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Abstract. Given a probability distribution p := {px}32,; on the positive integers, there are two
natural ways to construct a random permutation in .S, or a random permutation of N from IID
samples from p. One is called the p-biased construction and the other the p-shifted construction. In
the first part of the paper we consider the case that the distribution p is the geometric distribution
with parameter 1 — ¢ € (0,1). In this case, the p-shifted random permutation has the Mallows

distribution with parameter ¢. Let PgGeO(l*q) and P,?Geo(l*q) denote the biased and the shifted

distributions on S,,. The expected number of inversions of a permutation under Pﬁ;Geo(l_q) is greater
than under P}Z?Ge"(l‘”, and under either of these distributions, a permutation tends to have many

fewer inversions than it would have under the uniform distribution. For fixed n, both Pﬁ;Geo(l_Q) and

PTSL;GGO(I_Q) converge weakly as ¢ — 1 to the uniform distribution on S,,. We compare the biased and

the shifted distributions by studying the inversion statistic under PﬁGeO(qn) and P;;Geo(qn) for various
rates of convergence of ¢, to 1. In the second part of the paper we consider p-biased and p-shifted
permutations for the case that the distribution p is itself random and distributed as a GEM(0)-
distribution. In particular, in both the GEM(6)-biased and the GEM(#)-shifted cases, the expected
number of inversions behaves asymptotically as it does under the Geo(1 — ¢)-shifted distribution
with § = li_q. This allows one to consider the GEM(6)-shifted case as the random counterpart of
the Geo(q)-shifted case. We also consider another p-biased distribution with random p for which
the expected number of inversions behaves asymptotically as it does under the Geo(1 — ¢)-biased

case with 6 and ¢ as above, and with § — oo and ¢ — 1

1. Introduction and Statement of Results

A permutation of N is a 1-1 map from N onto itself. Let p := {p;}?2, be a probability distribution
on the positive integers, with pp > 0 for all k. From this distribution, we describe two methods
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for creating a random permutation II := {II;}?°, of N. Take an infinite sequence of independent
samples from the distribution p: ny,ne,---. The first method is to define Il to be the kth distinct
number to appear in the sequence {ni,ng,---}. Thus, for example, if the sequence of independent
samples from p is 7,3,4,3,7,2,5, -, then the permutation II begins with II; = 7,1l = 3,1I3 =
4,114 = 2,115 = 5. Such a random permutation is called a p-biased permutation. The second method
is defined as follows. Let I} = n; and then for k > 2, let IIy = ¢(n), where ¢y, is the increasing
bijection from N to N — {IIy,--- ,IIx_1}. Thus, the sequence of samples 7,3,4,3,7,2,5,-- yields
the permutation Il beginning with Iy = 7,11y = 3,113 = 5,114 = 4,115 = 11,1l = 2,117 = 10. Such
a permutation is called a p-shifted permutation.

For any fixed n € N, one can also obtain a p—biased or a p-shifted random permutation of
[n] :== {1,---,n}, which we denote by II {H }k 1- Indeed, we simply ignore all values
that land outside of [n] and stop the process after a finite number of steps, when every value in
[n] is obtained. Thus, for example, if we take n = 5, and if, as before, we sample the sequence
7,3,4,3,7,2,5,---, then we obtain the permutation 34251 € S5 in the biased case and 35421 € S5
in the shifted case.

Let Pgé{p ) and P;{p “} denote the biased and shifted distributions on the permutations of N,

induced by the random permutation II, and let PEPE and PSP denote the biased and shifted
distributions on S, the set of permutations of [n], induced by the random permutation o™, It is

easy to see from the construction that Pf;;{p } and P,f;{p 3 converge weakly to Pgé{p Y and ng{p 3
as n — 00, in the sense that for each j € N, one has
b; — b .
P(fci{pk}((o-la o UJ) ) - nll_{go PS {pk}((alv T aaj) € ')7
where ¢ = 0109 - -+ denotes a canonical permutation of N, and 0 = o1 -+ , 0, denotes a canonical

permutation in S,.
In this paper, we study the behavior of the inversion statistic. We first consider p-biased and
p-shifted random permutations in the case that the distribution p is the geometric distribution

Geo(1 — q):
Pk = (1 - Q)qk_la k= 1a2a T (11)

where ¢ € (0,1). Then we consider p-biased and p-shifted random permutations in the case that
the distribution p is itself random and distributed according to the GEM(6) distribution, for 6 > 0.
As will be seen, in the p-shifted situation, but not in the p-biased situation, the GEM(6) case may
be thought of as a natural random counterpart of the deterministic Geo(1 — ¢) case, with ¢ and 6
related by ¢ = % or equivalently, 6 = l%q. This leads us to also consider an alternative random
distribution in the p-biased case that can better be considered as the natural random counterpart
of the Geo(1 — q) case, with ¢ and 6 related as above.

We begin with the Geo(1 — ¢)-biased and Geo(1 — ¢)-shifted random permutations. Denote the

corresponding biased and shifted distributions on the permutations of N and on S,, by Pb Geo(1= q)

P;Geo(l Q), Pf; Geo(1- Q),Pi iGeo1=0) 1t is known Gnedin and Olshanski (2012) that P’ Geo(1- q)
the Geo(1 — ¢)-shifted distribution on S, is actually the Mallows distribution with parameter q.
The Mallows distribution with parameter ¢ is the probability measure on S,, that assigns to each
permutation o € S, a probability proportional to ¢Z»(?), where Z,(0) is the number of inversions
in o3 that is Z,(0) = > 1<;cj<p Lo <o;}3- We extend the inversion statistic Z, to permutations
o = o109 --- of N by defining

In(O') = Z 1{0';1<0';1} = Z 1{O'l<0'k}'

1<i<j<n 1<k<l<oo
0),01<n
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Remark. From the constructions above, it follows immediately that the distribution of Z,, un-

der P&Geo(l_Q) coincides with its distribution under P,’Z;Geo(l“”, and the distribution of Z,, under

P&GGO(I_Q) coincides with its distribution under P;?GQO(I_Q). Thus in the sequel, asymptotic re-

sults concerning the behavior of Z, under PYO1™0) op p2iGeoll=a) i)l be stated using the fixed
probability measure P&Geo(lf‘]) or ch?)Geo(l*q)‘

We will prove the following proposition.

Proposition 1.1. For all 1 < i < j < o0, 1{Uf1<a_71} under P&GEO(I_Q) stochastically dominates
7 2
l{a;1<0;1} under P&Geo(l_q). The domination is strict if j —i > 2.

From the proposition and the linearity of the expectation it is immediate that
EiGee=0T, > gl for n > 3. (1.2)

It is easy to see from the construction that as ¢ € (0, 1) approaches 1, both the Geo(1 — ¢)-biased

distribution Pﬁ?Ge"(l‘q) and the Geo(1 — g)-shifted distribution P,f;Geo(l_q) converge weakly to the

. . . . .. b;Geo(1—
uniform measure on S,,. We compare the behavior of the inversion statistic Z,, under P’ eo(1=q) and

PnS;Geo(l_Q) (or equivalently, under P&Geo(l_q) and Pgé,GeO(l_q), by the remark before Proposition 1.1)
for various rates of convergence of ¢, to 1. We begin however with the case of fixed ¢ € (0,1). The
notation w — lim,,_,,, will be used to denote convergence in distribution of a sequence of random

variables.

Proposition 1.2. Let g € (0,1).
1.

b; Geo(1—q) 00
. By Tn 1
R i 43)
and
b; Geo(1—q)
. . o0 n _
él_)ﬂ%(l —q) nl;rréo - = log 2. (1.4)
Furthermore, under P&Geo(l*q), W—limnﬁoozn—" = 220:1 ﬁ.
1.
Es;Geo(l—q)I
lim —° n_ 4 (1.5)
n—oo n 1—g¢q
and Geo(l—q)
Es; eo(l1—q T
lim(1 —¢) lim —— " =1,
q—1 n—00 n
Furthermore, under ngGeo(l_q), w—limnﬁw% = l%q.
Theorem 1.3. a. Let g, =1 — %, with ¢ >0 and a € (0,1).
1. Under P&Geo(l_qn),
: 7, . pulel=a) a9
Wl = M T e e
1. Under Poso;Geo(l_q"),
| R oS A
Wi oo s = i = =

b. Let ¢ =1— 5, with ¢ > 0.
. Under P&Geo(l_qn),
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—cC

E&Geo(lfqn)l-

.’z ] 1—e
W‘llIIl — — 11]:11 n —
$ 0

log(1 — %)

r—1

dz = Iy(c).

) -Geo(1—qn
. Under P co(l=g ),

(&

(

Also, Ip(c) < Is(c), lime—soo Ip(c) = lime—oo Is(c) = 0 and lime—,¢ Ip(c) = lime—0 Is(c) = %.

1 log(1 —
+0g( )

T2 . )dz = I(c).

E&Geo(l—qn)l-n 1 1—e~
w-limy, o0 —= 2= = lim —————— =
n—00 n ct Jo

c. Let g =1—o0(2). Then

. E&Geo(l—q):z-n . Eg;oGeo(l—q)In 1
lim ——— = lim ———— = -.
n—o0 n2 n—oo ’I’L2 4

5;Geo(1—gn)

Remark. The dominance in expectation of the inversion statistic under Py’ as compared

to under Pb Geo(1—gn) disappears asymptotically if ¢, = 1 — (%) Indeed, in such a case, both
distributions mimic the uniform distribution for which it is well-known that lim,,_,s %12;" = i.

We now consider p-biased and p-shifted random permutations in the case that the distribution
p is itself random and distributed according to the GEM(#) distribution, which we now describe.
Let {W}}32, be IID random variables taking values in (0,1). Define a random sequence {Py}32,
deterministically satisfying > ;2 Pr = 1, by

Pr=Wi, Po=0-W1) - (1 =Wi_1)Wy, k=>2. (1.6)

Such a random distribution is called a random allocation model (RAM) or a stick-breaking model.
The GEM(#) distribution with § > 0 is the RAM model in the case that the IID sequence {W},}7° 4
has the Beta(1, §)-distribution; namely the distribution with density 8(1 —w)?~1, 0 < w < 1.

We denote by Pb GEMO) and P;';GEM(G) respectively the corresponding biased and shifted distribu-
tions on permutations of N, and call them the GEM(6)-biased and the GEM(#)-shifted distributions.
Note that we are in the annealed setting. That is, we sample a sequence {p;}7°, from the GEM(6)-
distributed random variables { Py }?2 ; and use this realization to construct a p-biased and a p-shifted
random permutation of N. We have

PGEM(6) /p* {oet(NdPy({Py} = {pi}), for x = b or x = s,

where Py is the probability measure on the GEM(#)-distributed sequence {Pj}7° . (With an abuse
of notation, we will also use Py to denote the probability measure associated with the sequence

{Wi}32, of IID Beta(1,#)-distributed random variables used to construct the sequence {Py}32;.)
bGEM(O) g psGEMO) o

b; GEM(G) op PSGEMEO)

In the same way as in the deterministic case, we can also define Py’
Analogous to the deterministic case, Z,, has the same distribution under P’
it does under Pb GEMO) o P GEM(Q)

For the Beta(l 0)-distributed 11D random variables {W;}72 , we have EyW; = eil and therefore
Eg(1-W1) = 1 +9 Thus, comparing the random distribution on N given by a realization of {P;}7°,
asin (1.6), with {W;}22, as above, with the deterministic geometric distribution on N given in (1.1),
it is natural to compare the Geo(1—gq)- biased or shifted distribution to the GEM(6)-biased or shifted
distribution, with q and 0 related by ¢ = 575 +1, or equivalently, § = li_q. It turns out that with respect
to the inversion statistic, this comparison is apt in the shifted case, but not in the biased case. We
will prove the following results.
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Theorem 1.4. Let 6 > 0. For Py-almost all {Pr}32, = {pk}iip

w — nh_{go; kak—irl = ZkaH H (1-— (1.7)

where w — lim,,_,o, denotes the weak limit under the measure ng{pk}. Furthermore,

ES;GEM(Q)I
lim —=— " —9¢. (1.8)
n—oo n

Theorem 1.5. Let 6 > 0. Then
b;GEM(6)

E T
lim —=— " — 9, (1.9)
n—oo n

Remark 1. The calculations involved in the proof of Theorem 1.5 are the most interesting ones in
the paper, and contain several twists and novelties.

Remark 2. In light of (1.2), it is not surprising that the right hand side of (1.5) is larger than the
right hand side of (1.3). Note however that the right hand sides of (1.8) and (1.9) are the same.

With regard to the discussion in the paragraph preceding Theorem 1.4, compare (1.8) to (1.5).
From this, in the shifted case PS;GEM(G) might be thought of as the natural random counterpart of

P@Geo(l_q) with 6 = —q However, comparing (1.9) to (1.3) shows that such a connection does not

carry over to Pb GEM(9) and P&Geo(l 9 ; in the biased case. In light of this, we now consider another

family of p-biased distributions with random distribution p which, as we shall see, better deserves
to be considered as the natural random counterpart to the family of P¥Ge(1=9)_distributions. Let
{Ur}72, be a sequence of IID random variables distributed uniformly on [0, 1]. Denote expectation
with respect to these random variables by the generic E. Let # > 0. Define a random sequence

{Pllg}zoz1 by

Q)\H

i1l

Let

Q:\»—‘

D= ZPk_ZHU

k=1i=1
and define the random sequence {P}72, determlmstlcally satisfying > po; Pr =1, by

Pl T
Pk—D—DgUi. (1.10)

We consider the p-biased distribution with p distributed as {Py}72, and denote this distribution

by Pb;HD'pmd(e) We note that the normalization random Variable D is known to have the so-called

generalized Dickman distribution with parameter 6 Pinsky (2018). However, from the construction,
D does not enter into the formulas for the inversion probabilities; for example,
73/

P&HD—prod(@) (0_;1 < O';l) _ Pl - P/

dist

1 1
Note that U7 has density 02— x € [0,1]; thus Uk" = 1 — Wy, where Wy has the Beta(1,6)
1

distribution. In particular, EU,f = %. Thus, letting {W},}2°, be an IID sequence of Beta(1, §)-
distributed random variables, the random sequence {P}}7°, constructed above in (1.10) can also
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be constructed in the following equivalent manner:
k

P =110 - wa;

i=1

D= Zpkl;}'[l (1-W,

/

k
Py = % = 11)1_[(1 —Wh). (1.11)

Comparing (1.1), (1 6) and (1.10) (or (1.11)), we suggest that, with 6 and ¢ related by ¢ =

b51ID-prod(9) rather than the distribution Pb GEM(9)
b;Geo(q)

0+1’ or

should

be considered as the natural random counterpart of the distribution Py} , at least as ¢ — 1 and
6 — oo. The following theorem supports this claim; indeed, compare (1.4) to (1.9) and (1.12).

Theorem 1.6. Let 0 > 0. Then

equivalently, 6§ = , the distribution P}

' Elo);IID—prod(G)
lim
n—00 n

" =flog2. (1.12)

Note that for the shifted case in Theorem 1.4 we have a weak law of large numbers as well as an
asymptotic result for the expected value, whereas for the biased case in Theorems 1.5 and 1.6 we
only have an asymptotic result for the expected value. The following proposition, of independent
interest, concerning the generic shifted case constructed from an arbitrary deterministic distribution
on N, makes it easier to prove a weak law in the shifted case. The proposition will also be used in
the proof of the law of large numbers for the shifted case in Proposition 1.2 and Theorem 1.3. Let
I.;(0o) denote the number of inversions involving the pairs of numbers {{7,j} :1 < i < j}, for o a

permutation of N:
Ii(o)= > 1,

1<i<y
The statistics {I<;}72, are called the backwards ranks.

Proposition 1.7. Let p := {pr}2, be a probability distribution on N, and let ng{pk} denote the

corresponding p-shifted distribution on the permutations of N. Under Pcfg{p’“}, the random variables
{I<]~}‘;‘;2 are independent. Furthermore, the distribution of I-; is given by

> k=1Dk

Remark 1. From the constructions, it is immediate that Proposition 1.7 also holds with P
replaced by Py’ {Pe} and {I<j} ° 5 replaced by {I<j}j o, forany n =2,3,---

Remark 2. In the case that the distribution p is the Geo(1 — q) distribution, the proposition shows
that I is distributed as a truncated geometric distribution with parameter 1—gq, starting from 0 and

truncated at j—1: P iGeo(1-q) (Uj=1)= %, 1=0,1,---,j—1. Actually, Proposition 1.7 in the
case that p is the Geo(1 — ¢) distribution is well-known and follows from an alternative construction
of the Mallows distribution—see Pinsky (2021) for example. This alternative construction appears
generically in Remark 3 below.

Remark 3. From Proposition 1.7 it follows that the p-shifted random permutation 1™ (or II)
can be constructed in an alternative manner by sequentially placing the numbers {1,--- ,n} (or

{1,2,---}) down on a line at various positions between the numbers that have already been placed

s;{pw}
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down. First place down the number 1. For j > 2, assume that the numbers {1,---,j — 1} have
already been placed down. Then there are j possible spaces in which to place the number j; namely,
to the right of any of the j — 1 numbers that have already been placed down, or to the left of the
leftmost number that has already been placed down. For [ =0, --- ,j — 1, with probability ZPA

k=1Pk
place the number j in the (I 4+ 1)-th rightmost position. Note that this gives 1.; = [. Furthermore,

it is clear from the construction that the {/;}52, are independent.

Although we won’t need it here, we note that four out of the five models of random permutations
discussed above are examples of strictly regenerative permutations. (The exception is the GEM(6)-
shifted case.) For a permutation ™ = 11742 "+ Tatm, of {a+1,a+2,--- ;a+m}, define red(r),
the reduced permutation of 7, to be the permutation in S, given by red(n); = mq+; — a. A random
permutation is strictly regenerative if for almost every realization II of the random permutation,
there exist 0 = Ty < 71 < Tb < --- such that II([T}]) = [T3], j > 1, and II([m]) # [m] if
m & {T1,Ts,---}, and such that the random variables {7}, — Tj,_1}32, are IID and the random
permutations {red(Il|z,)—i7y,_, 1172, are IID. The intervals {Ty — Ty—1}32, are called the blocks of
the permutation. The four aforementioned models are positive recurrent, which means that the
block length has finite expected value; that is, E77 < oo. For more on this, see Pitman and Tang
(2019) and references therein. In particular, in the specific context of Mallows distributions, for
fixed ¢, see Gnedin and Olshanski (2012) for more on general constructions, and see Basu and
Bhatnagar (2017) for an analysis of the length of the longest increasing subsequence; for ¢, — 1,
see Bhatnagar and Peled (‘)01’) for an analysis of the length of the longest increasing subsequence
and see Gladkich and Peled (2018) for an analysis of the cycle structure.

In section 2 we prove Propositions 1.1 and 1.7. In section 3 we analyze the expected number of
inversions, Eb jGeo(1- q")I and B3 Geo(1— q)I , for ¢, = ¢ as in Proposition 1.2 and for the various
cases of g, as in Theorem 1.3. In section 4, applications of the second moment method along with
the results of section 3 yield the proofs of Proposition 1.2 and Theorem 1.3. The proof of Theorem
1.4 is given in section 5, the proof of Theorem 1.5 is given in section 6 and the proof of Theorem
1.6 is given in section 7.

2. Proofs of Propositions 1.1 and 1.7

Proof of Proposmon 1.1. From the construction of the biased case, it is clear that Pb Geo(1-q) (aj !

-1 $;Geo(1—q) 1 ¢
;)= p+p J+Z.WenowshowthatP (]. < o; )qu+qiv

with strict inequality if j —¢ > 2. From the construction of the shifted case, it is clear that on
the first step of the construction, the probability that j will appear conditioned on either ¢ or j

<

This probability is equal to

which is equal to

appearing on that step, is equal to If the number appearing on the

Pj +p ’ qﬂ+ o
first step is k # 4,7, then the probablhty that j will appear on the second step, conditioned on

either 7 or j appearing on that step, depends on the value of k. If k > j, then this probability is

. Pj _ qJ pj,1 _ qJ op - .
again 2o = o If k£ < 4, then this probability is TS T E However, if 1 < k < j,

then this probability is equal to Thus, the probability that j will appear

Pj—1 ¢! >
wal to 8 = Gt > G
on the second step, conditioned on either ¢ or j appearing on that step, and conditioned on neither

of them having already appeared on the first step, is greater or equal to and in fact, strictly

]_;’_ 19
greater if j — ¢ > 2. Continuing in this vein proves the proposition. O
Proof of Proposition 1.7. We first prove that the distribution of 1<j is given by (1.13). From the
construction of the shifted permutation, it follows that for ¢ € {1,--- ,j}, the probability that from

among the numbers {1, - , j}, the first one to be placed down in the permutation will be i is Lp
1 Pk

. With probability

Thus, in particular, in the case i = j, we obtain ng{p’“}(lq =j—1)=
k=1P
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Zi;ll Pk

Zizl Pk ’
{1,---,j}. It follows from the shifted construction that conditioned on this event, the probability
that the number j will be the second number to be placed down from among the numbers {1, .-, j}

is equal to —£Z5—. Thus, it follows that poteed_ = i o zk L7 x bigt = _Dict
d Ek 1 Pk o (g = ) = 1Pk ST e Pk

Continuing in this vein, we obtain (1.13).
We now prove the independence of the random variables {1; };’021 By induction and by what
we have already proved, it suffices to show that

the number j will not be the first number to be placed down from among the numbers

PP Iy = ag, Ieg = ag, -+, Iji1 = aj41) =

pa 1+1

Z;il PS{pk}([<2:a27I<3:a27'” 7I<j :aj)7 (21)

k=1 Pk

for0<ag;<i—1,i=2,---,5+1, and j > 2.
As is well known, specifying the values I.o = as,I<3 = az,--- ,I<j11 = aj41, uniquely determines
a permutation of {1,---,j + 1}, call it ¢ = o1---0j41, specifying the values oo = ag,Ic3 =
az, -+ ,l<j = aj, uniquely determines a permutation of {1,---,j}, call it 7 = 71 ---7;, and the

permutation obtained by deleting the number j + 1 from o is 7. Let i* = 0]7_&1. Note then that
lejyi1(0) = j+1—1*. Since we are assuming that 1-;41(0) = aj41, it follows that i* = j+1—a;41.
From the observations in the previous paragraph, it follows from the shifted construction that
J+1 -
Pgé{Pk}(I<2 =as, Ic3=as, -, Icjp1 = aj41) = H ZjJrQ A (2.2)
=1

for a certain appropriate choice of {b; }J_l , with 1 < b; < 7+ 2—14, and in particular, b;+ = j+2—3*,
and that
i*—1 » J+1 »
. b; b;
PP Iy = ag, Iz = as, - Iy = a) = [ =75— 11 SR (2.3)
i=1 k‘lpkzz*+12 Dk
The difference between the right hand side of (2.2) and the right hand side of (2.3) is that the right
hand side of (2.2) has the extra factor py, in its numerator and the extra factor k 1 pg in its

Pope  _ Pipeir _ Pojitl @ these facts, (2.1) follows. 0

denominator. Now
: T +1 +1
Zi 1Pk ZJ 1Pk Zi 1 k

3. Analysis of the expected number of inversions

To calculate the expected number of inversions in the biased case, we write Z,, = ) 1 (o710 1}
1<i<j<n 4 70

- e 1 mbiGeo(1—q) _
As noted in the proof of Proposition 1.1, EZ>°\" 74 1{J;1<J_71} q]+q Thus
: _ ¢
E&Geo(l DT, = Z ' - Z — Z (3.1)
1<i<j<n ¢+ ql 1<i<j<n 1+ ql 7 1+ a

To calculate the the expected number of inversions in the shifted case, we represent Z, as
E?:l I.j, where I.; is as in Proposition 1.7. By that proposition and Remark 1 following it,
we have

IR e (1 q)g i~ (1-gq)gd 1-¢
Es;Geol—qI - k k _ _ k;k_lz — —
> = Zl—qjq 1—g 2 ha 1—¢ dq(l—q)
k=0 k=0
a1+ (G - D¢ —jd")
(1-¢)(1-q)
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Thus,

n—1 . ; . a
E&Geo(lfq)l-n _ Z q(l + (] - 1)qj —Jj¢ 1) .
=  (1-¢)1-9

Performing some algebra Rabinovitch (2012), this reduces to

J
Eg(;)Geo(l—q)In _ 1 7’L _ 1 Z 1'7_qu (32)

We now use (3.1) and (3.2) to analyze the asymptotic behavior of the expectation for various
choices of ¢ = q,,.

The case of fixed ¢ € (0,1):
From (3.1), we obtain

b;Geo(1—q) 00
E 7,
li_)rn T (3.3)
n—oo
Approximating by Riemann sums gives
ST | =1 q SR |
dr < < —d = —logq. 3.4
/1 1+€ax$kzﬂ1+q_kq+1+[ 1 4+ eax T, a 0gq ( )
We have
<1 dr — e d — log(1+e7%) log(l+q) (3.5)
14 ea ™™ e—ar 11007 a ~ —lo ’ .
1 1 g4
From (3.3)-(3.5) it follows that
b;Geo(l—q)I
. [o¢] n _
;Ln%(l —q) nh_}rrgo — = log 2. (3.6)
From (3.2) we obtain
;Geo(1—
A S T 37)
n—00 n 1— q. ’
The case of ¢ =1—- -5, ¢>0,a€(0,1).
From (3.1), we write
1 — ok
Eb Geo(1—gn) Z,=n — — (38)
; L+gn ; L+gn"
Similar to (3.4), we have
n — n—1
n 1
—d =—1 : 3.9
/1 1+eanx kzl_i_qn qn + 1 /1 1+ ean® T, Qp Og qn (3.9)
Integrating, similar to (3.5), we obtain
" 1 1 —AanT\|N 1 n
n n

Since a € (0,1), we have lim,,_,~ ¢ = 0. Thus, from (3.9) and (3.10), the first term on the right
hand side of (3.8) satisfies

10g2 1+a
n n- T 3.11
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We now consider the second term on the right hand side of (3.8). We break it up into two parts.
Let 3 € (o, 3£2). We have

[n”] 2
> — <n*. (3.12)
i1 1t an
And we have
n—1 n—1 1 (3 13)
<n . .
[ng];-l 1+an [ng];—l 1+an

Similar to the argument in (3.9)-(3.11), we have

n—1

1 1 n? n a_ —cnPo
Z 1 + qfk: ~ _ logq (10g(1 + qn ) - log(l + Qn)) = O(n € ¢ ) (314)
[nf]+1 " "

From (3.8) and (3.11)-(3.14), we conclude that

I - St O S )
lim —

n—00 nlta

: qnzl—n%, a€(0,1), ¢>0. (3.15)

Now we turn to ESC°™) T From (3.2), we write

n—1 . g

Eg;oGeo(l—qn)In — 4n (TL _ 1) _ Jqn . (316)
1-— dn j=1 1— qﬁl
Of course,
1+«
T 1y~ (3.17)
1—qn c
One can check that the function 15”_86% is decreasing for z € [1,00), for a > 0. Thus by Riemann
sum approximation,
n—1 ]q% N pe—0n®
j=1 m
We have
n —anx 1 nan —y 1 —nloggn -y
/ = 2/ YT gy = 2/ Y€ " _ay. (3.19)
1 1 —e=tn® an Jay, l—e™¥ (log qn) —log qn l—e¥
Since « € (0, 1), we conclude from (3.18) and (3.19) that
n-1 . j 20 poo —y
ALY ”2/ Yy, (3.20)
Sl-q ¢ Jo 1-e?
From (3.16), (3.17) and (3.20), we conclude that
iGeo(1—gn)
I O 7, 1 c
The case of ¢ =1—- -, ¢>0.
The expectation E&Geo(l_q")ln is given in (3.8). By Riemann sum approximation,
n—1
n—k " n—zx
~ d =—1 . 3.22
Z1+qg’“ /1 1 4 eana 0 A= 708 n (3:22)

k=1
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Substituting g, =1 — + in (3.10), we obtain

K| n? 2
———dr ~ —1 . 3.23
n/l 1+ etn® v c Ogl—i—e_C ( )

Integrating by parts, we have

n T n —anT
[t [
1 1 + ean? 1 1+ e

Lo (3.24)
— T log(1 + e~nT)m 4 / log(1 + e~9%)dz.
Gp an J1
We have
€z —AanT\|N 1 n n
— —log(14 e *")[} = log(1 + gn) — log(1 4+ q,,) ~
29 - log Qn _10g Qn (3 25)
n n? n? '
—log2 — —log(l+e ) ~——1log(l+e°).
c c c
Making a change of variables, we have
1 [ log(1
/ log 1+€ anx)d _72 Mdg:
a —nan
n e Y (3.26)
I log(1 + y) n? log(1+v)
dy ~ — ——=dy.
(log Qn) an Y c? Je—e y
From (3.24)-(3.26), we have
"o 1 [ log(1+y) 1
——dx ~ 2(/ ———dy — —log(1 *C>. 3.27
| e~ (g [y - Ctog(1+ ) (3.27)
From (3.8), (3.23) and (3.27), we conclude that
b;Geo(1—gn) 1
B I, 1 2 1 ey L 10g1+y _
Jim P = Do Llon1 ke )~ [ dy =
1 1 (! log(1l+ 1110210+
10g2_2/ g( y)dy:—Z (log g(1 y)dy (3.28)
c 2 Jo- 2 Jo-c ¥y
1 " log2  log(2 — x) 1 [l log(l -3) c
= - de = — ———=d =1-— 0.
2 Jo (1—36 1—x Jd 2 Jo z—1 o n €7
Now we turn to ESCU7) T  The expectation E5, Geoll=am) T g given by (3.16). Of course,
2
dn n
1)~ —. 3.29
-~ (529
From (3.18) and (3.19), we have
& dh o n® [ ye?

— ~ 3.30
1— q% c? 0 1—e¥ ( )

By a change of variables, we have

c -y 1=e7 1oo(1 —
/ Y " gy = —/ log(1 =) ;. (3.31)
0 0

1—e¥ T
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From (3.16) and (3.29)-(3.31), we conclude that

dr =

m ——5——=-+4 75
n—00 n C C

[ P | log(1 — x)
02/0 (1 -z + x )dw.

4. Proofs of Proposition 1.2 and Theorem 1.3

psGel=ar 4 /HC log(1 — )
0

v (3.32)

Proof of Proposition 1.2. For the shifted case, we represent Z,, as Z = 2?22 I.;, where I; is the
number of inversions involving pairs {{i,j} : 1 <4 < j}. In the shifted case, by Proposition 1.7 and
Remark 2 following it, the random variables {1; };‘12 are independent and have truncated geometric
distributions with fixed parameter 1 — ¢; thus their variances are uniformly bounded. Denoting
variance in the shifted case by Varg.;_4, we have Varg_4(Z,) = 2?22 Varg1—¢(I<;j) < Cn, for some
constant C. In section 3 we showed that with fixed g, the expected value of Z,, in the shifted case
is on the order n. Thus, by the second moment method,

. 1,
w — lim

— s;Geo(1—q)
Jim —E;Geo(l_q)l'n 1 under P35 . (4.1)

Proposition 1.2 for the shifted case follows from (4.1) and (3.7).

Let Vary,;_, denote variance in the biased case. In section 3 we showed that with fixed ¢, the
expected value of Z,, in the biased case is on the order n. We will show that Vary.;_4(Z,) is also on
the order n.

It is clear from the biased construction that l{aj_1<a_1} and 1{Uz_l<0k_1} are independent if {7, j} N

K3

{k,1} = 0. Writing Z,, = 31 ;- ;< 1,-1,-1, we have
<i<j<n to; <o,

b;Geo(1— 2 _ biGeo(1- -
B eo( q)(Zn) — Z Z E eo( q)]_{gj_1<0i_1}1{gl—1<ak—1} =

1<i<j<n 1<k<i<n

b;Geo(1— ideo(l=
Z < Z B eo( Q)1{051<U;1}EOO eo( Q)1{0;1<0k—1})+
L<i<jsn - 1<k<i<n:{ij}n{k1}=0

Z ( Z E&GeO(I_Q)1{0]'—1<Ui—1}1{0l—1<0k—1}> <

1<i<j<n  1<k<i<n:{i,j}N{k,[}#0
(EYGeol=a), )2 | Z ( Z E&GQO(I_Q)1{0;1<a;1}1{a;1<a,;1})'
1<i<j<n  1<k<i<n:{i,j}N{k,i}#0
Thus,

Vana (L) < Y. ( 3 BEG0=01 o ln,y). (42)
1<i<j<n  1<k<I<n:{i,j}n{k,1}#£0

We break the sum on the right hand side of (4.2) into five parts, depending on the values of (k,1).
The first part is with (k,1) satisfying [ = j and k # i; the second part is with [ = ¢; the third part
is with k& = j; the fourth part is with £ =4 and [ # j; and the fifth part is with (k,1) = (4, j).

The fifth part is equal to E&Geo(l_Q)In, so it is of order n. We will now show that each of the
first four parts is also of order n. Denote the ith part by I;(n). For the first part, since [ = j, we

have 1 <k < jaswell as k # i. Thus [1(n) = > 1<, pejcnhrsi phGet=a) We

have

{0';1<O';1}1{O';1<0'k71}.

pj ¢

b;Geo(1—q) _ _
P Hoteor o<y T 5k e A
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Therefore

Il(n) S Z qj

1<ikej<n I Tty
By Riemann sum approximation, we have

qj J—1 qj
2 qi+qj+q’“§/ G gt evlosd ™S
1<k<j 0

I gese & i
. - T < ‘ — lo +q 7).

/0 T @+ e ™ = Clogg@+ ) 20+
From (4.3) and (4.4) we have

Ii(n) < ———log(2+¢"77) =
—logq SZ;.S” (¢ + ")

n—1 r n n—1 r

1 q B .
- log(2+¢7") < C+(—1 <C
Soge Ty 082+ aT) < e ST (O (< loga)r) < Cu,

r=1 r=1
for constants C,Cq > 0.
The other three parts follow similarly. Indeed

_ b;Geo(1— _
I(n) = Z Eoiieot q)l{oj_l<ai_l}1{0i_l<o;:1} -
1<k<i<j<n

J
2 p‘+£3‘+pkp‘i?:pk < 2 q"+gj+q’“’
1<k<i<j<n " J v 1<k<i<j<n

and the right hand side above is less than the right hand side of (4.3). Also,
b;Geo(1— —
Iyn)= Y  EYG! ‘1)1{051@;1}1{0_;1@;1} =

1<i<j<i<n
!

Z b Dj < q
- oS T R
\<iSieien PiT P T PIPiT D] 2 4T T

and the right hand side above is less than the right hand side of (4.3). Finally,

. b;Geo(1— =
Li(n) = > BTN o oy g oty =
1<i<j<n,le{i+1,- n}—{j}

Z ( bj bi 4 y2j bj

) <
I<ici<n lefial e ml—{j} P tpjtopi+tp pit+p;t+pipitp;

l

. . i
¢’ q q q
2 . - — =2 . . . =
Z qz + qj qz + ql Z qz + q] Z qz + ql

1<i<jl<n 1<i<j<n i<l<n

PR ¢ b;Geo(1—q)
_ yaeo(l—qg
Z qi_f_qugl_{_qréc Z qi_|_qj_CEO° In,
r=

1<i<j<n

for some C > 0.
Since Vary,1_4(Zy,) is on the order n, by the second moment method,

: In _ b;Geo(1—q)
W—T}LH;OW—lundeer .

Proposition 1.2 for the biased case then follows from (4.6) along with (3.3) and (3.6).

(4.4)

(4.5)
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Proof of Theorem 1.5. Consider g, as in part (a) or part (b). For the shifted case, we use the same
method of proof used for the shifted case in Proposition 1.2. Let Varg;_,, denote variance in the
shifted case. We represent Z,, as 7 = 2?22 I.j, where I; is the number of inversions involving
pairs {{7,j} : 1 < i < j}. By Proposition 1.7 and the remark following it, the random variables
{1 };‘;2 are independent and have truncated geometric distributions with parameter 1 —g,,. Thus,
under the assumption of part (a), Vargi—g, (1<;) < Cn??, for some C' > 0 and all j, while under the
assumption of part (b) the same inequality holds with o = 1. Consequently, Vars.;_,, (Z,,) < Cnlt2®
under the assumption of part (a), while under the assumption of part (b) the same inequality holds
with & = 1. In section 3 we showed that E5Ge°(1=02)T is on the order n'*® under the assumption
of part (a), and on the order n? under the assumption of part (b). Therefore, both in parts (a) and

(b) we have Varg_q,(Z,) = 0((E§5Geo(1_q”)1n)2). Thus, by the second moment method,

) 7,
w — lim

_ s;Geo(1—gn)
Jim 7E§Geo(l—qn) =1 under PS . (4.7)

The weak law stated in part (a) for the shifted case follows from (4.7) along with (3.21), while the
weak law stated in part (b) for the shifted case follows from (4.7) and (3.32).
Now consider the biased case. Let Vary.1_, denote variance in the biased case. In the biased case,
it is clear from the construction that 1{0;1<U;1} and 1{0;1<0;1} are independent if {4, j}N{k,1} = 0.
Writing Z,, = 3 1 <;jcn Lg-1 o1, We have
<i<j<n ot <o;

biGeo(1—qn 2 _ biGeo(1=gn -
B eo(l—q )(In) — Z Z EZS eo(l—q )1{0;1<0¢_1}1{Ul_1<0k_1} =

1<i<j<n 1<k<I<n

b;Geo(1—qn gieot=an
Z < Z Eoo eo(l—q )1{U;1<U;1}Eoo eo(l—¢q )1{0f1<0;1}>+
1<i<j<n - 1<h<i<n:{i 3N {k1}=0

Z ( Z E&Geo(I*Qn)1{0._1<U._1}1{gl—1<0k—1}) <
1<i<j<n  1<k<iI<n:{i,j}n{k,1}#£0 ’ '

(E&Geo(l—qn)zn)2 +4n Z Eg;oGeo(l—qn)l . _ (E&Geo(l—qn)l-n>2 _‘_4nEI;;OGe0(1—qn)In'

{0} <a;1}
1<i<j<n
(4.8)
Thus Vary, (Z,) = O(nE&GeO(l*q")In). In the cases of ¢, as in parts (a) and (b) of the the-

orem, E&Geo(l*q”)In is on a larger order than n. Consequently, it follows that Varyg, (Z,) =

0((E&Geo(1_q”)1fn)2). Thus, by the second moment method, (4.7) holds with s replaced by b. Using
this with (3.15) proves the weak law stated in part (a) for the biased case, while using this with
(3.28) proves the weak law stated in part (b) for the biased case.

This completes the proof of part (a), and it completes the proof of part (b) except for the
statement concerning the behavior of Iy(c) and Is(c). We leave it to the reader to check the claim
regarding the behavior of these two functions as ¢ — 0 and as ¢ — co. It remains to show that
Iy(c) < Is(e). Of course, Iy(c) < I4(c) follows by the stochastic dominance in Proposition 1.1. It
suffices to show that

xT
1 n log(1 — x) n log(1 — %)
1-2z z 1—2z

>0, 0<z <.
Multiplying by (1 — z), it suffices to show that

F(z) :::):—I—(l—x)log(l—x)—i—xlog(l—g) >0, 0<z <1,
We have F'(0) = 0. Differentiating gives

F'(z) = —log(1 — x) + log(1 — g) -3 - -
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We have F’(0) = 0. Differentiating again gives

F"(x) _ _ _

We have F”(0) = 0. Differentiating a third time gives

1 3 2x 2+ — 222
F'"(z) = - - = >0, 0<z<1.
O = A  @-e? @-2PF (-0 -F g

This completes the proof of part (b).
We now turn to part (¢). For ¢1 < ¢2 and ¢ < j, it is immediate from the construction in the

biased case and easy to check in the shifted case (similar to the proof of Proposition 1.1) that

1,-1_,-1 under pGeell=a) strictly stochastically dominates 1_-1__ -1 under prceol=an) fo 4 —p
J T ] 7
or * = s. Thus, by the linearity of the expectation, E*’Geo(1 q")In is smaller for ¢, = 1 — £

with ¢ > 0 than it is for g, as in part (¢) and n sufficiently large, where * = b or * = s. By

bGeo(l q'n.) E-Zn _ Ib( ) and 11mni>oo ES Geo(l Qn) EIn — (C), and hmc—)ﬂ Ib( ) —

*;Geo(1—qn)
# S

part (b), limy, o0 Foo

lime—0 Is(c) = %. Thus, limsup,,_,, , for g, as in part (c) and * = b or x = s.

On the other hand, a uniformly random permutatlon of Sy, can also be constructed via the biased
or shifted constructions, by letting p; = n, 7 =1,--- ,n, and then the same consideration as in
the first line of this paragraph shows that the expected value EZ, in the uniform case is larger
than E;‘gGeo(l_q”)In, for gy, in part (c) and * = b or * = s. It is well-known that in the uniform

distribution case, limy,_oo £52 = i. Part (c) follows from the above considerations. O

n2

5. Proof of Theorem 1.4

Let {wy}32, be a realization of the IID Beta(1,6)-distributed random variables {W},}2°;, and
let {pi}72, denote the corresponding realization of {P;}72,. So

k—1

pe=wp [J(1—w), k=12, (5.1)
=1

By Proposition 1.7, under P;é{p ’“}, the random variables {1 }5’22 are independent and distributed

according to (1.13). In particular then, under Posé{p ¢} these random variables converge in distribution
as j — oo to a random variable X with distribution P(X = k) = pg41, k=0,1,---. From (5.1),
we write pp = wkezz 1 log(1—w;) and note that by the law of large numbers, %Zle log(1 — w;)
converges Pp-almost surely as k — oo to Fglog(l — W7) < 0. Consequently, Py-almost surely, the
{pr}72, decay exponentially. Therefore, EX 2 < oo Py-almost surely. Since the distributions of
the {1, }3”;2 are truncated versions of the distribution of X, the random variable X stochastically

dominates all of the {1<;}32,. Thus, the second moments of the {1<;}32, are Pp-almost surely
uniformly bounded. We have lim;_,, Ego{pk}1<j = EX = Y ;2 kpg+1, Py-almost surely. From
these facts, we conclude that Py-almost surely, the weak law of large numbers holds for {1<j}]9’<;2
in the form w — lim,,— o % 2?22 lej = EX =% 32, kpry1. Using this with (5.1) and the fact that
Iy = 37—y 1<j, we obtain (1.7).

We now prove (1.8). From the previous paragraph and (1.13), we have

Es ;GEM(6 )1<] o EHZ Wk+1 Hz 1( Wz) (52)
k=1 k=1 Pk
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Also,

lim Z kaH H’ it

j—)OO Pk

Recalling that P; = W; and Py = (1 — W]_)WQ, we have

Z kWi H 1-— , Py — almost surely. (5.3)

Wk+1 H 1 - sz+1 H 1 W)
k = i= for all § > 2. 5.4
; pk z:: Wi+ (1- Wl)W J (5.4)
We will show that
W, — W;
Ey § fp—it] VC ) < . (5.5)

Wi+ (1— Wi)W,

It then follows from (5.2)-(5.5) and the dominated convergence theorem that

lim ESCEMO)]_, Zk:EngH H 1—-W;). (5.6)

]—}OO

A straightforward calculation will reveal that

00 k
> kEWin [J(1 - W) =6, (5.7)
k=1 i=1
Since EECFMO =30 E&GEM(G)lq, it then follows from (5.6) and (5.7) that lim %E;GEM(G)LL
n—oo
= 60, completing the proof of (1.8). Thus, it remains to prove (5.5) and (5.7).
We have
i 1, 0
EgW, (1- EgW1 (Eg(1 — =——(—)"
0 k+1H ) 0 1( 9( Wl)) 1+0(1+9)
Thus,
oo k 1 oo 9
2 "W’““H( W) =177 (154
k=1 i=1 k=1
0 d, 1
Aropa T et =
proving (5.7).
We now turn to (5.5). For the kth summand in (5.5), we have
Wit [Ti, (1= Wi) L= Wh)(1 — Wh)
E = = EgW, for k > 3, 5.8
Wi - WOWe Wik (- W, ’““g W), for (58)
while for £ = 2 we have
Wy (1 —Wh)
E, 1 5.9
6W1+(1—W1)W2 - ( )
We have
. 1 0 \k—2
EoW, 1-W, B Eo(1-W =——(——) 5.10
0 k+1H i) = EgW1(Ep( 1)) 1+9(1+0) (5.10)

=3
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And finally,
(1—W)(1 — W) 2/ / (1 —w)?(1 — wy)?
Ey =40 d d <
"W+ (1 — W)Wy b 2 wr+ (1 —w))wy —
1 _
92/ dwl/ duws w)’
92/ dwy(1 — w1)9 og (w1 +(1- wl)wg) |%U2:0 =
0
1
— 02/ (1-— wl)g_l log wy dwy < oc.
0
Now (5.5) follows from (5.8)-(5.11). O

6. Proof of Theorem 1.5

Recall that Py and Ey denote respectively probability and expectation with respect to the IID
Beta(1, 0)-distributed sequence {W;}7°, that is associated with the GEM() distribution. Analo-
gous to the first paragraph of section 3, to calculate the expected number of inversions, we write
I, = Zl§i<j§n 1{%—1<Uf1}' It is immediate from the construction that

b;GEM(9 (1-Wy)---(1-W; )W _
EYCEMO)] 1, =y
foj <o) (L=W)- - (L =Wi)Wi+ (1 = Wh) - (1 = W)W
1
1= Eo——1w, = 6.1
T+ SR = W) (1= Wy )W, (o)
1
1-E L k=4 —i.
= Wl(l—W2)"'(1—Wk)Wk+1 ’
Thus,
n—1
1
ESCEMO) T — N (n — k) (1 — Ey . (6.2)
; ( 1+ iph Wl( _WQ)"'(l_Wk)Wk—i-l)
We will show that
i(l—Eg — ! ) =0. (6.3)
k=1 L St (L= Wa) - (1= W) Wi
From (6.2) and (6.3) it follows that
b;GEM(6)
lim Eoo In =4.
n—oo n

Indeed, note that the summands in (6.3) are positive, which follows from (6.1), and note from (6.3)
that for any € > 0, there exists a K, such that

o0
1
1— FEy < €, for kg > K.
k:zko< "1+ 5n (1 _W2)"'(1_Wk>Wk+1) ’

Thus, for n > K.,
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To complete the proof of the theorem, we now turn to the proof of (6.3). We calculate the density
fi—w, (2) of the random variable 1= W1 . We have
Wy

1-W 1 ! _
Pt < =Rz )= [ o,

from which it follows that

eze—l
f%(z):m, 0<z<o0.
Letting
ap=(1—=Wa) - (1 = Wp)Wgi1, k>1,
we have

1 1 201

E —9E/
91+1;VVI/1(1_W2)...(1_W,€)W,€+1 Oy 1T+apz (1+2)0H

dz. (6.4)

Making the substitution v = %, we obtain
1 —u) ! uf
0 dz =10 =1-80 —du. 6.5
/ 1+akz 1+29+1 = / 1—u+aku ak/o 1—utau (6.:5)
From (6.4) and (6.5) we have
1 ! uf
1—Ey - = GE’gak/ —du. (6.6)
Wll(l—WQ)"'(l_Wk)WkJrl o I—u+agu
We now write
1 0 1 o0
u
E ————du=E, o (1 — ap)™)du =
gak/o 1—u+akuu gak/ou( _Ou (1 —ay) )u
- = (6.7)
1 (m
. m _ —1)¢ E z+1)
P> o = S e (S0 () ok
We have
Epalt = (Bp(1 — W) ) Bywitt, (6.8)
Also,
i+1 ! i+1 0—1 0
Eg(1 =W = 1—w)™0(1— Ttdw = ——— 6.9
o1 =) = [0 = w0 — )t = 5 (6.9)
and from the well-known normalization for the Beta-distributions,
E9W1H-1 :/ wz+19(1 )9 1d QP(G) (1+2) _
rO+1E+) Gy 1 (6.10)
r'+i+2) HHO+1) (Hzrgl)
Substituting (6.8)-(6.10) in (6.7), and using this with (6.6), we obtain
1
1—Ey W -
1+ 1(1—W2)-'-(1—Wk)Wk+1
I SR TRV ),
mz::()m+9+1 z‘:O( ) (Gml) (9+z’+1)
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Recall from the above calculations that Z?;O(—1)i(9(ﬂl)(ﬂf+l)’“‘l = Fgop(l — ap)™ > 0.
i+1

Thus, summing (6.11) over k and invoking the monotone convergence theorem, we obtain

= 1

pt (1 —E91 + 1WW1< WQ) (1 _Wk)Wk+1) =
L o () o1y

e%rrwﬂ(;(_l) (921:1) i1 )* (6.12)
=1 )

03 il )

In light of (6.12), to complete the proof of (6.3) we need to show that

m m

im+9+1(z QH) 1, 0> 0. (6.13)

1=

We first prove (6.13) for § € N. When 6 € N, we can write (9;”) = (931) = (%TZ!)!. Thus,

m m

1

;( (B—i-z :0'; ( (9+i)!:
i m—+ 6
(m+1 -(m+0) Z:o <9+Z>: (6.14)
B 0! &, (m+o
O e S (") oen

where the last equality follows from the fact that me( 1) (mw) = 0.
We now show that

_ (0 — = m+0\
R m+0_1 ]z; ( >_1_ (6.15)
Let
-1 m -+ 0
T = (10 - D1 (-1 P(" ) st = ) ),
=0

Both f and g are polynomials of degree 6 — 1. They both have leading order coefficient equal to 1.
The roots of g are {—6 + l}lez_ll. We now show that f has the same roots, from which (6.15) follows.

Of course it suffices to show that h(m) := Z?;é(—l)j (mw) has the same roots. We have

e =S (1) = Sem(() —o -0

Jj=0 Jj=

where the second equality follows from the fact that (;) =0,forj=101+1,---,0—1.
From (6.14) and (6.15) we have

i (7 0
2(—1) G = 0eN, m=0,1,---. (6.16)
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From (6.16) we conclude that

i) -

- = , (6.17)
0> ! =0> ( L1 )=1, €N
L= (m+0)(m+0+1) im0 m+0+1

We now show that (6.13) in fact holds for all § > 0. From (6.16) and (6.17), it suffices to show
that (6.16) holds for all # > 0. Fix m € {0,1,---}. Define
o pyi i) 0

A(9) = -1 B(f) = .

0= 3V B0 = 10
Then A is analytic for § € C — {—I},, and B is analytic for § € C — {—m}. Define A(0) = A(3)
and B(#) = B(3). Since limg_o.A(0) = limy_oB(0) = 1, it follows that & = 0 is a removable
singularity for A and B. Hence, defining A(0) = B(0) = 1 makes .4 and B analytic functions in a
neighborhood of the origin. Since A and B coincide on {0} U{21}°°, it follows from the uniqueness
theorem for analytic functions that A = B on C — {1}, and thus in particular, A(f) = B(0),
for 6 > 0. 0

7. Proof of Theorem 1.6

Let the generic P and E denote respectively probability and expectation with respect to the
IID sequence {Uy}32, of uniformly distributed random variables on [0,1]. Analogous to the first
paragraph of section 3, to calculate the expected number of inversions, we write Z,, = 1{0 <o '}

1<i<j<n
It is immediate from the construction that
1
J U§
b;IID-prod (6 _ 1=1"Y1 _
B Ped® oy = B
[L- U7 + 11, U (7.1)
1 1
l—E—lzl—Eﬁ, k=j—i
1+ T i U 1+ ], 0
Thus,
n
T1. 1
EUID-prod®)7, Z(n —k)(1- Eﬁ) (7.2)
k=1 L+II2, U
We will show that
> 1
(1 — Ei) = flog2. (7.3)
k=1 14+ T, U

Just as the displayed equation after (6.3) follows from (6.2) and (6.3), it follows from (7.2) and (7.3)

that
. E(I;,OIID—prod(TQ)
lim
n—o00 n

To complete the proof of the theorem, we turn to the proof of (7.3). We have

" = flog 2. (7.4)

E% - HUZl = S (~)™(EUS ) =
T+ 11 Uf ’"20 m=0 (7.5)
(DM == Y
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From (7.5) we have

T
k=1 L+, U0 k=1m=1 6
. 8 (7.6)
m—1 k
k=1m=1
We have
K M 9 M La _ (LO)KJrl
Z Z(_l)m—l( )k — Z (_1)m—1 m+ mJer
m+ 0 1 0
k=1m=1 m=1 m-+60 (7 7)
M m—1 M ’
DI e S T
m m m+0 '
m=1 m=1
Note that -
-1 m—1
> =0 log 2. (7.8)
m=1 m
Since mT‘w(me)K +1is decreasing in m, the second alternating series on the right hand side of (7.7)
satisfies the estimate
M
+6, ¢ 0
0< S (=) 1T Y VKR < (1 40y (— K for MK > 1. 7.9
< S I S 0 for M (7.9
Now (7.3) follows from (7.6)-(7.9). O
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