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Abstract. Let T,, be a random recursive tree with n nodes. List vertices of T, according to a
decreasing order of their degrees as vV, ... v(™ and write deg(v(?) and h(v(®) for the degree of
v® and the distance of v from the root, respectively. We prove that, as n — oo along suitable
subsequences,
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Vo?log.n
where 1 = 1— (logy €)/2, 0 = 1— (logy €) /4, (P;,i > 1) is a Poisson point process on Z and (N;,i >
1) is a sequence of independent standard Gaussians. We additionally establish joint normality for
the depths of finitely many uniformly random vertices in T;,, which extends results from Devroye
in 1988 and Mahmoud in 1991. The joint limit holds even if the random vertices are conditioned
to have large degree; in particular, both the mean and variance of the conditional depths remain of
orden Inn.
Our results are based on a n!-to-1 correspondence between (a representation of) Kingman’s n-
coalescent and random recursive trees; a utility that was observed in work by Pittel 1994 and
recovered by Addario-Berry and the author in 2018.

1. Introduction

Random recursive trees (RRTs) have been widely studied since their introduction,
Na and Rapoport (1970), and are closely related to binary search trees, preferential attachment
trees and increasing trees in general, see e.g. Bergeron et al. (1992); Drmota (2009). For n > 1,
let [n] := {1,...,n} and let Z,, be the class of increasing trees with vertex set [n]; that is, rooted,
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labelled trees where labels are increasing along paths starting at the root. A random recursive tree
on n vertices is uniformly distributed on Z,, and may be regarded as a degenerate case of linear
preferential attachment trees. We will be concerned with the interplay between degree and depth of
vertices in RRTs and will contrast our results with known results on linear preferential attachment
trees Bhamidi (2007); Mori (2005).

For v € [0, 00), the linear preferential attachment process (T ,; n > 1) is defined as follows. Let
T,1 be a single vertex labeled 1. For n € Z let Ti, ,4+1 be the tree obtained from T, , by adding
an edge from a new vertex labelled n + 1 to vertex v, € [n]; where, conditional on T, ,,, P (v, = v)
is proportional to avdegy,  (v) + 1. Let

Aqp :=maxdegr (v), (1.1)
vE(n] wn
Mo ={v € [n]: degr, , = Aan} (1.2)

Random recursive trees correspond to o« = 0 and so the choice of each v, is independent from
the past and uniformly random on [n — 1]. In what follows, we omit the index a from the notation
of RRTs.

The maximum degree of a RRT satisfies A, /logn — 1 a.s. as n — oo Devroye and Lu (1995)
and the limiting law of A,, — [logn] has, up to lattice effects, a (discrete) Gumbel distribution.
This was first shown using singularity analysis of generating functions in Goh and Schmutz (2002).
Addario-Berry and Eslava (2018) provides a probabilistic proof, while FEslava (2021) uses the Chen-
Stein method to improve the tail bounds on the limiting distribution. For a@ > 0, it has been proven
that Ay pn/ nlt/@+1/e) converges a.s. and in L, to a positive, finite random variable with absolutely
continuous distribution, Mori (2005). Furthermore, almost surely there is a unique vertex attaining
the maximum degree and its label v* is finite; that is, Mq, = {v*} and v* = O,(1) a.s. Bhamidi
(2007). Recently, the case of maximal degree vertices in a wider class of growing networks is analysed
in Banerjee and Bhamidi (2021).

In this work we are concerned with the depths of vertices with extremal degree values. We say
that v is a high-degree vertex if degp (v) > clnn for some ¢ > 0 and that v is a near-mazimum
degree vertex if | degr, (v) —logn| < o(Inn). Addario-Berry and the author describe the number of
high-degree vertices in T, via the sequence (deg;, (vV) — [logn|, vV € [n]), where (U(i))z’e[n] are
listed in decreasing order of their degrees; see Addario-Berry and Eslava (2018, Theorem 1.2). They
show that, along suitable subsequences, this sequence converges in distribution to a Poisson point
process N in Z U {oc} with E [JA N [4, 00]|] = ©(277) for all j € Z.

The main result of this paper extends such convergence to consider not only the degrees of the
vertices but also their depths; see Theorem 1.2. A remarkable consequence of Theorem 1.2, in
contrast to the behaviour of preferential attachement trees, is that for RRTs there is a random
number of maximum-degree vertices and their labels are increasing with n; see Corollary 1.3. On
the other hand, Theorem 1.2 is essentially based on Theorem 1.1 which states that the depths
of any finite collection of uniformly chosen vertices, conditional on exceeding any given degree, are
asymptotically normal and independent; this extends the known limiting distribution of the depth of
a uniformly chosen vertex in T, Devroye (1988); Mahmoud (1991). In particular, the distributional
convergence holds when conditioning the vertices on being high-degree or near-maximum-degree
vertices.

The central technique of this paper is the link between RRTs and a representation of Kingman’s
coalescent developed in Addario-Berry (2015); Addario-Berry and Eslava (2018); Eslava (2021) and
it is based on the fact that bijections preserve the uniform measure on finite probability spaces. In
this case, there is an n!-to-1 mapping between the space on n-coalescents (described as n-chains in
Section 2.1) and increasing trees on n vertices. For a general description of Kingman’s coalescent, see
Berestycki (2009, Chapter 2) and for a comparison between distinct representations of Kingman'’s
coalescent, see Eslava (2021).
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In contrast to standard constructions, our representation of Kingman’s coalescent is based on
the data structure known as union-find trees. In fact, the (standard) binary tree representation
of Kingman’s coalescent had been previously used to study union-find trees, Devroye (1988), and
the connection between the results therein and the height of RRTSs is mentioned in Pittel (1994).
Although the connection between Kingman’s coalescent and random recursive trees had been ob-
served, prior to the works in Addario-Berry and Eslava (2018); Eslava (2021), its utility in studying
vertex degrees seems to have gone unremarked.

We underline two aspects of the correspondence between Kingman’s coalescent and RRTs. First,
it allows us to shift the perspective of vertices arriving at distinct times (and their depths and
degrees being dependent on such arrival times) to a perspective where all vertices are exchangeable.
Second, informally described, we may associate a random number of coin flips to each vertex in
the coalescent, then its degree corresponds to the length of the first streak of heads while its depth
corresponds to the total number of tails (see Section 2.1 for more details). The crux of the analysis
for our results then relies on controlling the correlations that arise in considering several vertices at
once.

Notation. We denote natural logarithms and logarithms with base 2 with In(-) and log(-),
respectively. We let Zy := {1,2,...} denote the natural number and use Z>o := {0,1,...} to
include zero. The cumulative distribution function of the standard Gaussian distribution is denoted
®; when there is no ambiguity, we also use ® for the measure of the distribution. We write Bgr for
the Borel sets of R. For z € R and k € Zy let () =x(z —1)--- (z — k+ 1) and write (z)g = 1.

We consider labeled rooted trees T' = (V, E') where edges are naturally directed towards the root
which is denoted r(T"). That is, we write e = uv for an edge with tail u and head v. For a vertex
v e V(T), we write degp(v) for the number of edges directed towards v in 7" and let hy(v) denote
the distance between v and r(T"); we call degy(v) and hy(v) the degree and depth of v respectively.
Finally, a forest F' is a set of trees whose vertex sets are pairwise disjoint. Denote by V(F') and
E(F), respectively, the union of the vertex and edge sets of the trees contained in F' and for a vertex
v e V(F), we let degp(v) and hp(v) be the degree and depth of v in the tree in F' that contains v.

1.1. Statement of results. Our first result establishes the asymptotic independence of the depth of
k distinct vertices uniformly chosen at random. The distribution of their depths is asymptotically
normal and independent, even after conditioning on arbitrary lower bounds for the vertices’ degrees.

Theorem 1.1. Let k € Zy. Let (N;)iep be i.i.d. standard Gaussian variables and let (v;)ick

be k distinct vertices in T, chosen uniformly at random. For every (ai,...,ax) € [0,2)F and
(b1,...,by) € ZF, the conditional law of

<th(vi) —(1—a;/2) lnn, e [k]>

(1 —a;/4)Inn
given that degy, (vi) > |a;Inn| +b; for alli € [k], converges to the law of (Ni)ie[x)-

The case of Theorem 1.1 with £k =1 and a3 = b; = 0 is implicitly established in Devroye (1988);
Mahmoud (1991) where, hr, (n), the insertion depth in a RRT is studied.

For the next results, we assume that (ng),>1 satisfies logn, — |logn;| — ¢ as £ — oo, for some
g € [0,1]. This condition is necessary due to a lattice effect caused by the fact that (degy, (v))ven)
are integer valued. Let P be a Poisson point process on R with intensity A(z) = 27%1In2. Since

PNI0,00) £ Poi(1) there exists a well defined ordering P = { P, P», ...} such that
PN I[P;,00)| =|PN(P,o00)|+1=i. (1.3)

For n > 1, list vertices of T}, in decreasing order of degree as v(1), ... v(® (breaking ties uniformly
at random).
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Theorem 1.2. Let (N;)i>1 be i.i.d. standard Gaussian variables, independent of P as defined above.
For ¢ € [0,1] and any increasing sequence of integers (ng)e>1 for which logn, — |logng] — € as
{ — oo, then the sequence

. h v@) = (1= (loge)/2)Inn
<<degT"@ (69) — Llog ), = (\/ (1) - Elog e()/ f) ll/nz g) e [n]>

converges in law to ((| P + ¢, N;),i > 1)).
For the next corollary of Theorem 1.2, recall the definition of M,,, in (1.2). For ¢ > 0 let M, be
defined, for each k > 1, by

P(M5 = k) = Z 672_””-"—5 2_(m+1—a)k;

— (1.4)
meZ ’

then M; is a mixture of Poisson random variables conditioned to being positive; see Lemma 5.1.
The following result focuses on vertices attaining the maximum degree.

Corollary 1.3. Let (N;)i>1 be i.i.d. standard Gaussian variables. For e € [0, 1] and any increasing
sequence of integers (ng)e>1 for which logng — |logng| — € as £ — oo, then

(m (i) = (1= (log e)/2) Inn,
V(1 = (loge)/4) Inn,

In other words, the depths of vertices attaining the maximum degree are asymptotically normal
and independent. Furthermore, the number |M,,| of such vertices converges to a mixture of Poisson
random variables conditioned to be strictly positive.

,ieMW>i>(Ni,1gigMa).

1.2. Paper overview. In the next section we provide an overview of the proof of the main theorems.
Theorem 2.1 below is an equivalent statement to Theorem 1.1 in terms of Kingman’s coalescent
whose construction is given in Section 2.1; in addition, we lay out the main intermediate results
(Proposition 2.2 and Lemmas 2.6-2.8) for the proof of Theorem 2.1. Section 3 is then concerned
with proving Lemmas 2.7 and 2.8 while Section 4 contains the proof of Proposition 2.2. The proofs
of Theorem 1.2 and Corollary 1.3 are given in Section 5.

2. Outline for the proof of Theorems 1.1 and 1.2

Let T, = ([n],E,) be a RRT and let ¢ : [n] — [n] be an independent, uniformly random
permutation. Define T] = ([n], E},) where

E), ={o(uw)o(v): uwv € E,}; (2.1)

that is, T}, is obtained from T}, by relabelling its vertices with a uniformly random permutation. By
definition of T, Theorem 2.1 below is equivalent to Theorem 1.1; its proof overview is detailed in
Section 2.1.

Theorem 2.1. Let k € Zy. Let (Ny)cp be ii.d. standard Gaussian variables. For every
(ai,...,ax) €[0,2)% and (by,...,by) € Z*, the conditional law of

<hT7/1(Z') —(1- ai/2)lnn’ i e [k:]) ’
(1-a;/4)Inn

given that degqy (i) > |a;Inn| +b; for all i € [k], converges to the law of (N;)ie[)-
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The advantage of shifting towards this statement is that 7] may be analysed through a con-
struction of Kingman’s coalescent on n elements Addario-Berry and Eslava (2018); Eslava (2021).
Theorem 2.1 is the first intermediate result for Theorem 1.2.

The next proposition is the second intermediate result for Theorem 1.2. For n > 1, denote
o 1= <1 — lo2ge> Inn and ol = ( loge> (2.2)
and for i € Z and B € B let
X" (B) = #{v € [n] : degy, (v) = [logn] + 1, (h(v) = pun) /o € B}, (2.3)
X0(B) = #{v € [n] : degr, (v) > [logn| +i, (h(v) = in) /0w € B}. (2.4)

Proposition 2.2. Fizr K, M € Z,.. Let (ag)ye[k) be non-negative integers such that Zke[K} ap = M.
Let (ji)re[x) be a non-decreasing sequence of integers with 0 < K' = min{k : jry1 = jx} and let
(Br)kex be sets in By satisfying By, N By = () whenever ji, = jg and k # £. Then, we have

K’ K
E[H (xPww), TI (x4, 50)

k=1 "k k=K1 a"'
K’ K
=[[ @7 tem)™ [ (@7 eB)™ 1 +o(1)).
k=1 k=K'+1

Remark 2.3. By generalizing the definitions in (2.3) and (2.4) to include indices i = i(n), one may
extend the result in Proposition 2.2 to hold for any (jk:)ke[K] such that 0 < j;+logn < jx +logn <
clnn where ¢ € (0,2).

The proof of Proposition 2.2 is given in Section 4. We briefly explain an ingredient that is key in
proving Proposition 2.2 which is based on the exchangeability of vertices in the representation of T},
as a Kingman’s coalescent. As T/, is a relabelling of T},, we have, jointly for all i € Z and j € Z,

#{v € [n] : degr, (v) = i, hr, (v) = j} = #{v € [n] : degqy (v) =i, hay (v) = 5}

Note that each X (n)( B) and X3 (n )( B) is a sum of indicator variables. Therefore, the factorial
moments in Pr0p081t10n 2.2 are reduced to a sum of probabilities in terms of the degrees and depths
of vertices in T, which have the following form:

P (degz, (7) 2 my, hy () € By, j € [K])

=P (degz (j) = my. j € [K)) B (hry (5) € By, j € [k]| degry () = my, j € [H])

where Bj € Br and m; < 2Inn for each j € [k]. The joint tails of finitely many vertices in
T} have been analyzed in Addario-Berry and Eslava (2018) and we present the relevant result as
Proposition 3.3. The law of the depths conditional on {degy, (j) > m;, j € [k]} is approximated
using Theorem 2.1.

For Theorem 1.2, we next formulate the result as a statement about convergence of marked point
processes. Let Z* := Z U {oc}. Endow Z* with the metric defined by d(i,j) := |27 — 277 and
d(i,00) := 27% for i,j € Z. Recall that P is a Poisson point process on R with intensity rate
A(z) =27"1n2 and let (£;)zep be an independent collection of i.i.d. standard Gaussian variables.

Let € € [0,1]. We define a ground process P¢ on Z*, and a marked point process MP® on Z* x R

given by
€= Z 5@4—8]? MPE = Z 6(L$+5J755L’)’ (2.5)

zeP zeP
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Similarly, for all n € Z, we use T,, to define empirical point processes given by

P =3 Sackp, (v)-llogn): MP =} Saeny, ()~ llogn) (hv)—pn) fon)- (2:6)

vE[n] vE[n]

Let MZ* and MZ*XR be the space of boundedly finite measures of Z* and Z* x R, respectively.
It is clear that MP® and MP™ are elements of MZ*XR (see, e.g. Daley and Vere-Jones (2003,
Definition 9.2.1)). The advantage of working on the state space Z* is that intervals [i, oo| are compact
and so the convergence of finite dimensional distributions of MP™¢) implies, e.g., convergence in
distribution of X(;?) (B) for any B € Bg and i € Z,. We note that the weak convergence P(") — P=,
for suitable sequences (n;) ¢>1, had already been established in Addario-Berry and Eslava (2018).

Finally, the statement of Theorem 1.2 is equivalent to the weak convergence of MP() — MPe
in MZ*XR, for suitable sequences (ng)s>1. The joint distribution of the variables in Proposition 2.2
are finite dimensional distributions of the marked point process MP () Therefore, Proposition 2.2
together with the method of moments establish the desired weak convergence. The complete details,
together with the proof of Corollary 1.3, are given in Section 5.

2.1. Kingman’s coalescent approach for Theorem 2.1. For each n > 1, we consider the set of forests
Fn :=A{F : V(F) = [n]} with vertex set [n]. An n-chain is a sequence (Fy,,...,F}) of elements of
Fp if for 1 < i < n, F;_1 is obtained from F; by adding an edge connectlng two of the roots in

F;; note that F), is consequently the forest with n one-vertex trees. We write F; = {T1 yeee ,TZ.(Z)},
listing the trees according to an increasing order of their smallest-labeled vertex.
We next define the construction of Kingman’s n-coalescent as a random n-chain C = (F,,, ..., F}).

Informally, at each step 1 < j < n, two uniformly random trees of F,_; 1 are merged by adding
an edge between their roots, the direction of the edge is determined independently and with equal
probability. For an example of the process see Figure 2.1.

Definition 2.4 (Kingman’s n-coalescent). Let n € Z;. For each 1 < i < n, choose {a;,b;} C
{{a,b} : 1 < a < b < i} independently and uniformly at random; also let (&;)1<i<n be a sequence of
independent Bernoulli(1/2) random variables.

The n-chain C = (F}, ..., F1) is defined as follows. For 1 < ¢ < n, starting from Fj, add an edge

e;—1 between the roots of Téz) and T( ), direct e;_1 towards T(T( )) if & = 1, and towards r(Tb( ))

a;

otherwise. Then F;_; contains the new tree and the remaining 7 — 2 unaltered trees from Fj.

It is not difficult to see that C has a uniform distribution on the n!(n — 1)! possible n-chains
representing Kingman’s n-coalescent, Addario-Berry and Eslava (2018). On the other hand, recall
that T}, has a uniform distribution on the (n — 1)! increasing trees in Z,,. The next result essentially
follows since bijections preserve the uniform measure on finite probability spaces; for details see
Addario-Berry and Eslava (2018, Proposition 3.3) and also Eslava (2021, Propositions 1.2 and 1.3).
Proposition 2.5 (Proposition 3.3 in Addario-Berry and Eslava (2018)). Let n > 1. Let T} be de-
fined as in (2.1) and let T( ) correspond to the final tree in C as constructed in Definition 2./. Then

T = £ T( ). ; that is, for any labelled tree T with vertex set [n] we have P (T} =T) =P ( 1(1) = T).

In the remainder of the paper, we analyse T, using the construction in Definition 2.4; that is, we
analyse the n-chain (F,, ..., 1) and identify the final tree Tl(l) =T). To ease the notation, write
dp(v) = degTT/L (v) and hn(v) = hrr (v), (2.7)
for the degrees and depths of vertices in T),.
For each vertex v € [n] and 1 < i < n, let T;(v) be the tree in F; that contains v. Let (s;4)1<i<n
and (hjy)i<i<n be sequences where s;, is the indicator that Tj(v) € {Téf),Tb(j)} and h;, is the
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Fy: @

Fj:

FQZ

F1:

FIGURE 2.1. An example of Kingman’s n-coalescent C = (F,, ..., F;) for n = 6.
For 1 < i < n, we represent the edge in E(F;_1) \ E(F;) with a dotted line in F;.
Edges are marked with the index of the first forest where e is present. In this case,
§6 =& =8 =1,& =& =0and {ag, b} = {2,5}, {as,b5} = {1,5}, {as,ba} =
{174}7 {CL3,b3} - {2?3}7 {a27b2} - {172}

indicator that the tail of the edge e;—; is r(T;(v)). Note that h;, = 1 only if s;, = 1. Indeed, if
sip = 0 then, when constructing F;_; from Fj, the trees that are merged do not include T;(v) and
so necessarily h;, = 0.

Now, conditional on s;, = 1, there are two equally likely events regarding the merger of T;j(v) to
form F;_;: if e;_; is directed towards r(T;(v)), then the degree of r(7;(v)) increases by one in F;_1;
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FIGURE 2.2. For v € [n] and 1 < i < n let r; = r(T;(v)) and suppose i € S, (v).
Conditional on Fj, if e; is directed towards r;, then the degree of r; increases by one
in F;_q. If e; is directed outwards r;, then the depth of each u € T;(v) increases by
one in Fifl-

otherwise, e;_; is directed out of r(T;(v)) and all vertices in T;(v) increase their depth by one in
F;_1; see Figure 2.2.

The choice of trees to be merged at each step is both independent and uniform so, for fixed
v € [n], the variables (s;4)1<i<n are independent Bernoulli random variables with E[s; ,] = 2/i.
Moreover, since the variables (&)ie[n_” are independent from the selection of the trees to be merged,
the variables (h;,)1<i<n are also independent Bernoulli random variables with E [k, ,] = 1/i.

For v € [n], let
Sp(v) ={1<i<n:s,=1} (2.8)
Sp1(v) == {ln2n <i<n: s, =1} (2.9)
we call these the selection and truncated selection sets of v and write Sy, (v) := |Sp(v)] and Sy, 1(v) :
|Sp,1(v)], respectively. Using Lindeberg’s condition (e.g., see Durrett (1996, Theorem 3.4.5)) we can
see that, as n — o0,
Sp(v) —2lnn ¢ Spi1(v) —2Inn ¢
onlV) 2B Lo N©,1) and 2R 2R L)1), 2.10
v2Inn 0.1) v2Inn 0.1 (2.10)

For each 1 < i < n, the law of h;, conditional on s;, = 1 is Bernoulli with mean 1/2. Since
(Siw)1<i<n are independent, we have that

Sn(v

n )
hn(v) = Zhi,v é Z Ij, (211)
i—2 =1

where (I;)j>1 are i.i.d. Bernoulli random variables with mean 1/2 independent of S,,(v). Using the
first expression of hy,(v) in (2.11) and Lindeberg’s condition, we have that h,(v) is asymptotically
normal for v € [n] as n — co. We may also establish the limiting distribution of A, (v) from the last
expression in (2.11) and the following lemma; we include its short proof for completeness.

Lemma 2.6. Let a € [0,2), b € Z and set m := |alnn| +b. Let (Qn)n>1 be integer valued
random variables such that the limiting law of W is a standard Gaussian distribution. Let

vV nn
N be a standard Gaussian variable and let H,, have the law' of a Bin(Q, —m,1/2) conditional on
|Qn| > m. Then,

H,—(1—-a/2)Inn LN
(1—a/4)Inn

Proof: Write Q,, for the law of Q,, — m conditionally given that @, > m. Since a < 2, we have

that P(Qn, >m) — 1 as n — oo and so the limiting law of %\/%m" is a standard Gaussian

I Abusing notation we let Bin(0, p) = 0.
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distribution. Let (Ifn), e Ir(ln))nzl be i.i.d. Bernoulli random variables with mean 1/2 independent
of (Qn)nZl and let (X,,,Y,)n>1 be defined as

_22?:1[;’“)_” QAn—(Q—a)lnn'

N Vn vV2Ilnn

by the independence assumption we have that (X,,Y;) £, (N1, N2) where N7 and No are inde-
pendent standard Gaussian variables. By the Skorohod embedding theorem (e.g., see Billings-

Xn: and Y, =

ley (1999, Theorem 6.7)), we may couple (Qn)nZl and (Il(n),...,Ifln))nzl in such a way that
(Xn,Y,) = (N1, N3) almost surely.

Let H, = ZQ_" 119 and let F(z) be the cumulative distribution function of Hn—(1-a/2)Inn
j=1%j (1-a/4)Inn

have Qn/lnn — 2 — a and, in particular, Qn — oo, then for x € R we have
Qn
F(z) =P 2ZI§Q") <zy/(4—a)lnn+(2—a)lnn
j=1
2 Z]Q:TH I](Qn) —Qn Qn Qn—(2—a)lnn 2

- Van G—amn ' Vame  \G-a "

2—a 2
P N — Ny < = ®O(x);
- < 4—q 1+V4—a 2_30) (@);

from which the desired convergence is established. O

We will see in Section 3 that conditional on d,(v) > m, we have hy,(v) £ Bin(S,(v) —m,1/2),
which together with Lemma 2.6, yields the convergence in law of h,(v) conditional on d,,(v) > m
(assuming 2Inn —m — o0); for the details see (3.1) and the discussion thereafter. Briefly sketched,
this is the case k = 1 of Theorem 2.1.

For the general case, we have to deal with the correlations between the selection sets of finitely
many vertices. For example, let v and w be distinct vertices in 7}, and let A, ,, := max{l < ¢ <n:
{ € Sp(v) NSp(w)}; that is, in Fy, ,, vertices v and w belong to distinct trees that are merged in
F), .,—1. The correlation between (h;y)2<i<n and (hiw)2<i<n is evident since hy, 5, , = 1 — hyx, .
while h;y = hju for i < Ay . In words, exactly one of v or w increases its depth in F), , 1 and,
from then on, their depths increase simultaneously for the remainder of the process.

To circumvent this problem, we analyse the coalescent at F; lIn? n) where, for finitely many vertices,
their selection sets —and so their depths— are asymptotically independent (see Lemma 2.7) and the
main contribution to their depths in 7}, is already established (see Lemma 2.8).

For each v € [n], define”

T (0) = b, (0) = > ki and  hpa(v) = he(v) = by (v). (2.12)
jGSn’l(”L))

Lemma 2.7. Let k € Zy. Let (Ni)jcp be i.i.d. standard Gaussian variables. For every
(a1,...,ax) €[0,2)% and (by,...,b) € ZF, the conditional law of

(hnjl(i) —(1—a;/2)lnn i c m)
(1—a;/4)Inn ’

21f we were to define hy, 1 (i) = hr; (i) with j = o(vInn), then the statement of Lemma 2.8 would hold immediately;
however, establishing Lemma 2.7 would become a much more delicate task.
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given that dn(i) > |a;Inn| +b; for alli € [k], converges to the law of (N;);c[x)-

Lemma 2.8. Fiz k € Z4 and ¢ € (0,2). Let m; = m;(n) < clnn for all i € [k]. For each e >0
and any j € [k],

P (hm(j) > evinn | dp(i) > ma, i € [k]) 0.

Theorem 2.1 follows directly from Lemmas 2.7 and 2.8 (e.g., see Billingsley (1999, Theorem 3.1)).

3. Depths and degrees via truncated selection sets

We briefly analyse the case of a single vertex. Write S, (1) = {j1,...,Jjs,)} with j1 > jo >
=+ > Jg,(1)- Throughout the coalescent process, both the degree and depth of 1 are determined
by the variables (h1j,)j,es,(1) as follows. Vertex 1 is the root of T;,(1) in F,. For j ¢ S,(1),
we have T;(1) = Tj—1(1). For j € S,(1), if h1; = 0 then the root of Tj(1) increases its degree
by one; otherwise, every vertex in T)j(1) increases its depth by one. In particular, the degree of
1 in Fj corresponds to the first streak of values 0 in (hyj,)j,>;. More precisely, for 1 < j < n,

degp, (1) = max{d € [n] : jg > j, h1,j, = h1j, = -+ = h1,j, = 0} and
Sn(D\[J]
hp ()= Y g, (3.1)
(=1

Recall that d,(1) = degp, (1) and h,(1) = hp (1). Let m € Zy. The event d,(1) > m may
occur only if S,(1) > m and, since (h1,)jes,1) are i.i.d. Bernoulli variables with mean 1/2,

we have that P (d,(1) > m|S,(1) >m) = 27™. In addition, conditional on d,(1) > m we have
hn (1) £ Bin(Sy, (1) — m, 1/2); this is well-defined since d,,(1) > m implies S,,(1) > m. Together
with Lemma 2.6, the distributional equivalence establishes the case k = 1 of Theorem 2.1.

The proof of Lemma 2.7 adapts this argument to obtain the asymptotic limit of the variables
(hn,1(2), @ € [k]); that is, the depths of k distinct vertices in F};2,,|. Recall the definition of 1 (v)
in (2.9) and that Sy, 1(v) = |Sp,1(v)|. Let

Q:={J:Jc{|ln?n]+1,...,n}}; (3.2)

we use a superscript bar to denote vectors indexed by [k]; for example, we write S, =
(Sn,l(l)a e 7Sn,1(k)) S Q]f
For m = (m1,...,my) € ZE and § € (0,2). Let

Ay ={T € Q- P(Sp1 =7, dn(i) > my, i € [k]) > 0} (3.3)

contain the outcomes of the first k truncated sets S,, 1 on the event {d,, (i) > m;, i € [k]} and let
Bs:={J € Q¥ : (Ji,...,Jp) are pairwise disjoint, ||J;| — 2Inn| < éInn, i € [k]}. (3.4)
The following lemma gathers two observations about events conditional on S,,_; = J and a

sufficient condition on 7 for Bs C A to hold.

Lemma 3.1. Let k > 1 and m,l € Zgo. If J € QF has pairwise disjoint sets and |J;| > m; for

i € [k], then
P (hn,l(i) < &, dn(l) >mg; 1 € [k] ’Sn,l = j)
k
=[P (A1 (i) < i, dn(i) = mi | Spa (i) = Ji); (3.5)
i=1

if J € Ap, then
P (dn(i) > my; i € [K]|Spp = J) = 27 2™, (3.6)
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Finally, if § € (0,2) satisfies m; < (2 —9d)Inn fori € [k]|, then Bs C A,.

Proof: Let k > 1, m € Zéo and let J € QF satisfy |.J;| > m; for i € [k]. For each i € [k], write
Ji = {GixsGi2s > diga} With jix > i > -+ > j; 5, and let Dy = {ji1, G2, -, i }-
On the event that S, 1 = J, for each i € [k],

and dp (i) > m; if and only if h; ;, = 0 for all j, € D;. Consequently, for = Z’;O, the event
{hn1(i) < €i, dn(i) > my, i € [k]} depends solely on the variables (hj, ,)j, ,ep, for i € [k]. If J has
pairwise disjoint sets, then so has D pairwise disjoint sets and (3.5) follows.

Now, at each step of the coalescent process, exactly one vertex increases its degree. Observe
that if J € Ap then P (dn(i) > my, i € [k]|Sp1 = J) > 0 and the indices in U;epyD; corresponds
to steps at which precisely one of the vertices in [k] increases its degree. It follows that D must
have pairwise disjoint sets and so, conditional on S, = J, the variables (hij, ,)jep,, i € [k] are
independent Bernoulli variables with mean 1/2; establishing (3.6).

Finally, if § € (0,2) satisfies m; < (2 — &)Inn for i € [k], then J € Bs has pairwise disjoint
sets and |J;| > m; for each i € [k]. Hence, P (d,(i) > m;|Sp1(2) = J;) > 0, and deterministically
hn(i) < n for all i € [k]; we then infer from (3.5) with £ = (n,...,n) that J € Ag. O

The next lemma states that the distribution of S’nJ is asymptotically approximated by & copies
of independent truncated selection sets; we delay its proof to Section 3.3.

Lemma 3.2. Let k > 2. Let R, := (Rn(i), i € [k]) be k independent copies of S,1(1). For any
9 €(0,2), we have

P (Sn1 € Bs) =1+ O(In"?n), (3.7)
and, uniformly for J € Bs,
P(S,1=J)=(1+0In""n)P (R, =J). (3.8)

Before proceeding to the proofs of Lemmas 2.7, 2.8 and 3.2 we recall a result from Addario-Berry
and Eslava (2018) which establishes asymptotic independence of the degrees of any finite number
of vertices in T} .

Proposition 3.3 (Proposition 4.2 in Addario-Berry and Eslava (2018)). Fiz c € (0,2) and k € Z..
There ezists f = [(c, k) > 0 such that uniformly over positive integers my, ..., my < clnn,

P (d, (i) > my, i € [k]) = 27 2™ (1 + o(n™?)).

3.1. Proof of Lemma 2.7. Fix k € Z,, a € [0,2)* and b € ZF. Let z € R¥, m; := |a;Inn| + b; and
b= (1—a;/2)Inn + 2;1/(1 —a;/4)Inn; let c € (0,2) satisfy m; < clnn for all i € [k] and n be
large enough.

Let us write m = m;. We infer from (3.1) that, conditional on {d,(1) > m, S, 1(1) > m}, we
have hy,1(1) £ Bin(S,,1/2); where S, has the law of S,, 1(1) — m conditional on S, ;(1) > m. In
particular,

P (hni(1) < 1| dp(1) > m, Sn1(1) > m)

)

=P (Bin(Sp,1(1) —m,1/2) < £1]S,1(1) > m);
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from which we obtain

P (hpi(1) < 41, dp(1) > m)
=P (Bin(Sp,1(1) —m,1/2) < 41| Sp1(1) > m)P(dn(1) > m, Sp1(1) > m)
+ ]P(hn,l(l) < 617 dn(l) > m, Sn,l(l) < m) .
Now, recall that d,,(1) > m only if S,(1) > m and observe that the event {d,(1) > m} implies
that throughout the complete coalescent process there are at least m fair, independent coin flips

that land heads which are also independent from the selection sets. Since both S, (1) and S, 1(1)
concentrate around 21Inn we have

lim P (dn(1) > m, Sp1(1) > m) — lim 27 (Sp1(1) > m) 1,
n—c0 P(d,(1) > m) n—oo 27MP (S, (1) > m)
and
P(d,(1) > m, S,1(1 m . 27mP(S,4(1 m
m ( (I;(dn(l) >7177(2)) =) < i 2—m19>((s:((1))>< m)) =0
Putting together all the estimates above, we obtain as n — oo
P (hn,1(1) < b1 |dn(1) =2 m) = P (Bin(Sy,1(1) —m,1/2) < 41 [ Spa(1) = m); (3.9)

which establishes, by Lemma 2.6, the desired convergence if £k = 1 and more generally, by the
exchangeability of the vertices, for any ¢ € [k],

lim P (h1(3) < 6] dn(i) > ms) = B (). (3.10)

n—oo

For k > 2, assume that

P(hml(i) < &,dn(l) >m;, 1 € [k:])
k

=TI P (ha(i) < i) = mi) + 0 (2720, (3.11)
=1

By Proposition 3.3, we have
k
HP(dn(i) >m;) = (1+0(1))2” 2 — P (dy(i) > m, i € [K]) . (3.12)
i=1

Putting together (3.10)—(3.12) implies, for arbitrary z € R¥,

P (hp1 (i) < i, dn(i) > my, i € [k])

:(1 + 0(1))]P (dn(Z) > mg, 1€ 1(Z) < gl |dn(2) > mz)

=1+ 0(1)P(dn(i) > my, i €

i)

k
i=1
k
k) [T ()
i=1
this yields the desired convergence in law for k > 2.

It then remains to prove (3.11). Lemma 3.1 and the choice of ¢ gives Ba_. C Ay, together with
Lemma 3.2 we have

P (801 € Am \Bng o) <P (Sn,l e b\ Bn,g_c) = o(1). (3.13)
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Now, we decompose the event in the left-hand side of (3.11) and use (3.5), (3.6) and (3.13) to
neglect the contribution of J ¢ Bay_.,

P (h1 (i) < G, dn(i) > my, i € [K])

= S P (b (i) < £y dn(i) = mi, i € (K] [ S = T) P (Su1 = J) + 0 (2*2 m)
jEBn,Q_C

k
= 0 TIP (haai) < bindali) = mi [ Sy = ) B (S = J) +0 (2750

jeBn,2—c 1=1
k
= 3 TIP (i) < ,dn(0) = mi [ S = ) P (Sux = J) +0 (2750 ) 5
Jeqk i=1
establishing (3.11).

3.2. Proof of Lemma 2.5. Let k > 2, ¢ € (0,2) and € > 0. Let m; = m;(n) < clnn for all i € [k].
By Proposition 3.3 and the exchangeability of the vertices, it suffices to show that

P (hn,z(l) > evInn, dn(i) > mi, i € [k]) —Y (2— >, m> _
Let us assume that uniformly over J € Bua_c,
P (hn,Z(l) > eVinn, dp(i) > my, i € (k]| Suy = J_> =0 (Q’Zimi) . (3.14)
Then using (3.14), (3.6) and (3.7), we get
P (hn,2(1) > eVinn, dy(i) > my, i € [k])
= 3 P (haa() 2 eVinm, dofi) > mi, i € 1] | a1 = T) B (S0 = J)
JeAnm
<P (Sp1 € Ba—e) 0 (2—Zimi) Lo~ Zimip (Sn1 € An\ Bac)) = o (2—Z¢mi> .

Now, to prove (3.14), let J € Bs_. and simplifying notation write [In?n] = [|In®n]]. Observe
that |.J;] > m; for i € [k] and so the selection times S, (1) N [In?7n] are independent of the event
{dn(i) > my, i € [K]} N {Spu1 = J}. Moreover, |S,(1) N [In?n]| £ S|in2n 41 Which has mean
(1 +o0(1))2Inlnn. Using Berstein’s inequalities (e.g., see Boucheron et al. (2013, Theorem 2.10))
we get

P (ysnu) A[2n)| > evinn ( dn(i) > mq, i € [K], Su1 = J)
=P (SUHQ pan(1) > sx/lnn) = o(1).
It is straightforward that h, 2(1) is stochastically dominated by |S,(1) N [In®n]|, so the estimate
above together with (3.6) (recall that Ba_. C A;3,) establishes (3.14).

3.3. Proof of Lemma 5.2. Let k > 2 and
7 :=max{l < j <n:s;; =s;y =1 for distinct i, € [k]}.
Then,
P ((Sn,1(i), i € [k]) are pairwise disjoint) = P (7 < In®n)
>1-2k*In"2n; (3.15)
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the equality holds by definition of 73, and the condition on Sn,l having pairwise disjoint sets, while
the inequality follows from Addario-Berry and Eslava (2018, Lemma 4.6).

Let § € (0,2), by Berstein’s inequality (e.g., see Boucheron et al. (2013, Theorem 2.10)) there is
B = B(6) > 0 such that for any i € [k]

P (|Sn1(i) — 2Inn| > d1lnn) = o(n~?); (3.16)

it follows that a union bound, together with (3.15) and (3.16) yields (3.7).
For the proof of (3.8) we will use the following factors. For In?n < m < n let

(m—k)(m—k—1) 2\ "
— =(1-= 3.17
Pm,0 m(m — 1) ) dm.,0 m ; ( )
2(m — k) 2 2\
=—— =—(1-— . 3.18
There exists a constant C' = C'(k) > 0 such that for m large enough, we have for o € {0, 1},
C C
(1 - 7,'121[00}) Amo < Pmo < Qmo <1 + m1[01}> . (319)
2k(

L2_1)-i-cm_3 and ¢p,1 = 2 (1 _ 2k c’m_2>, it is straightforward

m m m

that max{|c|,|c’|} < 2*. We then have

Indeed, write ¢, 0 = 1—%4—

_ k(k—1)(m —2) _3
dm,0 — Pm,0 = m2(m— 1) +cm™ 7,
2 k—1 -2
. (()(m) _ C,mz) ;
m m(m — 1)

which implies that gy, 0 —pm,0 = O(m~2) and Gm,1—DPm,1 = O(m~2). Similarly, since lim,; o0 dm,0 =
1 and limy, 00 M@m,1 = 2, there is C' = C(k) > 0 such that for m large enough, 0 < gm0 — Pm,o <
Camom ™2 and 0 < pm1 — gm,1 < Cqmam ™.

In what follows fix J € Bs and let R, be k i.i.d. copies of S,1(1). Set rm; = 1pner, (i) and
Jmyi = Lpmey, for In?n < m <nandi€ [k]. Let o, = >_ic[k) Jm,i and observe that oy, € {0,1}.
Recall that S, 1(i) = {In>n <m < n: s,; = 1} for i € [k] and let A, := {smi = jm., i € [k]} for
In?n < m < n. Then

n—1 n
P(Spi=J)=PA,) [ PUAmlAd,m<i<n)= ][] pmon;
m=|In®>n]+1 m=|In2|+1n

to see this,use that .J has pairwise disjoint sets to infer that #{T,(i); i € [k]} = k for all m > In?n;
that is, at no point we have two trees T,,(i) and T,,(i') selected to be merged with 4,4’ € [k] and
m > In?n. Then, for 0 € {0,1}, pm is the probability of selecting o trees from {T;,(i); i € [k]}
when selecting two distinct trees uniformly at random from the forest Fi,.

Next, observe that, for n large enough,

n n 2 o]
11 <1—C)>1— > —C;>1—2C 2 %dr =1-2CIn?n.
m In?n
m= |_ln2 n]+1 m= Un2 n|+1
On the other hand, we have that > o, = Zie[k] |Ji| < (24 d)kInn and, for n large enough,
H (1 N C) < exp ((2+5)Cklnn> <14 (2+5)2Ck;
m Inn

In?n
m:om=1



Depth of high degree vertices in RRTs 853

putting together these estimates we obtain

[ pnen=+007 ) I dmeon
m=|In%n|+1 m=|In®n]+1

The independence of the sets in R, gives P (Rn = J) H — |2 n|+1 dnom and so P (Sn,l = j) =
(14 O0(n"tn))P (Rn = J); establishing (3.8).

4. Proof of Proposition 2.2

Recall that we write dy,(v) = degy (v) and hy,(v) = hyy (v) and, from (2.2), up, = (1—(loge)/2) Inn
and o, = (1 — (loge)/4)Inn. A simpler version of the next lemma appeared in Addario-Berry and
Eslava (2018, Lemma 5.1).

Lemma 4.1. Let k € Zy. Let (ci)icp be a non-decreasing sequence of integers and let (B;);ciy be
sets in Br such that B; N Bj = () whenever ¢; = ¢; and i # j. Set k' = min{i > 0: ¢;41 = ¢t} and
m; = |logn| + ¢; fori € [k], and

Dy, = {dn(i) = mj,dn(j) > m;1 <i < K <j <k},

_J hu(i) — pplnn
Voilnn

Hp: eBl-,ie[k]}.
Then

k
P (D, Hp) = (1+o(1))27 " 2™ [[ &(B

i=1
Proof: By the inclusion-exclusion principle,
k/
P (dn(i) =mi, i € [K]) =D Y (=1)P (dn(i) = mj + Leg), i € [K]) . (4.1)
=0 sc[x’

By intersecting the event Hpz N {d,(j) > m;, k' < j < k} with {d,,(i) = m;, i € [K']} and each of
the events {d, (i) > m; + 1jjcg], i € [K']} from (4.1) we obtain

P (D, Hg) = Z > (=1)'P (M, dnli) > m; + 1jeg), i € [K]) . (4.2)
l= Osc[k’
|S|=¢
By Proposition 3.3, for each S C [k/] with |S| = ¢ we have
P (dn(i) > m; + Licg), i € [k]) = 277 2™i(1 + o(1)).
Conditioning on {d,(i) > m;+1jcg], i € [k]}, by Theorem 2.1 (with a; = loge and b; = ¢; +1j;cg)),

we get

k
P (Hp, dn(i) > mi+ Lyes), i € [k]) =(1+o(1)2~ =™ [] (B
=1
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Finally, we use the above estimate for each of the summands of the right-hand side of (4.2) to obtain
the desired expression; namely,

k 14
P (D, Hp) =(1 +o(1)2- = [TeB) > Y (-1)f2
i=1 £=0 Sc[K']
|S|=¢

k
=(1+o(1))27 KX [T &(B).
i=1 ]

Proof of Proposition 2.2: Fix ¢ € (0,2) and K, M € Z,. Let (ak)ke[K] be non-negative integers such
that > ek ax = M. Let (jk)re(x) be a non-decreasing sequence of integers with K’ = min{k > 0
Jk+1 = ji } such that 0 < j; +logn and jx +logn < clnn. Let (Bk)re[k) be sets in By satisfying
By, N By = 0 whenever j, = jy and k # £.

We define m; € Zy and A; C R as follows. For each k € [K], if Zif:_ll ap < i < Z?:l ay then
set m; = [logn| + ji and let A; = Bj,. Let M’ = Zke[K,] ap. With foresight, we verify that

Hij\i1 D(A;) = Hle ®(By)* and similarly,

M K’ K
Mlogn—M/—Zmi:Z(—jk—1+€n)ak+ Z (—JK +en)ag.
i=1 k=1 k=K'+1

Now, consider the sets
_J hu(i) — pplnn
Voilnn

Recall that Xi(n)(B), Xg?(B), 1 € Z, B € Bg are sums of indicator functions; by the definition of
T! (as a relabelling of T},) and the exchangeability of its vertex set, we have

K K
T(x0m0) T (x%m0)

k=1 F p=K't1

Hy: eAi,ie[M]}.

E = (n)mP (D, Hj) -

ag

Finally, using the above estimates and since (n)y = n™ (14 o(n™!)), Lemma 4.1 implies

K’ K
[I(xmo) T (x930)
k=1 k=K1
M
—(1+ o(1)) (22 &n =M= ) TT ()
s | =1 . | .
=(1+o() [T @ =am)™ [ (27 em)”,
k=1 k=K'+1
as desired. (]

E

ag

5. Proof of Theorem 1.2 and Corollary 1.3

Throughout the section we let ¢ € [0,1) and consider an increasing subsequence (ny)¢>1 with
logng — [logng| — € as £ — co. Recall also that p,, = (1 — (loge)/2)Inng and o5, = (1 —
(loge)/4) Inng as in (2.2). To simplify notation, let \; := 27771+ for each j € Z.
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Proof of Theorem 1.2: We will prove that MP () converges weakly to MP?, as £ — oo, in Mzﬁ*xR.
The weak convergence is equivalent to the statement in Theorem 1.2 since we may list the vertices
in T}, in decreasing order of degree as v and let P = {P;, i > 1} as defined in (1.3); then

MP* =3 0(pjregr) and MP™ =3 60 (00— logn ) (hu®)—jun)/ra):
=1

i>1
Consider the semiring of bounded sets that generates Z* x R defined by
A= {{i} x (a,b], i € Z, a,b € R} U{[i,00] X (a,b], i € Z, a,b € R}. (5.1)

It suffices to prove convergence of the counting measures of finite collections of disjoint sets in A;
see Daley and Vere-Jones (2003, Proposition 9.2.IIT and Theorem 11.1.VII).

Consider any non-decreasing sequence of integers (ji)re(x] With 0 < K" = min{k : ji1 = ji}
and let (By)rerx with By = (ag, by] satisfying By, N By = () whenever ji = j; and k # £. Observe
that the variables

(P<({j1} x B1),...,P*({jx'} X Bgr) and
Pe([jK/+1,OO] X BK’+1); . ,'PE([jK,OO} X BK)), (52)

are independent with distributions
PE({i}, B) £ Poi(27®(B))  and  P%([i,o0], B) £ Poi(27 < ®(B)).

Recall that, if X £ Poi(A), then E[(X),] = A* for all integers a > 0. Setting ¢ := 3/2, we infer
that for n large enough 0 < j; +logn < jx +logn < clnn. It follows from Proposition 2.2 and the
method of moments (e.g., see Janson et al. (2000, Section 6.1)) that

(X" By, X" (B, X (Brosa), ..., XU (Bg))

J1 IK! 2]}(’4,.1 2K
converge in distribution to the variables in (5.2); completing the proof of the weak convergence of
MP) to MPE in MZ*XR. 0
Lemma 5.1. Let ¢ > 0. The random variable M, from (1.4) is well defined.

Proof: Let € > 0. For each m € Z, let p,,, = (1 — e~*m)e~*m. Observe that 2\, = Ap,_1 and so

Z Pm = Z e — Aol = Jim e — lim e Ml =1,

m—00 m—r—0o0
MEZL meZ

Let (Y;,, m € Z) be a collection of independent random variables where each Y;,, has the distribution
of a Poisson random variable with mean A, conditioned to being positive. Let L. be a random
variable, independent of (Y,,, m € Z) such that P (L. = m) = p,, for m € Z.

We will show that letting M. = Y7, recovers the probability mass function in (1.4). To see this,
observe that

-2 k
= k) = - ) — Ay Am A
PM:=k)=> P(Le=m)P(Yu=k)=) (L—e e m
meZ meZ
from which the lemma follows. 0

Proof of Corollary 1.5: Let k > 1. Since P is independent of (V;);>1 it follows from Theorem 1.2
that

(1, (0D) = pin,) 0, i € K]) =5 (N i € ]
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on the other hand, conditional on |M,,| = k we have M,, = {v® ... v®*)} and, Theorem 1.2
gives

(s, (00) = sin) ot v € M, ) £ (i, (00) = o) € [K])

So it suffices to prove’ that |M,, | £, M. to establish Corollary 1.3.

Let j € Z. Define X" := X\"(R) £ Poi();) and X\, == XU, |(R) £ Poi();). For any
keZy, as ng— oo,

>5+1 —
—>P( —k‘ X>j+1—0)

P(AnezUognzj—|—j,|/\/ln£|:k:):P(X](n)_k x™ 0)

It follows from the independence of X ](n) and X(ZZ-) 41 that

J
lim lim P (An, = [logng] + j, | Ma,| = k) => e 3. (5.3)

J—00 ng—00
j=—J JEZL

It remains to show that the tails are negligible. That is,

lim lim P(A,, < [logng] —J)+P(A,, > [logng| + J)
J—00 Ng—00
= lim lim P(xU7 =0)+P (x> 1)

J—00 ng—00

= lim e M7+ 41— =0. (5.4)
J—o0
Indeed, liminf,, ;o P (|My,| = k) is lower bounded by (5.3) and, similarly, the sum of (5.3) and
(5.4) is an upper bound for limsup,,, ., P (|Mp,| = k), completing the proof. O
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