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Abstract. Let Y be an Ornstein-Uhlenbeck diffusion governed by an ergodic finite
state Markov process X: dY; = —\(X;)Yidt+0(X:)dBz, Yy given. Under ergodicity
condition, we get quantitative estimates for the long time behavior of Y. We also
establish a trichotomy for the tail of the stationary distribution of Y: it can be heavy
(only some moments are finite), exponential-like (only some exponential moments
are finite) or Gaussian-like (its Laplace transform is bounded below and above by
Gaussian ones). The critical moments are characterized by the parameters of the
model.

1. Introduction and main results

The aim of this paper is to draw a complete picture of the ergodicity of Ornstein-
Uhlenbeck diffusions with Markov switching (characterization of the tails of the
invariant measure and quantitative convergence to equilibrium). In particular we
make more precise the results of Guyon et al. (2004); de Saporta and Yao (2005).
The so-called diffusion with Markov switching Y = (Y3),5 is defined as follows.

The switching process X = (Xt)t>0 is a Markov process on the finite state space
E={1,...,d} (with d > 2), of infinitesimal generator A = (A(2,2)), ;cp- Let us
denote by a(z) the jump rate at state z € £ and P = (P(z,1)), ;¢ the transition
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matrix of the embedded chain. One has, for x # = in F,
Az, )
Az, )
We assume that P is irreducible recurrent. The process X is ergodic with a unique
invariant probability measure denoted by u. See Norris (1997) for details. Let
F¥X = 0(Xu,0 <u < t). Moreover, let E, denote the expectation with respect to
the law P, of X knowing that Xy = z.

Let B = (Bt)t>0 be a standard Brownian motion on R and Y; a real-valued

random variable such that B, Y; and X are independent. Conditionally to X, the
process Y = (Y),5 is the real-valued diffusion process defined by:

a(r) = —A(x,z) and P(x,%)=—

t t
Yt:Yo—/ )\(Xu)Yudu—i—/ o(X,)dBuy, (1.1)
0 0

where A and o are two functions from F to R and (0, 00) respectively. Of course,
if A and o are constant, Y is just an Ornstein-Uhlenbeck process with attractive
(A > 0), neutral (A = 0) or repulsive coefficient (A < 0). One has to notice that
Equation (1.1) has an “explicit” solution:

Y, = Yy exp (_ /Ot)\(Xu)du> + /Ot exp <_ /ut/\(Xv) dv> o(Xu)dBa.  (1.2)

Remark 1.1. In others words, the full process (X, Y) is the Markov process on £ xR
associated to the infinitesimal generator A defined by:

Af(e.y) =Y A, 5)(f(@.y) - flz,y)) + o(x)®

£ 2
TeE

6§2f($, y) - )\(l’)agf(l',y)

These diffusions with Markov switching were introduced in Basak et al. (1996)
as Brownian perturbations of linear piecewise deterministic Markov processes aris-
ing e.g. in tracking systems modeling. They can also be viewed as a continuous
time version of Markov switching ARMA that are used for example in econometric
modeling (see Guyon et al., 2004 and references therein).

Previous works investigated the ergodicity of Y and some integrability properties
for the invariant measure. For example, in Basak et al. (1996), the multidimen-
sional case is addressed together with the case of diffusion coefficients depending
on Y. Stability results and sufficient conditions for the existence of moments are
established under Lyapunov-type conditions.

In Guyon et al. (2004), it is proved that the Markov switching diffusion Y is
ergodic if and only if

> Ma)u(z) >0, (1.3)
rck
that is if the process is attractive “in average”. Let us denote by v the invariant
probability measure of Y. It is also shown in Guyon et al. (2004) that v admits
a moment of order p if, for any = € E, pA(x) 4+ a(x) is positive and the spectral
radius of the matrix

= 7@(.’[:) €, X
My = (a<x>+px<x>P (= ))E (14)

is smaller than 1. In the sequel p(M) stands for the spectral radius of a matrix M.
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In de Saporta and Yao (2005), the result is more precise: a dichotomy is exhibited
between heavy and light tails for v. Let us define
A= min AMz) and A= max Az). (1.5)
Theorem 1.2 (de Saporta and Yao, 2005). Under Assumption (1.3), the following
dichotomy holds:

(1) if A <0, then there exists C' > 0 such that
t"v((t, +00)) ——C,

t——+o0
where £ is the unique p € (0, min{—a(x)/A(z) : A(x) < 0}) such that the
spectral radius of M, is equal to 1;
(2) if A > 0, then v has moments of all orders.

Remark 1.3. The constant x does not depend on the parameters (o(z)), .z, and
Point 1 from previous theorem implies that, for A < 0, the p'" moment of v is finite
if and only if p < k.

The main idea of the proofs in Guyon et al. (2004) and de Saporta and Yao (2005)
is to study the discrete time Markov chain (Xs,,, Y5n)n>0 for any > 0 with renewal

theory and then to let  go to 0.

The main goal of the present paper is to show that there are three (and not only
two) different behaviors for the tails of v.
Let us gather below several useful notations.

Notations 1.4. Let us define for the diffusion coefficients

2 . 2 —2 2
g° =mino () and @ max o (x) (1.6)

We denote by A, the matrix A—pA where A is the diagonal matrix with diagonal
(A(1),...,A(d)) and associate to A, the quantity

(= — max Ren~. 1.7
Tlp S eSpectA,) Y (1.7)

When A > 0, the set E is the union of
M={z€FE : \z)>0} and N={zeE : \z)=0} (1.8)

Let us then define

(™)

o)
2a(x

B(a) and B = max (z), (L9)

~

——1
and, for any v such that v> < 8, the matrix

# = (=)

We are now able to state our main result.

z,x’'€N

Theorem 1.5. Let us define

k=sup{p>=0:mn,>0}ec(0,+o0].
Then 7, is continuous, positive on the set (0, ) and negative on (k,+00). Under
Assumption (1.3), the following trichotomy holds:

(1) if A < 0 then 0 < k < min {—a(x)/\(x) : AM(x) <0}, and the p'* moment
of v is finite if and only if p < k.
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(2) if A =0, then & is infinite and the domain of the Laplace transform of v is
(—ve, ve) where

Ve = Sup {’U >0: p(PM) < 1}; (1.11)

(3) if A > 0, then & is infinite and v has a Gaussian-like Laplace transform: for

any v € R,
2,2 =2 9
exp <Q4; > < /e”y v(dy) < exp <a4z > .

Moreover, its tails look like the ones of the Gaussian law with variance a/2

where @ = max, e o(z)2/A(z) since y — €% is v-integrable if and only if
J<1/a.

Remark 1.6. In the sequel we will respectively refer to Points 1, 2 and 3 as the
polynomial, exponential-like and Gaussian-like cases.

The first point of this theorem is a reformulation of the first point of Theorem
1.2 by de Saporta and Yao. We can in particular check that our characterization
of k in Theorem 1.5 is equivalent to the one given by de Saporta and Yao in Point
1 of Theorem 1.2 (see Remark 4.3). We provide a direct and simple proof of this
result based on It6’s formula and some basic results on finite Markov chains. The
proof of Point 2 relies on precise estimates on the Laplace transform of Y; that can
be derived from a discrete time model already studied in Goldie and Griibel (1996);
Hitsczenko and Wesotowski (2009); Alsmeyer et al. (2009).

The key point is to remark that the Laplace transform of Y; can be “explicitly”
computed as the expectation of a function of Yy and (Xt)t20'

Lemma 1.7. For any measure mg on E xR, let us denote by L; the Laplace transform
of Y;. One has

t 2 t t
Li(v) = Eg, {exp <’UY06 Jor(Xo)ds 4 %/0 o(X,)2e 2 A dr ds>} (1.12)

Proof: This lemma relies on the properties of the Brownian exponential martingale.
We recall from Revuz and Yor (1994, p. 141) that, if f is a measurable function on
[0, 00) such that fotf(s)2 ds is finite for each ¢ > 0, then, for any w € R,

7, = exp <w / sy dm, / tf(S)zdS)

is a strictly positive martingale, hence

B (ew 0) st) O (1.13)

t
Y, =Gy (Yo—i—/ HSdBS>.
0

where the processes (G5),5q and (H;),5 are defined by

G, = exp (— /OS)\(XU) dv) and H, = exp (/OS)\(XU) dv) o(X,)

Thanks to (1.2) we have
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are (FX

s )s>o-adapted and independent of (F, B )s>0- As a consequence,

S

E (eth) =K (]E (e'UYt ‘YOa (XS)Ogsgt))
—F (ethYOE (evct S H, dBS’(XS)Ogsgt)) .

This implies (1.12) by a direct application of (1.13) to f: s — Hg and w = vGy,
conditionally on (Xs)gc - O

The estimate of the Laplace transform in the Gaussian-like case (Point 3 in
Theorem 1.5) is hence easily deduced from Lemma 1.7. Assuming that Yy = 0, we
get from (1.12) that

2

v ¢ t 202
Li(v) <E [exp (— / G2/ Adr ds)} < exp ((1 — 6_2At) —) ,
2 Jo 4\

which gives the upper bound as t goes to infinity. The lower bound follows from a
symmetric argument.

The proofs of Point 2 and of the second part of Point 3 are more delicate (and
interesting). For the exponential case, we first get the critical exponential moment
for the process Y observed at the hitting times of the subset M defined in (1.8).
Then we show that the full process has the same critical exponent.

At the end of the paper we focus on the convergence of the law of Y; to the
invariant measure v. We get an explicit exponential bound for the Wasserstein
distance of order p for any p < k. Classically, let p > 1 and P, be the set of
the probability measures on R with a finite p*» moment. Define the Wasserstein
distance W), on P, as follows: for any p and p in Pp,

Wyto.) = (s { [l =it sty | "

where the infimum is taken among all the probability measures 7 on R? with
marginals p and p. It is well-known that (P,,W),) is a complete metric space
(see Villani, 2003).

The strategy is to couple two processes (X,Y) and (X,Y) in such a way that
the Wasserstein distance between £(Y;) and £(Y;) goes to zero as t goes to infinity.
This requires us to couple the initial conditions and the dynamics (of both the
Markov chains and the diffusion part). When X, and Xo have the same law, the
coupling is trivial: we choose X = X and the same driving Brownian motion.

Theorem 1.8. Let p < k. Assume that Xy and X, have the same law. Let (Y;f)go

and (}7,5)90 be solutions of (1.1) associated to (X;),, and (Xt)t>0 and assume
that Y; and Yj have finite moment of order p. Then there exists C(p) such that

W, (07, £(9)) " < Cw)e W, (£(10),£(70))
where 7, is given by (1.7).

If Xy and f(o do not have the same law, one first has to make the Markov chains
X and X stick together and then to use Theorem 1.8. This provides a rather
intricate bound which is given for convenience in Section 5.

The paper is organized as follows. In Section 2 we complete the proof for the
Gaussian-like case of Theorem 1.5. The exponential-like case is studied in Section
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3. Since the critical exponential moment is not explicit in the general case, we give
also the explicit computation of the Laplace transform of v when E is reduced to
{1,2}. In Section 4 we establish a uniform bound for the p!* moment of (Y2);5 for
any p < x and the first point of Theorem 1.5 as a corollary. We finally provide the
proof of Theorem 1.8 and its extension to general initial conditions in Section 5.

2. Gaussian moments for the switched diffusion

This section is dedicated to the proof of the second part of Point 3 of Theorem
1.5.

Proof of Point 3 of Theorem 1.5: Let us denote by

alz) = @) forz € Eand @@= rileaga(x) < 400.

For any d € (0,1/@), Itd’s formula ensures that

AT = (“2M(X,)3Y2 + (26°Y2 + 6)o(X;)?) 27 dt 4 dM,
where (M), is a martingale. For any « € £ and y € R,

2(=\(z) + d0(z)?)y* + o(x)? < —2X(2)(1 — da)y* + a\(x)

< —2)\(1 = da)y? + @,
since da < 1. Moreover, for any a > 0, there exists b > 0 such that, for any y € R,
—2)65(1 — @d)y® + as < —a + be %Y,

thus

%IE (e‘“”f) < —aE (e”f) +b.

2\ . . 2 . . —
As a consequence, sup, >, E (e‘Wt ) is finite as soon as E (e‘syo ) is finite and da < 1.

On the other hand, assume (without loss of generality) that a(1) = @. Choose
(X0, Yp) with law 7 (the invariant measure of (X,Y")). For any ¢ > 0, we have

E (65Y02) =K (eéyﬁz) > E[I{XO:I}ELYO (1{T1>t}eéyt2)} ,
where T is the first jump time of X. On the set {T1 > ¢},
R

where N; is a centered Gaussian random variable with variance a(1)(1—e=22(1)t) /2
which is independent of Yy and 73. Thus, recalling that 77 ~ Exp(a(1)) (T3 is
exponentially distributed with parameter a(1)), we get

2 _ — (1)t 2
E1,v, (1{T1>t}86Yt ) = e IR (65(Yf’e +N:) ) .
. 2\ . . . ..
Since a — E (65(‘”‘]\[‘) ) is even and convex, it reaches its minimum at a = 0 and

B (00 ) 5 8 (o5F).

Moreover,
1

) if a(1)(1 — e~ 22ty < 1,
E (e‘st) =< V1 =3da(1)(1 — et (ax )
—+00

otherwise.
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As a consequence, if 6 > 1/a(1), E (e‘wﬁ2) is bounded below by a function of ¢

which is infinite for ¢ large enough. Thus, E (e‘wf) is infinite too. O

3. Exponential moments for the switched diffusion

This section is dedicated to the proof of Point 2 in Theorem 1.5. We assume in
the sequel that A = 0. If (X¢),5, is a two-states Markov process then one can use
(1.12) to compute explicitly the Laplace transform of the invariant measure v. This
is a warm-up for the general case, and gives a more explicit formula for the critical
exponential moment, whereas it will come from an abstract spectral criterion in the
general case.

3.1. The explicit expression for the two-states case. In this subsection we assume
that £ = {1,2} and that A = 0. Let us start with a straightforward computation
which suggests that the Laplace transform of the invariant measure of Y is infinite
outside a bounded interval.

Remark 3.1. If T is an exponential random variable with parameter a and B is a
standard Brownian motion on R (with 7" and B independent) then,

oo oo 2a
E voBr\ _ E vo By —at dt = / U2v2t/2 —at dt = )
(e ) /0 (e ) ae ; e ae C Y
In other words, the law of o By is a (symmetric) Laplace law. When X spends an
exponential time in x € E with A(z) = 0, Y behaves like o(z)B.

Theorem 3.2 (The two-states degenerate case). Assume that F = {1,2}, A(1) is
equal to A > 0 and A(2) is equal to 0. Denote by L the Laplace transform of v.
Then, for any v such that v> < 1/8(2) (see (1.9) for the definition of 3),

= () () () e

Moreover, if v? > 1/3(2), L(v) is infinite.

Proof: Since E = {1,2}, X is symmetric with respect to p which is given by
w(1) = a(2)/(a(1l) + a(2)). Let us denote by L, the Laplace transform of ¥; when
Yo = 0 and X is stationary i.e. £(Xy) = p. From Equation (1.12), one has for any
v € R,

2

t
Li(v) =E, [exp (%/O U(X5)2e_2f:)‘(x7‘)dT ds)}

’U2 ¢ s
_ EM |:€Xp (3/ O'(Xs)2€_2f0 AN Xy) dr d8>:|
0

since p is reversible. By monotone convergence, we get that, for any v € R,
2

L(v) =E, [exp (%/ 0(X5)2e_2f5’\(x7‘)dT ds)} € 1, 4+o0],
0

where L is the Laplace transform of v.
Let us introduce two auxiliary functions: for x = 1,2,
2
v

L.(v)=E, [exp (5 / o(X,)2e 2o MXr) dr ds)].
0
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It is clear that
L(v) = p(1) L1 (v) + p(2) La(v).
Moreover, if T is the first jump time of X, then
2

LI(U) = ELE [Em{exp (%/ O'(Xs)2€72fos>\(x7”) dr d8> ‘-7:’_;“(}]
0

2 T )
=E, lexp <%/ U(XS)Qe*QIrfA(XT)dT ds) Exr
0

2 o)
Epr = Ez{exp (%/ o(X,)2e 2o MXr) dr ds) ‘]—"%(}
T

For any s € [0,T), Xs = = and then

)

where

T R 1— 6—2)\(;E)T
/0 0(X5)2€_2f0 A(X ) dr ds = U(I)Q 2/\(I) ’

with the convention (1 — e~%*7)/0 = T. Similarly,

/ooU(Xs)ze_zfos)\(XT)dr ds — e 22@)T /OOU(XS)ge_g JENX) dr g
T T

The Markov property implies

2 e}
E, {exp (%/ U(Xs)2672fos>\(Xr)dr ds) ‘}-T} =Ly, (,Uef)\(z)T)'

T
Thus,

Lo(v) =E [exp (”2”@)2%@‘3_”(@T>> Ly (ve—W)T) ‘XO - x}

More precisely,

Li(v) = E [exp (”2”(1)2&; em)> Lo (ve_’\T)] :

and
2a(2)
Lo(v) = E, [6”2”<2>2T/2L1(v)} —{ 2a(2) — 0(2)202
400 otherwise.

Li(v) if 0(2)%0? < 2a(2),

Using 3(2) = 0(2)%/2a(2), one easily gets that L; satisfies the following equation:
for any v? < 1/8(2),

Li(v) = W /Oooexp <0(1)2v2(41/\— eQM)) Li(ve ™ )a(1)e Mt gt
_ 1 ! o(1)*v*(1 —u?) a(l) a(1)/A—1
= W/o exp <T) Ll(UU)TU du.
With x = uv,

a(1)/x v
1 1 2,2 _ 2,2 a(l) _
L) = — (L (1) /<4A>/ o(1)222/(43) W) a()/A~17 (2 du.

1(’1)) 1_5(2),02 (’U) e 0 € h\ T l(x) £
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Differentiating this relation provides

, B B(2)v a(l)  o(1)%v 1 a(1)
L) = (1—5(2)v2 VR W B G PR Ve )Ll(”)'

Then L is solution of

o (P B+ a)/A
(o) = (205 + 2B 1)

which leads to

)

_ oy (L
Lif) =e (1—6<2>v2

since L1(0) = 1. Since Ls is a function of L; we get

2,2 — 1)2 1+a(1)/>\
L(U) _ ecr(l) ve/(4N) (1 1 ﬁ(;)(g)(jg > <1 _ 61(2),02) ’

)1+a(1)/,\

O

3.2. The exponential-like case. In this subsection we provide the proof of Point 2
(A =0) of Theorem 1.5. We first recall that, in this case, we split the state space E
of the switching process X into two subsets M and N defined in (1.8). We denote
also by F' the points of M that can be reached in one step from IV:

F_{xeM: ZP(j,x)>O}.

ZeN
Assume for simplicity that Xg € M and define by induction the sequence of times
(Tw) >0 by To = 0 and, for n > 0,

T2n+1 = inf {t >1T5, : X € N}, and T2n+2 = inf {t > T2n+1 X € M}

When X is in M, Y looks like a Ornstein-Uhlenbeck process (with variable but
attractive drift) while it looks like a Brownian motion (with variable but bounded
below and above variance) when X is in N. Thus, heuristically the process |Y|
might be larger after a sojourn of X in N than in M.

Let us notice that for z € N,

T
Yr=Yy+1, where I, = / o(X7)dB,
0

and X7 is the process X starting at z and T is the first hitting time of M. Our
strategy is to determine the domain of the Laplace transform of I, and then to
establish that it is also the one of the process Y at the entrance times of X into the
set M i.e at the times (T2p),, . We will then extend the result to the full process
(X,Y).

Proposition 3.3. Under previous assumptions, for any v? < B_l, the two following
conditions are equivalent:

(1) for any x € N, E(e¥!+) < +o0;

(2) p(PéN)) < 1, where P{™) is defined in Equation (1.10).
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Proof: Let xg,z1,...,2,—1 be in N. We denote by (Z,,), the embedded chain of
X. Ontheset H={Zy=x0,...,2n-1=Tpn_1,%n € M},

T n—1
I, = / o(XZ°)dB,s = Z U(xj)\/ijij
0 o

where the random variables (G )J, (Ta; )j are independent with distributions G; ~
N(0,1) and 7, ~ Exp(a(z;)). As a consequence,

vl (:CJ)2 o = 1
- Fef ()| T e
One just computes
E(e"0)= Y E(e"0|Zi=a1,..., Zn1 =Tn-1,Zn € M)x

n>1
Tl Tp—1€EN

X ]P)mo(Zl =21,...,p-1=Tpn_1,%n € M))

- ¥ P(zo,x1)  P(zn—2,2n-1) Pzp—1,M)
B 1 — B(xo)v? 1— B(xp—2)v?1— B(x,—1)v>

= Z Oz (PéN))nilﬁpu

for p(z) = ﬁ( I > P(x, M). Notice that ¢ is well-defined since v? < 1/3. Moreover
it is positlve because X is irreducible recurrent, so, for any x¢o € N there exists a
path that leads to M.

If p(P5N)) < 1, then

. -1 M 1/

lim sup ‘5IO(P1§N))n ¢|  <limsup ||(P1§N))nH ",
n—-+o0o n—-+o0o

hence the series is convergent.

If p, :== p(Pv(N)) > 1, by Perron-Frobenius theorem, there exists a probability

measure vy with some positive coefficients such that V()Pr[EN) = pyp, which implies
that
]EVO( Z Py t= = 09,
n=0
since ¢ is positive. O

Remark 3.4. When X is irreducible in restriction to N (i.e. the matrices P are

irreducible for any v), then E(e"l=) = +o0 for all x € N as soon as p(P, (N)) > 1. If

this is not the case, the previous proposition just ensures that when p(Pv(N)) > 1,
then E(e"/s) = +o0 for some x € N. Moreover, for any z, 2’ € N such that P(x,z’)
is positive then E(e¥’=') = 400 implies E(e"!+) = +o0.

We now introduce the sub-process made of the positions of (X,Y) at the suc-
cessive hitting times of M.
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Proposition 3.5. For any n > 0, let us define
U,=Xp,, and V,=Yrp,,.

The process (U, V) is a Markov chain on F' x R. More precisely,
Va1 = Mp(Un)Va + Qn(Un),

where the sequence of random vectors (M, (z), Qn(z)),cp) is i.i.d., and indepen-
dent of (U,,), with law given by

M, (x) £ exp (—/0 1A(Xf)dr>

Qula) £ /O " o (X7) exp (- / TlA(Xf)dr) dB, + / " (X7 dB..

T

For any v < v. where v. = sup {’U, p(P5N)) < 1}, we have

sup E (ev‘v"‘> < 4o00.
n=0

Moreover, if v > v, this supremum is infinite.

Proof: The fact that (U, V) is a recurrent Markov chain is a straightforward appli-
cation of the Markov property for X.

Let us introduce M,, = max,cr M,(x) and Q,, = max,ecr |Q,(2)|. The random
variables ((Mn,@n))n20 are i.i.d. Define the sequence (Vn)n>0 by

Vo=V and V,y=M,V,+Q, forn=>1.
The domain of the Laplace transforms of (Vn)n>0 is known thanks to the exhaustive
study Alsmeyer et al. (2009). Since P(Q,, = 0) < 1, P(0 < M,, < 1) = 1 and for
any ¢ € R, P(Q,, + M,c = ¢) < 1, Alsmeyer et al. (2009, Theorem 1.6) ensures
in particular that (Eexp (an))n is uniformly bounded as soon as the Laplace
transform Ly of @ is finite. At last, for any v > 0,

sup (eleml) <E (evé) -F (Sup ev@<m>|> <Y E (ele(r)l) _
zeF

zeF zeF
Thus Lz(v) is finite if and only if E (ev1Q@®)1) is finite for any = € F. Since |V,,| <V,
for all n > 0, then

sup E (e”‘V"I) < 400
n=>0

as soon as Lz(v) is finite.

On the other hand, choose v such that there exists xg € F' such that E (e”‘Q(IU)‘)
is infinite. Then, for any n > 0,

E (e”‘Vnﬂ\) >E (eUWnﬂ‘l{Un:zo})
2 E (6_U|Vn|eU|Qn(lﬂo)|1{Un:zo}>
>E (l{Un:mo}eiv‘Vn‘) E (GU‘Q"(EO)‘) .

The recurrence of U ensures that {n >0, E (e”'V"|) = +oo} is infinite.
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The last point is to show that Lg(v) is finite if and only if v < v. where v, is
defined by (1.11). For any = € F, the random variable @, (z) is symmetric and its
Laplace transform is finite as soon as, for any £ € N, the Laplace transform of

T ~
I; = / o(X?) dB,
0
is finite, which is true for |v| < v.. Indeed, we have for any v

E (ern<z>| le) -

T Ty
exp <u /0 o(XT)exp <— / A(Xf)dr) st> E(e“i)‘i:XTl- (32)

Proposition 3.3 ensures that, if |v| < v. then

E (e”Q"(m)) < C)E (exp <%2 /OTIJ(X;E)2 exp <—2 /STI)\(er) dr) dS)) :

Denoting @3y = maxgep o(x) and Ay, = minge s A(z), one has

=2
E (eUQn(w)) < C('U) exp (40-AM 'U2) .
M

It follows that Lz is finite on (—o0, vc).

We assume now that v > v.. From Proposition 3.3, we know that, in this case,
the set G = {z € N : E(e"*) = 400} is non-empty. Using the irreducibility of
X and Remark 3.4, one notices that there exists zo € I’ such that P(X7) € G) >

0. From this remark and (3.2), one has E(e’@"(*0)) = 400 which conclude the
proof. (I

Let us now extend this result to the whole process Y.

Theorem 3.6. For any v < v. where v. = sup {’U ER: p(P5N)) < 1}, we have

sup E (e”ml) < 4o00.
>0

Moreover, if v > v,, then this supremum is infinite.

Proof: Choose t > 0. We have

E (M) = B (1 ncrarinin)
n=0

We write, for 0 < v < v,

E (€U|Yt|1{T2n§t<T2n+2}) =K (E (€U|Yt|1{T2”<t<T2"+2}|]:T2" v ftx))

As in the proof of Proposition 3.5,

E (eU‘Ytll{Tznét<T2n+2}|fT2n \ ]:;X)

is bounded above by

=2

(o2
C(v) exp (4/\M v+ 'U|YT2n|> P (Ton <t < TontolFr,, V FY).
An
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By the Markov property applied to X,

—2
]E (eU‘Yt‘l{TQn <t<T2n+2}) g C(v) P <4‘.O;\]u v2> E (€U|YT2n |) ]P) (TQTL g t < T2n+2) '
aM

Then, for 0 < v < v,
—2
E (e’v‘YH) g C(U) exp < O\ 'UZ> SupE (e”|YT2n|) .
4AM n=0

The generalization of the case v > v, to the whole process is immediate. O

4. Polynomial moments for the switched diffusion

We denote by A, the matrix A—pA where A is the diagonal matrix with diagonal
(A(1),...,A(d)) and associate to A, the quantity
= — max Ren~.
o y€ESpec(Ap) v
The main goal of this section is to establish the equivalence between the positivity
of 7, and the existence of a p'" moment for the invariant measure v of Y. We will
also give the proof of Point 1 of Theorem 1.5.
Using classical ideas from spectral theory, we first relate 7, with exponential
functionals of A along the trajectories of X:

Proposition 4.1. For any p > 0, there exist 0 < Cy(p) < Ca2(p) < +oo such that,
for any initial probability measure 7 on F, any t > 0,

Ci(p)e—" < E, (exp (— /0 A du)> < Co(p)e. (4.1)

Proof: Let us define, for any p > 0 and ¢ > 0, the matrix A, ) by

¢
At (x,z) =E, <eXp <— /0 PA(Xy) du) l{Xt—j}> .

On the one hand, one remarks that

o (o (- [0n)) =t )

where the coordinates of 1 are all equal to 1 and 7 is a probability measure on F
seen as a row vector.

On the other hand, a simple application of the Feynman-Kac formula shows
that Ag, ) = et4r. This fact relates the spectra of Ay and A, 4. In particular,
p(Apy)) = e~ ™" and, since all coefficients of A, ;) are positive, we can apply the
Perron-Frobenius Theorem to ensure that —n, is a simple eigenvalue of A4,, all other
eigenvalues having a strictly smaller real part. Let &, < —n, be an upper bound
for the real parts of these other eigenvalues.

We then define 7, (resp. ¢,) the left (resp. right) eigenvector associated to
—1np, With positive coefficients, normalized such that m,(1) =1 (resp. m,(pp) = 1).
Applying Dunford and Schwartz (1988, Thm VII.1.8), we get that for any ¢ > 0

et = einpt@pﬂ'p + Ry(t),

with | R, (t)]|ec < P,(t)et?t, P,(t) being a polynomial of degree less than d. This
gives
metfr1 = e (1(p,) + PR, (1)1)



164 Jean-Baptiste Bardet, Hélene Guérin and Florent Malrieu

hence
et (7(pp) — pp(t)et(nﬁ&p)) < retdry <e (m(p) + pp(t)et(nﬁ&p)).

This estimate gives (4.1) thanks to (4.2) and to the fact that P,(t)e!("»+¢) tends
to 0 as t tends to infinity. O

Let us now study the function p — 7,.

Proposition 4.2.

(1) The function p +— 1, is smooth and concave on Ry. Its derivative at p = 0
is equal to
> AM@)u(z) >0,
z€E
and 7, /p tends to A as p goes to infinity.
(2) We have the following dichotomy:
e if A >0, then n, > 0 for all p > 0,
e if A < 0, there is £ € (0,min{—a(z)/A(z) : A(z) < 0}) such that
np > 0 for p < k and n, < 0 for p > &.

Proof: The smoothness of the functions 7,, m, and ¢, are classical results of per-

turbation theory (see for example Kato, 1995, chapter 2). Since m,4, = —n,7p,
mp1 =1 and A1 = 0, one has
Np = —mpApl = pmpALl =p Z Tp(2)A(@). (4.3)
zeE

Differentiating this relation gives 7, = m,A1 + pm,Al. In particular, 5 = pAl =
> wer H(T)A(x), since my = pu.

We turn to the proof of the concavity of n,. We only have to remark that, for
any t >0 and any = € F,

p M (p) = %ngx (eXp <—p /OtA(Xu) dU>>

is a convex function, as a log-Laplace transform (for example using Holder’s in-

equality). But (4.1) implies that Mt(m) converges to —1,, hence 7, is concave as a
limit of concave functions.

Obviously, one has, for any t > 0 and p > 0, Mt(z)(p) < —pA and 7, is greater
than pA.

On the other hand, denoting by 7" the first jump time of (X;), one has

x 1 i
Mt( )(p) 2; logE, (exp (—p/o AMXL) du) 1{T>t})

1
> —pA(x) + n logP,(T > t) = —pA(z) — a(z).
When ¢t goes to infinity, one gets for any p > 0
My < min(a(z) + pA(z)). (4.4)

In particular, 7,/p goes to A as p goes to infinity.

The fact that, when A > 0, n, is always positive is clear from (4.3).
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When A < 0, for p small enough, 1, > 0 since its derivative at p = 0 is positive.
But in this case, we can check that 7, < 0 for p large enough. Equation (4.4)
implies that 7, < 0 as soon as p > min,cp \(z)<o —a(x)/A(z). This provides the
upper bound for k.

With the concavity of 7,, these considerations are sufficient to ensure that n,
has a unique zero k, being positive before and negative after. O

Remark 4.3. The relation n, = 0 implies that (A — kA)p, = 0 which can be
rewritten as Mo, = @i (M,; being the matrix defined in (1.4)). This ensures that
p(M,;) =1 since M,; is non-negative irreducible and ¢, is positive. Our character-
ization of x in Theorem 1.5 is hence equivalent to the one given by de Saporta and
Yao in Point 1 of Theorem 1.2.

It is known from Guyon et al. (2004); de Saporta and Yao (2005) that the
invariant measure v of Y has p'" finite moment if and only if p < k. Their proof is
based on a time discretization of the process (X,Y") together with generic results on
the ergodicity of discrete time Markov processes and renewal theory (see de Saporta,
2005). The next proposition provides a direct and simple characterization of the
critical moment of v.

Proposition 4.4. For any p > 0 such that n, > 0 (i.e. p < k), and any initial
measure such that the second marginal has a p'" finite moment, one has

supE ([Y;]”) < 400 and /|y|p v(dy) < 4o0.

t>0

On the other hand, for any p such that n, <0 (i.e. p > £) and any initial condition,
Jim B (¥) = +o0 and [ f? ldy) = +2c.

Proof: Let us assume that p > 2. If it is not the case, one has to replace the

v Choose T > 0. Itd’s formula

function y +— |y|” by the C? function y +— s

ensures that

-1 _ _
i = (—oA O + PP o2 ) det po (Vi aB

(4.5)
Let us denote by «, the function defined on [0, T] by

ay(t) = E (Vi[|F5).
Taking the expectation of (4.5) conditionally to X leads to

@02(&)%—2@7

since B and X are independent. For any € > 0, there exists ¢ such that

ay(t) = =pA(Xi)ap(t) +

ap(t) < (=pA(Xy) + €)ap(t) +c.
This implies that

t
ap(t) < ap(0)e =PI X+ ar / JIEPAX ) dr gy,
0
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One has to take the expectation and use (4.1) to get for any p > 2 such that 7, > 0
t
E (|Y;[?) < Ca(p)E (|Yo|?) e 4 ¢ Oz(p)/ e~ (=mte)u gy,
0

If € < 7, then sup,~ E(]Y;|") is finite.
If p = Kk, one has
k(k —1)

(1) = —RACXDan(t) +

o2 (X¢)oe_o(t).
Then

t
aﬁ(t) = /O e*l‘ﬁfs A(Xu)duli(li _ 1)0'(XS)206N_2(S) dS 4 E (|YQ|N) ef’if())‘(xu)du

t
> k(K — 1)g2/ e_“fst’\(X“)d”aK,g(s) ds.
0

As a consequence, using Proposition 4.1 and the relation 7, = 0 (see Proposition
4.2),

t
E(|Y;]") > w(k — 1)g2/ E(QK,Q(S)E (ewf:A<Xu>du|fSX)) ds
0

> k(k —1)a®Cy (k) /OtE (|YS|H_2) ds.

From the first part of the proof,

tim E (1v,"?) = /|y|“—2 V(dy) > 0.

§—00

From this
Jlim E (|i]") = +o0,

and the x" moment of v is infinite. This is also true for the p* moment for any
P> K. 1

5. Convergence to equilibrium for the switched diffusion

Under the assumption that v has a finite p® moment, one can establish an
exponential convergence of (X,Y) to its invariant measure in terms of mixed total
variation (for X') and W, Wasserstein distance (for Y).

Let us start with the easiest case, assuming that £(Xo) = £(Xo).

Proof of Theorem 1.8: Let y and y be two real numbers. We couple two trajectories
of (X,Y) starting at (x,y) and (z,9) by choosing the same first components and the
same Brownian motion to drive Y and Y. In other words, we compare (Xt, Yp)™v
and (X,,Y;)*¥ where

X, =X,

t t
Yt:y—/)\(Xu)Yudu—l-/ U(Xu)dBu,
Ot Ot
~tZQ—/ )\(Xu)f’udqu/ o(X,)dB,.
0 0
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Then,
a(Yi— Y1) = =AX)(V; - Vi) dt
and

- P
Y, —Y,| du.

~ |P
i

t

—ly -3l - [ pAcx)
0

As a conclusion, (4.1) ensures that

p) —E, (exp (— /Otp/\(Xu) du)) ly — 9"

< Ca(p)e ™|y — gI”.

Y; - Y,

Ez.y).(2.9) (

Then, for any coupling IT of £(Yp) and £(Yj),

~ p ~ ~
W, (£00),£7)" < Calple ™[Iy = 31 Ty 7).
Taking the infimum over II provides the result. 0

Let us turn to the general case.

Theorem 5.1. Consider two processes (X,Y") and (X,Y) with respective initial laws
m and 7 two probability measures on E x R such that the second marginal has a
finite ' moment with < k (with Kk = +oc if A > 0). For any p < 6, we have

~ \P 1—p » V1pt
Wy (L) £(¥0)) " <Cap)(1 = pe)! =7/ Mo(6)"/” excp (—W)

=—p o
+pW e,
where

Pe = Z po(x) A fio(x) =1 —drv (E(Xo),C(Xo)) )

zeE

~ p/0
M0 =27 (supE (1Y) +supE (17%) )
>0 >0
W, = I;lea%ch (C(Y0|X0 =), L(Yo| X0 = :C)) ,
and v is such that
dTv(E(Xt),E(Xt)) < ef'ythv (E(Xo),E(Xo)) .

Remark 5.2. This estimate can be improved and simplified if A > 0. In this case,
one can write instead of (5.1) that

Y, - Y,

P
By, 2.9) ( 1{T>at}) < CP(T = at)

thanks to the explicit expression (1.2) of Y. Since pA < 7, this leads to

=\ 7 YPA TP _pAt
< — — pPAL
Wy (»C(Yt),ﬁ(h)) < C(p)(1 = pe) exp < 5 pAt> +pWpe
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Proof of Theorem 5.1: We have to consider the case Xy # X,. Given 2, € E
(with z # £) and v,y € R, we introduce the three independent processes (X;);>o,
(Yt)tZO and (Bt),s, where the first one is a chain starting at z, the second one is

a chain starting at © and the last one is a standard Brownian motion. The process
X is defined as follows:

Xy = .
Xy ift>T,
where T = inf {t >0, X; = Yt}. It is well known (since X is a finite irreducible
continuous time Markov chain) that there exists v > 0 such that

sup Py (T > 1) < et
x,2€F

~ {Yt ift<T,

Let us now define for any t > 0,

t
Y =ye” JoA () du + / e JarXe) dUU(Xu) dBy,
0

. tL .
Y, = je~ JINXy) du +/ e fuk(XU)de,(Xu) dB,,.

0
Let us denote, for any p < x and y,y € R,

O(p, €, y) - iggE%y (|}/t|p) and O(pa T,Y, %, :’j) =2° (C(pv T, y) + C(pv z, g)) :
Let a € (0,1) and s be the conjugate of §/p. Theorem 1.8 ensures that

p p
) = Ey),@9) ( (1{T>at} + 1{T<at}))
< C(e}x,y7iﬁ,g)p/9e*’yat/5 (51)

v " —np (t=T)
+ Ez),3.9) (‘YT - YT’ Ca(p)e™™ 1{T<at})

< Cap)C(0, 2.y, ,§)" (7100 4 el ).

Y, - Y, Y; - Y,

E@y.@0 (

Optimizing over « in order to have ya/s = n,(1 — a) i.e. o = ,Yf;’; leads to
~ |P o ’Yﬁp
Ew T,y (}/t_}/t ) gOQ(p)O(H,:c,y,x,y)p/eexp <_7t> .
(z,),(Z,9) v+ snp

Let us now turn to the case of general initial conditions. Let my and 7y be
two probability measures on E x R such that the second marginal has a finite "
moment. Let us start coupling the marginals g and fig on E. Define the coupling
probability p.

Pe = Z to(x) A fio(z),
reE
and D = {x € E, po(x) = fio(x)}. We introduce the random variables U, V, W
and Z such that for any x € E

_ po(®) A fig()
pc
_ Ho(x) — fo(x)
1 — Pc

P(W =2)= M?_;;io(x)lm(:v),
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and P(Z =1) =1—P(Z =0) = p, Z being independent of (U, V, W). We can now

define
ifZ=1 ~ ifZ7=1
Xo = v 1 T Xo= v 1 '
vV ifZ=0, W if Z=0.

We check by a standard computation that the law of X (resp. XO) is po (resp.
fo)-

Now, for any « € E, let us introduce two random variables Y;" and Y*, indepen-
dent of (U, V, W, Z) such that

0

e (|15~ %) = Wo (£061%0 = 0), LTl o = o)

With this construction (Xp, Y3¥°) has law o and (X, Y5 °) has law 9. We consider
the processes (X,Y) and (X,Y) with these initial conditions, the sticky Markov
chains and the same Brownian motion. Thanks to the previous computations, we
have

E (}Y;S - ﬁ}p) -k (‘Yt — }th‘p (1{X0:X0} T 1{X07&f<0}))
<E (1{X0:X0} Ygto — 1705(0 p) et

+ OQ(Z))E (I{XD;EXD}O(H’ Xo, YOXO, Xo, YOXO):D/Q) e Fsup

On the one hand, we have

X X
S O e

P T -

) = E (1) B (|16 75 1%0 = %))
< pIVy,

where W, = max,eg W, (E(Y0|X0 =), L(Yo| X0 = 3:)) On the other hand,

= (1{;@7&;&0}0(9, Xo, V5%, X0, yoxo)p/e)

is smaller that
- < =%, \P/?
P(Xo # Xo)VE (C(0, Xo, Vi, %o, 15)) .

As a conclusion we get the following bound:

Wy (‘C(Yt)v ‘C(Y/t))p <Co(p)(1 — pe)'/* Mo (0)P/? exp (_7’7 1n§np t)

+ Pl Ty e,
where

-~ p/0
Mo(6)P/0 = 2v (E (C(0, Xo,Yo)) +E (0(9, Xo, Yo))) .
0
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