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Abstract. The Fredrickson-Andersen one spin facilitated model belongs to the class of Kinetically
Constrained Spin Models. It is a non attractive process with positive spectral gap. In this paper we
give a precise result on the relaxation for this process on an interval [1, L] starting from any initial
configuration. A consequence of this result is that this process exhibits cutoff at time L/(2v) with
window O(\E) for a certain positive constant v. The key ingredient is the study of the evolution
of the leftmost empty site in a filled infinite half-line called the front. In the process of the proof,
we improve recent results about the front motion by showing that it evolves at speed v according
to a uniform central limit theorem.

1. Introduction

The Fredrickson—Andersen one spin facilitated model (FA-1f) model is an interacting particle
system that belongs to the class of kinetically constrained spin models (KCSM). These models
are Markov processes that were first introduced in the 1980’s by physicists to model liquid-glass
transitions (see Fredrickson and Andersen, 1984 and Jickle and Eisinger, 1991) and that have some
analogy with the Glauber dynamics of the Ising model. In a KCSM on a graph G, each vertex can
either have a particle or be empty. At rate 1, each site tries to update according to a Bernoulli
measure, but does so only if a local constraint is satisfied. On the graph Z, the constraint can for
example be that the site immediately to the right is empty, in which case we get the Fast model.
Another possible constraint is to have either of the adjacent neighboring sites empty, which defines
the FA-1f model.

Since the 2000’s, the dynamics of KCSM both at and out of equilibrium have been thoroughly
studied by the mathematical community. In 2002, Aldous and Diaconis in Aldous and Diaconis
(2002) proved that the East model has a positive spectral gap. This result has been generalized to
a large class of models in Cancrini et al. (2008). Starting out of equilibrium studies are made more
difficult by the lack of attractiveness of the processes, preventing usual monotonicity and coupling
arguments. Some results can be found for example in Cancrini et al. (2010) for the East model and
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Mountford and Valle (2019); Blondel et al. (2013) for FA-1f at low density. For the East model and
the FA-1f model on Z, an interesting topic of study is the motion of the front, i.e. the rightmost
empty site of a configuration filled on an infinite half-line. First, Blondel Blondel (2013) showed
that the front has a linear speed in the East model. Based on this work, Ganguly, Lubetzky and
Martinelli showed in Ganguly et al. (2015) a central limit theorem for the front, which was followed
by the proof that the East model exhibits cutoff thanks to a simple coupling argument. In Blondel
et al. (2019), it was shown that the front for the FA-1f process also behaves according to a CLT
when the density is below a certain threshold. The aim of this paper is to use this last result to
prove a cutoff for the FA-1f process. It will require much more work than for East because the main
coupling argument Ganguly et al. (2015, Section 4.2) no longer holds for FA-1f.

The cutoff phenomenon was first exhibited by Aldous and Diaconis in the context of card shuf-
fling Aldous and Diaconis (1986). It consists of a sharp drop of the total variation distance to the
equilibrium measure of a Markov process (see Levin et al.; 2009 for an introduction to this phe-
nomenon). Since then, examples and counter-examples of cutoff have be shown for a wide variety
of processes, but a universal criterion is missing. In 2004, Peres conjectured that a process exhibits
cutoff if and only if it satisfies the product condition t.o; = 0(tmiz), Where t,¢ is the inverse of the
spectral gap and t,,;, is the total variation mixing time of the process. This condition turned out
not to be sufficient in general but sufficient for a large class of processes (see Basu et al.; 2017 and
more recently Salez, 2021). Recently, several cutoff results have been shown for particle systems
like the Ising model Lubetzky and Sly (2017), the Asymmetric Simple Exclusion Process Labbé and
Lacoin (2019) or a stratified random walk on the hypercube Ben-Hamou and Peres (2018).

In this paper, we will study in detail the relaxation of the FA-1f process depending on the initial
configuration. We mainly rely on a result giving a bound on the mixing time for a configuration with
many empty sites. The core of our study will thus be to see how quickly any initial configuration
can create enough empty sites. For that, we study the big intervals that are initially filled with
particles, and interpret the endpoint of those as fronts going inward at speed v. Thanks to another
result referred to as "Zeros Lemma", we will be able to show that the configuration becomes suitable
for relaxation after roughly the time it takes for the fronts of the biggest particle cluster to meet.
Finally, our main result gives precise bounds on the mixing time of the process for any initial
configuration, which is a more complete result than just a cutoff statement.

First, we give the definition of the model and our main result in Section 2, then an important
coupling with a threshold contact process in Section 3 and results about relaxation to equilibrium
in Section 4. In Section 5, we extend the central limit theorem proved in Blondel et al. (2019) in
order to fit the actual proof of the main result, which appears in Section 6.

2. Definitions and main result

2.1. FA-1f processes. We will encounter three types of FA-1f processes, depending on their state
space. Fix ¢ € [0,1]. The FA-1f process of parameter ¢ on an interval A C Z is given by the
generator:
Lf(o) =) r(z,0)(f(e”) = f(0)),
TEA
for any local function f and o € {0,1}%, where o® is the configuration equal to o everywhere except
at site . The rate r(z,0) is given by:

r(@,0) = (1 —o(z—1o(z+1))(go(x) + (1 - ¢)(1 - o(2))).

o(x) = 1 is to be interpreted as the presence of a particle at x, and o(z) = 0 as an empty site. In
words, every site makes a flip 0 — 1 at rate 1 — g and 1 — 0 at rate ¢ but only if it satisfies the
kinetic constraint c;(o) := (1 — o(x — 1)o(z + 1)) is equal to 1, that is if it has a least one empty
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neighbor. If A has boundaries, we set the configuration to be fixed at 0 at the (outer) boundaries.
We now fix some notations and conventions used throughout the paper.

e FA-1f processes on Z are generally denoted by the letter 0. Their state space is Q := {0,1}Z.
We define LO = {o € Q|3X,Vz < X,0(x) = 1} the set of configurations equal to one on
an infinite left-oriented half line.

e FA-1f processes on Z_ := {—1,—2,...} are generally denoted by the letter . Their state
space is Q_ :={n e Q| n(0) =0, Vz > 0,n(x) = 1}. We define LO_ = LONS_.

e For a finite interval A = [1, L], we define Q = {c € Q| 0(0) = o(L+1) =0, Vz ¢
[0,L+1],0(x) =1}.

For o € {0,1}? and = € Z, we define the shifted configuration 6,0 by:
Vy € Z, Oz0(y) = o(y + x).

For any o € LO, we define the front X (o) (or sometimes simply written X) as the leftmost zero
in 0. Note that if the process is defined on an interval A # Z, the front can be an outer boundary
of A. When (o¢)¢>0 is a process, we will write X; instead of X (0y) when o clear from the context.
We also denote by ¢ the configuration seen from the front, namely 0y 0.

We also define uf (resp. fif ) the law of the FA-1f process (resp. seen from the front) at time ¢
starting from o. Whether the process takes place in Z or Z_ is implicitly given by the configuration
o. We denote by ,ui the Bernoulli product law of parameter p on {0, I}A. The FA-1f process on
A with parameter ¢ is reversible with respect to ,u/l\_q. In the following, we shall write p instead of

u/l\_q when g and A are clearly fixed.
Finally we define, for I = [a,b] C A an interval and ¢ > 10 the set:

H(I,0) = H(a,b,0) == {o € {0,1}}|Vz € [a,b— £ +1],3y € [z, 4+ £ — 1], o(y) = 0}.

If J = ;I is a union of disjoint non adjacent intervals, then we define H(J,¢) := (", H(Ix,?).
In words, in a configuration in H(I, ), every site is at distance at most £ — 1 to either the right
boundary of I or to an empty site to its right. In such a configuration, two consecutive empty sites
are within distance .

2.2. Main result. We denote Q% = {0 € Q| 0 € H(1,L,5L)}. We also define, for o € Q,
B(o) :==max{h>0|3z € [0,L—-h], [olz+1,z+h] =1}

the size of the largest component of occupied sites in o. The most precise result about the relaxation
of the FA-1f process in a finite interval proved in this paper is the following. Recall the usual
notations for real numbers: a A b = max(a,b), a V b = min(a, b).

0,1) and € > 0, the following

Theorem 2.1. There exists § < 1 such that for every q > q, § € (
=v(q) < v =v(q) such that, if we first

holds. There ezist three constants a = a(e,q) > 0 and 0 < v
define the following three times for any o € QL'

Q
ta(o) = 217 \/
a 21} y
a
t3(0' ;\/
then:
limsup sup ||uf, () — pllrv =0, (2.1)

L—+o00 JGQ
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: - €
limsup sup |[uf, ) — pllrv < 52 (2.2)
L—+o00 UG(Q‘SL)C
Moreover, for any function ® such that ®(L) L—> +00,
—+00
lim inf inf o= >1—e. 2.3
ngl—lklgo aEH(l{%,@(D)CHMm(U) llry = (23)

Let us give some comments about this statement. First, the two constants v and v have the
following interpretations. The constant v is the speed of the infection propagation for a threshold
contact process defined in the following Section. The constant v corresponds to the speed of the front
for the FA-1f process on Z starting with an infinitely filled half-line, that is with initial configuration
in LO. Both v and v depend on ¢ that we chose here to be greater to a certain threshold ¢ necessary
for the threshold contact process to survive. As we will see, the value ¢ is roughly equal to 0.76
Brower et al. (1978). The first two equations (2.1) and (2.2) of Theorem 2.1 give an upper bound on
the time at which the process is well mixed. The first one works nicely for initial configurations that
already have enough empty sites. Indeed, in this case B(o) is smaller than L, making up for the loss
in the constant 1/(2v) instead of the expected 1/(2v). The time ¢; has to be bounded from below by
(log L)? for technical reasons we will see later. This bound is most likely not optimal but still offers
a precise upper bound on the mixing time. The second equation handles the configurations that
have macroscopic components of occupied sites and has the optimal leading behaviour % one can
expect as shown in the last equation (2.3). The last equation gives a lower bound on the mixing
time for configurations with at least an interval of size ®(L) occupied. Since it is only required
that ®(L) goes to infinity, this hypothesis is not really restrictive. It is however necessary for our
argument (Theorem 5.1) to work. As a consequence of this theorem, we can conclude that the FA-1f
process exhibits a cutoff.

Theorem 2.2. Let d(t) = sup ||uf — p|lrv. Then for all ¢ > q and € > 0, there ewist
IS N

ale,q), B(e,q) > 0 independent of L, such that for L large enough:

al(£ - a(s)ﬁ) >1—c¢,

2v
d(% +8(VL) <e

3. Coupling with a contact process and consequences

3.1. Graphical construction. Although we can easily define the FA-1f process through its generator,
we also provide a more convenient construction called the graphical construction. For each site
x € Z, define a Poisson process T% of parameter 1 and an infinite sequence of Bernoulli random
variables (5%),>1 of parameter 1 — ¢, all of these variables being independent. Given an initial
configuration o, at each increment t of a Poisson process, say the n'® increment at site z, we check
if the constraint ¢, (o) is satisfied, that is if the site  has at least one empty neighbor. If it does,
then we set o4(x) = ;. Otherwise, o¢(x) is unchanged.

From this construction, we can define the standard coupling which simply consists in taking the
same set of random variables (1%),ez and (5, )n>1 for different initial configurations. Note that this
coupling is not monotone: one can have oy < of, and oy £ o} even if (0¢);>0 and (0})¢>0 follow the
standard coupling (see Figure 3.1). This is an important reason why this dynamics can be difficult
to study.

Using the graphical construction, it is standard to show that there is a finite speed of propagation:
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t=t,0oee® ¢ e o0

FIGURE 3.1. An example of non monotonicity via the standard coupling. The
middle site could update in o_ but not in o .

Proposition 3.1 (Blondel et al. (2019, Lemma 2.5)). Let (0¢)i>0 be a FA-1f process. Fort > 0
and two sites x <y, we define the events:

F(z,y,t) = {there is a sequence of successive rings linking x and y in a time interval of length t},

F(z,y,t) ={3z € [z,y] s.t. F(z,2,t)NF(y,z,t)}.
Then there exists a constant v > 0 such that if |x —y| > vt, then
P(F(w,y.t)) < P(F(z,y,t)) < e "7V,
This implies a maximum speed for the front:

Corollary 3.2. For allo € LO orn € LO_, and ¢ > v, P(X; — Xo < —ct) < e .

3.2. Contact process. In Harris (1974), Harris introduced the contact process on Z. It is a process
on {0,1}% that allows sites to flip from 0 (infected site) to 1 at rate 1, and from 1 to 0 at a rate
depending on the amount of empty adjacent sites. Based on this process, we introduce the same
threshold contact process as in Blondel et al. (2019), denoted here by ({;):>0 and given by the
following generator:

Vf local, V¢ € Q, L'f(¢) = r'(x,O)(F(C%) = F(Q)),
TEL
where r(z,() = (1-((z—1)¢(x+1))g¢(x)+(1—q)(1—((x)). Note that we took here the convention
that 0 is an infected site, which is not the most common one.

This process differs from both FA-1f and Harris’ process in its constraint: a site is free to flip
from 0 to 1 at rate p but has to have at least one empty neighbor to flip from 1 to 0 at rate ¢q. This
threshold contact process is the one well suited to a coupling with FA-1f as we will explain later.
Let g be the same parameter than in Blondel et al. (2019, Appendix B) such that whenever ¢ > ¢,
then the threshold contact process starting from a single infected site had a positive probability of
surviving and will create infected sites in an interval scaling linearly with time.

Let no € LO_ and (n:)s>0 be a FA-1f process starting from ng. Let (o = dx, where X is the
front of ny and dx, is the configuration (on Z) equal to 0 in site X and equal to 1 everywhere
else. Define ((¢)¢>0 the contact process starting from configuration (p, evolving with respect to the
standard coupling with (1:)¢>0. Then V¢ > 0,Vz € Z_,m(x) < (;(z). Indeed, this inequality holds
for t = 0. Then, for each ring of a site x € Z_ \ {0}, assuming Yy € Z_,n,- (y) < (;- (y), there are
three cases:

e The kinetic constraint at x is not satisfied in 7,—, in which case it is not satisfied in (;-
either. In this case, the value 7¢(x) does not change and the only possible change for (;(x)
is 0 — 1, which preserves the order.

e The kinetic constraint at z is satisfied in 7,- but not in {;-. In this case, a 0 — 1 flip is
possible for both configurations, and a 1 — 0 flip is only possible for 7:(x), which does not
break the inequality.

e The constraint is satisfied for both configurations, and then by construction of the coupling,
1;— () = (- (x), which again does not change the inequality.
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Note also that the behavior of ( on Z, influences the behavior on Z_ only through the z = 0 site.
Since Vt,n:(0) = 0, we clearly have 7:(0) < ((0).

Thanks to this observation, and to the known results on the contact process Blondel et al. (2019,
Appendix B), we can now state a first important lemma which provides a minimal speed for the
front.

Lemma 3.3. Let ¢ > q. There exists v > 0 and A, B > 0 such that for everyn € LO_, and t > 0,
P(X; — X > —vt) < Ae™ P

The proof of the result is based on the comparison explained above. Hence, it is identical to the
proof of Corollary 4.2 in Blondel et al. (2019).

3.3. Zeros Lemmas. Next, we state a crucial lemma based on the coupling explained above and
on results for surviving contact processes. It is the same result as Blondel et al. (2019, Corollary
4.3), only extended to the FA-1f process on Z_ and [1, L], and it follows from the same coupling
argument.

Lemma 3.4. Let ¢ > q. There exist c1,co > 0 such that for any ng € Q_ and x < 0 such that
770(:6) =0,
Vit >0, P(n ¢ H(x — vt, (z+vt) A0, L) < crtexp(—ca(t AP)).
For L >0, if o9 € Qr, and x € [0, L + 1] is such that oo(x) = 0, then similarly,
YVt >0, Ploy ¢ H((z —vt) VO, (x +vt) A(L+1),£) < citexp(—ca(t AL)).

This last lemma can be used with x being the front of a configuration n € LO_ (or its boundary).
This idea leads to a result we will now refer to as the "Zeros Lemma". We give here two versions of
this result. The first one matches Lemma 4.4 in Blondel et al. (2019) while the second one is more
specific to our needs later on.

Lemma 3.5 (Zeros Lemma). Let ¢ > q. Let s,¢, M,L >0 andn € LO_.
o I[f L+ M < 2us, there exists ¢ > 0 depending only on q such that:

Py(7is & H(L, (L+ M) A (=X,),0)) < (L + M)? exp(—c(L A 0)).

o If L+ M > 2uvs and 1y € H(0,(L+ M) A (—Xy),2us), then there exists ¢ > 0 such that:

52

Py (7s & H(L,(L+ M) N =X, 1)) < T exp(—c(L A L)) + Msexp(—c(s AY)).
Proof: Tt is identical to the proof in Blondel et al. (2019), just taking into account the boundary. O

Lemma 3.6 (Zeros Lemma II). Let ¢ > q. Let s,{ > 1 andn € LO_. Assume n € H(Xo,y,t) for
some y € [Xo,0], where Xy denotes the leftmost zero of n. Then, there exists C > 0 depending only
on q such that if 2vs > £,

82
Py(ns & H(Xs,y,4)) < C(1+[Xol) = exp(—c(s A L))

Remark 3.7. From now on and all throughout the proofs of this paper, the letters ¢, C, ¢/, C' always
denote generic positive constants that may differ from line to line. Consequently, any equation such
as
“P(A;) < Ce™

should be understood as

“3C,c>0, P(Ay) < Ce™ 7,
The dependency of these constants on the various parameters appearing in this paper should be
explicit or clear from the context.
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Proof: In the same way as the proof of Blondel et al. (2019, Lemma 4.4), we use Lemma 3.4 at
intermediate times. Let us fix s and define:

14

A= 20— ) NS,
. {(S_A)w_ﬂ
20A

J

A = if n > 0,

n
s; = iA for i € [0,n].

For i € [0, n], by Lemma 3.4 and Markov property applied at time s;, there exist ¢, C' > 0 such that:
Py(ns ¢ H(Xs, —u(s — 1), 0 A (X, +0(s — 51)),£/2)) < Cs — 55)e (751 E2) (3.1)

In words, each position of the fronts on the times s; provides an interval at time s where it is likely to
find enough empty sites. Moreover, we can control the front evolution during the intervals [s;, s;4+1]
with Corollary 3.2 and Lemma 3.3 to find that:

P, (0 < Xy, — Xy, <OA) >1—e A (3.
P, (0 < X5 — X, <TA) > 1—e A, (3.

2)
3)
Our choice of A and A’ ensures that under these events, the intervals at time s appearing in (3.1)

overlap, that is to say:

n

UJIXs, = v(s = s1), Xo, + (s — 55)] D [Xs +£/2, Xo + vs].

i=0
We now take into account the zeros of the initial configuration to make this interval go all the way
to the boundary. Let xop = Xo < 21 < -+ < x,, < y be empty sites in ng between Xy and y. We

choose them so that for all 4, ;41 — x; < £ and y — x,, < £, and their cardinality m is minimal.
. 2| Xo|
This way we can have m < ——.

By Lemma 3.4, we have for all 4,
Py (ns & H(xi —vs,0A (x; +vs),£/2)) < Csec(sNE/2) (3.4)

Now since 2vs > ¢, then (x;+1—vs)—(x;4+vs) < 0 which guarantees that the intervals [x; —vs, x;4vs]
overlap.
We can now conclude from equations (3.1), (3.2), (3.3) and (3.4):

P, (7is ¢ (0, —Xs + 1, £)) < C(n+1)se NID) 4 g=eA L pe=eA' 4 Cipge=c(5NE/2))
2
< C(1+ | Xo)) e,

In the last line, we bounded n < 2 with © depending only on ¢. Also note that we artificially

added a factor s > 1 to the last three terms of the first line so we have a nicer expression in the
end. While non optimal, this result will be precise enough for our needs. O

4. Relaxation results

We give here several results of relaxation starting out of equilibrium. They build upon the results
of Blondel et al. (2013). First, let us recall a proposition about the relaxation of the FA-1f process
on a finite interval with zero boundary conditions.
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Proposition 4.1 (Blondel et al. (2019, Corollary 3.3)). Let ¢ > 1/2, L > 0 and f a bounded
function with support contained in [1, L] such that u(f) = 0. If L < e for some a < 1/2, then
there exists ¢ = c/(a, q) > 0 such that, if oo € H(0, L + 1,/1),

Eoulf (0l < 51 lloe"

In words, this proposition states that if the process starts in (0, L 4 1, ¢), then it is mixed after
a time ¢2. Note that this holds for ¢ > 1/2 which covers a larger regime than ¢ > ¢ because it
does not rely on the coupling with the threshold contact process. Actually, we can combine this
proposition with Lemma éﬁ.l to get a better relaxation speed for the supercritical regime and have

a mixing after a time ~ 5~ instead of 02

Proposition 4.2. Let ¢ > q, 0 < 8 <1/2, L >0, ¢ >0 and f a bounded function with support
contained in [1,L] such that u(f) = 0. If L < e for some a < B, then there exist ¢,C > 0
depending only on q and a such that, if o9 € H(0,L + 1,¢) and t = % + 08,

[y [£(0)]] < Cll f[]ocLe™*"".

Proof: Set t; = %. Let 0 =27 < --- < zp =L+ 1 a sequence of sites in [0, L + 1] such that:
e V1 <i<p, oo(z;) =0,
e V1<i<p-—1, ;41 —x <,
o p <[%].

Thanks to Lemma 3.4, we have

C=

]P’(atl ¢ H(0,L + 1,£B/2)) < 1@(

i=1

{on, ¢ H((zi —vt1) VO, (i + vt1) A (L + 1), 55/2/2)}>

-

P(on ¢ Mo — vt i+ vt 0772/2))

=1
< Cptye=<trE??/2)
< C'Le=¢?

Now we can use Proposition 4.1 (with o, € H(0,L + 1, \/6?), and L < e with B < 1/2) and
Markov property:

oo [f (@0)]] < [Eoo[f (01) 1o, equqo.rsreo)]| + I llscP(on, & H(O, L, 67/))
1
_oyBl2
< ]EO'D []]'O'tl 6H(0,L+1,£ﬁ/2)|E0t1 [f(Ut—t1)]|] + C/”fHOOLe ¢
1 _yB/ __1pB/
< Gl lsoe™"" + |1l L.

n

A notable result comes from the particular case £ = L+1 and = 1/4. Indeed, any configuration
oo € Qp, belongs to H(0,L + 1, L+ 1).
Corollary 4.3. There exist ¢c,C > 0, such that for any L >0, if t = % + (L + 1)1/4,
—cL1/8

sup |[|p" — pllrv < ClLe
o’oELO[O’L]

Remark 4.4. This results proves that the mixing time is always bounded by Q—LU + o(L). This gives

a first scale for ¢« but the constant % will turn out to be too large in gene;al, as we will see in
the final section. -
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5. Central limit theorem for FA-1f on Z_

We now aim to prove a central limit theorem for the front of the FA-1f process on Z_. Our result
differs from the one proved in Blondel et al. (2019, Theorem 2.2) in two ways. First, it studies
an FA-1f process on the half-line as opposed to Z. This change forces us to take into account the
boundary condition in the origin, tough we will see that the front gets far from the origin so this
barely makes a difference in the proof. The second change is a uniformity result with respect to
the initial configuration. This requires to study carefully the original proof and tweak a few key
arguments. For a first read, one can take Theorem 5.1 for granted and skip to the next section in
order to get to the main result.

Theorem 5.1. Let ¢ > ¢. There exist v > 0 and s > 0 such that for all m € LO_, and all real
numbers a < b,

— 0, (5.1)

t—o00

Xy — vt
sup t— v Sb)—P(aSNSb)
neLO_ VQ

with N ~ N (0, s%). The constants v and s are the same as in Blondel et al. (2019, Theorem 2.2).

IP’n(a <

Remark 5.2. In this theorem, the variance s® of the normal law can be zero. For this more favorable

X — vt
Pn<—a§ t\/iv §a>—1

case, the law A(0,0) is simply dp, so that we have sup
neLO_

— 0 for
t—o0
all a > 0.

To prove this theorem, we first need to study the convergence of the law behind the front, which
is the topic of the following theorem.

Theorem 5.3. Let ¢ > q. The process seen from the front has a unique invariant measure v. This
measure is the same as in Blondel et al. (2019, Theorem 2.1). There exist d*,c¢ > 0 such that for
all ng € LO_, fort large enough,

~ 1/4
1 = vllgaeg < exp (= el

where [i}° is the distribution of the configuration seen from the front at time t, starting from ny and
[| - — || is the total variation distance on A.

The proof of this result is almost identical to the original proof in Blondel et al. (2019). It relies
on a rather technical coupling argument that only requires tiny adjusments due to the presence of
a boundary in Z_. The adapted version of the proof can be found in Appendix A.

5.1. A Central Limit Theorem. From Theorem 5.3, we will now get a central limit theorem as in
Blondel et al. (2019). Here, we state a general central limit theorem that we will apply to the
increments of th front in the next paragraph. It resembles Blondel et al. (2019, Theorem A.1) but
adds a uniformity result.

Theorem 5.4. Let (01) be a Markov process (in continuous time) on a probability space (Q, F,P) and
(Ft) the adapted filtration. Let (X;)i>1 be real random variables satisfying the following hypotheses:
(1) (a) sup sup Eg[X?] < oc;
e neN
(b) for everyi > 1, X; is measurable w.r.t. F;;

(c) for every k,n > 1, f : R™ — R measurable such that sup E,[f(X1,...,Xn)] < oo, for
g

all initial o, we have the Markov property

Eo[f(Xky s Xktn—1) | Fr—1] = Eqp_, [f (X1, o, Xn—1)]; (5.2)
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(2) There exists a decreasing function ®, constants C,c¢* > 1 and v € R and a measure v such
that
(a) lim 18"’ P (n) = 0;
n—oo
(b) for everyi > 1, E,[X;] = v;
(c) for every k, f: R = R s.t. e 1*1f2(z) € LY(R), we have sup E,[f?(X1)] < oo and
o

sup |Eo[f(X5)] = By [f(X1)]] < C(f)(k); (53)

(d) for every k,n and f such that f : R — R s.t. e 17l f2(x) € LY(R),
sup |Cove [f(X), f(Xn)] = Cov [f(X), f(Xn—sr)l| < C(N)P(R); (5.4)
s [Coval (X4, £ < € sup EolF(X1)% @ — b); 55

(e) for every k,n such that k > c*n and any bounded function F : R" — R,
sup |Eq[F( Xk, ..., Xpan—1)] — E[F(X1, ... Xp)]| < C||F||cc®(k). (5.6)

Then there exists s > 0 such that

Zi:lj%_ oL, N(0, 5%).

Moreover, this convergence holds uniformly in the initial configuration in the following sense:

Va < b, sup \P(aSWSb)—P(aSNﬁb) 0,
o n

n—oo
where N ~ N(0, s2).

Note that the hypothesis 2.(d) differs from the one in Blondel et al. (2019). It is the correct
hypothesis and should be corrected in the original article. It was however verified in the application
therein, see Blondel et al. (2019, Lemma 7.3).

Proof: We first focus on bounded random variables. Let (X;);>1, satisfying the hypotheses. Let
us define like in Blondel et al. (2019) V; = X; — E [X4], ¢, = nl/3 8, = Y, Sin =
S Ljk—j|<1, Y and finally o, = > Ey[Y;S;,]. and assume each Y is bounded. We follow
the same line of arguments, replacing the "Bolthausen Lemma" Blondel et al. (2019, Lemma A.3)
with an adapted version:

Lemma 5.5. Let (v7)n>0 be a family of probability measures on R such that:
(1) sup sup [ |z>dvg(z) < oo
g n
(2) VR >0, lim sup sup | [(iX — 2)e?dvg(z)| = 0
n—oo 4 ‘)\|§R

Then for all o € Q, (V7 )n>0 converges to the standard normal law. Furthermore, for all continuous
bounded function f:

lim sup|v;7(f) — u(f)] =0, (5.7)

n—oo 4

where p = N(0,1).

Moreover, for all real numbers a < b,

lim suplog (14,) — (o) = 0 (53)

n—oo 4
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Proof of Lemma 5.5: Suppose that there is no uniformity in (5.7). Then there exist ¢ > 0, an
increasing sequence of integers (k) and a sequence (o) such that:

wen (f) =)l > e

Then the sequence of measures (v;") clearly satisfies the hypothesis of the original Lemma Blondel
et al. (2019, Lemma A.3) so should converge to a standard normal law, which is a contradiction
with the above equation. ]

Looking at the proof of Theorem A.1 in Blondel et al. (2019), the distributions of ( Sn )
V0 / n>0

satisfy the stronger hypotheses (in particular item 2) of the above Lemma. Consequently, we have
the conclusion of Theorem 5.4 for bounded variables.

We now give details on how to extend the bounded case to the general case. We no longer assume
the (Y;)i>o0 to be bounded. Let a € R be a real number and € > 0. Let N > 0 be an integer that
will be fixed later, and define the truncation operator TV (z) := max{min(z, N), —N}, and the
remainder RN (z) := 2 — TN (2).

Then we can estimate:

> i1 Vi o (i (TN () — B TN (Y)]) + (RN (Vi) — B [RN(Y))])

P z0) = (2

p, (ST 00) ~ BT (1)
7 vn

We first handle the last term:

RN (Y;) — E,[RN (V)]
Pa( \/ﬁ > 5)

Vo )
IRV (Y;) — E, [RN(Y;)]]
n > 5).

<

>q— 5) + 21@0( (5.9)

3

IN

Ezin\/arg ( i RN(Y;))
i=1

< 2 > Vo (RY (1)) + ; Cov (R (¥i). RN(Y7)) ).

e For any 4, note that we can easily bound E,[R™ (Y;)?]:

Eo(RY(Yi)?) = Eo[(Yi — N)*Ly;>n] + Eo[(Y; + N)*Ly; <]
< V2R, [V + NP, (Y| > V)12
< 4V2(C + NHYY2P,(|Y;] > N)V/?
< C/(C,_i_NAt)l/ze—N/zL7
where C' does not depend on ¢ or i. The variables Y; have a bounded forth moment thanks
to hypothesis 2.(c). The last bound comes from the exponential Chebychev inequality and

hypothesis 2.(c).
From this we can conclude that

1 n
o > Varg(RY(Y;)) < Ce2eeV,
=1

with ¢, C' > 0 independent of n, N, 0.
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e From assumption 2.(d) (equation (5.5)), we get that:

> Cova (RN (Y;), RN (Y5)) <> > sup B, [RN (Y1)*]@(|j — i)

i#] i=1j=1 ¢
n oo
<Cem ™Y N (|5 — i)
i=1 j=1
S ClneicN,

where we used the bound on E,[R™(Y7)?] previously found for the second inequality, and
the fact that >, ®(j) < oo for the last one.

Putting the last two inequalities into (5.9), we get:
n - n Ny _ N (v
o (S ) p (ST 0D A0 ) e
Vn Vn

Let N be such that Ce2¢=°N < ¢. We now use our theorem on the bounded variables
(TN(Y;) — E,[Tn(Y;)]) to find:

" Y;
lim sup sup (IP’U (lel L > a) —P(N >a-— 6)) <e,

which in turn shows that

LY,
lim sup sup (]P’U (21\7% > a) —P(N > a)) <0.

n—oo (e

i1 Yi

NG > a> can be bounded below by:
>y BN (Yi) — By [RN(Y7)]

Vi Vi : )
. p, (2?1 TN B[N0 ) o, ( Sy RN (V) — B[R (Y) ‘ . )

It now remains to prove the reverse inequality. P, (

>a+ ¢ and

. (Z;% TN(Y;) — B, [TV (¥)

Vi Vi

From here, we bound the last term as we have done previously, and find this time:

. >t Yi
limsup sup| P, | ==~— >a | —P(N >a) | >0,
nosoe gp<”< N Wza)=

which concludes the proof. ([l

5.2. Proof of Theorem 5.1. The aim of the following four lemmas is to justify the various hypotheses
of Theorem 5.4 on the increments &, := X,, — X,,_1, where X,, denotes the front at time n of an
FA-1f process on Z_ started at an arbitrary configuration n € LO_. They can be proved in the
exact same way as in Blondel et al. (2019), with a minor change explained in the proof of Lemma

b

5.7. In the following, v denotes the measure defined in Theorem 5.3
Lemma 5.6. For f : Z — R such that e~ \*| f(2)? € L', we have

sup E,[f(€1)°] = e(f) < oo. (5.10)
neLO_—
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Lemma 5.7. There exists v > 0 such that for f : 7 — R with e”1*1f(2)? € LY(R),

sup [Ey[f(&n)] — Eu[f(&1)]] < C(f)e

neLO_

(log n)1/4

(5.11)

Proof: Here, we define as in Blondel et al. (2019), the configuration ®4(n) to be equal to 1 on
[X(n),X(n) + d*t] and 1 elsewhere (except at the origin). Let X, (resp. X) the front of the
configuration starting form 7 (resp. ®(n)), both being coupling via the standard coupling. In our
case, it is possible that the interval [X(n), X (n) + d*t] contains the origin, which can mess up the
original argument. To prevent this, let us note the following fact:

if t > 0,7 € LO_, the event X # X is a subset of A; := F(0,d*t,1) U {X; > —ut}.

For n € LO_, f an appropriate function, and n > 0, we get:

By [f (6] = B, o [F (€0)] = E[(F(X) = (X)) 5]
< B[00 - 107] VR,

Now note that P(A,—1) < e~ 5 | AeBO-D) = O(e™").
From there, we can conclude like in Blondel et al. (2019). O

Lemma 5.8. There exists v > 0 such that, for f : N = R,e1lf(z)? € LY(R) and j < n two
positive integers,
4

og(n—j 1/
(1) GSEB |Covy[f(&), f(&n)]] < C(f)e_w(l 507 and the same holds for the covariance under v;
n _

(2) for j = F(n—j),

sup  |Covy[f (&), f(&n)] = Covy[f (1), f(&n—jr 1)l < c(fyee =

neLO_

Lemma 5.9. For any k,n € N such that d*(k — 1) > vn and any bounded function F : R™ — R

sup [Ep[F(Eky o Epin1)] — BL[F (€1, ., 0)]| = O <||F||ooe—ve“°g’””4> .
neLO_

From here, we can apply Theorem 5.4 and conclude exactly like in Blondel et al. (2019).

6. Cut-off for FA-1f

We are now ready to prove the main result. Let A = [1, L], we fix ¢ > ¢ the parameter of the
FA-1f process. Every constant introduced in this section implicitly depends on q.

We split the proof into two cases. First, we tackle initial configurations with macroscopic sub-
intervals of occupied sites. In this section, we shall call such an interval a particle cluster. To tackle
these, we need to study closely the fronts of each particle cluster that are going inward. We will see
that after the time it takes for them to meet, the configuration created enough empty sites to relax
to equilibrium quickly. Next, we study the initial configurations with no such particle cluster, that
is configurations in H (0, L + 1,¢) for a certain threshold ¢(L). We handle the latter category with
softer arguments using the coupling of FA-1f and the contact process.

6.1. Configurations with macroscopic particle clusters. Define, for any L > 0 and 0 < 6 < 1,
QP ={oeQy|oeH(O,L+1,0L)}.

For o € Q4, recall that B(c) := max{h >0 | 3z € [0,L — h], | o[x + 1,2+ h] = 1} is the size of
the largest particle cluster in . The following result holds.
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Proposition 6.1. Let § > 0, og € (29)¢ and e > 0. There exists a = a(e) > 0 such that,

B
ift= B0 T e,
2v [

2
v
HN?O - /J'HTV < U2(52E+¢(L)7

with ¢(L) independent of oy and Llim »(L) = 0.
—00

The proof of this proposition is divided into four lemmas. To make things easier, let us first
introduce the sketch of the proof in words. In the case we are studying now, the initial configuration
has at least one macroscopic particle cluster of size > §L. If we watch the evolution of the process
in such an interval during a short period of time, we see that the two endpoints of this particle
cluster behave just like fronts of FA-1f processes in half-lines (one left-oriented, the other one right-
oriented). As a consequence, thanks to the Central Limit Theorem 5.1 we can find an explicit time
after which the fronts are much closer to each other, at a certain threshold distance d of order VL.
At this point, the space between the original positions of the fronts and the current one should
contain a lot of zeros thanks to the Zeros Lemma 3.5. We repeat this argument for every initial
particle cluster, and thanks to appropriate choices of constants and coupling arguments handling
the space in between the clusters, we end up with a configuration in (A, d) with high probability.
From there, it will only remain to apply the relaxation result from Section 4 to conclude.

Before diving into the proof, we need to set a general framework. The following lemmas aim to
explain in detail how a configuration with some particle clusters can turn the smallest of them into
an interval with a lot of zeros.

Let us fix an arbitrary set of disjoint intervals Ay,..., A, C A. We define their endpoints: Ap =
[ak,bg]. Fix € > 0, and let d = 6av/L, with a a constant depending on ¢ that will be determined
later.
We now define a class of configurations that we consider in our proof. We say that a configuration
o € Qp is in the class C if for all 1 < k < r, there exist X; < Y, € Ay such that
(1) o(X*) = a(r*) =0,
(2) [o(xX* ) =1,
(3) S H(ak, Xk, d) N H(Yk, b, d)
Note that X* and Y* are uniquely determined if o € C\ H(Ay,d). If o € H(Ay,d), there can be
multiple choices of X* and Y*, but this case will be excluded in the following. Let us introduce a
few functions on C (see Figure 6.2). Fix o € C.
o (0) ={k | o ¢ H(A,d)} is the set of indices such that Y* — X*¥ > d. We write & if the
configuration o is clear from the context.
e p(0) = #k is the cardinality of ,
e /(o) = min(Y* — XF),
kek

o t(o) =42 _ 20 /7(5). We set t(o) = 0 if p(c) = 0.
Having set that, we define the random variable F'(0) = 0y(,). That is, F'(o) is the result of the
FA-1f process with initial configuration o € C after a time ¢(¢). The aim of the random function
F is to turn the smallest particle cluster [X*, Y*] of size > d into an interval in H(-,d). Note that
this construction depends on the family of intervals Ay, ..., A, that is for now arbitrary.

Let o € C and (04);>0 be a FA-1f process starting from o. Define X} (resp. Y/¥) as the position of
the rightmost (resp. leftmost) zero in [0, M*] (resp. [M*, L+1]) in oy, with M* := 3(X*+Y*). We
have X} = X% and Y = Y*. Aslong as X} and Y}¥ do not meet, we think of X} as the "front" of
a configuration on the (right oriented) half-line. Let R; = {Vk € k, Vs <t, X¥ < M¥*—1 and Y} >
MP¥ 4 1} the event that none of the "fronts" reaches the midpoint of the interval. In particular,
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Ay As A3

O - - fre—airi-------- IR Frr—as o oeC
Xl Yl <<—)d X3 Y3

FIGURE 6.2. A configuration in the set C. Dashed zones represent zones in H(., d).
Here, we have k(o) = {1,3}, p(c) =2 and {(0) = Y — X1

under R, the front have not met. The following Lemma localizes these fronts at time ¢(o) using
Theorem 5.1.

Lemma 6.2. There exists a > 0 depending only on € and q such that, with the notations previously
introduced, and d = 6a\/L, the following holds. For all o € C such that p(c) > 1,

P <Vk €k, Xfiy) € X"+ 0t(0) — ay/E(0), X* +vt(0) + ar/U(o)],
Yt(a) e [Y* +ot(o) — a/l(o),Y* + vt(o) + a\/ﬁ(a)],Rt(a)> >1—re4+re(L) (6.1)
with ¢(L) independent of o such that Llirn »(L) = 0.
—00
In particular, for ko such that Y* — X*o = ¢(5), the event above implies that:
0<Yl — XM <4

t(o) t(o) =
From now on, we call

I, = [X* + vt(0) — an/0(o), X* + vt(a) + ar/€(0)]
Ji = [YF +ot(o) — a/l(0), Y* 4+ vt(o) + ar/€(0)].

and

Xko M ko Yko

******************************************************** Ot(0)

~ vt(0) 6a /e(g)

FIGURE 6.3. The expected behaviour of the smallest cluster of o during time t(o).

Proof: Define Rf = {Vs <t, X¥ < M¥ —1 and Y} > M* + 1} such that R; = MNi<k<p(o) RF. The
key remark for what follows is that if the event RY occurs, the fronts X*, V¥ behave like independent
fronts of FA-1f processes on Z_ for all s < t. To justify that, let us define auxiliary processes (65)>0
and (6F)y>0 on Z_ as follows.
. o(—z) if —x < XF,
* Vo<, Ug(x)_{ (1 ) if — x> Xk,
e (6F);>0 is the FA-1f process on Z_ starting from 6§ constructed with the standard coupling
with respect to (o¢(-.))s>0. We denote by XF its front at time ¢.
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olx+L+1) ifx+L+1>YF
1 fz+L+1<Yh
e (6F);>0 is the FA-1f process on Z_ starting from &% constructed with the standard coupling

with respect to (01+10¢)¢>0. We denote by Ytk its front at time t.

Let 7€f ={Vs <t,XF > —MF+1}, and 7'\;,{€ = {Vs <t,Ys > M* — L}. Then, for all intervals
B, B’ C A, we have:

P, (Xf € B,Y} € B and Rf) =P, (Xf € B and 7%5) Py (Ytk €6_;_1(B') and fz,’;f) . (6.2)

o Vz <0, 5’5@;):{

We apply this with the intervals I and J;. The two factors in the right hand side are similar so
we only study }P’&g (Xf € —I; and 7@?) Note that
]P)&g (Xf € —I; and 7%,?) = P&g (Xf S —Ik) — P&S (Xf € —1I; and (ﬁf)c)
Thanks to Theorem 5.1, we have, for N ~ N(0, s?),
; XF— Xk — ot
Py <X,£~C € —Ik> =P < : 0 — vi(o) € [—21}@,2va]>

V(a)/(2v)

— P (N € [-2va, 2val) (6.3)

L—oo

since ¢(0) > d — oo as L — oo. This convergence is furthermore uniform in o. We choose a such
that P (N € [—2va,2va]) > /1 —e. Note that this choice only depends on € and ¢ (because the
variance s> depends on ¢). This proves that

Py (Xf e —Ik> = VI—c+¢i(L) (6.4)
with ¢1(L) independent of o and Llim ¢1(L) = 0. We handle the term in Y;k the same way and find
— 00
the same kind of equation. Note here that if s> = 0, our estimate is even better as we would get
P, (Xf e —Ik) =1 ¢1(L).
Next, we show that if the fronts end up in the expected intervals at time ¢(o), then ﬁf(o) is very

likely. We denote M* = —M* and we divide the time interval [0,¢(0)] into intermediate times
20t (o)

ar/l(c) —2

0<s1<...<sp=t(o) withn = { —‘ such that A :=s;41 —s; < % (o) — % Notice
that:
{3s < t(o), XF < M* +1}
(3i, XE < MIF + g\/ﬁ(T)} U {3s < t(o), X5 < M* 41 and Vi, XE > M* + %\/6(7)}.

First, with Corollary 3.2 and with our choice of A, we have that the second event is unlikely
because of finite speed of propagation:

P, (33 < (o), XF < M* 1 and Vi, X5 > M* + g\/ﬁ(a)>

n—1
. . a
<Sp, (as € [ss,sina)s | XE = XL > 5V/E(0) - 1)
1=0
n—1
<> P (38 € [si,si1), |IXE — XE | > 0(si1 — Si))
=0

Ce Vo) < Ce V4 for some C,c>0.

IN
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Then, by the Markov property at time s;, the probability that )A(fl < MF + 5/ 4(o) while )A(f(o_)
is to the right of that is bounded by the probability that the front is going backward for a time at

least A. This gives, thanks to Lemma 3.3:

P, (th(a) € —1Ij and EIi,Xfi < M* + %vf(@)

I
—

< ]P’U()A(f(g) > Xfl) < nde B2 < Ae BV

i

I
=)

Combining the previous inequalities shows that:
P, (Xt’f(g) € I, and (fzf)c) < CeVd (6.5)

with C, ¢ > 0 independent of o, L, ¢.
Combining Equations (6.2), (6.4) and (6.5), since d = 6aV/L, we get

Py (XF e I, Y e Jy and RE) > 1 -2+ 6(L),

with ¢(L) going to 0 as L — oo, uniformly in o. By a union bound over all boxes Ay, for k € k, we
get the expected result since the number of boxes is bounded by 7. ([l

We have now localised the fronts in F(0), so we can use Lemma 3.5 to show that behind those
fronts, with high probability, there are a lot of zeros (see Figure 6.4).

Lemma 6.3. Let o € C such that p(o) > 1. With the previous notations, for all k € K,
k k
P, (Xt(o') € I, Y;f(g) € J, Rt(a)

and () ¢ (H(X’“, X{io)r d) NVH(Y ), YE, d))) < Cexp(—cVL)

for some C,c > 0 independent of every other parameter.

Xl

X3

th Yy t(o)

o Y3
(0) Yt(or) < 6avE i

o)

FIGURE 6.4. The expected behaviour of the fronts during time ¢(o). Dashed zones
are in H(.,d). We see that at time ¢(o), the configuration lost at least one particle
cluster.

Proof: Given the event Ry(,), we can use the previous coupling argument to show that:
P, (Xf(g) € Iy, Y;lzg) € Jg, 7zt(cr) and Ot(o) ¢ (H(Xkath(a)ad) me(Y;fl(vo)aykad)>) =
]P)(r’O“ (th € _Ika 5-5(0) §é H(vaX(])§7d)v7ét(o))

]P)é'g (Y:‘,k S H—L(Jk)7 &f(o') gé H(Y;k7}>0k7d)77ét(o)> : (66)
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By Lemma 3.6 (with y = )A((])‘:), we have that:
P, (&f(o) ¢ H(XE XE, d)) < CLY? exp(—eVL).

We can get rid of the L5/2 factor by taking ¢ smaller. The same inequality holds for 6% and therefore
we get the claimed result. O

Now, we show that if an interval already contains enough zeros, it most likely will also at time
t(o). This will ensure that once a cluster has disappeared and has left a lot of empty sites, the
region will keep as many empty sites during any other iteration of F'. It is actually a very general
result that only relies on Lemma 3.4.

Lemma 6.4. Let 0 € Qp, x,y € A, d > 0 such that o € H(x,y,d). Then:
P, (F(0) ¢ H(z,y,d)) < CLexp(—cV'L), (6.7)
with ¢, C' independent of d, x,y, 0.
Proof: We simply use the comparison with a supercritical contact process (Lemma 3.1) for every
initial zero in | o(z,y) with £ = d/2. O
So far, we have proved that with high probability after a time (o), every front moves by a
distance ~ Eéz) (Lemma 6.2), while creating zeros behind it (Lemma 6.3). This results in one box

ko initially "blocked" (Y*0 — X*0 > d) to become filled with zeros. Meanwhile, every box Ay that
satisfies o € H(Ag,d) stays in H(Ag, d) after a time t(o) (Lemma 6.4). As illustrated in Figure 6.5,
all of this combines into a nice result about F(o).

Lemma 6.5. For any o € C such that p(o) > 1,
P(F(o) € C and p(F(0)) < p(o)) > 1—1re —rea(L)
with ¢2(L) independent of o (but depending on r) and Llim ¢2(L) = 0.
—00

3
Xio)

FIGURE 6.5. The expected behaviour of the whole configuration during time ¢(o).
Here, the interval Ay kept its zeros and the particle cluster in Ay shrunk to a size
<d.

Before getting to the proof of Proposition 6.1, let us make a final remark. On the event appearing
in Lemma 6.2, we can bound the size of every particle cluster in F'(o):

Vk € K, Vit = Xpipy <YF = X5 — (o) + 2av/1 (6.8)

Note that it is possible that in one iteration of F', two or more particle clusters go from a size > d
to a size < d.
Let us now prove Proposition 6.1.
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Proof of Proposition 6.1: Fix § > 0, o9 € (Q‘s)C and ¢ > 0. We also define a as in Lemma 6.2
and d = 6av/L. Throughout the proof, ¢(L) will denote a function that may depend on § but

1
not on o such that Llim ¢(L) = 0. Let Ayq,...A, be the particle clusters of oy of size > v—B(oyp)
—00 v

(with their neighboring sites that are empty in o). More precisely, the intervals Ay = [ag, bg] are
such that b, — aj > gB(Uo), oo(ar) = oo(bg) = 0 and | op(ag,b;) = 1. Defining the Ay defines
the class C and we hgve of course oy € C. Note already that even though r now depends on o,
it can simply be bounded by %, which only depends on §. We aim to prove that after a time

B
= éCfo) \/{(0p), the configuration is in H(A, d). To do that, we first focus on the particle
v
clusters.

We define now the iterations of F' starting from og. For all 1 < k < 7, ¢ := F( (=1)) with
00 := 5. If we ever have ¢(?) ¢ C, then set for example F (oY) = ¢() and t(c()) = 0. We will
not encounter this case later on.

By Lemma 6.5, we have by induction that

P (p(a@) - 0) >1 -2+ ¢(L).

Note that p(c(™) = 0 simply means that (") € (;_, H(A, d).
Let T = Z;:ol t(c(?), that is the time at which we reach the configuration ¢("). Our goal now is to
bound T from above. To do that, we use Equation (6.8) and by induction we get

P <T < B;v 0) + 2ar E(Uo)) >1—r%e+ ¢(L).
Béio)—k2ar\/€(ao) and or €

B (o)}

é ) E(O'Q).
This leads to the result we were looking for, that at time 7y, with high probability, every initial
particle cluster contains a lot of zeros:

Now using the exact same argument as in Lemma 6.4, as long as T' <

Mi—y H(Ag, d), then with high probability these zeros will remain at time 7 =

P <aﬁ S ﬂ ’H(Ak,d)> >1—1r%+¢(L). (6.9)

k=1
We can now handle the rest of A. Initially, we have zeros in A\ |J;_; Ay that are spaced at

v . . . .
most =B(op) apart. This threshold was precisely chosen so that we can again use the supercritical
v

B(a9)
2v

contact process to ensure that at time ty = , we have:

Py, <at0 ¢ HAN Ak,d)> < Crtge VL.

k=1

Again, since ty < 71, this property persists at time ¢;. Putting this together with equation (6.9)
finally gives:
liminf P (o, € H(A,d)) > 1 —r’. (6.10)
L—oo
vl v
<=
vB(og) ~ v
From there, it only remains to apply Proposition 4.2 with £ = d and = 1/4 to find that for any

6a2\F (6 \F) 1/4

Here, we used the fact that r is bounded (with L). More precisely, we have r <

local function f such that u(f) =0, at time t := 7 +
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limsup |E[f(c¢)]] < 7.

L—oo
Finally, we can bound this time replacing L with B(o()/J to get a consistent expression:

; < Bloo) | ay/Bloo)
— 2/U )\/g )
with a depending only on € and g. The fact that all the generic constants ¢, C' used in the proof do

not depend on oy and that the CLT used is uniform in the initial configuration guarantees that the
bound above is also uniform in og. ]

6.2. Conclusion. We can now prove Theorem 2.1.

Proof of Theorem 2.1: First, we proved Equation (2.2) with Proposition 6.1 in the previous subsec-
tion. Next, let § > 0, o € Q5L and

t) (o) = (32(;’) + (B(a))1/4) Vv (“0‘;?9 + (log L)9/4> .

If B(o) < (logL)?, then we use the fact than o € H(A, (log L)?) to use Proposition 4.2 with
¢ = (log L)? and B = 1/4. This way, we get that for any local function f with support in A:

— 9/8
Eol /(002 g yor2)]| S CllfllooLe™ 0o

+(log

which goes to zero as L — oo uniformly in o.
(log L)°
2v
If B(c) > (log L)?, then by using Proposition 4.2 with £ = B(c) and 3 = 1/4, we have:

—cB(o)1/® —c(log L)9/8
|Ea[f(o—¥+3(g)1/4)” < CHfHOOLe B(o) < CHfHooLe (log L) )

In this case, t)(0) = + (log L)9/4> < t1(o) so we get our result.

which again leads to our result.

Finally, let ® : N — N such that ®(L) — +oo. Let 0 € H(0,L + 1,®(L))¢. Let A; be the

L—+o00
largest particle cluster in o:
AM=[X+1Y—-1]witho(X)=0)=0,l0[X+1,Y —1]=1land Y — X > ®(L).

NG

Let M = (X +Y)/2. By Lemma 6.2, we see that with ¢ =
v v

P, (Xt € [M — 3ay/B(0), M — a\/B(0)],
€ [M + ay/B(o), M + 3a\/B(a)]> >1—c+¢(L) — CeVBO@ (6.11)

with ¢(L) going to 0 when L — 400 uniformly in o. Here, r = 1, we only have one particle cluster.
This event implies that [ o¢[M — a\/B(0), M + a\/B(c)] = 1. Now, note that:

2a+/ B(o 2aP(L
'u(lrat[M—a B(o),M+ay/B(0)]=1 ) =(1-4q) (@) <(1-gq) &) (6.12)

which goes to zero when L — oo.

Putting together Equations (6.11) and (6.12) concludes the proof of Equation (2.3) and thus the
proof of Theorem 2.1. O

Now we can conclude the proof of the cutoff.
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Proof of Theorem 2.2: The proof of the lower bound is straightforward by taking initial configura-
tion 17, and applying Equation (2.3).

L L
Let § = = and ¢ > 0. For every o € Q3 we have that t1(o) < % + (L)' = o™ + (6L)V/4. If
v v v

L L
o € (93)¢, then ta(o) < 50 + 8aV/L. So in every case, for L large enough, if t = 5 + 8aV/L, we
v v

have:
d(t) <e. O

Appendix A. Convergence behind the front

Before proving Theorem 5.3, we recall a result that deals with the relaxation for the FA-1f process
far from the front.

Proposition A.1 (Blondel et al. (2019, Theorem 5.1)). Let ¢ > g, o < 1/2 and 6 > 0. There exists
¢ > 0 such that for all t > 0, for any M < e, any f with support in [0, M], such that u(f) =0
and || f||so < 1, for all og € LO such that 6o € H(vt, M + (40 — v)t, /1), then

|E [f(030¢6¢)] | < eVt
The same kind of result holds for a process on Z_:

Proposition A.2. Let ¢ > ¢, a« < 1/2 and 6 > 0. There exists ¢ > 0 such that for any f with
support [0, M], u(f) = 0 and ||f||ec < 1, for any t > 0, M < e, for all ng € LO_ such that
flo € H(vt, M + (40 — v)t, /1) and Xo < —M — (30 — v)t, then

|E[f(O30:7)] | < e~eVi,

Proof: The proof is almost identical to that of the previous proposition. However, in this case
we have to make sure that the interval [3vt,3vt + M| seen from the front does not go out of the
domain Z_. Recall that with probability 1 — O(e*Bt) we have X; — Xg < —wt. Then as long as
—Xo + vt > 30t + M, we have X; + 30t + M < 0 with probability 1 — O(e~5?). O

We now prove Theorem 5.3. The proof relies on the same coupling as in Blondel et al. (2019).
Let us fix ng € LO_. We pick oy € LO an arbitrary configuration such that X (n) = X (og). We
will now prove that there exist d* > 0 and ¢ > 0 such that

~ ~ 0 ogt)1/4
17 = i llp.a-n < exp (—ce™s0"). (A1)

Throughout the proof, ¢, C' denote generic constants independent of og, 9. These constants may
vary from line to line. Before diving into the complete coupling, we shall define a coupling that
comes into play during the proof: the A—maximal coupling. If A C Z is finite, and u, u’ are two
probability measures on §2_, we define the A-mazimal coupling between p and p’ as follow:

(1) we sample | (,0")A x A according to the maximal coupling, i.e. the one that achieves the
total variation distance of the marginals of u and ' on Qjy,
(2) we sample [ 0Z_ \ A and [ ¢’Z_ \ A independently according to their conditional distribu-
tions (.| [ oA) and p/(.] | 6’A).
Throughout this section, o denotes the Bernoulli product measure on Z_: p = M%iq.
For ¢t > 0, let us define the following quantities:

V.U
T o0 +u)

o tp=(1—e)t,

o A =exp ((logt)/4),
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o Ay = (logt)3/4,
o A=A+ As.

The time interval [0, ¢] is divided in several sub-intervals. First, during a time ¢9 = (1 —¢)¢ (which
is the longest phase), we aim to use the Zeros Lemma, which provides a good amount of empty sites
behind the front. We then divide the remaining time et into N steps of length A, with N = |&]
and a remainder step of length et — NA. Each of these steps of length A consists in two steps of
respective lengths Ay and As. We define t,, = to + nA and s, = t, + A1, n < N.

We define the interval A, = [30A1, vs, — (0+v)A1] and the distance d,, = vt,, — (v +v)An. Note
that d, slightly differs from the original proof. Lastly, let us introduce the following notation. For
(A,) a sequence of measurable subsets of LO x LO_, we write:

Pa,() = sup P(| (Gt,,7,) = (3,7)).
(6,1 €AR

Depending on the context, t, can be replaced by s, in the definition above.

We are now ready to explain the coupling between o; and 7; that will lead to Theorem A.1.
e At time to, we sample oy, and 7, independently according to the laws p;” and 7.
e Suppose the coupling at time ¢,, constructed. If the configurations &, and 7, coincide on
the interval [1,d,], then we let the evolve according to the standard coupling until time ¢.
If not, we proceed in two steps. With high probability, both configurations will have zeros
behind the front. More precisely, let Z,, be the event:

Zp = {61, 7, € H(WAL, vt /A1) and (X(01,) — X (00)), (X (n,) — X (n0)) < —vtn}.

Here, the event Z,, differs from the original proof to ensure that the interval [uA;, vt,] (seen
from the front) does not go out of bounds.

From both the Zeros Lemma, Lemma 3.3 and their analogs in Blondel et al. (2019), we have
for ¢ large enough,

P(Z,) > 1 — 2(vty)%e VAT — Cetn > 1 — Ot 2 VA1,

The last term of the first line comes from the fact that we ask for the inequalities X (0y,) <
X (00) — vty and X (ny,) < X(n9) — vt,. Note that none of the constants ¢, C' depend on 1
or oy.

In the following, it will be useful to also introduce the event

Z,, = {6t,, M, € M(0,30A1,20A1)}.

We can already note that Z,, C Z/ for t large enough.

e At time s,, we sample 7, and 7),, according to the A,-maximal coupling between the laws
/]th and fix". Let Qn = {5, = 75, on A, }. First, note that by definition of the maximal
coupling and by the Markov property, we have, for (o,n) € LO x LO_:

]P)(Qfl |Utn = 0-7 ntn = 77) = ”/‘221 - ﬂngAn
< AR, = plla, + A, = wlla,-

Since the interval A, is "far from the front", then these two distances are small uniformly
in &y, 7, as long as the event Z,, is satisfied. Let us justify this claim by applying Propo-
sition A.2.

Let n € LO_ be an initial configuration such that 7 € H(vAj,vt,, vVA1). Assume also
that X (n) < —uvt,. Let us check the hypotheses of Proposition A.2. Take

M =uvs, — (v+0)A; — 30A;.
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Then M + (40 —v)A; = vt, —vA; < vt,, which guarantees that we do have 77 € H(vAy, M+
(40 — v)A1,v/A1). Next, since X(n) < —uvt,, we find:

—M — (30 —v)A; = —vtp + (0 +v)A1 > —vt, > X(n).

Finally, we do have M < e®1 for a = 1/4 for example.
We can now apply Proposition A.2 that gives [|ZA —ulla, < Ce=VA1 with €, ¢ independent
of . We can handle the term [|a%, — p|a, the same way in order to find in the end:

Pz, (Q5) < CemeVA1,

e Next, if the event (),, occurs, we define T as the distance between the front and the leftmost
zero of g, (or 7s,) located in A,. If there is none, define  as the distance between the
front and the right boundary of A,. Let 8 be a Bernoulli random variable (independent of
everything else constructed so far) such that P(f = 1) = e?22. The event {# = 1} has
the same probability as the event that two independent Poisson clocks do not ring during a
time Ay. We now construct the configurations at time ¢,,41.

— If B = 1, we consider that, seen from the front at time s,, the clocks associated with
the sites 0 and Z do not ring during As. First, we sample the configuration at the left of
0 according to the standard coupling, with empty boundary condition. Let &,11 be the
common increment of the front during this time, namely §,11 = Xy, — X, . Next, we
fix 6tn+1(_£n+1) = ﬁtn+l(_£n+1) :=0 and 6tn+1(53 - £n+1) = ﬁt'n+l(j - §n+1) =05, (j)
and sample the configurations oy, , and 7, , according to the maximal coupling on
[1—&g1,%—1—&nq1], with boundary conditions 0 on 0 and &5, (%) on Z. To the right
of this interval, we sample the configurations according to the standard coupling with
the appropriate boundary conditions.
— If B =0, then we let evolve (G,,7s,) for a time As via the standard coupling condi-
tioned to have at least one ring either at T or at 0.
First, let us notice that Z is likely to be not too far right inside A,. Indeed, under the
event Z, the law of the configuration in A,, is close to the product measure at time s,. Let

B, :={z <30A; + ‘/2A72} Then, by Proposition A.1:

Pz, (B, NQn) <Pz, (f (Gs,)[30A1,30 \/2A72

F

1=1) (A2)

+ O(e= VA, (A.3)

<p

Now, denote by Z// the event {5Sn, Ns, € H (\/2A72, 3UA1, ‘/25) }, and recall that Z,, C Z/,.

Using the second case of Zeros Lemma 3.5 and its equivalent Blondel et al. (2019, Lemma
4.4) (with L =+/Ay/2, L+ M = 3vA;, ¢ = L), we find that:

\2/% exp(—cv/Ag) + Ay <3UA1 ﬂ) exp(—cAs) (A.4)

< O(e=VA2), (A.5)

Py, ((Zy)°) <

With the event Z!/, we are now able the use Proposition 4.1 to couple the configuration
at time ¢, on the interval J, :=[1 — &,41, % — &1 — 1]

First, note that Z! N B,, C {5s,,7s, € H (O,x, V 2)} Let L = 30A1 + @ < eAéM. Then
by Proposition 4.1, we find that for any y € [30A1,30A1 + @]

P (6—tn+l # ﬁtn+l on [1 —&nt1,Y — Eng1 — 1] ’ T =y and 75, 7s, € H(Oa Y, v A2)> = O<€_Cm>'
(A.6)
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Again, this bound does not depend on y or the initial configurations. This in turn shows
that:

IP)Z{LBn (&tn+l 7& ﬁtn+1 on Jn) = O(e—C\/Aiz)' (A?)
Under the event @),,, the configurations seen from the front at time s,, coincide on the interval
A,,. On the right part of this interval, namely [Z, vs, — (0 +v)A1], we let the configurations
evolve according to the standard coupling. The matching of the configurations will then
persist on the sub-interval [Z — &,41,vs, — (0 + v)A1 — §41 — 0A2] w.h.p. thanks to
Proposition 3.1. Note that vs,, — (v +v)A; — 0Ag = vt,41 — VA > dpy1. Denote by K, the
interval [Z — &,41,dn+1]. We found that:
Pg,, (Gtpy # ity o0 Ky | B=1) <P(F(0,082,A2) + P(&,11 > 0) = O(e™A2). (A.8)

Finally, notice that if the clock attached to the site O (i.e the front at time s,) does not
ring, and we let the configurations at the left of this site evolve according to the standard
coupling, we naturally get:

PQn (5-tn+1 # ﬁtn+l on [07 75”“1’1] | ﬂ = ]‘) = O (Ag)
From Equations (A.7), (A.8) and (A.9), we can conclude that:

Q.25 (9tuis # ltus 00 [Lidnia] | 5=1) = O(e™V52). (A.10)
We are now ready to estimate the probability that the coupling "succeeds". Let M, = {7, =
M, on [1,d,]}. At time ¢,41, depending on the coupling at time ¢,, we can write:

P(My 1) <P(Myiq 0 My 0 2Zy) + P(Z7) + P(M5 4 0 My,)
< P(ME 3| ME N Z)P(ME) + P(Z5) + P(MS,, 0 My). (A.11)
Let us focus on the term P(M; |My; N Z,). We condition on the events that can happen at time
S
P(My 1| My 0 Zn) < Py, vag (M5 11125 0 Qn 0 Bu) + Pz, ((Z7)%) + Pz, (@5) + Pz, (B, N Q).

Out of all these terms, only the first one is (a priori) not vanishing when ¢ goes to infinity
according to equations (A.2), (A.4), (A). Thanks to equation (A.10), for ¢ large enough:

Pzyve (M 1|20 N QN By) <1—=P(B=1) (1= Pryenz, (M {B=1}NnZ,NQnNBy,))
(A.12)

<1- %e_QAQ. (A.13)

Back to the initial inequality (A.11), we can plug our estimate for the first term, and easily bound
the remaining two terms to find:

P(Myy) < (1 - ;6_2A2> P(M) + Ce™ (A.14)

It only remains to solve this recursive equation with the values of N, Ay, As we chose. We find:
P(MS,) < (1 B ;e—mz)N 4 02N+l —eA-2N-1)A; (A.15)

< O(e™eA), (A.16)

Let us now conclude the proof. At time ¢y, with probability P(My) the configurations &, and
7t match on the interval [1,dy]. From time ¢y to time ¢, we let the configurations evolve according
to the standard coupling. In the same way as we did before, we can estimate the interval on which
the configurations are equal at time ¢ given the event My.
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P(6; = 7 on [1,d"t]) = P(6; = 7 on [1,d™t] | My)P(My) (A.17)
> P({X; < Xy} N F(dy, dt,t — tn)9)P(My). (A.18)

It only remains to chose a d* such that the event F(dy,d*t,t —tx) has low probability. Let d* = 5.
Then using t — ty < A and replacing ¢ and d* by their values, we find:

dN—d*tz%t—ytzﬁA > o(t - ty), (A.19)

which implies P(F(dy,d*t,t —tx)) = O(e~). The event {X; < X;, } has probability 1 — O(e™?)
so we find in the end the announced estimate:

P(5; # 7 on [1,d*t]) = O(e?). (A.20)

The existence of an invariant measure v comes from the compacity of the set of probability measures
on . The uniqueness and the convergence estimate of Theorem 5.3 come from Equation (A.20). O
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