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Abstract. We fix d > 2 and denote S the semi-group of d x d matrices with non
negative entries. We consider a sequence (A,,, By, )n>1 of i.i.d. random variables
with values in S x R‘i and study the asymptotic behavior of the Markov chain
(Xn)n>o0 on R‘i defined by:

vn > 07 Xn+1 = An+1Xn + Bn-‘rl;

where X is a fixed random variable. We assume that the Lyapunov exponent of
the matrices A, equals 0 and prove, under quite general hypotheses, that there
exists up to a multiplicative constant a unique Radon measure m on (R*)? which
is invariant for the chain (X, ),>0; furthermore, this measure m is infinite. The
existence of m relies on a recent work by T.D.C. Pham about fluctuations of the
norm of product of random matrices (Pham, 2018). Its unicity is a consequence
of a general property, called “local contractivity”, highlighted about 20 years ago
by M. Babillot, Ph. Bougerol et L. Elie in the case of the one dimensional affine
recursion (Babillot et al.; 1997).

1. Introduction

The Kesten’s stochastic recurrence equation

Xn+1 == an—i—an + bn+1
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on R, where the (ay,bn)n>1 are independent and identically distributed (i.i.d.)
random variables with values in R, X R, has been extensively studied, with special
attention given to the existence of a solution in law and its properties, especially
the tails of the solution.

This process, called sometimes “random coefficients autoregressive models” oc-
curs in different domains, in particular in economics; it has been studied intensively
for several decades by many authors in various context. We refer to the book by
D. Buraczewski, E. Damek & T. Mikosch (Buraczewski et al., 2016) for a general
survey of the topic, a concentrate of recent results with comments and references.

Before the end of the 1990s, most of the authors studied the case when E[lna,] <
0; this condition ensures that this model has a unique stationary solution when
E[ln* |by]] < +oo.

Babillot et al. (1997), then Brofferio (2003), focus on the “critical case” E[lna;] =
0; they showed, under minimal assumptions on the distribution of the (an,by),
that (X,), has a unique invariant Radon measure m, which is unbounded, and
is recurrent on open sets of positive m-measure. The unicity is a consequence of
a general property of stability of the trajectories at finite distance, called “local
contractivity”. This property is of interest for general iterated function systems
(Peigné and Woess, 2011).

Simultaneously, the affine recursion (X,,),>0 has been considered in dimension
d > 2, the random variables a,, and b,, are replaced respectively by d x d random
matrices A,, with real entries and random vectors B,, in R%. In this setting, the
contractive case corresponds to the case when the Lyapunov exponent v associated
with the random matrices A,, is negative; various properties of the unique invariant
probability have been obtained in this case, based on results of product of random
matrices (see for instance Buraczewski et al., 2016, chap. 4 and references therein).
As far as we know, the existence and unicity of an invariant Radon measure in the
“critical case” v = 0, is still an open question; the present paper proposes a partial
answer to this problem, under some restrictive conditions on the matrices A,, and
vectors B,,.

Let us introduce some notations. We fix d > 2 and endow R? with the norm | - |
d

defined by |z| := Z |;| for any column vector z = (x;)1<i<qa- We denote (€;)1<i<d
i=1
the canonical basis of R? and set Ry = [0, +oo[ and R, =]0, +oo].
Let S be the set of d X d matrices with nonnegative entries such that each column
contains at least one positive entry. For any A = (A(7,7))1<ij<d € S, let

d d
v(A) = lglj.igd(;fl(i,j)) and ||A]| := lglj,agd(;fl(ivj))-

The quantity || - || is a norm on S and ||[AB|| < ||A|| x ||B| for any A,B € S;
furthermore, for any A € S and z € RY,
0 <wv(A) |2 < |Az| < || A]| |2|. (1.1)

Set n(A) := max (ﬁ, ||AH) and notice that n(A4) > 1.
For any 0 < § < 1, let S5 be the subset of matrices A in S such that, for any
1<i,j,k<d,

A(i,5) > 0A(i, k). (1.2)
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Let (Q,7,P) be a probability space and (A, Bp)n>1 be a sequence of ii.d.
random variables defined on (2, 7,P) with distribution u on & x RY. We are
interested in the recurrence properties of the Markov chain (X,,),>0 on R defined
inductively by X,,+1 = Ap11X, + Bry1 for any n > 0. By an easy induction, we
may write, for any n > 1

X, = An,lXO + Bn,l
n—1
with A1 = A, -+ Ay and Byy = Bp+ Y An-+- Apy1 By
k=1

When Xy = z for some fixed z € R‘i, we set X,, = X?. The conditional proba-
bility with respect to the event (Xo = x) is denoted by P,; more generally, for any
probability measure m on R%, we set Py, (-) = fRi P, (-)m(dz).

For short, we introduce the following notations: A,, ,, := A, ---A,, for any
n > m > 1, with the convention A,, ,, =I when m > n.

Firstly, we introduce some hypotheses on the distribution u of (A,, B,); we
denote [ the distribution of the matrices A, and fix § €]0, 1].

Hypotheses A(9)
Al-E [(Inn(4,))*"°] < +oc.
A2- There exists no affine subspaces A of R? such that AN R‘i is non-empty,
bounded and invariant under the action of all elements of the support of [i.
A3- ﬂ(Sts) =1.
1
Ad4- The upper Lyapunov exponent vz = liIJIrl —E[n||A;--- A,l]] of i equals 0.
n—4oo N
A5- i{A e S/v(A) > 146} > 0.
Hypotheses B(8) The random variables By, are R% -valued, P[|B;| > 0] > 0 and
E[(In" |B;|)**] < 4o0.
A Radon measure m on R% is said to be invariant for the process (X,)n>o if and
only if
/ P[X{ € Blm(dx) = m(B)
B

for any Borel set B C R‘i such that m(B) < +o0.
Now, let us state the main result of this paper.

Theorem 1.1. Assume hypotheses A(§) and B(9) hold. Then, the process (X,)n>0
is comservative: for any x € Ri,

liminf | X7| < 400 P-a.s.

n—4oo
Furthermore,

(1) there exists on R a unique Radon measure m which is invariant for
(Xn)nzo;

(2) this measure has an infinite mass;

(3) there exist a positive slowly varying function' L on Ry and positive con-
stants a, b, c such that for any t > 1,

L(t) < m{z € RY /ta < |z| < tb} < cL(t).

L(t
Lthe function L : R4+ — Ry is slowly varying if . lim (tz) =1 for any = > 0.
—

+oo L(t)
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By Peigné and Woess (2011), this statement implies that the chain (X, )n>0
is m~topologically null recurrent: in other words, for any open set U C Ri such
that 0 < m(U) < +oo, the stopping time 7V := inf{n > 1/X,, € U} is P, -a.s.
finite and has infinite expectation with respect to [Py, , where my is the probability
m(-NU)

m(U)

Assertion 3 gives some general description on the tail of the mesure m. In
dimension 1, a similar statement does exist in Babillot et al. (1997) and has been
improved by Brofferio and Buraczewski (2015) (see also their previous work with E.
Damek, Brofferio et al., 2012): when the distribution of the real random variables
In A,, is “aperiodic”?, the measure m is in fact equivalent at infinity to the Lebesgue
measure; in other words, the slowly varying function L which appears above is
constant in this case. Such a result when d > 2 is out of the scope of the present
paper and would require a detailed understanding of renewal theory for centered
Markov walks.

measure defined by my(-) =

2. Random iterations and product of random matrices

2.1. On stochastic dynamical systems. The Markov chain X,,,n > 0, is a central
example of the so-called “stochastic dynamical systems” Z,, = Z% on R?, or a closed
subset C' of R?, defined inductively by

Zi=x and Zj, = fot1(Z;) forall n>0,

where z is a fixed point in C and (f,),>1 is a sequence of independent and iden-
tically distributed random variables with values in the set of continuous functions
from R? to R? (or from C to C).

The contraction properties of the maps f, have a great influence on the recur-
rence/transience properties of the chain (Z,),>0. In Peigné and Woess (2011), one
can find a quite general criteria which yields to the existence and uniqueness of an
invariant Radon measure for the sequence (Z,),>o0-

Firstly, we introduce the following “weak contraction property”: a sequence
(Fy)n>1 of continuous functions on R? is said to be locally contractive when, for
any z,y € F and any compact set K C E,

lim [Fu(z) = Fu(y)| 1 (Fa(x)) = 0.

n—-+oo

This weak “contraction property” is of interest and yields to deep consequences in
the context of stochastic dynamical systems. Let us recall the main result of Peigné
and Woess (2011) and assume that, P-a.s., the sequence (F,)n>1 = (fn0 -+ 0f1)n>1
is locally contractive on C' C R%. Then

(1) either |Z7| — 400 P-a.s. (in this case we say that (Z,,),>¢ is transient);
(ii) or liminf, 4o |ZF| < +oo P-as. (in this case we say that (Z,)n>0 is
conservative).

Furthermore, in the conservative case, there exists on C' a unique invariant Radon
measure m for (Z,)n>0.

If m is infinite, for any open set U C E such that 0 < m(U) < 400, the stopping
time 7V := inf{n > 1/Z,, € U} is Py, -a.s. finite and has infinite expectation with

2a probability distribution on R is aperiodic when its support is not contained in some aZ, a > 0.
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respect to Py, , where my denotes the probability measure m(- N U)/m(U). This
last property corresponds to the null recurrence behavior of the Markov chain in
the context of denumerable state space.

Let us emphasize that we do not require here any hypothesis of irreducibility on
R?, as for instance in Flie (1982) where it is assumed that the measure p is spread
out, which implies that the chain (X,,)n>¢ is Harris recurrent.

Application to the affine recursion on Rff_

Recall that (A, Bp)n>1 is a sequence of i.i.d. random variables defined on
(Q,T,P) with distribution g on S x R‘i. For any n > 1, we denote g,, the random
map on ]Ri defined by:

Vo € ]Rf,l_ gn(z) = Apx + By
Notice that, for any = € Ri and n > 1,

Xn =gno0og(z)
We prove in section 3 that the stochastic dynamical system (X, ), >0 is conservative

and that, P-a.s., the sequence (g, o --0g1)n>1 is locally contractive on Ri. By the
general results stated above, this yields the first assertion of Theorem 1.1.

2.2. On the semi-group of positive random matrices. Let X be the standard simplex
in Ri defined by
X:={z e Ri/|o:| =1}
and let X be its interior: X = {z = (xi)1<i<d/®; > 0 and |z| = 1}.
Endowed with the standard multiplication of matrices, the set S is a semigroup;

we consider the two following actions of S:

e the left linear action on R% defined by (A4,z) — Az for any A € S and

S Ri,

e the left projective action on X defined by (4,z) — A -z := é;

AeSand x € X.
Notice that, for any A € § and x € X, it holds
Ax
[Ax|
with p(A,z) = In|Az|. The function p : S x X — R satisfies the following “cocycle
property”™:

for any

Az = [Ax| = exp(p(4,2)) Az,

VA, A e SVr e X p(AA x) = p(A, A" x)+ p(A 2).
Hence, for any n > 1, any A;,...,A, € Sand any z € X,
Apiz = exp(Su(2)) &n
with & := A --- Ay -x,1 <k <n, and
Sp(x) = p(An, &n—1) + p(An—1,8n—2) + -+ p(A1,2).

This decomposition is of interest in order to control the linear action of product
of random matrices, the behavior of the process (|Ay 12|)n>1 and in particular its
fluctuations.

Now we focus on some important properties of the set Ss.
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Lemma 2.1. The set Ss is a semi-group. Furthermore, for any A, B € Ss and any
T e R‘i,

Al x| < [Ax| <[|A[| |z[  and  G[JAl [|B]l < [AB[ < [[A| [|B]. (2.1)

This type of property was first introduced by Furstenberg and Kesten (1960).
They consider another subset of S, namely the set S\ of matrices A satisfying the
stronger condition:

1
VI<igki<p  5AGS) < Ak < AAGL).

The main difference between S; and S} is that, for A € Ss, inequality (1.2) holds
only for entries in the same line. In particular, elements in S\ have only positive
entries while a matrix A € S5 can have null coefficients: more precisely, if one entry
of A equals 0, the same holds for all entries in the same line.

The set S) is a proper subset of S5 for 6 = 1/A but is not a semi-group.
Nevertheless the closed semi-group T's/ it generates satisfies the following property:
for any A € Ts, and 1 <4,j,k,1 <p,

1 . .
EA(%]) < A(kvl) < AQA(Za])'

In other words, Ts, C S

Proof of Lemma 2.1: Let A, B € Ss; for any 1 <1,j,k < d,

d d
(AB)(i,j) = Y _AG1)B(l,j) > 8 A(i,))B(l, k) = 5(AB) (i, k),
=1 l

hence AB € Ss.
Let us prove (2.1). Inequalities |Az| < [|A|| |=| and ||AB]| < ||A| ||B| are
obvious. Furthermore,

d d d
[Ax| =" A(i, j)a; >0 <Z A(i,k))
i,j=1 j=1 i=1
for any 1 < k < d, which readily yields |Az| > 0||A]|| |x|. At last,
d d
IAB|| = lrgggd;AB(z, k) = glggdij:lfl(z,y)B(J,k)
d
. . .
>4 max ) A(i, 1)B(j, k)
1,9=1
d d
=0 max, 2 A, 1) gggdj:l B(j, k) = 0| Al [|B]|-

O

Let us highlight an interesting property of the action on the cone R‘i of elements
of the semi-group S;. For any A € S, denote " its transpose matrix; if A € S;,
then, for 1 <1i,5 <d,
d
(ei'Ae;) = A(j,i) while [Ue;| = A(jk) <
k=1

A(j,1).

STIRSH
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Hence, {(e;,'Ae;) > é|Ae]| In other words,
A(Ri) C C%,

where C., ¢ > 0, denotes the proper sub-cone of Rff_ defined by
Co={zeRY/(e;,x) > clx| fori=1,...,d}.

Following Hennion (1997), we endow X with a bounded distance d such that any
A € S acts on X as a contraction with respect to 9. In the following lemma, we
just recall some fundamental properties of this distance.

Lemma 2.2. There exists a distance 0 on X compatible with the standard topology
of X satisfying the following properties:
(1) sup{o(z,y)/z,y € X} = 1.
(2) |z —y| <20(z,y) for any z,y € X.
(3) For any A€ S, set [A] :=sup{d(A-z, A y)/z,y € X}; then,
(a) 9(A -z, A-y) < [A]p(z,y) for any z,y € X;
(b) [AA'] < [A][A]] for any A, A" € S;
(4) There exists ps €]0,1[ such that [A] < ps for any A € S;.

Proof: The reader can find in Hennion (1997) a precise description of the properties
of the distance 0, that is defined as follows: for any x,y € ]Rff_ \ {0}, we write

1 —m(z,y)m(y, x)
L+ m(z,y)m(y, x)

o(z,y) =

where m(z,y) = 112121 {zl|yZ > 0} . Notice that ?(z,y) = 0(Az, py) for any x,y €
K3

R4\ {0} and A, > 0.

Properties 1 and 2 correspond to Lemma 10.2 and 10.4 in Hennion (1997). Prop-
erty 3 is proved in Hennion (1997) Lemma 10.6 for matrices A with nonnegative
entries such that each column and each line contains at least a positive entry. This
property still holds for matrices in S that have some zero lines: heuristically, we
can just restrict at the sub-simplex of X where it acts with positive entries. More
formally, let A € S, fix ig such that A(ip, k) > 0 for some 1 < k < d and denote
B4 the element of S defined by:

. ,):{Au,j) it Y AGLE) > 0
A Alio,j) i S0 A(i k) = 0.

Each column and each line of B4 contains a positive entry.
Notice that, for any =,y in Ri and A € S,

(A -z, A-y) =0(Ax, Ay).

By a straightforward calculation,

d

Ek: 1 2RA(L K
m(Azx, Ay) = min { ==—— "~ yeA(i, k) > 0 p = m(Bax, Bay),
B\

thus ?(Az, Ay) = 9(Bax, Bay), [A] = [Ba] and
(A2, A-y) =0(Ba-x,Ba-y) < [Ba(z,y) = [Ap(z,y).
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This proves Property 3.a, then Property 3.b as in Hennion (1997). Let us now
prove Property 4; for any A € S;,

Zi:l zBalis k) > 62BA<i’1)|'T‘ _ 2@

S ukBali k)~ BaGDlyl oyl
Thus m(Az, Ay) > 524|:r|/\y| The fact that the function s — }—jrz is decreasing on
[0,1] yields [A] < {75 < 1. O

Property (4) of Lemma 2.2 readily implies that, for any z,y € X and any n > 0,
E[(An1 -z, An1-y)] < pj. (2.2)

As a direct consequence, the transition operator of the Markov chain (A, 1 - z)n>0
on X, restricted to the space of Lipschitz functions on (X, ), is quasi-compact; we
refer to Pham (2018) for a detailed proof.

2.3. On fluctuations of the norm of product of random matrices. In this subsection,
we recall some recent result on fluctuations of the norm of product of random
matrices. We consider a sequence of independent random matrices (Ay),>0 with
nonnegative coefficients, defined on the probability space (2, T,P) and with the
same distribution & on §. For any n > 1, denote 7, the o-algebra generated by the
random variables Ay, ... , A, and set T = {0, Q}.

We study here the left products of these random matrices defined as follows:
Apom = ApAp_1--- Ay, for any 1 < m < n; by convention A,, ,, =1 when m > n.

Fix z € X and a > 1; the random variables

%% :=min{n > 1: ald,12| <1} and 7%:=min{n >1: a|4, ] <1}

are stopping times with respect to the canonical filtration (7,),>0 associated with
the sequence (A, )n>1, with values in NU {4+o00}. Furthermore 7*¢ < 7* P-a.s.

Under hypotheses A(d), the sequence (In||An 1||/v/n)n>0 converges in distri-
bution to a non degenerated and centered Gaussian distribution (with variance
o2 > 0); by a standard argument in probability theory, it yields

liminf||A4, 1] =0 and limsupl/A4, 1] =400 P-a.s. (2.3)
n—+00 n——+o0o

Indeed, for any ¢ > 0,

, In [[Ap. || : In[[An|]
P {hmsup ———— >c¢| >P|limsup | ——=— >c¢
\/ﬁ U\/ﬁ

n—-+oo g n—-—+oo
In||A, 1 +oo
> limsup P [DHIH > c} = —/ e_tz/th > 0.
n—-+4o00 U\/ﬁ V2T Je

In|lA
Now, observe that [lim sup M
n—too O/
(Ap)n>1; thus, by Kolmogorov’s zero-one law, its probability equals 1. Hence

: In [[Ap | } ( [ In[|Ap || D
P |limsup ——— = 4oo| =P [ N, limsup———=— >¢| | = 1.
|:n—>+o<1>) U\/ﬁ e n—>+o£) U\/ﬁ

> c] is a tail event relative to the sequence
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Similarly,
In||A Inl|lA
P {liminf Il An1 ] < —c} >P (limsup [Tl||n,1| < —c})
n——+oo ()'\/fﬁ 00 O_\/,E
1 <2
> — et /2dt > 0,
T V27 /c
In||A, An
so that P liminfM =—c0| =P (ﬂceN {liminf In 1” ])
n—+too  Oy/N n—+o0o

Property (2.3) follows immediately and implies that the stopplng times 7%% and T
are P-a.s. finite.

In Pham (2018), a precise estimate of the tail of the distribution of 7% is ob-
tained under a little bit different assumptions (Proposition 1.1 and Theorem 1.2);
let us state the partial result we need in our context and explain briefly the amend-
ments to the proofs given in Pham (2018).

z,a

Proposition 2.3. Assume hypotheses A (). Then, there exists a positive constant
K such that, for any x € X;a > 1 andn > 1,

1+1Ina
K T

Our hypotheses A2 and A4 correspond exactly to P2 and P4 in Pham (2018);
hypothesis A5 is a little bit stronger than P5, it is more natural in our context.

Hypotheses A3 and P3 both imply the contraction property (2.2); this yields
to the good spectral properties of the transition operator of the Markov chain
(Ap1-x)n>0 on X,

At last, existence of moments of order 2 4+ § (our hypothesis A1) is sufficient
instead of exponential moments P1. This ensures firstly that the function ¢ — P;
in Pham (2018), Proposition 2.3 is C?, which is sufficient for this Proposition to
hold. Secondly the martingale (M,,),>o which approximates the process (S, (x))n>0
belongs to LP for p = 2 + § (and not for any p > 2 as stated in Pham (2018)
Proposition 2.6). This last property was useful in Pham (2018) to achieve the
proof of Lemma 4.5, choosing p great enough in such a way (p — 1)d — % > 2¢ for
some fixed constant € > 0. Recently, following the same strategy as C. Pham, M.
Peigné and W. Woess have improved this part of the proof, by allowing various
parameters (see Peigné and Woess, 2021+, Proof of Theorem 1.6 (d)).

As a direct consequence, a similar statement holds for the tail of the distribution
of the stopping times 7%; this is of interest in the sequel since the overestimations
obtained do not depend on the starting point = € X of the chain (X, ),>0.

P[r®% > n] = PlalA1z| > 1, ... ,a|Apq12] > 1] <

Corollary 2.4. Assume hypotheses A(S). Then, for anya>1 and n > 1,
1+Ina

NG

P[r® > n] =Plal|A1|| > 1, ... ,al|An1]| > 1) < k(14 |Ind])
where Kk is the constant given by Proposition 2.5.
Proof: By Lemma 2.1, for any k£ > 1 and = € X,
Ol Akall < [Araz| < [[Agall P-as.

Proposition 2.3 yields
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1+ Ina—+|Ind| l1+Ina
L < k(1+]|Ind .
OO < g M

P[r® > n] < P[r»%% > n] <

O

3. Existence and uniqueness of an invariant Radon measure for (X,,),>0

The Markov chain (X,,),>1 is a stochastic dynamical system generated by the
random maps F}, : ¢ — A,z+ B, on R?. By section 2.1, in order to get the existence
and the uniqueness of an invariant Radon measure for this process, it suffices to
check that, under hypotheses A(d) and B(9), this process is conservative and the
sequence (Fj, o---0 Fy),>1 is P-a.s. locally contractive. This is the matter of the
two following subsections.

3.1. On the conservativity of the process (X,)n>0. Under hypotheses A(J), the
sequences (| A, 12|)n>1 and (|| An,1||)n>1 fluctuate P-a.s. between 0 and +o00; hence,
the stopping times 7%% and 7% are finite P-a.s.
From now on, we fix a > 1 and set 7y = 0, then for any k£ > 1, we denote
T, = 1inf{n > m_1/al|An 1] < 1}

Notice that 71 = 7@ and for k£ > 0, the random variables 7; are P-a.s. finite stopping
times with respect to the filtration (75)n>0.
The process (Xp,)n>0 is conservative if and only if for any = € R‘i,

P [liminf | X7 < +oo} =1
n—-+o0o

This property holds in particular when

P {liminf X7 | < +oo} =1. (3.1)
k——+oco
Notice that X = A, 17 + B, 1 with
k
L4 ATk,l = HAT277'571+1 :Ak"'A17
(=1
k Te k - - _
 Brai=) Ay A > AnnBi| =) Ap-- A B
£=1 J=Te-1+1 =1

The random variables Avg = A, 5 41, > 1, are ii.d. with the same distribu-
tion as Aj; in other words, the sequence (A., 1),>0 is a random walk on S with
distribution £(A;) and for any k > 1,

~ ~ 1
|Ar 1l = [|[Ag - As]] < P P-a.s. (3.2)
e
Similarly, the random variables B, := Z A, j+1Bjl > 1, are iid. with the

j=Te—1+1

T1
same distribution as B; = E A; j+1B;.
=1

In order to prove (3.1), we first need to check that the By have logarithm mo-
ments. This is the aim of the following statement.
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Lemma 3.1. Under hypotheses A and B(9),
E {111(1 + |§1I)} < +o00. (3.3)

The proof of (3.3) relies on the following classical result (see Flie, 1982 for a
detailed argument):
Let (Ug)e>1 be a sequence of i.i.d. non negative random wvariables such that

P[U; # 0] > 0.
Then,
lim sup UZI/Z < 400 P-a.s. = E[ln(l + Ul)} < 400 (3.4)
{——+o00
and
E[ln(l + Ul)] <too = limsupUY =1 Pas. (3.5)

£—+o00
Before to detail the proof of the lemma, let us explain how it yields (3.1). By
combining (3.3) and (3.5), it holds lim sup | B¢|*/* = 1, so that
¢

—+0o0

~ L - ~ ~ 1
limsup |A; - -~Ag,1Bg|1/€ < limsup |A; - -~Az,1|1/é x lim sup |B[|1/€ < - <1P-as.
£—+o00 £—+o00 {—+o00 a
+oo " " " _
Hence, the series Z Ay -+ Ay_1By converges P a.s. to some random variable B
(=1
this implies that (B, 1)k>1 converges in distribution towards B, since B;, 1 has
k

the same distribution as Z‘Kl x -gg,lgg. By (3.2), the same property holds for
=1
the sequence (X, )r>o for any z € R‘j_. Consequently,

Plliminf |XZ | < +00] = P[|Buo| < +00] = 1.
k— 400

Proof of Lemma 5.1: By (3.4), it is sufficient to check that

1/¢

limsup |By|'/! < 400 P-a.s.

£—+00

For any ¢ > 1, it holds

Te

1Bl < Y Il An gl 1Bj]

Jj=Te—1+1
1 < | B;|
< EHATZJ'Z—IJF]-H Z ﬁ
J=Te-1+1 Jime—1+1
1 &
<53 Z | B
J=Te—1+1

since || Az, 7,y +1]] < L <[|4jr_ 1]l P-as. for pmq < j < 7.
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It remains to check that

Te

1/¢
limsup( Z |Bj|) < 400 P-as.

oo Jj=Te—1+1

Indeed, we prove the stronger convergence

s

1/¢
lim sup( | B; |) < +o0o P-as. (3.6)
1

{—+o00 =

Notice that, for any a > 0,

1/

Te
In (> |Bj]
=1

IN

%m(uiwﬂ)
j=1

Recall that the random variables 711 — 7; are i.i.d. with distribution £(71); fur-
thermore, by Corollary 2.4, there exists ¢(a) > 0 s.t.

c(a)

]P[T1>TL]:P[TQ>’H]N% as n — 4o0.

Hence,
- on the one hand, for any oo < 1/2, it holds E(7{*) < 400, so that limsup 77" /¢ <
{—+o00
400 P-a.s.;

Te
- on the other hand, the inequality ln(l + Z \Bj|> <In7y+ max In(1+|B;|)
— 1<j<re
j=
yields

1 - 1
limsup — In 1+Z|Bj| < limsup — max In(1+ [By])

f—+oo Ty J=1 =400 Tp 1<j<Tp

_ limsup(i max (1n(1+|Bj|))1/a)a

L—+4oo \Te 1<j<7e
1 e 1/a\ o
< limsup(—Z(ln(l—HBjD) ) .
L—+oo T¢ =1

By hypotheses Al and B(9), if a > ﬁ, the random variable In(1 4 |B;|)Y/® is
integrable and the strong law of large numbers implies

«

hmsupia ln(l + i |Bj\) < <E{(ln(1 + |B1))1/a}> < Ho00.

L—+oo Ty

The proof of (3.6) arrives choosing Wlé <a< %, which achieves the proof of

Lemma 3.1. 0
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3.2. On the local contractivity of the process (Xp)n>0 on Ri. Local contractivity
is a direct consequence of the following Lemma.

Lemma 3 2. Assume that

Zl [ An.1]|<1] = +00 P-a.s.

o the Bk are R4 -valued and P[B; # 0] > 0.
Then, P-a.s., for any x,y € R and any K > 0,

lim |X Xﬁ“—[lXﬁ\SK] =0.

n——+00
Proof: We use here the argument developed in Brofferio and Buraczewski (2015),
Theorem 1.2. Observe that

K
yxzi<x) € T e — Yl
TAna]

|

| Xn — XL xe 1<) < [|An,

(with the convention § = +00). Fix € > 0 such that p. := P [

By }
>e| >0. We
([ Axll

consider the sequences (ek) k>1 and (ng)r>1 of Bernoulli random variables defined
by: for any k& > 1,
ek = 1By/llag>q  and Mk = Lpa, <)

For any k > 1, the random variable ¢}, is independent on (n,...,n;) and Ple, =
1] = pe > 0. Lemma 2.1 readily implies: for any = € Rd

| X5 |Bn1| |Ank+1Bk [ An k1l Brl| o .
HAan | An, Z: Z | A1l Z \Ak1||

with

v, = € €k77k-
= IAmH — [l Akl [[Ak—11 —

By hypothesis, it holds Z N = +oo  P-a.s.; consequently Z exng — +oo P-a.s.,

k=1 k=1
by the following statement.

Lemma 3.3. Let (ex)r>1 and (nk)k>1 be two sequences of Bernoulli random vari-
ables defined on (Q,T,P) such that

+oo
(1) an =400 P-a.s.;
k=1
(2) the ey are i.i.d. Bernoulli random variables with parameter 0 < p < 1;
(3) for any k > 1, the random variable €, is independent on 1, ..., n.
“+o0
Then kank = +o00 P-a.s.
k=1

O

Proof of Lemma 3.3: Let us introduce the sequence (¢x)x>1 of stopping times with
respect to the filtration (o(n1,...,nk))k>1 defined by

to=1, t1:=inf{n >1/n, =1} and tx1 :=inf{n >t /n, = 1}.
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By hypothesis 1. the stopping times t; for k£ > 1 are P-a.s. finite. Furthermore, by
the strong Markov’s property, hypotheses 2. and 3. yield: for any 7,j > 1,

P[Etiio,...,Ef :O]

bitj
=E |:E[1[Et'i:0""’€ti+j :0]/7717 s 777ti+]-7517 v )€t¢+j—1]:|
=E |:1[5ti:Ov"'vsti+j71:0]]ID[Eti+j =0/m1, - Moy 5 €15 7€ti+]’*1]}
=1 =p)Plet, =0,...,6¢,,,_, =0l =...= (1—p).
“+o00 “+oo
Hence Plliminfe,, = 0]] = 0 so that ’; RNk = ; eee, = +oo P-as. O

3.3. Proof of Theorem 1.1 (1) and (2).

1. We use the properties stated in subsection 2.1 about stochastic dynamical
systems.

The existence of an invariant Radon measure m, follows from the conservativity
of the process (X,,)n>0 proved in subsection 3.1.

The uniqueness of m is a consequence of the local contractivity of (X,)n>0
established in subsection 3.2.

2. The fact that m is infinite is a direct consequence of Theorem 3.2-A in
Bougerol and Picard (1992): indeed, if m was finite, then the Lyapunov exponent
v would be negative, contradiction.

4. Estimation on the tail of the invariant measure m

In this section, we prove the second assertion of Theorem 1.1; this is a direct
consequence of the following statement, where the slowly varying function L is
explicit. Firstly, we introduce some notation: for any ¢t > 0 and any compact set
K C R‘i;

tK = {tz € R} /z € K}.
Proposition 4.1. Assume hypotheses A(8) and B(8) hold and let m be the unique

(up to a multiplicative constant) invariant Radon measure for the process (Xp)n>0-
Then, there exists a compact set Ko C R%\ {0} such that

(1) the function L : t — m(tK,) is positive and slowly varying on Ry,
(2) the family (my)i>1 of normalized measures on RE \ {0} defined by

 m(tK)

18 vaguely relatively compact. In particular, there exist 0 < a < b and ¢ > 1
such that for any t > 1,

(4.1)

L(t) < m{x eR? fta < |a] < tb} < cL(t).

4.1. Preliminary results. First, we prove the following statement.

Lemma 4.2. Under hypotheses A(6) and B(9), there exists a compact set K, C
R4\ {0} such that

(1) the quantity m(tK,) is positive for any t > 1;
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(2) for every compact set K C RL\ {0}, there ezists a positive constant ki
such that
vt > 1, m(tK) < kgm(tK,). (4.2)

In other words, setting L(t) := m(tK,), inequality (4.2) states that the family
(my)e>1 is vaguely relatively compact.

Proof of Lemma /.2: We consider the family (Ag)grso of closed “annuli” (in the
sense of the norm | |) defined by: for any R > 0,

ARz{xeRi\{O}/;§|x|§R}.

For a,b > 0, we denote by V(a, b) the subset of elements g = (4, B) € S5 x R%\ {0}

such that
1 b

Al + |B| < ab and || A|| > 5
The set V(a,b) is trivially empty when ab < 12 iea < f ; hence, since 0 < § <1,
we assume from now on a > 1, so that V(a,b) is not empty.
From now on, we fix two radii » < R in (1, +0c0).

Recall also that, to simplify the notations, we denote by g both the couple
(A,B) € S x R4 \ {0} and the map z — Az + B on R ; the “linear” component of
g is A = A(g) and its “translation component” is B = B(g).

The proof of the Lemma is decomposed in 4 steps.
Step 1. For any ¢ > 0,s > 1/r and g € V (T, g), it holds g(sA,) C tAg.

Indeed, g = (A, B), we get the following inequalities for = € sA, :

lg(z)| < Al < |2 + [B] < ([|All + [B])sr < tR

and

S t
l9(@)] = |Az| = S| All > |2| 2 SlIAll - > -

Step 2. m(tAg) > 0 for R > 0 great enough and any ¢ > 1.

By hypotheses A2 and A4, there exists N > 1 and an element g = (A, B) in
supp(p*™V) such that the spectral radius p(A) of A is greater than 1.

Notice that, for any n > 1 and = € Ri,

9" (x) = A(g")x + B(g")

with A(¢g") = A™ and B(¢") :== > /_ éAkB
First, there exists a Constant B > 0 such that |B(g™)| < B||A™|. Indeed, by
Lemma 2.1,

|B n ’Z AkB) lB '
ne >||‘ <5 'ZnAn <5 'ZnAln = A

with 8 < 400 since p(A4) > 1.
Second, for any t > 1, set ny := inf{n > 1/t < ||A"||}. Notice that n; < +o0
since ||A"|| — +oo. By the inequality [|[A™~1|| <t < ||A™]|, for & > max{(1 +

BIIALL 53,
IAG™ ) +1B(g™)| < L+ B A™ ]| < L+ B)IA| > [[A™TH < 1+ B)|Allt < kt
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and
[A(g" Il = [|A™ ]| = 5t
Hence, for T > max{1 + g, %}7
g™ e V(T,t) Vt>1. (4.3)

Last, we fix g > 1 such that m(A,,) > 0. For R > max{1+ 3, %}7‘0 and any t > 1,
it holds

m(tAr)

1t
Sk

(™™ % m)(tAR)

Ly i (9)Leag (9(@)dp ™ (g)dm(z)

%

Y

[ v 0@ (9™ ()dm(a)  (by Step L, with s = 1)
o (V(R t)) m(Ar,)

with gV (V(f, t)) > 0 since g™t € supp(u¥™) N V(%,t) and V(T%,t) is open.

The proof of Ste?) 2 is complete.

Step 3. For any r > 1, there exists R, > 0 such that, for R > R, and s > 0,
Vt>1 m(tsA,) < ksm(tAg), (4.4)

for some constant ks = ks(r, R) > 0.

Case s < 1.

Assume R > max{1+ f, $}r, so that "1/« € V(£ 1) by (1.3). Consequently, as
above,

Y%

Ly 1) (9)Lg(usa (9(2))duN™ /= (g)dm(x) (b Step 1)

Inequality (4—1) holds with Rs = W
Case s > 1.

As in Step 2, by hypotheses A2 and A4, there exist N > 1 and g = (A_,B_)
in supp(u*Y) such that the spectral radius p(A_) of A_ is less than 1. First, as

above, for any n > 1, the norm |B(¢"™)| is smaller than g_ := Z | A% || < |B_].

Second, for any s > 1, set m, := inf{m > 1/ > ||A™|]}. Notice that m, < 400
(since ||A™] — 0) and

1 1
A > 5 2 AT = 8l A x AT > ollA-II<

so that ¢g"** belongs to the set

1 1
Us) :={g=(4,B)/d|A-| - <[ A] < 7 and [B] < 5},
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and pN™s (U(s)) > 0.
Let us choose R > max{m,r + B_}. For g € U(s) and z € tsA,,

lg(x)] < ||A|ltsr + |B| <tr+ p_ <t(r+p-) <tR (since ¢t > 1)

and
ts t t
> S||A||= > 82|A_||- > =
o) = o141 > Ayt > L
that is g(tsA;.) C tAgr. This yields, reasoning as in step 2,
ts A, 1
Vit >1,Vs > 1, m(tsAr) < < +00.

m(tAg) = pNme(U(s))
Step 4. By (4.4), Lemma 4.2 holds for K, := Ag and any compact set K C
R4\ {0} of the form s.A, with s > 0. To extend this result to a generic compact set
K c R1\ {0}, we just observe that such a compact set satisfies K C UIZ:1 sp A, for
some nonnegative reals sy, ..., s, (depending on K); we take kg = Zﬁzl Ks,. O

Before concluding this section, we state some general result about harmonic
functions for random walks on topological semigroups; it will be useful to achieve the
proof of Theorem 1.1 (iii). It relies on standard arguments in potential theory but
we did not find any precise reference in the literature; for the sake of completeness,
we detail the proof in the Appendix.

Lemma 4.3. Let T be a locally compact Hausdorff topological semi-group (with
identity e) and uo, be a Borel probability on S. Let

T,, = | supp(uz)
n=0
be the closed sub-semigroup of T generated by the support of p.. The“conservative
part” R, of T, is defined by

+oo
R, = {s €T,/ Z ul(Vs) = +oo for all open neighborhood Vi of s} .
n=1

Then
(1) R, is a closed ideal of T,,,, i.e. R, T, C R,
(2) Let h be a continuous superharmonic function for the right random walk
with law p1o on T, that is a function h : T, — [0, 4+00) such that Ph(sg) :=

h(sos)dpo(s) < h(sg) for all so € T.
Then h(rs) = h(r) for allr € R, and s € T, .

Let us emphasize that, in this general setting, the ideal R, , may be empty;
furthermore, when R,  # 0, it may not coincide with the semigroup T),,. For
instance, in the context of product of elements in Ss, the conservative part R, is
included in the set of rank 1 matrices, which is a proper subset of T}, .

4.2. Proof of Theorem 1.1 (iii). We follow the strategy developed in Babillot et al.
(1997) and Brofferio et al. (2012). The proof is decomposed into 3 steps. Recall
that 7z denotes the law of the random variable A; and that its support is included
in S5. In the sequel, we apply Lemma 4.3 with T = S;.

Step 1. There exists Ay € Ry such that
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e rankAy=1;

e ImAy = Ruvg and Agvg = Agvg, for some vy € X and Ay > 1.

The Markov chain (A, 1 -z, |An 12|)n>0 being recurrent on X x R, it holds, for
M > 1 great enough,

+o0

1
d.P (5 < |An ] < M) = +o0. (4.5)
n=0

Since D := {A € Ss5/45 < ||A|| < M} is compact in Ss \ {0}, the set Rz N D is non
empty. Otherwise, D is included in S5\ Ry and there exists a finite cover Vi,...,V;
k

of D with open sets V; such that Z p" (Vi) < +oo for i =1,..., k. Contradiction
i=1
with (4.5).
From now on, we fix some element Ay € Ry N D. First, let us check that
rank(Ap)=1.
By definition of Ry, for any open set O C S5 which contains Ay, it holds

+oo
> P(An1 € 0) = +c0.
n=0

For any z,y € X and € > 0, the open set O, , . = {A € S;/0(A-z,A-y) >e}
does not contain Ay; indeed, by (2.2),

+o00 too

1
ZIP’(D(A,M cx, Apy) >e) < - ZE(D(A,LI -z, A - y)) < Foo.
n=0 n=0

Hence, for any =,y € X and € > 0, it holds Ay ¢ Oy 4, thus 39(Ag - 2, 4p - y) < e.
Letting ¢ — 0 yields 0(Ag-z, Ag-y) = 0 for any x, y € X; in other words, rank Ay = 1.

Let vg € R, vy # 0, such that Im Ay = Ruvg. By the Perron-Frobenius’s theorem,
the matrix Ay has a dominant and simple eigenvalue Ay with eigenvector vy € X;
furthermore, since Ag € D,

1
Ao = |A0’U0| > 6”140” > g > 1.

O
Now, we introduce the function L. For any compact set J C Ry, set K; :=
Jvg + KerAg; the set K;N Ri is compact in Ri \ {0}.
We consider the intervals Iy := [)\aN, A] for N > 1; by Lemma 4.2, for N great
enough, the family of measure

K~ my(K) := _mitK)
m(tK]N)
is vaguely relatively compact. We fix such an integer N and set L(t) := m(tKy, ).
We claim that the function L is slowly varying. First, we need to state some
properties of cluster points of the family (m;);>0, this is the purpose of the following
step.
Step 2. Any weak cluster point = lim;_, o m¢, of the family (m;);~o satisfies

s(AX D)) = [ oAn)n() (16)

d
RY
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for any A € R, A’ € Sz and any Lipschitz, compactly supported function ¢ on

BT\ {0},

We fix a Lipschitz, compactly supported function ¢ : R‘i \{0} — R; we denote by
[¢] its Lipschitz coefficient and chose M > 0 such that the support of ¢ is included
in Ay N Ri.

Set hy(A) := [ ¢(Az)dn(z) for any A € Rg. The fact that A € S ensures that

Ail.AM N Ri CAnp N R‘j_
with N = n(A) > 1; hence |hy(A)| < [Ploon(ANnnm) < 400, which proves that hy is
bounded on Rj.

A similar argument shows that hg is continuous on Ry. Indeed, if A, — A, then
At Ay NRE C Ay NRE for some N’ > 1 and all n > 1. Thus, |[¢p(A,z)| <
|9loclay,,, (®) and ¢(A,z) — ¢(Ax) as n — +oo, for all z € R%. One concludes

using the dominated convergence theorem.
Now, observe that for all (4, B) € S x R and any ¢ > 0,

[t71(Az + B)| — [t~ (Az)|| < t7'|B.
Then, for all t > 2M|B| and z € R%,
|6(t™ (Az + B)) — p(t ™" (Ax))| < [¢]t ™" [B[Lag,, (t7 (A2)).
This yields
Sl (A + B)dm() — [ ol (Ax))dm(a)|
im sup
< [¢]7](¢42N(A)M) limiup ti_1|B| =0.

Consequently, the function hg is superharmonic: indeed,
[ hatadanta)
s
Jpa O(t; T AA z)dm(2)
= / lim —=*
g i—+oo L(t;)

Jra & (t7TA(A'z + B')) dm(x)
= / lim -
SxRd imFo0 L(t:)

da(4’)

du(A’, B')

i—+00 L(ti)

fRi ¢ (t; ' Az) dm(z)
.
< lim inf o)

t7'A(A'z + B’
<lim inf/ 0 (i AlA ) dm(z)du(A’, B") by Fatou’s Lemma
s Jre

= hg(A) since m is p-invariant.

Thus, by Lemma 4.3, equality hg(AA’) = hg(A) holds for all A € Ry and A’ € §.
([l
Step 3. The function L : t — L(t) = m(tK;,) is slowly varying
We must demonstrate that, for all s > 0,
L(ts) . m(tsKpy)

t54eo L(t) | torieo m(tKr,)
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Let (t;); be a sequence in R which tends to +o00; by Lemma 4.2, there exists a
subsequence (t;;); such that (m; i ); converges weakly to some limit measure 7 *
It is sufficient to check that

T](SKIN) — 1 m(tijSKIN>

— =1.
N(Kiy)  i—ioo mlty, Kiy)

First, since Agvg = Agvg, for any J C R, it holds
1
Ao(K.]) = Ao(J'UO + KGI‘AQ) = )\()JU(] and Aal(K]) = TK] = K%]
0

Since Ag € Ry, Lemma 4.3 yields Ak € Ry for any k > 1. Hence

N\ "Kr) = (A" Ag (Kge1)) = 1(Ag ' (K1) = n(K ).

The same relation holds also for negative k € Z, noticing
- —(~k
NAGHKg) =n(Ky-x ) = 100 TV K k) = n(Ky). (4.7)

In other words n(sK;) = n(K;) for any interval J and s € {\§/¢ € Z}. Now,
if we specify the interval J, this property holds for generic s in R% ; namely, set

J=1In = [NY, A)[, choose some integer k, such that A5 belongs to [sAg Y, sA)|
and write

MK ) = (Ko i) = 1 (Ko age) + 1 (Ko )
o (pgrensgeo) 1 () (4D
=1 (Ko onte2v)
=1 (K[)\gs—(ks+2N)7SA(I§S+2N—(I¢S+2N)[) again by (4.7)

=n(Ky).

This achieves the proof of Step 3. Proposition 4.1 follows.
O

4.3. Appendiz: proof of Lemma 4.5. 1. Obviously, R, is closed and R, C T}, .
To check it is an ideal of T}, 1et us fix r € R, ,s € T, and let V,, be an open
neighborhood of rs € T. By continuity of the map p : (s1,82) — $182 on T X T,
there exist open neighborhoods V;. of r and V; of s such that V,. x Vi, C p~1(V,.5)
(in other words V;. Vs C V,.,.) Fix N > 1 such that p2 (V) > 0. Then

Z /Jo rs > Z /Jn—HV rs Z Mo o S) +oo

which proves that rs € R, .

2. First, notice that the restriction to R, of any positive superharmonic function
on T is harmomc on R, ; in other words, if Ph(sg) := [ h(sos)due(s) < h(sg) for
any so € T then Ph(r) = h(r) for any r € R, .

3We do not know if the whole sequence does converge to 7, the argument developed here does
not reach to this property.
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We fix r € R, , set a, := h(r) — Ph(r) > 0 and suppose that a, > 0. Then,
since h and Ph are continuous, there exists an open neighborhood V' of r such that
h — Ph > $1y. Hence, for every N € Z,

N

72#0 - anlv()

n=0
N
Z (h — Ph)(e) = h(e) — PN T1h(e) < h(e) < +o0.

N
This yields a = 0 since Z o (V) = 400 as N — +o0.
n=0
Second, let us consider the function A’ defined by h'(s¢) = min{h(so), h(r)} for
any sg € T. We claim that h’ is superharmonic. Indeed, for any sg € T,

Ph (s0) < min{Ph(sg), h(r)} < min{h(se),h(r)} = h'(s0).
Thus, for every n € Z, it holds

h(r)y =Hh(r) = /mm{h rs), h(r)rdu(s)

and h(rs) > h(r) for 42 almost all s and the equality h(r)=P"h(r)= [ h(rs)duZ(s)
readily implies h(rs) = h(s) for pZ-almost all s. By continuity of h, the equality
holds for all s € T},

O
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