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Abstract. We consider a continuum percolation model on R¢, where d > 4. The
occupied set is given by the union of independent Wiener sausages with radius r
running up to time ¢ and whose initial points are distributed according to a ho-
mogeneous Poisson point process. It was established in a previous work by Erhard
et al. (2016) that (1) if  is small enough there is a non-trivial percolation transi-
tion in ¢ occurring at a critical time t.(r) and (2) in the supercritical regime the
unbounded cluster is unique. In this paper we investigate the asymptotic behaviour
of the critical time when the radius r converges to 0. The latter does not seem to
be deducible from simple scaling arguments. We prove that for d > 4, there is a
positive constant ¢ such that ¢=14/log(1/r) < t.(r) < ¢y/log(1/r) when d = 4 and
clpd=d/2 < te(r) <c r=4)/2 when d > 5, as r converges to 0. We derive along
the way moment and large deviation estimates on the capacity of Wiener sausages,
which may be of independent interest.

1. Introduction

Notation. For every d > 1, we denote by Lebg the Lebesgue measure on R%. The
symbol || - || stands for the Euclidean norm on R? and the symbols | - |; and | - |
stand for the ¢; and ¢, norms on Z¢, respectively. The open ball with center z,
radius r and with respect to the Euclidean norm is denoted by B(z,r), the closed
ball by B(z,r), and ¢y = Leby(B(0,1)). For A C R? and = € RY, we denote by
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d(z, A) the Euclidean distance between z and A, i.e. d(z,a) = infyca{llz — y||}.
The complement of a set A is denoted by A¢ and its closure by A (the topology
will depend on the context). For two sets A;, Ay C RY, we denote by A; @ Ay
their Minkowski sum, defined by {z1 + 22, 1 € A1, 23 € A3}. For a € R, we
denote by [a] its upper integer part. The symbol | - | stands for the cardinality
of a set or the absolute value of a real number, depending on the context. We
denote by 1 the infinite column vector with all entries equal to one. We denote by
G :R? x R? — [0, 00) the Green function of the standard Brownian motion. Given
f and g two positive functions we write f < g if there is a constant ¢ € (0,00) so
that f < cg.

Throughout the paper the letter ¢ is used to denote a constant whose precise
value is irrelevant (possibly depending on the dimension) and which may change
from line to line.

1.1. Introduction to the model. Let £ be a Poisson point process with intensity
A Lebg, where A > 0. Conditionally on &, we define a collection of indepen-
dent Brownian motions {(By)i>0, ¢ € £} such that for each z € &, Bf = «
and (BY — x)¢>0 is independent of £. We refer the reader to Section 1.4 in Er-
hard et al. (2016) for a rigorous construction. Let P and E be the probabil-
ity measure and expectation of Brownian motion, respectively. We denote by
W[”S;] = Uo<s<: B(BS, 1) = Bjj y®B(0, 1) the Wiener sausage with radius r, started
at x and running up to time . When it is more convenient, we shall use P, for a
Brownian motion started at x, and we remove the superscript x from B or W. Also,
we will use the symbol P to refer to an independent copy of a Brownian motion. If A
is an event, then E(-; A) stands for E(-14). Finally, we use the letter IP for the law
of the whole process that is formed by the Poisson points and the Brownian motions.

The object of interest is the occupied set defined by

Our = o Opi= UBhy t=0r>0. (1.1)
ze€ z€eE

The rigorous construction found in Erhard et al. (2016) yields ergodicity of O,
with respect to shifts in space. For d > 4, Cerny et al. (2008) used this model to de-
scribe the target detection area of a network of mobile sensors initially distributed
at random and moving according to Brownian motions. In a similar spirit Kesidis
et al. (2003) study the detection time of a particle that is placed at the origin. Note
that at time ¢ = 0, the occupied set reduces to a collection of balls with randomly
located centers: this goes under the name of Boolean percolation model and was
first introduced by Gilbert (1961) to study infinite communication networks. We
refer to Meester and Roy (1996) for an introductory overview of this model.

Two points z and y of R? are said to be connected in Oy, if and only if there
exists a continuous function v : [0,1] — Oy, such that v(0) = z and v(1) = y. A
subset of O, , is connected if and only if all of its points are pairwise connected,
and a connected subset of O, is called a component. A component C is bounded
if there exists R > 0 such that C C B(0, R). Otherwise, the component is said to be
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unbounded. A clusteris a connected component which is maximal for the inclusion.
Denote by C(z) the set of points in £ which are connected to x through O, ,..

A set is said to percolate if it contains an unbounded connected component. In
Erhard et al. (2016) it was shown that O, undergoes a non-trivial percolation
phase transition for all d > 2. More precisely it was shown that if d € {2,3},
then for all A > 0 there exists t.(\) € (0,00) such that for all t < t.(\) the set
O; only contains bounded connected components, whereas for ¢t > t.(A), the set
O; percolates with a unique unbounded cluster. What happens at criticality is
still unknown. In essence the same result holds for d > 4. However, due to the
fact that the paths of two independent Brownian motions do not intersect (except
at a possibly common starting point), the set O almost surely (a.s.) does not
percolate for all ¢ > 0. Therefore, the radius r needs to be chosen positive. In this
case, denote by A.(r) the critical value such that the set Op, a.s. percolates for all
A > A:(r), and a.s. does not for A < A.(r), see Section 3.3 in Meester and Roy
(1996). Theorem 1.3 in Erhard et al. (2016) states that when r > 0 and A < A.(r),
then there is a critical time ¢.(A,r) € (0,00) which separates a percolation regime
(t > te(A,r)) from a non-percolation regime (¢ < t.(A,r)). Equivalently, a phase
transition occurs when A\ is fixed and the radius is chosen smaller than a critical
radius r.(\). We choose the last formulation, which is more relevant for the rest of
the paper.

1.2. Main Result. In this paper we study the behaviour of the critical time as the
radius converges to 0 and the intensity is kept fixed to A = 1. For this reason,
we shall now write t.(r) instead of t.(1,7). Let us mention that no simple scaling
argument seems to immediately yield bounds on t¢.(r). Indeed, since for each d
there are three parameters (A, ¢ and r), it is not possible to scale two parame-
ters independently of the third one. We expect that t.(r) goes to co as r — 0,
since t.(0) = oo. Note that this is not an immediate consequence of continuity
since the event {O; does not percolate} is not the increasing union of the events
{0, does not percolate} for » > 0. The following theorem however confirms our
intuition and determines at which speed the convergence takes place.

Theorem 1.1. Let d > 4. There is a constant ¢ and an ro € (0,1) such that for

all r < rop,
c 1 log(1/r) < to(r) < ey/log(1/r), if d =4,

cipd=d)/2 < te(r) <c rd=d)/2 if d > 5.

(1.2)

1.3. Discussion. Items (1)—(3) below contain comments about the result. Items
(4)—(5) are general comments about the model.

(1) For completeness, we state that r — t.(r) stays bounded as r — 0 when
d € {2, 3}, since, by monotonicity, limsup, _,qt.(r) < t.(0) < co. This follows from
Erhard et al. (2016, Theorem 2). Continuity at » = 0 is not immediate, but we
expect that this follows from a finite-box criterion of percolation. Theorem 1.1
shows in particular that when d > 4 the critical time is continuous at r = 0, since
t.(0) = oo.

(2) One motivation to study the small radius asymptotics of the critical time is to
gain a better understanding of the percolation mechanisms when d > 4. Indeed,
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when d € {2, 3} percolation can occur because two independent Brownian motions
that start close to each other eventually intersect, see Erhard et al. (2016, Lemma
5.1). This argument however breaks down when d > 4. The proof of Theorem 1.1
gives some insight on how percolation occurs in that case.

(3) The proof of our result makes use of moment and large deviation estimates
on the capacity of a Wiener sausage, that we derive in Section 5. When d = 4,
these are more subtle and therefore require a more careful analysis than in the high
dimensional case d > 5. This is due to the logarithmic correction in the increase of
the mutual intersection local time in four dimensions. For similar moment estimates
in the case of simple random walk, we refer to Réath and Sapozhnikov (2012) (d >
5) and Chang and Sapozhnikov (2016, Equation (4)) (d = 4). Let us mention
that while preparing this manuscript we were getting aware of a work in progress
by van den Berg et al. (2016) who developed simultaneously to us capacity estimates
that are similar in spirit.

(4) Random interlacement is a Poisson point process on infinite random walk paths
obtained when looking at the trace of a simple random walk on the torus (Z/NZ)?
started from the uniform distribution, running up to time uN¢ and letting N 7 oo,
see Sznitman (2010). We expect that, as ¢t /" oo , A \, 0 and At stays constant,
while r is fixed, our model shares features with a continuous version of random
interlacements, see Sznitman (2013). Indeed, in the regime described above, the
number of Brownian trajectories entering a set A is a Poisson random variable with
intensity proportional to At cap(A), which is a key feature of random interlacements.
Moreover, the product of At serves as an intensity parameter. This limiting regime
exhibits long-range dependence, in the sense that if A; and A, are two bounded
sets, then

COV(]I{AlﬁOt;é(B}7 H{Azmoﬁé@}) ~ ¢ dist(Ay, A2)2_d, (1.3)

as dist(Ay, As) N oo, t 7 oo and At stays constant. Indeed, the left-hand side
becomes asymptotically equivalent to the difference between cap(A; U Ay) and
cap(A;) + cap(Az), which has the desired order.

(5) Peres et al. (2013a,b) also study a system of points randomly distributed in
space and moving accordmg to Brownian motions. However, instead of only looking
at O, they also look at Xy, = UyeeB(BF,r) at each fized time t. Nevertheless,
in contrast to our setting, they choose r large enough such that X, contains an
unbounded cluster for all £ > 0. In these papers the focus is on three aspects:

(i) detection (the first time that a target point is contained in ¥ ,);
(ii) coverage (the first time that all points inside a finite box are contained in
Ot,r);
(iii) detection by the unbounded cluster (the time it takes until a target point
belongs to the unbounded cluster of ¥, ;).

1.4. Open questions. (1) Do the upper and lower bounds in Theorem 1.1 match?
More precisely, is there a ¢, € (0,00) such that

(4 d)/2 >
lir%tc(r)/f(r) =c., with f(r { d =5,
r—

Vlog( 1/7‘ d=47 (14)
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(2) Is there a way to define a limiting random subset of R? as we set time to
t(r) = cf(r) (see (1.4)) and intensity to A = 1 in our model, and let r \, 07 Would
this limiting object have a percolation phase transition in ¢ and if so, would the
critical value of ¢ coincide with the constant ¢, in (1.4)? Note that one should
beforehand perform a change of parameters. Indeed, for any couple of points x
and y in RY, the intersection of W[gf)”roo) and W[%igo) becomes eventually empty as
d >4 and r 0, meaning that percolation occurs out of arbitrarily large windows
and is thus not visible in the limit. To fix this issue, one may set time t = 1
such that intersections of Wiener sausages occur in a space window that remains
bounded, and in order to be consistent with the previous scaling, let the intensity

parameter be A(t) = t%/2 and the radius parameter be r(t) = ct?@@ if d > 5 and
r(t) = t=1/2e=t"/c if d = 4, with a different c.

1.5. Outline. In Section 2, we recall facts about the Green function and the New-
tonian capacity. Section 3 contains the proof of the lower bound, which is guided
by the following idea: suppose that the origin is contained in the occupied set, then
perform a tree-like exploration of the cluster containing the origin and dominate
it by a sub-critical Galton-Watson branching process. Extinction of the Galton-
Watson process implies non-percolation of the cluster. Section 4 contains the proof
of the upper bound, which consists in the following coarse-graining procedure: (i)
we split space in an infinite collection of balls all having a radius of the order v/, (ii)
each ball is shown to contain with high probability the starting point of a Wiener
sausage whose Newtonian capacity is large enough, and (iii) provided ¢ is large
enough, these Wiener sausages form an unbounded connected component. Finally,
Section 5 contains the proof of several capacity estimates that we use along Sections
3 and 4.

2. Preliminaries on Green function and capacity

In this section we introduce the notion of capacity. We refer the reader to Morters
and Peres (2010) as well as Port and Stone (1978) for more detailed surveys on this
subject. Let d > 3 and denote by I' the Gamma function. The Green function
associated with Brownian motion on R? is defined as

G(z,y) = fid/Q 1)d,2,
202 |z — |

Definition 2.1. Let A C R? be a Borel set. The energy of a finite Borel measure
v on A is defined as

z,y € RY. (2.1)

I(v)= /A/AG(m, y)v(dz)v(dy) (2.2)
and the Newtonian capacity of A is defined as
cap(A) = [igfz(y)rl, (2.3)
where the infimum is over all probability measures on A.

Let A, A’ be bounded Borel sets. The function A — cap(A) is non-decreasing in A,
satisfies the scaling relation

cap(ad) = a®2cap(A), a >0, (2.4)
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and is a submodular set function:
cap(AU A") + cap(AN A") < cap(A) + cap(4’). (2.5)

Given a bounded set A C R?, let 74 be the last exit time of A (with the convention
that 74 = 0 if the Brownian motion does not visit the set A). There exists a finite
measure e4 on A, the equilibrium measure of A, such that for any Borel set A C A
and every x € R? (see Chapter 3, Theorem 2.1 in Port and Stone, 1978),

P.(B;, € Aj74 >0) = / G(z,y)ea(dy) (2.6)
A
and such that
cap(A) = ea(A4). (2.7)
It moreover has an interpretation in terms of hitting probabilities:
A
| 1‘1‘m [|z]|~2P( 0,000 VAF# D) = Caii(), A C R? bounded Borel set, (2.8)
z||—o0 ’ d

where kg = 27%2 /T(d/2—1) is the capacity of the unit ball (see Chapter 3, Theorem
1.10 in Port and Stone, 1978). Finally, the Poincar-Faber-Szeg6 inequality (Polya
and Szegd, 1951) states that for any bounded, open set A C R¢

Lebg(A) < cap(A)Y/(4=2), (2.9)

Here, the proportionality constants only depends on the dimension.

3. Proof of the lower bound

In this section we prove the lower bound of Theorem 1.1. The proof for the case
d > 5 is given in Section 3.1 and the proof for the case d = 4 is given in Section 3.2.
Throughout this section we use the abbreviations

zy = Wiy Wiy # 0, N(@)={yeé\{z}: x ~y}, z,y€é
(3.1)
and for a set A C RY we write

M (A) = sup ||z|] (3-2)
z€A
for the outradius of A. Let us stress that A/(z) also depends on t, so that one may
also use the notation N;(z) instead. For ease of readability however we abstain
from using ¢ in the notation.

3.1. Case d > 5. We use a technique that has been used in the context of Boolean
percolation, which consists of exploring the cluster containing the origin and com-
paring it to a (multitype) Galton-Watson branching process, see for instance Section
3.3 of Meester and Roy (1996). For simplicity, we assume that there is a Poisson
point at the origin, which is justified in the proof of Lemma 3.1 below. For that
purpose we introduce PY the law of our process after addition of a Brownian motion
at the origin. The Wiener sausages intersecting the Wiener sausage starting at the
origin are called first generation sausages, all other sausages intersecting the first
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generation sausages constitute the second generation sausages, and so on. This
leads to the following decomposition of C(0):

— S Upee, N\ Ui—o & i EL # 0
50_{0}7 gn-‘rl_{@y 1f5n=(2)’

Here &, is interpreted as the set of elements in C(0) at generation n. The idea
is to dominate the process {|€,|}nen, by a branching process which eventually
becomes extinct, thus proving that C(0) contains finitely many Poisson points,
which in turn proves non-percolation. If this branching process would be close (in
some reasonable sense) to a Galton Watson process, then it would be enough to
control the mean number of offsprings of the Wiener sausage started at the origin.
However, the Wiener sausages of the first generation are not distributed as Wiener
sausages but as Wiener sausages conditioned to intersect W[%”:]. These are subject
to a size biasing effect meaning that their capacities have a bias towards larger
values, compared to the unconditioned Wiener sausage. To overcome this difficulty
we employ a multitype branching argument. More precisely, we partition the set
of Poisson points according to the capacities of their associated Wiener sausages:

¢, = {x €& eap(We) € [j.j + 1)trd*4}, j € Np. (3.4)

neNy.  (3.3)

The term tr¢=* above is due to the fact that E[cap(W[%’z])] is bounded from above

and from below by a constant times ¢r?~%, which can be deduced from the argu-

ments used in Sections 5.2-5.3. The reason to consider Wiener sausages with radius
3r instead of 7 is of technical nature and does not hide anything deep.

We now introduce the auxiliary multitype branching process, see Athreya and
Ney (1972) for the necessary theory (in the case of a finite number of types). First,
define

N (i, j) = esssup EC[&; NN (0)] \ Blifoec),  ijeNy,  (35)
which will be a parameter of the offspring distribution. Note that the supremum
is taken over the realisations of BY. Let ¢ be a Np-valued random variable with
P(¢ = j) = PY%0 € ¢;) for j € Ny and independently from that, {C,(&])}Z-’j’k,g

be independent Poisson random variables with parameter N (4, 7). Let (Z,(f )) 5.ENo >
where n stands for the generation number and j the type, be defined by

. 1 .f | =
7 S A (3.6)
0 else
and conditionally on (Z]ii))ogkgn,ieNoa
2
Zy(zj+)1 = Z H{Zr(f) 2 1}29(:4’:1),@‘ (3.7)
1€Np =1

In particular, conditionally on (Z ;gi))ogkgn,ieNo, the random variables foll with j €
Np are Poisson distributed with parameter >, Z,(f)N(i, 7). Set Zn =3 e, Z
for n € Ny and note that if Z,, = 0, then Z,,;,, = 0 for all m € Ny. We finally
define the extinction time 7oy, = inf{n > 1: Z,, = 0}.
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The rest of the section is organized as follows: first we justify with Lemma 3.1
why we can add a Poisson point at the origin (even though this can be considered
standard, we have not found a rigorous argument in the literature). Lemma 3.2
makes the link between C(0) and the auxiliary multitype branching process. Then,
in Lemma 3.3, we give a sufficient criterion on the kernel N (i, j) defined in (3.5) for
the multitype branching process to become extinct. Lemma 3.4 provides an upper
bound on the N(7,j)’s. Finally, we combine all four lemmas to prove the lower
bound in Theorem 1.1.

Lemma 3.1. Lett,r > 0 be such that C(0) is a.s. finite under PY'. Then, O, does
not percolate, P-a.s.

Proof: Since £ is a Poisson point process, PV coincides with the Palm version of P,
see Proposition 13.1.VII in Daley and Vere-Jones (2008). By definition of the Palm
measure, for all bounded Borel sets A C R4

1

P° =—F 1 : :

(€0)| < o0) = s { 3 1je@) < oo}} (3.8)
zeENA

Therefore, if P°(|C(0)] < oo) = 1 then by choosing a sequence of Borel sets

(A, )nen increasing to RY, we get that P-a.s. all clusters are finite, which proves

non-percolation. [l

Lemma 3.2. If 7oy is a.s. finite then C(0) is P°-a.s. finite.

Proof: Let us define for j € Ny and n € Ny, &(f') =&,N¢,, Yn(j) = |57(1j)| and
Yo = Y ien, v = |€n]. Note that C(0) is finite if and only if there exists a
(random) ng such that Y,, = 0 for n > ng, or equivalently, >, .\ Y, converges.
The idea is to dominate the process (Y3, )nen, by the multitype branching process

(Zn)nen, defined in (3.6) and (3.7). Let us first explain how this domination works
for n = 1. Define

Enz{xegzxgéugm}, n € No. (3.9)

m<n

Conditionally on BY, {El(j )} jen, and &, are independent Poisson point processes on
R? with respective intensity measures {P°(z € N'(0) N ¢;|B%)dz};en, and PO(x ¢
N(0)|B°)dz. Recall (3.5). Conditionally on B, and on the event {0 € €;}, Y\ is
therefore a Poisson random variable with a parameter smaller than N(¢, 7), hence
Yl(j) is stochastically dominated by Zy), as defined in (3.6)—(3.7), for all j € Ny.
Consequently, Y7 is dominated by Z.

We now explain the iteration procedure. Let G, be the o-field generated by
(Ek)k<n and (B*, © € Ug<,&y) and let the properties (H}) and (H%) be defined
by:

— (H?}) Conditionally on G,,_1, on the event {&,_1 # (0}, the random sets {Ey(lj)}jeNU
and éN'n are independent Poisson point processes with respective intensity measures
{P°(x € Uyee, N (y) N €\ Ui EilGn—1)da}jen, and PO(z ¢ Uyee, , N (y) Uiy
&i|Gn—1)dz;

— (H%) Conditionally on G,,_1, on the event {&,_1 # 0}, Y, is stochastically
dominated by Z,(Lj) for all j € Ng.

We now suppose that (H7) and (H5) are true and sketch how to conclude that
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(HPT) and (H5T') are also true, see Procaccia and Tykesson (2011, Lemmas
7.1-7.2) for details in a similar context. The sets {8 +1}36N0 and &, 41 are clearly
disjoint and contained in Sn, which, by induction hypothe51s is independent from
En. Therefore, conditionnally on &, {5 +1}J€N0 and 8n+1 are independent Poisson
processes with the desired intensity measures, which proves (H*'). We now turn
to the proof of (H3™1). Let j € Np. By removing the restriction = ¢ U & and
using the decomposition &, = U;’io&(f), we get the upper bound
POz € Uyee, N(9)NE\ULEilGn,z € E) < Y PUx € U, oo N (Y)NE;(Gr,a € E).
€Ny

(3 10)
By using translation invariance, conditionally on G,, the parameter of Y, )1 is
bounded from above by 37, . Y(l)N(z j). Using (H%), (3.7) and the remark
following it, we see that Y(J )1 is stochastically dominated by ZT(LQI This settles
(H51). One may now show by iteration that the total number of particles in the
branching process defined above dominates |C(0)|, which completes the proof. O

In the lemma below, (N*1)(i) is the i-th term of the sequence N*1, N* being
the k-th power of the (infinite) matrix N and 1 being the (infinite) vector whose
entries are all equal to one. In other terms, (N*1)(i) = > jemo NE(i, 7).

Lemma 3.3. If the series EkGNO(Nk]l)(i) converges for all i € No, then Texy 1
a.s. finite.

Proof: Note that ;. (NF1)(i) = E(Q ren, Zk|Z0 = ). If the latter is finite for
all i € No then P(} ., Zk < o0|Zp = i) = 1 for all i € Ny, which implies that
ZkeNO Zy, is finite a.s. Thus, Tey 1S a.s. finite. O

The lemma stated below provides an upper bound on N (i, j). Its proof is quite
technical and is therefore deferred to the end of the section.

Lemma 3.4. Let d > 5. Fiz e > 0 and choose t = er*=9/2. There exists j, € N,
a > 1 and rg > 0 such that

N(i,j) S %Py +i%€ 9 1jus0y, 4,5 €No,  forallr <rg.  (3.11)
We may now prove the lower bound in Theorem 1.1.
Proof of the lower bound in Theorem 1.1: Let t = er*=9/2. We want to prove
that there exists € small enough such that, for all » small enough, O, does not
percolate. Fix ¢ € Ng. By Lemmas 3.1-3.3, it is enough to prove that for this choice

of t and r, the series Y, -, (N*1)(i) converges when r is chosen small enough. Note
that there exists 79 = 7¢(g) small enough such that

Z jQV(Xe—jt/Q S (jO + 1)1—&-2\/0452’ r S 0. (312)
J>jo
We are now going to prove that there exists 7o = 7o(¢) > 0 such that

(N*1) (i) < 202V (2c(jo + 1)1T2Voe)k <7, ke N, (3.13)
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where ¢ denotes the proportionality constant from Lemma 3.4. To see that (3.13)
is true, note that by Lemma 3.4,

Z N(’L,]) S C(jO + 1)627;2 =+ C1_7I€7_t/2€7‘70t/2 (314)
7=0

By the choice of ¢ there is 7 = r1(¢) > 0 such that the second term on the right
hand side of (3.14) is at most c(jo + 1)i%? for all » < 1. Thus, (3.13) holds for
k = 1. Assume now that (3.13) has been proven for some k € N. Then, for all
r<Trp:=19ATY,

[ee]
(NFFII) (i) =Y N, 5)(NF1) ()
7=0

. 1+2Va 2\k - -2V .. (3'15)
< (2c(fo + 1)1 V2R Y " 252V N (i, )

j=0
=1+411,

where I and IT equal the middle term in (3.15) with the sum restricted to j < jo and
j > jo respectively. An application of Lemma 3.4 and Equation (3.12) shows the
validity of (3.13) with 7o = 79 Ar;. Choosing & > 0 such that 2¢(jo +1)172Vee? < 1
yields the claim. [

We are left with proving Lemma 3.4. We shall makes use of the following lemma,
whose proof is deferred to Section 5.4.

Lemma 3.5. Let d > 5 and r > 0. There exists jo large enough such that:
P(cap(VV[0 t]) > jtrd=4) < et Jj > Jjo- (3.16)

Proof of Lemma 3./: We divide the proof in two parts: (1) is the estimate for
j < jo (which actually holds for all j), and (2) is the estimate for j > jo.
(1) Let A be a compact set. Define

N(4) =B [[{z € &: By N A #0}] ‘ B . (3.17)

The reason why we condition on B is that we later choose A = W[% i]r We first

prove a general upper bound of the form
N(A) < tcap(A) + cap(4)2. (3.18)
Campbell’s formula yields

N(A) = /R P(B 4 NA#0)de

(3.19)
= Lebg(A) + / P(BjgyNA#0)dz.
RA\ A
Following Spitzer (1964, Eq. (2.8)), we obtain
/ P(Bj N A#0)dz < teap(A) + J(A),
A (3.20)

where J(A) = / P(Bf oy N A # 0)*da
RA\ A
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We are left with giving an upper bound on J(A). To that end we write

JA:/ PBwoomA;édeJr/ P(Bf  NA#£D

( ) d(z,A)<r ( [0.20) ) d(x,A)>r ( [0.09) ) (321)
= Ji(A) + J2(A).

We first derive an estimate on Jz(A). By (2.6) and (2.1),

P(Bjp,oc) NA#0) = g / |z =yl >~ "ea(dy), (3.22)

yeA

where e 4 is the equilibrium measure of A. By (2.7), the measure e (dy)/cap(A) is
a probability measure. Therefore, by Jensen’s inequality,

na =t [ / Nyl ) cap ) s

(3.23)
/ / —y||*72? dz ea(dy) cap(A).
yeA Jd(z, A)>r
Since d(x, A) > r implies ||z — y[| > r for all y € A, we get
Jo(A) < cap(A)? x / ||z|[*724 da < cap(A4)? 2. (3.24)
llzl|Zr

As for J1(A) we use the simple estimate J;(A) < Lebg(A & B(0,7)). We now
replace A by W". Using that WO g B(0,7) = W2 and the Poincar-Faber-

[0,¢] [0,] [0,¢]
Szego inequality (2.9), we obtain
Jy (W% 3{) cap(WA) ¥/ (4=2) < p4=deap(W5E)2, (3.25)

To obtain the last inequality above, note that if 0 € €; and for r small enough
Cap(W[%,j]T)d/(d72)72 S (Z-t,r,d74)(4fd)/(d72) S, (T4fd)(d74)/(d72) < 7,47d' (326)
Adding up the upper bounds for J; and J3, and using that 0 € &;, we may conclude

this part of the proof.
(2) Let A be a measurable set and define

Nj(4) =E| | {z € ¢;: B ynA#0} ], (3.27)

By using first Campbell’s formula and Cauchy-Schwarz in the probability inside
the integral below, and noting that P(z € €;) does not depend on z,

N;(A) = /Rd P(z € ¢;, By jNA #0)dx <P(0 € ¢;)'/? /Rd P(Bj jNA # 0)'/? da.

(3.28)

In (a) and (b) below we give an upper bound on P(0 € ¢;) and [, P(B 04gNA#
0)/2 dz, respectively. (a) By (3.4) and Lemma 3.5,

P(0 € ¢;) < P(cap(Wyy) > jir®™*) < e ", (3.29)

(b) Recall the definition in (3.2). We write the integral in (3.28) as I + I, where

I = / P(Bp nA#0)/?dz  and
2] <3M (4) (3.30)

I = / P(Bf 4N A#0)"/?da.
[2]]>3M (A)
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Then, I; < M(A)?. We now replace A by W[% 3{ Note that

Leba(Wp3) 2 r4 ' M(Bjy ), thus  M(Wi)* < e DLebg (W) + .
(3.31)
To see that the left hand inequality in (3.31) is true assume for simplicity that
M(B[Oo,t]) = 4kr for some k € N. The extension to all other values of M (B o0, t])
is straightforward. By continuity of Brownian motion in time, we may choose a
sequence of points z; € B[% g0 1 <@ <k, such that [|z;|| = 4ir. It readily follows

that Lebd(Uf:1 B(z;,2r)) 2 ri M (B

[0,t]
inequality with ease. We now apply the Poincar-Faber-Szego inequality (2.9) to the
right hand side of (3.31) and obtain

I <= d)dcap(W[O 2{)‘1 /(d=2) 4 pd, (3.32)

We now consider . Note that Bfj y M A # 0 and [|z[| > 3M (A) imply that B* has
travelled at least a distance ||x||/2 before time ¢. Therefore,

/2
<[ p( sw ||BO||>\|x||/2) da
[lz|[>3M(A)  *s€[0¢

< / e~ l=ll?/(8dt) dux, by Doob’s inequality,
[lz]|>3M (A)

) from which we may deduce the desired

(3.33)

< d/2.
The last inequality follows by substituting Z = z/v/f. Finally, (3.32)-(3.33) yield
L+ S r(l_d)dcap(W[%’i]T)dz/(d_g) +rd 442, (3.34)

Thus, using 0 € €;, t = er*=9/2(3.34) and (3.28)(3.30) we see that there exists
an exponent a > 0 and a constant c. such that
N(i,j) < c(t(i+ 1)) " (3.35)

However, we choose r small enough such that cge’ﬁ/4 < 1andt¥e /4 < 1. Hence,
for this choice of r, we may write

N(i,j) Si%e ™2, § > jo, (3.36)
where the proportionality constant does not depend anymore on €. This concludes
the proof. O

3.2. Case d =4. We now turn to the case d = 4. The idea of the proof is similar to
the one in Section 3.1. However, the estimates in (3.31)—(3.32) are not sufficiently
sharp anymore. To overcome this difficulty, we choose a finer partition of £, namely

Cia = {w € & cap(WiTF) € [ir, i1 + 1)t/ logr|, MOW5) € liz, ia + 1)t },

i1,%2 € No,
(3.37)
and define
N(il, ig;j17j2) = esssup EO chhhﬂ./\[(())’ | BO] ]1{0 S @il,i2}7 il,ig,jl,jz € Np.
(3.38)

The construction of the auxiliary branching process from (3.37) and (3.38) and the
corresponding domination argument works along similar lines as in Section 3.1. We
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omit the details. The main difference to the proof in Section 3.1 is that Lemma 3.4
needs to be replaced by Lemma 3.6 below.

Lemma 3.6. Let d = 4. Fixe > 0 and t = e+/|logr|. There exists jo € N and
a > 1 such that for r small enough
N(iv,ia; g1, J2) S €705 log(in + 1)1, vip<jo}
. i a2 i 2
Figt (I < jocsny + €2 <oagy PTGy
(3.39)

The proof of Lemma 3.6 is deferred to the end of this section. We first show how
to deduce the lower bound in Theorem 1.1 from it.

Proof of the lower bound in Theorem 1.1: Suppose t = e4/|logr|. We show that
there exists € small enough such that, for all » small enough and for all ¢1,i5 € Ny,
the series Y, - (N*1)(i1, i2) converges. The proof idea is the same as for d > 5. We
only need to prove how to get from the estimate in Lemma 3.6 to the convergence
of the series >, <, (N*1)(i1,i2). We assume that ¢ > 1. Throughout this proof we
fix jo such that Lemma 3.6 is satisfied and such that for r small enough

4| AN,d—cj/2 44 4, 4 73‘%/4) 1. 4.2
mae (30 (G + I DTG+ e <3lo+1' (340)
J>Jo J>Jo
For these values of r and all € > 0 such that 4(jo + 1)%e? < 1 we prove by iteration
that for all £ € N,

(N1 (i1, i2) < (4o + 1)52)* (i1 +i3), (3.41)

which immediately yields the claim. For k = 1 this is a simple consequence of
Lemma 3.6. Assume that we have proven (3.41) for some k € N. Then,

(N¥FM) (iy, i) = Z N (i1, d2; j1, j2) N*(j1, j2)
J1,J2=0
< Y N(in,igi g, g2) (400 + 1)°e)* (T + 43)
J1,J2=0

=14 114+ I +1V,

(3.42)

where the terms I — IV equal the term in the second line with the sum restricted
to {j1,52 < Jo}, {J2 < Jo < ji}, {1 < jo < j2} and {j1 A j2 > jo} respectively.
An application of Lemma 3.6 and Equation (3.40) shows that (3.41) holds for k+ 1
and hence yields the claim. 0

For the proof of Lemma 3.6 we make use of the following lemma whose proof is
given in Section 5.4.

Lemma 3.7. Let d =4. There ezists jo € (0,00) and ro > 0 such that for j > jo
and r < rg,

0,r . t —cJ

P(Cap(W[O,ﬂ) 2 ]m) <t . (3.43)
Proof of Lemma 5.6: The proof is similar to the one of Lemma 3.4. Therefore we
only sketch the proof and point out the main differences. The proof is divided into

four parts: (1) j1,72 < jo, (2) j2 < jo < j1, (8) j1 < jo < jo, and (4) j1,j2 > Jjo-
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(1) Let A be a compact set. We define N(A) in analogy to (3.17). Thereafter we
use Campbell’s formula as in (3.19) and Spitzer (1964, Eq. (2.8)) to obtain,

N(A) < Lebg(A) +tcap(A) + /]1&4\,4 P(Bj g NA#0)P(Bjy o) NA#0)dz. (3.44)
We decompose the domain of integration of the integral on the right hand side
of (3.44) into three disjoints sets, which are given by,
{xeR: d(x,A) <r}, {recR':r<dx A <301+ M(A)t},
and {z € R*: d(z, A) > 3(1 + M(A))t},
and we denote the corresponding integrals by Ji(A), J2(A4) and J3(A). To bound

the first of these three terms we use the trivial estimate J;(A) < Lebg(A@B(0,7))*.
As for Jo, using similar estimates as in (3.23), we obtain

Jo(A) < cap(A)*(log(M(A)+1)+|logr|+logt) < cap(A)*(log(M(A4)+1)+]logr])

(3.46)
Here, the second inequality follows from the fact that logt ~ log|logr|. For the
third part, we get using Doob’s inequality

s [ P( s 182> el 2) e

0<s

(3.45)

(3.47)

~

</ 936—9 /(Sdt)dgg e—t/64.
o>t

Choosing A = W[0 e
well as the Poincar-Faber-Szego inequality (2.9) to estimate the right-hand s1de
of (3.46) we get the claim.

For the next estimates (2), (3), (4), we start from the upper bound

using that 0 € €;

i1,in, and similar estimates as in (3.31) a

N(A) SPOE ) [ BB nA£) A (349

where N;(A) is defined in a similar way as in (3.27). Using similar estimates as in
(3.33), we obtain

/ P(Bfh g NA# D)2 de S M(A)* + 2. (3.49)
R4
Note that the latter term is bounded by 2i5t* if A = W[o iE Moreover, by Cauchy-
Schwarz,
0,3r .t \1/2 /2
P(0 € €,y5) < P(can(W) = i | log”) P(M(WYY) > jat) (3.50)

We may bound P(cap(W[%’:’tT) > jlm) with the help of Lemma 3.7. As for

P(M(W,) = jat), we get by Doob’s inequality

P(M(W[O e ]Qt) < P( sup ||Bs|| > jot — 7") <e B2 (3.51)
s€0,t]

Hence, (3.48)—(3.51) and Lemma 3.7 finish parts (2), (3) and (4) of the proof and
thus complete the proof. O
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4. Proof of the upper bound

In this section we prove the upper bound in Theorem 1.1, that is if we set

rld=d)/2 ifd>5
t= Cyx X . B 9
{ log(1/r) ifd=4

then there exists c, large enough such that for » small enough, O; , percolates.

re (0,1), (4.1)

The proof is organized as follows. In Section 4.1, we use a coarse-graining proce-
dure to prove the existence of an unbounded component with a positive probability.
More precisely, we divide space into boxes indexed by Z? and we define a notion of
good boxes, as well as a way to connect good boxes. Provided the box at the origin
is good, we explore the cluster of good boxes connected to the origin and prove that
with positive probability, this cluster is unbounded. This implies percolation. The
procedure relies on two estimates, one on the probability for the box at the origin
to be good (Lemma 4.1), the other one on the probability of two neighbouring good
boxes to be connected to each other (Lemma 4.2). These estimates are proven in
Section 4.2.

4.1. Coarse-graining procedure. Parameters are now chosen as in (4.1). Let ¢g > 0
be a small constant to be determined later. Let us consider the collection of disjoint
balls B, = B(2zcpV/t,cpV/t), z € Z%. In the following we identify Z2 x {0}4~2 with
7Z2. We are going to prove that there is a choice of cg > 0 such that one may
choose ¢, large enough and 7 small enough such that percolation occurs by using
only Wiener sausages from U,cz218,.

We denote by F, the o-algebra generated by the Poisson points in B, and their
corresponding Brownian motions, and for A C Z?2, Fp = V.ea F=-

Definitions. Recall (3.1). We define a set of good Poisson points by

Egood = {33 € Ayjo(ep,r): cap(W[%’;m) > %E[cap(W[%’;/z]);O € Ayja(cp,r)] },
(4.2)
where

Ai(e,r) = {x €& W[g(c)::] C B(x, C\/{f) } (4.3)

Construction of the cluster. We now describe the algorithm we use to build a coarse-
grained cluster. Before we start the construction of the cluster, we introduce the
following order: (1,0) < (0,1) < (—1,0) < (0,—1). We also use the convention
that C_; = 0.

Initialisation: If £,,0,aNBy = 0, then set Cy = (). Otherwise, set Dy = 0, ¢o = 0 and
Co = {co}, and choose ey € Egooa N By such that ||eg|| = min{||z|| : © € Egooa NBo}-
Iteration: Let n € Ny and suppose C,,, D,, C Z? with C,, = {¢;, 0 < i < n} as
well as e; € Egood N B, for 0 < i < n are already constructed. The sets C,, and D,,
represent the boxes already added to the cluster, respectively dismissed, at step n.
We aim at defining D, 41, Cpry1 and e, 1. We distinguish between two cases.
Case 1. If C,, = C,,_1, then stop the iteration procedure.

Case 2. If C,, # C,,_1, define for all 0 < ¢ < n,

Vi={z€Z%: |ci—2)1 =1: Eg00dNB.NN (€;) # 0}  and Vi(n) =V;N(C,UD,)°.
(4.4)
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Case 2a) If uogignvl.(”) = (), then set C,+1 = C, (consequently, the algorithm
stops in the next step).

Case 2b) If UogignVi(n) # 0, let i(n) = max{0 < i < n: Vi(n) # (0} and pick
Cny1 € Vi((nn)) such that ¢, 1 —¢;(n) = min {z —Ci(n) : Z € Vi((nn)) . Additionally, pick

en+1 € Egood N Be,,y NN (€;(n)) such that [lepq1 — ;|| = min{||z — e;i|] : 2 €
Egood N Be,, ., NN (ei(n))}. We set

]}Z((nn)) ={ze7?: ICitn) — 211 = 1, Egood NB2 NN (€i(n)) = 0, 2= Ci(n) < Cnt1—Ci(n) }-
(4.5)
Finally, Cp,+1 :={c¢;, 0 <i<n+1} and

Dpy1 = Dnuﬁf(’;))u{cﬁz cin) <i<n,|zl1 =1,¢,+2 € (Cro,UD,)}. (4.6)

This finishes the description of the algorithm.

If the algorithm does not stop, it means that O, , contains an unbounded compo-
nent. If it stops at step n, we denote by C the set of connected boxes C,, obtained
in this way. Therefore, we are going to prove that the algorithm stops with proba-
bility strictly less than one.

For the rest of the proof we rely on the following two key lemmas, which will be
proven in Section 4.2. For convenience, we say that z € Z? is good if B, contains a
point in Egpod-

Lemma 4.1. Let d > 4 and fiz cg > 0. The probability that 0 is good converges to
1 as t goes to co.

Also, we say that 2’ € Z? is connected to z € Z? if there exist 2’/ € B, NEgooa and
T € B, NEgooa such that  ~ 2’ (recall (3.1)). For a set A C Z? we say that 2’ € Z?
is connected to A, if there is z € A with |z — 2’| = 1 such that z is connected to 2’.

Lemma 4.2. Let d > 4, fix cg > 0, let z,2' € Z? such that |z — 2'|; = 1. On the
event {z is good}, we have for t large enough,

P(2' is not connected to z|F.) < exp{—c20(cp)}, with licmir(l)fG(cB) > 0. (4.7)
B

Proof of the upper bound in Theorem 1.1: We now explain how to conclude the
proof with these two lemmas at hand. For this, we use the so-called standard Peierls
contour argument, see Grimmett (1999, Proof of Theorem 1.10). In what follows,
a +-path of length N > 2 is a vector (z;)1<i<ny € (Z%)" such that |;11 — 2i|oo = 1
forall1 <i< N. If xy =27 and for all 1 <+4,5 < N with ¢ # j, x; # x;, then the
x-path is said to be a x-contour. This contour contains = € Z? if x belongs to the
bounded component delimited by the contour, but not to the contour itself. We
denote the set of all contours containing z € Z2 by Z2 ,(x). Denote by 0eyC the
exterior boundary of C, that is the set of vertices in the boundary which are the
starting points of an infinite non-intersecting nearest neighbor path with no vertex
in C. By Grimmett (1999, page 17) (see also the reference to Kesten, 1982 therein

for more details) we see that if |C| < oo, then JeytC is a *-contour. We may write

P(|C| < 00) < P(0 is not good) + »  P(|0extC| = N). (4.8)
N>4
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Let us give an upper bound on P(|0wxtC| = N). We have

P(|0extCl=N)= > P(0C = 1), (4.9)
A€Z2, (0),
|A|=N

cor

and for each such *-contour A,

P(0extC = A) <P(Vz € A, z not connected to JintA)
= E[P(Vz € A, z not connected to dinsA|Fo,.a)],
where OipA = OA \ OextA and OA = {z ¢ A: 32’ € A/|z — 2/|; = 1}. Since the

events {z not connected to OintA}.cn are independent conditionally on Fp, A, we
get

(4.10)

P(Vz € A, z not connected to Ot A|Fa, . A) :H P(z not connected to JintA|Fa,,.A)
zEN
(4.11)
Let us fix z € A and denote by 2’ an #;-neighbour of z which is also in 9,y A. No
matter how we choose 2/, we get

P(z not connected to dinsA|Fa,, a) < P(z not connected to 2’| Fa,,A) 12
= P(z not connected to 2'|F,/), (4.12)

which is smaller than e‘“ie(cB), by Lemma 4.2. Therefore, we get
P(|C| < 00) < P(0 is not good) + Z e=0len)N oy (4.13)

N>4

where Cy is the number of *-contours of length N containing the origin. By a
standard counting argument (see Grimmett, 1999, Proof of Theorem 1.10) it can
be seen that Cy < N 7V. We obtain

N
P(|C| < o0) < P(0 is not good) + ¢ Z N (767639(CB)> . (4.14)

N>4

We conclude as follows. First, fix cg small enough such that 0(cg) is positive, see
(4.7). Then, choose ¢, so large that the sum in the r.h.s of (4.14) is smaller than
1/(4c). Finally, choose r small enough (therefore t large enough) such that, by
Lemma 4.1, P(0 is not good) < 1/4. This finally yields P(|C| = oco0) > 1/2, which
finishes the proof. ([

4.2. Proof of Lemmas /.2 and j.1. Throughout this section we shall make use
of the capacity estimates provided by Lemmas 4.3—4.4 below. Lemma 4.3 gives
an estimate on the second moment of the capacity of a Wiener sausage, whereas
Lemma 4.4 estimates the mean capacity of a Wiener sausage confined to a ball with
radius of order v/t. Their proofs are deferred to Section 5.

Lemma 4.3. Let d >4, tg > 1 and ro € (0,1). For allt >ty and all r € (0,70),

] {0 e T (419
E[Cap W } < 2 ) 4.15
(0.4 () #d=14.

tr—2
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Lemma 4.4. Recall (4.3). For alld >4,¢t>1 and r € (0,1),

, t rd—4 ifd>5
[Cap(W[% t]);o € Ai(cp,7)| Z P(0 € Ag(cp,r))* x { = ifd=4.
(4.16)

We start with Lemmas 4.5 and 4.6, which are preparatory lemmas. Lemma 4.5
gives a lower bound on the probability that a Wiener sausage has a capacity larger
than a fraction of its mean capacity, when it is confined to a ball of order /.
Lemma 4.6 gives a lower bound on the probability that a Wiener sausage intersects
a set that is at a distance of order v/t from its starting point.

Lemma 4.5. Let d > 4. Abbreviate by A the event {0 € A(cp,r)}, see (4.3).
Then,

P({cap(w[%;]) > 1 E(cap(W[O t]) A)} mA) > ®(cp)t(1+o(1),  (4.17)

where ®(cp) = P(SUPse[o,l} |BY|| < cp) and the o(1) term tends to zero as t tends
to infinity.

Proof: By (a slight generalization of) the Paley-Zigmund inequality,

E [cap (Wo’f ) ; A] ’
P <{Cap (W[O t]) >3 E(Cap (W[o t]) ; A) } 3 A) >3 5 [cap (I/[Ii[‘;’;})j - (418)
Using Lemma 4.3 and Lemma 4.4, and since by invariance of Brownian motion,

P(A) = P(W Y € B(0,ep)) = P( sup (1B < en — —) = @(ep)(1+o(1)),

s€[0,1] ° Vit
(4.19)
we get the claim. O
Given a measurable set A C R? we write
A" =Ae B(0,r). (4.20)

Lemma 4.6. There is a constant ¢ € (0,00) such that the following estimate holds
uniformly for all v € (0,1) and all measurable sets A such that A C B(0,6cpV1t),

1=/ 2eapany (=S - L
P(WhynA+#0) >t 2cap(a )(0%2 (%)dm). (4.21)
Proof: Note that
P( oy NA# @)
fP<W0T mA;é(D) (inf{s>0 W{B)Q]mAyé@}e(t,m)),
so that it is enough to find a lower bound for the first term on the right hand side
of (4.22) and an upper bound for the second term on the right hand side of (4.22).

Let e4r be the equilibrium measure of A”. The identity in (2.6) yields

(W[%go) NA # (2)) = ( 0 oy NA™ # @) /TG(O,y)eAr(dy). (4.23)

(4.22)
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Hence, using that G(0,y) = c||y||>~? and esr(A") = cap(A”), (4.23) may be
bounded from below by
c inf |Jy||*~cap(A"). (4.24)
yeEAT

Since A" C B(0,6¢cpv/t + 1), we see that there is a constant ¢ > 0 such that (4.24)
is at least

c tl_d/2cr‘;3fdcap(AT)7 r <1 (4.25)
This is the desired lower bound for the first term on the right hand side of (4.22).
Recall that B is a Brownian motion independent of B°. By the Markov property
and (2.6), the second term on the right hand side of (4.22) may be written as

E{]l{ 0 gnAT = @}ﬁBg(é[om)mm#@)}

(4.26)
- E[]I{Bﬁ)yt] NA" = (2)} i G(BY )eAr(dy)}
Hence,
(1.26) < / EG(BY, y)] ear (dy). (4.27)
We obtain by the Markov property applied to B° at time ¢,
o0 oo 1 2
0 _ 0 - —lyll*/2s
E(G(B{,y)) = /t P(B; € dy)ds = /t (27T8)d/2€ ds. (4.28)
Using the change of variable w = ||y||?/2s, we see that
lwl’/2¢ d/2—2 —w lyl[>~
(4.28) :/0 w e ¥ dw x o dj2 (4.29)

which is bounded from above by (2m)~%/2t1=4/2 (by bounding the exponential factor
by 1). Therefore,

rhs.(4.27) < cap(Ar)tlfd/“'( )~ Y2, (4.30)
Combining (4.22) with (4.25) and (4.30) yields the claim. O

Proof of Lemma /.2: Let 2,2’ € Z? with |z — 2’|, = 1. Let us abbreviate P(-) =
P(- | F.) and note that we are on the event Egooq N B, # 0. Let z € ENB,.. We
first give a lower bound on the probability that x is good and connected to a point
in Ego0a N B, that is
Do = yesglil)ﬁnlsz P(z € Egoods T ~ Y). (4.31)
Using the Markov property on B* at time ¢/2 and that Bt/2 € B(y,5cp\/t) this
probability can be bounded from below by
P(2€Egoa) x inf (Wi, (YWl #0). (4.32)

z0EB(y,5¢5 V1)
YE€Eg00aNB2

Using Lemma 4.5 on the first factor and Lemma 4.6 on the second factor and
noticing that for all zo € B(y,5c¢pv/t) and y € Eeood N B, W[O’;/z] C B(xg,6c5V1),
we get that this probability is larger than

o(ep)t™ >t inf  cap (Wy’r

YEEgooaNB- [(Lt/z]) : (4.33)



436 D. Erhard and J. Poisat

Here, p(cp) :=c ®(cp)* p%%z - W (1+0(1)) is positive provided cp is small
enough. By definition, we know that for all y € Ego0a N B2
cap(W[%”:/QO > %E{cap(W[%’;/Q]);O € Ayalen,m)|. (4.34)
Recalling (4.1), (4.19) and Lemma 4.4, we obtain
po > cp(ep)®(cp)?t™2(1 + o(1)). (4.35)

Therefore, for all y € E5004 N B, the number of points in Eyoq N B, connected to
y is a Poisson random variable with parameter bounded from below by:

po X Leb(B./) > ¢ 0(cp), with  0(cg) = ¢ cho(cp)®(cp)?, (4.36)

which is uniform in y and concludes the proof. O

Proof of Lemma j.1: If x € ENBy then the probability that x is good is larger than
¢ ®(cp)*(1+0(1)), by Lemma 4.5. Therefore, the number of such points is a Poisson
random variable with parameter bounded from below by ¢ ¢ ®(cp)?* t%/2(140(1)),
which goes to oo as t — oo. This concludes the proof. O

5. Capacity estimates

5.1. Green function estimates.

Lemma 5.1. Let d > 4 and tg > 1. For all t > tg,

t ifd>5
E G(BY 4 z,BY + 2')dz d2’ dudv <{ ’ S =" (5.1
l/[o,t]Z /13(0,1)2 By ! ) ~ | tlogt, if d=4. (5.1)

Proof: Case d > 5.
We start with two estimates. First, let 0 < u < 1. We claim that

E(G(BY,2)) < G(0,z) for all z € R%. (5.2)

Indeed, an application of the Markov property in the second equality below shows
that

mmﬂﬂnaéEW%BﬁﬂMMZA P(BY,, € dz)ds s
:(/‘ P(B? € dz)ds.

Since the right hand side is bounded from above by G(0, z) we obtain (5.2). Now,
let w > 1. In this case we claim that

E(G(BY,2)) < cu'~%? z € R (5.4)
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This is a direct consequence of (4.28)—(4.29). To make use of the inequalities (5.2)
and (5.4) we write the left hand side in (5.1) as a sum of three terms:

[t pv=1)VO
(1)=E / / / G(B? + 2,BY + 2')dzd? dudv]|,
| /o Jo B(0,1)2
[t pt
(2)=E / / / G(B? + 2,BY + 2')dzdz dudv/|, (5.5)
| /0 J(v+1)At /B(0,1)2
[ rt po+1)AL
(3)=E / / / G(BY+ 2,BY + 2)dzd2 dudv]|.
| Jo J(w-1)vo JB(0,1)2

We first estimate the third term. Note that for all z,y € R? the relation G(z,y) =
G(0,y—x) holds. Hence, a change in the order of integration together with equation
(5.2) and the fact that B — BY has the same distribution as B|0v7u| show that

t v+1
(3) < / / / G0,z — 2)dudvdzdz’ < 2t/ G0,z — 2')dzdz'.
B0,1)2 Jo Jv—1 B(0,1)?

(5.6)
Hence, it suffices to show that the integral on the right-hand side of (5.6) converges.
By (2.1), the right hand of (5.6) is at most

2ct/ / |z — 2||>"dzdzs’ = 2ct/ |22~ % dz d2/, (5.7)
B(0,1) JB(",1) B(0,1)

where we made the substitution ( = 2z — 2’ to obtain the last equality. Since the
integral on the right-hand side of (5.7) is finite, (3) < ct. It remains to show that
the first and second terms in (5.5) give the correct contribution. Equation (5.4)

yields
t p(v—1)VvV0
(1) <ec / / / v —u['"4? dudvdzdz’. (5.8)
B(0,1)2 Jo Jo

A simple computation now shows that there is indeed a constant ¢ > 0 such that
for all ¢ > 0 the bound (1) < ¢t holds. The argument for (2) in (5.5) is similar and
will therefore be omitted. This finishes the proof in this case.

Case d = 4. The proof works almost verbatim as in the previous case. The only
difference is that (5.8) becomes

t p(v—1)VvO0
/ / / |v —u| ™t dudvdzd?/, (5.9)
B(0,1)2 Jo Jo

which is upper bounded by ctlogt. We omit the details. (I

5.2. Lower bounds. Proof of Lemma /./. The proof of Lemma 4.4 makes use of
the variational representation in (2.3), according to which it suffices to construct
a measure which is close to the "true” minimizer in (2.3). It will turn out that
it is enough to choose a measure of the local time of the Brownian motion in a
neighborhood of a given set. In this way the Green function estimates of Lemma
5.1 enter naturally into the picture.

Proof of Lemma /./: We start with the case d > 5.

1st Step: Let r = 1 and v be the probability measure supported on W[%’;] and
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defined by

1t
v(A) = / / 1{B? + 2z € A}dsdz, A Borel-measurable. (5.10)
Cvoll B(0,1)

Note that by the variational formula in (2.3),

E[cap(w[o t]) 0€ Ayep, 1 )] > B[Z(v)"1;0 € Ay(cp, 1)), (5.11)
where
I(v) = % / / G(BY + 2, BY + /) dzdz'du dv. (5.12)
Volt 0 t]2 B(O 1)2
By the Cauchy-Schwarz inequality,
E[Z(v)™';0 € Ai(cp,1)] > E[Z(v)]"'P(0 € As(cp, 1)) (5.13)

Finally, by Equation (5.1), the right hand side of (5.13) is bounded from below by
ctP(A¢(cp,1))2. This yields the claim in the case r = 1.

2nd Step: Let now r > 0 be chosen arbitrarily. By Brownian scaling and the
capacity scaling relation (2.4),

[cap(W% t]> 0e At(cB,r)] = E{cap( W[%z]) 0e At(cB,r)}

ri g [cap(W[O 1/7" ]);0 € Ay—2(cpr™t, 1)}
(5.14)
Using the result for the case » = 1 and noting that P(0 € A;,—2(cpr~1,1)) = P(0 €
Ai(cp,r)) finishes the proof for d > 5.
The proof in the case d = 4 works along similar lines, the only difference being
that the application of Lemma 5.1 is adapted. ([

5.3. Second moment estimates. Proof of Lemma /.5.

5.3.1. Case d > 5.

Proof: 1st Step: In this step we prove Lemma 4.3 under the assumption r = 1.
First note that by Equation (2.5)

[t]
cap (W[% t]> < cap< LJl W[(zzl 1. > < anp (W[(zzl 1. ) (5.15)

1=

so that by the independence of BY—B? | and B?fB;-LI foralli # jin {1,2,...,[t]},

2
E [cap (W[%’io ]
u 0,1 0,1 u 0,1 2
< 3 Bleap(Wiily )] < Bleap(WiLy )|+ Do Elean (Wil ) |
i,j=1 i=1
ij#j
(5.16)
Consequently, by the stationarity in time of Brownian motion and by the Cauchy-
Schwarz inequality, the right hand side of (5.16) is bounded from above by

12 x E[cap(w[%ll) ] (5.17)
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To see that the expectation on the right hand side of (5.17) is finite, note that
by the scaling relation (2.4), cap(B(0, R)) = R 2cap(B(0,1)) for any R > 0.
Since E(supeg.1) | Bs[972) < oo, the desired finiteness readily follows. This proves
Lemma 4.3 in the case r = 1.

2nd Step: We now treat the general case. To that end, note that by Brownian
scaling and by the scaling relation (2.4),

r r law
cap (W[%’,t]) = cap( W[% : ) (law) r?2cap (W% 2 ) (5.18)
The claim follows from equation (5.18) in combination with the first step. O

5.3.2. Case d = 4. The proof is based on methods presented in Lawler and Limic

(2010, Chapter 10). Fix ¢ > 0, let B be the Brownian motion driving I/V[0 -

Proof: We give the proof for the case r = 1. A scaling argument as in (5.18) yields
the general case. First, note that

t
cap(W[% 1]> Sz where = yGIVII}f(; ) / /B(O ) G(y, B, + z) dz du.
(5.19)
Let us define f(y fo {y € B(B,,1)}du for y € R%, and notice that f(y) > 0 if
and only if y € W[07 - Henceforth, we abbreviate W = W[% 1] By (2.6), we have

one the one hand

/ / (z,y)f(y)ew (dx)dy 7/ fl)dy = cyal t, (5.20)

and on the other hand,

/ / G(z,y) f(y)ew (dz)dy > /W Zew (dx) = Zicap(W), (5.21)

from which we get (5.19). For a constant ¢y > 0 to be determined later,

0,12
E [cap (W[O,t])
2 2
=E []I{Zt < ¢glogt} cap (W[%’i]) ] +E []I{Zt > ¢glogt} cap (W[%’i]) ] (5.22)

t

0.1 2 2 o
< E|:]1{Zt < co lOgt} Cap( [0, t]) :| + (m) s by (<)l())

Note that by an application of the Cauchy-Schwarz inequality,
0,12 1/2 0,1 1/2
E|1{Z; < c¢ologt} cap(W[O”tO < P(Z; < cplogt) E[C&p(W[ ]) ] . (5.23)
To estimate the right hand side in (5.23) we use the a priori estimate

[cap (VV[%}5 ) } <cth (5.24)

which may be proven as the corresponding second moment estimate in (5.16) or via
a scaling argument using Brownian scaling and the capacity scaling relation (2.4).
Using Lemma 5.2 below to handle the probability appearing on the right hand side
of (5.23) and choosing ¢y small enough such that 4 — ¢/co < 2, we may conclude
the proof. O
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Lemma 5.2. There is tg > 0 such that for all € small enough,
P(Z, <elogt) <t™¢/¢,  t>t. (5.25)
Proof of Lemma 5.2: Let

@)= [ Gloy+ o (5.26)
z€B(0,1)

and G*(z) = G*(x,0). We claim that there are ¢y > 0 and ¢g > 0 such that for all
€ small enough, for all ¢ > tg,

t
P(/ G*(By) du < 510g2t) < ol (5.27)
0

We first show how one deduces Lemma 5.2 from this claim. To that end, we choose
¢ small enough such that (5.27) holds. Recall (5.19) and note that

t
Zy = inf / G*(y, By)du, (5.28)
yEW[%‘ylt] 0
and that there exists C* such that
1 G*(x)
< <Cr, z—yl| <1 5.29
=< G0 e = ol (529)

To show the existence of such a C* we use that G*(0) < oo and that G*(z) < G*(0),
where both properties follow from the finiteness and monotonicity of G. We deduce
that with C* = G*(0)/inf{G*(y) : |ly]| < 3} we have the inequality G*(z) <
C*G*(y) for all ||z — y|| < 1 such that min{||z||,||y||} < 2. If min{||z||,||y||} > 2,
then we note that for all z € R* with ||z|| <1,

lz =2l < llz =yl + [ly — =l < 2[ly + 2| (5.30)
Hence, after a possible increase of C* we may conclude the proof of (5.29). Then,
Z : P g
Zy > ok with  Z] = yell—g[ﬁ,t]/o G*(y, By)du. (5.31)
To proceed, let n € N such that
(célsit’ CCE) r}o_gtl )t], with % = oo. (5.32)

Let s > 0 and define

/ —
s,t, i T

t
inf / G*(By, Bo)du,  1<i<[2nst].  (5.33)
(i-1)/(2n8)<v<i/(2ns) Jo

Then, for i < [2nt?]/2,

(i—1)/(2nt)+t/2

P(Zzi,t,i <elogt) < P( G*(By, By)du < 510gt>

inf /
(i—1)/(2nt)<v<i/(2nt) J (;—1)/(2nt)
= P(ng,t/Q,l <elogt),
(5.34)
and with a similar argument for i > [2nt?]/2,

P(Z{ <elogt) < [2nt*|P(Z] )5, < elogt). (5.35)



Critical time in Wiener sausage percolation 441

Note that P(supg<,<i/(nt) [|Bull > 1) = P(supg<,<q [|Bul| > v2nt) < e™", by
Brownian scaling and Doob’s inequality. Thus, using (5.29),

P(Z; /91 <clogt) <e "t—i—P(Ztt/zlgslogt sup ||BS||§1)
T 0<s<1/(2nt)
42 (5.36)

e ™+ P( G*(By)du < C*Elogt)

0
< f=eo/(C"e)

where the last estimate makes use of (5.27) and the relation (5.32). Using (5.32),

one may conclude the proof. We are left with showing (5.27).
Since G* is radial, harmonic outside B(0,1), continuous on B(0,1), and since
G*(x) =72, x|l > 1, (5.37)

see for instance Exercise 3.7 in Morters and Peres (2010). Define the sequence of
stopping times 79 = 0 and 7; = inf{s > 7,_1: ||Bs|| > 2°}, for i € N. From (5.37),
we know that

G*(B,) > min (02722" inf G*(z )) Tic1 <u <. (5.38)
x€B(0,1)

Moreover, combining (5.26) and (2.1) we see that

G*(By) >c27%, 11 <u<m, i€N. (5.39)
We obtain that

TN N X

/ G*(By)du > 022_21(71' —Ti1). (5.40)
0 i=1

We now set I}, = 1{7; — 7x_1 < £22¥}, where ¢ € (0,1). Using the strong Markov
property and Brownian scaling we see that,

P(I, =1) < P( sup ||Bs|| > 1/2) <e, kel (5.41)

0<s<4e

Thus, the strong Markov property yields that the random variable ), , - I is
stochastically dominated by a binomial random variable with parameters N and
e~¢/¢. Therefore, well known tail estimates for the Binomial distribution show that

P( S L N/2) < emeN/e, (5.42)
1<k<N

where ¢ and the proportionality constant are independent of €. Moreover, if we
have >, oy I < N/2, then as a consequence of (5.40), oV G*(By) > eNJ2.
From this observation and (5.42), we deduce that

/ G*(B,) < 5N/2) < emeN/e, (5.43)

It remains to replace 7 in (5.43) by t. For that we distinguish two cases.
(1) € > (log2t)/t. In this case we may write

t TN
P(/ G*(By)du < elog 215) < P(/ G*(By)du < ¢log Zt) L P(ry > 1), (5.44)
0 0
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with N = f%lﬁ)ggét]. Indeed, for the first term we use (5.43) with e replaced by

(8log 2)e and for the second term, we have

Piry >t) <e ", (5.45)

for ¢ large enough, thanks to a standard small ball estimate, see Li and Shao (2001).
(2) € < (log2t)/t. Note that if

/ CGH(B) du < (log )21, (5.46)
0

then there is @ € [0,¢] such that G*(By) < (log2t)?/t2. Thus, by the definition of
G* and (5.37) we see that ||Bg|| > t/log2t. Let N = (ilﬁ)ggét]. We conclude that
in particular the intersection of the event in (5.46) and {7n > ¢} is empty. We may

now conclude in a similar fashion as in (1).

O

5.4. Large deviations estimates. Proofs of Lemmas 3.5 and 3.7.

Proof of Lemma 5.5: We prove Lemma 3.5 just for the case r = 1. The extension
to general r can be done via a scaling argument as in Section 5.3. For simplicity, we
assume that ¢ € N, the extension to ¢ € (0,00) \ N being straightforward. Assume
for the moment that

E[exp (A cap(W[%’,ll]))} < o0, A > 0. (5.47)
Then, using (5.15), for A >0

P(cap(W[%’;]) > jt) < P( Z cap(W(Oi’iLi]) > jt)

1<i<t

< e—Ath[exp ()\ Z cap(Wg’ll’i]))} (5.48)
1<i<t
0,

< exp { — Ajt +tlog E(eAcap(W[o,lll)> }7

by the Markov property. By setting

1 0,1
- log E {e“apw{o,u)], (5.49)
A—2
we obtain the desired result. We now prove (5.47). The proof is inspired from Sznit-
man (1987, Section 5). Define the sequence of stopping times

To =0, Tn-i—l = 1nf{3 >T,: ‘BS-FTn, — BTn| > 1}, n € Np. (550)

A>2 and j()

If N =sup{n € Ny: T,, < 1}, then W[%’}l] C UkN:1 B(Br,,2), so cap(W[%’,lu) < cN,
by (2.5). Therefore,

E[exp (A cap(W[%”ll]))} < E[exp(cAN)]. (5.51)

By the Markov property, the increments (T; —T;_1);cn are iid. Thus, we may write

P(N >n) <P(T, < 1) = P(i(n ~ T < 1) < B(e )", 4> 0. (5.52)
i=1
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From Sznitman (1987, Lemma 5.1), we may choose v large enough such that
E(e7T1) < e~ which, in combination with (5.51) and (5.52), concludes the

proof. ([l
Proof of Lemma 3.7: Recall (5.19). Thus, there is ¢g > 0 such that
0,1 1 Co
P(cap(WM) > J@) < P(Zt < Zlog t). (5.53)
By Lemma 5.2, there exists jo € (0,00) such that for j > jo,
P(Zt < logt) <t 9, (5.54)
J
from which we get
0,1 ot i
P(cap(W[O’t]) > ]@) <t (5.55)
We now generalise the estimate to arbitrary radius r» > 0. Since
. 1 on. (law)
cap(W[%’,;]) = r%ap(;W[%’,t]) = rzcapW[%’;r,Q], (5.56)

which is of the order

5 tr=2 t t .
r since t = e/ |logr|. (5.57)

. log(tr—2) - logt + 2| log r| - |logr|’

Therefore,
0,r .t —cj L
P(Cap(W[O7t}) > ]m) <t J > Jo, (5.58)
which holds after a possible increase of jg. O
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