Alea 4, 131-165 (2008) #‘y’g_\; i EAS

General Y-transformations

Ole E. Barndorff-Nielsen, Jan Rosinski and Steen Thorbjgrnsen

Department of Mathematical Sciences, University of Aarhus, Denmark
E-mail address: oebn@imf .au.dk

Department of Mathematics, University of Tennessee, Knoxville, USA
E-mail address: rosinski@math.utk.edu

Department of Mathematical Sciences, University of Aarhus, Denmark
E-mail address: steenth@imf.au.dk

Abstract. In this paper we introduce a general class of transformations of (all
or most of) the class My (R?), of d-dimensional Lévy measures on R?, into itself.
We refer to transformations of this type as YT transformations (or Upsilon trans-
formations). Closely associated to these are mappings of the set ZD(RY) of all
infinitely divisible laws on R? into itself. In considerable generality, the mappings
are one-to-one, regularising and bi-continuous. Furthermore, in many cases the
transformations have a stochastic interpretation in terms of random integrals with
respect to Lévy processes.

1. Introduction

In this paper we associate to any Lévy measure v on (0, 00) certain transforma-
tions, which we refer to as Upsilon-transformations corresponding to . There are
(at least) three natural ways of viewing the Upsilon transformations, namely, listed
in decreasing order of generality,

(a) Transformations of Lévy measures: Y. : D — 90, (R?), where the domain
D C M1 (RY) depends on 7.

(b) Transformations of infinitely divisible probability measures: Y7: D' —
ID(RY), where the domain D’ C ZD(R?) depends on 7.

(¢) Transformations of infinitely divisible probability measures given in terms

of random integrals:
we o [ 104z},
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where L{Y} denotes the law of a random variable Y, £, is a fixed deter-
ministic function and (Z;) is a Lévy process such that L{Z;} = p.

In the following we briefly describe the main features established in the paper of
the above three points of view.
(a) Transformations of Lévy measures. For a o-finite Borel measure p on RY, we
define a new Borel measure Y (p) on R? by the formula:

14 (0)] (B) = / " pa B~ (da), (L1)

for any Borel set B. If [[(1V 2%)y(dz) < oo, then formula (1.1) produces a
new Lévy measure Y, (p) from any Lévy measure p, but if [;(1V 2?)v(dz) = oo,
this is only true for certain Lévy measures p, and we refer to the class of such
p as the Lévy domain of Y., denoted by domY, (cf. Section 3). The mapping
Y. :dom, Y, — 9. (R?) is termed the Upsilon transformation of Lévy measures
associated to . Such transformations generally have a regularising effect, as we
point out in Section 2, and they arise naturally in the study of random integrals
and series representations of infinitely divisible laws (see e.g. Rosiriski, 1984 and
Rosiriski, 1990). An application of Upsilon transformations to the construction of
Lévy copulas with special properties is discussed in Barndorff-Nielsen and Lindner
(2006). In the case where d = 1 and the Lévy measure p is concentrated on (0, 00),
the measure Y (p) equals the multiplicative convolution p ® v of p and +, and this
reveals a commutativity of the roles of p and ~ in the construction. In addition to
domains we also study the ranges and continuity properties of the mappings 1. In
many aspects the derived results turn out to be closely similar to those of unbounded
operators on Banach spaces. Thus, we prove that T, is continuous on domyY, if
and only if it is Lévy bounded, that is if and only if [;*(1V 2?)v(dz) < oo,
which, as mentioned above, is equivalent to having dom; Y, = 9, (R?). In this
case we also show that T, is a closed mapping in the sense that it takes closed
subsets of M1 (R?) to new closed subsets of M (RY). This immediately implies
that Y, is a homeomorphism whenever it is injective. The topology on 9, (RY),
to which the above results refer, is that of Lévy weak convergence, as introduced in
Section 5. The question of injectivity of T, is delicate. In Section 6 we give some
partial results which may be used to establish injectivity for rather general classes
of Upsilon transformations. A more detailed analysis will be given in a forthcoming
paper.

(b) Transformations of infinitely divisible laws. If [;°(1V 2?)~(dz) < oo, then we
associate to v a mapping Y7: ZD(R?) — ZD(R%), which may be defined in terms
of cumulant transforms by the equality

v (2) = / T, (zeRY), (1.2)

where C), denotes the cumulant transform of p (for its definition, see (7.1) below).
From equation (1.2) it it is easy to derive that Y7 preserves the affine structure of
ZD(R?), in the sense that

(1) Y7 (1 p2) = L7 (1) * Y7 (p2), (p1, p2 € ID(R?)),
(i) T (Tpp) = Tp Y (w), (B € M(R), u € ID(RY)),
(iii) {Y7(5.) | c € R} C {6, | c € R},
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where Tpu denotes the transformation of p by the linear mapping Tz associated
to the d x d-matrix B, and J. denotes the Dirac measure at c¢. As a consequence
of (i)-(iii), for any non-zero y such that [;°(1V 2?)y(dz) < oo, the range of
Y7 is a subset of ZD(R?), which contains all Dirac measures and is closed under
convolution and linear transformations. We prove in addition that the range is
closed in the topology of weak convergence. These properties of the ranges are
shared by many important classes of infinitely divisible probability measures (e.g.,
for d = 1, the selfdecomposable laws and the Goldie-Steutel-Bondesson class), and,
as we shall indicate, a significant number of such classes are in fact realised as
ranges of Upsilon transformations. If «y is a o-finite Borel measure on (0, c0) such
that [;°(1V a?)v(da) = oo, then the integral in the right hand side of (1.2) is
generally not well-defined for all measures u from ZD(R?), and (1.2) only gives rise
to a mapping on a restricted class of measures . Nonetheless, interesting examples
of such mappings with restricted domains have already appeared in the literature.
For instance if v is the measure with Lebesgue-density ¢~'1(,1)(¢), then (1.2) gives
rise to a mapping ®¢, which was studied (in the case d = 1) in Barndorff-Nielsen
et al. (2004). The domain of @ is the class of infinitely divisible laws, for which
the Lévy measure has finite logarithmic moment, and the range of @ is the class
of selfdecomposable laws (see Examples 7.7 below).

(¢c) Transformations in terms of random integrals. Under certain restrictions on ~,
including the condition fooo(l V 2%)vy(dz) < oo, the mapping Y7 described above
may be given a stochastic interpretation via random integrals: Y7 (u) may be re-
alised as the distribution of the random integral

[ rwaz.,

for a suitable deterministic function f., (depending on ), and where (Z;) is a Lévy
process with Z; having law u. Mappings of this kind were introduced by Jurek
(1990) under the name of Ad-mixtures of dilations of measures on Banach spaces.
The random integral point of view is not the focus of the present paper, but it will
be discussed briefly at the end of the paper (Section 9), with reference in particular
to extensive recent works of Sato (2006b), (2006a) and (2007).

The paper is organised as follows: Section 2 gives the definition of the Upsilon
transformations of Lévy measures, discusses their regularising effect and provides
some examples. In that section we also establish the commutativity of the Upsilon
transformations and the relation of this to multiplicative convolution. Questions
relating to the domains of the transformations are discussed in Section 3, partly
based on an auxiliary function v, introduced in that section. Section 4 is concerned
with composition and ranges of the transformations, and Section 5 considers their
continuity properties. Injectivity is discussed in Section 6. The two penultimate
sections discuss Upsilon transformations of ZD(R?). In Sections 7 we give their
precise definition and establish their algebraic properties, and Section 8 is concerned
with their continuity properties. The final Section 9 discusses how the Upsilon
transformations, in somewhat less generality, are representable as random integrals
with respect to Lévy processes.
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2. Definition, first properties and examples

2.1. Notation and definition.

By M(RY) we denote the set of all (positive) Borel measures on R?, and by
M, (R?) we denote the set of all Borel o-finite measures p on R? with p({0}) = 0.
Furthermore, Mz (R?) stands for the subset of M,¢(RY) consisting of the Lévy
measures, i.e.

ML (RY) = {p € Mot (RY) | [oa(1 A [2]2) plda) < 00},

with || - || the usual Euclidean norm on R?. The classes 9((0, 00)%), M,¢((0, 00)%)
and M, ((0,00)?) are defined analogously; and we use 9f ((0,00)) to denote the
class of Lévy measures for infinitely divisible distributions concentrated on (0, c0),
ie.
M ((0,00)) = {p € Mar((0.00)) | f5¥(1 A ) pld) < o}

Elements of M, (RY) will be denoted by p, o, or 7, and v and 7 will denote members
of M,¢((0,00)). Finally, we introduce the class Mo2(R?) of finite Borel measures
on R? with finite second moment:

Mos(RY) = {p € Mot(RY) | foa(1V [l2]2) pld) < o0},

Definition 2.1. For any v € My¢((0,00)), let Loy @ Myr(RY) — IM(RY) be the
mapping determined by

o) = | o B)y(da),

for all Borel sets B. We refer to T, as the Upsilon transformation with dilation
measure 7.

We shall also use p, as a shorthand notation for Y. (p), and if v is absolutely
continuous with a density g we occasionally write Y,(p) and p,. Note that a
measure 7 from M,¢((0,00)) gives rise to an Upsilon transformation for each value
of the dimension d. We shall sometimes use the notation Tgyd) for this mapping,
when it is appropriate to emphasise d. In case p is a measure on R\ {0} then we

shall write p for the transformation of p by the reciprocity mapping x — 2~
—

2.2. Commutativity and connection to multiplicative convolution.

The proofs of the following two propositions are straightforward, thus omitted.
The latter result indicates that in wide generality T, has a regularising effect.

Proposition 2.2. Let p and v be measures in My¢(R) and My¢((0,00)), respec-
tively. Then for any Borel subset A of R\ {0},

o ()= [T o) 3 (@) = [ wa) p (). (21)



General Y-transformations 135

Proposition 2.3. Suppose 7y is a measure in My¢((0,00)) which is absolutely con-
tinuous with respect to Lebesque measure and let g denote the density of ~v. Let
further p be a measure in My (R). Then p, is absolutely continuous with respect
to Lebesgue measure, and the density ry is given by

I gty p @y, ift>0,

r(f) = 12 a(ty) lyl p (dy), it <0.

(2.2)

Ezxamples 2.4. The following examples of Upsilon transformations with dilation
density g(z) = g—l have previously been discussed in the literature (see the papers
Barndorff-Nielsen and Thorbjgrnsen, 2004, 2006, 2005; Barndorff-Nielsen et al.,
2004; Barndorff-Nielsen and Pérez-Abreu, 2007). We return to these examples in
the following sections.

(1) Setting
g(x) =e ", (:E € (0,00)),
produces the Upsilon mapping Yy which was introduced in Barndorff-
Nielsen and Thorbjgrnsen (2004) and studied further in Barndorff-Nielsen
et al. (2004) and Barndorff-Nielsen and Thorbjgrnsen (2006). Proposi-

tion 2.3 reveals that for any measure p in My(R), the density of To(p) is
the Laplace transform of the measure y p (dy).
—

(2) For o in (0, 1) we put
g(x) = a lgimVeg, (wil/o‘), (x € (0,00)),

where 0, is the density of the positive a-stable law having Laplace trans-
form e=?". We write T, for the associated Upsilon transformation. In
the limiting case @ = 0 we recover the mapping Yy from (1) above, for
a = 1 the identity mapping, and the family {T, | « € [0,1]} interpolates
smoothly between these two cases, see Barndorff-Nielsen and Thorbjgrnsen
(2006).

For any p in M,¢((0,+0)), it follows from Proposition 2.3 that Y, (p)
has Lebesgue-density

T (t) _ afltflfl/a /Oo gfl/aaa((tg)fl/a)ﬁ (df), (t = 0)
0
(3) For any A in (—2,00), let
g(x) =2 "1le™® (x € (0,00)).

The corresponding Upsilon mappings =) were introduced and studied in
Sato (2005) and Barndorff-Nielsen and Pérez-Abreu (2007); see also Sato
(2006b). For an extension to Upsilon mappings of Lévy measures on the
cone of positive definite matrices, see Barndorff-Nielsen and Pérez-Abreu
(2007).

(4) For A > —2, consider the Lévy density given by

g(z) = (@),  (z€(0,00)).

We denote the corresponding Y-mapping by ®,. The mapping &, was
introduced and studied in Barndorff-Nielsen et al. (2004). In this particular
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case, it follows from Proposition 2.3 and direct computation that for p in
M,i(R), Po(p) has Lebesgue-density

() = t~1p((t,00)), ift >0,
T (=00, 1)), it < 0.

(5) For an arbitrary « in (0,2), consider the Lévy density of the elemental
tempered stable law, i.e.

gla)y=a""te™® (2 €(0,00)).
Such a Lévy measure is obtained as the image of the Lévy measure having
density
1 Ca o—
(&) = ml(m)@)f NI

under the transformation =_;.

Given two o-finite measures v and 7 on the multiplicative group (0, 00) we con-
sider their convolution v ® 7 given by

vouB)= [ st s(ama), (23)

for any Borel subset B of (0,00). Clearly the operation ® is commutative, i.e.,
y®mn = n® -y, and the multiplicative convolution ® is converted into ordinary
convolution by log transformation.

It is easy to verify that

T,(n)=vy@n=n®vy="Ty(7). (2.4)

Moreover, if y(dt) = f,(t)dt, then (n ® v)(dt) = fye~(t) dt, where

Fuon(t) = / " f(ts)s U n(ds). (2.5)

If in addition n(dt) = f,(t) dt, then

Fyon(t) = / T h (s s (s) ds. (2.6)

Ezxample 2.5. Notice that multiplicative convolution of o-finite measures need not
be o-finite. Indeed, let f,(t) = f,(t) =t7'~*, a € R. Then

frne~(t) =00 for every t > 0.
Hence n ® « is infinite on every set of positive Lebesgue measure.

If n and ~ are probability measures on (0, 00) and X and Y are independent ran-
dom variables with distributions 1 and ~ respectively, then n ® v is the distribution
of the product XY. This provides a further link to infinite divisibility, which gives
rise to a concept of “semigroups of Upsilon transformations”, see Barndorff-Nielsen
and Maejima (2007).
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3. Discussion of domains.

3.1. Lévy Domain: Definition, examples and first properties.
For any Upsilon mapping T, we define its Lévy domain by
dom, Y., = {p € Mot (RY) | p, € ML(RY)},
where dom stands for domain. In other words, domy Y, is the set of measures from
M,¢(R?) that are mapped to Lévy measures by T.,. We also define
dom; Yy = {p € Mu((0,0)%) | py € ME((0, o)™},

so that domJL“IZY is the pre-image for T, of the class of Lévy measures for subordi-
nators.

Ezxamples 3.1. We adopt the notation from Example 2.4, and assume for simplicity
that d = 1.

(1) For the mapping Yo we have domp Ty = M (R), as was shown in Barndorff-
Nielsen and Thorbjgrnsen (2004). This also follows immediately from The-
orem 3.4 below.

(2) For the mappings Y, it was shown in Barndorff-Nielsen and Thorbjgrnsen
(2006) that domp Y, = M (R) for all « in (0,1). Again, this may be seen
as an immediate consequence of Theorem 3.4.

(3) For the Zj-mappings it is easily established (see Barndorff-Nielsen et al.,
2004) that

ML(R), ifA>0
domLE,\ = Dﬁlog(R), ifA=0
MA(R), if A € (—2,0)
where the classes Miog (R) and My (R), A € (0,1), are defined by:
Miog (R) = {p € M(R) | [;" logy p(dy) < oo}

and
MA(R) = {p € MR) | [77y > p(dy) < oo},
respectively.
(4) For the Upsilon mappings @, it is easy to check that for all A in (—2, 00)
we have

domp®, = domy =),
with Ey as in (3).
Proposition 3.2. For any nonzero measure vy in My ((0,00)), we have
domp Y C ML (RY)  and domf YD C ML ((0,00)%). (3.1)
Proof: Let a > 0 be such that v([a,c0)) = b > 0. Then for every p € dom. Y,

00 > /Rd(HxH A1) py(dz) _/Rd/o (£2]|z]|? A 1) y(dt)p(dz)
> b/l%d(aQHIHQ A1) p(dz) > b(a2 A1) /Rd(H‘rHQ A1) p(de)

which shows that p € My (R?). The second inclusion follows similarly by replacing
lz||* A1 by ||| A1 in the argument above.
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Proposition 3.2 is valid even when R? is replaced by a Banach space, see Propo-
sition 2 in Jurek (1990). However, since Lévy measures on a general Banach space
are not determined by an integrability condition, the above simple proof does not

apply.

Remark 3.3. (a) Suppose 7 and 7 are o-finite measures on (0, c0) and consider
their multiplicative convolution v ®n (cf. Subsection 2.2). Then from (2.4)
we infer that

y®neML((0,00)) <= nedom, Y, <= v &dom.Y,. (3.2)

Assuming that v,n # 0, Proposition 3.2 together with (3.2) then asserts
that
v@®n €ML((0,00)) = 7,m € ML((0,00)). (3.3)
(b) Let p and v be measures in My (R?) and M,¢((0, <)), respectively, and let
o]l denote the transformation of p under the mapping z — |z||. Using
Tonelli’s theorem we note then that

Lt an gz = [ (] @l pta) stan

)

- /(Om) ( /(Om)a%? AD[pl(s)) v(d) (3.4

- / (2 A1)y (d0),
Rd

so that
p e domLT,y <~ Y€ domLTHpH. (35)
Taking then Proposition 3.2 into account, it follows that
Vv € Mye((0,00)): domp Y, # {0} = v € M ((0, 0)), (3.6)

which shows that T, is only interesting as a mapping on the class of Lévy
measures if v is itself a Lévy measure.

The following theorem has also been noted, independently, by K. Sato (cf. Sato,
2005). In the following section we obtain a proof of the theorem as a result of a
comparison of domains for two Y transformations.

Theorem 3.4. (i) Let vy be a non-zero measure from My¢((0,00)). Then for
any positive integer d we have
dom (Y = ot (RY) (3.7)
if and only if v € Mo2((0,00)), i.e. if and only if
2((0,00)) < 00 and / £ ~(dt) < oc. (3.8)
0
(i) Let v be a non-zero measure from Mq((0,00)). Then for any positive
integer d,
dom} Y = 9t ((0, 00)) (3.9)

if and only if

(1Vit)vy(dt) < 0. (3.10)
(0,00)
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Remark 3.5. Combining Theorem 3.4 with (3.5) it follows that
Vy € ML((0,00)): domp TP D Mg (RY) (3.11)
and also that (cf. (3.6))
Yy € Mor((0,00)): domp T £ {0} = dom, TP D Mz (R?).

3.2. An auxiliary function: Definition and applications.

For a number of the calculations to follow, it is helpful to introduce an auxiliary
function 1., by

Definition 3.6. For a measure y in My ((0, 00)) we define the function 1, : [0, 00) —
[0, 0] by

v(s) = [ A, (s 0.00)) (3.12)
0
It follows immediately from the calculation (3.4) that for v # 0
dom. T, = {p € ML(RY) | fouthy (2]} p(da) < o0} (3.13)

We mention in passing that for a non-zero Lévy measure v on (0, 00), ¢, is a non-
decreasing continuous function with v,(0) = 0 and ,(s) > 0, whenever s > 0.
Moreover, lim,_, o ¥+ (s) = 7((0, 00)).

Remark 3.7. The characterisation (3.13) of domy Y., remains valid when R is re-
placed by a Hilbert space but is invalid for general Banach spaces. Jurek (1990)
obtained some characterisations of domz Y, for Banach spaces in cases where either
~ or p have restricted support.

Comparison of domains.

Theorem 3.8. Let v1 and y2 be measures from M,¢((0,00)). Then domLT%) -

domLT({f) for all d, if and only if
3C > 0: iy (5) < Cooa(s), (s € [0,00)). (3.14)

Proof: We note first that we may assume that both v; and 7, are Lévy measures.
Indeed, if v € M,¢((0, 00)), then the inequalities

(Ave) [ (@A) 2 () 2 (1A%) [ (@ ADalan
(0,00) (0,00)
verify the statement
v & ML((0,00)) <= 1¥y(s) =00, forallsin (0,00).
Moreover, for any v in My¢((0, 00)) we have
dom; Y, = {0} <= ~v¢ M5 ((0,00)),

where “«<” follows from (3.6) and “=" follows from the fact that §; € dom.Y,
for any Lévy measure . From these observations the proposition follows readily if
one of the measures 7, or 72 is not a Lévy measure. In a similar manner we may
assume that v, and -, are both non-zero. Indeed, for v in M,¢((0, 00)) we have

Py =0 <= 7=0 < dom; T, = My(R),

where, in the latter bi-implication, the implication “<” is a consequence of Propo-
sition 3.2.
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So assume in the following that 71, v2 are both non-zero Lévy measures on (0, 00).
It follows immediately from (3.13) that condition (3.14) implies that dom;Y,, C
dom;Y,,. Conversely, assume that (3.14) is not satisfied. We then construct, for
each d in N, a measure p in M (R?) such that p € dom; Y., \ dom.Y,,. Indeed,
since (3.14) is not satisfied we may, for each n in N, choose a number s, in (0, c0)
such that

w’h (Sn) > nd}’vz (Sn)

Then choose a fixed unit vector u in R? and define the measure p on R? by

I

n=1 m/"h Sn) Sonc
Note then that
1/1’72 Sn - 1
P z||) p(dz) — < 00.
[ wnllals znwn >

Thus, by (3.13), p € dom;Y.,, so in particular p € 9 (R?) according to Proposi-
tion 3.2. Note next that

/w ) plde) Z'/’”l #n) :Z = o0,

nd]’)’l Sn

so that p ¢ dom; Y, .
Based on Theorem 3.8 we present next the proclaimed proof of Theorem 3.4.

Proof of Theorem 3.4. (i) Suppose first that dom; Y, = M (R) = dom Y5, .
Then it follows from Theorem 3.8 that

| anse@ v <o =cans) e G)

for some positive constant C. For s in (0, 1), (3.15) says that

[ @ <c
0

and letting then s\, 0, we obtain by monotone convergence that [ t*y(dt) < C.
For s in [1,00), (3.15) says that

/ (1A s22) y(dt) < C,
0
and letting s /" oo, we obtain by monotone convergence that
W0.00) = [ 1aan <c
0

Altogether v € Mp2((0,00)). Conversely assume that v € Mp2((0,00)). Then
v = [ AR < (1ns) [ v = Cus ),
0 0

where C' = [;°(1V t?)~(dt) < co. Hence it follows from Theorem 3.8 that for any
din N,

M, (RY) 2 domp(Y(?) D domy (T§) = o (RY),

as desired.
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(ii) Let p be a measure in Mz ((0,00)?) and let v be a measure in My¢((0,00)).
Then we denote by [|p||? and /7 the transformations of p and v by the mappings
x + ||x||? and t — /%, respectively. Note then that

L) o) = [ (] anee o) v

= [ ([ aae o)

— [ ans)lolas),
(0,00)

which shows that

d
pE domLT(\/% = |Ipl? € domJLr’I'(vl). (3.16)
In the case v = §;, note that domLTE;%l = M (R?Y) and that doszgi) =

IMF((0,00)), and therefore (3.16) implies that
{llpl? | p € ML (RY)} = M} ((0,00)). (3.17)

Indeed, the inclusion “C” follows immediately from (3.16). Conversely, let o be a
measure from M ((0, 00)), and let p be the transformation of o under the mapping
t — Vtu: (0,00) — R? for some unit vector u in R?. Now, ||p||?> = ¢ and, by (3.16)
(With v = 61), pE DﬁL(Rd)

Using then (3.16), (3.17), Proposition 3.2 and part (i) it follows that

domf T = M} ((0,00)) <= dom,TD = 9 (RY)

v
= o )(1 V) /A(dt) < oo (3.18)
= (1Vs)y(ds) < oo,
(0,00)
as desired. (]

How small can the domain get?

If p € ML(RY) \ Mo2(RY), or, equivalently, ||pl| € ML ((0,00)) \ Mo2((0, 00)),
then it follows from Theorem 3.4 that there is a measure 1 in 97, ((0, 00)) such that
n ¢ domp Y, . This implies by (3.5) that p ¢ domLTSId), and hence, taking also
(3.11) into account, we may conclude that

ﬂ domLT%d) = Moz (Rd).
n€ML((0,00))

One may then ask whether there is a single measure 7 from 2, ((0, 00)) such that
domLT%d) = M2 (Rd). This will be answered in the negative in Proposition 3.9
below.

Proposition 3.9. For any Lévy measure v on (0,00) and for any positive integer
d we have that
d d
domLTg) 2 mog(R )
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Proof: Clearly we may assume that v # 0. Since 1, is continuous and .,(0) = 0,
we can choose a sequence (s,) in (0,1) such that

Vn €N : 1hy(s,) < L.

Consider the measure p on R? given by

-2

where u is a fixed unit vector in R%. Now,

| vl n) = 30 1 = o

n=1

SpU>s

3|}—‘

so that p is not in Mp2(RY). At the same time

oo

1 = 1
[ e ptan) = 37 St < 32 < o0
n=1

so that p € domLT(Vd) (in particular p must be a Lévy measure; cf. Proposition 3.2).

The case of regularly varying tails.

In order to characterise domz Y, we need to know the behaviour of ¢ (s) (defined
by formula (3.12)) at zero and infinity, cf. formula (3.13). This is possible when the
tail of v is regularly varying in the sense that we can specify the tail behaviours of
1 in terms of the behaviour of the tail measure of v at 0 and infinity.

Recall that a function L: (0,00) — [0,00) is slowly varying at infinity (resp. at
0) if

L(tx) 1
L(t) ’

for any positive number z. A function U: (0,00) — [0, 00) is regularly varying with
index « at infinity (resp. at 0), if it has the form

ast — oo (resp. as t — 0),

U(z) = z*L(x),
with L slowly varying at infinity (resp. at 0). Recall also that for v in 917,((0, 00))
we have
wv(s)77([871700)) —0, ass—0
and

s(8),7((s7", 00)) — 7((0,00)), as s — oo.

Proposition 3.10. Let «y be a non-zero Lévy measure on (0,00), and suppose that
the function v (t) = v([t,0)) is regularly varying with index —a at zero (infinity,
resp.), where o < 2. Then

Vo (s) _ 2
V([s7ho0))  2-a

as s — oo (0, resp.). (3.19)
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Proof: We have
Gs) =5 [ atae) (s e0)

/Ox 2t dt y(dz) + y([s 1, 0))

2y ([t s V1)) dt +~([s™F, 00))

|
VA

=s° 2ty([t, 00)) dt. (3.20)

[}

We first consider the case of v([t, 00)) regularly varying at zero. From (3.20) we get

Py(s) = 25 /OO 3y ([z7!, 00)) da.

By our assumption we can write v([z !, 00)) = 2%¢(z), where £(x) is slowly varying
at infinity. By Proposition 1.5.10 in Bingham et al. (1987) we have
Py (s) 2 [ 3(z) da 2
e —
v([s71, 00)) $2724(s) 2—«

=2

(3.21)

as s — 00.

Now we consider the case of y([t, 00)) regularly varying at infinity. We can write
v([t,00)) = t~*L(t), where £(t) is slowly varying at infinity. Using Proposition 1.5.8
Bingham et al. (1987) and (3.20) we get

o) _2fFocenat o
Y([w) ~  aFel@)  2-a

as x — oo. This concludes the proof.

Remark 3.11. Suppose v is a non-zero Lévy measure on (0,00) and that the func-
tion y7(t) = ~([t,00)) is regularly varying at both 0 and infinity with indexes
respectively —a and —8 from (—2,0). Then it follows from Proposition 3.10 that
there are positive constants ¢ and C' such that

eyt (sTh) < by (s) < Cy (s, (s > 0). (3.22)
Indeed, it is a consequence of Proposition 3.10 that there exist positive numbers
€, K,C’" such that
7T (s™h) < O (s), for all s in [e, K]°.
Putting then C” =y (K 1)/, (€), we have for s in [e, K] that
YT S ATETY) = CMy(e) < Oy (9).
Thus, the constant ¢ = 1/(C’ V C") satisfies the first inequality in (3.22), and a

similar argument produces a constant C' satisfying the second inequality.

Corollary 3.12. Suppose v and n are non-zero measures from My ((0,00)) such
that the functions y*(s) = v([s,0)) and 7 (s) = n([s, 00)) are regularly varying at
both 0 and infinity with indexes in (—2,0). Then the following two assertions are
equivalent:

(i) domz Y, C dom.Y,,.

(i) 3C >0 Vs > 0: nt(s) < CyT(s).
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Proof: Suppose dom T, C domyT,. Then by Theorem 3.4 there is a positive
constant C’ such that v, < C’t, and combined with Remark 3.11 this provides a
constant C' such that 7 < Cy*. The converse implication follows similarly.

4. Composition and ranges

For two measures vy and 7 from 9M,¢((0,00)) we may consider the composition
T(Vd) o Tg,d) with Lévy domain defined naturally by
domyp, (T(Vd) o Tsld)) ={pe domLTSId) } T%d) (p) € domLT(Vd)}.

Proposition 4.1. Let n and 7y be non-zero measures from My ((0,00)). Then for
any d in N,

domp (T 0 YD) = dom, T\, = dom (T o (D) (4.1)
and "
d d d d
Yo =11, =1 o, (4.2)

Proof: For a measure p from My ((0,00)) we note first that by (3.2)

(d) ()]

pedom T g, <= |pll €dom, T g, < (y@®&n) ®|pll € ML((0,00))

= 7® (@ [lpll) € ML((0,00)) <= 0@ ||pl| € dom, TV,

(4.3)
In particular, by virtue of (3.3),
pE domLTffgn = n®|p]l € ML((0,0)) < pe€ domLT%d). (4.4)

Moreover, assuming that p € dom LTg,d), note that

/ h / (LA (2]12]12)) T4 (o) (dz) (k)
0 Rd

= [T [ an e anns s
0 0 R4

=[] aneee) ol s
0 0 0

:/OOO /Ooo(lA(tQuQ))(llpI ® 1) (du) y(dt),

which verifies that
Vp e domLTSId): T%d)(p) € domLng) = |lpll®ne domLT(Vl). (4.5)

Combining now (4.3), (4.4) and (4.5) establishes the first equality in (4.1), and the
second one follows by symmetry.

Turning now to (4.2), assume that p € dompY
subset B of R? that

T () (B) = / ot B)n @ y(dl) = / N / " p((st) 1 B) n(dt) (ds)

(d)

~@n: and note then for any Borel

- /om pu(s~'B) 7(ds) = [T, o T, ()](B),
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as desired.

Ezxample 4.2. Adopting the notation from Example 2.4, a direct calculation shows
that

(I)OoTOZTOo(I)O :Eo.
The first of these equalities was noted in Barndorff-Nielsen et al. (2004). It is a
special case of formula (4.2).

For a measure « in M,¢((0,00)) we define the Lévy range ranLTSYd) of Tgyd) by

ranLng) = {T(Vd)(p) |pe domLng)}.
Corollary 4.3. Let v1 and 72 be non-zero measures from 9Mr((0,00)). Then the
following assertions are equivalent:
(i) ranLng) C ranLTEff) for all d in N.
(i) ranLT%) C ranL’I'(Wll).
(ili) v2 =71 ®y =T, () for some measure vy from M ((0,00)).

Proof: Assume first that 75 = 71 ® 7 for some measure ~ from 9. ((0, 00)). Then
by Proposition 4.1 it follows that

ranL’I‘(Vi) = ranL(T,(Y(f) ° T(Vd)) C ranLT,(Y(f),

for all d in N. Assume conversely that ra nLT%) C ranLTgyll). Since 2 € M ((0,0)),
the Dirac measure §; € domLT%), so that

o= T0(6) = T ()
for some measure p in domyY,,. Since v, # 0, p € M (R) according to Proposi-
tion 3.2. Moreover, since

0 = a((~00,0)) = / " p((—00,0)) 1 (de) = p((—0,0)) - 71 ((0, 50)),

and since 1 # 0, it follows that p((—o0,0)) = 0, so that actually p € M ((0, c0)).
Therefore

72 ="Ty(p) =mn®p,
as desired.
Remark 4.4.
(i) Suppose 71,72 are non-zero measures from 97 ((0, 00)) and that ran; Y, C
ranz,T,,. Then Corollary 4.3 and Proposition 4.1 assert that TEZ) = Tﬁyd) o
T(ff) for some measure 7y from My, ((0, 00)). By the definition of domy, (T(Vd) o
Tﬁy‘f ), this in particular implies that
domLT(VZ) - domLT(ﬂ),

for all d.
(ii) Let v be a non-zero measure from M ((0,00)). Then by Proposition 4.1
we have for any positive integer d

domL’I'(Wd) D ranLTde) <— Vpe domLTde): ’I'(Wd)(p) € domLTde)
<= domy (T{? o T{?W) = dom,T(?

<= dom;Y,gy =dompY,.
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In other words, the mapping Y., may be iterated without precaution on all
of its domain, if and only if dom; Y g, = dom;T,.

(iii) Let v and n be non-zero measures from My ((0,00)). Then using e.g. (2.3)
it is straightforward to check that

7 ®n € Mp2((0,00)) == 7,1 € Mo2((0,00))-

This may in fact also be extracted from Proposition 4.1, which, in the
affirmative case, asserts that

Toen =Tyo Ty =T,07T,,
on all of My, (RY).

5. Continuity Properties of T,

For measures p, p1, p2, p3, - . . from My (R?), we define Lévy-weak convergence of

pn to p, denoted p,, v, p, as follows:

Iw w
Pn =P = (LA [|2]1%) pn(dz) — (1A ||z]|?) p(da).

The corresponding topology 7, on My (R?) is the weakest topology on My (R?)
making the mapping

p = (LA 2]?) p(dz): Mz (RY) — Me(RY)

continuous, when the class 9:(R?) of finite Borel measures on R? is equipped
with the topology for usual weak convergence. It is straightforward to check that
Mo2(RY) is dense in My (RY) with respect to 7, and hence Remark 3.5 asserts
that Y. is densely defined on M (RY) for any Lévy measure v on (0,00). By
Theorem 3.4, T, can be defined on all of My, (RY) if and only if v € Mo2((0, 00)).

Theorem 5.1. Let v be a Lévy measure on (0,00) and let d be a positive integer.
Then the following statements are equivalent:

(1) AS 9)?02((0,00)).
(ii) Tgyd): domLTSYd) — ML (RY) is continuous in the topology for Lévy weak
convergence.
(iii) T(Vd) is continuous at 0 € M (RY) in the topology for Lévy weak conver-
gence.

Proof: Assume first that « belongs to M2 ((0, 00)), and let p, p1, p2, p3, . . . be mea-
sures from 97 (RY) such that p, — p Lévy-weakly as n — oco. In order to show
that YT (pn) — Y4 (p) Lévy-weakly, we must establish that

[ @A) Y o) = [ @A ) T ) da), (5
for any continuous bounded function f: R? — R. Note here that

/ F@) A [2]) Ty (o) (da) = /m / F(s2) (LA $22]?) pulde) 7(ds),  (5.2)
R 0 Rd
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and that for a fixed s

/ F(s2)(1 A 82 [2]?) pu(dar) = / Fa(@) (LA [2]1?) pn(dz)
Rd Rd

Py Fs@) (@A [l2]]*) pld) (5.3)

n—oo

- / Fs2)(1 A 2] plda),
Rd

since the function

Az d
sT) ey, ifx €R 0},
fula) = { D A Mok (5.9
s2f(0), ifx =0,
is continuous and bounded. Note also that for any n
| [ s nsal) pu(@o)| <1711y 5) [ @A ol?) (o),
Re Rd (5.5)

<Clfllu(1Vs?),

where [[flu = sup,cgs [f(@)] < 00 and € = sup,en fya(1 A 2]12) pu(dz) < oo.
Since v € Mo2((0,00)) we have [[°(1V s?)7(ds) < oo, and hence by dominated
convergence in combination with (5.2)-(5.5) we obtain (5.1).

It remains to show that continuity of T(Vd) at 0 implies that v belongs to M2 ((0, 00)).

Consider first the sequence (p,,) of measures from My, (R?) given by
Pn = 6nn26nf1ua (n € N)7

where u is a fixed unit vector in R? and (e,,) is an arbitrary sequence of positive
numbers such that €, N\, 0 as n — co. Note then that

[ Aol pafdo) = cumtnn?) = e,
Rd
so that p, ™ 0 as n — 0o. At the same time we have

[ antel®) o) = [ " ean2(1 A 2n?) y(dt)
R4 0

=¢n /0" t2 y(dt) + e,n?v([n, 00)).

From the calculation above it follows that ng) (pn) ¥, 0 for all choices of (€n) as
prescribed above if and only if [ 2 y(dt) < oo, which is thus a necessary condition

for continuity at 0 of T(Vd). Consider next the sequence (p,,) defined by
Pn = enanvu (n € N)v

with w and (e, ) as above. Then

/ (LA [2]2) pu(dz) = en(1 An%) = e,
Rd
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so that p, v, 0 as n — oo. Furthermore

LRI TO () @) = [ enltn2n?)5(a)
R4 0

1/n
— eon? / £2y(dt) + eny([1/n, 00)),

and it follows that Y (py) Y, 0 for all choices of (€n) if and only if ((0, 0)) < 0.
Thus, v must also be finite in order for YT, to be continuous at 0. This completes
the proof.

Remark 5.2. When dealing with an upsilon transform T(Vd) : domyp, ng) — ML (RY),
it is natural to have in mind the setting of (unbounded) linear operators defined on
subspaces of a Banach space. From this point of view, Theorem 5.1 corresponds to
the fact that a linear, densely defined operator on a Banach space is bounded on
its domain if and only if it has a bounded extension to the full Banach space. In
addition, this condition is equivalent to continuity of the operator at 0 and also to
continuity on all of the domain.

The next theorem is essential for studying the topological properties of ran; T,
and of the inverse mapping of T, in case T, is one-to-one.

Theorem 5.3. Let v be a non-zero measure from M ((0,00)), and let (pp)nen be
a sequence of measures from domLTSYd) such that Tfyd) (pn) ™5 for some measure
o from M (R?Y). Then there is a subsequence (pn,)pen and a Lévy measure p in

domLTEYd) such that py, v, p. Moreover, o > ng> (p) and these measures are equal
when

/ (A J2]2) o(dz) = / (A J2]2) YO () (de). (5.6)

Before the proof, note that if (p,, )nen is a sequence of Lévy measures on R?, then
it is certainly possible that (1A ||z|?) p,(dx) converge weakly, as n — oo, to a finite
measure v on R? with positive mass at 0. For instance, setting p, = n?d; /s We
have that (1 A 22) p,,(dx) — &o(dz) weakly, as n — oo. According to the theorem
above, the sequence (Y- (p,))nen does not have any cluster point with respect to
the Lévy weak topology.

Proof of Theorem 5.3. We show first that the sequence
vn(dz) = (LA ||2]]%) pu(dz),  (n€N),

is precompact. By Ash and Doléans-Dade (2000, Theorem 7.8.7) it suffices to show
that (v )nen is tight and that (v,(R?)),ey is bounded. Regarding the latter aspect,
note that

L0 ) 100, o)
JI2 x - 82 =V d - 82 . .
> [ anlalP)paao) [ 0AP)300 = @) [ @A), 6)
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Since (1/\Hx||2)TEYd)(pn) — (1A||z||?) o weakly, the left hand side of (5.7) is bounded
in n, and since v # 0, (5.7) thus implies boundedness of (v,(R%)),en. Regarding
tightness of (vy,), we find similarly for [ in (0, 00) and € in (0,1) that

x 2 (d) xXr) = - X 52 x 2 x S
S G TP = [ [ gyl A2 i) ()

- /e /Rd Ltje00) ([21)€2 (LA [|2]1%) pn(d) v(ds)
= y(fe.00)wn (o] > 1/}).

Choosing then € so small that y([e,00)) > 0 and using the substitution | = re, we
find that

ol > ) < € Pallecce)™ [ @A el 0 ) o),

{llzl>re}
and since the sequence (1 A ||z/|?) ng) (pn)(dx) is tight by assumption, this implies
tightness of (v).
Having established precompactness of (v,)nen, we may infer the existence of a
subsequence (v, )pen and a finite measure v on R? such that

(LA [2]2) pr, (d2) = v, (do) < w(da),  as p— oc.

Let f be a function from Cj(R?) and note that

T z||?) T n T) = - sx $2||z]|?) pp. (dz s).
L@ Y00, ) = [ [ p(s0)1 A2l o (d)2(05)

For fixed s in (0, 00) consider the continuous bounded function f,: R¢ — R intro-
duced in (5.4). Then by assumption

/ F(s2) (LA 82 2]]?) pn, (dz) = / Fo@)AA2) pn, (d2) —— [ Fule) (da).
Rd R4 Rd

p—0o0

Assuming now that f > 0, it results from Fatou’s lemma that

/000 Rdfs(:c)u(d;v) <hm1nf/ / F(s2)(1 A8 |[2]|?) pu, (dz) v(ds)

p—0o0

—hmmf/f (1A ]2) T (pn, ) (d2)

— [ H@ A ol) o (o)
R4

Note next that v may be decomposed as

v(dz) = (1A ||2[*) p(dz) + v({0})do(da),
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with p a (uniquely determined) Lévy measure on RY. Hence

/ T fuw) v(da) y(ds)
0 R4

— / h / Fo@) (1A 2]) pld) 7(ds) + / ({0} £:(0) 7(ds)
0 R4 0

-/ N [ 56208 2lP) o) () + w01 0) [ 2y (ds).
0o Jra 0 (5.9)

According to (5.8), the left hand side of (5.9) is finite, and hence, by considering
the first term in the resulting expression of (5.9) in the case f = 1, it follows that
pE domLng). Combining this observation with (5.8) and (5.9) we obtain the
estimate

[ r@anlel?) ot > [ f@aldP e s onso [ 2.

(5.10)
which holds for all non-negative f from Cy(R%). Now choose a sequence (g;)ien
from Cy(RY) such that 0 < g; < 1 and ¢;(0) = 1 for all 4 and such that g; — L0}
point-wise as ¢ — 0o. Then by dominated convergence

/ @ (1A 2] o(dz) —— [ 0o(dz) =0,
Rd 1— 00 R4

and hence (5.10) implies that

0= v({0)) [ s (ds)

and since v # 0, we must then have v({0}) = 0. Consequently, v(dz) = (1 A
z]|*) p(dz), which yields p,, .

Now we will prove the last statement of the theorem. Formula (5.10) with
v({0}) = 0 gives

[ @anleP)oe) = [ f@aelP @) G
Rd R4

for any non-negative function f from Cj(R?), which implies o > Tgyd) (p). Let
M; = sup, f(z), where f is as above. Using (5.11) for My — f in place of f and
(5.6) we get the reverse inequality in (5.11). Hence o = Tfyd) (p) and the proof is
completed. ([l

Corollary 5.4. Let v be a measure from Mp2((0,00)), and let d be a positive
integer.

(i) The mapping ng) is closed in the following sense: For any subset F of

ML (RY), which is closed in the topology for Lévy weak convergence, the

same holds for the range Tfyd)(F) = {Tﬁyd)(p) | p € F}. In particular the

full range ranLTEYd) is a closed subset of My (R?).

(i) If Tﬁyd) 18 injective, then it is automatically a homeomorphism with respect

to Lévy weak convergence, i.e. the inverse mapping (Tﬁyd))_lz ran, Y, —

M1 (R?) is continuous in the corresponding topology.
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Proof: (i) Let F be a subset of M (R?), which is closed in the topology for Lévy
weak convergence, and let o be a measure from the closure of Y., (F'). Then we may
choose a sequence (p,,) of measures from F, such that T(d) (pn) M o asn — 0.
According to Theorem 5.3, there is a subsequence (py,, )peN converging Lévy weakly
to a measure p necessarily in F. Since T(d) is continuous, and since the topology
for Lévy weak convergence is Hausdorff, We may then conclude that

g = pli}nolo Tgyd) (pnp) = Tgyd) (p) € T(d) (F)a

as desired.

(ii) Suppose that Y. is injective. Then (i) informs us that the pre-image of
any closed subset of M (R?) by the inverse mapping ('I’(d))’1 is again a closed
subset of E)JTL (Rd) and hence of ran T (4). This means that (T(Vd))_l is continuous
on ran LT

Pursuing further the analogy to operators on a Banach space mentioned in Re-
mark 5.2, we introduce next the graph graph LTSYd) of Tﬁyd) defined by

graph,, T(d) {(p.05(p)) | P € domLng)}.

We shall view graphLTgy) as a subset of My (RY) x M (RY) equipped with the
product topology.

Proposition 5.5. For any measure vy from M ((0,00)), we have the implications:

d) d)

T(d) is continuous = graphLT( is closed = ranLT(V is closed.

Proof: Since domy, Tfyd) = My (R?), when Tﬁyd) is continuous, the first implication is
straightforward. To prove the second one, assume (without loss of generality) that
v # 0 and that graph;, T(d) is a closed subset of My (R?) x Mz (R?). Then let o be
an element of the closure of ranLT(d) in Mz (RY), and choose a sequence (p,)nen
from domLT(d), such that T(d) (pn) — o Lévy weakly as n — oo. According to
Theorem 5.3, there isa subsequence (Pn, )pen and a measure p from domLTVd) such
that p,, — p Lévy weakly as p — oo. Now (pp,, T( )(pnp)) (p, o) in the product
topology on My, (R?) x M1, (RY), and hence (p, o) € graphy, T(d) by our assumption.
This means that o = T(Vd)( ) € ranLT(d) as desired.

Ezample 5.6. In this example we exhibit a measure v from 91y ((0, 00)) such that
ran; T, is not closed. By Proposition 5.5 graphLTSYd) can not be closed either.
Specifically, let v be the Lévy measure on (0,00) given by

Y(dt) = t72111,00)(t) dt,
and consider the sequence (pp,)nen from Moo (R) given by
Pn = N1 /n, (n € N).
Then it is straightforward to check that p, — 0 Lévy weakly as n — oo, and that
T (0)(d) = 21100 (1) .
From the latter expression it is also straightforward to check that Y. (p,)(dt) —
t721(0,00)(t) dt Lévy weakly as n — oo. Since T, (0) = 0, these observations show

that graph; Y, is not closed in My, (R) x My (R). To see that rany T is not closed
(in My, (R)) either, we show that

o(dt) :=t1(g,00)(t) dt ¢ ran Y.
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We obtain this by proving that for any measure p from dom;Y, supported on
(0, 00), we have that

aY,(p)((a,0)) — 0, as a "\, 0. (5.12)

Since T (p) is supported on (0,00) if and only if p is, and since o((a, 00)) = a™!
for all c, the statement asserted above verifies that Y (p) # o for all p in dom Y.
To establish (5.12), we note first that by direct calculation

Gnls) = [T ARE) ) = (25— )10 + 1)
0
and hence (cf. (3.13))
dom, Y, = {p € ML(R) | f(_171)|s| p(ds) < oo} (5.13)

Now, let p be a measure from domy Y., which is supported on (0, c0). Then for any
a in (0,1),

aTy(p)((e, 00)) = aTp(v)((e, 00)) = 04/000 (57", 00)) p(ds)

« / t=2dt p(ds) = a/ (sa™t A1) p(ds)
0 s~lavl 0

= [ splds) +apac0) = [ " s plds) + ap([a 1)) + ap([1, 00)).
0 0

Here, obviously ap([l1,00)) — 0 as o — 0, and [ sp(ds) — 0 as a — 0 by
dominated convergence (cf. (5.13)). Finally

1
oplla) = [ alay@)pld) —0.  asa—o,

again by dominated convergence, since aljy, 1)(t) <t for all ¢ in [0,1]. This com-
pletes the proof of (5.12).

6. Injectivity

We now consider the question of when ng) is injective for fixed v € M ((0, 00))
and d > 1. It is possible that the answer may depend on the domain on which
T(Vd) is considered. We are naturally interested in the Lévy domain domyY(?, and
henceforth the term injectivity refers to a property of Tﬁyd) on that domain. It was
established in Barndorff-Nielsen and Thorbjgrnsen (2004) and Barndorff-Nielsen
and Thorbjegrnsen (2006) that the injectivity is held by the Upsilon mappings in-
troduced in Example 2.4(1) and (2). As the following example shows, T, cannot
in general be expected to have this property.

Ezample 6.1. Consider the Lévy measure v on (0,00) given by
Adt) = £ 0,00 (1)
and for any positive number ¢, consider the measure

pe = cb1/c € Mo2(R).
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For any Borel subset B of R note then that

[, (p = c/ 01/c(t7 B)y(dt) = /000 1p(t/c) - (t/c)_2 ettt

=A 1 (u)u~? du = (B).

so that Y, (p.) =y for all c. In particular, Y, is far from being injective.

The next proposition reduces the problem of uniqueness to d = 1 and measures
n (0, 00).

Proposition 6.2. Let v € M1 ((0,00)). Then T(Vd) is one-to-one on domLT(Vd) for
all d in N, if and only Tgl) is one-to-one on domLT(Vl) NIM,¢((0,00)).

Proof: Obviously, we only need to prove the proposition in one direction. Suppose
that T(l) is one-to-one on domy Y, N M, ((0, 00)).

Flrst we will show that Tgl) is one-to-one on domLT(l) Let p; € domL’I'(Vl)7
1 =1,2. Define for a Borel subset A of (0, c0)

pi (A) = pi(AN(0,00)), p; (A) = pi(=AN(-00,0)).
Then pf, p; € domLTfyl) NMyr ((0,00)). If Tﬁyl)(pl) = Tﬁyl)(pg), then Tfyl)(pf) =
TM(pf) and M (p7) = TN (py). By the assumption pf = pj and p; = pj .

Thus p1 = p2.
Now let d > 1 and p; € domLTEYd), i=1,2. For y € R¢ define p! e domLTfyl) by

pl(A) = pi{x € RT | (y,z) € A\ {0}}).
If ng) (p1) = T(d) (p2), then for every u € R

uly,tz iy, tz)
/ /]Rd ' 1 42 <y t$> )Pl (dx)’}/(dt)
= eiulute) _ g _ _1uystz)
/0 ‘/Rd( 1 1 +U2<y,t$>2)p2(d )’Y(dt)

or

= iust 1 _ L Y(ds
/0 /R(e ! 1+u2(5t)2)p1(d )v(dt)

= [ e s s

Hence Tfyl)(p‘l) T(l)( ?). From the already established case d = 1, we get p{ = p}
for every y € R, We conclude that p; = po.

According to this proposition, the injectivity property of Tfyd) is shared by all
dimensions d. If it holds, we will simply say that T is injective. The injectivity of
T, is equivalent to the cancellation property of the multiplicative convolution: for
every pi1, p2 € domy Y, NIM((0,c0))

T®PL=7®p2 = p1 = P2 (6.1)
If v has density f, then the map

0 freplt) = [ h e s ot (6.2)
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can be viewed as a transform of measures p € domY,,. If this transform is one-
to-one on domy Y., then (6.1) holds and T, is injective. We will give a couple of
examples where this method works.

In case p is a measure on R\ {0} recall that we use the notation ) for the

transformation of p by the mapping = +— 1.

Ezamples 6.3. (1) y(ds) = s* ' qy(s)ds, A > —2. Adapting the notation
from Example 2.4(4), recall that

M(R), ifA>0
domLCI))\ = Sﬁlog(R), ifA=0
My(R), if A e (=2,0)

(see Example 3.1). If p € dom;®, then

frap(t) = At / s p(ds).

[t,00)

Obviously, this type of function determines p uniquely from domp®y, so
that @), is injective. The cases of A = 0 and A\ = 1 are of special in-
terest. Indeed, ran L@&d) equals the class of selfdecomposable Lévy mea-
sures when A = 0 (see Barndorff-Nielsen et al., 2004), and the class of
s-selfdecomposable Lévy measures when A = 1 (see Jurek, 1985).

(2) y(ds) = s*te™®1(g00)(s)ds, A > —2. Recall from Example 3.1 that
domy =) = domy®, for all \. We get with a = —\

Franlt) =t [ ste e s — e [t se p (as),
0 0 —

Again, f,g, determines p uniquely from domyZy, so that E(Ad) is injective.

The cases of A = 1, A = 0 and —2 < A < 0 are of special importance.
When A = 1, we get the mapping Y introduced in Example 2.4(1). In
the cases A = 0 and —2 < A < 0, ranLEg\d) equals the classes of Lévy
measures corresponding to Thorin and to tempered a-stable distributions

on R?, respectively (see Barndorff-Nielsen et al., 2004 and Rosiriski, 2007).

Remark 6.4. For X\ in (—2,00) the mapping T(Vd) is not injective when -y is given
by y(dz) = 227119 ) (x) dz, which is the Lévy measure of a stable distribution.
Indeed, since

Fronlt) = 1 / s p(ds),

v ® p is the same measure for all p having equal —\’th moment. It is also easy to see
that Tfyd) is non-injective when -y is the Lévy measure of a semistable distribution.

Besides (6.2) we may use other integral transforms to identify Lévy measures.
They are determined by a kernel K : (0,00) — R(or C) as follows. For a measure
v € M,e((0,00)) define

L,(0) = /OOO K(0z)~v(dx), (6.3)

where 6 € domlL, := {0 | [;° |K(02)|v(dz) < co}. Then

Lo, (0) = /0 TL(02) p(dz) 0 € domlLe,. (6.4)
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Below we give three examples of K and of the resulting integral transforms. These
transforms each identify measures from 9y,((0,00)), but the choice of which one
to apply may depend on the type of measure v (cf. Example 6.5 below).

(1) K(z) =1—cosz, z > 0. Then L, (0) = [;°(1 — cos(fz)) y(dz) is the Lévy
exponent of an infinitely divisible distribution generated by symmetrisation
of v. We will call it the Lévy transform of ~.

(2) K(z) = 2?exp(—z), > 0. Then

L,(0) = 92/ z2e % y(dz), 0> 0.
0
(3) K(z) =exp(—2~7), z >0, ¢ >0 (fixed). Then

L, (0) :/ e 0" y(dx) :/ e 4 (dz?/9), 6> 0.
0 0 -
In this case L is expressible as the Laplace transform of another measure.
Ezample 6.5. Let v be as in Example 2.4(2). That is,
£y (s) =a s Veg, (571/0‘), 5> 0,
P

where o, is the density of the positive a-stable law having Laplace transform e™% |
0 < @ < 1. Take transformation (3) with ¢ = 1/a. Using (2.5) and (6.4) we get

L'y@p(e) :/ 6—071/%*1/&/ a_l(ts_l)_l_l/aaa((ts_l)_1/a) s_lp(ds)dt
0 0

= / ot s e (x)dz p(ds)
o Jo

:/ e_eflsflp(ds):/ e s p (ds).
0 0 -

Thus L,g, identifies p. We conclude that Y is injective. This was established in
Barndorff-Nielsen and Thorbjgrnsen (2006) by a closely similar argument.

A more detailed and deeper study of the injectivity problem will appear in a
separate paper.

7. Upsilon Mappings of ZD(R?)

The Upsilon transformations discussed in the foregoing give rise to regularising
mappings from the class ZD(R?) of infinitely divisible laws on R? into itself. These
mappings are one-to-one when the corresponding Upsilon transformation of Lévy
measures are. The material discussed in this Section extends results obtained pre-
viously in the special case d = 1 and «(dz) = e~ * dz; cf. Barndorff-Nielsen and
Thorbjgrnsen (2004) and Barndorff-Nielsen and Thorbjgrnsen (2006).

Before proceeding with the formal definition of the mentioned mappings of
ID(R?), we recall for convenience the version of the Lévy-Khintchine representation
for measures in ZD(R?) that we shall make use of: A probability measure p on R¢
belongs to ZD(R?) if and only if its characteristic function f,, can be represented in
the form f,(z) = exp(Cy(z)), where the cumulant C), of p is given by

Cu(2) = iz, m) — 1(Az,2) + / (T =1 iz ) o (la]) p(da), (= € RY,
(7.1)
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where 7 is a vector in R?, A is a symmetric, non-negative definite d x d matrix
(with real entries) and p is a Lévy measure on R?. The triplet (4, p,7) is uniquely
determined by p and is called the characteristic triplet for p.

Definition 7.1. Let v be a measure from Mp2((0,00)), and consider the mapping
Y. My (RY) — My (RY). We then define the mapping Y7: ZD(R?) — ID(R) in
the following way:

If u € ZD(R?) with characteristic triplet (A, p,n), then T7(u) is the measure in
ID(R?) with characteristic triplet (Ma(v)A, Y~ (p), M1(v)7), where M;(v) denotes
the ¢’th moment of v (i = 1,2), and where

i=n+ [ [ ta(tettlel) ~ toale) plde) v, (72)
0o JRr
The well-definedness of the vector-valued double integral in (7.2) is ensured by
part (i) of the following:
Lemma 7.2. Let p be a Borel measure on RY.
(i) For anyt in (0,00) we have
[ i) = 1l pda) < V) [ (A el plda).
(ii) For any vector z in R? we have

L1 =1 =itz o (el ldo) < 2+ 31e1) [ (A lalP) plda).

Proof: In the case d = 1, (i) may be extracted easily from the proof of Lemma 3.13
Barndorff-Nielsen and Thorbjgrnsen (2005). For d > 2 we note then for ¢ in (0, 00)
that

Adt|‘x||‘1[0,l](t||x|‘) = 1po,11([l=[D] p(d) —/0 ts|Lpo,1)(ts) — Ljoy(s)| llpll(ds),

and hence (ii) follows by applying the case d = 1 to the measure ||p||.
To prove (ii), we note first that for any z, z in R? we have the well-known estimate
| —1 —i(z, )] < 31z, @) < gl
so that

i{z,x : z ’
[ e i o) < B e plan
(o<1} R
Moreover,

[ e 1] pan) < 20((hel > 11) <2 [ (1A o) plce)
{ll=]>1} Rt

Combining the two estimates above, (ii) follows readily.

The following proposition motivates the choice of the constant 7 in the definition
of T7.

Proposition 7.3. Let v be a measure from Mp2((0,00)), and consider the mapping
Y7: ID(RY) — ID(R?) defined above. Then for any p in ID(R?) we have the
following relation between the cumulant transforms of p and Y7 (u):

Crv(w(2) = /000 C,(tz)~(dt), (z € RY). (7.3)
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Proof: Let p1 be a measure in ZD(R?) with characteristic triplet (A4, p,n). For any
vector y in R? we get from (ii) in Lemma 7.2 that

ICL(y)] < [y, m)| + 5(Ay,y) + /Rd 1) — 1 —i(y, 2)1(011(||z]))] p(dz)

< lnllllyll + s IANYI + (2 + 3 l1y11*) /R(l A ll[|?) p(dz).

Since [;°(1V t?)~(dt) < oo, it thus follows for any vector z in R? that
/0 |Cu(t2)ly(dt) < llnllllzl1M1(y) + 3 IAllll2]*M2(y)

s [ anlaPrsan) [T 2+ 3 st <
which justifies the following calculations:
| et
=i(z,n)Mi(7) — 3(Az, z) Ma(7)
[T @ =1t la) o)) ()

=i(z,n) M (y) — 5(Az, z)Ms()

+ /OOO (/Rd (ei<z’m> —-1- i(z,x)l[oyl](HxH)) p(t_ld:v)) ~(dt)
+ [T ([ it onelal) = 1oalelD) ota)) ()

= i(2,7) — 5(Az, 2)Ma(v) + /R (™ =1 —i(z,2) 10,1y ([l2]])) T+ (p)(de)

= C’I‘V(u)(z)v (7 4)

as desired.

Recall that for a d x d matrix B, we denote by Tz: R? — R? the corresponding
linear transformation. For a Borel measure p on R?, we let furthermore Ty denote
the transformation of y by the mapping Ts.

Corollary 7.4. Let v be a measure from My2((0,00)), and consider the mapping
Y7: ID(R?) — ID(R?) defined above. Then Y7 has the following properties:

(1) Y71 * p2) = L7 (1) * TV (u2), (1, p2 € ID(R)).
(ii) YV (Tpp) =T (1), (B € Ma(R), € ID(RY)).
(iii) T 56) = 5M1(7)c, (C S Rd).

Proof: (i) Assume that p1, 2 € ZD(R?) and then note that

Cr (o) = [ " O (t2) 7 (dt) = / " O (t2) () + / " 0, (t2) ()

e e e N

= Cyr (1) (2) + Crv(y) (2) = Copov (g )s17 (o) (2)5



158 Ole E. Barndorff-Nielsen et al.

for any vector z in R%. Clearly this implies (i).
(ii) Let B be a d x d matrix and let B* denote the transposed of B. Then for
any vector z in R? we find that

oty (2) = / " Crp(t2) 7 (dt) = / 0, (1B 2) ()

= Cyv () (B*2) = Cryro ) (2),

which implies (ii).
(iii) Let c be a fixed vector in R?. Then for any z in R? we find that

o (2) = / ez, ) y(dt) = iz, 0 / T bA(de) = iz, Mi(1)e) = oy o (2),
which proves (iii).

Corollary 7.5. Let v be a measure from Mp2((0,00)), and consider the mapping
Y7: ID(R?) — ID(R?) defined above. We then have

TV(SERY) CSERY) and TV(LERY) C LERY),

where S(R?) and L(R?) denote, respectively, the class of d-dimensional stable and
selfdecomposable laws.

Proof: Recall first that S(R?) is the class of probability measures y on R? satisfying
that (cf. Samorodnitsky and Taqqu, 1994, Definition 2.1.1)

Va,a' >0 3a” > 036 € RY: Doy s Doyt = Do i % 0,

where D.u denotes the scaling of p by the scalar ¢, i.e. Doyt = Tea, . Now, for any
pin S(R?) and a, o’ from (0, 00) it follows by application of (i)-(iii) of Corollary 7.4
that

Do X (1)#Dor X7 (1) = Y7 ((Dapt)5(Darpr)) = Y7 (Darr ) = Do XY ()00, ()

for suitable o/’ from (0,00) and 3 from RY. This shows that T7(u) € S(R?) too.
The inclusion Y7 (L(R?)) C L(RY) follows similarly from (i) and (ii) of Corollary 7.4
by recalling that £(R?) may be characterised as the class of probability measures
in ZD(RY) satisfying that

Ve € (0,1) 3pe € ZID(RY): 1= Depa * pic,
(cf. Sato, 1999, Proposition 15.5).

Remark 7.6. If v € M1 ((0,00)) \ Mo2((0, 00)), then Definition 7.1 does not make
sense, even if we restrict attention to the class ZDy(R) of infinitely divisible laws
with no drift and no Gaussian part, i.e. laws with characteristic triplets of the form
(0, p,0). For one thing we need to require that p is in the Lévy domain domy Y.,
but this generally does not ensure that the integral in (7.2) is well-defined. To
remedy this situation we introduce the subclass (cf. Proposition 7.3)

domzp Y7 = {p € IDo(R) | Vz € R: ;7 |Cpu(zt)|y(dt) < oo}
For a given v, Definition 7.1 then makes sense for all p in domzpY? and gives
rise to a mapping Y7: domzp(Y?) — ZD(R?) with (algebraic) properties similar to
those derived below in the case v € Mo2((0,00)). In the present paper we restrict
attention to the mappings Y7, where ~ is assumed in M2 ((0, 00)), and we merely
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indicate by an example (cf. Example 7.7(4) below) that the more general setting
outlined above gives rise to important and interesting mappings as well.

Examples 7.7. We adopt the notation from Examples 2.4.

(1)

Consider the mapping T introduced in Example 2.4(1). The corresponding
mapping Y9: ZD(R) — ZD(R) is one-to-one and is related to free probabil-
ity via the formula

OTO(M)(Z) = CA(M) (IZ), (Z S R),

where A is the so-called Bercovici-Pata bijection from ZD(R) onto the class
of infinitely divisible probability measures with respect to (additive) convo-
lution in free probability theory. In addition, C is the analog of the cumulant
transform in free probability (see Barndorff-Nielsen and Thorbjgrnsen, 2004
for details). The range of T was identified as the so-called Goldie-Steutel-
Bondesson class in Barndorff-Nielsen et al. (2004). Furthermore, Y9 maps
the class of stable laws onto itself and the class of selfdecomposable laws
onto the so-called Thorin class (see Barndorfl-Nielsen and Thorbjgrnsen,
2006).

For « in [0, 1] consider the mapping T, introduced in Example 2.4(2). The
associated mapping YT*: ZD(R) — ZD(R) was introduced and studied in
Barndorff-Nielsen and Thorbjgrnsen (2006). For all o, T¢ is one-to-one.
For a = 0, T* agrees with the mapping Y° described in (1) and Y1 is
the identity mapping on ZD(R). The family (Yo)aecpo,1] thus, in a certain
sense, interpolates smoothly between infinite divisibility in classical and
free probability (see Barndorff-Nielsen and Thorbjgrnsen, 2004).

Consider for A in (—2,00) the mapping = introduced in Example 2.4(3),
i.e. the Upsilon transformations corresponding to the measures v, (dt) =
tAle=tdt. When A > 0, 7 € Mp2((0,00)) and we obtain a mapping
E*: ID(R) — ZD(R) via Definition 7.1. When A € (—2,0], v» ¢ Mo2((0, 00))
and Definition 7.1 does not apply. However, the construction outlined in
Remark 7.6 gives rise to mappings Z*: domzpZ=* — ZD(R), where

domzp=* = {p € IDo(R) | Vz € R: [[7|Cpu(zt)[t*"te™t dt < o0}

Questions related to the random integral representations of these mappings
Z* have been studied by Sato in Sato (2006b).

Consider for A in (—2,00) the mapping @, introduced in Example 2.4(4),
i.e. the Upsilon transformations corresponding to the measures v, (dt) =
t*111y(t)dt. As in (3) we obtain mappings ®*: ZD(R) — ZD(R) via
Definition 7.1 when A > 0, and for A in (-2, 0] the construction outlined in
Remark 7.6 gives rise to mappings ®*: domzp®* — ZD(R). The particular
case A = 0 was studied in Barndorff-Nielsen et al. (2004), where it was
established that

domzp®° = {u € IDy(R) | p() € Miog(R)},

where p(u) denotes the Lévy measure of p. Thus, the condition that the
integral fooo |C\u(2t)| v(dt) is finite for all z, is, in this case, equivalent to
the requirement that p(p) € Miyg(R) = domp Py, but, as indicated in
Remark 7.6, this is not a general feature. The range of ®° is the class of
all selfdecomposable laws; cf. for instance Barndorff-Nielsen et al. (2004).



160 Ole E. Barndorff-Nielsen et al.

We close this section by giving a Lévy-Khintchine type representation of Y7 ().

Proposition 7.8. Let v be a measure in Mp2((0,00)), and consider the mapping
Y7: ID(RY) — ID(RY) defined above. Let further u be a measure in ITD(R?) with
characteristic triplet (A, p,n). Then for any z in R?

Cyov(y (2) = IM1(7){z,m) — $Ma(y)(Az, 2)
4 / (64((2,2)) — Mo(y) — iMy(3) {2, )1 po.0y([121])) p(d),

where ¢~ (u) = [;° e y(dt) for uin R, and M;(v) = [t/ y(dt) (j =0,1,2).
Proof: Usmg the calculation (7.4) from the proof of Proposition 7.3 we find that
Cra((2) = i(z,n)Ma () — 5(Az, 2) Ma(7)

+ /000 (/R (%) — 1~ it(z, )10, (2]) plcd2) ) A(a)

By Lemma 7.2(ii) we may change the order of integration in the double integral,

so that
/0 ( / (@) 1 itz )1 () p(d) ) A(a)

= /Rd (04((z,2)) = Mo(v) = iM1(v)(z, 2) 110,11 (I[2[])) p(de),

which inserted in (7.5) yields the desired formula.

(7.5)

8. Continuity properties of T”

In this section we establish continuity results for upsilon transforms Y” under the
assumption that v € Mp2((0,00)). The derived results may be seen as counterparts
to the results accomplished in Section 5.1 for T, also in the M2 ((0, 00))-case. We
shall need the following well-known lemma (see e.g. the proof of Barndorff-Nielsen
et al., 2004, Proposition 2.4(v)).

Lemma 8.1. Let (j1,) be a sequence of measures from ID(R?), and for each n let
(An, pn,nn) be the characteristic triplet for p,. Then (u,) is precompact if and
only if the following four conditions are satisfied:

) supyen || 4.]| < oc.

(
(b) supy,en fpa (LA [|2]|*)pn(dz) < co.
(c) Ve >0 3K > 0: sup,eypon({llz] > K}) <e.

(d) sup,en |70l < oo.

Proposition 8.2. For any ~y in Moz2((0, 00)) the mapping Y7 : ID(R?) — ZD(R?) is
continuous with respect to weak convergence, i.e. for any sequence (i) of measures
in ID(R?) and any measure p in ID(R?) we have

pn —— i = TV (pp) —— Y7 (n).
n—oo n—oo

Proof: Let (11,,) be a sequence of measures from ZD(R%) such that p, ~ u as n —
oo for some measure i (necessarily) in ZD(R?). Then by Sato (1999, Lemma 7.7)

Cu, (y) —— Oy(?J), for all y in Rd,
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and it suffices to establish that

O’rw(un)(y) m O’I‘W(u) (y), for all Yy n Rd.

By Proposition 7.3 and Lebesgue’s theorem on dominated convergence it suffices to
verify, for each fixed z in R, the existence of a Borel function g,: (0,00) — [0, 00)
such that

Vn € N: ‘CM (zt)| < g:(t), (t € (0,00)), (8.1)
and

/0 " g.(t)1(dt) < oo. (8.2)

For each positive integer n, let (A,,, pn,nn) be the generating triplet for p,,. Com-
bining then (7.1) with (ii) in Lemma 7.2, we find that

1Cn )] < Imallllyll + 31 ARyl + (2 + 3lly1%) /Rd(l A l2l|*) pu(da),

for any vector y in R%. Since p,, — p as n — oo, it follows that (cf. Lemma 8.1)
H :=sup ||n,|| < oo, A:=sup||4,| < oo and R:= sup/ (1A ||z]?) p(dz) < oo.
neN neN neN JRd

Thus, if we put
9:(t) = H||z|[t + 3 Al[*#* + R(2 + 5[1]*?),
it follows that g, satisfies both (8.1) and (8.2), since v € Mp2((0, 00)).
Lemma 8.3. Let v be a non-zero measure from Mp2((0,00)), and let (u,) be a

sequence of measures from ID(R?) such that Y7 (u,) ~— v as n — oo for some
measure v in TD(R?). Then the sequence (in)nen 15 precompact.

Proof: We proceed as in the proof of Barndorf-Nielsen et al. (2004, Proposi-
tion 2.4(v)):

Denoting by (A, fin, ) the characteristic triplet for Y7 (s,), let (a)-(d) be the
conditions obtained by replacing (A, pn, 7n) by (An, fn, 7n) in (a)—(d) of Lemma 8.1.
Then our assumption implies that (a)-(d) are satisfied. By definition of T we have

that A,, = Ms(v)An, pn = T+(pn) and

a=n+ [ [ (e lel) = oy () plde) ()

Hence, since v # 0, (a) is an immediate consequence of (&), and (b) follows from
(b) and the estimate

z||?) 5, (dz) = - 21z €T
LantaPsan) = [ [ neiel) pae) s
> [ [ Ane) Aol pudn) (a0

- / (1A £2)(dt) / (1A [l2]?) pu(da),
0 R4
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recalling again that v # 0. To verify (c), note that for any positive numbers L and
0 we have

pn({llzl > L}) = /OOO po({llzll > L/t}) 7 (dt) = ¥([6, 00))pn ({Il2]| > L/5}).

Choosing now ¢ such that v([d,00)) > 0 and using the substitution L = KJ, we
find that

pu({llzll > K3) < 7([8,00) ™ pu ({I|2]| > K6}),
for any positive number K and any n in N. Therefore (c) is a consequence of (¢).
Finally, to establish (d), note that

sup [ [ dlal[Lo elel) = 1ol p(de) 7(at) < oc.
neNJo R4

as a result of Lemma 7.2 in conjunction with (b). Therefore (d) follows from (d).

Proposition 8.4. Let v be a measure in Mo2((0,00)).
(i) The mapping Y7: ID(R?) — ID(R?) is closed in the following sense: For
any subset F' of ID(RY), which is closed in the topology for weak conver-
gence, the same holds for Y7(F) = {Y7(u) | u € F}.
(ii) Assume that the mapping Y7: ID(R?) — IZD(R?) is injective. Then it is
automatically a homeomorphism onto its range ranzp 7.

Proof: (i) We may clearly assume that v # 0. Let F be a closed subset of ZD(R?)
and let v be a measure from the closure of T7(F'). Then we may choose a sequence
() from F such that Y7 (u,) — v as n — oo, and by Lemma 8.3 (p,, ) is necessarily
precompact. In particular there exists a subsequence (i, )pen converging weakly
to some p, which must belong to F', since F' is closed. Now by Proposition 8.2,
T (pn,) — Y7(u) as n — oo, and since also Y7 (p,,,) — v as n — oo, we conclude
that v = 17 (u) € TV(F), as desired.
(ii) This follows from (i) as in the proof of (ii) in Corollary 5.4.

Corollary 8.5. Let v be a non-zero measure from Mo2((0,00)) and consider the
full range
ranzp Y7 := {Y7(n) | p € ID(RY)}.
This subclass of ID(R?) has the following properties:
(i) v1 * 9 € rangp Y7, whenever vy, vs € rangp Y7,
(ii) Ty € rangp Y7, whenever v € ranzp Y and B € My(R).
(iii) 6. € ranzp XY for all ¢ in RY.
(iv) ranzpX7 is a closed subset of TD(RY) in the topology for weak convergence.

Proof: These properties follow readily from Corollary 7.4 and Proposition 8.4.

Ezamples 8.6. (1) The Upsilon mapping Y°: ZD(R) — ZD(R) considered in
Example 7.7(1) is one-to-one and corresponds to the measure y(dt) = et dt
from Mp2((0, 00)). Thus, by Corollary 8.4(ii), it is a homeomorphism onto
its range (which is the Goldie-Steutel-Bondesson class). This was estab-
lished directly in Barndorff-Nielsen et al. (2004).

(2) The Upsilon mappings T: ZD(R) — ZD(R) considered in Example 7.7(2)
are also injective and correspond to measures v, from Mp2((0, 00)). Hence
these mappings are also homeomorphisms onto their ranges.
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(3) For A > 0 the mappings Z* considered in Example 7.7(3) correspond to
measures v from Mo2((0,00)), and they are injective according to Exam-
ple 6.3(ii). Thus, these mappings are homeomorphisms as well.

(4) By virtue of Example 6.3(i), it follows as in (3) that for positive A the
mappings ®*: ZD(R) — ZD(R) introduced in Example 7.7(4) are homeo-
morphisms onto their ranges.

9. Random Integral Representation

In many cases the Upsilon transformations introduced in Section 7 can be rep-
resented as random integrals, in the following sense. (Here we consider only one-
dimensional integrators; for some results on the multivariate case cf. Barndorff-
Nielsen et al., 2004.)

Suppose that v has finite upper tail measure and let

ey (§) =7 ([¢, 00)).
Then v (d§) = —de, (). The inverse function of €., denoted &7, is defined by
X (t) =inf {£> 0] e, (€) <t} (9.1)
Both functions § — e, (§) and ¢ — €7 () are decreasing and caglad.

Now, given a Lévy measure p and an n € R, let Z = {Z;} be the Lévy process
for which the cumulant function of Z; is given by

C,(2) =1inz+ / (eiZt —1—iztl_1,q) () )p(de), (9.2)
R
and consider the random integral
£+(0)
Y- /0 &t (3)dZa. 9.3)

Definition 9.1. We say that (9.3) is a random integral representation (RIR) of
T, at p € dom; Y, provided the integral (9.3) exists as the limit in probability of
the Riemann sums and the random variable Y (which is then necessarily infinitely
divisible) has Lévy measure p, = T, (p) and cumulant function

Cp, (2) =iz + /R (e — 1 —1iztl[_y 1) (t) ) py (d) (9.4)

where
ﬁ=/0 :v(n+/Ry(1[71,1] (xy) — 11,y (y))p(dy))v(dw)-

For T, to have RIR at p(€ dom.Y,) it suffices that v € M2 ((0,00)) and €7 is
continuous. In that case it moreover holds that

| 1cu 1 @) < o (9.5)
0
and that we have the important relation
Cp ()= [ Colt) 7 (). (96)
0

which in fact is the same as (7.3).
This result was established for the case v (dz) = e~ *dz in Barndorff-Nielsen
and Thorbjgrnsen (2004), and for the measures introduced in Example 2.4(2) in



164 Ole E. Barndorff-Nielsen et al.

Barndorff-Nielsen and Thorbjgrnsen (2006). The proofs given in those cases extend
directly to the present setting.

Remark 9.2. The measures 7 in Example 3.1(1)—(3) all have second moment and
continuous €7, and thus the RIR.

Remark 9.3. If we take Z to be the Lévy process with characteristic triplet (a, p, n)
then, again provided that v € 92 ((0, 00)) and € is continuous, we have that (9.5)
and (9.6) hold (cf. Proposition 7.3) and, furthermore, that Y has triplet (&, p~,7)
with @ = aMs () (where My () denotes the second moment of 7). Otherwise put,
(9.3) is then a random integral representation of the transformation Y7 discussed
in Sections 7 and 8.

Extensions and ramifications of the original results (in Barndorff-Nielsen and
Thorbjgrnsen, 2004 and Barndorff-Nielsen and Thorbjgrnsen, 2006) are also dis-
cussed in Barndorff-Nielsen et al. (2004), Sato (2006b), Sato (2006a) and Sato
(2007). The latter three papers develop the theory of integration of deterministic
functions with respect to Lévy processes and related RIR results in great generality
and detail.
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