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Abstract. We study the asymptotic properties of nearest-neighbor random walks
in 1d random environment under the influence of an external field of intensity
A € R. For ergodic shift-invariant environments, we show that the limiting velocity
v(A) is always increasing and that it is everywhere analytic except at most in two
points A_ and A\;. When A_ and A\, are distinct, v(\) might fail to be continuous.
We refine the assumptions in Zeitouni (2004) for having a recentered CLT with
diffusivity o2()\) and give explicit conditions for ¢2()\) to be analytic. For the
random conductance model we show that, in contrast with the deterministic case,
o%()\) is not monotone on the positive (resp. negative) half-line and that it is not
differentiable at A = 0. For this model we also prove the Einstein Relation, both in
discrete and continuous time, extending the result of Lam and Depauw (2016).
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1. Introduction

The response of a system to an external field of intensity A is relevant in many
applications. In particular, one is interested in the quantitative and qualitative
behavior of some large-scale quantities when \ varies. As an example we mention
linear response theory, where the first order A—expansion of the observed quantities
is analyzed (see e.g. Kubo et al., 1985; Ruelle, 2009).

The above issues have been considered both for dynamical systems and for sto-
chastic systems. For stochastic systems whose evolution depends on a random
environment (modeling some structural disorder), one could further ask how the
disorder influences the response. Here we consider the special case of 1d nearest—
neighbor RWRE’s, and focus on the A-dependence of the asymptotic velocity v(\)
and the diffusion coefficient 02(\). Some non-rigorous results in this direction are
provided in Nenashev et al. (2010a). According to Nenashev et al. (2010a), dif-
ferently from the higher dimensional case treated in Nenashev et al. (2010b), the
presence of disorder in one dimension can make v(\) and o2()) irregular. This
picture is confirmed by some of our rigorous results.

In this paper we investigate the behavior of the quantities v(\) and o2(\) as
functions of the parameter A. In particular, we focus on their monotonicity, dif-
ferentiability and analyticity, and we derive the Einstein Relation for the random
conductance model (RCM) extending the result of Lam and Depauw (2016). The
advantage of working with nearest neighbor walks on the one-dimensional lattice is
that v(\) and o%(\) have an explicit representation in terms of suitable series (see
Zeitouni, 2004).

Before entering in the details of our results we describe some previous contri-
butions on related problems. The monotone behavior of the speed of RWRE’s in
dimension d > 2 has been considered in several papers. One of the most interesting
and most studied models is that of a walk on the infinite supercritical percolation
cluster, where the speed has been proved to be positive up to a critical value of A
and equal to zero above this threshold (see Berger et al., 2003; Fribergh and Ham-
mond, 2014). This non-monotone nature of the speed as a function of the bias has
been also recently observed for walks among elliptic conductances, cf. Berger et al.
(2019). Results concerning the continuity of the speed have been obtained e.g. for
a random walk in a one-dimensional percolation model in Gantert et al. (2018) and
for the 1d Mott random walk in Faggionato et al. (2018) (in Gantert et al., 2018 also
the differentiability has been studied). The behavior of one dimensional RWRE’s
that are transient but with zero-speed has been studied in Enriquez et al. (2013,
2009); Kesten et al. (1975) for ii.d. jump probabilities and in Berger and Salvi
(2019b,a) for the RCM. The continuity of the diffusion matrix at A = 0 has been
derived in Mathieu and Piatnitski (2018) for diffusions in random environment. In
the context of random walks on groups, analyticity of the speed and of the asymp-
totic variance has been proved in Haissinsky et al. (2018), while in Gouézel (2017)
the same result is proved with dynamical ideas for general hyperbolic groups. Fi-
nally, a particular attention has been devoted to the linear response of RWRE’s for
a weak bias (also in higher dimension). This has lead to the proof of the Einstein
relation, which claims the equivalence between the derivative of v(A) at A = 0 and
the diffusion coefficient of the unperturbed process o2(0) (see Faggionato et al.,
2019; Gantert et al., 2017, 2012; Guo, 2016; Komorowski and Olla, 2005a,b; Lam
and Depauw, 2016; Leb(m 1tA and Rost, 1994; Loulakis, 2002, 2005).
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We now describe our results and outline the paper. We analyze in detail biased
1d nearest—neighbor RWRE’s both in discrete and in continuous time. The discrete
time model is introduced in Section 2.1, while the continuous time case is introduced
in Section 2.2. In Section 2.3 we state our main assumptions and introduce the
concept of a reflection invariant environment. The random conductance model
(RCM), which is of particular interest in what follows, appears in Section 2.4.

Section 3 is dedicated to the study of the asymptotic velocity vx () of a generic
discrete time random walk as a function of the external bias, while Section 4 treats
the velocity vy (\) in the continuous time case. We show that vx(\) is analytic
everywhere with exception of at most two values A\_ < Ay, it is strictly increasing
on (—oo,A_) and (A}, 4o00) and it is zero on (A_, Ay) (cf. Proposition 3.3). The
same holds for vy (A) (cf. Proposition 4.3). If A_ = A4 then vx ()) is continuous on
all R, see Proposition 3.5. The corresponding result for vy (\) appears in Proposi-
tion 4.5. Sections 3.1 and 4.1 deal with the reflection invariant environment case.
Finally we exhibit examples with an irregular behavior of the speed. Example 3.7
(resp. Example 4.8) shows a pathological model for which vx(A) (resp. vy ())) is
not continuous in Ax. Even when the environment is given by a (genuinely ran-
dom) i.i.d. sequence of jump probabilities, vx(A) is not differentiable at the two
points A_ < Ay, see Example 3.8. The discrete time RCM with i.i.d. genuinely
random conductances has speed vx (A) without second derivative at Ay = A_ =0,
see Example 3.9. In continuous time, the RCM regularizes (Example 4.6), but we
provide another elementary model (see Example 4.9) where vy (A) does not have
second derivative at Ay = A_ = 0.

Section 5 is dedicated to the proof of the Einstein relation for the biased RCM.
In Theorem 5.1 we provide a shorter alternative proof to the one appearing in Lam
and Depauw (2016) and also extend the result to more general hypothesis.

In Section 6 we move to the study of the central limit theorem (CLT) when
the random walk is ballistic, restricting to the case of discrete time. Theorem 6.2
extends the CLT discussed in Zeitouni (2004) and Proposition 6.4 provides an
alternative description of the diffusion coefficient (). In Proposition 6.6 we give
some conditions that guarantee analyticity of o?(\). Finally, in Subsection 6.1
we gather some sufficient conditions for the CLT to hold that are easier to verify.
Applications are given in Example 6.10 for the case of an environment given by
i.i.d. jump probabilities and in Section 7 for the RCM with i.i.d. conductances.

In Section 7 we focus on 0(\) for the RCM with i.i.d. conductances. In Theo-
rem 7.1 we explicitly calculate o(\) and in Proposition 7.2 we prove that o()) is
continuous everywhere, it is analytic on R\ {0} but it is not differentiable at A = 0 if
the conductances are genuinely random. Moreover, we show that, differently from
the case of deterministic conductances, o%()\) is neither monotone on [0, c0) nor on
(—00,0].

Sections 8 and 9 are the discussions of Examples 3.7 and 4.9, respectively. In
the Appendix we collect some technical proofs.

2. Models

In this section we introduce our nearest—neighbor random walks on Z and fix
our notation. We distinguish between discrete time random walks and continuous
time random walks.
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2.1. Discrete time random walks. We first consider discrete time random walks
on Z in random environment. To this aim we let = (0,1)% be the space of
environments endowed with the product topology and with a probability measure
P (E will denote the associated expectation). We write w = (w;),ez for a generic
element of  and set w, := 1 —w;". We introduce then an external force, or bias,
of intensity A € R. This results in modifying the environment in the following way:
fixed A € R we define

wy (A) = wye wye

+
=2 wl(A) ==
wr e +wier’ =)

S e raio (2.1)

Given a realization w of the environment, (X%*),>¢ will be the discrete time
random walk starting at the origin and jumping from z to x = 1 with probability
wE()). We write POW’)‘ and Ej° * for the associated probability and expectation,
respectively, with the convention that we will write simply X,, when dealing with
P&, E& . In particular, we have
PN Xppi =~ 1| X, =2) =w;(\), B (Xppi=a+1[X, =2) =wf()).

x

Finally we define

pe()) = Hi; . (2.2

When A = 0 we will refer to the unperturbed random walk and omit the index
A, writing simply X%, Py’ and Ef, p,. Note in particular that we have

wy (A) _ wy oy —2x
() = = =Ze¢e = pge . 2.3
N ) ot p (2.3)
We think of X¥* as a perturbation of X% due to the presence of an external field
of intensity A.

2.2. Continuous time random walks. When considering continuous time random

walks, we let © = ((07—1—00) x (0, +00) )Z be the space of environments endowed
with the product topology and with a probability measure P (E will denote the

associated expectation). We let & := ((rg,r}) )zez be a generic element of O.
Fixed A € R we set

ry (A = r;e_’\ , () = rtet.

Then (Yf’)‘)tzo will denote the continuous time random walk on Z starting at the
origin, having nearest—neighbour jumps with probability rate for a jump from x to
x £ 1 given by r()\). Below (cf. Assumption 2.1) we will give conditions assuring
that (Yf’A)tZO is well defined a.s. (i.e. no explosion takes place a.s.).

We denote by PO5>‘ and EOE’A the associated probability and expectation and also
in this case we will just write Y; for the random walk when it appears inside Pog”\
or EOE’)‘. In particular, we have

P (Yisar =21V =2) =1y (Ndt, PSN(Vipar = 2+1|Yi =a) =1 (\)dt.

When A = 0 we will refer to the unperturbed random walk and omit the index A,
writing simply Ytg, POf and Eog.
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We note that the associated discrete time version recording only the jumps (the
so called jump process), has probability for a jump from x to « + 1 given by

+ rE e + £
w:l: ()\) — "z ()‘) _ Ty T — Wy € (2.4)
’ T;(A) * r;_ ()\) T_Tjr"' €_>‘ + T_T$r+ €>‘ wm_e_A + wije)\
where N
+ Tz
wr = — 2.5
T g 4rd (2:5)

Note that identities (2.1) are satisfied. In particular, the jump process associated
to the perturbed continuous time random walk (Yf’A)tZO is the perturbed Markov
chain associated to the jump process of (th)tzo- When dealing with continuous
time random walks we will keep the definitions (2.4), (2.5) and define p,, and p, ()
according to (2.2). Note that

—2X

Pz = pz(A) = pze

S 13
gl (s

2.3. Assumptions on the environment. For both the discrete time and the contin-
uous time random walks we will always make the following assumption:

Assumption 2.1 (Main Assumption). The law P of the environment is stationary
and ergodic with respect to shifts and E[log po] is well defined, with 00 as possible
values.

We point out that Assumption 2.1 corresponds to Assumption 2.1.1 in Zeitouni
(2004).
Lemma 2.2. Under Assumption 2.1, for the continuous time random walk a.s. ex-
plosion does not take place and therefore Y; A is well defined for all times ¢.

Proof: Let w be defined by (2.5) and consider the associated biased discrete time
random walk (X¢**),,>. Then one can introduce the continuous time random walk

as a random time change of (X,‘*L”A)nzo by imposing that, once arrived at site x,

the random walk remains at x for an exponential random time with mean (rj N+
r‘()\))_l. Take now M > 0 such that P(rd (A) +ry (\) < M) > 0. Consider the

xr
random set A :={z € Z : r] (A\)+r, (A\) < M}. Then, by the ergodic theorem and
Assumption 2.1, a.s. ANZy and ANZ_ are infinite sets. By Assumption 2.1 and
Thm. 2.1.2 in Zeitouni (2004), a.s. the random walk (X%**),,>¢ visits an half-line of
Z. Hence lim,,_, f(n) = 400 where f(n) := |{k € {0,1,...,n} : X,:J’)‘ € A}|. As
a consequence, for almost all realizations of (X ”\)nzm when we condition to the
realization of (X¥ ”\)nzo we get that the n—th jump of the continuous time random
walk takes place at a random time ¢, which stochastically dominates the sum of
f(n) ii.d. exponential random variables with mean M~!. Therefore, t, goes to
infinity as n — oo a.s. O

While Assumption 2.1 will always hold in what follows, in order to build special
counterexamples we will sometimes make the following assumption (this will be
clearly specified in the text):

Assumption 2.3 (Reflection invariance - discrete time case). The law of the envi-
ronment is left invariant by the spatial reflection with respect to the origin, i.e. by
the transformation (w]),ez — (W=, )zez-
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Also in the continuous time setting we will sometimes consider models with a
special symmetry:

Assumption 2.4 (Reflection invariance - continuous time case). The law of the
environment is left invariant by the spatial reflection with respect to the origin,
i.e. by the transformation ( (rz,r}) )zGZ =t rZy) )ieZ.

2.4. Random conductance model. In what follows, when referring to random con-
ductances, we will mean a family of positive random variables (c;).ez, stationary
and ergodic w.r.t. shifts. The number ¢, is called the conductance of the edge
{z,z + 1}. Then the discrete time random conductance model (RCM) is given

by the random walk X} where w = —%— and w, = =7 forall v € Z.

The random walk X¢** represents the biased discrete time RCM. The continuous
time RCM is given by the random walk Yf where £ = ((ri rh) )a:EZ € O satis-

T T

fies 1y = ¢, = 1, for all z € Z. The random walk YE’A represents the biased
continuous time RCM.

Remark 2.5. Our main assumption (see Assumption 2.1) for the random conduc-
tance model is satisfied if E[|logcg|] < oo since log pg = logc—_1 — log cy. We point
out that E[|log co|] < oo if ¢, cg* € L*(P).

3. Discrete time asymptotic velocity vx ()

As in Eq. (2.1.7)-(2.1.8) of Zeitouni (2004) we set

71—

B - 1 o0 1 1 B _ 1 oo 1 i—1 ;)
0= G 2 on LW F= oo w2 oo Loy

w, A\
n

Proposition 3.1 (cf. Theorem 2.1.9 in Zeitouni, 2004). The limit vx () := lim

n—oo

n

)

exists P ® P§y’—a.s., is not random and is characterized as follows:
g _ 1
(a) E[S(V)] < o0 = vx(\) = BER)
_ - v
(b) ]E[{’()\)] < 00 = UXE)\) = TEF)]
(¢) E[S(A)] = c0 and E[F(\)] = 00 = vx(A\) =0.
Lemma 3.2. Tt holds

S\ =1+ QZPOP—l cepe PP RO =1+ QZPo_lpl_l s py D,
=0 =0

Proof: We observe that wf(/\) =1+ pge~?*. Hence

o0
S(A) =1+ poe? + Z(l +poie M) popor - poipre 2
=1

(oo} oo
=1+4poe + ) pop1---poiz1e ™+ Y popoi-cpoizipoie 2T
=1 i=1

o oo
=1+ ZpO/Ll .. .p7i+le—2i)\ + Zpopfl . p7i+1p7ie—2(i+1))\ .
=1 i=0
The proof for F()) is similar. .
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To describe some regularity properties of the asymptotic velocity vx () we in-
troduce the thresholds A_ and Ay as follows:

A-i=sup{A € R : vx(\) <0}, Ay i=inf{A € R : vx(\) > 0},
with the convention that sup () = —oo and inf ) = +o0.

Proposition 3.3. The velocity vx()) is increasing in A and A\_ < A\y. Moreover,
vx (A) is strictly increasing and analytic on (—oo, A_) and on (A4, +00), while it is
zero on (A_, Ay).

Remark 3.4. Due to the above proposition, vy (A) is analytic everywhere with pos-
sible exception at A_, A\;, where it can be irregular (even discontinuous, see Sec-
tion 3.2).

Proof of Proposition 5.5: Due to the representation given in Lemma 3.2 one gets
that the function S : R — [0, +0o0] is decreasing, and that the function F': R —
[0,400] is increasing. Combining this observation with Proposition 3.1, one gets
that vy (\) is increasing in A, thus implying that A\_ < Ay and that vx(\) = 0
on (A_,A;). Note that A\, = inf{\ € R : E[S(\)] < oo}. Hence, for A > A\,
we have S()\) < oo P-a.s. This property and the form of S given in Lemma 3.2
allow to conclude that, given Ay < A < X, S(A) > S(X') P-a.s. Since E[S())] and
E[S(\)] are finite, we then conclude that E[S()\)] > E[S()\)] and therefore that
x(A\) <wvx(N) (cf. Ttem (a) in Proposition 3.1). In a similar way, one proves that
vx (A) is strictly increasing in (—oo, A_).
It remains to prove that vx(\) is analytic on (—oo, A_) and on (A}, +00). We
show its analyticity on (A4, +00), the case (—oo,A\_) is similar. Since vx(A) =

E[S(A)] and E[S(\)] is finite and positive on (A1, +00), it is enough to prove that the
map A — h(A) := E[S(\)] is analytic on (A;,+0c0). This follows from Lemma A.1
in Appendix, which is based on the Theorem of Pringsheim-Boas (cf. Thm. 3.1.1

in Krantz and Parks, 1992). (]

As already pointed out, there are models for which vx (\) is discontinuous at A_
or Ay. On the other hand, if A_ = A, this cannot happen:

Proposition 3.5. If \_ = Ay, then vx(\) is continuous. Moreover, it must be
A = At =E[log po] and vx (M) = 0.

Proof: The continuity for A > Ay and for A < A_ is given by Proposition 3.3.
Let us check that A\_ = Ay = E[logpo] and that vx(\) is continuous at A =
E[log po] when this value is finite. First of all we notice that E[S()\)] is finite iff
S 2o Elpo - pile Y is finite (see Lemma 3.2). Since, by Jensen’s inequality,

E[PO . Pi] _ E[elog po-‘r--.—&-logpi] > e]E[logpo+~~+logPi] — eE[logPo](i+1) , (3,1)
we always have that A > X\ := E[log po).
Analogously, E[F())] is finite iff Y00 E[py " - - - p; ']e*(+1) is finite and
E[pal c. p,—l] =E[e™ log PO*"'*IOgPi] > oBl—logpo—---—logpi] _ —E[log po](i+1) ,
so that it is always true that A < A := Ellog pg]. It follows that, if \_ = A, it
must be A\_ = A; = X = Ellog po]. If E[log po] = %00, there is nothing left to prove.

From now on we assume that A = E[log po] is finite. From the observations we
just made, it also follows that vy (A) = 0, since at A both E[S()\)] and E[F()\)] are
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infinite. W.l.o.g. we assume now by contradiction that there is a discontinuity to
the right of A. If this is the case, we must have lim. o vx (A+¢) > 0, or equivalently
lim. o E[S(X + €)] < co. But this is in contradiction with the following:

. — _ . 1= (Ate)(i+1)
lim E[S(A +¢)] = 1 +21im > " Efpo - pife

e—0 —

i=
e - —

> . NGi+1) . — (M) (i+1)

>142 Clli% 2 e e
1=
o e_s

e 1 _E(i_‘—l) = 1 =

1+2;1£%z;e L+2lim ——— = oo,
1=
where for the inequality we have used (3.1). O

3.1. Reflection invariance case. In the particular case of reflection invariant envi-
ronments (cf. Assumption 2.3) we have the following:

Proposition 3.6. Suppose Assumption 2.3 to be satisfied. Then it holds
vx (A) = —ux(=A). (3.2)

In particular, vx (0) = 0 and, if vx has n-th derivative at 0 with n even, then this
derivative must be 0. Moreover, the following dichotomy holds for A > 0:
g _ 1
E[S(\)] =400 = wx(A\)=0.

Proof: Identity (3.2) follows by symmetry, while the identity vg?)(O) =0 (for even
n’s) follows from (3.2). By Proposition 3.1 to get the dichotomy it is enough to check

- — +
that E[F(\)] = oo for A > 0. Since pg = 2% and py* = “2, by Assumption 2.3 we
wo “o
have that py and p, ! have the same law. In particular, E[log po] = 0 and therefore
Ellog(py *pr -+ pit)] = 0. By Jensen’s inequality and Lemma 3.2 we conclude
that

E[F(N)] =1+2 ZE[pglpl—l e Gy

=0

(o9} [e.¢]
>14+ QZGE[IOg(pglp;1~~p;1)] e2A+1) — 1 4 QZQQA(i+1) — . 0O
i=0 i=0

3.2. Examples of models with irregular asymptotic velocity vx (X). We conclude this
section with three examples. In Example 3.7 vx () is not continuous at A;. This
example is rather exotic and if one is interested in models violating e.g. the analitic-
ity of vx(A), then it is enough to consider random walks with i.i.d. and genuinely
random w;" (see Example 3.8) or the RCM with i.i.d. and genuinely random con-
ductances (see Example 3.9). In Example 3.8 vx(A) is not differentiable in A_, Ay
(in this case A < A;), while in Example 3.9 vx(A) has not second derivative at

0=A_ =\

Ezample 3.7. vx(A) is in general not continuous as in the following model. Fixed
the parameters A > 0 and v > 2, we first introduce the random variables r(k, k—1)
and r(k,k+1), k € Z. We set r(k,k —1) := A for all k € Z. To define r(k,k +1)
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we proceed as follows. We let 7 = (7% )rez be a renewal point process on Z such
that 7o = 0 and, for k # 0, P(Tx11 — 7% > j) = 1/j7 for any j € N4, N being the
set of positive integers. We write 7 = (7 )rez for the renewal point process given
by the Z-stationary version of 7 (see Section 8). For k € Z, we set

1 if —kér
rik,k+1):= ’
( ) {2 if —ker.
; + . r(k,k+1) - . r(k,k—1)
Flnally, we take (J.)k = m, wk = m Then Assump—

tion 2.1 is satisfied, vy (A) > 0 for A > A = Llog A, while vx (\) < 0for A < A4. In
particular, vx (\) has a discontinuity at A;. In addition, A_ is finite and A\_ < Ay.

The discussion of the above example is given in Section 8.

Ezample 3.8. Consider the case of ii.d. wj’s such that E[logpo] is well defined
(this assures that Assumption 2.1 is satisfied). Then Ay = %log E[po] and A\_ =
—11logE[1/po]. Moreover, if the w;"’s are genuinely random then A_ < A} and
vx (A) is not differentiable at Ay if A4 is finite. The same holds for A_.

Discussion of Example 3.8: By applying Proposition 3.1 and Lemma 3.2, we have

Ay = 3logE[po], A~ = —§ 1og E[1/po] and
1—E[pole~** .
H’E[Z% if A > AJ,_ 5
ox(\) =40 AL <A<, (3.3)

1—-E[1/pole®* .
—W if )\ < A_ .
In particular, vx () is continuous. Let us now restrict to genuinely random vari-
ables w;". By Jensen inequality we have A\_ < A,. We also notice that the right

—2X
derivative of vx(\) for A > A, is %,
is finite. Hence vx(A) is not differentiable in Ay. Similar considerations hold

for \_. O

which is equal to 1 in Ay if A4

Let us now consider a discrete time RCM with with conductances (¢;)zez (see
Section 2.4). We collect some observations which will be used in the next Exam-

ple 3.9. Since p, = ==t we have pgp_1---p_; = ==. By Lemma 3.2 we then

Ca co

get S(N) =1+23"72, %6*2’\(”1) and by using the translation invariance of the
conductances we conclude that

oo
G Col —2xi
E[S(V)] = 1+2) E[2 e, 4
S0 =1+23 E[L]e (34)
i=1

Finally, we note that for the RCM Assumption 2.3 is equivalent to saying that the
sequences (¢z)zez and (¢_z)zcz have the same law. In particular, if the conduc-
tances are i.i.d. as in Example 3.9 below, Assumption 2.3 is satisfied.

Example 3.9. Consider the discrete time RCM with i.i.d. conductances such that
Elco] < 00, E[1/¢g] < 00 and ¢ is not almost surely constant. Then the model is
reflection invariant and at Ay = A_ = 0 vx(\) is continuous, has first derivative
but has no second derivative.
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Discussion of Example 5.9: As discussed above and due to Remark 2.5, Assump-
tions 2.1 and 2.3 are satisfied. Take A > 0 and let A := E[cy] and B := E[1/c].
Note that by Jensen’s inequality AB > 1, since ¢y is non deterministic. By (3.4)
we have

e 2 1—e 22 +24Be 2

—e2h 1 _e—2X :

E[S(\)] =1+24B ;

By Proposition 3.6 we conclude that Ay =0 and

1—e 22
= >0. .
vx(A) 1—e 22+ 24Be 2}’ A20 (3.5)
A similar analysis can be done for A < 0. By a Taylor expansion, for A > 0 we have
() = 2A-2 4032 1 A= A2+ 0(\2)
Y T ONT2AB —4ABA+0(\)  AB 1+ (1/AB—2)A+ o())

_ 1 2 2 1

= (A=A o) (1= (5 —2)A+ o)

1 AB-1_, )
Since v(A) = —v(—A), the above Taylor expansion shows that v(A) is continuous

and has a first derivative at A = 0. On the other hand, 0} ,vx(0)/2 = (AB —
1)/(AB)?*> 0 (recall that AB > 1). By Proposition 3.6 we conclude that vx(-) has
no second derivative at 0. 0

Remark 3.10. In Example 3.8 with p; equal to a fixed constant C, we have vx(\) =
1—C —2X
1+C§—2*

in Example 3.9 with conductances equal to a fixed constant, then vx(\) =

for each A € R. In particular, vx () is everywhere analytic. Analogously,
1—e—22
Tre
and therefore vx(\) is again everywhere analytic. In particular, in both cases

the emergence of the irregularity of the asymptotic velocity vy corresponds to the
randomness of the environment.

4. Continuous time asymptotic velocity vy ()

We set

. 1 <1
SN =t

+
To

]_:[ P—j(A) )

=0

71—

. 1 <1
F)i=—=+) = LN
O EY r:[p

£,2
Proposition 4.1. The limit vy (A) := lims—, o LA

t
and is characterized as follows:

(a) E[S()] < 0o = vv(N) = griy’

(b) BIF(V)] < 00 = vy (A) = — g

(¢) E[S(\)] = 00 and E[F'(\)] = 0o = vy (A) = 0.

exists P@Pg’/\fa.s., is not random

The proof of Proposition 4.1 has some intersection with the one for the discrete
time case, see Theorem 2.1.9 in Zeitouni (2004). The main difference is related to
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the continuous time version of Lemma 2.1.17 in Zeitouni (2004), since new phenom-
ena have to be controlled. For completeness, the proof of Proposition 4.1 is given
in Appendix B.

For the computation of E[S(\)] and E[F(\)] we have the following fact (which
can be easily verified):

Lemma 4.2. It holds:

E[S(A >]=[ 1+Zp1p2 pie )] (4.1)

E[F(\)] =E [ 1+Zp—%p—§ - pZhe?)] (4.2)

Similarly to the discrete time case we introduce the thresholds A_ and A} as
A_i=sup{A € R : vy () <0}, Ay i=inf{A €R : vy (\) >0},
with the convention that sup () = —oo and inf ) = +o0.

Having Proposition 4.1 and Lemma 4.2, by exactly the same arguments used to
derive Proposition 3.3 we have:

Proposition 4.3. The velocity vy ()) is increasing in A and A_ < A;. Moreover,
vy (A) is strictly increasing and analytic on (—oo, A_) and on (A, +00), while it is
zero on (A_, Ay).

Remark 4.4. Due to the above proposition, vy (\) is analytic everywhere with pos-
sible exception at A_, A\, where it can be irregular (even discontinuous, see Sec-
tion 4.2).

By the same arguments used to prove Proposition 3.5 one easily gets the follow-
ing:
Proposition 4.5. Assume that E[I/TS—L] < o0, E[logroi] < 4oo and A_ = AL.
Then vy (A) is continuous, A_ = Ay = E[log po] and vy (A+) = 0.

In the continuous time setting, the RCM has always a regular asymptotic velocity
’l)y()\):
Ezample 4.6. For the continuous time RCM satisfying our main assumption (see
Remark 2.5) it holds

et —e

E[1/eco]

In particular vy = 0 iff E[1/¢g] = +00. Moreover, vy is always an analytic function
of .

vy (\) = (4.3)

Discussion of Example /.0: Since p; = “=* from (4.1) we have
-

E[S(\)] = E [GCO(HOOZTZ..-C;;G—%)]_ [+iecz o]

i=1 i=1

S

=0

(4.4)
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thus implying that

E[S(\)] = {]i:} e i z g (4.5)

Similarly from (4.2) we have

E[F(\)] = [C 1(”22 ;Z z 1‘ em—)} :E[C%+Z e ezm}
:E[a}e,\zez,\i’
1=0

thus implying that

E[L]== A<,

co

(4.6)
400 A>0.

E[F(\)] = {

From (4.5), (4.6) and Proposition 4.1 we get (4.3). The conclusion then follows
from (4.3). O

4.1. Reflection invariance. In the case of reflection invariant environments (cf. As-
sumption 2.4) we prove an analogous of Proposition 3.6:

Proposition 4.7. Suppose Assumption 2.4 to be satisfied. Then it holds
vy (A) = vy (=A). (4.7)

In particular, vy (0) = 0 and, if vy has n-th derivative at 0 with n even, then this
derivative must be 0. Moreover, the following dichotomy holds for A > 0:

{E[S(A)] <too = wvy(\)= 1/1&[ 1+, pipa- 2”)] € (0, +00)
E[S(\)] = +o0 = oy(\) =
(4.8)

Proof: By Assumption 2.4, (f'l.l) and (4.2) we have that

E[E(V)] = [ 1+Zp 1pohee pole?)]

- [ 1+Zp1p2 pie™)| = BIS(-N)], (4.9)

which implies vy (A\) = —vy (—A) by Proposition 4.1. The second property, con-
cerning the derivatives of vy, follows from (4.7). Finally, to prove the dichotomy,
it is enough to check that E[F'(\)] = co whenever A > 0. From (4.9) we clearly see

that, for A > 0, E[F(\)] = E[%(l + papa pie”‘i)} > E[$(\)]. This implies
"o

that, whenever A > 0 and E[S(\)] = oo, also E[F(A)] = co. If on the other hand we

have A > 0 and E[S(A)] < oo, then again we must have E[F'()\)] = co. Otherwise

we would have, by parts (a) and (b) of Proposition 4.1, vy (A) = E[S(A)]~! and at
the same time vy (\) = —E[F(A\)] 7!, which is a contradiction. O
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4.2. Examples of models with irregular asymptotic velocity vy (\).

Ezample 4.8. Recall Example 3.7 and in particular the random variables r(z,z+1)

introduced there. Consider the continuous time random walk with jump rates
r¥ .= r(x,x £1). Then its asymptotic velocity vy ()\) is discontinuous at A .

The proof of the above statement follows from the same arguments presented in
Section 8 and therefore is omitted.

Ezample 4.9. The following model is reflection invariant and its asymptotic velocity
vy (A) has no second derivative at Ay = A_ = 0. The jump rates are given by the
following. First of all we sample two independent sequences of positive i.i.d. r.v.’s
(a)mez and (a;; )mez. We call A :=E[aj] and B := E[1/a] and suppose A and
B to be finite. Then we toss a fair coin and do the following (see Figure 4.1):

e If it comes Heads, for all m € Z we put
+ gt —
Tom+1 = @m = Tomq2
— e p— — ot .
Tom+1 = @m = Tomq25
e If it comes Tails, for all m € Z we put
+ — gt —
Tom = Gm = Tomy1s
- = _ .t
T2m T am - T2m+1 .

The above Example 4.9 is discussed in Section 9.

a,  af at  a,
ﬁ.‘,.------.» R TITITINY . r—>
S | : TR
2m +1 2m + 2 Heads
2m 2m + 1 Tails

FIGURE 4.1. Jump rates for Example 4.9

5. Einstein Relation

In this section we give the proof of the Einstein relation for a discrete time
random walk among random conductances. We point out that any 1d nearest-
neighbor random walk in random environment, for which the process environment
viewed from the walker admits a reversible distribution, is indeed a random walk
among random conductances.

For the continuous time case the Einstein relation follows easily from the expres-
sion (4.3) of vy (\), since the diffusion coefficient of the unbiased random walk is
given by 02(0) = 2/E[1/co]. We recall that, assuming E[cy] < oo, one can prove
an annealed invariance principle with diffusion coefficient 2/E[1/co] (cf. Eq. (4.22)
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in De Masi et al., 1989 and references therein), while a quenched invariance prin-
ciple can be proved by means of the corrector under the additional assumption
E[1/co] < o0.

For what concerns the discrete time random walk among random conductances
we recall that, assuming A := E[cg] and B := E[1/¢] to be finite, in the unbiased
case (i.e. when A = 0) an annealed (also quenched) CLT holds with diffusion
coefficient 02(0) = 1/AB (see Eq. (4.20), (4.22) in De Masi et al., 1989 and Eq.
(4.20) and Exercise 3.12 in Biskup, 2011).

We prove the Einstein relation under two different sets of assumptions: the first
one requires the ergodicity of the conductances and some moments conditions; we
point out that this is the equivalent set of conditions that Lam and Depauw (2016)
would require in our setting, but we give an alternative, shorter proof. We ex-
tend this result including a different hypothesis, just requiring the weakest possible
integrability of the conductances and very mild mixing conditions.

Theorem 5.1. Consider a random sequence of conductances (¢, ).¢cz, stationary and
ergodic w.r.t. shifts. Suppose that at least one of the following two conditions holds:
(i) co € LP(P) and 1/cy € L4(P) with p,q € [1,00], p~t +q¢ 1 =1;
(ii) lim; 00 E[co/ci] = E[co]E[1/co], with E[co] < oo and E[1/¢o] < oc.
Then the discrete time RCM satisfies the Einstein relation: ie. -Lvy(A)|x=o =
a2(0).

Proof: Due to Remark 2.5, our main assumption (see Assumption 2.1) is sat-
isfied. We prove that 0y vx(0) = 02(0) (by similar arguments one can prove
the same identity for the left derivative). By standard methods we know that
%(0) = E[eg] *E[1/co] ™t (see Eq. (4.20), (4.22) in De Masi et al., 1989 and Eq.
(4.20) and Exercise 3.12 in Biskup, 2011). Furthermore, by (3.4) it is easy to see
that both sets (i) and (ii) of hypotheses guarantee E[S(\)] < oo for all A > 0. Note
that, by translation invariance, > -, E[z—o] =limy_, E [cal(c,1+c72+. . ~—|—ka)}~
By the LLN and the monotone convergence theorem, we get that > ;- E [‘é—o} = 00,
i.e. E[S(0)] = co. Hence, by Proposition 3.1, we get for A > 0
vx(\) —vx(0) 1
A A+ 2002 Eleg/eile2N
We must show that letting A — 0 in (5.1) gives E[co] 'E[1/co] . We prove that,
in fact, 2X>°72 | Elcg/c;le M — E[co]E[1/co] as A — 0.
Case (i): We let ¢y := (e** —1)3.°2 Le 2N By Birkhoff ergodic theorem

=1 ¢;
with exponential weights we have that

(5.1)

lim 1y < E[1/co]. (5.2)

This can be seen, for example, by setting m,, := (¢; " +c3 ' +--- + ¢, ') /n for each
n=1,2,... and rewriting ¢y = (1—e"2)23°°° ne 2 "=V, From this and the

fact that (1 —e™2Y)23°°° ne=2*"=1 =1, we can bound

l|eoa — 1/CO]H e ) Z”eszn Vma — E[1/co] || (5.3)

Since m,, =14 E[1/¢p], given € > 0 by the classical L9 Birkhoff ergodic theorem, we
can choose N € N such that ||m, —E[1/c] Hq < ¢ for each n > N. We observe that
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the contribution from the first N — 1 terms in the r.h.s. of (5.3) vanishes as A — 0.
Hence, as A — 0, we can bound the r.h.s. of (5.3) by o(1) + &. This completes the
proof of (5.2).

We write now 2AY %, Elcg/cile M = 22-E[con]. We finally bound by
Holder’s inequality
A—0
|Elcota] — EleolElcy ]| = [Elco(¥x — Eleg D] < lleolly - [ — Eleg ||, = 0,

where the convergence comes from (5.2). This concludes the proof of Case (i).

Case (ii): For i € N we let E[co/c;] = E[co]E[cy '] + £(i). For each fixed k > 1,
we can therefore write

20) "Elco/cile >N ) +2X Z E[colElcp e + 2 Z e 2N
i=1
o2k 4
= O(\) + 2\E[co] E[cy ] — + 2)\2 Je AT
Since | Y2, e(i)e™ M| < sup;s,{le(i)[}e /(1 — e72}), sending A — 0 we see

therefore that for each k > 1
EleolEleg "] — sup{|e(i)]} < lim 243" Eleo/ele™ < Eleo]Eleg "] + sup{le(i)]}
i>k A—0 P i>k

Finally we let k — oo and, since £(i) — 0, we conclude that (5.1) converges to
Elco) 'E[1/co] "t as A — oo, thus implying the thesis. O

6. Central limit theorem for ballistic discrete time random walks

In this section we consider the discrete time random walk X“* and, when bal-
listic, we investigate its gaussian fluctuations, i.e. the validity of the CLT. As
application of the results presented in this section, we will study the CLT for two
special model: the discrete time RCM (cf. Section 7) and the discrete time random
walk with i.i.d. w;’s (see end of this section).

For simplicity of notation, we write v()) instead of vx(\). We know that if
E[S(\)] < +o0 then v(A\) = 1/E[S(\)] > 0 (see Proposition 3.1) and moreover the
environment viewed from the perturbed discrete time random walk X“** admits a
steady state Q) (see Zeitouni, 2004). In addition, there is a closed formula for the
Radon-Nikodym derivative dQA/d]P’ that reads (see page 185 in Zeitouni, 2004),

0y _ Ay
dP~ E[Ay]’

where

(1+ZH,01 ) (14 poe )(1+§:P1P2"'Pie_w)- (6.1)

i=1 j=1

It is simple to prove that E[A,] = E[S(\)] = 1/v(\). B
For n € Z, we introduce also the nt" shift of the function S(\) as

oo

9“5()\) —1+22,0n,0n L P e 2A(+1)
=0
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Equivalently, 7 S()\)[w] = S(A\)[#"w] (in the r.h.s. 6 denotes the usual shift on
with (fw), = wet1).

Assumption 6.1. The expectation E[S())] is finite. Furthermore, there exists € > 0
such that

Eq, [wg (NS +wy (WIS < 00 (6.2)

and moreover it holds

Z\/ A —1]6- ]} 0, (6.3)

n>1

where, for each k, Gy, is any o-algebra for which the random variables (0°S(\));<k
are measurable.

Theorem 6.2. Under Assumption 6.1, the discrete time random walk in random
environment satisfies the annealed CLT
X@A —ux(N)-n
Vn
The diffusion coeflicient is given by

a?(\) = oi(\) +v(N)oz(N\) € (0,00), (6.4)

— N(0,0%()\)) under P @ P&

where

73N = v(\)Eqg, [wif () (SO = 1)” + w5 (1) (671 S(N) + 1)

(6.5)
— v(\)°E [AWJ(A) (SO0 = 1) + Aywg (W) (075N + 1)2} :

and

02()\):=E [( (NS }HZ [ A —1)(v ()\)9"5()\)—1)}. (6.6)

n>1

The series in (6.6) is absolutely convergent. Furthermore, 02()\) is analytic on every
open interval given by values of A that satisfy Assumption 6.1.

The proof of the above theorem is postponed to Appendix C.

Theorem 6.2 is an extension in our context of Theorem 2.2.1 in Zeitouni (2004)".
In fact, condition (6.2) is replaced therein by the stronger condition

Eg, [S(A\)*T 4+ 0715(\)?¢] < o0 (6.7)

and (6.3) is stated there with G_,, given by the o-algebra generated by wl-i with
i < —n. We point out that condition (6.7) is in general not optimal. For example
in the random conductances case (6.2) is much less restrictive. The fact that G_,,
could be taken more general than in Zeitouni (2004, Theorem 2.2.1) is implicit in
the proof provided in Zeitouni (2004). As it turns out, sometimes it might be more
natural to work with more general o-algebras, see for example Proposition 6.9 and
its application for the proof of Theorem 7.1.

n the definition of 0% | given in Zeitouni (2004, Theorem 2.2.1) there is a typo. One should
replace Q by Q, otherwise the centered formula above (2.2.8) in Zeitouni (2004) fails.
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Remark 6.3. The arguments used in the proof of Theorem 6.2 that show how to
replace condition (6.7) by (6.2) are general. In particular, Theorem 2.2.1 in Zeitouni
(2004) can be proved substituting assumption (2.2.2) therein by Eq(wg S?*¢(w) +
wy S(071w)?T€) < oo, which is the equivalent of (6.2) in the general setting. Here
we have used the notation of Zeitouni (2004).

We provide now alternative formulas for (6.5) and (6.6) and give a sufficient
condition for the analyticity of o2()\). In the next subsection we also give some
comments on Assumption 6.1.

Proposition 6.4. Set

U=U(w,\) := Zpo e p,ie_Q’\(”l) , V=V(w,A):= Z Pl pie_”‘i .
i=0 i=1

Then
2\ AE[U?+V +2VU? +2VU]
oi(A) = (11 2E[0))P ; (6.8)
and
p(N)o2(A) = (1+;;1[U])3 [B? - EWP +2 Y (EWev] - E0P)]. (o)

n>1
The series in (6.9) is absolutely convergent.

Remark 6.5. Identity (6.9) can also be written as

4
No3(A) = ————= Cov(U,0"U).
U( )02( ) (1 ¥ QE[U])S Z OV( ) )
neL
Proof of Proposition 6./: We note that S(\) = 142U and Ay = ﬁ(l—i—V)7 and
o
start looking at o%(\). For each n € Z, 0"U(w, \) and 0"V (w, \) will just indicate
respectively U(6"w, \) and V(6"w, ). We have

M (V) (SN = 1) =41+ V)U? (6.10)
and
_ >0 ) 2
Axwg V) (075N +1)% = po(N) (1 +3 i pie—m) (2 + 29—1U)
. =t , , (611)
=4(> po...pie V) (1407'U) =407V (14+07'U)
> J(rs00)* v (rom0)
Taking the expectation and using the translation invariance of P we see then that
E[AWO—(A) (61500 + 1)2} —4E[V(1+U)?. (6.12)

Putting together (6.10) and (6.12) back into (6.5) we obtain (6.8).
We move to 02(\) and notice that the first addendum in (6.6) is equal to 4E[(U —
E[U])?]/(1 + 2E[U])2. For second addendum in (6.6) we notice that

E[(U(A)gu) — 1) (b(V)O"S(N) — 1)}
= v(E[(SO) ~ EISO]) (9" S(N) ~ EIS(V)])
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_ 4E[(U - E[U]) (6"U — E[U])]
(1+2E[U])? ’
thus implying (6.9). O

Proposition 6.6. Let Assumption 6.1 be satisfied with A in a given open interval I.
Givenn > 1 and k > 0 set

= Y. Cov(po:pipn-pnj) (6.13)
0,20 i+j=k

and suppose that

ie*m(i |an,k|) <o Wrel. (6.14)
k=0 n=1

Then the coefficient 02()\) is analytic in 1.

Proof: To get the thesis we apply Lemma A.1 below to prove the analyticity of
o2(\) and of vx(A)o3(\) separately. By Proposition 3.1 and 3.3 we already know
that vx (\), and therefore 1/(1 + 2E[U])3, is analytic and positive. Hence, to prove
the analyticity of 07(\) it is enough to prove the analyticity of the numerator in
the right term in (6.8). We prove the analyticity of E[VU?] by Lemma A.1 (the
other contributions in the numerator can be treated similarly). We set

Qn = Z E[(Popfl o p—it1)(pop—1-+ p—j+1)(p1p2 - "Pk)] :

(3,4,k)ENT:

i+j+k=n
Then E[VU?] = 3, <, ane”?* (note that a, > 0, so terms can be ordered arbi-
trarily in the involved series). Since we know by the CLT that o%()\) is well defined
and finite for A € I, by (6.8) it must be E[VU?] < co for any A € I, and therefore
50 ane M < oo for any A € I. By Lemma A.1 we conclude that E[VU?] is
analytic on I.

We move to vx (A)o2(\) as expressed in (6.9). By applying the same arguments
as above we reduce to prove the analyticity on I of . . (E[U -60"U] —E[U]?). We
write F,,(\) := E[U - 9"U] — E[U]2. By hypothesis (6.14) we have that F,,(\) =
S e 22 EH2) g, o and this series is absolutely convergent. Summing over n and
using again hypothesis (6.14) we have

Z Fn()\) _ Z 672/\(k+2)bk ,
n>1 k>0

where by := )", -, an and the series in the right hand side of the last display is
absolutely convergent. By Lemma A.l this series is therefore an analytic function
of Ain I. O

6.1. Sufficient conditions for Assumption 6.1.

Lemma 6.7. Assume E[S()\)] < oo. Then (6.2) is satisfied if and only if both
E[U?%¢] < 0o and E[VU?*¢] < oo.

Proof: By the same computations appearing in the proof of Proposition 6.4 we
have

Awg (VSN = (1+V)(1+20)*, (6.15)
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Aywy (N)OTES(N)?TE = (071V) (1 +2071U)> e (6.16)

Hence, using translation invariance, we see that (6.2) is satisfied as long as E[U?*¢]
< oo and E[VU?*¢] < oo (notice that E[V] < oo since E[S()\)] < oo by hypothesis).
O

Proposition 6.8. Assume E[S(\)] < co. Given ¢ > 0 suppose that there exists § > 0
such that

)

Z E[pg-i-a . p27—&i-8] e~ 2Ni(2+e—0) - o 7 (6.17)
=0

S S B[R e p eI co (o1g)
i=0 j—=1

Then (6.2) is satisfied.

Proof: We apply Lemma 6.7. We show that (6.17) implies that E[U?7¢] < co and
that (6.18) implies E[VU?**¢] < co. We define the measure p on N as p(i) :=
e” 22 with a > 0 to be determined later. We write U = pu(f), with f(i) =
po - .. p—je D+ By Hilder’s inequality U = u(f) < || £l ne+< (11 o) =
CIf|lg2+<(uy, where g is the conjugate exponent of 2 + ¢ and C' > 0 is a finite
constant. As a consequence

Ute < 02+8M(f2+5) — (O2+ee—2M(2+9) Z ngre . p2J¢e e~ 2Ni(24+e—a(l+e)) (6.19)
i=0

To prove (6.17) it is enough to choose a = §/(1+¢) and take the expectation w.r.t.

P. To prove (6.18) it is enough to multiply both sides of (6.19) by V' and conclude

as just done for (6.17). O

We also give some comments on (6.3). First of all we notice that, by the definition
of U, (6.3) is equivalent to asking

3 \/IE [E[U —E[U] \g_n]ﬂ < o0. (6.20)

n>1

We give sufficient conditions for this to hold.

Proposition 6.9. Suppose that E[U?] < co. Assume that there exists M > 0 such
that, for all ¢ € Z, p; is independent from all p;’s with |¢ — j| > M. Further suppose
that

ZE[/}%-“p%i]lmie_Q’\i < 00. (6.21)
i=0
Then (6.3) is satisfied with Gy being the c-algebra generated by all the p; with
1 < k.
We point out that trivially ¥S()\) is G measurable.

Proof: We will check (6.20). Since E[U?] < oo by hypothesis, all terms in the series
(6.20) are finite. Therefore, without loss, we can ignore the first terms in (6.20)
and prove that

> B0 ~ EU]G-ul[| o) < oo (6.22)
n=M
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Using the finite-range dependence assumption, we can bound

oo

E[U - E[U]|G_n] = Z (Elpo--p—i|Gn] — Elpo--- p_i])e 22+
i=0
= > (Eloo pilGon] —Elpo- - p_i])e 220D
i=n—M
Hence the Lh.s. of (6.22) can be bounded by

Z Z ||E[/J'o P ‘ g—n] — E[po . p—i] ||L2(]p)672)\(i+1)
n=M i=n—M
< io: 3 Q]E[pg e p%i]1/26—2>\(1‘+1) ’
n=M i=n—M

which allows to conclude. O

We conclude this section with an application of the above results. Another
application is given by the analysis of the gaussian fluctuations in the discrete time
random conductance model provided in the next section.

Ezample 6.10. Consider the case of i.i.d. w;"’s such that E[p3™¢] < +oo for some & >
0. Then Assumption 2.1 is satisfied. Moreover, for A > log E[p3] Assumption 6.1
is fulfilled and therefore the content of Theorem 6.2 is valid, and o2(-) is analytic.

Discussion of Example 6.10: Tt is trivial to check the validity of Assumption 2.1.
By Holder inequality, if v > v > 0 then E[p}] < E[pg/]w“*/. In particular, E[p]] <
+oo for any v € (0,2 + €] and the function (0,+00) 3 v — %log Elp]] € (0,400
is (weakly) increasing. By monotone convergence applied to E[p]1,,>1] and to
Elpi1p,<1], we get that lim, - %bg E[pj] = ;1ogE[p3]. In particular, for each
A > 1logE[p]] we can find £’ € (0,¢) such that A > (2(2 + 6’))_110gE[p8+5/],
ie. E[pg”/] < e22+<) By Propositions 6.8 and 6.9 (applied with ¢’ instead
of ) one can check that Assumption 6.1 is satisfied if E[p%“l] < 22+ I
fact, this guarantees, by Holder inequality, that E[pg] < E[ngrgl}l/ (2+e) < ¢2* and
E[p?] < ]E[pg+5,]2/(2+5') < e**. Thanks to these three bounds it is easy to verify
that E[S(\)] < oo, E[U?] < co and that (6.17), (6.18) and (6.21) are verified.

We show now that o2()) is analytic for all A satisfying E[p27¢] < e2*2+<) To
this aim we apply Proposition 6.6. We start looking at (6.13). When n > k we
have by independence a, ; = 0. When this is not the case we estimate

(CoV(po -+ p—is pu -+ pr—y)| < Var(po - - p_i) /*Var(p, - - pu_y)/?

SB[ g2 VB R )R = Bl

For n < k we can therefore bound a,; < (k + 1)E[p3]*+2/2. By the above

observations we can bound the Lh.s. of (6.14) by

Z e*2/\kk(k + 1)E[p§}(k+2)/2 )

k=0
The last display is finite as soon as E[p3] < e**, which we have shown to be true
under the condition E[p2 %] < e222+<), O
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7. Diffusion coefficient in the discrete time random conductance model

We consider here the discrete time RCM with i.i.d. conductances and study in
detail its gaussian fluctuations. Assuming A := E[cg] and B := E[1/c¢] to be finite,
in the unbiased case (i.e. when A = 0) it is known that vx(0) = 0 and that, under
diffusive rescaling, an annealed (also quenched) CLT holds with diffusion coefficient
0%(0) = 1/AB (see Eq. (4.20), (4.22) in De Masi et al., 1989 and Eq. (4.20) and
Exercise 3.12 in Biskup, 2011). We recall that vx () is given by (3.5) for A > 0 and
that vx (A) = —vx(—A) (see Proposition 3.6). By applying the results obtained in
Section 6 we get the following:

Theorem 7.1. Consider the discrete time RCM with i.i.d. conductances (¢;)icz.
Suppose that for some ¢ > 0 it holds E[ci"¢] < oo and E[1/¢5¢] < co. Then
Assumption 2.1 is satisfied. Moreover, for any A € R, the discrete time random
walk in random environment satisfies the annealed CLT

X@A —ux(A)-n

Vn

The above diffusion coefficient 6()) satisfies 02(0) = 45, 0%(\) = 02(—A) for all
A € R and it is given, for A > 0, by

— N(0,0%()))  under P® Py, (7.1)

5 4(e** —1)2 20D 4(A%D + B2C) 8A2 B2
N = G 1248 [e”‘ +1 H_1 @1 y
L AB 4+ 4AB - A’°B* 2A2B2e2’\} 7:2)
e2XA 1 (62>\ _ 1)2 ’

where A := E[cg], B := E[1/co], C := E[c3] and D := E[1/c3].

The proof of Theorem 7.1 follows from the results presented in Section 6 by
straightforward computations and is therefore postponed to Appendix D.

In the deterministic case, that is, when the conductances are all equal to a
constant, we obtain a biased simple random walk whose diffusion coefficient o?()\)
can be easily computed (or, equivalently, derived from (7.2)):

o?(\) =4/ +e ™)' VAER. (7.3)

See Figure 7.2 for a plot of 0%(\). We note that in the deterministic case o2(\)
is analytic, it is strictly increasing for A < 0 and strictly decreasing for A > 0.
The following proposition treats the non deterministic case, in which a different
behavior emerges.

Proposition 7.2. Take genuinely random i.i.d. conductances. Then o2()) is contin-
uous everywhere and analytic on R\ {0}. o2()\) is not differentiable at A = 0 and
is non—-monotonic on (—oo, 0] and on [0, c0).

Proof: The analyticity on R\ {0} follows from (7.2). Similarly, continuity on
(0, +00) follows directly by (7.2). For small A > 0 we can calculate, by a Tay-
lor expansion,

1 1
(X —1+2AB)  (2AB + 2X + o(\))?
1 1 13 +o(N)
BASB? (1+ 3 +0()))3 8A3B3
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FIGURE 7.2. The solid line represents the function o?()\) in the
case of i.i.d. conductances sampled from a uniform random variable
in the interval [1,10]. This is plotted against the function o2(\)
(dotted line) in the deterministic case of constant conductances,
cfr. (7.3).

Hence, for small A > 0 we can rewrite (7.2) as

1 3\
N =555 (1 ) [4(A2D + B2O)A +442B%(1 — )

- AB
+ (4AB — A2B?)2\ — 2A2B2(1 + 2\)| + o()\) (7.4)
1
:@ + al)\ =+ O()\) 5
where
2(A’D +B*C) 5 1
o _ 2 7.5
ay : VEN:E AB+A232' ( )

Since 02(\) = 0%(—A) by Theorem 7.1 and since 0%(0) is equal to (AB)~! (see the
discussion before Theorem 7.1) we see that also in the genuinely random case (i.e.,
when AB # 1) ¢%()\) is a continuous function everywhere.

On the other hand, by reflection invariance, we note that if a; # 0 then o2(\)
cannot have first derivative in A = 0 and in particular cannot be an analytic func-
tion. In fact, 0%(\) = 02(—\) implies that the right derivative of o2 in 0 is equal to
the opposite of the left derivative. Hence, if the first derivative in 0 exists, it has to
be equal to 0, that is, we should have a; = 0. Let us prove that this never happens
for genuinely random conductances. a; is equal, up to a positive multiplicative
constant, to 2(A%2D + B2C) — 5A42B? + AB. This quantity can be rewritten, after
elementary manipulations, as

2(A’D + B*C) — 5A’B? + AB = 2(Var(4/co) + Var(Bcy)) + AB — A*B?.

We notice that AB — A%2B? is equal to Cov(A/co, Bep) and that it is a negative
quantity, since by Schwarz inequality 1 = E[\/co(v/c,)"]? < E[co|E[c;'] = AB
(the strict inequality follows from the non—degeneracy of the random variable c¢p).
Using the fact that Var(X) + Var(Y) = Var(X +Y) — 2Cov(X,Y"), we obtain

2(A2D + B2C) — 5A2B2 + AB = QVaI'(A/C(] + BC(]) — 3COV(A/C(), BC()) >0,
so that a; > 0.
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This fact also shows that, in the case of genuinely random conductances, o2()) is
strictly increasing for small A > 0 and hence it is non-monotonic on [0, +00) (notice
that in every case 02(\) — 0 as A — oo0). By symmetry, 02()\) is non-monotonic
also on (—o0, 0]. O

8. Discussion of Example 3.7

We recall that A > 0 and v > 2 (for most of the arguments below one can
take v > 1 but at the end it is necessary to take v > 2). Moreover, we have set
r(k,k —1) := A for all k € Z and we have introduced 7 = (7x)kez, which is a
renewal point process on Z with 7y = 0 and, for k # 0, P(Tx41 — T > Jj) = 1/47 for
any j € N,.

We write 7 = (7% )rez for the renewal point process given by the Z-stationary
version of 7. More precisely, numbering the points of 7 in increasing order with
7o < 0 < 71, 7 is characterized as follows: (i) the law of 7 is left invariant by
integer shifts; (ii) the random variables (1,41 — 73 : @ € Z) are independent and
(iii) the random variables (7,41 — 7; : @ € Z\ {0}) have the same law of 7;. Such
a renewal point process exists since E[f1] < oo (see Daley and Vere-Jones, 1988
and Appendix C in Faggionato et al., 2012). Due to the above properties (ii) and
(iii) it is trivial to build the renewal point process 7 once the joint law of (7g, 71)
is determined. This last joint law can be recovered from the basic identity given
by Eq. (C.3) Faggionato et al. (2012). Since in what follows we only need the law
of 71 we explain how to get it. Taking Eq. (C.3) in Faggionato et al. (2012) with
test function f = 1, one gets that P(0 € 7) = 1/E[#1]. Let us now take a positive
integer m and, given a subset £ C Z , we define f(£) = 1 if m is the smallest element
in £ N[1,400), otherwise f(¢) = 0. Then applying Eq. (C.3) in Faggionato et al.
(2012) to such a test function f and using that P(0 € 7) = 1/E[71], we get

—
P(ri =m)=P0 € 7)P(7; = m) = ITEn[%l] , m e N, . (8.1)
From the above formula we have
egm' ™Y < P(ry >m) < comt ™7, m € N, .

We recall our definition of the jump rates. For k € Z, we define

Zk:{1 ifk¢r,

1 .
5 lfke’r,

_ + . r(k,k+1 - r(k,k—1
and set 7"(—]{;, —k + 1) = 1/Zk, wk = W’I‘(lg,k-&-l) and wk = m
Hence, p_ = % = AZj (recall that r(-,- — 1) = A). By construction, the
model satisfies Assumption 2.1.

Thanks to Lemma 3.2 we can now calculate
E[S(\)] =142 E[Zy--- Z] (Ae™?})"F1. (8.2)
i=0
We claim that
E[Zy--- Z,] = nt~ 7o) (8.3)



1236 A. Faggionato and M. Salvi

In fact, on the one hand it holds
E[Zo- - Zy) > B[Z1 - Zplyysn]/2 = P(11 > n)/2 > (c1/2)(n+1)177 = pt=r+e@)

On the other hand, we take A(n) := [(y — 1) log, n] and we write &4
E(Zy--- Zn) = ElZo - Zalgr, <) + ElZ0- Zalgryyomy] . (85)

Notice that under the event {74,y < n} we have that
Zo- - Zn <27 A<l (8.6)

The event {74(,) > n}, instead, implies that the sum of the A(n) addenda 1,
Ty — T1, T3 = T2,y TA(n) — TA(n)—1 18 larger than n. In particular, at least one of
the above addenda is larger than n/A(n). Since in any case Zp--- Z, < 1, we can
bound
E[Zo S Znﬂ{'rA(n)>n}] < P(TA(n) > n)
A(n)
<P(r >n/A(n) + > P(rj — -1 >n/A(n))  (8.7)
j=2

< ca(n/AM)T 4+ A(n)(n/A(n)) Y = pl=rFo(l)

As a byproduct of (8.5), (8.6) and (8.7) we conclude that E[Zy - - - Z,,] < n'~7+o(1),
The above result and (8.4) imply our claim (8.3).

Now we take 7 > 2, so that the series > oo | n'=77°(1) is summable. By (8.2)
and (8.3) we see that E[S())] < +oo for all A > Ay = 1 log A, while E[S(\)] = 400
for A < Ap. It follows that vx(A) > 0 for A > Ay, while vx (A) < 0 for A < A4, that
is, vx has a discontinuity in Ay. We also observe that A_ is finite and A_ < A;.
In fact, by Proposition 3.1 and Lemma 3.2, we have that vx(\) < 0 iff E[F(\)] =
1+23 2 Elpy ' - p; '1e* 41 is finite. By Jensen’s inequality we can bound

E[pal . p;].} :A_i_lE[Z(;l . Z:;l] :A—i—lE[2N(i)] ZA—i—12]E[N(i)] ZA—i—12C’i

where N (i) := #{r N {0,1,...,i}} and ¢ > 0 is a constant that only depends on
7y (here we are using the fact that N(i)/i — 1/E[71] almost surely). Therefore
E[F(N)] = +o0 if 2°¢* /A > 1 and in particular A\_ < Ay — £ log 2.

9. Discussion of Example 4.9

It is not hard to show that this environment satisfies Assumptions 2.1 and 2.3 (for
the latter, observe that the reflection of the Heads case has the same distribution
of the Tails case, and vice versa).

Let us first suppose that we have heads. Then for each m € Z we get

O Oy
P2m+102m+2 = — —— = L.
A Am
As a consequence, we have for i > 1
1 if 7 is even,
pP1P2 " Pi = ro a;

pi=— =22 ifi=2j4+1.
@ J
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Hence for Heads we would have
(e’ 00 Jo%e) a
ZPIPQ cepe PN = ZG_MJ + Z L2 (9.1)
‘ . a’
i=1 j=1 j=0 "J
Let us now suppose that we have tails. Then for each m € Z we get
— at
a a
pempem+1 = — —= =1
G, Gy
As a consequence, we have for i > 1
- Fa; e .
prpi =Tl =SS if =25,
p1p2...pi: a+1 3 0 J
plza—‘l if 7 1s odd.
0
Hence for tails we would have

- VIR N I I ag  _ox(2jt1

Soupnerpe =3 S S0 e o)

i=1 j=1 % 4; J=0 ag.

Since r§ = a~, for Heads and r§ = ag for Tails, from (9.1) and (9.2) we get
2)\1)]

E[S(\)] = [ (1+ Zmpz

-
=S E[l/a”, 1+Ze*4>‘J+ZE
—4XNj +ZE 1/a 72)\(2j+1)) (9.3)

(1/Ea0 —|—ZE 1/ag |E /a
7=0

j=1

- 1+ ie—‘l)\j + ABie—Q/\ 2]-',—1))

72/\(2j+1))

e
=5 Bl ,
j=1 7=0
Y S
+ S BI+ABY e 43 e R
j=1 j=0
Hence A\; = 0 (which by reflection invariance implies that also A_ = 0) and, for
A>0,
E[S(\)] = _ Be? (2+e (AB+1)+e (4B -1)) (9.4)
2(1—e ™) ‘ '
From (4.8) we finally get
2(1 — e
(1= A>0.  (9.5)
Be 2 (2+e 22 (AB+1) + e AB - 1))

v(A) = ——
By Taylor expansion of (9.5), since 2+e 2} (AB+1)+e *(AB—1) =2(1+AB—
=1— 2+ o(x) we have

3AAB + A\)+0(\), and since (1 + x)
o) = 4N — 8X\2 + 0(\?)
- B(1—=X+0(N)(1+AB)(1+ 12228 X+ o(N)) 96)
L3450+ 0(V) '

(4N — 822 + 0(A2))(1 + A + o(\))(1 —
B(1 + AB)
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The above equation implies that

4 —8+4— 41348

o 1+AB |2 2
"W=garap*t “Bazap M) 6.1
_ 4 AB-1 , ) '
= Ba+ap T Barape oW
We then conclude that 8;")\11(0) = 163(‘11%1&)2.

From this expression, the second right derivative in A = 0 is null if and only
if AB = 1, that is, when aj is almost surely a constant. In all the other cases,
the right second derivative in A = 0 is different from 0. Since this model satisfies
Assumption 1, this conclusion is absurd by Proposition 4.7.

Appendix A. A result on analytic functions

Lemma A.l. Let a,b,c be positive numbers with a < b and let (a,)n>0 be a
sequence such that Y oo Ja,le”*" < oo for any A € (a,b). Then the function
fO) =307 ane " is well defined and analytic for A € (a,b).

Proof: The function f(\) is well defined since by hypothesis the series is absolutely
convergent. To prove analiticity we apply the Theorem of Pringsheim-Boas (cf.
Thm. 3.1.1 in Krantz and Parks, 1992). To this aim we first need to show that f is
C® on (a,b). This follows easily from the dominated convergence theorem, which
also implies that (), the k*"—derivative of f, has the form

f(k)()\) = Z anefc/\”(—cn)k ,
n=0

where the series in the r.h.s. is absolutely convergent.

Defining g()\) := limsup,,_, . | £ (\)/k!|*/*, we need to show that for any \g €
(a,b) g(A) is bounded from above uniformly as A varies in a neighbourhood of Ag.
Then the Theorem of Pringsheim-Boas would imply the analiticity of f. To upper

bound g we use that (CZ!)k < e;:E for € > 0 to estimate
f(k) (>‘) - |an| —cAn k 1 - —c(A—e)n __. h()‘ B 5)
’ i ‘ < Z:: o © (en)® < ;k;::omn'e B = — (A1)

By hypothesis h(\ — €) is finite if A — e € (a,b). We now take A such that
A — Ao| < /10 where ¢ is defined as half of the distance between A\g and {a, b}.
Then both A and A — ¢ are in (a,b) and by (A.1) we get that g(A) < 1/e. O

Appendix B. Proof of Proposition 4.1

We follow the proof of Theorem 2.1.9 in Zeitouni (2004) and adapt the arguments
to the continuous time case. As already mentioned, the main difference lies in
the proof of the result analogous to Lemma 2.1.17 in Zeitouni (2004), where new
phenomena have to be controlled.

We denote by 6 the shift on the space © of environments. In particular, we have
(08)y :=Ept1 = (r;H,r:H). For n € Z, we introduce the hitting times

T = Tp(€,A) = inf{t >0 : Y2 =n}, (B.1)
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with the convention that the infimum of an empty set is +0o. We also set 79 = 0
and

Tn = Tn(§,N) =T — T forn>1,

Ton=T_n—T 11 forn>1.
As in Lemma 2.1.10 of Zeitouni (2004), one can prove that if limsup, , . Y = 400
almost surely, then the sequence {7;};>1 is stationary and ergodic. The idea is then

to apply the ergodic theorem to the sequence {7;};>1. We prove the equivalent of
Lemma 2.1.12 in Zeitouni (2004):

Lemma B.1. We have that
(a)  E[E§An]] =ESM)
(b)  E[E§Ar-a]] = E[F(O)].

Proof: We just show (a), since (b) can be proved in an identical way. For each
environment & we have

1 o (M)
ro (A +7g(A) g (N) + 15 (V)

E§Mn) = (B M)+ ES ). (B2)

We now assume that ES*[r] is finite. Manipulating (13.2) we obtain

E§[m) = +1(/\) +po(NE) ml, (B.3)

so that also qug?)\[ﬁ] must be finite and by iteration we get, for any integer
m >0,

1 1 1
E§7>‘[71] = 7”0+()\) + mpo(/\) + mpo(/\)p_l()\) 4+t
* 7~+1<A>”0“)”1“> o1+ 0o (N1 (V) pemNEG N ).

(B.4)

By positivity of all the summands, we deduce, for all environments & for which
Eg’)‘[rl] is finite and for all m € N, that

1

+ -+ ———poN)p—1(A) .. pomgr1(N) .
O ri’m()\)po( )p—1(A) - pemr1 (M)
Letting . — oo we obtain that ES*[r] > S(\) whenever E5™[r] is finite and
therefore E[ES™[r1]] > E[S(A)]. This already shows that (a) holds if E[S())] = +oc.

Conversely, let us suppose that E[S()\)] is finite. We claim that Eg’)‘[ﬁ] < S(N),
which would complete the proof of the lemma thanks to the complementary bound
proved above. Similarly to (B.2) we obtain
v
rg (A) + 75 (V)

ro (A) 0=1E
— 0\ (Eo 3

o (A) +75 ()

E§ ] >

E§ M mln <) <

(ML <any] + BN ml i <an)) -
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Hence, the equivalent of (B.3) now reads

1 —1
ES’A[Tl]l{HSM}] < 77“+(>\) + po()\)Eg £7>\[7-1]1{7—1S1\/I}] .
0

As in (B.4) we iterate this relation and bound
E§* mlr<any] < SO+ p0(Np1(N) .. p-m(MNM,  ¥meN.  (B5)
Since we assumed that E[S(\)] = E[—2— + ——po(A) + —L—po(A\)p_1(A\) +...]
o (A) TN T (N
< 00, we must have that, P-a.s., lim,,_ ﬁpo()\)p_l()\) coipem1(A) = 0. We
fix now an £ > 0 small enough. By ergodigiLty, for almost every & there exists a

¢—dependent infinite sequence m; < mg < mg < ... such that rfmk (M) > e. This,
together with the previous observation, implies that klim Po(N)p—1(A) oo pemr1(A)
—00

= 0 for P-a.e. £&. In particular, rewriting (B.5) as
E§* mln<any] < SO+ po(Np-1(A) -+ pom, WM

and sending k — 0o, we have E§ [ T <] < S(\) for almost every ¢. Finally,
we let M — oo and use dominated convergence to obtain the claim. O

We are finally ready to conclude the proof of Proposition 4.1. We prove the
continuous version of Lemma 2.1.17 in Zeitouni (2004), which will require some
work. We can build the random walk Y;*** as follows. The environment {rZ(A)} ez
is defined as usual on a probability space with law P. We introduce a sequence
v = (Yn)n>o of ii.d. uniform random variables with value on [0,1] and another
sequence W := (W,),>0 of i.i.d. exponential random variables with mean 1, both
defined on some other probability space with probability @ and independent of each
other. On the product space with probability P® @ we define the following objects
(in what follows, when we write “a.s.", we mean “P® @ —a.s.”). We iteratively define
XO := 0 and

X1 1= Xn + 1 Swx, (V) = L > wx, (V).

We also define W, := (rx,(A\) +rx. (A)"'W,. Note that W, is an exponential
variable of parameter r}n(/\) +7rx. (A). Weset Up := 0 and U, := Wo + W, +
oo W,y for n > 1. Take ¢o > 0 such that rf (\) 4 75 (\) < ¢o with positive
probability. By Thm. 2.1.2 in Zeitouni (2004) the random walk (X,,)n>0 explores
a.s. at least one half-line of Z. In particular, it will visit infinitely many points x
such that 7} (A)+7, (A) < co. It then follows that lim,,_, U, = +0cc a.s. Therefore
we can define a.s. for all ¢ > 0 the state Y as Y = Xn(t) where n(t) is the
unique integer such that Uy, ) <t < Up)41-

Claim B.2. It holds
VAR 1

E[S(N)]

lim sup
t—o00 t

Proof of Claim B.2: Since Yf’)‘ is a random—time change of the associated jump
process X,,, by Thm. 2.1.2 in Zeitouni (2004) we have that either lim; Yf’)‘ =
—00 a.s., or limsup,_, Yf’)‘ = +o00 a.s. In the first case we have nothing to prove
since limy_, Yf’)‘/t < 0 a.s. Hence we can suppose that limsup,_, ., Yf’)‘ = +o0.
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Given t we call k(t) the unique integer such that Ty < t < T4 (re-
call definition (B.1)). Equivalently, k(t) = sup{Y$* : 0 < s < t}. Since
limsup, ., Y = +00 a.s., we have that limy_,o k(t) = 400 a.s. As in Zeitouni
(2004), we combine Lemma B.1 with the ergodicity of the sequence {7;};>1 to obtain

Tn . ’(Lf i M—00 &
lim 1% iy 2=t 220 BESM ] = E[S(V)] =« as.

n—oo 7N n—00 n

As a consequence, lim,, o n/T, = 1/a a.s. Since lim;_, o k(t) = 400 a.s., we have
that lim; o0 k(t)/Tke) = 1/ a.s. By definition of k(t) we have Vi < k(t), so
that

v k@) 1
lim sup —— < limsup Q =— a.s.
t—oo 1t tsoo k) O
This concludes the proof of our claim. a

Note that by similar arguments one can prove that litrginf YoMt > —1/E[F(\)]
a.s. In particular, if E[S()\)] = oo and E[F'(\)] = oo, then tlim Y/t = 0 a.s. This
—00
concludes the proof of Proposition 4.1—(c).
Claim B.3. If a := E[S(\)] € (0,00), then
v 1

liminf =t — > = a.s.
t— 00 t @

We point out that Claim B.3 together with Claim B.2 gives Proposition 4.1—
(a). By similar arguments we can also get Proposition 4.1—(b) and the proof of
Proposition 4.1 is concluded.

Proof of Claim B.3: Recall the arguments and definitions in the proof of Claim B.2.
By Lemma B.1-(a) 71 is finite a.s. By iteration one gets that T,, = 74 + - +
T, is finite a.s. (recall (B.1)). As a consequence limsup,_, . VS = 400 and
lim; o0 k(t) = +00 a.s. Given £ € N call my := inf{Y&* : Ty < s < Ty41}. Note
that my depends only on £ and . We have

Mk (t) < inf{Yf’A : Tk(t) <s< t} < Yf’k .

To conclude, since k(t) — oo a.s., we would only need to show that, fixed ¢ > 0,
it holds a.s.: my > ¢ — 2ef for each £ large enough. Indeed, this fact would imply
that, for any fixed & > 0, a.s. Y > k(t) — 2k(t) for t large. Hence,

v k(t k(t 1-2
liminf ~-— > liminf(1 — 25)Q > liminf(1 — 2¢) () = < a.s
t—oo  t t—o0 t t—o0 Trt)+1 «
Thanks to the arbitrariness of ¢ we would get the thesis.
It remains therefore to prove that
limsup 1(my < € —2el) =0 a.s. (B.6)

{— 00

Take M > 0 so large that P(rg (A\)+7y (\) < M) > 1—¢/2. By the ergodic theorem

¥4
lim % ; L)+ () < M) =P () +rg N <M)>1—5  Pas.

£— 00 2
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As a consequence, for P-a.e. £ (let us say for all £ € A) there exists £(§) such that

LT+ ()< M) =01 —e) V0> L)

y4
=1

J

This implies that #{j € [¢ — 2¢(,{] NN : rj(A) +r;(A) < M} > e, for all
¢ > £o(€). Suppose to know ¢ (with & € A), v, that my < £ — 2e and that
£ > £yp(&). Then the time that the continuous time random walk needs to reach
¢ — 2¢el after visiting for the first time ¢ is stochastically dominated from below by
the sum of ¢ i.i.d. exponential random variables with mean 1/M. Let Aj, As, ...
be i.i.d. exponential random variables with mean 1/M. Then, fixed § > 0 such that
d/e < 1/M, by Cramér theorem we have

P(jf:lAj <ot) = P(;i/g <ofe) e Wz p

for suitable constants ¢, 1 > 0. This bound combined with the stochastic domina-
tion implies that

P®Q(rep1 < 001, 7) < e,
on the event Ep(&,v) :={& € A, my <€ —2el, £ > {5(€) V {1 }. Hence,

P& Q({TE+1 < 6[} n Eg(g"y)) < e—cal .

By the Borel-Cantelli lemma we get that there exists a random integer L such that,
for £ > L, the event {111 < 60} N Ep(&, ) does not take place. With more elegance,
we can write

limsup 1 ({7¢4+1 < 60} N Ey(€,7)) =0 a.s.

{— 00
which implies that
limsup 1(7p41 < 8¢, mg < £ —2el) =0 a.s. (B.7)
{— 00
Now observe that, by Lemma B.1 and the discussion preceding it, Ty /¢ — 1/« a.s.,

so that Ty41/¢ — 1/ a.s., too. As a consequence, To11/¢ = (To41/¢) — (T¢/€) — 0
a.s. It then follows that

lim 1(7p41 > 6€) =0 a.s. (B.8)
£—00

Since
T(me <€ —2el) <A(mp <€ —2el, To11 < 00) + L(7p41 > 00),

as a byproduct of (B.7) and (B.8) we conclude that limsup,_,. 1(m, < £—2¢f) =0
a.s. This concludes the proof of (B.6). O

Appendix C. Proof of Theorem 6.2

The proof of the CLT is the same as in Zeitouni (2004) with two exceptions:
The different o-algebra for condition (6.3) and the unique step in Zeitouni (2004)
where (6.7) is used.

We start from the first issue. Call Fj the o-algebra generated by (0°S(\))i<k.
In the proof of Theorem 2.2.1 in Zeitouni (2004) one only needs inequality (6.3)
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with G_,, replaced by F_,. This is indeed automatically satisfied when (6.3) holds
since Fj C Gi and therefore, for each random variable Z,

E[E[Z| 7’ = E[E[EIZ|G\]| 7]°| <E[E[EIZ|Gi?| 7] | = E[EIZ| 6\,

where we have used Schwarz inequality.

We move to the second issue. As in Zeitouni (2004), we set f(z,n,w) = z —
vx(AN)n + h(z,w), h(0,w) := 0, A(z,w) := h(z + 1,w) — h(z,w), Alz,w) == =1+
vx(N)S(N)[0°w], My = f(X} w>‘ n,w), My := 0. Then, (6.7) is used in Zeitouni
(2004) to derive Eq. (2.2.8) there, and in particular that for P-a.a. w the rescaled
martingale M, //n weakly converges to N'(0,0%()\)) under Py . Hence, we need
to show that (6.2) suffices to this task. To this aim, in what follows we write P}
for the law on the path space QY of the environment viewed from the walker when
the latter starts at the origin in the environment w. E) will denote the associated
expectation. We set @ := (wg)ren and wy, == Tx@AW- By working with the law P}

we think of X‘,:’)‘ as an additive functional of @. Since moreover Q) is mutually
absolutely continuous w.r.t. P, we only need to prove that for Qy—a.a. w the
martingale M,,/\/n weakly converges to N'(0,0%(\)) under P.). This is indeed the
same approach used in Zeitouni (2004), restated with our notation. As there, we
apply Lemma 2.2.4 of Zeitouni (2004) with Zj defined as the martingale difference
Zy := My — Mj,_, and Fj, given by the o-algebra generated by @y, @;,...,0r. By
straightforward computations we get

Z1 = ox(NL(XA = X2 + 1) (SN [wx] — 1)
—ox (VLX) = X = 1) (07 SO [w] +1) -

The verification, for Qx—a.a. w, of Condition (a) in Lemma 2.2.4 of Zeitouni
(2004) is as in Zeitouni (2004). The core is to check, for Qy—a.a. w, Condition
(b) in Lemma 2.2.4 of Zeitouni (2004) using only (6.2) instead of (6.7). We recall
that in our context Condition (b) states that 2> | E)[Z2, 1(| Zg41] > 6v/n)]
converges to 0 as n — oo, given § > 0. By Markov s inequality, we only need to
show that

(C.1)

el
lim n 2ﬁZE3[|Zk+1|2+E] =0. (C.2)

Due to (C.1), E) [Zgﬁ] = ux (N2 EM[f1 (k) + f2(@x)], where fi(w) := (S(A)[w]—
1)2+Ewa'()\) and fo(w) := ( 1S\ [w] + 1)2+E o (A). Due to (6.2) the nonnegative

(A
functions f1, fo are in L'(Q,). Hence, we get (C.2) for Qy—a.a. w by Lemma C.1
below.

Lemma C.1. Given a nonnegative function f € L'(Q,), for Qyx—a.a. w it holds
e LN e
lim n 2E;E‘u [f(@r)] =0. (C.3)

Proof: We fix positive numbers «,~ such that v < /2 and ay > 1. We define A,
as

Api={weQ: B[R] >n},  Fu@): *1Zf
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By Markov’s inequality we have
Qx(An) < n""Eq, [Eﬁ [Fn]} =n""[Fullr@uery) - (C.4)

Due to Corollary 2.1.25 in Zeitouni (2004) the measure Q) ® P on QF is station-
ary and ergodic (w.r.t. time-shifts), hence by the L'-Birkhoff ergodic theorem F},
converges to Eg, [f] in L'(Qx ® P) (here we use that f € L'(Q,)). This automat-
ically implies the convergence of the L'-norms. As a byproduct with (C.4) we get
that Qx(A,) < Cn~7 for some n—independent positive constant C. Setting now
n; 1= j%, since @y > 1 and therefore Zoil 7”f7 < 00, by Borel-Cantelli lemma we
conclude that for Qy—a.a. w it holds w & A for j > jo(w). Hence, for Qy—a.a.
w, it holds EJ[F,,] < n} for j > jo(w). Take such an environment w and take
n > Nj(w)- Then there eX1sts J > jo(w) such that j* =n; <n <nj = (j+ 1)
Using that f > 0, for some n—independent constant C’ > 0 we can bound

. 1+7
EAF,] < %Eg (o] < ngl nlyy <Y ﬁl <O (C.5)
J 7 le
Since v < e/2 and n=2 2 3" | EN[f(wy)] = n~2F,(@), we get the thesis. O

Appendix D. Proof of Theorem 7.1

Assumption 2.1 is satisfied due to Remark 2.5. As already observed, since the
conductances are i.i.d., also Assumption 2.3 is satisfied, i.e. the environment is
invariant under reflection. As a consequence, the law of (X%*),,>0 under P® Py’ A
equals the law of (—X%~*),>¢ under P® Pg”_’\. In particular, it holds vx(—\) =
—vx () and, if the annealed CLT (7.1) holds for A > 0, then the same formula (7.1)
holds by replacing A with —\ and taking 0?(—\) := 02(\). It remains therefore
to prove the annealed CLT and identity (7.2) for A > 0. From now on we restrict
to A > 0. To get the annealed CLT, due to Theorem 6.2 and since E[S()\)] < oo,
we only need to verify Assumption 6.1 with Gy being the o-algebra generated by
(p; + © < k). To this aim we first observe that, since p; = <=1

(oo} (oo}
Coiml ~2A(i+1) €0 ,—2xi
U= .
> e wd V=30
1=0 =1
Let ¢ > 0 and j > 1. Since py---p—; = c—ij—1/co and py---p; = co/cj7 we have
the identities E[pste--- p?%¢] = [ “IE[1/c3™c] and E[pgte---p*tp1---p;] =
E[3*|E[1/ch**|E[1 /co] and E[p3 - - p2,] = E[]E[1/c3]. Trivially, E[U?] < oc. By

Propositions 6.8 and 6.9, Assumption 6.1 is therefore verified.

To compute o%(\) we observe that

=22
_ DE{Z cai,le_‘u(iﬂ) + Z c,i,1c,j,le—Q’\(iH)e_Q’\(j“)}
= i#j=0
o= —4x —4X
=CD—+ 4+ A%D

1 — e—4X ((1 _ee—2,\)2 o (1 i e—4/\))
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o—4A ) 26—6A
= CDl PPy +4 D(l —e ) (1 —e )
=X
E[VU] = ABm
E[VU?] = BE[V/co]E[(coU)?]
e—2X e—4X 26— 6
=5 1—e 2 (Cl —e % +4° (1—e2M(1 - e*4>\)) '
From the above computations and (6.8) we get
s2(\) = 4 _ [CDe_4’\ 2e75*(A2D + B20)
(1+24B: 553 L1 —em® (1 —e?)(1 —e™®)
4A2B2%e8* ABe=? 2ABe 4\
(1 _ 6*2)‘)2(1 _ e*4>‘) + 1 —e2X2 + (1 _ 6*2)‘)2} ’
Equivalently, we have
5 4(e** —1)3 CD 2(A%D + B*C)
1N = @ 15 24Bp e —1 T @ e - 1)

(D.1)

(e —1)2(eP —1) " e —1 + (e2* —1)2

For 02()\) we need to calculate E[U6"U] for n > 1. We first take n > 2. In this
case we can write

4A%B? AB 2AB }

n—2

E[U0"U] = IE[U Z Me—zm‘ﬂ)} + E[UC—Oe—””]
=0 Cn
o (D.2)
+E {U Z Cn_i]_le_?)\(ﬂ_l)} =C1+Cy+Cj5.
j=n n
The three terms are calculated as
« 2A(j+1) yp €2 T 20
C1=]E[U]Asz::Oe i+ — A2B 1_6_%( — )
2 _A%2Rp2 e —2\n
=E[U] - A%B T—e>p2° (D.3)
e 21
Co = ABy— e

—2An - — i - — j - nE[UQ}
Cy = B2 E[;C_i_le 2X( +1)jz_(:)c_j_1€ 2A(]+1)} — B2 .

In the case n = 1 (D.2) is again valid with the convention that C; := 0. On the

other hand, for n = 1, the expression in (D.3) is zero, hence the above formulas for
C4,Cy, Cy are valid also in the case n = 1. Hence we can calculate
Y (EUemu) - E[U]?)
n>1
—2) —2\

_ 2 2 € € Q]E[UQ} S —2\n
_(_AB (—emp AT T8 )Ze

n=1
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_ AQB2e—4)\ N ABe—4A N BQCe—GA N ZAQBQG—SA
- (1 _ 672)\)3 (1 _ 672/\)2 (]_ _ 674)\)(1 _ 672)\) (]_ _ 672)\)2(1 _ 674)\) .

On the other hand, by the above computations of E[U], E[U?], we have

—4X 2 ) a—6A —4A
BlU?] - B[U]? = CD1 i e—4X + (1— ji,\l))(i —e ) AQB2(1_667—2A)2 ‘
Due to the above identities and (6.9) we have
AW = e D D D A
(€22 —1+42AB)3 ler —1 (e —1)(e*r = 1) (e —1)2 (D)
2A2B%e?* 2AB 2B%C 4A2B?
T (e 1) + (e —1)2 + (e —1)(e — 1) + (e —1)2(e? — 1)} :

By (6.4), summing the expressions (D.1) and (D.4), we get 0?()\) and in particular

(7.2).
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