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Abstract. It has been a puzzling question of why sexual reproduction has been so
successful. Fisher and Muller hypothesized that reproducing by sex can speed up
evolution; recombination could combine beneficial alleles on different chromosomes
and speeds up the time that the beneficial alleles become fixated population. We
consider a population of 2N chromosomes and focus on two loci on these chro-
mosomes. The allele at each locus can mutate to a beneficial allele at rate py.
Chromosomes with 0, 1, and 2 beneficial alleles die at rates 1,1 — sy, and 1 — 2sy,
respectively, and they are replaced immediately after death events. With prob-
ability 1 — ry, the replacement inherits both alleles from one parent chosen at
random from the population at the time of replacement. With probability ry, re-
combination occurs, and the replacement receives its two alleles from two randomly
chosen parents. Under certain assumptions on the parameters N, uy, sy, and ry,
we obtain an asymptotic approximation to the time that both beneficial alleles are
fixated in the population. When the recombination probability is small, recombi-
nation does not speed up the time that the two beneficial alleles become fixated. In
contrast, when the recombination probability is significant, recombination shorten
this time. The result agrees with the Fisher-Muller hypothesis and confirms the
advantage of reproducing by sex.

1. Introduction

Sexual reproduction has been so successful that it has persisted and survived
natural selection. Several organisms nowadays can reproduce by sex, and many of
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these have lost the ability to reproduce asexually altogether. Evolutionary theorists
have been searching for reasons behind the success of sexual reproduction.

While sexual reproduction sounds like a success, it has huge costs. First, organ-
isms that reproduce sexually can only transmit half of their genes to the offspring.
Thus, the offspring might not receive all beneficial alleles from the parent. In con-
trast, if the parent reproduces asexually, the offspring will be genetically identical
to the parent and receive the full advantage of beneficial alleles from the parent.

A sexually reproducing population must have both sexes, male and female, to
be able to reproduce the next generation. To make matters worst, only the females
can carry and produce offspring. Unlike asexually reproducing populations, every
individual has the capability of producing offspring on its own. This disadvantage
of sex has been known as the cost of males; males are necessary for the survival of
the population, but they cannot carry offspring.

Even though sexual reproduction, when it is compared with asexual reproduc-
tion, seems to be a disadvantage, several benefits might outweigh the drawbacks.
In asexually reproducing populations, beneficial mutations usually arise in different
backgrounds. Their descendants compete against each other for survival in the
population, hindering the evolutionary process. This effect is known as clonal in-
terference. Several authors have been studying the rate of adaption and the fate of
beneficial alleles in an asexual population (see Gerrish and Lenski, 1998; Rouzine
et al., 2003; Wilke, 2004; Desai and Fisher, 2007; Rouzine et al., 2008; Fogle et al.,
2008; Park et al., 2010; Hallatschek, 2011; Good et al., 2012; Fisher, 2013).

Fisher (1999) and Muller (1932) proposed that sexual reproduction can speed
up evolution. This is also known as the Fisher-Muller hypothesis. In an asexually
reproducing population, the only way to avoid competition among beneficial alleles
is that a new beneficial mutation must occur in the background that had previous
beneficial mutations. However, in a sexually reproducing population, recombination
can combine beneficial mutations in different backgrounds, resulting in a faster
evolutionary rate.

The Fisher-Muller hypothesis has been a subject of theoretical research and has
caused much debate over this benefit of sexual reproduction over asexual repro-
duction. Crow and Kimura (1965) used a simple quantitative argument to support
that recombination can increase the rate of evolution in a large population with fre-
quent small-effect beneficial mutations. Maynard Smith (1968) believed otherwise;
his study on an infinite two-loci population model in which beneficial mutations
are recurrent showed that if the beneficial mutants are in equilibrium frequencies,
which balance the effects of recurrent mutations and selection, this equilibrium will
persist through time. Hence, recombination cannot speed up the evolution because
it can only act on the population by destroying the linkage disequilibrium. We note
that the assumption on recurrent mutations is different from the model of Crow and
Kimura (1965), which assumes that every new beneficial mutation is different from
all past mutations. Several other works testing the validity of the Fisher-Muller
hypothesis are discussed by Felsenstein (1974).

Another benefit of recombination arises from its ability to break linked loci. Hill
and Robertson (1966) discovered that the selection at one locus could interfere
with the selection at other linked locus, even when there is no interaction between
the genes at these loci. Hence, the overall effect of selection can be reduced by
the linkage among loci. Recombination could be favored by selection because of
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its ability to break linkages. Thus, selection should favor higher recombination
rate. Several authors study the fate of alleles that can modify recombination rates,
also known as recombination-modifier alleles. (see Charlesworth, 1993a; Otto and
Feldman, 1997; Barton and Otto, 2005; Keightley and Otto, 2006; Roze and Barton,
2006; Hartfield et al., 2010).

Recombination can also help a beneficial mutation escape from extinction if the
beneficial mutation is originated in a deleterious background. Most mutations that
occur in a population are believed to produce negative effects. Haigh (1978) studied
the distribution of the number of deleterious genes in a finite population in which
deleterious mutations occur at a constant rate. Later, Peck (1994) studied the fate
of a beneficial mutation that occurs in this population and found that the sur-
vival probability of the beneficial mutant is enhanced if the population reproduces
sexually.

Lastly, sexual reproduction creates genetic diversity, which allows the population
to adapt to the changing environment that may be shaped by the evolutionary rac-
ing between predator and prey, or between host and parasite. This benefit of sexual
reproduction is known as the red queen hypothesis (see Van Valen, 1973). Several
works study the evolution of sex and recombination in changing environments (see
Charlesworth, 1993b; Biirger, 1999; Waxman and Peck, 1999).

In this article, we consider a two-loci model in which there are two types of
alleles, neutral and beneficial, at each locus. Each neutral allele at each locus can
mutate to the beneficial version, but not backward. We present an asymptotic
result for the fixation time of the beneficial alleles, which is the first time that the
whole population has only beneficial alleles. Then, we use the result to compare
the fixation time in an asexually reproducing population with the fixation time in
a sexually reproducing population to confirm the Fisher-Muller hypothesis.

1.1. The model. We consider a population of fixed size 2V, representing 2N chro-
mosomes in a diploid population. These chromosomes will be referred to as indi-
viduals. We will focus on two loci on which an a or A allele resides at the first
locus, and a b or B allele resides at the second locus. Hence, each chromosome can
be one of the following four types: ab, Ab,aB, and AB. The a and b alleles are
neutral alleles, while the A and B alleles are beneficial alleles. Each a allele and
each b allele mutates to A allele and b allele, respectively, at an exponential rate
un, and we assume that the mutations occur independently. With this assumption,
beneficial mutations will not be exhausted. However, backward mutations are not
allowed. Selection acts on each individual through the death rate: individuals with
0, 1, and 2 beneficial alleles die independently at exponential rates 1,1 — sy, and
1 — 2sp, respectively. We also assume that the deaths occur independently from
each other and independently from the mutations. After an individual dies, a new
individual is created immediately to keep the population size fixed. With probabil-
ity 1 — ry, no recombination occurs, and the new individual receives both alleles
from a randomly chosen individual in the population at that time. With proba-
bility rp, recombination occurs, and the new individual receives each allele from
two independently randomly selected individuals. The goal is to understand the
asymptotic behavior of the time that both beneficial alleles have fixated, assuming
that the population starts with no beneficial allele.
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1.2. Previous works. For the study on the fixation time of two beneficial mutations,
Takahata (1982) considered a model similar to ours, but the population process is
a discrete-time process with discrete generations. Also, the fitnesses of individuals
with 0, 1, and 2 mutations are assumed to be 1,1+ s,1+ s, and 1 + ¢, respectively.
Several parameter regimes for s and ¢ were considered, i.e,t = s =0,t =25 > 0,t =
25 <0,t>2s>0,and t > 0 > s. (Note that in some of these parameter regimes,
the mutations are neutral or deleterious.) The numerical fixation time of both
beneficial mutations was obtained through simulation, which leads to the conclusion
that recombination can decrease the fixation time of two beneficial mutations. This
model shares some resemblance to our model in the parameter regime ¢t = 2s > 0.

Some works in quantitative biological literature consider similar models that
allows backward mutations with more than two loci. For asexual reproduction,
Rouzine et al. (2003) proposed that the distribution of fitness over time behaves
like a solitary wave on the fitness space. Cohen et al. (2006) consider another similar
model in continuous time that incorporates recombination. Their result suggested
that recombination can speed up evolution in a population that is large enough.

Several other works obtained results that suggested relations between recombina-
tion rate and the speed of adaptation. Neher et al. (2010) considered a population
of size N with a large number of loci. The fitnesses of all allele combinations are
described through a distribution on the fitness space. Beneficial mutations occur
at a rate Up. Individuals in the population are capable of reproducing asexually
and sexually; sexual reproduction occurs at rate r. Assuming weak selection with
large population size (Ns > 1), and weak interference between loci (r > s), the
result suggested that the speed of adaptation increases as r2. Weissman and Bar-
ton (2012) considered a similar model but with a linear genetic map of length R,
which means that there are R recombination events on average in each generation.
Unlike the previous model, the population cannot reproduce asexually. Under the
assumption that U, is small, their results suggested that the rate of adaptation is
proportional to R. Weissman and Hallatschek (2014) considered a larger value of
Uy, but not as large as R, and obtained the same result. Lastly, Neher et al. (2013)
considered the regime of a large mutation rate, which was not considered in the
other two works, but still assumed a small selection effect. Their result suggested
that the rate of adaptation is proportional to the square root of the recombination
rate.

Some rigorous results can be found in the mathematics literature. Berestycki and
Zhao (2018) studied branching Brownian motion in a particular fitness space and
showed that the population would ultimately move toward a fitter landscape; the
result is similar to the solitary wave description by Rouzine et al. (2003). Further-
more, this result also shows that the fitnesses on two loci are negatively correlated.
Recombination can reduce this negative correlation, pushing the population toward
the direction of fitter background in the fitness landscape.

Cuthbertson et al. (2012) considered a two loci model similar to our model. The
first difference between the two models is the selection mechanism. In their model,
A and B alleles increase fitness by s; and ss, respectively, with the assumption
that s; < sa. The second difference is that the mutation from ab to aB occurs only
once randomly during the spreading of Ab. For both A and B to spread to the
entire population, three requirements must be met. First, type aB should become
a significant fraction of the population. Second, recombination between A and



The Effect of Recombination on the Speed of Evolution 551

B must occur. Lastly, the number of type AB should become substantial, after
which AB is almost sure to fixate. The essence of their result is that the fixation
probability is approximately 2s2/(1 — s2) multiplied by a certain probability that
involves the solution to a specific system of ODEs. Here, we note that this solution
to the system of ODEs was not given in an explicit form.

Bossert and Pfaffelhuber (2018) considered a diffusion model with four types:
ab, Ab,aB, and AB, where the fitnesses of ab, Ab,aB, and AB are in increasing
order. The frequencies of these four types evolve according to a system of SDEs.
Initially, the frequencies of types Ab and aB are assumed to be small, and there
is no type AB yet. They obtained formulas for the approximations of the fixation
probability and fixation time of type AB. Their result can also be used to ap-
proximate the fixation time for finite populations: the fixation probability of AB is
approximately 2s, multiplied by a positive constant, which takes a value less than
one and depends on the fitness parameters and the recombination rate. Hence, this
result shares some similar features with the result by Cuthbertson et al. (2012).

Both Cuthbertson et al. (2012) and Bossert and Pfaffelhuber (2018) assume that
at least one beneficial mutation is present at the beginning and do not allow an
unlimited supply of new mutations. In contrast, our model assumes that all indi-
viduals do not have any beneficial mutations in the beginning, and both beneficial
mutations occur according to a Poisson process.

1.3. Conditions of the parameters. There are four parameters in our model: N, uy,
rn, and sy. We assume that ux € (0,1),sy € (0,1/2] and ry € [0,1).
For two non-negative sequences (an )3, and (by ), we write ay < by if
an

am o =0

The four parameters are assumed to satisfy the following conditions:

sy < 1, (1.1)
1< Nuy, (1.2)
Nu3 < s, (1.3)
and
ryIng (Nry) < sy, (1.4)

where In, (2) is defined to be In(z) if x € (1,00), and 0 if 2 € [0, 1]. Note that (1.2)
and (1.3) imply that
UN K SN

Many population models in mathematical literature assume that Nsy = O(1),
Nuy = O(1), and Nry = O(1), since these assumptions allow one to use scaling
arguments to obtain diffusion limits. Here, we explore the parameter in the com-
plementary regime. The condition sy < 1 says that each beneficial allele has only
a weak positive effect, and the presence of beneficial mutations at the beginning
does not have a considerable impact on the population.

The condition 1 <« Npuy ensures that mutations occur fast enough for both A
and B alleles to start spreading in the population around the same time. If ppy is
too small, one of the beneficial alleles become fixated before the second beneficial
allele becomes a significant portion of the population. Hence, the low mutation
rate is not of much interest, since recombination cannot improve the fixation time

of AB.
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For the two beneficial alleles to fixate separately without affecting one another,
the second beneficial mutation should not start spreading until the first mutation
has fixated. The first beneficial allele will take time about % In(2Nsy) to become
fixated in the population (see section 6.1 of Durrett, 2008). During this time, a
mutation that gives rise to the second beneficial allele occurs at a total rate of
2N . Here, we can use an asymmetric random walk to approximate the number
of descendants of the individuals that carry the second beneficial allele; the survival
probability of each second beneficial allele is about s. Hence, the number of second
beneficial mutations that eventually survive in the population during the spreading
of the first beneficial allele is approximately

2

In(2Nsy) =4Nuny In(2Nsy).
SN

2NpN - SN -
So, if NuyIn(2Nsy) < 1, then no second beneficial allele survives during the
spreading of the first allele. Our assumption 1 < Npuy is slightly stronger than
1< NunIn(2Nsy).

Our third assumption, Nu% < sy, ensures that once both beneficial mutations
have been established in the population, the selection will be the force that causes
both mutations to spread to the entire population. We note that if Nuy > sy,
mutations will occur so fast that the fixation of both beneficial alleles might arise
solely from the influx of mutations.

Lastly, the condition 7y In(Nry) < sy says that the recombination does not
occur too frequently that it overwhelms the effect of the selection. This condition
is similar to the condition r < s[L/In(N7)]'/2, which appeared in Rouzine and
Coffin (2010) and was described as the “infrequent recombination” condition.

1.4. Main theorem.

Theorem 1.1. Let T be the first time that all individuals in the population are
type AB, which we also call the fixation time of AB. For every positive integer N,
and r € [0,1], we define

1 Ns3
* | N . 1.
tn(r) SN H<MN~(NM?V\/7”1H+(N7”))> .=
Then, for every 8 € (0,1),
lim P((1—0)ty(ry) <T < (1+0)ty(ry)) = 1.

N—o0
This theorem suggests that the fixation time of both beneficial alleles is approx-
imately ¢t} (rn) when N is large. From (1.5), when there is no recombination, the
fixation time of the two beneficial alleles is approximately

1 53
ty(0) = —1In N).
VO = (u%
When 7y Iny (Nry) > Nui., we observe that 3 (ry) < t3(0). Therefore, when ry
is sufficiently large, recombination decreases the fixation time of AB.
From (1.3) and (1.4), we have that Nu3, V ryIng (Nry) < sy for sufficiently
large N. Hence,

(Y
tN(TN)Sglﬂ i =tx(0),
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FIGURE 1.1. The graph shows the relation between ¢}, and r when
N =107, 1 =2x107% and s = 10~%. The r-axis is scaled by 10~?,
and the t}-axis is scaled by 10%.

and

. 1 Ns%, 2 1 3 1 2,
ty(rn) > . 1n< e ) =3 5 In (/ﬁ’v) + . In(Nuyn) > 3tN(O).
These two inequalities imply that recombination can decrease the fixation time of
AB by no more than a factor of one-third.

One may think that recombination might be able to reduce the fixation time
of type AB more than a factor of one-third. This limiting factor of 2/3 on the
fixation time may arise from two possible sources: the recombination rate is not
large enough, or two loci is too few to see the substantial effect of recombination.
With a greater recombination rate, both loci are acting almost independently of
each other, and the fixation time might reduce further beyond the factor of one-
third. However, we are not certain and further study is needed. With more loci, we
might be able to see a more significant effect of recombination on the population.

At this point, we briefly mention that our assumptions on the parameters are
attainable. For example, when py = N~%ry = N7° and sy = N~¢ for some
positive numbers a,b, and ¢, one can check that (1.1), (1.2), (1.3), and (1.4) are
equivalent to 0 < ¢ <band (1+¢)/2<a < 1.

2. Overview of the proof

From now on, we will refer to individuals with ab, Ab, aB, and AB as types 0,
1, 2, and 3, respectively, and we will omit writing the subscript N in upy, sy, and
TN-

For i =0,1,2,3 and ¢ > 0, we define X,(¢) as the number of type ¢ individuals
at time ¢ and define X;(t) = X;(t)/(2N), which is the fraction of type i individuals
in the population at time t.

Now, we consider our process ((Xo(t), X1(t), X2(t), X3(t)),t > 0). The behavior
of this process is essentially divided into two cases. In the first case, which we will
call the recombination dominating case, we assume that

Nu? < rIn(Nr) < s. (2.1)
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In the second case, which we name the mutation dominating case, we assume that
there is a positive constant C' such that for sufficiently large N,

ring (Nr) < CNp>. (2.2)

The reason behind these names is as follow: in the recombination dominating
case, type 3 individuals start to appear from recombination between A alleles from
type 1 individuals and B alleles from type 2 individuals, while in the mutation
dominating case, the type 3 individuals start to appear from mutations from type
1 and type 2 individuals.

Before we proceed to discuss the behavior of the process, we will prove some
relations between our parameters.

Lemma 2.1. The following statements hold.

(1) In the recombination dominating case,

1< Nr. (2.3)
(2) In the mutation dominating case,
r < Np.
(3) In both cases,
r< s, (2.4)
gln(Ns) <1, (2.5)

and
"1 (s) <1 (2.6)
s \u

Proof: We will first prove statement (1). In the recombination dominating case,
from conditions (1.2) and (2.1),
1 < (Np)? < Nrin(Nr),

which implies that 1 < Nr.

Next, we prove statement (2) by contradiction. Suppose there is a constant
¢ > 0 and an increasing sequence {Nj}7° ; of natural numbers such that for all
k=1,2,3,..., we have

TN, > CNkﬂ?vk'
From (2.2), we have that for all k =1,2,3, ..,

N, g (eNZpdi,) < rve Ing (Nyr,, ) < CNgpdy, -
This leads to a contradiction, because 1 < Ny implies that
1n+(cN,3u?Vk) — 00,

as k — oo.
Lastly, we show statement (3). We will first consider the recombination domi-
nating case. By (1.4) and (2.3),
r<rin(Nr) < s.
From (2.1) and (2.4), it follows that
r In(Ns) = r In(Nr) + "1n (S> < 1.
s s

S r



The Effect of Recombination on the Speed of Evolution 555

Also, because of (1.2), for sufficiently large N,
“1n (s> <Zin(Ns) <1,
s 1 s

which implies (2.6). For the mutation dominating case, we define r3, such that
N} is the solution of

zln(x) = /(Np)? - Ns.
It follows that Nu? < iy In(Nr}) < s. Therefore, by the same argument above,
v < 8, (2.7
% In(Ns) <« 1, (2.8)
and
™y (S> <1 (2.9)
s H

From (2.2) and the fact that Nu? < ri In(Nr},), we have ry < ri for sufficiently
large N. Thus, (2.4), (2.5), and (2.6) hold. O

We note that 4 < r < s < 1 in the recombination dominating case. So, in this
case, the effect from the recombination is not as strong as that from selection, yet
stronger than that from mutation. In the mutation dominating case, we still have
<< s and r < s, but we cannot conclude that » < u. Nevertheless, we still have
r < Nu?, which tells us that recombination has the weakest effect in the mutation
dominating case.

Now, in the following table, we define times when we see significant changes in
the behavior of the process.

Time | Recombination Mutation Behavior

dominating dominating
; lln s _ Cor lln S ~ Coym | Type 3 appears in
0 s uVNr s s N p? s the population.

1 S Ch 1 S Cy Types 1 and 2 be-
t1 —1In - — —In(—|—— .

s I s 5 1 s come established.

1 s s 1 s Cy Most  individuals
to —1In + — -In{—)+—

s 1 s s I s become type 1 or 2.

1 &2 Cs |1 &2 Cs Type. 3 be.:comes
t3 —In ) TS s In N ) established in the

5 prin(Nr) 51° H 5 population.

1 s2 C4 1 s2 Cy Most  individuals
t4 “In{———|+— | -In -

s urIn(Nr) s | s Ny s has become type 3.

Here, becoming established means that the number of that type has reached the
order N but remains a small fraction of the population. The constants Cy ., Co m,
C1, Cy, C3, and ¢4 depend on € and ¢ and can be arbitrarily large when ¢ and §
are sufficiently small. All of these constants except ¢4 are positive. Their precise
definitions can be found in (5.7), (5.5), (5.4), (6.12), (7.1), and (8.4). However, the
reader does not need to know what these constants are precisely at this point. It is
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FIGURE 2.2. The graphs of approximate numbers of individuals

with one beneficial mutation (blue) and two beneficial mutations
(red).

enough to notice that C;/s is the lower order term in the definition of the ¢;. Also,
to < t1 < to < tg < t4 for sufficiently large N because of our assumptions on the
parameters and Lemma 2.1.

From now on, all statements are assumed to be correct in the recombination
dominating case and the mutation dominating case unless stated otherwise.

Overall, the behavior of the numbers of types 1, 2, and 3 individuals are similar
in the sense that they first grow exponentially, then grow logistically. From the
start, the numbers of type 1 and type 2 individuals both grow simultaneously, but
the number of type 3 individuals will start to grow late due to the late appearance
of type 3 individuals. The behavior of the process can be split according to the
time into five time intervals.

During the time interval [0,¢;], which we will call phase I, most individuals
are type 0. Type 1 and type 2 individuals appear from mutations from type 0
individuals. Since type 1 and type 2 individuals die at rate 1 — s, while the majority
of the population, which is type 0, dies at rate 1, the numbers of type 1 and 2
individuals grow exponentially at a rate approximately s. Since the total rate of
mutation from type 0 to type 1 is approximately 2N u, we have

t
2N
X (1) z/ ONp - 5t dy ~ T“est.
0

By analogy, this approximation is also valid for the number of type 2. Here, we
are going to emphasize that this approximation depends on the relative sizes of our
parameters u,r, and s given in subsection 1.3. It does not hold in the diffusion
scaling nor in the scaling in Cuthbertson et al. (2012).

The type 3 individuals appear around time ty. From this time, the number of
type 3 individuals will grow exponentially at a rate of about 2s because each type
3 individual dies at rate 1 — 2s, and most individuals in the population die at rate
1. The following proposition describes the process at time ;.

Proposition 2.2. For ¢ > 0 and 6 € (0,1), there is an event Ay, such that for
sufficiently large N, we have that P(A()) > 1 —17¢, and the following statements
hold:

(1) On the event A1y, when N is sufficiently large, fori=1,2,
2(1 = 6%)e™ N < Xi(t) < 2(1 +6%)e 1 N. (2.10)



The Effect of Recombination on the Speed of Evolution 557

(2) In the recombination dominating case, on the event A1), there are positive

constants Kf} and K1, such that for sufficiently large N,
K Nrin(N K Nrin(N
K Nrin(Nr) x4 < KaeNrIn(Vr) (2.11)
S S
(3) In the mutation dominating case, on the event A1), there are positive con-

stants K, and Ky, such that for sufficiently large N,

im
K= N2 2 K+ N2 2
Bam VR < Xs(tl) < hﬂiﬂ

; ; (2.12)

This proposition says that when IV is sufficiently large, at time ¢;, both type
1 and type 2 individuals have established themselves in the population. However,
X;;(tl) is only of order r In(Nr)/s in the recombination dominating case and is only
of order Nu?/s in the mutation dominating case: the order is smaller than N.
Hence, the number of type 3 at time ¢; is not yet comparable to the numbers of
type 1 and type 2.

During the time interval [¢1, t2], which we will call phase 2, the numbers of type
1 and 2 now grow logistically; more precisely,

~ 1 1
Xi )~ - —— s
=3 (1 +Be—s<t—t1>)

for i = 1,2, where B is some positive constant. A basic fact on the spreading of
a single beneficial allele has already told us that this logistic growth phase should
last for a time of order 1/s, which is exactly the difference between ¢; and t5. The
following proposition describes the process at time ts.

Proposition 2.3. For e > 0 and § € (0,1), there is an event Ay, such that for
sufficiently large N, we have that P(A(3)) > 1 —21e, and the following statements
hold:

(1) On the event A(ay, for sufficiently large N, fori=1,2,

(1 - 362N < X;(ts) < (1 _ %)N.

(2) In the recombination dominating case, on the event A(y), there are positive
constants K and K, such that for sufficiently large N,
K, Nrln(Nr) < X(ts) < K Nrin(Nr) .
s s

(3) In the mutation dominating case, on the event Ay, there are positive con-
stants K3 and K, such that for sufficiently large N,

S S

This proposition says that at time ¢, almost half of the population becomes
type 1, and most of the other half becomes type 2. In contrast, the number of type
3 individuals doesn’t change much from time ¢; and has the same order as it was
at time ¢7.

During the time interval [to,ts], which we will call phase 3, the majority of
the population has become type 1 or type 2. The number of type 3 individuals
continues to grow exponentially from time ¢5. Since the majority of the population
dies at rate 1 — s, and a type 3 individual dies at rate 1 — 2s, the type 3 population
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grows exponentially at approximately rate s. The following proposition describes
the behavior of the process at time t3.

Proposition 2.4. For e > 0 and § € (0,1), there is an event A(sy, such that for
sufficiently large N, we have that P(A)) > 1 — 25 — 76 — 6, and the following
statements hold:

(1) For sufficiently large N, on the event A3y, we have

1-36
Xo(ts) < 20~ (1730(Cs=C2) . (rln(Nr))
S

in the recombination dominating case, and

N2 1-35
Xo(ts) < 26~ (1730)(Ca=C2) . (“ >
s
in the mutation dominating case.
(2) In both cases, there is a positive constant K3 such that for sufficiently large
N, on the event Az, we have

K3N < X3(t3) < 62N.

The first part of this proposition is slightly technical, but the main idea is that
the number of type 0 individuals at time t3 has an order smaller than N; only
a small number of type 0 individuals remain in the population. The second part
says that the number of type 3 individuals has reached order N; type 3 has been
established.

During the time interval [t3, t4], which we will call phase 4, the number of type
3 individuals now grows logistically, similar to the behavior of type 1 and type 2
populations during phase 2. The following proposition describes the behavior of
the process at time 4.

Proposition 2.5. For e > 0 and § € (0,1), there is an event Ay, such that for
sufficiently large N, we have that P(A)) > 1 — 26€ — 76 — 52, and on the event

Ay,
2
- < x < (2 5

Xl(t4) + Xg(t4) > K3N.

and

This proposition implies that by time ¢4, almost all individuals have become type
3, and only small fractions of type 1 and 2 individuals remain in the population.

After time t4, which we will call phase 5, the number of individuals that are
not of type 3 can be approximated by a subcritical branching process. The non-
type 3 population is heading toward extinction, and type 3 becomes fixated in the
population. From the basic fact of the fixation time of one beneficial allele, the
time that the beneficial allele takes to fixated, starting from the end of its logistic
growth phase, is approximately I In(2Ns). This should hold in our situation as
well. Thus, the fixation of type 3 occurs around time ¢} (ry).

The proofs of these propositions will be split into sections corresponding to the
phases. However, there are several facts that we need to establish before the proof.
In section 3, we will discuss transition rates related to our process. In section 4,
we construct martingales and submartigales, and give expectation and variance



The Effect of Recombination on the Speed of Evolution 559

formulas. We will use these results intensively in the proofs of results in phases
1, 2, and 3. In section 5, we prove several lemmas on the process during phase 1
and give a proof of Proposition 2.2 at the end of the section. Proposition 2.3, 2.4,
and 2.5 will be proved in sections 6, 7, and 8, respectively. Finally, the proof of
Theorem 1.1 will be given at the end of section 9. More details will be given in

each section of the proof.

3. Transition rates

For the proof, we will separate type 1 individuals into two groups: one for those
that come from mutation from type 0 individuals and another for individuals that
come from recombination between type 0 and type 3 individuals. We need to do
the same for the other three types. The precise definitions are given below.

(1) A type 1 (or 2) individual is called a type 1m (or 2m) ancestor if it
appears by mutation from a type 0 individual.

(2) A type 1 (or 2) individual is called a type 1r (or 2r) ancestor if it appears
by recombination between a b (or an a) allele from a type 0 individual and
an A (or a B) allele from a type 3 individual.

(3) A type 1 individual z is called an offspring of another type 1 individual y if

e 1z receives the A allele from y, or
e 1 receives the b allele from y and receives the A allele from a type 3
individual.

(4) A type 2 individual z is called an offspring of another type 2 individual y
if a

e 1z receives the B allele from y, or
e 1 receives the a allele from y and receives the B allele from a type 3
individual.

(5) A type 1 (or 2) individual is called type 1m (or 2m) if it descends from
a type lm (or 2m) ancestor. A type 1 (or 2) individual is called type 1r
(or 2r) if it descends from a type 1r (or 2r) ancestor.

(6) A type 3 individual is called a type 3m ancestor if it appears from a
mutation from a type 1 individual or a type 2 individual.

(7) A type 3 individual is called a type 3r ancestor if it appears by recombi-
nation between an A allele from a type 1 individual and a B allele from a
type 2 individual.

(8) A type 3 individual x is called an offspring of another type 3 individual y if

e  receives the A allele from y, or
e 1 receives the B allele from y and receives the A allele from a type 1
individual.

(9) A type 3 individual is called type 3m if it descends from a type 3m an-
cestor. A type 3 individual is called type 3r if it descends from a type 3r
ancestor.

(10) A type 0 individual is called a type Or ancestor if it appears from recom-
bination between an a allele from a type 1 individual and a b allele from a
type 2 individual.

(11) A type 0 individual z is called an offspring of another type 0 individual y if

e 1 receives the a allele from y, or
e 1z receives the b allele from y and receives the a allele from a type 2.
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(12) A type 0 individual is called a type Or if it descends from a type Or ancestor.

The reasons that we have to define ancestors and descendants are as follows.
Early in the process, both A and B alleles appear in the population as type 1 and
type 2 individuals through mutations. The numbers of these early mutations are
large, and the majority of type 1 and 2 individuals at time ¢; would be traced back
to these ancestors. This is not the scenario where one mutation event spreads the
mutation to the entire population. Also, type 3 individuals that appear around time
to come from mutations of type 1 and type 2 individuals or from recombination of A
and B alleles from type 1 and 2 individuals. Whether these early type 3 individuals
appear from mutation or recombination will affect the number of type 3 at time ¢;.
By defining ancestors, one may view the birth of each ancestor as an immigration
event.

Here, we define notations and terms that will be used throughout the proof.
For i = 1,2,3, we define X;,,(t) as the number of type im at time ¢, and for
i = 0,1,2,3, we define X;.(t) as the number of type ir at time t. Note that
Xi(t) = Xim(t) + Xir(t) for ¢ = 1,2,3 and ¢ > 0. Next, we define Xi(::;b](t)
to be the number, at time ¢, of type im individuals whose ancestor appears in
the time interval (a,b]. We also define Xl(f ) (t) for type 1r. It follows that if

0 <t < b, we have that ngl’b] (t) = Xim(t) for i = 1,2,3, and Xff’b] (t) = X4 (t) for

i=0,1,2,3. We will call an individual type im(a,b] (or ir(a,b]), if it is of type
im (or type ir) and its ancestor appears in the time interval (a, b]. Lastly, we define

Kim (1), Xir(t), Xt (t), and X'i(f’b] (t) to be the fractions of type im, ir, im(a,b] and

m
ir(ab] in the population at time ¢, respectively.

Now, we first consider the rate that X{Z;b} (t) increases by 1. There are only

two scenarios that increase X fzb] (t). The first scenario is when a type 0 individual
mutates to a type 1 individual during the time interval (a, b], creating a type 1lm(a,b|
ancestor, which occurs at the total rate

ML () o= X o(8)L 0 (1. (3.1)

The second scenario is when an individual that is not of type lm(a,b] die, which
occurs at the total rate

Xo(t) + (L — s)(X1(t) = X0 (@) + (1 — 8)Xa(t) + (1 - 25)X3(t),  (3.2)

and the replacement individual must have type 1m(a,b]. The probability that
recombination doesn’t occur and the new individual has type lm(a,b] is (1 —
r)f({ijbb] (t). If recombination occurs, the new type lm(a,b] individual may come
from combining an A allele from a type 1m(a,b| individual with a b allele from a
type 0 or 1 individual, or combining an A allele from a type 3 individual with a
b allele from a type 1m(a,b] individual. (Note that recombination between an A
allele from a type 3 individual and a b allele from a type 0 individual creates an
ancestor of type 1r instead.) So, the probability that recombination occurs and the
new individual has type 1m(a,b] is

r(XGM 0 Xo(0) + XM 00 + Xa ()X 0)

= r X (Ko(t) + £ (0) + Ka(1)). (33)
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Hence, the total rate that the number of descendants of type 1m(a,b| increases by
1is

(Xo(t) + (1 = $)(Xa () = X5 0) + (1= 9)Xa(t) + (1 - 25)X5(0))
(=X XG0 (Kolt) + Xa () + X (1))
Let us define
B () = (Ko(t) + (1= 9)(Ka(t) = XE0) + (1= 9)Fa(0) + (1 - 26) Ka(0))-

: (1 - er(t)>. (3.4)

We will refer to B;?,’Lb] (t) as the birth rate of type lm(a,b] at time ¢. Note that
X{Z;b} (t) increases by 1 at rate Ml(a’b] (t) + Bif,;b] (t)Xﬁﬁ (t).

Similarly, the rate that the number of type 1m(a,b] individuals decreases by 1 is
given by

(1=)x{ 1) (1 1 =n) X5 = X5 O (Ko () + X (1) + X (1) ) +n X5 (1)
(3.5)

We note that (1 — S)Xl(ng] (t) is the total rate that type 1m(a,b] individuals die at
time ¢. The term

1— (1= r) X% @) — X0 (X0 (1) + X () + Xs(t))

Im

is the probability that the new individual is not a type lm(a,b]. The last term
pX{fr’bb] (t) corresponds to the total rate that type 1m(a,b] mutates to type 3. We
define

D) = (1= 9)(1 - X500 + r@ X5 0) + 4 (3.6)

which we will refer to as the death rate of type 1m(a,b| at time ¢. Again, note that

the number of type 1m(a,b| individuals decreases by 1 at rate Dgf,’lb] (t)X{f,;b] (t).

Next, we consider the rate that Xﬁf’b} (t) increases by 1. There are two ways to

increase Xif’b] (t) by 1. First, an individual that is not of type 1r(a,b| dies, and
the recombination between an A allele from a type 3 individual and a b allele from
a type 0 individual occurs during the time interval (a,b], creating a type 1r(a,b]

ancestor. This occurs at the total rate of

RE(1) = (Xo(t) + (1= ) (X2 () = X{77(0) + (1= 9)X(t) + (1= 25) Xy (t) ).

) (rXO(t)Xg(t)l(a,b](t))'

Second, an individuals that is not of type 1r(a,b] dies, and a new type lr(a,b]
individual is born from the type 1r(a,b] individuals at that time. Similar to the
way we obtain (3.2) and (3.3), we define

B (1) = (Ko(t) + (1= 9)(Ka () = X5V (0) + (1= ) Xalt) + (1 - 2)Xs (1) ).
: (1 - er(t)), (3.7)

which we will refer to as the birth rate of type 1r(a,b] at time ¢. One can see that

the rate that X{f.’b] (t) increases by 1 is R§“”’] (t) + Bﬁ’bl (t)Xl(ff’b] (t).
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We now consider the rate that Xﬁf’b] (t) decreases by 1. One way that Xl(:’b] (t)

decreases by 1 is when a type 1r(a,b] individual dies, and the new individual is not
of type 1r(a,b] (i.e, the new individual is not born from a type 1r(a,b] individual,
and it is not a type 1r(a,b| ancestor). Another way is when a type 1r(a, b] individual
mutates to a type 3 individual. By the same reason we used to obtain (3.5), the

rate that X:E‘;’b] (t) decreases by 1 is
(1= )x{ ) (1 = X)X 0(Ko () + X (1) + Ko(1))
— rXo(O)Xs ()1 (1)) + X {5 (1),

We note that the term rXo(t) X3 (t)1(q,5)(t) is precisely the probability that a type
1r(a,b] ancestor is created. By defining

D (1) = (1=8) (1= X120 +r Ko ()X (0) =Ko () KD 10 (D) 4. (3.8)

which we will refer to as the death rate of type 1r(a,b] at time ¢, one can see that
the rate that X{‘Tl’b} (t) decreases by 1 is D%i’b] (t)Xl(?’b] (t).
By analogy, we should define the rates for the other types as follows.

B (1) = (Ko®) + (1= 9)Xa(t) + (1 = 9)(Ka(t) — X{5(0) + (1 - 29)Xa(1)):

RS (8) = (Xo(t) + (1= ) Xa () + (1= $)(Xa(t) = X5 (0) + (1= 25) X (1))

B (1) = (Ko(t) + (1= ) (K (1) + Ka(t)) + (1 - 25) (K () ~ X5 (1)) )-

(1 - rXo(t)), (3.9)
D (1) = (1 - 25) (1= X5 (1) + rXo () X (), (3.10)
Mg™" (1) = (X (1) + Xa(0) Lo 8), (3.11)
B(t) = (Xo(t) + (1= 5)(Ka (1) + Ka(t)) + (1 - 25) (K () - X5 (1)) )-

(1 - rf(o(t)), (3.12)

D) = (1= 25) (1= K5 (1) + KoK (0) — & (D Ka ()10 (1)),
(3.13)
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Ry™(t) = (()ﬂ—@((ﬂxm»HLJM&@—&WmU

( ()L (a,p)(t )) (3.14)
%ﬂw=Q&w—%WwHu—mxw+&wHa—m&w)
(1-1%s(),

a,b
D{(1)

(1 X0 + rZa XG0 - r XX (L (1)) + 20,
R (1) = ((Xo(t) = X610 + (1 = $)(Xa(8) + Xa () + (1 - 25) Xa(1))-
AEAGAGITRIG)IE

Again, one can check that X(a ]( t) increases by 1 at rate M(a b]( )—i—B(a b]( )Xi(;;’b] (t)
and decreases by 1 at rate Dﬁfnb]( )Xi(fnb]( t) for i = 2,3. Also, Xff ]( t) increases by
1 at rate REa’b] (t) + Bi(f’b] (t)Xi(f’b} (t) and decreases by 1 at rate Dgf’b] (t)Xi(f’b] (t)
for 1 = 0,2, and 3.

Here, we briefly mention an upper bound of Rga’b] (t). Since we know that s < 1
and Xo(t) + X (t) + Xg(t) + X3(t) = 2N, for sufficiently large N,

“O(t) < 2N X () X2(8) 10,0 (1), (3.15)
(1) < ANrXo(t) Xa(t) 0ty (1), (3.16)
>ty < 2NTXO(t)X3(t)1(a,b] (1),

“U ) < 2NTX ()Xo (1)1 (0,4 (1) (3.17)

The upper bound for each R( ]( t) essentially captures the dominant term in the
expression of R(t).

From these birth and death rates, for ¢ = 1,2,3 and 0 < a < b A t, we define
G;(t) = Bi(;’b] (t) — Dgf,qﬁb] (t), which represents the growth rate of the type im(a,b]
population at time t. Similarly, for ¢ = 0,1,2,3 and 0 < a < b A t, we define
G (1) = B (1)~ D{*" (). This is the growth rate of the type ir(a,b] population

wr

at time t. Note that G;(¢) does not depended on the interval (a, b] because
Gi(t) = B (8) — DI (@)
- (1 —(1- )XW @) - sXy (1) — sXa(t) — 255(3@)) (1 - ng(t))
—(1=9)(1- X0 +r XX ) - p
- 3(1 ~ X0 () — Xolt) — 25(3(1:))
—rXa(t) (1 — Xy (1) — sXa(t) — 235(3@)) _ (3.18)
Similarly, we have
Gao(t) = 5(1 ~ Xi(t) — Xo(t) — 2X3(t))

—rXa(t) (1 ~ X1 (t) — sXa(t) — 25X3(t)) _
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and
Gs(t) = s (2 ~ X () — Xa(t) — 25@,@)) —rXo(t) (1 — Xy (t) — sXa(t) — 23X3(t)).
Also, by similar calculation, (19
ng Ut) = Ga() + (1= )Xo (1) X (t)1 (0,11 (1) (3.20)
S0 (8) = Ga(t) + (1= s)rXo(6) Xs(8) 1 a1y (1) (3.21)
s ”] (t) = Ga(t) + (1 = 28)r X (£) X (t) 1 (a1 (1) (3.22)
<“ 1) = —s(Xa(t) + alt) + 2%u(1))

Xyt (1 — X0 (1) — sXa(t) — 25X5 (t))
— 20+ X1 (£) X () L(ap) (1) (3.23)
Now, we introduce a new notation. For ¢ = 0,1,2,3 and 0 < a < t, we define

Xz[a] (t) to be the number of type i individuals, at time ¢, that descend from one of
the type i individuals at time a. It follows that for 0 < a <t <bandi=1,2,3,

Xi(t) = X (0) + X80 @) + XV w),

and
a a,b
Xo(t) = X3 (1) + X507 (8).
We will need these notions in the proofs of phases 2 and 3. The reason is that
during phase 2, the main contribution to the number of type 3 individuals comes
from the type 3 individuals that descend from the type 3 individuals at time t5.

Thus, XgZ](t) will be used to control X5(¢) in phase 2.

Following the argument we used to obtain Bz(zlb]( t) and Dgi;b] (t), for 0 <a <t,
we define

B (1) = (Xo(t) + (1 = 9)(Ka(t) = X1() + (1 = 5)Xa(t) + (1 - 28) Xy (1) )
(1-1%(0)),

D1 = (1= ) (1= X0 +r LX) + .

B (1) = (Ko(t) + (1= 9)Ka(t) + (1 = )(Ka() — X)) + (1 - 29) Xy (1) ).
(1-rX%0),

D1 = (1= ) (1= X0 +r 20X ®) +

B (1) = (Ro(t) + (1= ) Xa(t) + (1 = ) %a(t) + (1 - 28)(Ka(t) — XL (¢

)
: (1 _ rXo(t)), (
(
)

B (1) = (Ko(t) = XE0) + (1= ) Xa(t) + (1 = ) %a(t) + (1 - 28) Xy ¢
: (1 - rf(g(t)),
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and
D) = (1= X + r ) X0 ) + 20

Note that for ¢ = 0,1,2,3, the process ( (t),t a) increases by 1 at rate

B @) X")(t) and decreases by 1 at rate D[a]( )X[“l(1). Also, for all t > a and
1 =1,2,3, we can check that

B (1) = DI (1) = Gilt).
Lastly, we define Go(t) = B([)a] (t) — D([)a] (t) for all t > a. It follows that

Go(t) = —s(Xl(t) +Xo(t) +2X3(t)) —rXs(t) (1 —sX0 (1) — s Xa (1) _25X3(t)) o,

(3.26)
We note that from (3.23),
G () = Go(t) + rX1 (8) X (1)1 (.4 (2)- (3.27)

4. Martingales and submartingales

In this section, we define martingales and submartingales that we use in the
proofs of phase 1, 2, and 3. For i = 1,2,3 and 0 < a < b, we define Zi(z{b} (t) =0, if
0 <t < a, and we define

t
Zi (1) = e Ja G x B (1) / M e S GOy, (4.)

if 0 <a <t Also, fori =20,1,2,3 and 0 < a < b, we define Zi(f’b](t) = 0, if
0 <t < a, and we define
(ab (ab

Zi00(t) = e Ja G v [0 ) / R (w)e™ Ja' G dvgy - (4.2)

0 < a < t. One can check that for ¢ > a,

m m

t

X e) = / M u)els GO gy 4 Z{3 (p)ele GO, (43)
t

Uty = / RO ()e i G o gy 1 Z@W ()i G e (g 4)

These expressions of X (e, b]( t) and X Z(f y (t) are crucial to our proof. The first term
on the right-hand side is the dominant term, while the second term represents a
lower order term, which can be thought of as small fluctuation from the dominant
term.

For the process ((Xo(t), X1(t), Xa(t), X5(t)),t > 0), we define (F;)i>0 to be the
natural filtration of this process.

Proposition 4.1. For i = 1,2,3, the process (Zi(fn’b](t),t > a) is a mean-zero
martingale, and for a <t,

var(2((1)
EU 2 oo () + (B )+D§f,;”](u))ng;”](u))du].
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Also, Fori =0,1,2,3 the process (Zi(f’b] (t),t > a) is a mean-zero martingale, and
fora <t,

Var(ZZ-(f’b] (t))

a

K "u y(a,b] (a,b] (a,b] (a,b] (a,b]
=E[ / e 2 G (R () 4 (B () + DI (w)) X <u>)du]

Moreover, if T is a stopping time and T > a, then the process (ZZ-(ZL’b] (tAT),t>a)
is a mean-zero martingale for i =1,2,3, and if a < t, then

Var (ng;b] (t A T))
tAT
- E[ / o2 [ Giw)do (M;avb] () + (ng;”1 (u) + D&Y (u))ngf] (u))du}

Also, fori=0,1,2,3, the process (Zi(f’b]
and if a < t, then

Var (Zi(f’b] (tA T))

(tAT),t > a) is a mean-zero martingale,

M aprgten (a.t (a.t] (a.t] (a]
E[/ e=2Jd Gir (v)dv(Ria’ (u)+(Bifv (u) + D; (u))Xif’ (u))du}

Proof: The proof can be performed using the same technique showed in section 5.1
of Schweinsberg (2017). O

Since the process ((Xo(t), X1(t) — X (1), X /(t), Xa(t), X3(£)), ¢ > 0) is a
continuous-time Markov process, combining Proposition 4.1 and Markov property
yields the following result.

Corollary 4.2. IfT is a stopping time and T > a, then fori=1,2,3 and a <t
Var (2857 (e £ )| )
]—'a].

tAT “
= E[ [ et () 4 (B ) + D) X w) du

Also, fori=0,1,2,3 and a < t,
Var (24t A T)’]-"a>

wr

T g (] (] (@b () (@b
E[ [ et (R + (B ) + DY) X ) )du

a} .
Now, for i =0,1,2,3 and 0 < a < t, we define
ZI(t) = = Ja Gitw)dv xlel g, (4.5)

By similar arguments to the proofs of Proposition 4.1 and Corollary 4.2, we get the
following result.

Proposition 4.3. If T is a stopping time with T > a, then for i = 0,1,2,3, the

[a]
7|

process (Z;(t),t > a) is a martingale. Moreover, for all a < t,

i
tAT

Var(z[ A T)| ) = E [ / em2 2 G0t (Bl () 4 DI () ) X[ (w)du
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Lastly, for i =1,2,3,0 < a < b, and a < t, we define
Win(t) = e Je GO X T ), (4.6)
and for i =0,1,2,3, 0 < a < b, and a < t, we define
W(a b] (t)=e" fLale (’U)d’UXi(’?J)] t).
By a standard argument, we can prove the following proposition.

Proposition 4.4. If T is a stopping time and T > a, for i = 1,2,3, the process
(W(a b (tAT),t > a) is a submartingale. Moreover, for a <t,
7|

Fori=0,1,2,3 the process (W(a bl (tAT),t > a) is a submartingale, and for a < t,

tAT Y
E[Wi(;:b] (t A T)’}'a} - E{ M () L2 Gl gy,

BWnT)|F] = Um R u)e Ji 61 ”)d“du‘ﬂ].

5. Phase 1 and the proof of Proposition 2.2

5.1. Notations. First, note that it is enough to show that Propositions 2.2, 2.3, 2.4,
and 2.5 hold for all small values of € and §. We choose € and § as follows:

e (o, 1—16) (5.1)

and

§e (o, i) (5.2)

Next, in both the recombination dominating case and the mutation dominating
case, we pick the following constants:

K > 1—0, (5.3)
€
5K 8

Com >21n(2K), (5.5)

€

12K
+ —C1

Com > Com V (12e +1In (6(1 = 52)2>), (5.6)

2
Cor>1n <£) V (Cy + In4), (5.7)

€

n=2Ke 1. (5.8)

These constants are chosen to make certain inequalities in the proof hold. We
present them here for a record-keeping purpose. Also, since the proof involves
many constants, we want to be clear on the order of picking these constants.
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Now, we define several fixed times as follows:

1 S C
—In ( ) — Z%" i the recombination dominating case

P
to, =< —1In ( 5 ) — 297 in the mutation dominating case when Nr > e
i wvV Nr s
—In (E) _ 20r in the mutation dominating case when Nr < e,
S I 5
(5.9)
and in both cases, we define
1 S Co m
tom = =1 (7)— m 5.10
O; s n NH2 s ( )
1 S Co+
+ »m
tO,m - gln (N//J2> + P (5.11)
1 C
fi=-In (f) iy (5.12)
S I S

From our parameter assumptions and Lemma 2.1, we have 0 < tg,,, < taﬁm <t
and 0 < tp,, < t;. The time ¢; is a time that type 1 and type 2 become established
in the population. The majority of type 3 individuals at time ¢; descend from type
3 individuals that appear around time ¢y, in the recombination dominating case
and around time tg ,, in the mutation dominating case.

Lastly, in both cases, we define the following stopping times:

KN
T) = inf {t >0 X,(t) > T“est}, (5.13)
KN
Ty = inf {t >0: Xa(t) > Jest}, (5.14)
s
N
Ty = inf {t >0: X5(t) > 7”@“}, (5.15)
Ty =Ty AT A Ts. (5.16)
As we mention before, we expect that
2N
X1(t) = Xo(t) = Tue“

during the time interval [0,¢;]. Also, the number of type 3 individuals during the
first phase should be smaller in order when comparing with the number of type
1 individuals. Thus, the stopping time T{;) should occur after time ¢; with a
probability close to 1.

5.2. Upper bounds for expectations. First of all, we will prove some inequalities
regarding the growth rates of type 1, 2, and 3. They will be used quite often in this
section. The essence of the following proposition is that the growth rates of type 1
and type 2 is approximately s, while the growth rate is about 2s for type 3.

Lemma 5.1. For sufficiently large N and t € [0, AT(y)), the following statements
hold:

1)
2)
3)

Xi(t) <nN, fori=1,2,3.
G1(t) < s, Go(t) < s, and G3(t) < 2s.
Gi(t) > s—4ns—r—p, Go(t) > s—4ns —r — u, and Gs(t) > 2s —4ns —r.

(
(
(
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(4) For 0 < a < b, we have G(li’b] (t) < s4+71lay(t), Gg:jb] (t) < s4+71lgy(t),
and G (1) < 25 + 1 (a,)(1)-

(5) For0 < a < b, we have G(a b}( t) > s—4dns—r—p, Gé‘:jb](t) > s—4ns—r—pu,
and G3‘ib( t) >2s—4ns —r.

Proof: By the definition of 1, t; and Ty in (5.8), (5.12) and (5.16), for ¢ € [0,%; A
T(l)) and i = 1,2,3,

KNp o o KENp

< et = Kem“'N < nN.
s s

Xi(t) <
For the proof of the statement (2), since 0 < X;(t) + Xo(t) + X3(t) < 1 for all
t >0, and s < 1, it follows that 0 < 1 —2s < 1 — sX;(t) — sXa(t) — 25X3(t) < 1
for all t > 0, when N sufficiently large. Thus, by the definition of G1(t) in (3.18),
for sufficiently large N, we have G1(t) < s for all t € [0, A T(1)). Also, by the
statement (1), if ¢ € [0,¢1AT{1)), then 1— X (t) — Xo(t) —2X3(t) > 1—41. Again, by
using the definition of G1(¢) in (3.18), we get the lower bound of G (¢) in statement
3. Similar arguments cab show both the upper and lower bounds for G3(t). Lastly,
we can prove statements 4 and 5 by using (3.20), (3.21) and (3.22), along with
statements 1, 2 and 3 of this lemma. O

Next, we will proceed to prove some results on the upper bounds for the expec-
tations of X %" (¢ A T{1)) and XA T{(1)). These bounds inform us the order
of magnitude of the number of each type in the population. After we establish the
bounds, We will apply them at the end of this subsection to show that T{1) > t;
with high probability.

Lemma 5.2. For sufficiently large N, for i =1,2 and t € [0,t1], we have

, 2N
E[e“s(mT(l))Xim(t A T(l))] < J’ (5.17)
s

and

N
E[Xim(t A Try)| < = e,
S

Proof: The proof is similar to Lemma 5.1 in Schweinsberg (2017). We will prove
only when ¢ = 1 since the argument is similar for ¢ = 2. First, we show that for
sufficiently large N, for 0 < a < b < ¢, and for ¢ € [0, ¢1],

b

E{e—SWTuﬂXff,;b](tAT(l)) < elinstru)(b=a) ~2Nu/ e~ du. (5.18)
If t € [0, a), this inequality is trivial since X:Ef,’lb] (t) = 0 by the definition of Xﬁﬁ (t).
Now, assume that ¢ € [a,t1]. By Proposition 4.1 and the equation (4.1), we have
E[Z{Z;b] (t A T(l))] =0 and

ATpy (0 P (a) u
[e Ja Ga( ”)d”X (t/\T(l))} E[/ My (“)eif“ Gl(v)dvdu]' (5.19)

(Note that in the event T(;y < a, we interpret the integral from a to t A T(y) as 0.
Also, from the definition of Xff,;b] (t), in the event T{y < a, we have x!e }(t/\T(l)) =

Im
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0.) Now, using the upper bound for G;(¢) in Lemma 5.1, for sufficiently large N,
for 0 <a<b<t andt € [a,t1],

t/\T(l)

E [e* Jo Gy (@8l T(l))}
_ t/\T(l) a
ZE{e Ja Sd“Xl(n;b](MT<1>)1{T<1>2a}}
B | 620

Next, we use the lower bound for G4 (¢) in Lemma 5.1. From (3.1), for sufficiently
large N, when 0 < a <b <t and ¢t € [a, 1],

tAT (1) )
E{/ Ml(a,b] (u)e™ I Gl(v)d”du]
tAT (1) )
= E|:/ ,LLXO(U)I(a’b] (U)67 I Gl(v)dvdu:|
b
S/ 2N pe~(¢—Ansmr=mu=a) gy
a

b
< elanstrn)(b=a) | N7 50 / e du. (5.21)

Hence, the inequality (5.18) follows from (5.19), (5.20), and (5.21).

Now, we will improve (5.18) by showing that the inequality holds even without
the factor ems+r+m®=a)  For each n € N, let t; = (b — a)j/n + a for every
j=0,1,...,n. It follows from (5.18) that
n—1
S s x
§=0
n—1 t

< Z eAnstr+p)(t) 1 —t5) | 2N,u/ a e “du

!
t

e raoxgenmy] - 5

§=0
b—a b
_ 6(4ns+’r+#)(T) . QNN/ e~ du

a
N
NH,
5
By letting n — oo, we have that for sufficiently large N, 0 < a < b < t¢1, and
te [CL, tl],

—Ssa

< elnstrm (P52 |

2N
Blem T XM (1 A Toy)| < =Feme, (5.22)
s
The inequality (5.17) follows from the fact that Xy, (t A T(y)) = Xl(?,’f] (t A Tiay).
Also,

9N
E[le(t A T(l))} < eStE[e*S(MTu))Xf?,’f] (t ATO))] < 2B st
S

which completes the proof of this lemma. O

Lemma 5.3. For sufficiently large N, fori=1,2, and t € [0,11], we have

2N
S
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and

2N
FE |:X”n (t A\ T(l)):| é ( SMT> @Stt.

Proof: Using the upper bound for G(l?jb] (t) in Lemma 5.1, for sufficiently large N,
for0<a<b<ty,andt € [a,t1],

EAT, a, o —r(b— - a
E[e—fa @ Ggrb](”)dv)ﬁ(/b](t/\T(l))} > grarl “)E[e T X (A T)) |

Then, using the lower bound for G:(L?_’b] (t) in Lemma 5.1, the upper bound for
Rga’b] (t) in (3.16), and the definition of T3 in (5.15),we have that for sufficiently
large N, for 0 < a < b < tp, and for t € [a, 1],

tAT () (a,b] w ~(a,b] b o
E[/ RV (u)e™ Ja 6 (“)d”du] < / 2Nr - ;es“ e (smans—r—p)(u=a) gy,

2N pr
—e
S

< eldnstr+u)(b—a) Sa(h — a).

The rest of the proof follows as in Lemma 5.2. O

Lemma 5.4. For sufficiently large N and for t € [0,t1], we have

2K N 2
32

E[fﬁ“”ﬂﬂxgm(t A T(l))} < et

)

Com N2,,4
2Ke~om N I ert
83

bl

B X nTa)] <
and
.
2K€_CO’mN2:U’4 e2st
53

b

(td st
E{Xsrz’ ](t/\T(l))] <

Proof: Using the upper bound for G3(t) in Lemma 5.1, for sufficiently large N, for
0<a<b<t,andtE€ [a,t],

tAT,
B |:e_ fam Gs(v)d“X(“’b] (t A T(l))} > e—Stt2sap [e_s(t/\T(l))X?()Z’lb] (t A T(l))} .

3m

Now, we use the definition of M{“"(t) in (3.11), the lower bound for Gs(t) in
Lemma 5.1, and the definition of T} and T3 in (5.13) and (5.14). It follows that for
sufficiently large N, for 0 < a < b < t1, and for ¢ € [a, 1],

t/\T(l) b “
E{ / M (u)e I G3<”>dvdu]

OAT 2
< E|:/ o QKNIU U e—(25—4ns—r)(u—a)du:|
a S

2 b
< e(4ns+r)(b—a) . 2KNN eZsa/ e U du.
s a

The rest of the proof follows the same argument in Lemma 5.2. O

Lemma 5.5. For sufficiently large N and 0 < a < ty, if t € [0,t1], we have

2K2Np2r>€stt7

Ble= A Tw) Xy (¢ A T(l))} < ( 52
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and if t € [a,t1],
2K2Np2r

5 )eZSt(t —a).

S

E[X:g?’tl](t A T(1))} < (

Proof: Using the upper bound for G:(;i’b] (t) in Lemma 5.1, for sufficiently large N,
for 0 < a < b<ty,and for t € [a,t1],

t/\T(l)

E|:e* N Géci,b](v)deg(’g,b] (t/\T(l))] > 625afst7’r‘(b7a)E [e*S(tAT(l))Xg()?vb] (t/\T(l)) .

Then, we use the lower bound for Gg‘i’b] (t) in Lemma 5.1, the upper bound for
Rga’b] (t) in (3.16), and the definitions of Ty and T in (5.13) and (5.14), for suffi-
ciently large N, for 0 < a < b < t1, and for ¢ € [a,t4],

tAT,
E [ [ R e s Géi'“wmvdu]
a

tAb 2 2
< / 2K N:U‘ r625u . 67(2574n57r)(u7a)d

u
82

2 2 tAb
< e(4ns+7‘)(b7a) . 2K ‘];[:u’ r . e2sa . / 1du.
S a

The rest of the proof follows the argument in Lemma 5.2. O

Here, we define the event
A= {Tpy > 1}, (5.23)
and we are going to show that this event occurs with probability close to 1.
Lemma 5.6. For sufficiently large N, we have P(A§) < 2e.
Proof: First of all, note that
3
P(AS) = P(ty ATy = Tiry) < Y P(ti ATy = To).
i=1
Now, consider the term P(ty A T(y) = T;), for i = 1,2. By Markov’s inequality,
KN
Pt ATy =T)) < P(Xi(tl AT)) > Jesmﬂm)
S
< P(Xim(tl /\T(l)) > @es(tl/\jﬂ(l)))
s
KN
4 P(Xir(tl /\T(l)) > T'ues(tl/\T(l))>
S
Ele=s0AT0) X, (4 A T(ry)]  Ele™* 0T X, (4 AT(y)]

KNu/2s KNu/2s

Using Lemmas 5.2 and 5.3, the definition of ¢; in (5.12), and (2.6), for sufficiently
large N,

<

4 4rtq 4 4 r S
PG AT =T) <=4+ — < —+4 —--1 <f)<5K*1.
(t1 (1) Z)_K+K_K+KSHIJ/_
By a similar argument, using Lemma 5.4 and 5.5, for sufficiently large N, we have

P(ty ATy = T3) < 5Ke™ <.
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Thus, from the way we choose K and Cj in (5.3) and (5.4), we have P(T{1) < t1) <
10K~ + 5Ke 9 < 2e. O

5.3. The variance bounds. In this section, we will apply the expectation bounds
from the previous sections to obtain variance bounds for our martingales, which
were defined in section 4. Then, we use Doob’s maximal inequality to get bounds
for martingales; this gives us control over the fluctuation term for the number of
each type.

We define the following events:

24 N
Ay :{ sup |Z0M (AT </ = 2“} (5.24)
te[0,tq] € S
24 N
{ sup Z(Otl](t/\T( )) S 2”}
te[0,t1] € S
_ (0 t1] 24 Nur s
= sup |Z; t AT, <y/—- In (7> . 5.25
{te[o t1] ( w) e 83 1 (5.25)
24 N
— { sup Z(O tl](t A T(l)) <. /= /;7' In (f) }
t€[0,t1] € S w
12KeCm 1
{ sup (Um’ ](t/\T(l))‘ e . 2} (5.26)
tE[t+ € S
8K2¢—2Cor In (N
Ay = { sup Z§i“=““](tAT(1))’ < \/ ¢ : n+(2 ) } (5.27)
te(to,r,t1] € S

For the event Ag, we focus on the martingale of type 3m stating from time tg’ m
In the mutation dominating case, the main contribution to the number of type 3
individuals at time ¢; comes from type 3m ancestors that appear after time tg .
The reason that we use tar’ m instead of tg ., is for technical purpose in the proof.
For the event A7, we focus on the martingale of type 3r starting from time ¢, for a
similar reason. In fact, we need to consider the event A7 only in the recombination
dominating case.

Lemma 5.7. The following statements hold:

(1) For sufficiently large N and i = 2,3,4,5,6, we have P(AS) < e.
(2) In the recombination dominating case, for sufficiently large N, we have

P(AS) <e

Proof: As mention above, the main strategy is to establish variance bounds, and
the results follow from the Doob’s maximal inequality. We will first show that
P(AS) < e when N is sufficiently large. From (3.4)and (3.6), using the facts that

1< s <k 1landr < s, for sufficiently large N and ¢ > 0, we have B tl]( t) <1

Im
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and D§?;lt1](t) < 1. By Proposition 4.1 and Lemma 5.1, for sufficiently large N,
Var (2" (1 A Ta)))

tl/\T(l) w
= E[ / e 2 GO () + (B () + D >>X£?,f”<u>)du}
0
ty
< E|:/ e—2(s—4ns—r—u)u(2NM + 2X1m(u A T(l)))du:|
0

t1
< G2t / 6_23(1_4")“(2Nu+ 2E[X1m(u/\T(1))])du
0
It follows from Lemma 5.2 that

. AN
Var(Z{5 (1 A Ty) ) < 2000 / o—2s(1-4n)u <2N L ANp u) i
0

2N 1 2
< 2rtmn 0 . (528
= s 2(1 — 4n) * s(1—8n) (5:28)

From the definition of ¢; in (5.12), along with (2.6), and the facts that u < s and
r < s, we have that

(r+p)t, = Sln( ) ’:m (%) il T+” < 1. (5.29)
4)

By the way we choose ¢, C and 7 in (5.1), (5.4) and (5. )
n=2Ke 9 <2¢/5<e<1/16. (5.30)
By (5.28), (5.29) and t(5.30), for sufficiently large N,
2Ny 3 12\ /Nu\ _ 24Ny
var(zi i 1)) <2(58) (G=ey) = (=) () < =2
ar( Zi (1 A T) ) < s s(1—8n) 1—8n - 82

Hence, P(A$S) < e follows from Doob’s maximal inequality. By the same argument,
P(45) < ¢

Next, we prove that P(A§) < e. From Lemma 5.1 and inequality (3.16), for
sufficiently large N,

Var (ng’tl] (t1 A T(1)))

t1 B
<E |:/ e—2(s—4ﬁs—r—u)U(2N7”X3 (u A T(l)) +2X4, (u A T(l)))du]
0

t1
< 2rtmty / e~ 2s(1=4mu <2Nr vy 2E[X 1, (u A T(l))])du.
O 8
From Lemma 5.3, for sufficiently large N,
Var (2 (0 A Thyy) )

t
< 2(r+m)ta / ' e—2s(1—4n)u <2Nm“ eSU 4 4N2,u7“ In (S)esu) du
0 8 s 2

< eﬂTﬂt)hM (1 + gln (f))

- S1=8)\ s \p

< 2 (%),
s %
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By the same argument, P(A§) < e.
Now, we give a proof that P(A§) < e. Usmg Proposition 4.1, Lemma 5.1, and
the definitions of 77 and T» in (5.13) and (5.14), for sufficiently 1arge N,

+
Var (Zéi(i‘m’tl] (1 A T<1>)>

UATay —g [ (25—4ns)dv 2KN
- E|:/ . ft(tm yl (,LL :u o5t +2X?()tom,t1]( /\T(l)))dU/:|
\ s

+
0,
h 2K'N
< / 672(2574ns)(u7t;m) (’u . :u“esu + 2E[X( 0,m>? 1](u A T(l))])du
td s

By Lemma 5.4 and the definition of t&m in (5.11), for sufficiently large N,

+
Var( (to ™’ 1](t1 /\T(l)))

t 2 —Cd . A2, 4
< e2rt 62(23—4773)150*’7” / 1 ,2(2574T]s)u<2KN/J e 4Ke 0;)) N o) 628u)du
o+ s s

0,m

< eQrtl . 62(2574ns)t3:m
S

+
_ eQTtl ] 2K 0 mg + 2600,771
3 8n  2—28n

12K e G
52 '

2KN'LL2 (35 8775)t0 m + 26703—,77LN‘LL2 e (25 8778)% m
5(3 —8n) 52 s(2 —8n)

Lastly, we prove statement (2) of this lemma. From Proposition 4.1, Lemma 5.1,
inequality (3.17), and the definition of T} and T» in (5.13) and (5.14), for sufficiently
large N,

Var( étO " tl N T(l)))
|: tl/\T(l)

2(2s—4ns—r) (u—to, r)<2Nr)~(1(u))~(2( )+2X(t0n 1](u/\T1)))du]

2K2N 2
< / —2(2s—4ns— r)(ufto’,.)( 82” re2su + QE[X(to r,tl](u A T(l))])du
to,r

By Lemma 5.5, for sufficiently large N,

Var(Z40 " (4 A Ty) )
< €2rt1 . 62(25*4775)%@.

ty 2 2 2 2
/ 672(2574ns)u(2K N/u‘ re2su + 4K N/u‘ TGZSU(U
to

82 82 — tom))du

6_(23_8773)1;0‘7‘

s(2-8n)

3T

2K2Np?
< et g2(2s—dns)tor ——— pr (1 +2(t1 — tow)) .
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From the definitions of ¢, and ¢; in (5.9) and (5.12),

2,—2Co,r
(to,rt1] ) < p2rt1 . 2K”e ' ( g 2(Co,r — C1)
Var(ZST (ti ANT(y))) <e 52 —8n) 1+ . In(Nr) + . )
8K 2e=2Co.r In(N)
< 5 .
s
Then, the result follows from the Doob’s maximal inequality. ]

5.4. Results on type 8 individuals. In this subsection, we prove several results on
type 3 individuals. First, we define the following events:

Ag = {ng,f‘m](tl ATpy) = o}. (5.31)
Ay = {Xé,‘?’“""] (t1 ATpy) = 0}. (5.32)
L 2K67201+C0,m N2 2
Ao = {X;E’m’t ](t1 ANTay) < ( . ) su } (5.33)
K2e72¢1(2(Cy, — C1) + 1 1V Nring(Nr
Ay = {Xéio,r,tll(tl ATo) < ( (2( s 1) ))( : +(N7))
(5.34)

We will show that the events Ag and Ag¢ occur with high probability; with
probability close to 1, there are no type 3m (or 3r) individuals at time ¢; who
descend from type 3m (or 3r) ancestors that appear before time g, (or tg,). The
proof consists of two main ideas.

(1) With probability close to 1, the number of type 3m (or 3r) ancestors that
appear before time tg ,,, (or tp,) is small. This part is just an application
of Markov’s inequality and will be shown in Lemma 5.8.

(2) With probability close to 1, each of these early ancestors will not have any
alive descendant by time ¢;. For this part, we will need some couplings
with birth-death processes. This will be proved in Lemma 5.9 and 5.10.

At the end of this subsection, we will show that the events A1y and Ay also occur
with high probability. These two events give bounds on the orders of the numbers
of type 3m and type 3r individuals at time ¢;.

Lemma 5.8. We define m(t) and p(t) to be the number of type 3m ancestors and
3r ancestors, respectively, that appear in the time interval (0,t]. For sufficiently
large N, the following statements hold.

(1) P<m(t0,m NTqy) = G_C[;'m/2) <e

(2) P(P(to,r NTy) > COZ'TH) <e

Proof: The process (m(t),t > 0) is a pure birth process with total birth rate
Méo’t] (t) as defined in (3.11). Then, there is a mean-zero martingale (W’(¢),t > 0)
such that for all ¢t > 0,

t
m(t) =W't) + [ M (w)du.
0
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By Doob’s stopping theorem, (W'(tAT{;)),t > 0) is a mean-zero martingale. Using
the definitions of T} and 75 in (5.13) and (5.14)

to,mAT)
Blm(ton A To) = E| [ uC0) + Xau)iu

fo.m QKN pi?
g/ SRR sugy
0 S

2K e~ Com
<=

S

So, by Markov’s inequality and by the definition of Cj ,, in (5.5),

e—Co,m/2 Elm(tom NT(1))]
<
—= efco,m/z/s

P(m(to’m A\ T(l)) > < 2K6700””/2 <e.

S

Now, consider the process (p(t),t > 0). By similar argument, we get
to,»rNT(1) (0,u]
Blptto, nTw)] = [ R
0

to,rNT(1) B B

< E[/ 2NrX1(u)X2(u)du]
0

< 2K2Npu?r 2t

S—3

From the definition of ¢, in (5.9), in the recombination dominating case, and in
the mutation dominating case with Nr > e,

2A7,,2 2,—2C0,
2K*Np“r 2stor _ 2K?%e=2C0,
53 s ’

while in the mutation dominating case with Nr < e, we have

2K2Np?r 4, 2K%e 2Ny < 2K2e2C0,r+1
— e = .

s3 s s
Hence,

2K2€_QCO’T+1
Blplto ATp)) < 2T

Thus, by Markov’s inequality and the definition of Cp . in (5.7),

eCortt _ Blo(tos A T))]
s = 6700,7-+1/3

P(p(to,r A T(l)) > < 2K2e~Cor <'e,

which completes the proof. (I

Lemma 5.9. Fori € N, we define 7; ,, to be the time that the it" type 3m ancestor
appears, and we set T; ,, = 0o if the it" type Im ancestor never appears. Let Y m (1)

be the number of descendants of the i*" type 3m ancestor alive at time t. Then, for
sufficiently large N,

P({Yiym(tl) > 03N {ts < Ty} 7im < tom A T(l)) < 3s,

for alli € N.
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Proof: First, we define Y; ,,, (t) = Y ,n(t)/(2N) for all t > 0 and i € N. By following
the same reason that led us to the rates in (3.9) and (3.10), we have that on the
event 7; , < tom AT(1), the process (Vi (t 4 7im),t > 0) is a birth-death process

with Y; ,,(7i,m) = 1 where each individual gives birth at rate
b(t) = [Xo(t + Tim) + (1 — 8)(X1(t + Tim) + Xo(t + Tiim))
+ (1 —28)(X3(t + Tiom) — YVim(t + Tim))] (1 — rXo(t + Tim)),
and dies at rate
d(t) = (1 —28) (1 = Vi (t + Tim) + X0 (t + Tim) Yim (t + Tiom))-
Note that for t > 0,

b(t) < Xo(t + Tim) + X1(E+ Tiom) + Xo(t+ Tim) + (X3t + Tom) — Yim(t + Tim))
=1- ﬁ,m(t + Ti,m)a

and
d(t) 2 (1= 28)(1 = Yy m(t +7im)).

Next, we apply a time change on the process (Y; p(t + 7i,m),t > 0) to obtain a
new birth-death process With constant bounds for birth and death rates. For t > 0,
define A(t) = f”“ " (1 — Yim(v))dv. We also define Y7, (t) = Y; (A~ (t) + 7,
for t € [0, A((t1 A T(ay) — Tz)m)] The process (Y%, (t),0 <t < A((t1 A T(1)) = Tiom))
is a birth-death process with Y%, (0) = 1 where each individual gives birth at rate

b(AT())

0 =0T 0)- OO = s <L

_ dA1(1)
1= YimAL(t) + 7im)
Let (Y#(t),t > 0) be a birth-death process with Y#(0) = 1 where each individual

gives birth at rate 1 and dies at rate 1 — 2s. It is possible to couple the process
(Y#(t),t > 0) with the population process, such that

(1) on the event ¢; < T(y), for any time ¢, if Y;*, () > 0, then Y#(t) > 0, and
(2) the process (Y#(t),t > 0) is independent of F.

i,m*

>1—2s.

The coupling can be done by generating birth and death events for the process
with a larger birth rate and lower death rate, and then we thin them up properly
to obtain birth and death events for the process with a lower birth rate but a larger
death rate. It follows from this coupling that

P({Y; m(tl) > 0} N {tl < T(l)} Ti,m < to,m /\T(l))

< P({}/i,m(tl —tom + Ti,m) > O} N {tl < T(l)} Tim < tom A T(l))
- P({y;m(A(tl —tom)) > 0} N {t1 < Ty} rim < tom A T(l))
< P(Y#(/\(tl — t(),m)) > O|Ti,m < t07m A T(l))
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By Lemma 5.1 and (5.30), on the event t; < T(y) , we have Y ,, () < X3(t) <nN <
& for all t € [0,¢,]. Hence,

t1—to,m+Ti,m 5 ti—to,m+Ti,m t1 —to
At~ tom) = [ 1= Yo > [ vz T

(5.35)

i m i m

Therefor,

P({Yi,m(tl) > 0}n{ts < Tin) }rim < to,mAT(l)) < P(Y# (%) > 0). (5.36)

Lastly, from the generating function of birth and death process (in section 5 of
Chapter IIT of Athreya and Ney, 1972), for ¢t > 0,

1—(1—2s) 2s

# _
P(Y (t) > 0) T 1= (1 _ 28)6*(1*(1*25)” = 1 —e2st’

(5.37)

Since 1 <« Ny, for sufficiently large IV,

t1 —t 2s 2s
# (1 0,m _
P(Y ( 2 ) ~ 0> = 1—estti—tom) 1 _ weC1—Com <3s. (538)
n

The proof is completed by (5.36) and (5.38). O

Lemma 5.10. Fori € N, we define 75, to be the time that the it" type Sr ancestor
appears, and we set T; , = 00 if the ith type 3r ancestor never appears. Let Yiyr(t)
be the number of descendants of the it" type 3r ancestor alive at time t. Then, for
sufficiently large N,

P({Y:mn(tl) > 0} n {tl < T(l)} Ti,r < toﬂ« A T(1)> < 48,
for alli € N.

Proof: The proof is similar to that of Lemma 5.9. First, define ﬁ,r(t) =Y. (t)/N
for all £ > 0 and ¢ € N. We have that on the event 7;,. < to, A T(1), the process

(Y (t+7),t > 0) is a birth-death process with Y; ,.(7; ) = 1 where each individual
gives birth at rate

b(t) = [Xo(t+7ip) + (1= )(Xi(t + 7i0) + Xt + 7))
+ (1 — 23)(X3(t + Ti,r) - Y/i,r(t + Ti,r))] (1 - TXO(t + Ti,'f))7
and dies at rate

d(t) = (1 —25) (1 —Y/i,r(t‘i‘Ti,r) +TX0(t+Ti,T))~/i,T(t+Ti7T) —’I“Xl (t—l—Ti’T)Xg(t—i-Ti’r)) .

Note that when ¢ > 0, we have b(t) <1-Y, ,.(t + 7i ).

Next, we define a time change; for ¢ > 0, let A(¢) = f:tTT(l — Y (v))dv. Then,
we define Y7, (t) = Y; -(A\"L(t) + 7;,,) for ¢ € [0, A((t1 A Tpay) — 74.r)]. The process
(Y;5,(1),0 <t < A((t1 AT(1)) — 7i,r)) is a birth-death process with Y;%.(0) = 1 where
each individual gives birth at rate
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and dies at rate

() = d(A~1(1))
1- ﬁvr()‘fl(t) + Tir)
> (1—2s) (1 _ er(/\_l(t) + Ti,r)Xg()\_l(t) + Ti,r))
B 1= Y, (A1) + 7r) '

Since the function A is strictly increasing on the interval [0, (t; A T{1)) — 7i,r), We
have that if ¢ € [0, \((t1 A T(1)) — 7i,r)), then A2 (t) + 7,(¢) < t1 A T(1). Hence,
from Lemma 5.1, for every ¢ € [0, A((t1 A T(1)) — 7i,r)) and j = 1,2 and 3, we have
X;AY#) + 1) <mand Vi (A1 (E) +7i,) < Xs(A L) +75) < 717. Now, because
r < s, for sufficiently large NV, for t € [0, \((t1 AT{(1)) — Ti,r)),

2

d*(t) > (1—25)(1— (1”_n)r> >(1-25)(1—s)>1—3s.

Let (Y#(t),t > 0) be a birth-death process with Y#(0) = 1 where each individual
gives birth at rate 1 and dies at rate 1 — 3s. Again, it is possible to couple the
process (Y#(t),t > 0) with the population process, such that

(1) on the event t; < T{yy, for any time ¢, if Y;*,,(t) > 0, then Y#(t) > 0, and
(2) the process (Y#(t),t > 0) is independent of F, .
On the event ¢; < T(y) , using (5.30), we have Y () < X3(t) < nN < % for all
t € [0,1]. Following the same reasoning in (5.35), we get

t1 — to,r

At1 —tor) > 3

By similar argument as in Lemma 5.9, we have

t1 —tor
Tir <o /\T(l)) < P(Y# (1730’) > 0)

P({Yi,r(tl) >0} N {t1 < Ty}

Here, we finish this prove by showing that for sufficiently large N,

P(Y# (%) > 0) < 4s.

By the same argument that we used to get (5.37), for ¢ > 0,

1—(1-3s) _ 3
1— (1 _ 38)6—(1—(1—3s))t — 1 — e—3st’

P(Y#(t) > 0) = (5.39)

From (5.39) and the definition of Cj, in (5.7), in the recombination dominating
case and the mutation dominating case with Nr > e, we have that for sufficiently

large N,
t1 —tor 3s
# 1 0,r )
P(Y (73 > 0) ]
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In the mutation dominating case with Nr < e, we also have

P(Y#(tl;o””) > 0) < 3 3s < 4.

— 1 — e—s(ti—to,r) - 1 — ¢ (Co,r=C1) —

Thus, we prove our result. (|

At this point, we are ready to show that the events Ag and Ag occur with
probability close to 1.

Lemma 5.11. For sufficiently large N, we have that P(A§) < 4e and P(A§) < 4e.

Proof: Recall the definitions of Ag and Ag in (5.31) and (5.32). We will only show
that P(Ag) < 4e. The same reasoning can be applied to prove that P(A§) < 4e.
Let J = |[e~“om/2/s|. By Lemma 5.9, we have that for sufficiently large N,

P{X (1) > 0y 0 {mltom A Ty) < e Cm/2 /st 0 {ty < Ty}

J
<3 P((Yimlts) > 010 {7im < tom ATy} 0 {1 < Ty}

<
—

Mk

P({Yé,m(tl) > 0} n {tl < T(l)} Ti,m < to,m N T(l))

-
Il

1
sJ
e~ Com/2,

IN A
w W

Hence, by Lemmas 5.6 and 5.8, along with the way we choose constants ¢, K and
Co.m in (5.1), (5.3) and (5.5), for sufficiently large N,

Pt A Ty) > 0})

< PUXPm 1y ATy) > 03 0 {mltom ATay) < e %m/2/sk 0 {ty < Ty })
+ P(m(tom A Tpy) > e C0m/2/s) + P(T(y) < ty)

< 3e~Com/2 | 3¢

< 4e.

So, this proves that P(A§) < 4e. O

In the last part of this subsection, we show that events Ao and Ay; occur with
probability close to 1.

Lemma 5.12. For sufficiently large N, we have P(A§,) <€, and P(A§;) <e.

Proof: Recall the definition of Ajg in (5.33). From Lemma 5.4 and the definition
of t1 in (5.12), for sufficiently large IV,

QKGCO’WN2ﬂ4 2K67201+C0,mN2M2

3 628t1 —
S S

E Xs(,fz’m’tl](tl /\T(l)) <

So, we get that P(A§,) < € from the Markov’s inequality.
Now, recall the definition of Ay; in (5.34). We will first consider the recombi-
nation dominating case and the mutation dominating case with Nr > e. In the
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recombination dominating case, Nr > 1. From Lemma 5.5 and the definition of
to,r in (5.9), for sufficiently large N,

2K2N 1ir

72M625t1 (tl o tO,r)

In(N r—

n( ’I") + 007 Cl>
2s s

< K?2e7291(2(Co,. — C1) + 1)NrIn(Nr)

B[ X A )] < 2

=2K%e 2 Nr(

s
In the mutation dominating case with Nr < e, from Lemma 5.5 and the definition
of tg,» in (5.9), for sufficiently large N,

(t1 —to,r)

= KQe_chNr<CO’T — Cl)
s

o K22 (2(Cor = C) + 1)
- 2s '
Thus, in both cases, for sufficiently large IV,

5 [X(to’“tl](tl N T(l))} - K?e2+1(2(Cy, — C1) + 1)(1V Nrlng (Nr))
sr - 2s '

Therefore, P(A§;) < e by the Markov’s inequality. O

K2Nu?
E X?(j.o’r’tl](tl /\T(l)):| < 2/’(' r628t1

5.5. The proof of Proposition 2.2. First of all, we define

m A; in the recombination dominating case
Ay = 1<i<11,i#£6
m A; in the mutation dominating case.
1<i<11,5#£7
We will give both upper and lower bounds for the numbers of type 1 and 2
individuals on the event A(;) before we prove Proposition 2.2.

Lemma 5.13. The following statements hold.
(1) On the event Ay, fori=1,2, for sufficiently large N and for t € [0,14],
2N
&mgu+ﬁf§w.

(2) In the recombination dominating case, on the event Ay, fori=1,2 and

for sufficiently large N,
2Np
X;(t) > (1 — 2) 2 est
s

fOT allt € [toﬂa,tl].
(3) In the mutation dominating case, on the event Ay, for i = 1,2 and for
sufficiently large N,

for all t € [to,m,t1].
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Proof: Throughout this proof, we assume that we are on the event A(;y. From
(4.3), we have that for all ¢ € (0,¢1],

Xim () = X011 / MO ()ell Gr v gy 4 ZO0) () J5 Gy (5 40)

From Lemma 5.1, definitions of A; and As in (5.23) and (5.24), and the fact that
1 < Nu, for sufﬁmently large NN,

t
24 N :
le()—/ INpeht iy 4 (| = ZE g s
0 € S
2N /24 N
J.eSt_F 7.72'u.eSt
s € s

2
(1 + 6—) N e’
2 S

IN

IA

for all ¢ € (0,¢;]. Next, from (4.4), we have that for all ¢ € (0, ¢],

t t
Xlr(t) _ Xfo,tl] (t) _ / Rgo tl ( )eft G(O 1] ’U)dvd + Z(O tl ( )ef[) G(O 1] d
0

From (3.16), Lemma 5.1, and definitions of 4; and A4 in (5.23) and (5.25), for
sufficiently large N and t € (0, t1],

24 N .
Haelt /NTXO u) Xy (w)e w4ty 4 o (2)estetnin,
€ S o)

Using the definition of T3 in (5.15), we have that for sufficiently large N,

t
24 N
Xi.(t) < 2N7~/ Hesu. s(t—u)+rt 1., + /3” ln< ) st+rt
0 S € s I

2Npr 24 N ,
=" (’ure‘“t b= 2y (S)eét)

s e s 1
2N 6 1
SHBSt'€Tt1<7’t1+\/"rhl(S))
S e Nu s L
<£22NM st
-2 s

for all t € (0,¢1]. Therefore, for sufficiently large N, for all ¢ € [0,¢;], we have

QN/L st
—e"

X1(t) = X (t) + X1,(t) < (14 6%) y

Note that by a similar argument, we can also prove the upper bound for Xs(¢).
For the lower bound for X 1(t) in the recombination dominating case, it is enough
to find a lower bound of X m0 tl]( ), since X4 (t) > (mO,tl}(t) for all t > 0. We

first need to consider the term f G1(v)dv. By using (3.18), part 1 of this lemma,
and the definition of T3 in (5.15), When N is sufficiently large, if 0 < u < t < ¢y,
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then
/ G1(v)dv > / (s — sX1(v) — sX5(v) — 25X3(v) — 1 — p)dv

¢
Z/ <55~(1+52)M65“ —s~(1+52)ﬁesu — 95 Hesu Tu)dv
u s s s

(4 + 252)Iu’est1
s

Now, using the fact that § < 1, the definition of ¢; in (5.12), along with (5.29), we

have that when N is sufficiently large, when 0 < u <t < ¢y,

> s(t—u) — — (r+ p)t;.

¢
/ G1(v)dv > s(t —u) — 6—”6“1 —(r+4 )ty > st —u) — 7e” . (5.41)
w s

Also, using statement (1) of this lemma, the definition of 75 in (5.15), and the fact
that § < 1, for sufficiently large N, and u € [0, 1],
Xo(u) =2N — Xl(u) — XQ(’LL) — Xg(u)
2N N
> ON — 2(1 4 §2) =L esu — ZH psu
s s
INp
>oN - T s, (5.42)
s

Thus, from (5.40), (5.41), and (5.42), along with the definition of A4 in (5.25), for
sufficiently large N, when t € [to ,, t1],

t
N - 24 N
X0 () > / N(QN—Mesu)es(t‘“)‘7e g 22 VB
0 S € s

2Np _7efc1< —et 9 ) 6 1
= — . 1— — — — -
sz ¢ [e c 2Mt e 2Np
QNNJ st —-C —stg 9 6 1

In the recombination dominating case, Nu? < s and r < s. By using the definition
of tg,r in (5.9), we have that

2

1 S
Sto;,« = 5 ln (m) — CO,T‘ > 1

Thus, from (5.43), (5.29), and the way we choose C; as in (5.4), for sufficiently

large N, and all ¢ € [to ,, 1],

1

2N 2N
Xi(t) > (1 8e=Cr) =l est 5 (1 _ §2) 2 H st
S

s
The proof for the mutation dominating case is almost the same by replacing ¢y,
by to.m and using the fact that stg, = In (N; ) — Com > 1. 0

Now, we give a proof of Proposition 2. The main strategy is using (4.3) and
(4.4) to show that the dominant terms have higher orders than (or equal to) the
fluctuation terms on event A ).
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Proof: By Lemmas 5.6, 5.7, 5.11, and 5.12, for sufficiently large N, we have that
P(Aq)) > 1 —17e. From now on, we will assume that we are in the event A).
Statement (1) follows from Lemma 5.13 by inserting t = ¢;.

Now consider X3(t1) = Xam(t1) + X3,(t2). From the definitions of Ag, Ag, A1
and Ajq, in (5.31), (5.32), (5.33) and (5.34), it follows that

)

2K —2C1+Co,m N2 2
Xy (t1) = X" (1) + XG0 (1) < ( : ) -

€ S

and

Xar(t1) = X507 (1) + X5 (1)
< <K2e_2cl(2(007r -C)+ 1)) (1V Nrlng (Nr))

€ S
In the recombination dominating case, N?u? < NrIn(Nr). Thus, there is positive
constant K, for sufficiently large N,

1r>

KT Nrin(N
Xs(t) < K, Nrln(N7)
S

In the mutation dominating case, NrIny(Nr) < CN?u?. Thus, there is positive
constant K;= | for sufficiently large N,

1m>

K5 N2

Xs3(t1) <
3(t1) < 5

Now, we prove the lower bound of X3(¢1). First, consider the recombination
dominating case. In this case, the significant contribution to X3(¢1) comes from
the number of type 3r individuals descend from ancestors that originate after time

to,r. Thus, it is enough to consider XPE:?L”"“] (t1).
t

We need to consider the term [ * Ggro”“tl] (v)dv. Similar to the way we get (5.41),
by using (3.22) instead of (3.20), if ¢9, < u < 1, then

t1
/ Gé?'“tl](v)dv
u " ) ) )
> / (2s — sX;1(v) — sX2(v) — 25X3(v) — 7)dv

s 2s

t1
> / (25 —-s-(1 +52)ﬁes“ —-s-(1 +(52)Hesu — 95 Hesu —r)dv
s
u

> 2s(t; —u) — 5¢~C1 — ;.

Since rt1 < 1 by (5.29), when N is sufficiently large, for ¢, < u < ¢y,

ty
/ Gg?"’tl](v)dv > 2s(t; — u) — 6e 1. (5.44)
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By (3.14) and Lemma 5.13, for sufficiently large N, when ¢ € [to.,, t1],
RE (1) > Xo(t) - r X (8) Xa (1)
= (QN — Xl(t) — XQ(t) — Xg(t)) . TXl(t)XQ(t)
Nuy Nu wlr
> _ 2N st 2T st S22 T 2st
_(N 2(1—1—6)86 86)((1 5)826)

—G 2N p?
_ (1 _ 962 )(1 . 62)2 ] I re2st.

52
Using (4.4), Lemma 5.1, and the definitions of A7 in (5.27), for sufficiently large N,

Xty

t —Cc 2
o
to » 2 s

\/SKQE_QCW In(NT) Juk (2s+r)dv
€ 52 c

_ ge—C1 2N p?r .

. e(2str)(ti—to,r)

B \/8K26_QCW In(Nr)
€ 52

_ w . [6—6601 (1 e ) (-0 1+ W)

\/gKe—ch-i-Co,r-‘rT‘tl
- eln(Nr) ]

Since rt; < 1 and 1 < Nr, for sufficiently large IV, there is a positive constant K7,
such that

Xs(t) > K|, Nr ln(Nr).
s

Then, we choose the positive constant

_ e (1= Bem ) (1 — §2)2e 2
Klr = 3 .

Lastly, consider the mutation dominating case. Here, we will find a lower bound

.
of X;:ﬁb’””tl](tl) instead of Xéff"“tl](tl). By the argument used to obtain (5.44), for

sufficiently large N, if tg,, < u < t1, then fil G3(v)dv > 25(t; —u) — 6~ 1. From
(4.3), Lemma 5.1, Lemma 5.13, and the definition of Ag in (5.26), for sufficiently
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large NV,

tT ot
Ko™ (1)

t1 . + ftl G3(v)dv
= / (X1 (u) + Xo(u))elu' G3dv gy, 4 Zgg"’”’tl](tl)e Gom
¢

n
0,m
t 2 Com 1 2sd
> / ! 2(1 . 52) i 2Np eSt . e2s(t1—u)—ﬁe’cl du — 12Ke™ . iz . efta—,m o
o s V € s
C+
— 4(1 _ 62)6766701 ) fo@?sh (efst'(;m _ €7St1) _ m . % . 62S(t1*t;7n)
S € S

= NQMQ (4(1 - 62)6766701 72C170"{"" (1 - 601+C0+7m . L)

N
C+
_ [ 12EeT c)
€
—_ct
N?p? . e—201-Cg ((1 _ 52)6—65*01 _ ] 12Ke o )
S €

Note that we defined Co+, m 1 (5.6) precisely to make

oy 12Ke=Cim
(1—6%)e 5 -/ /=" >0,
€

This completes the proof. O

Y

6. Phase 2 and the proof of Proposition 2.3

Firstly, we show that with high probability, the numbers of type 1 individuals
and type 2 individual grow approximately logistically in subsection 6.1. The proof
will use a theorem in Darling and Norris (2008). Then, in subsection 6.2, we prove
the results on type 3 by splitting type 3 individuals into two groups: one for those
that descend from type 3 individuals at time ¢; and another for individuals that
descend from a type 3 ancestor that appears in the time interval (1, t3]. The reason
that we split type 3 into two groups is that the majority of type 3 individuals at
time to should have descended from those at time ¢, and the type 3 ancestors that
appear in the time interval (¢1,ts] do not make significant contribution to type 3
population at time t5. The results are again proved by expectation and variance
technique used in the proof of phase 1. Lastly, by combining the results from these
two subsections, we can prove Proposition 2.3.

6.1. Comparing the Markov chain with logistic functions. We will compare our pop-
ulation process with the solution to a differential equation. The components of this
solution will be logistic functions. Theorem 6.1 below is a special case of Theo-
rem 4.1 in Darling and Norris (2008). The following is the setup for Theorem 6.1.
Let (X(t),t > 0) be a continuous-time Markov chain with finite state space S C R?.
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Let q(&,£’) be the jump rate from the state £ to the state &’. For each state £ € S,
define the function a: S — R by

= >l —&Pa6. ), (6.1)
&'#E
where | - | is the Euclidean norm. We also define the function 8 : S — R? by
&) =D (€ = 9al&€) (6.2)
§'#E

for every £ € S. It follows that

X(t) =X(0) + M(t) + /t B(X(s))ds, fort>0,

for some martingale (M (t),t > 0).
Let b : [0,1]> — R? be a Lipschitz function with Lipschitz constant K. Let
x : [0,00) — R3 be the function that satisfies

x(t) = z(0) +/0 b(x(s))ds, fort>0.

The goal is to compare X(t) with x(t).
Fix T >0, ¢g > 0, L > 0, and let A = ege~%7 /3. Define the events

Qo = {[X(0) —z(0)] < A},

o ={ | " 1BX() — (X ()t < A},

0y = { /OT a(X(t)dt < LT}.

Theorem 6.1. Under all the assumptions above,

4LT . . .
P< sup |X(t) —x(t)| > eo) < A + P (5 U Qf UQ3).
0<t<T

Now, we will apply this to our process ((Xo(t), X1(t), X2(t), X5(¢)),t > 0). First,
for t > 0, we define

X(t) = (X (1), X2(t), X3(t)), (6.3)

and S = {(&1,&2,&3) € {0, ﬁ, ey 2N L1} i & + & + & < 1}. We are thinking of

&1,& and &3 as the fractions of type 1, 2 and 3 individuals in the population. For

better understanding in the following formulas, we will define §g =1 —&; — & — &3,

which represents the fraction of type 0 individuals in the population. Now, for each

g = (517527£3) € Sv we define

Jo(§) = (1 —=7)& + (& + &1) (o + &2),
fi(§) = X =& + (& + &) (& + &),
f2(§) = (1 =r)& + (6o + &) (& + &),

f3(§) = (1 =1)& + (&1 + &) (€2 + &3)-

Note that for each ¢ = 0,1,2,3, the quantity f;(£) represents the probability that
a new individual born is of type i. Next, for £ = (§1,&2,&3) and &' = (£1,&5,&4) in
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S, the transition rate ¢(¢&,¢’) is given by

2N&o f1(§) +2N&ou, (&1,85,85) = (&1 4 35,2, &3)

2N&o f2(§) +2N&opu, (€1, 85,65) = (&1, &2+ 57, 63)

2N f3(8), (€1,85,85) = (81,62, & + 5)

2N(1 = s)&1fo(8), (£1,65,85) = (&1 — 57> 62,63)

2N(175)£1f2( )a (giagé,gé):(gl 2N7£2+2N’£3)

2N(1_8)£1fd(£)+2N£1N’7 if (fia&év&é):(fl 2N’£2’£3+2N)
q(&,€') = 2N (1 — 5)&2fo (€), if (£1,85,63) = (&1,& — 55,&3)

2N (1 - s)&211(8), (€1,65,85) = (&1 + 532 &2 — 33, €3)

2N (1 —5)2 f3(€) +2N&p, (€165, &3) = (61,62 — QN,€3 + 75)

2N (1 —2s)&3fo(£), (€1,65,85) = (&1,62,& — %)

2N(1 = 2s)& f1(8), (€1,65.&3) = (& + 2N,§27§3 )

2N (1 = 25)&3 f2(§), if (£1,8,85) = (&4,6+ 7578 — 35)

0, otherwise.

(6.4)
The reasons behind the formulas for these rates are similar to the ones we used
to obtain the birth and death rates in section 3. For instance, the first rate is the
rate that the number of type 0 individuals decreases by 1, and the number of type
1 individuals increases by 1. There are two ways for this to occur. First, a type
0 individual mutates to type 1, and the mutation occurs at a total rate of 2N&ypu.
Second, a type 0 individual dies and is replaced by a type 1 individual. The total
rate that a type 0 individual dies is 2N¢&j, and the probability that the replacement
is of type 1 is f1(€).

We define the functions o and 8 as in (6.1) and (6.2). For £, &' € S such that
q(€,&") # 0, we have | — ¢&'|* < 1/(2N?) since it is equal to 1/(4N?) or 1/(2N?).
Because u < s < 1, for sufficiently large N, we have ¢(£,£') < 4N for all £,£' € S.
By the definition of a in (6.1), for sufficiently large N,

(o7 < i (;.z[)
FOI“ eaCh € (S S, we deﬁne

Ys(€) = (Co&s — £1&2) (1 — s€1 — s&o — 25E3).

A tedious calculation gives

(1-& =& —26)6 1 S —&
BE)=s|(1-&—&—25) | +rms@) | 1 | +uléo—§&]- (6.6)
(2—8& —& —283)83 -1 &+ &

Note that for i = 1,2,3, the i*" row of 2N3(¢) is exactly the rate at which the
number of type ¢ individuals increases by 1 subtracted by the rate at which the
number of type ¢ individuals decreases by 1.

Here, we define the functions b : [0,1> — R3 and b : [0,1]> — R3 by

b(z1, 2, x3)

=5((1— 1 — w2 — 2x3)z1, (1 — 21 — T2 — 233)32, (2 — 71 — T2 — 223)73),
(6.7)
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and

E(Il,xz,l‘g) = b(x1,x2,23)/s. (6.8)
Since all first partial derivatives of b are bounded, the function b is Lipschitz. Hence,
b is also Lipschitz with Lipschitz constant ks, where k > 0 and k£ does not depend
on N.

Next, we define a random variable B such that on the event that Xj(t;) +

Xy (t1) > 0, we have

B=(Xi(t)+ Xa(ty) — L (6.9)
The value of B on the event that X;(t;) + Xa(t;) = 0 is not of interest, as we
will work only on the event A(;) when N is sufficiently large. Note that from
Proposition 2.2, X, (t1) + Xg(tl) > 0 on the event A(). Next, for ¢ > t;, we define

) = ——

1+ Be—s(t=t1)’ (6.10)

and we let

x(t) = (21(t), 72(t), 75(t))

)@
_ <(X1(tf§4(rfz'()>f(t) (M)f(t), o). (6.11)
) =

One could check that z/(¢) = b(x(t)) when t > ¢;.
At last, we pick the constant

e 1
and define ) c
_ (s ~2
t2 = —In (u) += (6.13)

Note that C5 > 0, which can be checked by considering the way we pick § and C
n (5.2) and (5.4).

Now, we will use Theorem 6.1 to show that with probability almost 1, both X7 ()
and X5 (t) are close to 2Nz (t) and 2Nxo(t) for ¢ € [t1,t2]. We define the event

Ar —{ sup | Xi(t) — 2Na; ()] < (5—24)N for i = 1,2}. (6.14)

tefty,ta]

Lemma 6.2. For sufficiently large N, we have P(Af,| Fi,) < € on the event A).

Proof: Let A = §*~F(C2+C1) /12, Tt is enough to prove that for sufficiently large
N, on the event Ay,

54
P(tes[gl’)tz] | X (t) — x(t)| > vy .7-",51) <e
By (6.6) and (6.7), we have
BX(t)) — b(X(t))
1 1—2X,(t) — Xa(t) — X5(t)

:T’YS((Xl(t)yXQ(t)aXB(t))) 1 +/u' 1_X1( )_2X2( )_
-1 X (t) + Xa(t)
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Because Xi(t) €[0,1] for all i = 1,2,3, and ¢ > 0, we have
1B(X(t)) = b(X(t))| < Dr+D'p
for some positive constants D and D’. Thus,

/t2 |B(X(t) — b(X(t))|dt < (Dr+ D'u)(ty —t1) = (Cy + 01)(D(§) + D(g))

ty
(6.15)
We note that for sufficiently large N |

K

(Ca +Cl)<D(g> +D’(%)) <A (6.17)

Also, in the recombination dominating case, for sufficiently large IV,

and

K{rin(Nr)

<A, (6.18)
S

and in the mutation dominating case, for sufficiently large IV,
KinNu? _
S

A, (6.19)

where K" and K are positive constants from Proposition 2.

From now on in this proof, we assume that N is large enough so that (6.16),
(6.17) and (6.18) hold in the recombination dominating case and (6.16), (6.17) and
(6.19) hold in the mutation dominating case.

Now, let us consider the process (X(t),¢ > 0). By Markov property of the
process, if we condition on F%,, the process after time ¢; behaves as if we start
the whole process again with X(¢1) as the initial condition. Now, let us fix the
value of X(t1) = (£1,£2,&3) and consider the process starting at time ¢; with this
initial condition. Note that by starting the process from this fixed start point, the
function f and z defined in (6.10) and (6.11) are no longer random, which allows
us to use Theorem 6.1.

We define T' = t, — t1, and note that A = §e=F(C2+C1) /12 = (§4/4) . e~ *9)T /3,
which is in the form required to use Theorem 6.1. We let L = 24/N and define the
events

Qo = {IX(t1) —z(t)] < A},

o, = { [ 180x0) — opxconlar < A}

t1

Q, = {/t a(X(t))dt < LT}.

t1

First, we consider Q. Note that on the event A1), we have X1 (t1) = 21(t1) and
X, (t1) = xa(t1). Also, by Proposition 2, (6.18), and (6.19), we have X3(t;) < A.
Hence, in both the recombination dominating case and the mutation dominating
case, |X(t1) — z(t1)] = X3(t1)A.
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Next, because of (6.15) and (6.17), we have that Qf = (). Lastly, by (6.5), it
follows that

b2 24
/ a(X(1))dt < (7) (ts — 1) = LT.
t1 N
So, 5 = 0.

Therefore, by Theorem 6.1 and (6.16), we have that

P( sup |X(t) —z(t)| > >

X(t) = <51,§2,53>)

te(ty,t2] 2
< 4LT 40

S A2

~(192(Co + Cy) 1
(P ()
<e.

Note that the upper bound does not depend on the value of (£1,&2,&3). Thus, on
the event A(y),

4
P( sup |X(t) —z(t)] > %

te(t1,ta]

Ftl) S €.

We completes the proof. ([

6.2. Results on type 3 individuals. We will now show that for sufficiently large
N, with probability close to 1, X3(t2) has the same order as X3(t;). The proof
contains two parts. In the first part, we will show that X gl] (t2), which was defined
to be the number of type 3 individuals at time ¢ that descend from the type 3
individuals at time ¢1, has order (Nrln(Nr))/s in the recombination dominating

case, and (N2u?)/s in the mutation dominating case. In the second part, we show
that X(tl’t2](t2) and X:gil’b] (t2) have smaller orders.

3m
Here, we choose the following constants:

Kom = 2e3(CHC0 6.20
Ko = 262 OOV 6.21

K{ =220 (0, + Oy),
Ké = 263(C2+Cl)(02 + Cl)

We also define the following events.

K, N
A13 — {X§27t2](t2) < il NJ}’ (6.24)
€1 S
K} Nr
A14 — {Xéith](tz) < ?2 . S}. (625)
1

In the recombination dominating case, we define

A15 _ {’Z:[fl](t2) *X3(t1)‘ < \/KOT . ]\W}’ (626)

€ S
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while in the mutation dominating case, we define

(6.27)

Kom N
A15 = {‘Zgl](tg) —Xg(tl)’ < 2 . SM}

We will first show that the event A15 occurs with high probability. The proof is
shown in Lemma 6.4, which will need the following lemma in the argument.

Lemma 6.3. For sufficiently large N, if t > t1, then
B[ | £] £ X (00),

Proof: From (4.5), Proposition 4.3, and the fact that G(t) < 2s for all t > 0, we
have that for ¢t > tq,

X(tr) = 25" ()
= Bl x| 7]
> 2 p x| ),
which proves this lemma. ([
Lemma 6.4. For sufficiently large N, on the event Ay, we have P(Af5| F3,) < e.

Proof: First, consider the recombination dominating case. From (3.24) and (3.25),

for all t > 0, we have that Bgl](t) <1 and D:[fl](t) < 1. Also, from (3.19) and the
fact that s < 1, for sufficiently large IV, if t > 0, then

Gs(t) > —r. (6.28)
By Proposition 4.3 and Lemma 6.3, for sufficiently large IV,

ta
Var(Zgl](tg) ‘ ]:t1> < E[/t e2r(u—ty) ~2X3[t1](u)du

)

t
< Qezr(tr“)/ : 2=t X5 (41 du

ty

:627.(t2_t1)<e 1>X3(t1)

By Proposition 2.2 and the definitions of ¢; and ¢ in (5.12) and (6.13), for suffi-
ciently large N, on the event A(j),

2s(ta—t1) _

S

- (e CFCOK NyIn(N
Var(Z;E,tl](tz) ‘]:tl) < HC2HC)% <e leT rin( r)) (6.29)
262(C2+CI)K1+TN7“1H(NT)
< 22
K{ Nrin(Nr
= 05—2) (6.30)

The result follows from Chebyshev’s inequality.
For the mutation dominating case, the proof is almost precisely the same. The
only difference is the inequality (6.29) which Proposition 2.2 gives that

. 2(02+01)K+ N2,2 KT N2,2
Var(ZzL’tl](tg) ‘]:h) < 2(C24C1) 5 (6 3 1tV H ) < Z0m H )

52
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This completes the proof. (I

Next, we prove that the events A3 and A14 occur with probabilities close to 1.
Lemma 6.5. For sufficiently large N, P(AS5| Ft,) < € and P(AS,| Fr,) < e.

Proof: First of all, there is a mean-zero martingale (W,,(t),t > 1) such that for
all ¢ Z tl,

t
X (6) = Win () + / (25" () + G () X3 () )

ty

Also, G3(u) < 2s for all u > ¢1. Thus, from Lemma 5.1, for sufficiently large N, if
te [tl,tgL then

B[X{Hw | 7] =B { / (M) )+ G ) XL )

t1

7]

t
< 2Nu(te —t1) + / 2sE [Xéf;’h](u) ’ ftl]du.

t1
Hence, from Gronwall’s inequality,
K{Nu

E{X(tl’tz](b) ‘ ]:tl] < 2Np(ty —ty)e? (271 =
S

3m

From Markov’s inequality, P(A§s| F%,) < e.
Similarly, there is a mean-zero martingale (W,.(t),¢ > t1) such that

t
X =wie + [ (R + 65w X w))du

t1

for all t > ¢;. From (3.14), Lemma 5.1 and r < s, for sufficiently large N and for
t € [t1,ta],

t
E[x§rw) | 7 E[ /t (RS ) + GE X ) ) du
1

)

<B| / t (28781 () Ko ) + (25 + 1) X () () ) du ‘ |

t1

t
< 2Nr(tg — t1) +/ 3sE [Xéff’m(u) ‘ ]:tl}du.

ty
Thus, from Gronwall’s inequality, we have
_ K;Nr

BIX§ ) | By | < No(ts — ettt = 22

So, P(AS,| Fi,) < € by Markov’s inequality. O

6.3. The proof of Proposition 2.5.

Proof: First, we define

15
A(g) = A(l) N < n Al>

=12
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From Proposition 6.2, Lemma 6.4, and Lemma 6.5, for sufficiently large IV, on event
A

15
P( M A
i=12
Thus, from Proposition 2.2, we have

]:t1> Z 1 —4e.

P(A@) = P(A(l) N ( ﬁ Ai)> > (1 - 4e) - P(Af)) > 1 - 2le.

i=12
From now on, we will work on event A(;). One can check that on event Ay, for
sufficiently large N, and for ¢ = 1, 2,

_ 52 X 2
1= K(h) 149
2 Xi(t1) + Xa(t) 2

By the definition of the event Ajs in (6.14), the definition of the function z in
(6.11), and (6.31), for sufficiently large N, on the event A ),

(6.31)

X1 (t2)2N < 21 (t2) + (52—4>N
¥ 4
_ (X’l(tfj f)%z(tl))f(tg) 2N + (%)N

IN

(1+52)(1—52)-2N+ (%)N

[\

and

e = (5 (1) 26 ()

> (1 —36%)N.

Both the upper and lower bounds for X5(ts) follow from the same argument.
Now, we proceed to prove statement (2). Assume that we are in the recombina-
tion dominating case. Recall the definition of Z:[fl](t) in (4.5) By the definition of

Ays in (6.26), the inequality (6.28) and Proposition 2.2, on the event Ay,

K Nrin(N
xM(gy) > (X3(t1) _\/ or .7’112(7">>er<t2n>

€ S
K, Nrin(Nr) \/Ko Nrin(NT)\ _(oyen)z
- s € 52
_ Nrin(NT) e (@O (= Kor 1
s " e Nrln(Nr)

Because 1 <« Nr and r < s, there must be a positive constant K, such that for
sufficiently large N,

N K5 Nrin(Nr)

iy s .

Hence, the result follows because X3(t2) > Xgl](tg)

X (t)
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By the definitions of A3, A14, and Ajs in (6.24), (6.25), and (6.26), and by
Proposition 2.2, we have that for sufficiently large IV, on the event Ay,

X3(t2)
= XV (k) + X (1) + X5 (1)

(KNI(N)WKW)()&NN&N

s € 5 € s
Ve (s Ko 1\ ey KL n
s tr e Nrlin(Nr) e rin(Nr)
K 1
e In(Nr)
Then, we define the constant
Ky = 2K (G240, (6.32)

Because 1 < Ny and p < r, for sufficiently large IV,

K Nrin(Nr
Xg(tg) S 2r ( ) .
S
Lastly, consider the mutation dominating case, where we will prove statement 3.

First, by using (6.27) instead of (6.26), for sufficiently large IV, on the event A(y),

S € S

2,2
- Np” Lo (GO 5 = Kom L )
S tm e Npu

Since 1 < Ny, there must be a positive constant K, such that for sufficiently
large NV, on the event A,

X?[)tl] (t2)

v

(Kl_mNQ/,LQ Kom . W)e_(cz+cl).:

Ko V212

X5 (t0) = =2

Similar to the proof of part 2, for sufficiently large N, on the event Ay,

KfrmN2M2+\/m.]VM e2s(t27t1)+ﬁ.&+£§.ﬁ
s € S € S € S

N?u? [ Ky 1 K 1 K, r
. Kt mo_~ ) p2(Ce+Cy) o 21 - T2 .
s ( tm € Nu)e * € N,u+ e Np?

Here, we pick the constant

IN

X3 (t2)

K =2K; ¢*C2FC), (6.33)

The upper bound for X3(t3) follows from the facts that 1 < Ny and r < Ny?. O
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7. Phase 3 and the proof of Proposition 2.4

In this phase, the number of type 3 individuals experiences an exponential growth
of rate about s. Note that the growth rate is approximately s because the majority
of the population already has one beneficial allele. We will employ the technique of
using expectation and variance bounds to prove results on type 3. However, unlike
the previous two phases, which we kept tracking type 1 and type 2 individuals, we
will track the number of type 0 individuals instead. Of course, the number of type
0 individuals is going to be small since type 0 is the least fit in the population, but
we want to understand the size of type 0 population.

We begin by defining the constant

K+
—Cy4+3+1n < 2’“) in the recombination dominating case

52
+

Cy = 2
—Cy+3+1n ( 2m> in the mutation dominating case,

(7.1)

52

where the constants K, and K are defined in the equations (6.32) and (6.33).
By tedious calculation, one can check that C5 is positive. Next, we define the time

1 2
—In )= in the recombination dominating case
P wr In(Nr) s 79
3 — 1 82 CS ( . )
—In - — in the mutation dominating case.

s Nu? s

The time ¢3 is the time that the number of type 3 population reaches the order N.
Now, we define the following stopping times:

Ts =inf {t >ty : Xo(t) > 20Ne *(17300=t2)) (7.4)
t

Ts = inf {t >ty 5/ Xg(v)dv > 1}, (7.5)
2]

Tizy =Ty NT5 N Tp. (7.6)

During the time interval [to, 3], most individuals in the population have one ben-
eficial mutation. We define the stopping time T} to stop the population process if
the proportion of individuals with one beneficial mutation decrease below a certain
constant threshold. Similarly, type 0 population is small during this time interval,
and its size should experience exponential decay at a rate almost s. We stop the
process as time T5 if the number of type 0 individuals exceeds the exponential de-
caying threshold. The factor 1 — 3§ in the exponent is for a technical purpose in
the proof. The last stopping time T§ is also for a technical purpose; when we prove
the expectation and variance bounds the term ftt2 Xs3(v)dv will frequently appear
in the exponent.

Certainly, we are aiming to show that t3 < T(3) with probability close to 1,
similar to what was done in phase 1. Hence, in both the mutation dominating case
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and the recombination dominating case, we define the following events:
Arg = {Ty > t3 N1 (3)}, (7.7)
Ay = {XP (A AT ) < 6Ne O30T =t2) - forall ¢ > 15}, (7.8)

tsNT(s)
Ag = {S/ Xg(’U)dU < 1} = {T@ > t3 /\T(g)}. (79)
ty

Lastly, we define events that are related to the expectation and the variance
bounds, similar to what we did in phase 1. However, the sizes of the type 0 and
type 3 populations depend on the sizes at time to, which depend on the cases. Thus,
the events are defined differently between the recombination dominating case and
the mutation dominating case. In the recombination dominating case, we define
the following events:

23— (C3+C2) N ' 675(1735)(”\],(3)7&)

A9 = {Xé?’tg} (t A T(3)) <

€ “In(Nr)
for all ¢ € [to, tg]} (7.10)
262 Ny
Agy = x§2 84y AT : 7.11
20 { 3 (b3 A Tig)) < eKy ) rIn(Nr) (7.11)
262 N
Agy =X g AT ) < (o ) —— 12
>t { 3 (A Tg) < eKy ) In(Nr) (7.12)
2¢4KS.  Nrin(N
Agy = { sup |2Vt A Tg)) —Xg(tQ)‘ < \/ € Ry AT “2( T)} (7.13)
te(ta,ts] € S
In contrast, in the mutation dominating case, we define
3—(Cs+Csq
A19 — {X(()i2,t3] (t A T(3)) S 2e (63 ) ) % . 6—3(1—36)(t/\T(3)_t2)’
for all t € [tg,tg]}
52 1
Agg = d X2l ATy < [ ) 2 Y, 7.14
20 { sm  (t3 A 1(3)) K ) n (7.14)
Aoy = {X;gt?’tg] (ts NT(3)) < ( > ) : r}a (7.15)
T — €K2+m Iu2

I 2e4KS . N
Az { sup ‘Z;L,tz](t NTsy) — X3(t2)’ < \/72771 /‘}.
t€lta,ts] - )

7.1. Results on type 0 individuals. In this subsection, we split type 0 individuals
into two groups: one for those that descend from type 0 individuals at time t5 and
the other for those that descend from ancestors that appear in the time interval
(ta,t3]. We will show that with probability almost 1, the events A;7 and A9 occur,
in which the numbers of individuals in these two groups decay at least exponentially
fast. The proofs can be done by using the Doob’s maximal inequality and the fact

that (Wéﬁz’tB](t),t > ty) is a submartingale.
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First, we give bounds on the growth rates of type 0 and type 3 populations. The
essence of the following lemma is that the growth rate of type 0 is about —s, and
the growth rate of type 3 is about s. Also, note that the growth rate of type 0 is
negative.

Lemma 7.1. The following statements hold.
(1) ]ft € [tQ,T4), then Go(t) < —S(l — 35)
(2) Ift € [ta, Ty), then —s(1 + Xs(t)) —r — 2u < G{2" (1) < —s(1 — 38) + 1.
(3) Ift € [t2,T5), then s(1 — X3(t)) — r < G3(t) < s(1 + ses(1730)(tt2)),
(4) Ift € [ta,T5), then s(1—X(t))—r < GY2")(t) < s(145e—=(1=30)(t=t)) 1

Proof: By the definition of Ty in (7.3), if t € [to, Ty), then X, (t) + Xo(t) > 1 — 34.
Then, from (3.26), we have that Go(t) < —s(X1(t) + X2(t)) < —s(1 — 38). From
(3.27), if t € [ta,Ty), then Géﬁ?’m(t) < —s(1 —36) +r. Also, from the fact that

X () + Xo(u) + Xs(u) < 1, we get G2 (1) > —s(1+ X3(t)) — r — 25
Now, from the definition of T5 in (7.4), if ¢ € [t2,T5), then the equation (3.19)
implies statement (3). Statement (4) follows directly from statement (3) and (3.22).
]

We will now proceed to prove the result on the number of type 0 individuals.
Lemma 7.2. For sufficiently large N, on the event Ay, we have P(Af;|F;,) < 60.
Proof: First, from part 2 of Proposition 2.3, on the event Ay, we have that
Xo(ta) < 2N — Xq(ta) — Xa(ta) < 65°N. From Proposition 4.3, the process

(Z([)tQ](t A T(3)),t > t3) is a nonnegative martingale. Hence, by Lemma 7.1 and
Doob’s maximal inequality, for sufficiently large IV, on the event A s,

P(AY|F,) < P(sup Z¥(t A Tg)) > 6N ‘ ]:tz)

t>ts

E {Z([f"’] (t2) ’J—‘m}

< T SN2
_ Xo(ta)

ON
< 66,

which proves this lemma. ([l

Lemma 7.3. For sufficiently large N, we have P(A$q|Ft,) < €.

Proof: We first prove this result in the recombination dominating case. By Propo-
sition 4.4, the process (Wéﬁz’tB](t/\T(g,)),t > ty) is a submartingale. Also, note that
from the definitions of t5 and ¢3 in (6.13) and (7.2), we have that

1 s C3+ Co
—to=-1 - . 1
fs — 12 s <r1n(N7")> s (7.16)

From Proposition 4.4, Lemma 7.1 part 2, and (3.15), we have

taAT(3) u ~
BIW )ty A Ti)| 7| < E{ / aNrels S(1+X3(”))+T+2“d”du’]-}2]

ta
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By the definition of Ty in (7.5),

t3
BWE )ty 7 Tig))| 7, | < 260420002 Ny / =t gy
to
N
< 9l (r2p)(ta—t2) | —(Ca+C2) , 7 717
= e © In(Nr) (7.17)
Because 1 < Nr and r < s, for sufficiently large IV,
r s r s
-In|{——— )< -In(- 1.
P (rln(Nr)) =50 <7‘) <
It follows that
T‘(t3 — tg) < 1. (718)
Also, since p < r, we have
ults —ta) < 1. (7.19)
Hence, from (7.17), for sufficiently large N, we have
N
E[W(tz’t3] ts AT ‘ } e A R p——
or ( 3 (3)) ]:tz > Ze IH(NT)

Thus, from (7.18), Lemma 7.1 part 2 and Doob’s maximal inequality, for sufficiently
large N,

P(Afq|Ft,)
2¢2~(C3+C2) N

<P( sup X(f?’tS] EATq)e® (130 (AT (3 —t2) —r(ta—tz) > )
(te[tz,tg] 0 ( ®) € In(Nr)

)

62_(C3+C2) N
< P| sup wltztslp AT, > . ‘ )
(te[tg,t3] o (d)) € In(Nr) t2

<e.

Now, for the mutation dominating case, we observe that from the definitions of
to and t3 in (6.13) and (7.2), we have
1 S C3 - C2
t3 —ty = —1 . 7.20
s-ta =1 (0 ) + 95 (7.20)

One can check that (7.18) and (7.19) also hold in this case. By following the same
argument as in the recombination dominating case, we obtain that for sufficiently
large N,

r
?a
which implies that P(A$y|F,) < e O

BWg "t T(3))‘]:t2] < 2e27 (ot ).

7.2. Results on type 3 individuals. In this subsection, we show results on type 3
using the expectation and variance technique that we employ in the proof of phase
1. Since the number of type 3 individuals at time to are of different orders in the
mutation dominating case and the recombination dominating case, the proofs will
be split between these two cases.
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Lemma 7.4. For sufficiently large N, we have that for t € [ta,t3],
SN
BX§E (A T))| F] < SE - o072,

and P(ASo|F,) < e.

Proof: The proof is similar to that of Lemma 5.4. First, by Proposition 4.1, recall
that the process (Zéfi’tg](t AT3)),t > t2) is a mean-zero martingale. From (3.11),

Lemma 7.1 part 3, and the definition of Ty in (7.5), for every ¢ € [ta, t3],

t/\T(g) w t
El:/ Métz’t3](u)€_ ft,z G3(U)dvdu“7t2:| < el+r(t37t2) 2Ny - / efs(uftz)du

to 2}
Nu
P

G (7.21)

From (7.18), for sufficiently large N and for all ¢ € [tq, t3],

t/\T(_g) “ 2 2N
E[ / Mt (y)e™ Sz G3<”)d”du’ft2} <=1

to s
Also, by Lemma 7.1 part 3, for all t > to,

AN

E[67 f’;

> o Jp s(aem 0T D)an [X§2 )¢ A Tig) | 72

T(3) G3(v)de§t2,t3] (t A T(g)) ‘]__tz}

> o s(t—ta)— —

35 . | [Xéii’tg'r] (t A T(3)) ‘ft2:| .

Using § < %, we get the expectation bound. By using Markov’s inequality, we have
that P(ASy|F:,) <e. O
Lemma 7.5. For sufficiently large N, we have that for t € [ta,ts],

e3Nr

. es(tftg),

) Xs(,?’tB](t A T(B))’]:tz} <
and P(AS,|F:,) <e.

Proof: The proof is almost exactly the same as that of Lemma 7.4. Note that in
this proof, we have to consider the term RétQ’tS](u) instead of Métz’ts‘] (u). From

(3.17), we have that Rétz’t?’] (u) < 2Nr for all u > ty. The rest of the prove is
following the argument in Lemma 7.4. O

Next, we will show that the events Ay, A1s, and Aso occur with high probability.
To prove this, we will need an upper bound for the term E [ngb] (t/\T(g))|]:t2] , which
is proved in the following lemma.

Lemma 7.6. For sufficiently large N, if t > to, then the following statements hold
on the event A.
(1) In the recombination dominating case,
eK;T,Nr In(Nr) s(t—ts)
—r = ‘.¢ .
s

EB[x{(t 0 )| Fa] <
(2) In the mutation dominating case,

K+ N2,2
E[Xg[,m](t/\T(S))‘ftz} < e B 2 B esttta),
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Proof: From Proposition 4.3, we know that (Zzth] (t AT(3)),t > t2) is a martingale.
So, from (4.5), Lemma 7.1 part 3, and the fact that § < i, for all t > to,

f/\T(3)

B[2 0 £ )| 7] E{Xp??](t ATgy)e O s (1877000 D)an

)

> e X1 (1A T )| R

Therefore, for all t > to,
E[thz] (t A T(3))‘]:t2} < €S(t_t2)+1E|:Z:[3t2](t A T(B))’Ft2:| — €S(t_t2)+1X3(t2).

Thus, the result follows from the upper bound for X3(t2) on the event Ay in
Proposition 2.3. O

Lemma 7.7. For sufficiently large N, on the event Ay, we have P(ASg|Fy,) < 9.

Proof: First, by the definition of T5 in (7.4), Xo(t3 A T(3)) < 20N +1 < 36 N when
N is sufficiently large. It follows from this inequality and Markov’s inequality that
for sufficiently large N, on the event Ay,

P(T4 =13 A T(3) ‘]:752)
< P(Xop(ts A T(g)) > 30N | Fi,) + P(X3(ts A T(g)) > 30N | Fi,)
1

< E[Xs(ts NTis)) ‘ ftz] 35N

By Lemma 7.4 and Lemma 7.5, we have
P(T4 =13 A T(3)|]:t2)

< (E [ng] (t3 N T13)) ’ ft2:| + E{Xéii’tg](tﬁa ANT3)) ‘ ftz]

(t2.t3] 1
+E|:X3T2 3(t3/\T(3))‘]:t2:|> 357]\7
2¢3N 23N 1
< E[ng] (ts A Tiz) ’ ]:m} 4 B psttamta) L T psltemta) ) L
30N
(7.22)

At this point, the calculation splits between the two cases. In the recombination
dominating case, by (7.22), (7.16) and Lemma 7.6,

P(T4 =13 A T(3) ‘]:tz)

+
eKJ Nrin(Nr) eslts—t2) | e3Npu eslts—t2) | e3Nr eslta—ta) ) 1
s s s 30N
e 25 2e3-(CstC2) L 1
= + . + )
3 30 rin(Nr)  In(Nr)

The result follows from 1 < Nr and p < rIn(N7) ,
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The proof for the mutation dominating case is almost the same, except at (7.22),
where Lemma 7.6 gives

P(T4 =13 A T(3)|]:t2)
+
- (W gstta—ta) | 2ONB oy | 26°NT es(ts—t2)> .

S S S 36N
e725 237 (CatC2) 1 r
-3t 36 '(M+Nu2)'
Then, the result follows from the facts that 1 < Ny and r < Npu?. O

Lemma 7.8. For sufficiently large N, on the event Ay, we have P(Afg|F,) < 52,

Proof: In the recombination dominating case, from Lemmas 7.4, 7.5 and 7.6, we
have

t3AT()
E[s/ Xs(v)dv

t2

]

t3 B ~
< / s <E |:X:£)t2] (’U A T(3)> ‘ft2:| + F |:X?():T2L’t3] (’U AN T(d)) ‘]:t2:|
to
+E [Xéfnz,m] (v A T(g)) “th] ) dv

ts  oKT
< / (TQ’"rln(Nr) cetvTte) g3y es(vTta) g3 g es(”_t“’))dv. (7.23)
ta

Because p < r and 1 < Nr, along with the definition of C3 in (7.1), for sufficiently
large N, on the event A, we have

t3/\T(3) B ts
E[S/ X3(v)dv th} §/ S K rin(Nr) - e*vt2) dy
to to
+
< CHrI(NT) |ty 1)
S
=62

Thus, by Markov’s inequality, we have P(A$g) < §%. For the mutation dominating
case, the term K, rIn(Nr) in (7.23) is replaced by K Np?. Then, the result
follows by a similar argument. O

Lemma 7.9. For sufficiently large N, on the event Ay, we have P(AS,|F:,) < €.

Proof: We first consider the recombination dominating case. From Proposition 4.3,
part 3 of Lemma 7.1, Lemma 7.6, and (7.18), for sufficiently large N, on the event
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A(2), we have that

Var(Z:gm](tg A T(g)) ‘ ]:t2>

tsAT(3) u ~
. E[/ V2 (s(1—Xs(v))—r)dv L2t (u A Tiay)du

ta

)

t3
< / e 2s(umta)+242r(ts—t2) L9 pp [Xgﬂ(u A T(3))‘]:t2} du

ta

t +
< 262+2r(t37t2) . / ? 672S(u—t2) . GKQTNT ln(Nr) ~es(“7t2)du
ta S

< 2K Nrin(Nr)

2
S
The result follows from Doob’s maximal inequality. By a similar argument, we can
prove the result in the mutation dominating case. O

7.3. The proof of Proposition 2./. In the previous section, we show that each of
the events A5 to A2; conditioned on F;, occurs with probability close to 1 on the
event A). Here, in both the mutation dominating case and the recombination
dominating case, we define

22
A(g) = A(Q) N < ﬂ Az>

i=16
In the next step, before we eventually prove Proposition 2.4, we show that T(3) >
t3 on event A s).

Lemma 7.10. For sufficiently large N, on the event A3y, we have that T(3) > t3.

Proof: In this proof, we are working on the event As). Since A3) C A16M A1g, we
have Ty > t3 A T(g) and Tg > t3 A T(g) It is left to show that T5 > t3 A T(g)

In the recombination dominating case, by the definitions of the events A;;7 and
Ajg in (7.8) and (7.10), if ¢ € [ta, t3], then

Xo(t AT) = XP(EATis) + X852 (8 A T

T

2¢3(Cs+C2) 1
<[4 3 - N —S(l—35)(t/\T(3)—t2).
- ( * € 1n(Nr)> €

Since 1 < Nr, for sufficiently large N, we have that
XO (t A T(d)) < 6Ne—s(1—36)(t/\T<3)—t2)

for all ¢ € (ta,t3]. Therefore, Ts > t3 A T(3y. Similarly, in the mutation dominating
case, for all ¢ € [ta, t3],

263_(CS+CZ) r
€ Nu?

X()(t/\T(g)) S ((5+ ) . N6_8(1_36)(t/\T<3)_t2).

The result follows from r < Npu?2. O

At last, we prove Proposition 2.4.
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Proof: From Lemmas 7.2, 7.3, 7.4, 73 7.8, 7.9, and 7.7, for sufficiently large

N, on the event Ay, we have P(ﬂz 16 Ai | Fry) > 1 —4e — 75 — 62 Thus, by

Proposition 2.3, we have P(A(3)) > 1 — 25e — 78 — §* for sufficiently large N.
Next, assume that we are on the event A(3) and recall that T(3) > t3 when N is

sufficiently large. So, by the definition of T in (7.4),
Xo(ts) < 20Ne—s(1=30)(ta—t2)

Then, by using the definition of ¢3 in (7.2), we prove the first part of the proposition.
For the proof of the second part of this proposition, we define
K; 67(03+Cg)72
ot
2
K3 = (7.24)
K2— 67(C3+Cz)72
m

2

in the recombination dominating case

in the mutation dominating case.

We will first consider the recombination dominating case. From (4.5), the definition
of the event A,y in (7.13), and Proposition 2.3, for sufficiently large N,

2¢4K+  Nrln(N ¢
X:)[fZ](ta)z (X:[fz](tz)—\/ ¢ Cor rnz( r))ef@%(”)d”

€ S

(7.25)

- +
Ky Nrin(Nr) — [2e*K5  Nrin(Nr) I3 Ga ()
s € 2
@ . Nr IH(N’/‘) . eftt; Gg(v)dv-
2 s

Hence, from Lemma 7.1, the definition of T5 in (7.4), inequality (7.18), and the
definition of K3 in (7.24), for sufficiently large N, we have that

>

Xo(ts) > Bze NPIMNT) g5 (s R w)an) —r)a

- 2 s

< K, _ Nrln(Nr)  gs(ta—ta)—2
- 2 s

— Ks3N.

For the upper bound for X3(t3), from ( .5), the definition of the event Ass in
(7.13), Proposition 2.3, the fact that 6 < 7, and the definitions of C3 in (7.1), we
have

K5 Nrin(Nr) N \/264K2+T ~Nr ln(NT)>eS(t3—t2)+1 (7.26)

Xé@](tg) < ( p c 2

2et K
— —252 —(C3+C2)+1 . 2r
<€ om e \/ e Nr ln Nr >

Since 1 < Nr, for sufficiently large N, we have X [tzl(tg) < 3N . It follows from
the definitions of the events Asy and A21 as defined in (7.11) an ( 12) that for
sufficiently large N, we have X(tz’t?’]( t3) < EN X and X(tz’tB]( t3) < &N Therefore,
X3(t3) < 62N for sufficiently large N.
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We will now consider the mutation dominating case. Due to the differences in
the definition of Ay and the lower bound of X:[fﬂ (t3) from Proposition 2.3, instead
of having inequality (7.25), we will have

X3(t3)

Y

I(Q_mZVQI’62 . 264K2tn N/J’ eftt;’ G3(v)dv
s € S
_ Kgm i N2M2 f G3(v)dv
2 s
By following the argument in the previous case, we have that X5(t3) > K3N. For
the upper bound for X3(t2), instead of having inequality (7.26), we will have

X[tz](tg) < K;_mN?LLZ N 864K;_m . @ es(ts—tz)—l—ﬁ
3 >~ S ; .
+
S (6252 + e(C3*Cz)+1 . \/@ 1)_]\77
€ N/J’

and the upper bound of X3(t¢3) follows by a similar argument in the previous case.
O

8. Phase 4 and the proof of Proposition 2.5

In this phase, the number of type 3 individuals experience logistic growth. This
fact can be proved by using Theorem 6.1 as we did in phase 2. Then, we proceed to
prove Proposition 2.5, which implies that at time ¢4, most individuals have become
type 3 while the number of individuals with only one beneficial allele remains a
small fraction of the population.

To begin the proof, first recall the definitions of X(t), ¢, «, 8,b and b asin (6.3),
(6.4), (6.1), (6.6), (6.7) and (6.8), respectively. Next, we define a random variable
B* such that on the event that Xg(tg,) > 0, we have

B*=—— 1. (8.1)

The definition of B* when X3(t3) = 0 is not of interest, as we will work only on
the event A3y, on which from Proposition 2.4, we know that X3(t3) > 0. Next, for

t > t3, we define
1

PO = ey (8:2)
and define

z*(t) = (21(t), 23(t), 23(t)) )
f*(t)(<1X2§~(z . Xa(ts )>eS<”S>,<§§g)eS<HS>,1). (8.3)

One can check that (z*)'(¢) = b(z*(¢)) when ¢t > ¢s.

Lastly, we define
04:—Cg+ln((612—1) (;3-1)) (8.4)
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and
1 82 Cq . . . . .
-n| —— |+ — in the recombination dominating case
s prln(Nr) s

ty =

1 82 Cq . . . .
-In|—= )+ — in the mutation dominating case,
s Np3 s

(8.5)
where K3 is a positive constant that was defined in (7.24). Here, we do not specify
whether ¢4 is positive or negative; this will not affect the proof.

Lemma 8.1. For sufficiently large N, on the event A(s), we have

. K2ZN ,
Pl sup |X;(t) —2Nz;(t)| < 557 fori=1,2,3|F, | >1—e
t€[ts,ta]

Proof: The proof is almost exactly the same as the proof of Lemma 6.2. Recall
from section 6 that k is a constant not depending on NV such that ks is a Lipschitz
constant of the function b. We define A* = K2e #(c1+Cs) /(1262), and L = 48/N.
We also define

0 = {1 X(ts) — 2" (t3)| < A"}

or={ [ " 1BX(1)) — b(X (1))t < a)

t3
ty
o = {/ a(X(0)dt < L(ts —t?,)}.

t3

The result follows by the same argument in Lemma 6.2. O
Now, we proceed to prove Proposition 2.5.
Proof of Proposition 2.5: First, we define the event
2

K2N
Agy=Ap N3 sup |[Xi(t) —2Nzj(t)| < =2~ fori=1,2,3 (8.6)
tE[ts,ta] 202

By Propositions 2.4 and Lemma 8.1, for sufficiently large N, we have
P(Ag) > 1 —e— P(Afy) > 1 —26e — 76 — 6°.
From this point, we will work on the event A(4). From the definition of B* in (8.1)

and Proposition 2.4,

1 1
— —1<B*<-— -1 8.7
2 =T S K (8.7)
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By the definitions of f*(t),ts,t4,Cs and Cy in (8.2), (7.2), (8.5), (7.1) and (8.4),
along with the inequality (8.7), we obtain that

. 1
f (t4) - 1 +B*€_(C4_C3)
B 1
= -1 1
() )
1
<—
14 (K% - 1)
=1-Kjs, (8.8)
and
. 1 1 9
fr(ta) = > =1-0% (89

-1 -1 = )
1+ (1) (&-1) 14 (% - 1)

Since K3 < 42, by the definition of x3(¢) in (8.3), along with (8.8) and (8.9),

K2N K? 3K;
Xa(ty) <2f* (b)) N+ 2~ < (2-2K3+ -2 |N< (2—- "2 N
3(ta) < 2f%(ta) +2(52_< 3+262> _( 2) ;
and ) )
K 50
> (2-26% -3 >(2—-=—|N.
Xz (-2 s (o)
Lastly, we also have that
KZN K2N
Xi(ta) + Xa(ta) = 2N (27 (ta) + w3(ta)) — —55— = 2(1 = f*(t))N — 55— > K3N.
This completes the proof of the proposition. O

9. Phase 5 and the proof of Theorem 1.1

We begin by defining

1 1
t5+ = t4 + W . g ln(NS), (91)
1
ta = tu+ (1= 8) - In(Ns), 9.2)

Ty = inf{t > t4 : X3(t) < 2N — [46°N |},

At time t4, type 3 has already become the majority of the population and is
waiting to fixate. The fixation will occur between the time ¢5_ and the time 5, .
We will first prove Lemma 9.1, which shows that type 3 almost certainly fixates
before the number of type 3 hits the threshold level 2N — 462N |. In Lemma 9.2,
we show that the fixation of type 3 almost certainly occurs before time ¢54. Then,
in Lemma 9.3, we show that fixation of type 3 happens after time t5_ with high
probability. The technique used in the proofs involves coupling with a branching
process; this is similar to the proof of Lemma 5.9. Lastly, we combine the results
from these three lemmas in Lemma 9.4, which directly implies Theorem 1.

Lemma 9.1. For sufficiently large N, P(T7 < Tg|F;,) > 1 — € on the event Ayy.
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Proof: We consider the process (2N — X3(t),t > t4). For t > 0, let B(t) and D(¥)
be the rates that this process increases and decreases by 1 at time ¢. This process
increases by 1 at rate

B(t) = (1 —28)X3(t)(1 — (1 — ) X3(t) — r(X1(t) + X3(£))(Xa(t) + X3(t))),
and decreases by 1 at rate

D(t) = (Xo(t) + (1 — 5)X1(t) + (1 — 8)X2(t)) - [(1 — r)f(s(t))
+ (X1 (t) + X3(t))(Xa(t) + X3(1)] + (X1 (t) + Xa(1)).

Then, for all t > t4, we have

B(t) = (1 — 28)X5(t) (1 — X3(t) + r(Xo(t) X5(t) — X1()Xa(t)))
< (1—2s)(1+7)X3(t)(1 — X3(t))
<(1—2s+71)X3(t)(1 — X3(b)),

and

D(t) > (1 —s)(Xo(t) + X1(t) + Xa(t)) - (1 — 1) X5(¢)
=(1-s)(1—7)Xs3(t)(1 — X3(t))
> (1—s—7)X3(t)(1 — X3(t)).

Hence, we can think of the process (2N — X3(t), ¢ € [ts,T7]) as a birth-death process
in which each individual gives birth at rate bounded above by (1 — 2s + ) X35(t)
and dies at rate bounded below by (1 — s — 7) X3(t).

Let (Y (t),t > t4) be a birth-death process in which each individual gives birth
at rate b(t) = (1 — 2s + r)X3(t) and dies at rate d(t) = (1 — s — ) X3(t), and
we set Y (t4) = 2N — X3(t4). It is possible to couple the process (Y (t),t > t4)
with the process (2N — X3(t),t > t4) such that for any time t > t4, we have
Y(t) > 2N — X3(t). This implies that if the process Y reaches 0 before |462N |,
then the process N — X3 will also reach 0 before |42 N |, which means that T < Tg.

Here, since we are only interested in the probability that the process Y reaches
0 before [262N |, we will consider the induced discrete-time jump process of Y in
the time interval [ty, T7 ATg). It is an asymmetric random walk process that jumps
up by 1 with probability

b(t) — 1—-2s+r
b(t) +d(t)  2-3s '

and jumps down by 1 with probability

dit)  1—s—r
b(t) +d(t) 2-3s

On the event A, we have from Proposition 2.5 that 2N — X3(t4) < 552N /2.
Let g = (1—s—17)/(1 —2s+r). Since r < s, for sufficiently large N, we have
q > (1-1.1s)/(1-1.9s) > 1. For sufficiently large NV, on the event A4, conditioning
on the event 2N — X3(t4) = k, the probability that this asymmetric random walk
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reaches 0 before |462N | is

k
- —1 k—262N
- q|_262NJ 1 > 1_q
>1- q(#—wz)z\/

—1_ q—352N/2

_ 1/s\ 36°Ns/2
o (1-1.9s)
- (1—1.1s)1/s

)

and note that this upper bound is no longer depends on k. Since s < 1, when
N — 00, we have

(1—1.9s)'/s . e 19 08
(1—1.1s)t/s " e 11 '

Also, because Ns > 1, it follows that when N — oo, we have

(1 — 1.95)1/5)\ 30" Ns/4
((1 - 1.13)1/5)

— 0.

Thus, on the event Ay, for sufficiently large IV, the probability that the asymmetric
random walk reaches 0 before [45% N | is bounded below by 1—e. Therefore, through
the coupling, for sufficiently large N, we have P(T7 < Tg|F;,) > 1 — € on the event
A(4) (Il

Lemma 9.2. For sufficiently large N, P(T7y < ts4|F,) > 1 — e — don the event
A(4).

Proof: We use the process (Y (t),¢ > t4) defined in the proof of the previous lemma.
From the previous lemma, for sufficiently large IV, on the event Ay,

P(T7 < t5+|.7:t4) > P(T7 < Tg|]:t4) - P(t5+ < Ty /\Tg|]:t4)
Zl—G—P(t5+ <T7/\T8“Ft4)'

So, we only need to show that for sufficiently large N, on the event A4, we have
P(t5+ <T7 A Tg‘fm) <.

Now, we perform a time change. We define \(t) = fot Xs(ty + v)dv for t €
[0, (T A'Tg) — t4]. Then, we define Y*(t) = Y (A\71(¢)) for t € [0, \((T% ATg) — t4)).
The process (Y*(t),t € [0,A\((T7 A Tg) — t4)) is a birth-death process satisfying
Y*(0) = 2N — X3(t4) and each individual gives birth at rate 1 — 2s+ 7 and dies at
rate 1 —s—r.

For sufficiently large N, on the event that t5, < T7 A Tg, we have

ts+—ta B
)\(t5+ — t4) = / X3(t4 + v)dv
0

- (1- o N Jitss —ta) 2 (1= 215, ~ )
= 1ln(Ns).

S
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It follows that
P(t5+ <T7 N Tgl}—-m) = P({Y*(/\(t5+ — t4)) > 0} n {t5+ <T7 N Tg}|]:t4)

 p(r(Lnivs) > o[

By the same reason used to obtain (5.37), which gives the probability that the birth-
death process survives until time ¢ when the process starts with one individual,
we can generalize the result to the process that begins with any finite number of
individuals. If k < 552N /2, then

P(Y* <i 1n(Ns)> > 0|Y*(0) = k>

1 (1 (1—2s+7)—(1—s—7) F
(1 — 925+ ’l“) _ (1 _s— ,r)ef((172s+r)7(lfsfr))-% In(Ns)

k
:1_<1_ s—2r >
(1—s—r)e s NI Ng — (1 —25+47)

s 562N /4
é 1-— <1 - 2r > ’
(1—s—r)e s NINs — (1 —25+7)

and note that this upper bound does not depend on k. Now, by using the facts that
r < s < 1land 1< Ns, along with (2.5), when N is sufficiently large, on the event
A4y on which we know that Y*(0) = 2N — X3(t4) < 56>N/2 from Proposition 2.5,
we have

1 s 552N/2 9 552N/2
= <1-(1- =1-({1-— . (9.
P(Y (8 ln(Ns)> > O‘}'M) <1 <1 O.5Ns> 1 (1 N) (9.5)

Note that when N — oo, by using that § € (0, %), we have

562N /2 2

2 —552/2 59
— JE— — < — .
1 (1 ) —1—ce <5 <6

This fact and (9.5) prove the inequality that we want to show. (|

(9.4)

Lemma 9.3. For sufficiently large N, we have P(ts— < T7 AN Tg|Fz,) > 1 — 2€ on
the event A y.

Proof: The proof is similar to the proof of Lemma 9.2. In this proof, we are going
to consider the process (X1 (t) + Xa(t),t > t4). For t > t4, let B(t) and D(t) be the
rates at which the process increases or decreases by 1. We will now give a lower
bound for B(t) and an upper bound for D(t). For the increasing rate, one way to
increase X (t) + X2(t) is by having a type 0 or type 3 individual die, which occurs
at the total rate Xo(t) + (1 —2s)X3(t), and the new individual is type 1 or 2 that is
created without recombination, which occurs with probability (1—7) (X (t)4 Xa(t)).
Then,

B(t)

v

(Xo(t) + (1= 28)X3(1)) - (1= r)(X1(t) + Xa(1))
> (1= 28)(1 —)(Xo(t) + X3(1))(Xa(t) + Xa(t))
(1 =25 = r)(Xo(t) + X3(6)) (X1 (1) + Xa(t))-

%
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One way to decrease X;(t) + X2(¢) is by having a type 1 or type 2 dies, which
occurs at total rate (1 — s)(X1(t) + X2(¢)), and the new individual cannot be type
1 or 2, which occurs with probability bounded above by 1 — (1 —7) (X1 (t) + Xa(t)).
Another way to decrease X;(t) + X2(t) by having a type 1 or 2 mutate to type 3,
which occurs at rate u(X;(t) + Xa(t)). So,

— $)(X1(t) + Xa(t) - (1= (1= r)(X1(t) + Xa(t))) + p(X1(t) + Xa(t))
= (1= 8)(Xo(t) + Xa(t) + r(X1(t) + Xa(1)) + p) - (X1 (t) + Xa(1)).

When ¢ € [ts, T7 ATx), we have X3(t) > N. So, Xi(t) + Xa(t) < Xo(t) + X3(t) and
< 2(Xo(t) + X3(¢)) . Hence, when ¢ € [ty, T A Tg],

D(t) < (1= s)(1+ 7+ 2u)(Xo(t) + X3(t))(X1(t) + Xa(t))
< (L —s+7+2u)(Xo(t) + Xs(t)(X1(t) + Xa(t)).

Let (Y(t),t > t4) be a birth-death process in which each individual gives birth
at rate

b(t) = (1 —2s — r)(Xo(t) + X3(t))
and dies at rate
d(t) = (1 — s+ 7+ 2u)(Xo(t) + X3(t)).

Also, we let Y (t4) = X1(t4) + X2(t4). We can couple this process with the process
(X1(t)+ Xo(t),t > t4) in a way that for ¢ € [ty, Ty ATgs), Y (t) < X1 (t)+ Xo(t); that
isif Y(¢) > 0, then X (¢) + X2(¢) > 0.

Next, we construct a time change. We define A(t) = fot(ffo(m +0)+X3(ty+v))dv
for t € [0, (T7 A Ts) — t4]. Note that A\(t) < ¢ for all ¢t € [0, (T7 A Tg) — t4]. Now, we
define Y*(t) = Y (A71(t)). It follows that the process (Y*(t),t € [0, \((T7 ATg) —t4])
is a birth-death process such that Y*(0) = X (¢4)+X2(t4), in which each individual
gives birth at rate 1 —2s —r and dies at rate 1 — s+ 7+ 2u. We extend the process
Y™ so that is defined for the entire time interval [0,00) with constant birth and
death rates.

From the definition of T%7 in (9.3), if T7 < t5_ ATy, then Y*(t5_ —t4) = 0, because
Y*(/\(T7 — t4)) = Y(T7 — t4) =0 and )\(T7 — t4) < T7 — 14 < t5_ — t4. Thus,

P(Y*(tg,_ — t4) > 0|~7:t4)) P(T7 >t5_ A Tg|]:t4)

<
< P(t5, < T7 /\T8|-7:t4)+ < P(T7 > T8|-7:t4)~

By Lemma 9.1, for sufficiently large NV, on the event Ay,
P(t5, <T7; A T8|]:t4) > P(Y*(tg), - t4) > 0|]:t4)) — €.

It is left show that for sufficiently large N, on the event Ay,

P(Y*(ts— — ta) > 0| Fs,)) = P(Y* ((1 — ) iln(Ns)) > 0’}}4> >1—ec (9.6)
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Similar to the way we get (9.4), if k > K3N, we get that
1
P(Y* ((1 —6)- 1n(Ns)> > OIY*(O) = k)
s

(1=2s—7)— (1 —s+7r+2p) F
S In(Ns)

1—

1—(1-—
( (1=2s—7) — (1 — s+ r+2u)e((1=2s=r)—(=s+r+2p)- 55
1<1 s+ 2r+2u >k
(1= 5+ 1+ 2p)e 52 (Vo) + 25522 In(Ns) (N ) 1-6 — (1 — 25 — 1)

K3N
>1- <1 - i >
- (1—s+r+2p)e 520 I(Ns)+ 20522 In(Ns) (N ) 1-6 — (1—-25—7)
and note that this lower bound does not depend on k. We know from Lemma 2.1
that ZIn(Ns) < 1. Also, since Nu? < s, we get £1In(Ns) < ﬁln(Ns) < 1.
Hence, for sufficiently large N, if £k > K3N, then

P(Y* ((1 —5)- iln(Ns)) S 0‘ft4) . (1 ) W)KSN

(10

From Proposition 2.5, we know that Y*(0) = Y (t4) = X1(t4) + X2(t4) > K3N on
the event A4). So, (9.7) holds on the event A4). Because 1 < Ns, the lower bound
converges to 1 as N — oo. This fact and (9.7) prove (9.6). O

Lemma 9.4. For sufficiently large N, we have
P(Ayy N {ts— < Ty < t5:}) >1—29¢ — 85 — 62
Proof: From Lemmas 9.1, 9.2, and 9.3, for sufficiently large IV, on the event Ay,
P(ts— < T7 < ts4|Fe,) >1—3e—4.
Hence, by Proposition 2.5, for sufficiently large N, we have P(A N {ts- < T7 <
ts1}) > 1 —29€ — 85 — 2. O
Finally, we are now giving the proof of Theorem 1.

Proof of Theorem 1.1: First, for every subsequence (Nj)?2 ,, there is a further sub-
sequence that satisfies (2.1), or there is a further subsequence that satisfies (2.2).
By a subsequence argument, it is enough to prove Theorem 1.1 in the recombination
dominating case and in the mutation dominating case.

Now, recall that the stopping time T defined in Theorem 1.1 is the first time that
type 3 individuals have fixated in the population. We will show that if 6 € (0,1),
then for sufficiently large NV, we have

P((1=0)tN(ry) ST < (14 0)ty(rn)) =1 — 38e.

We choose § to be small enough so that (1) § <e, (2) (1—0%)"! < 1+6 and (3)
1—26>1-—0. From Lemma 9.4,

P(Auy N {ts— <Tr <ts.}) >1—29¢—85— 6> >1— 38e

for sufficiently large N. Note that from the definition of 7% in (9.3), we have
T; = T V ty. Also, by the definition of t5_, for sufficiently large N, we have
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ts— > tg. Thus, P(ts— < T < tsy) = P(ts— < Ty < t54) > 1 — 38¢ when N is
sufficiently large. By simple calculation, one can show that for sufficiently large IV,
(1—-0)th(rn) <ts— and t54 < (1 + 6)t5(rn). This completes the proof. O
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