A \ 0™ A, Vi = 1,2, k—1, ay € 91, }
give the subsets of the random walk trajectories in events {St, € 93", I,,} and {Sr, € 01}

Thus in order to show (2.5), we construct a one-to-one mapping ¢ between the trajectories in
Ry, i and Z/l:k. For any trajectory @ = (ag, a1, -+ ,ax) € Ry, define

m(@) =sup {i >0, ol =}

7
to be the last point in the trajectory lying on the diagonal. Here agl) and al(»z) are the two coordinates

of a;. In this paper, we use the convention that sup{()} = —oo. Then it is easy to see that
0e {2 >0, al(.l) = agg)} and thus m(@) > 0 and m(a) < k. The reason of the latter inequality is

that suppose m(@) = k, then we must have ay = (n,n) which implies that a1 = (n — 1,n) or
(n,n — 1), which contradicts with the definition of @.
Now we can define

90(6) =a = (a()vallv"' 7a;c)
such that
e a, = a; for all i < m(a).
o a, = <§,Z)forallz>m()

FIGURE 2.1. mapping between trajectories in R,, ;, and L{:k

Le., we reflect the trajectory after the last time it visits the diagonal line x = y. By definition

(am(ﬁ)+l7 Am(@)+2> """ 7ak71)
stays within {(z,y) € Z%, 0 <y < x < n}, while a;, € R,,. Thus, under reflection we have

!/ / /
(am(ﬁ)+17 Cm(@)+2> """ > ak—l)
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stays within {(z,y) € Z?, 0 <z <y < n}, while a, € U, which implies that @’ € U,
On the other hand, suppose we have two trajectories @ and b both in Ry, i such that ¢(a) = go(g)
Then one must have m(@) = m(b) = m and a; = b; for all i < m. Moreover, for all i > m, we have

(62,0 = at =t = (520,

(3

-,

which also implies that a; = b;. Thus, we have shown that (@) = ¢(b) if and only if @ = b and ¢
is a one-to-one mapping, which conclude the proof of this lemma. ]

We define
Fm = Fm,a = {_{ml/aj’ I_ml/aJ} X ZZO

as two vertical lines on H.

Lemma 2.5. Fiz x € H, then for all sufficiently large m,

Px(TFm,a < TLO) < em~ Y,

Proof: Let m > 4|z1|, and 2/ = (("),0). There exists a constant C' > 0 independent of m such
that

CPx(TFm,a < TLO) < Pm/(Tmea < TLO).

By translation invariance of simple random walk, we have

Px/(Tmea <7‘LO) SP()(T[ <7‘LO).

Lm1/e /2]

By Lemma 2.4,

1/04.

P()( <TLO> §2P0(TL <TL0) <cm

T /e ) lm1/ /2

O
The next lemma claims that 7 4 is concentrated on the part arising from random walks starting
from y € Ly, such that [yM| < [m!/«].

Lemma 2.6. Let A C H be an infinite set that has polynomial sub-linear growth with parameter
a€(0,1). Let 1 > an = (a+1)/2 > «, then for any x € H,

lim > Py(Sy,une = ) — Ham(z)| = 0.

m—00
YELm,[yWD|<[mt /1 |

Proof: Note that {y € Ly,|y™"| < [n/*1]} N A = (. Following the argument in Kesten (1987,
Lemma 2) on time reversibility and symmetry of simple random walk, we have

Py(TLE = k7 Slv ) Sk,1 g_f {[L’} ULO)
= Pa:(Ty =k, 51, -, Sk ¢ {.T}} U Lo) (26)
= Pu(Sk =Y, Tzyur, > k)
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Taking the summation over all k, we have

Py(TfE < TLO)

o0

> Pyre =k S, -+, Sp1 ¢ {z} U Lo)

i
I

o

Pz(Sk =Y, Ta}uLy =~ k)

k=1 (2.7)
< E, | number of visits to y in the time interval [0, T{x}uLO)]
< E, | number of visits to y in the time interval [0, TLO)] .
Therefore,
Jim > Py(8ry =)
YELm\A,lyM) | >[m?/ 1]
< rr%gnoo Z Py(THC < TLO)
YELm\A [y(D[>[m?/ 1]
(2.8)
< lim Z E, | number of visits to y in the time interval [0, TLO)]
m—ro0
yELm\A,ly(M|>[m!/1]
< lim E,| number of visits to Gy, o, in the time interval [0, TLO)] ,
m—0o0
where Gy = {y € L ¢ [yM] > [m!/*1]}. By Lemma 2.5, we have
Jim > Py(Sry = )
YELm\A [yD[>[m!/ 1]
< lim FE, | number of visits to Gy, o, in the time interval [0, 77,)
m—00 ’ (2.9)
< W}gnoo 47711:’95(7'(;Wa1 < TrLy)
< lim 4mPy(7p,, .. < TL)
m—00 1
=0.
The proof is complete. ]

Lemma 2.7. Let A C H be an infinite set that has polynomial sub-linear growth with parameter

a€ (0,1). Let 1 > oy = (o« +1)/2 > «, then for all x € H and for all € > 0 and for m and
n =n(m) large enough, we have

> Py(Sr,ure = ) — Han(z)| < e
YE L, [y |<m1/o1 |

Proof: Fix z € H and € > 0. Let | = max{y® : y € 4,y® > |y()|*}. Assume that n and m are
large with n > m > max{l,2}. Let ay = (a + 1)/2 as defined in Lemma 2.6. By strong Markov
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property, we have
Hoan(z)
= ML n)(Sry = )

= Z WnP(O,n)(STAuLm = y)Py(STA = LU)
yELm\A

< 3 TPy (Sracr, = Y)Py(Sry =) + ¢ > Py(S:-, =),
YE L, [y |< [ m /o1 | YELm\A [yM) > [m?/*1]
(2.10)

where ¢ > 0 is a constant. The last inequality of equation (2.10) is using Theorem 8.1.2 in Lawler
and Limic (2010) and the fact that

P(O,n)(STAuLm = y) < P(Ovn) (STLm - y)

By Lemma 2.6, we know

lim Z P,(S;, =) =0.

m—00
YELm\A |y |>[ml/o1]

Thus, there exists a M; > max{l, 33(2)} such that for all m > M; and all sufficiently large n > m,

Han(z) — > TP (Sravs,, = Y)Py(Sry = )| <
YELm,lyD[<[ml/o1]

N ™

Denote the set

Ap={zeH:zW > [m"*|,m<z® < |z}
Note that Am contains the part of A that is above the horizontal line L,,. For y € L,, such that
lyM| < mY*1 | we have

Pon)(Sravr,, =Y) < Pon)(Sry,, =), (2.11)

P (Sravsn =Y) 2 Plom Sz oy, =)
= Plom)(Srs,, =9) = D Powy(Sry o, =2)P(Sry, = ). (2.12)

Zegm

Note that for z € Zm, P(O,n)(STg = z) = 0 unless z is in the upper inner boundary of gm, ie.,

z = (k, |k*|) € O™ A,, for some k > |m'/®|. Suppose z = (k, |k®]) € O™ A,, with k > [m!/*]|. Let
y € Ly, such that |y™] < m!/®1 . By Theorem 8.1.2 in Lawler and Limic Lawler and Limic (2010),
we have

PZ(STLm = y)

< o([k%] —m)

= (ko) =m)? + (k= [ml/en])? (2.13)
c(k® —m)

< .
= (ko] —m)? 1 (k — mi/an)?
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Thus,

> Pom(Sry o = 2)Pu(Sry, =)
2€Am

<Z z TLm )

2€EAm
o0

k*—m
SN I (T R

k=[ml/a]

(2.14)

Z (s +ml/*+1)
— S+ Lml/a )aJ _m)Q + (S+m1/a _ml/a1)2'

It’s easy to see that the sum above converges and goes to 0 if m goes to infinity. Consider the sum

o 3/Ca)-1/2 % (s +mt/e 4+ 1) —
S:=cm /(2e) /Z —i—Lml/o‘J)aJ—m)2+(3+m1/a_m1/a1)2.

Note that

o

1/ o
3/(2a)—1/2 (s +ml/*+1)
em ZQ(H [/ ])a] —m)2 + (s + ml/a — m1/ar)?2

2.15
s—|—m1/0‘—i—1)°‘— (2.15)

S 4+ ml/a — ml/a1)2 ’

/(2a)—1/2

oS
s=1

For all 0 < a < 1, there is a M > 0 large enough such that for all s > 0 and m’ > M,
9 3/(2a)—1/2 — (s+m!/*+1)* —m
&m<cm SZ:; (s+m1/a_m1/a1)2

So the sum S goes to 0 if m goes to infinity. Hence, we can take n = Lm3/ (20)-1/ 2]. Note that
3/(20) —1/2 > 1/a. For any y € Ly, with [y < [m!/®1|, we have

< 0.

/

m=m

lim n Pon)(S-

m— 00

=2)P.(57,, =y) =0,

TAmULm
zGAm

and

lim P (Sry,, =y) = 1.

m— 00

Now fix N > max{l,z2}. From the proof of Theorem 1 in Procaccia and Zhang (2019), we know
that the sequence H 4 j(x) is decreasing for j > N. There exists a My > N such that for all m > My,

€
Therefore,
€
Z (W”P(O,n)(STAuLm =y) — 1) Py(S-, =) < 7
yeLmJy(l)‘Sl_ml/alJ
Now take m > max{M;j, Ms}, and the proof is complete. ]

The following theorem is a direct consequence of Lemma 2.6 and Lemma 2.7.
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Theorem 2.8. Let A C H be an infinite set that has polynomial sub-linear growth. For any x € H,
Ha(z) = i Han (@)

exists, and Ha(x) = Ha(z).

Proof: Let € > 0. By Lemma 2.6 and Lemma 2.7, there is an M > 0 such that for all m > M,
Hoam(x) — Ham(z)| <e.

We know -
W}gnooHAm( x) = Ha(x).
Hence, B
Ha(x) = n%gnooHAm( x)
exists and Ha(z) = Ha(x). O

3. Proof of the Main Theorem

In order to prove Theorem 1.3, we first show its special case when A = Lg, which can be stated
as the following result on the asymptotic of regular harmonic measures: Let D,, = [-n,n| x {0} to
be the horizontal line segment of interest. In this section we proved that

Theorem 3.1. There is a constant ¢ € (0,00) such that
lim nHp,(0) = c. (3.1)
n—oo
The structure of this section is as follows: In subsections 3.1 and 3.2 we outline the proof of

Theorem 3.1 and Theorem 1.3. Then in the following subsections, we give the detailed proof of the
required propositions and lemmas.

3.1. Proof of Theorem 3.1. Theorem 3.1 can be proved according to the following outline: First, we
show that nHp, (0) has finite and positive upper and lower limits:
Proposition 3.2. There is a constant C € (0,00) such that

limsupnHp, (0) < C. (3.2)

n—oo

Proposition 3.3. There is a constant ¢ € (0,00) such that
liminf nHp, (0) > c. (3.3)
n—oo

The two propositions above guarantee that the decaying rate of Hp, (0) is of order 1/n. To show
limsup = liminf, we further show the following coupling result:

Proposition 3.4. For any € > 0, there is a § > 0 such that for all sufficiently large n and any
€ [-0n,dn] x {0}, we have

Hp, (0) — Hp, (z)| < <. (3.4)

n

Let B(0,R) = {z € R? : ||z||]2 < R} be the continuous ball of radius R in R?. For standard
Brownian motion B(t) and subset A C R?, define the stopping time

Ty =inf{t >0: B(t) € A}.
For subset A C R?, H, denotes the continuous harmonic measure with respect to A.
Lemma 3.5. Fiz § € (0,1), then
lim M, ([~6n,5n] % {0}) = H_y g0y ([0 x {0)).



Stationary Harmonic Measure as the Scaling Limit of Truncated Harmonic Measure 1541

Once one has shown Propositions 3.2-3.5, the proof of Theorem 3.1 is mostly straightforward.
Now suppose the limit in (3.1) does not exist. Then by Proposition 3.2 we must have
0 < liminfnHp, (0) < limsupnHp, (0) < co. (3.5)
n—0o0

n—00

Let
limsup,,_, nHp, (0) — liminf, . nHp, (0)
€ = 3 > 0.

By Proposition 3.4, there are dgp > 0 and Ny < oo such that for all n > Ny and any = € [—dpn, don] X

{0},

€
Hp, (0) —Hp, (x)| < g
Moreover, for any N > Ny, there are ni,ne > N such that
niHp,, (0) <liminfnHp,(0) + €o,
n—oo

and that
n2Hp,, (0) > limsupnHp, (0) — .
n—oo
At the same time, for the §y > 0 defined above,
Hp,, ([—don1,d0n1] x {0}) = > Hp,, ()
xE[—&)nl,(Sonl]X{O} (36)
< Lom]+1 [hm inf nH p, (0) + 260] ,
’I’Ll n—oo
and
Hp,, ([=donz, donz] x {0}) = > Hp,, ()
IE[ftsonz,(So’nz]X{U} (3 7)
. .
> Loona] +1 [lim supnHp, (0) — 260] .
n2 n—00
But by Lemma 3.5,
Jim #p, ([=don, don] x {0}) = Hi_1,1)x 03 ([=d0, do] x {0}),
which contradicts (3.6) and (3.7). O

3.2. Proof of Theorem 1.5. Define a1 = (14+a)/2 € (0,1) and Box(n) = [—n,n| x [0, [n*]]. Recall
the definition of regular harmonic measure and the fact that A,, C Box(n) for all sufficiently large
n. For any © € A\ Ly,

HAn (:L') = Z HBox(n)( ) (STAn HJ) :
y€0 Boz(n)
Then define

3’”3096(”) [=n,n] x {[n™ ]}
Box(n) = [-n,n] x {0}
Box(n)—{ n} X [L; [n™t] = 1]
0,"Box(n) = {n}, x [1,[n® | — 1]

to be the four edges of 0 Box(n). Noting that Ly C A, it is easy to see that for any y € 97 Box(n) =
[—n,n] x {0}, P, (Sz, =) =0. Moreover, define oy = (7 + )/8 and

bn = [=[n®2], [n®2]] x {[n* ]}
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to be the middle section of 82" Box(n), and denote & = 8{" Box(n) U 9" Box(n) U 02 Box(n) \ ly.
We further have the decomposition as follows:

Z M Box n) - Z HBOQ?(” (S?An - IL‘) ’ (38)

yelg y€Ely,

From (3.8), we first note that H goy(,)(y) sums up to 1, which implies that

> Hpos) W) Py (Sra, =) <max P, (Sz, =1). (3.9)

yels yelg,
Thus our first step is to prove
Proposition 3.6. For Box(n), I, and IS, defined as above, we have

lim n-max Py (S74, =) =0. (3.10)

n—o0 yels,

With Proposition 3.6, it is sufficient for us to concentrate on the asymptotic of

Z HBoz(n) (y)Py (SfAn = -'E) .

YEln

We are to show that

Proposition 3.7. For any x € A and the truncation A, defined in (1.1)

lim > Py (Sz,, =) =Halx). (3.11)

y€Ely

and that

Proposition 3.8. For any € > 0, there is a Ng < oo such that for all n > Ny and all y € 1,,,

‘2%Boa:(n) (y) - HDn (O)‘ < 6/n' (312)
Once we have proved the lemmas above, Theorem 1.3 follows immediately from the combination
of Propositions 3.6-3.8, together with Theorem 3.1. ]

3.3. Emistence of upper and lower limit. In this subsection we prove Propositions 3.2 and 3.3. The
following lemma can be easily obtained by using time reversibility and symmetry of simple random
walk, e.g., see Lemma 2 of Kesten (1987).
Lemma 3.9. For any positive integer n and x € D,
1
Hp, (z) = Rh—>oo m » [number of visits to 0°**B(0, R) in [0,7p, )] -
The proofs of Propositions 3.2 and 3.3 rely on Lemma 3.9.

Proof of Proposition 5.2: By Lemma 3.9,
1
Hp, (0) = lgléo m o [number of visits to 9”"B(0, R) in [0,7p,)] . (3.13)
Note that there is a finite constant C' independent to R such that
1 ¢
|0°B(0,R)| — R’

IN
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At the same time, define C,, = [—[n/2],0] x {0} C D,, and apply Lemmas 3-4 of Kesten (1987)
with r =n,
Ey [number of visits to 0°**B(0, R) in [0, 7p,,)]

Po(tr < 7D,)
- minweaoutB(07R) Pw (TDn < TR)
< CRlog(R)Py(Tr < TD,,)

= CRlog(R) > Py(mm <7D, S, =2) P.(Tr < 1p,)
z€0°4tB(0,2n)

< CRlog(R) Z Py (Ton < D, 5 S, = 2) Po(TR < TC3,)
z€0°“t B(0,2n)

< CRlog(R)Py (Ton, < 7p,,) zeaogtl%)((o,zn) P.(tr < 710,)
< CRPy (19n, < TD,,) -
Thus, there is a finite constant C' independent to n such that
Hp, (x) < CPy (120 < TD,,) - (3.14)
By Lemma 2.4 and the fact that I, C B(0,2n), we have

Py(7en < 7p,)) < Po(11, < TD,,)
= Py (St, € L, U9 I, UOLT,) (3.15)
< 2P, (STn S BZ”I,L) .

Moreover, note that

. 1
P() (STn € 8;”1'”) < Po (TLn < TLO) = @ (3.16)
Combining (3.14), (3.15) and (3.16), the proof of Proposition 3.2 is complete. O

The next lemma is an important ingredient in the proof of Proposition 3.3.

Lemma 3.10. For any k > 2, there is a ¢ > 0 such that

CL
Py (Tkn < TpD,,) > P

Proof: For a simple random walk starting from 0, it is easy to see that

Thn < TLyn> TLo < TDy-

Thus,
1
4kn
and the proof of this lemma is complete. O

Py (Tkn < Tp,,) = Po (1, < TLo) =

Proof of Proposition 3.5: Recall (3.13). By Lemma 3.2 of Procaccia and Zhang (2019), there is a
constant C' < oo independent to the choice of n and R > n such that for all w € 9°“* B(0, R),

Py(7p, < r) < C[Rlog(R)]~ . (3.17)
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Thus,
Ey [number of visits to 8**B(0, R) in [0,7p,,)]
Py(tr < TD,,)
- MaxXy,cgout B(0,R) P, (TDn < TR)
> cRlog(R)Py(tr < TD,,)-

At the same time, by Lemma 3.3 of Procaccia and Zhang (2019), there are constants 2 < ¢y < 0o
and ¢ > 0 independent to the choice of n and R > n such that for any z € 9°“* B(0, con),

c
Pi(tr < > 3.18
Thus, we have
PO(TR < TDn) = Z PO (Tcon < TDna STCOn == Z) Pz(TR < TDn)
2€0°vt B(0,con)
> cRPy (Tegn < TD,,) -
Therefore,
HDn (O> > chy (Tcon < TDn) . (3.19)
Combining (3.19) and Lemma 3.10, the proof is complete. O

3.4. Proof of Proposition 5./. For the proof of Proposition 3.4, we without loss of generality assume
that the first coordinate of = is an even number, see Remark 3.12 for details. With Propositions 3.2
and 3.3, by spatial translation it is easy to see that there are constants 0 < ¢ < C < oo such that
for all z € [-n/2,n/2],
¢ ()< & (3.20)
n n

Moreover, recall that

1
Hp, () = lim ——0-—— Hon (e
( ) R—oo |80UtB(07 R)| yeaa%(o R) ( )

1
= ]%Llil)o m&c [number of visits to (“)O“tB(()7 R) in [O,TDn)] '

Thus for any n and x, there has to be a Ry such that for all R > Ry,

1
HDn (fl?) — mEx [number of visits to aO“tB(O, R) in [O, TDn)] ‘ < i
and
1
"HDn(O) — WEO [number of visits to 0°“'B(0, R) in [0, ™,)] ‘ < i

At the same time,
E, [number of visits to 8**B(0, R) in [0, 7p,,)]

P, (T < TD,, Sy, =w
R B e =
2€0°%t B(0,2n) wedout B(O,R) W\ Pn R

and
Ey [number of visits to 9°**B(0, R) in [0, 7p, )]

P, TR < TD, S, =w
Y A< 9 Y B DS )
2€0°ut B(0,2n) wedoutB(O,R) W\ Pn SR
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Thus we have
|Hp,(z) —Hp,(0)]
1

Sm Z |PO(T2”<TDn7S7'2n:z)_Px(T2n<TDn7S’7'2n:Z)|

2€0°u B(0,2n) (3.21)

Z P.(tr < Tp,, Srp = w) N €
P, (tp, < TR) on’

wedout B(0,R)

Again by Lemmas 3-4 of Kesten (1987) with » = n, there is a constant C' < oo such that for all n,
R > n and z € 8°* B(0, 2n),

1 Z P, (Tr < 7D, Srp = W)

out
07BO. R\, yeton Fo(mo <7h)

g P, (tr <7p,)
~ |0°4B(0, R)| miny,epout p(o,r) Po (T, < TR)

(3.22)

<C.

Thus by (3.21) and (3.22), in order to prove Proposition 3.4, it suffices to show the following lemma:

Lemma 3.11. For any € > 0, there is a § > 0 such that for all sufficiently large n and any
x € [—dn,on] x {0}, we have

> 1Py (Ton < 7D, Sray = 2) = Pi (720 < 7D,, Sy = 2)| < = (3.23)
z€0°4t B(0,2n) "

Proof: For any € > 0, define § = e~ > 0. In order to prove this lemma, we construct the following
coupling between the simple random walks starting from 0 and = € [—dn,on] x {0}:
(i) Define a subset A5, = [—[n/2], [n/2]] x [0, [en]]. B -
(ii) Let {Sk}?2, be a simple random walk starting from 0, T = inf{k : Sy € 9™AS}, and
_ 5.
(iii) For k < T¢, let Sy = Sk and Spy, = Sk + .
(iv) Let {slk} )
coupled under the max1ma1 coupling.
( ) FOI“k>T6 let Slk—Slk Te andSQk—SQk Te -

and {5’2 k} be two simple random walks starting from zf, and zf, + x and

Remark 3.12. In Step (iv) we use the assumption that the first coordinate of z is an even number.
Otherwise, one can construct S  starting from x;, and 52 i starting uniformly from B(zf, + z,1)
under max1mal coupling.

By strong Markov property, it is easy to see that S; ; and Sy ;. form two simple random walks starting
(1) 2

from 0 and z. Let 7"/ and 7.

Thus,

be the stopping times with respect to Si and Ssj respectively.

Z ‘PO (7—271 < TDn7ST2n = Z) — Px (TQn < TDn’STQn — z)|
zeaoutB(o 2n)
1 ) )
— ’P ( (1) < Té)’sl,rg(l) - z) P, (7.2(n) < 7_1()3752772@ _ z)‘
2€8°%t B(0,2n) " n
Again we introduce

= [=[n/2], [n/2]] x {len]}, B, =[-|n/2],[n/2]] x {0}
and

Ly =A{=[n/2]} x[1, len] = 1], R, ={[n/2]} x [1, [en] — 1]
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as the four edges of 9™ AS. Note that for all € < 1/3,
{72(,11) < ng} N {S‘TTEL € Bg} =0, {rz(i) < T}fj} N {S*Tﬁ 2 B;} =0.
Thus for any z € 3°“*B(0, 2n), we have
Py (7’2(711) < 71(713,5’1772(? = z) =P (SYT5 e Uy, 7'2(711) < 7'83, 5’1772%) = z)

= 1 1
P (ST5 € LSURS, i) < 7). S = z)

and
P, (Tz(i) < 732,52’75723 = z) =P, (ST;L eU;, 7'2(2) < ng, 5'2’72(31) = z)
+P, (Sfﬁ € LSURS, 72 <73, Sy = z) .
Thus,

Z ‘PO (7‘2(711) < 71(713, 31,72(1) = z) - P, (7‘2(,,21) < 7',%22, 52,7252) = z)’
2€8°ut B(0,2n) " "
< Z ‘P (57?5 S Ufl, 72(711) < ng, Sl L) = Z) - P <'§Tﬁ S Ufl, TQ(? < T(Dzz, SQ L2 = Z)‘
ZeaoutB(O’Qn) '2n '2n
5 1 1
+ Y (STE €L UR, ) <10, 8 = z)
z€9°utB(0,2n)
Q € € 2 2
+ Y (ST; € LyUR;, 73 <75), S, o = z)
2€8°% B(0,2n)

< Z ‘P (STe e Uy, 7'2(711) < T(Dl), 51 W = z) - P (STE e Uy, 72(721) < T(DZ), 52 (@ = z)‘
n n 7T2n n n 7T2n

z€0°ut B(0,2n)
2P (Sfﬁ e LE U R;) .
(3.24)
In order to control the right hand side of (3.24), we first concentrate on controlling its second term.

By invariance principle it is easy to check that there is a constant ¢ > 0 such that for any integer
m > 1 and any integer j with |j| < m, we have

Po,j) (Ta;nfmua;;nfm < Ta;nfmuagn1m> <l-ec (3.25)
Moreover, by Lemma 2.4,
1
Plo.0)(Tgin uoin 1y < Toip 1) < P0,0) (L < T10) = (3.26)

In the rest of the proof we call the event in (3.25) a side escaping event. The detailed proof of (3.25)
follows exactly the same argument as the proof of Equation (11) in Procaccia and Zhang (2021),
which can also be illustrated in the following figure:
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(mjtm)---oee oo S (m,j+m)
(-m,m) § (m.m)
(—m,O)‘ T ‘(m,O)

(-m,j-m) L I : (m,j-m)

FIGURE 3.2. invariance principle for (3.25)

Moreover, define m(e,n) = |en|. Note that in the event {S’Tﬁ € L{,URS }, our simple random walk
has to first escape A,;;(c,,) through L, (¢ nyU Ry (cn) and then has at least K (e,n) = Hn/2j /m(e, n)J
independent times of side escaping events. Thus by Lemma 2.4, (3.25), (3.26), and the fact that for
all sufficiently small € > 0,

1
K(en) = | [n/2) fm(e;m)] > -
we have L
_ 1 €
P (ST;L e L U R;) < —(-gF < (3.27)
for all sufficiently small € > 0. Thus in order to prove Lemma 3.11, it suffices to show that
Z ’P (STZ S Ug, 7'2(711) < ng, Sl S = Z) - P (S’fg S U;, 7'2(721) < T(D237 S2T(2) = Z>‘
26801”3(0,271) e o (328)
<<
n
~ o0 ~ oo
Recall that in our construction, {Sl’k}k . and {527k}k . are simple random walks coupled under

the maximal coupling. Define the events

Ay = {S*Lk ¢ D, U™ B(0,2n), Yk < 64n2} ,

Ay = {SM ¢ D, U3 B(0,2n), Yk < 64n2} ,

and
As = {there exists a k < e*n? such that 5’1,]- = 5‘17]-,Vj > k} )

By definition, one can easily see that

{S’Te e Uy, T2(711) < Tg), Sl 1y = Z} NA;NAs N As
n n 77—271,

) . (3.29)
= {STﬁ S Ufw 7_2(11) < Té)j, 52 7_2(2) = Z} NANAy N As,
which implies that
o € 1 1 o € 2 2
Z ‘P (STﬁ eU,, TQ(n) < 7'](32, 51772(1) = z) - P (S:,‘wﬁ eU,, TZ(n) < 71(327 SQyTQ(Q) = Z>‘
z€9°ut B(0,2n) " " (330)

<2P ({S’T; cUSIN Aﬁ) +oP ({ST; c US) mAg) +2P ({ST; cUSIN Ag) .
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Thus, it suffices to control the probabilities on the right hand side of (3.30). For its first term, by
Proposition 2.1.2 of Lawler and Limic (2010) there are constants ¢, 5 € (0,00) independent to n
such that

P (A]) < ce P/, P (A5 < ce P/,
By strong Markov property, we have

_ ceB/€ 1 €
. € c) < - — .
P ({STn e Uk Al) <E—nl<s (3.31)
and
P ({S’, c U€} N Ac) < Ceiﬁ/eQ n_l < E (3 32)
Te n 2] = c n .

for all sufficiently small € > 0. Finally, for the last term
P ({Sr; € Uk 45)

~ o
recall that the first coordinate of z is even and that {Sl,k}

~ oo
and {SQ’k} are two simple random

walks starting from xf, and z{, + = and coupled under the maximal coupling. We have

P ('Ag) <drv (S’I,L€4n2ja§2,|_e4n2j> )

where dry(+,-) stands for the total variation distance between the distributions of two random
variables. On the other hand, note that

drv (1), Satcnt)) =5 3 [P (Sugetney = 2) = P (Sa1tee) = =)

2€Z2

< % P (Suew | € B, 2n)> +P (32,Le4n2 | € B0, 2n))

+ Z ‘P (51,L€4n2J = z) - P (Sﬂe%ﬂ = z)‘]

z€B(0,2n)

And again by Proposition 2.1.2 of Lawler and Limic (2010), there are constants ¢, € (0,00)
independent to n such that

P (S*LWQ | € B0, 2n)) <ce Pl p (§27L64n2 | € B0, 2n)) < ce Pl (3.33)

And for any z € B(0,2n), conditioning on the event {S’Tﬁ = zf } and applying Proposition 4.1 of
Delmotte (1999) with zg = zf,, no = [¢*n?] and R = |e*n], there are constant h > 0 and C' < oo
independent to n and zf, such that

} (5' 1letn2] = z’STe =2 ) - P (5’2,L€4n2J = Z‘S’Tﬁ = x;)

_1
C( 6) sup P, (S, =2),
<t ) (mnweq

where Q = [ng — 2R?, ng] x B(xS,2R). Moreover, by Local Central Limit Theorem, see Theorem
2.1.1 of Lawler and Limic (2010) for example, there is a finite constant C' < oo independent to n
such that

sup Py (S, =2) < i

4,27
(ny)EQ en
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which implies that

_1\ N
¢ 46 sup Py (S, =2) < Cleeem4(1+h) =2
€ (ny)€Q

and that
S =2) 2 (i)
< Z ’P <‘§1,L64n2J = Z’ST;L = :IZ%) - P (SQ,Le4n2J = Z‘g_ﬁ = x;)

P (8r; = i)

h (3.34)
< CecedHh) =2 Z P (Sfﬁ = :L‘;)
< Ce e d0Hh), =2,
Thus,
Z ‘P (S’l,L64?’L2J = Z) - P (32,L64n2j = Z) ‘
z€B(0,2n)
< Z Co % =4(1+h) =2 (3.35)
z€B(0,2n)
< Ce_%6_4(1+h).
Combining (3.33) and (3.35), we have
. N N 1 B/t _h _
P (AS) < drv (SLLEW 1+ S fetn J) < 5 (2ee7/ 4 CemE e i), (3.36)
And by strong Markov property,
P <{ST6 cUxn .A§> < — (206_5/54 + 06_%6_4(1-”1)) << (3.37)
n 8en n
for all sufficiently large n and sufficiently small €. Thus, the proof of this lemma is complete. O
With Lemma 3.11, the proof of Proposition 3.4 is complete. g

3.5. Proof of Lemma 5.5. Let M, My € Z, such that M > My > 1. By strong Markov property,

Po,vm) (Ti—sn.6n]x {0} = TD,)

= > Po,nm) (Taovt B0, Mon) = Y) Py(T[—5n.6n)x {0} = TD,,)- (3.38)
yedout B(0,Mon)
By law of total probability,
s 80“{%1(% Mon) Py(T—sn,6n]x{0} = TD,)
< Po,mn) (T[—sn,6n]x {0} = TD,) (3.39)
< max Py(T—sn,6n]x{0} = TD,)-

T yeoout B(0,Mon)

Notice that if we fix n,

Po,vn) (T=sn.6n)x {0}y = TD,) = Hp, ([=n,dn] x {0}),

lim
M—o0
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and thus
yeaou]t[%i(%,Mom Py(T[—sn,n)x {0} = TD.)
< Hp, ([-0n,dn] x {0}) (3.40)
S max Py(T—sn.6n]x{0} = TD,,)-

— yedout B(0,Mon)

Let {y, : yn € 0°B(0, Mon)} be a sequence of points in Z2. Note that ||y,||2 — 0o as n — co. By
invariance principle,

limsup P, (T[_5n75n]><{0} =1p,) < sup PZBM (7'[—6,6]><{0} = T[—l,l}x{o})7
n—00 ~€8B(0,Mo)
pBEM

where is the law of a Brownian motion starting at the point z € R2. Since the choice of {,}

is arbitrary,

lim sup max Py (Ti_sn.6n =7p,) < sup PZBM Ti_ =T_ .
n—oo Y€ B(0,Mon) y( [=om.on]>x{0} b ) 2€0B(0,Mg) ( [=00lxi0} [ 171]X{0})
Similarly,
. . _ . BM _
liminf oo o) Py(T(—snn)x{0} = TD,) = Zeag(lg’Mo) P (76 ,81x {0} = T[-1,1]x{0})-
Note that
lim sup  PPM(r_s5 =T_ )
Mo—09 ,c05(0.Mo) [—6,6]x{0} [-1,1]x{0}
= i inf  PBM(r_ =1 (3.41)
Y S (T[-6.8]x {0} = T[-1,1]x{0})
= H_1,1)x0y ([=6, 6] x {0}).
Therefore,
Tim Hp, ([~0n0n] x {0}) = H_y oy (-8.9) x {0)).
O
With Lemma 3.5, the proof of Theorem 3.1 is complete. (]

3.6. Proof of Proposition 5.0. In order to prove

lim n-maxP, (Sz, =uz)=0,
n—oo y€els, n

we first recall that

a1 = (1+a)/2,

Qg = (7 + &)/8,
and that
1 = 9" Box(n) U 0™ Box(n) U 8" Box(n) \ I,.

Thus for any point y € [{, define

T, = {ly"/2]} x [0, 00)
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to be the vertical line located in the exact midway between 0 and y. Noting that 77, < 7., by strong
Markov property we have

Py (Sea, =) = > Py (1, < Tans S, = 2) P2 (S5, = )
z€Ty

= Z Py (TTy < %ATH STTy

2€Ty, 22 >n
+ 3 Py (mr, < 7aws Sew, = 2) P (S, =) (3.42)
2€Ty, 2P <n

<P, (r1, < 7a,, S5 = n')

Il
n

) P (S5, = 2)

z—ei_TyI,nj% <]2Z4 (S?A” B x) By (TTy = %An) .

To control the right hand side of (3.42), we first define

Dn = {T, Ully/2],50) x {0} } N B(y,n)
and then note that

p, (TTy < TA,, S’:(Fz) > n4) <P (TaoutB(ym4) < TDn) .
Moreover, it is easy to see that
rad(D,) > n*/2
for n sufficiently large, and that
d(Dn,y) < [n™].
We apply Theorem 1 in Lawler and Limic (2004) with x = 1 and A = D,, on the discrete ball

B(y,n*), so there exists a constant C' > 0 such that

n 1
Py (TaoutB(ym/l) < TDn) < Py (TaoutB(ymzi) < TD"[nal n4/2]> <cC — =0 () . (3.43)

Note that this is a Beurling estimate for random walk. And for the second term in the right hand
side of (3.42), note that for

Dn = LO NnB (y’na2/2) )
we have
{TTy < fAn} C {TaoutB(y’nag/Q) < %f)n} . (3.44)

Using Theorem 1 of Lawler and Limic (2004) again to the right hand side of (3.44), we have

Py (TTy < 7_'An) < Py (TaoutB(leag/Q) < %Dn) < C?’L—(OCQ—Otl)/Q. (3.45)
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At the same time, for any z € T, such that 22 < n4, again by the reversibility of simple random
walk we have

Pz TA, — ZP SlaS2a"'7Sn—l¢An7 Sn:x)

:Zp (S1,82,+ ,Sn_1 & An, Sy =2)

(3.46)
E [# of visits to z in [0, 74, )]
= Py (1, < 7a,) E. [# of visits to z in [0, 74,,)]
Py (1. < 7a,)
P (1A, <T)
To control the right hand side of (3.46), we first refer to the following well known result:
Lemma 3.13. (Lemma 1 of Kesten (1987)) The series
a(z) =Y [Po(Sn = 0) — Po(Sn = )] (3.47)
n=0
converge for each x € Z2, and the function a(-) has the following properties:
a(x) >0, Vo € Z*, a(0) =0, (3.48)
a((£1,0)) = a((0,£1)) =1 (3.49)
Eula($1)] - a(@) = §(x,0), (3.50)

50 a(Spar, — V) is a nonnegative martingale, where T, = Ty, for any v € Z2. And there is some
suitable cg such that

1 _
a(z) — 5 _log ]| — co| = O(]lz] %), (3.51)

as ||z|| — oo.
Now we prove the following lower bound on the denominator:

Lemma 3.14. There is a finite constant C < oo such that for any nonzero x € 72,
C
(log [lz]})**

Proof: First, it suffices to show this lemma for all x sufficiently far away from 0. We consider the
stopping time

Py(1: < 19) >

I'=7mA T||z||/2-

By Lemma 3.13, we have
1= Eo [a(Sr)|7ja) /2 < 70] Po (72 < 70) -

Thus by (3.51),
1 ™

> 3.52
o [a(S0)[mpate < 0]~ loglla] (3:52)

Po (Tjz)j2 < 10) =
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for all z sufficiently far away from 0. By strong Markov property,

P[)(Tx < T()) = Z Py <T||9CH/2 < 70, STH@'H/2 = y) Py (Tm < 7'0)

yeduB(0,]|z||/2) (3.53)
m

> min P, (t: < 719).
log ||| yeaowt B(0,|«ll/2) (72 )

At the same time, for stopping times I't = Tgout gz ||z|/3) and 'z = Tgout g(z | /2), We have
Py (T:v < 7_0) > Z Py (Fl < Tl|z||/35 Srl = Z) P, (T;B < FQ) . (3.54)
2€0°4 B(a,||z|/3)
For the right hand side of (3.54), we have by translation invariance of simple random walk,
P, (T:v < P?) =P, (TO < THxH/Z) .
Moreover,
[1= Poa (70 < Ty 2)] B [a(ST) |70 /2 < 0] = a(z = @),
which implies that
E, . [CL(SF)‘THIH/Q < 7'0] — a(z — 37)
E. 4 [a(Sr)|7je) /2 < 70

Again, by Lemma 3.13, there are positive constants ¢, C' € (0,00) such that uniformly for all n, z
and z defined above,

Pog (10 < T j2) = (3.55)

E,. . [a(SF)‘T”xH/Q < 7'0] — CL(Z — JI) >c,
while
E. s [a(S0)|7je)j2 < T0] < Clog|||.
Thus, we have
c

P I'y)=P,_ P —
z (Tx < 2) z—x (7—0 < 7-Hz||/2) = 10g||x||

(3.56)

uniformly for all n, x and z defined above.
On the other hand, by invariance principle, there is a constant ¢ > 0 such that for any y €
0°*B(0, [z /2),
Py (U1 < Tjayys) 2 c.

Thus,
c
Py (Tm < 7—0) 2 Z Py (Fl < THIH/37 XF1 = Z) PZ (7—:17 < FQ) Z m (357)
2€07 B, 1]/3) &
Now combining (3.52), (3.53), and (3.57), the proof of this lemma is complete. O

With Lemma 3.14, we look back at the right hand side of (3.46). Noting that for any z € T},
71, < T, and that 74, < 7p,, we give the following upper bound estimate on its numerator:

Lemma 3.15. Recall that ag = (7+ «)/8. For each x € A,
c

ne2

P, (t1, < p,) < (3.58)

for all sufficiently large n and all y € .

Proof: For any given z € A, define g = (z(1),0) be the projection of z on Ly. Note that z¢ and
x are connected by a path independent to n, which implies that there is a constant ¢ > 0 also
independent to n such that

Py, (TTy < TDn) >cP, (TTy < TDn) .
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Thus to prove Lemma 3.15, it suffices to replace z by xg. Moreover, recall that [$ = 8;”Boa:(n) U
0" Box(n) U 0" Box(n) \ l,,. For any y € IS, by the translation invariance of simple random walk,
we have

Pxo (TTy < TDn) <P (TILnQQ/‘lJ < TDn) .
Here recall the definition of I, in (2.4). Now by lemma 2.4,

C
By <TILna2/4J < TDn) <

[no2/4]

and the proof of this lemma is complete. O

Now apply (3.45), (3.46), Lemma 3.14, and Lemma 3.15 together to the last term of (3.42), we
have

max P, (S;A = x) P, (TTy < %An) < Cn_O‘?_(O‘2_a1)/2(log n)2
2€Ty, 2 <nt "
< Cn_%+%(log n)? < nt
for all sufficiently large n. Thus, the proof of Proposition 3.6 is complete. O

3.7. Proof of Proposition 3.7. To show
lim > P, (Sz, =) ="MHa(x),

n—oo
y€Eln

we first prove that
Lemma 3.16. For any x € A and the truncations Ay, defined in (1.1)
Tim > Py (S, =) = Ha(x). (3.59)

YEln
Proof: Recall that by definition

Ha(z) = klirgo Z P, (Sz, = x)

2€Ly
and
lp = [=[n*], [n*2]] x {{n**]}.
Thus,
lim Y P(Sh, =2) = Halw),
2E€L o1 |

while in order to prove Lemma 3.16, it suffices to show that

Tim > P.(S, =1)=0. (3.60)
ZeLl_nalj\l“

Apply reversibility of simple random walk on each z € Lo \ I, we have

Z P,(Sz, =z)=FE, [# of visits to L|,a1 | \ I, in [0,%,4)]
ZELLnqu\ln

Py (TLWH\Zn < TLO) (3.61)

min P(TL <TL w l)
ZGLLnaH\ln z 0 In lj\n

<

First, for the denominator of (3.61), note that

TLLnO‘IJ S TL\_nO‘lJ\ln
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We have for any z € Lipa1| \ ln,

c

P, <TLo < TLLnaH\ln) > P, <TL0 < Tlma”) 2 o] (3.62)
On the other hand, using exactly the same argument as in the proof of Lemma 3.15,
C
Py (TLLnalj\ln < TL0> < [ne2] (3.63)
Thus, combining (3.61)-(3.63), the proof Lemma 3.16 is complete. O
Now with Lemma 3.16, it suffices to prove that
lim Y [Py (Sr,, =) = Py (57, =2)] =0. (3.64)

yEln

Again by reversibility,

P, (87, =) = Ey[# of visits to y in [0,74, )]
and

P, (S7, = x) = E, [# of visits to y in [0,74)],
which implies that for each y

P, (Sz, =) — P, (Sz, =) = E, [# of visits to y in [r4,74,)]

and that

Z [Py (SfAn =) — Py (S7, = z)]
= (3.65)

= E, [# of visits to [, in [T4,74,)].
Here we use the natural convention that the number of visits equals to 0 over an empty interval.
Moreover, define T,, = {—n,n} x [0,00) and

Iy =inf{n > 74, S, € Tp,}.
Noting that
{TA <F4 <TAn} (- {TA <7'An} (- {TTn <7'An}7

thus by strong Markov property, one can see that
P, (TTn < TAn)

min P, (14, <7,)
Zeln

E, [# of visits to I, in [T4,74,)] < (3.66)

First, for any z = (2(1), 2?) € ,,, consider
(z,0) + [=[n™ ], [n*]] x [0, [n**]].
By Lemma 2.4 and translation/reflection invariance of simple random walk,

P,(1a, <m,) > P <T85n1m“1j < TL())

> PO (Taﬁnqna” = TainILnQIJ)
(3.67)

v

1
EPO <T8in‘[[na1j < TLO)
1

§PO (TLLnalj < 7—LO) =

1
8 nor]’

v
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On the other hand, we have
P, (TTn < TAn) <P, (TTn < TLO)
< CPF (7’,31'71“"/2J < TLO) (3.68)
C
<2CPF, (TaainILnalj = Tainlln/2J) <2CPF, (TLLn/2J < TL@) < 5

Now combining (3.65)-(3.68), we have shown (3.64) and the proof of Proposition 3.7 is complete. [

3.8. Proof of Proposition 5.5. At this point, in order to prove Theorem 1.3, we only need to show
that for all sufficiently large n and any y € ln, 2H pow(n)(y)/H D, (0) can be arbitrarily close to one.
First, for any y € I,,, define

M(y,n) =n+ ‘y(1)|’ m(y,n) =n — ‘y(l)"
Recall that Box(n) = [—n,n| x [0, [n*]] and that I, = [—|n*2], [n®?]] x {|n®!|}. We have
n— [n®?] <m(y,n) <n < M(y,n) <n+ [n2].
Moreover, noting that
Box(n) < [y ~ M(y,n),y™ + M(y,m)| x [0, [n*]
and that
[y = m(y,n), 5V +m(y,n)| x [0, [n*"]] € Box(n),
by definition we have
H[y(1>—M(yyn)yy(”{»M(y’n)]X[O7LnalJ](y) S HBO.Z‘(TL) (y)
and
Hy) () 40 +myom)] x 0,11 ) ) = HBox(m) (4)-

Thus, combine translation invariance and Theorem 3.1, and note that for all y € I,, M~!(y,n) —
n~t=omn 1Y), m(y,n) —n~! =o(n7!). It is immediate to see that Proposition 3.8 is equivalent
to the following statement:

Lemma 3.17. For all integers m,n > 0, define

E\m(m,n) = [-n,n] x [-m,0].
For any € > 0, we have
€
Hp, (0) = 2H s (0) € [0, 5) (3.69)

for all sufficiently large n and all 0 < m < 2n*t.
Proof: First, for the lower bound estimate, note that
D, C B/Er(m, n)
and that by the definition of harmonic measure
HDn(O) = lim P(k,O) (TDn = T())

k—o0

and that
H@(m,n) (0) = kliglo P(kao) (Tgo\:p(m,n) = TO) ’

Moreover, by symmetry we have for all £ > n,

Py (T, = 70) = 2P40) (7D, = 10, Sro—1 = (0,1)).
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At the same time one can see that in the event {TE\M (mun) = 7'0}, the random walk has to visit 0
through (0, 1), which implies that
Plieo) (Tp, = 10, Sry—1 = (0,1)) = P ) (TB/O\;r(m,n) = TO) '

Taking the limit as K — oo, we have shown the lower bound estimate. For the upper bound estimate,
again we note that for each sufficiently large & and a random walk starting from (k, 0),

{TDn = 70, Sq—o_l - (07 1)} \ {Té\ox(m,n) - TO}

(3.70)
={m, =70, Sr—1=(0, 1)} N {T@(m,n)\Dn < TDn} :
which, by strong Markov property, implies that
Poy (Tp, = 70, Sro—1=(0,1)) — Py 0) <T§O\x(m7n) = To)
(3.71)

< max P, (T(O’l) < TDn) .
yE€Box(m,n)\ Dy

Now in order to find the upper bound of the right hand side of (3.71), we consider the following
two cases based on the location of point y = (y1),4?) € Box(m,n) \ Dy:

Case 1:

FiGURE 3.3. Illustration of proof for Case 1

If ’y(l)‘ < n/3, for all nearest neighbor paths starting at y which hit (0,1) before D,,, they first
have to hit 9°“* B(0,n/2). Thus, we have

P, (7(071) < TDn) = Z P, <Tn/2 <TD,, STH/Q = z) P, (7(071) < TDn)
2€0°%t B(0,n/2) (3.72)

< Py (Tuj2 < 7p,) . P (T(0.1) < 7Ds) -

For the first term of the right hand side of (3.72), recalling that d(y, D,) = ‘y@)‘ =m < 2n* and

that ‘y(l)‘ < n/3, by the same Beurling estimate, there exists a constant C' < oo independent to
the choices of n, m and y satisfying Case 1 such that

Py (ruja < 75,) < (=072 (.73
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At the same time, for any z € 9°“*B(0,n/2), to control the upper bound on P, (7'(071) < %Dn), one
can concentrate on the upper half plane, since each path from y to (0,1) must pass through some

point z € 9°“B(0,n/2) N {z € H: 3 > 0}. Now for any such z, by reversibility, we have

Py (t: < 7p,)
P, (fDn < TZ) ’

P, (7’(071) < %Dn) = E(O,l) [# of visits to z in [0, TDnU{(O,l)})] <

(3.74)

For the numerator, note that for all sufficiently large n, [—|n/3],|n/3]] x [0, |n/3]|] C B(0,n/2).

Applying the same argument as we repeatedly used in this paper, we have

P(O,l) (TZ < 7_'Dn) < E
At the same time,

P, (%Dn < Tz)

> T, =Tw | Pu | T T
Z < 3outB (2)) < Z’ aoutB( (2)) w) w ( Dn < aoutB( z<2>
wedout B(z,22)

And by invariance principle and the fact that z(2) ¢ (0,n], there is a constant ¢ > 0 independent to

the choices of n, z, and w such that

> c.
P, (TD <TaoutB( 2(2))> > cC

Thus by Lemma 3.14,

P, (Tp, < T,) > cP, < )<Tz> > ¢ S ¢

out B(z, (log@f (logn)Qv

which by (3.74) implies that
C(logn)?

Pz (’7’(071) < 7_'Dn) < "

Now combining (3.71), (3.72), (3.73), and (3.75),
Py (m0.1) < 7p,) < On~ =02 (logn)® < n !

and thus our lemma holds when y in Case 1.

Case 2:
el P =0(n"tlogn)
//" N P = O(n*(lfa)/Q)
/// ; - - =
/ [ RN
/ 1, AN
/ @ AN
I / \
Iy / \
SN ! .(Oal) )
// ; \\ \ ,I :
/ ! \ \ ' Box(m,n)
, I \ N / I
| L ey - - _ _ N ;,,,,,,,,,,/,,,,,,,,,,,,,,,,,J
I
' Yy I NS ///

FIGURE 3.4. Illustration of proof for Case 2

(3.75)

(3.76)
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Otherwise, if |y(1)‘ > n/3, our proof follows the same techniques on slightly different stopping times.
Consider two neighborhoods: B(0, %) and B(y, 7). It is easy to see that

80utB (07 %) aoutB <y’ ) q)
Using the same argument as in Case 1,
P ( 7(0,1) <TDn ZP (TaoutB ) < TD,> STaoutB(y,g) :w) P, (T(le) <TDn)'
weP*U B(y, %)

Moreover, for any w € °*B(y, %) the random walk starting at w has to first visit 9" B(0, %)
before ever reaches (0,1). This implies that

P, (7(071) < TDn) = Z P, (Tn/7 < TD,; S.rn/7 = z) P, (7'(0’1) < TDn)
2€8°ut B(0, 1)

< max P, (T <Tp, ).
- ZGBO“tB(Q%) Z( (071) n)

Thus, we have

Py (7’(071) < TDn) < Py (TaoutB(y,%) < TDn> zeaﬂ%}go n) P, (T(O,l) < TDn) . (377)
7

Now since y(z) = —m > —2n% it is easy to see that

rad( (y’7)mD> 1

for all sufficiently large n. Thus by (3.73) and (3.75), there exists a constant C' < oo independent
to the choices of n,m and y satisfying Case 2 such that

Py, (TaoutB(y,%) < TDn> < Cn~(1me1)/2, (3.78)

and that

C(logn)?

max P, (701) < 7p,) < (3.79)

2€9°41 B(0,2) n
Therefore, we also have

P, (7'(0,1) < TDn) < C’n_(g_o‘l)/Q(log n)2 <nt (3.80)

and thus our lemma holds when y in Case 2, and the proof of Lemma 3.17 is complete. O

With Lemma 3.17, we have concluded the proof of Proposition 3.8. O
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