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Abstract. In this paper we provide an [t6-Tanaka trick formula in a non semimartingale context,
filling a gap in the theory of regularisation by noise. In a classical Brownian framework, the Ito-
Tanaka trick links the time average of a function f along the solution to a Brownian SDE, with
the solution of a Fokker-Planck PDE. Our main contribution is to provide such a link in a non-
semimartingale framework, where the solution to the non-available PDE is replaced by a well-chosen
random field. This allows us to improve well-posedness results for fractional SDEs with a singular
drift coefficient.

1. Introduction

Consider the following ODE :
t
T = X0 +/ b(s,zs)ds, te€[0,T], zo€RY, (1.1)
0

with b : [0, T]xR? — R? a given vector field. The well-posedness of this equation is obviously related
to the smoothness of the coefficient b and in particular famous counter-examples to uniqueness can
be derived even in dimension one. The so-called Peano example fits into that paradigm and consists
of choosing :

d=1, 1z =0, b(t,.’L’) = \/§Sg1’l($) V ‘$|7

for which any mapping of the form ¢ — £(t — ty)? (with ¢ in [0,77]) is solution to (1.1). However,
the seminal works Veretennikov (1981); Zvonkin (1974) put in light the remarkable fact according
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to which the well-posedness of the ODE can be obtained under very week conditions on b by adding
a random force to the system, which then becomes the following SDE :

¢
X =z +/ b(s,X,)ds + oWy, tel0,T], zeR% (1.2)
0

with o > 0 and W a Brownian motion on R? (we use the notation X to stress than the solution is
not deterministic anymore). This phenomenon is usually referred to reqularization by noise effect or
stochastic regularization. To be more precise, pathwise uniqueness can be obtained for Equation (1.2)
for any vector field b satisfying weak regularity conditions : a boundedness assumption (Veretennikov
(1981)) or a Ladyzhenskaya-Prodi-Serrin (LPS) type condition (see Krylov and Rockner (2005))
be L9([0,T]; LP(RY)) :

d 2
-+ -<1, pq>2. (1.3)
p q

In addition, this result can be captured and quantified by the so-called [t6- Tanaka trick or Zvonkin’s
tranform Flandoli et al. (2010) which reads as follows :

T T
/ b(t, X; + x)dt = —F(0, X0 + ) — / VE(t, X; + ) - dWy, (1.4)
0 0

and which relates the process X to the solution F : [0,T] x R? — R? of the parabolic system of
PDEs
{ O F (t,x) + LXF(t,z) = b(t,x), V(t,x)€[0,T) x R?, (15)

F(T,z) =0, VzecR4,

with LX®(z) = b(s,z) - V®(z) + 1A®(z). Indeed, one can prove (see for a precise statement
Flandoli et al. (2010); Krylov and Rockner (2005)) that the solution F' to the PDE admits two
weak derivatives in space and one in the time variable which entails that for any positive time ¢,
the mapping

t
x> / b(s, Xs+ x)ds
0

is more regular than the field b itself (recall Relation (1.4)).

Note that investigating such regularization effect for ODEs finds interest in fluid mechanics equations
which take the form of (non-linear) transport PDEs (we refer to Beck et al. (2019) for a survey on
that account). For that purpose, the LPS condition (1.3) provides a natural framework in which fits
this paper. However determining if the counterpart of the previous paradigm for ODEs transfers to
non-linear transport PDEs is valid or not is mainly an open question. Although, most references
in the literature, where regularization effects for SDEs are obtained, are based on the It6-Tanaka
trick it does not constitute the only technique for that regard (see for instance Beck et al. (2019);
Catellier and Gubinelli (2016)).

In this paper we investigate a general framework in which the It6-Tanaka trick is valid. Indeed,
at this stage, one can point out at least two limitations to Relation (1.4). First, the strong link
to the PDE (1.5) seems to be bound to the semimartingale realm (where one relates an SDE as
a probabilistic counterpart of a parabolic PDE using the Ité6 formula). Another limitation is to
investigate if Relation (1.4) can be extended to random fields b. Note that this step seems somehow
mandatory to study the (possible) regularization phenomenon for a class of fluid mechanics equations
which takes the form of non-linear transport PDEs (we refer to the comment Flandoli et al. (2010,
page 6) on that question). For instance, counter-examples can be derived in the case where b is
random as this extra randomness can cancel the effect of the noise W. As an example, consider
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b:[0,T] x R* = R? a non-smooth deterministic field, and b : Q x [0,T] x R? — R? defined as

b(w,t,x) :=b(t,x — cWi(w)), then it is clear that SDE
dX; = b(t, X;)dt + odW,
is equivalent to the deterministic ODE (by setting x; := X; — cWy) :
dxy = b(t, x4)dt.

This example enlights the fact that somehow the randomness and space variables (w,z) have to
be decoupled for a relation of the form (1.4) to be in force. In Duboscq and Réveillac (2016),
the authors have extended the It6-Tanaka trick to that framework, for which the improvement of
regularity is obtained if the field b is Malliavin differentiable. In particular, this extra randomness
is harmless for the regularity in the space variable for b if (w, z) are "decoupled".

In this paper we revisit the It6-Tanaka trick for random fields b and a non-semimartingale driving
noise. More specifically, we bound ourselves to the case of a fractional Brownian motion (fBm)
noise which allows one to compare our results with for instance the work Catellier and Gubinelli
(2016) (extended in Lé (2020) for deterministic drift coefficient) in which pathwise uniqueness
is proved for SDEs of the form (with W replaced by a fBm) but without using the It6-Tanaka
trick. Our approach is based on the use of Malliavin calculus arguments allowing one to escape
the semimartingale context and to consider random fields b. To illustrate our key argument, we
provide informal computations in the following particular example : d =1, b : R — R (so b is
deterministic and does not depend on the time variable). We stress that our main result is valid
in any finite dimension and for a time-dependent vector field b, which is random (more precisely
adapted according to assumptions presented in Section 3). Consider once again the solution X
to the SDE (1.2), and let (P/X);>0 the transition operator associated to it. For any fixed time
t > 0, assuming that the random variable A; = b(t, X; 4+ z) is square integrable, one can apply the
Clark-Ocone formula (which will be recalled below as Relation (2.7)) to get

t
Ay = E [Ay|Fo] + / E [D, Ay F,] dW,
0

where D denotes the Malliavin derivative (which will also be recalled in the next section). Hence,
very formally, integrating with respect to ¢, we obtain :

T T T t
/ b(t, Xy + x)dt = / PXb(t, Xo + x)dt + / / D, PX b(t, X, + 2)dW,dt
0 0 0 0

T T pt
= / PtXb(t, Xo + z)dt + / ngfsb(t, X+ x)dWsdt
0 o Jo Oz

T T T o
— / PXb(t, Xo + x)dt + / / 8—Pt)fsb(t, X, + z)dtd W,
0 0o Js 0T

where we have used stochastic Fubini’s theorem. This relation exactly matches with the It6-Tanaka
trick (1.4) as the mild solution F' to the PDE (1.5) writes down as :

T
F(s,z) = —/ PX b(t,x)dt, te0,T], x¢&R™L (1.6)

Unfortunately, most of the work done in the proof of Theorem 3.3 consists in making this heuristic
correct. In the mean time, from these simple and very formal computations, one can make several
remarks. First, the regularization effect is contained in the form of the solution to the PDE (using
the semigroup associated to X). Then, this approach seems restricted to the deterministic case, as
a measurability issue would prevent one to define the stochastic Ito integral fOT fST L PX b(t, X +
x)dtdWs, even in the case of an adapted random field b. This problem has been solved in Duboscq
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and Réveillac (2016) where the PDE has to be replaced by a Backward Stochastic PDE whose
solution is explicitly given as the predictable projection of the solution to the PDE (1.5). However,
BSPDEs can only be solved and studied in a semimartingale context. The main idea of this paper
is to use the classical representation of a fBm as the It6 integral of a well-chosen kernel against a
standard Brownian motion, and to the apply (several times) the Clark-Ocone formula to a functional
of the form (1.6). This functional will not be a solution to a PDE (or a BSPDE) which fits with
the well-known result according to which the fBm cannot be related to a Markov semi-group, but it
somehow plays this role. The several use of the Clark-Ocone formula allows us to precisely take into
account the randomness coming from the field b and from the noise. Hence we obtain a generalization
of the Ito-Tanaka trick as Theorem 3.3. We apply this result to recover the well-posedness of the
fractional SDE associated to b in Theorem 4.4.

Finally, we would like to make a comment on the reference Catellier and Gubinelli (2016) where
the authors prove the well-posedness of the fractional SDE. The proof relies on two ingredients: the
study of the Fourier transform of the occupation measure related to W (to be more specific, on the
(p,~y)-irregular property of W) and the reformulation of the SDE as a Young-type ODE where the
time-integral of the drift is reinterpreted as a Young integral. The (p,y)-irregular property of W
provides the regularization effects of W and the authors do not rely on the [t6-Tanaka trick but on a
kind of discrete martingale decomposition and a Hoeffding lemma. We remark that this martingale
decomposition possesses some similarities with the Clark-Ocone formula. In Section 4, we follow
the same reformulation (and the argument to construct the Young integral) to prove the existence
and uniqueness of a fractional SDE but we do not prove exactly the (p,~)-irregular property since
we rely on more straightforward strategy in Sobolev spaces (at the cost of an embedding to recover
estimates in Holder spaces).

We proceed as follows. In the next section we present the main notations. The main result (Theo-
rems 3.3) is presented in Section 3. The application to uniqueness of fractional SDEs (with additive
noise) with adapted coefficients is presented in Section 4. The proof of Theorem 3.3 is postponed
to Section 5.

2. Notations and preliminaries

2.1. General notations. Throughout this paper T' denotes a positive real number, A\ stands for the
Lebesgue measure and B(FE) denotes the Borelian o-field of a given measurable pace E. We set
also N* the set of integers n with n > 1. As usual, a < b means that there exists a constant C' > 0
(independent of a and b), such that a < C'b.

For any z in R%, we denote by xj, the k-th coordinate of x that is x = (z1,...,zq).

For any r,d € N*, we denote by C"(R%) the set of r-times continuously differentiable (real-valued)
mappings defined on RY. We also let C*(RY) the set of infinitely differentiable mappings with
compact support.

Let ¢ : R? — R belongs to C"(R?), n < r, ni,...,nq,p1,...,pq in N with Zle nf" = n, we denote
by _9"% _ the nth partial derivative of ¢ with respect to the variables x; with order p;. V¢ will

4 Qx;Pi

i=1 g
refer to the gradient of ¢. Finally for any x and h in R?, and k € N*, we write VF(x) - h* the
action of the k-order differentiable of ¢ (noted V*¢(x)) on h* := (h,...,h). Finally, we denote by
A the Laplacian operator.
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For p > 0 and m € R, we set

W s = {p e D F L+ [6m/2) € LR},

the usual Sobolev spaces equipped with its natural norm
lllwers = |F7 (1 + lg2m20)|

where ¢(€) = F(¢)(€) and F (resp. F~!) denotes the Fourier transform (resp. the inverse Fourier
transform).

Lp(RY)’

We also make use of the following notation : let (€, B, ) be a mesured space and (G, || - ||¢) be a
Banach space, and r > 0. We denote by L"(€;G) the space of measurable mappings ¢ : £ - G
with

ol ey = [ 1o n(d) < +oo.
Depending on the context, the definition of the integral will be made precise.
2.2. The fractional Brownian motion. Let (2, F,[P) be a probability space, d € N (d > 1) and B :=
(B1(5), - .-, Ba($))se(—oor @ standard R%-valued two-sided Brownian motion (with independent

components). We set (F¢),¢(_o 7] the natural (completed and right-continuous) filtration of B. We
assume for simplicity that F = o (B(s), s € (—o0,T1).

More generally, for any R%-valued stochastic process (X (t))te(—o00,r) We will denote by X the jth
component of X.

The main object of our analysis will be d-dimensional fractional Brownian motion
W= (W{l(s), ..., Wi (s))sefor,
defined as

WH(s) = /S ((3 — u)f—m _ (_u)f—l/z) dBj(u), se€[0,T), je{l,---,d}

where H is a given parameter in (0,1) \ {%} A crucial decomposition is on analysis relies on the
following split of the fBm W as follows :

WJH(S) = /S [(s - u)f_l/2 — (—u)f_l/ﬂ dB;(u)

= [ wrran + [ (-0 ] ayw
= W (L, s)+ WH (¢, ), (2.1)

Note that for a given (s,t) with ¢t < s, the random variable I/le’H(t, s) is independent of F; whereas
the process W2 .= (W2 (¢, 5)),¢(0 4 Is (Ft)sep0,s-2dapted. It is worth noting that this decomposi-
tion is somehow natural in the context of stochastic regularisation and was already used in Catellier
(2016) as only the component W1 contributes to the regularising effect we will describe in the
next sections.

We now turn to the notion of (smooth) adapted random field.

Definition 2.1 ((smooth) adapted random field).
(i) A random field is a Fr ® B(R%)-measurable mapping ¢ : Q x RY — R.
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(ii) An adapted random field is a Fr®B([0, T])@B(R?)-measurable mapping ¢ : Qx [0, T]xR? —
R such that for any = in R, (-, z) is ()10, r-adapted.
(iii)) A smooth adapted random field is an adapted random field ¢ such that z — @(w,t) is

infinitely continuously differentiable with bounded derivatives of any order for A ® P-a.e.
(w,t)in [0,T] x Q.

We denote by P := (Pt)te[(),T] the Heat semigroup. For simplicity, we will use throughout this
paper, the following notation for the conditional expectation.

Notations 2.2. For ¢ in [0, 7], we set E;[-] := E[-|F].

2.3. Malliavin-Sobolev spaces. In this section, we introduce the main notations about the Malliavin
calculus for random fields.

Definition 2.3. (i) Consider S, be the set of cylindrical random variables, that is the set of
random fields F' : Q x R? — R such that there exist :

TLEN*’ 0< V<Y< <y <T, @ZRndXRd—)RECCOO(Rd(n+1))

such that
F(W,ZL‘) = 90(3(71)7 o 7B(’Yn)7$)7 w e Qv HS Rd' (22)

(ii) The set of cylindrical random fields denoted by S, consists of random fields F' : [0, 7] x Q x
R? — R such that there exist :

neEN, 0<y <m< - <v%<T, ¢:[0,T]xRH" xR? =R
such that

F(w,t,z) = o(t,B(v1), -, B(m),z), we zeRY tel0,T], (2.3)
where ¢(t,-) € C° (R x RY) , vt € [0,T], and

sup ([le(t, ) [loo + 1£(2, ) loc) < 00
t€[0,T]

with £ any partial derivative of any order.
(iii) The set of adapted cylindrical random fields denoted by S,4, consists of adapted random
field is a random field F' : [0,7] x © x R? — R such that there exist :

neN, 0<y <m< - <v%<T, ¢:[0,T]xRH" xR? =R
such that
F(w,t,z) = o(t, B(y1 At), - ,B(am At),z), weQ, zeRY tel0,T], (2.4)
where ¢(t,-) € C° (R)" x RY) , vt € [0,T], and

sup ([lo(t; )lloc + [[1£o(E, ) [loc) < +o0
te[0,7)

with £ any partial derivative of any order.
Obviously, S, C S and S,q C S.
We now define the Malliavin derivative of any adapted random field F' in S.

Definition 2.4. Let F' in S with representation (2.3). Then, we define the Malliavin gradient DF’
of F as follows :

DF :[0,T] x Q x R* — LP([0,T]; RY)
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with for any j in {1,---,d},

(DjF(t7w7x)) (u) = Z g;p (t, B(y)(w), 7B(/Yn)(w)7x)1[0,’yi](u)7 u€e0,T], wexe R?.
i=1 7"

In particular, for any 4,5 in {1,--- ,d} and u,~y in [0,7T],

0, else

(D;B(vi)(w))(u) == {1[07%-} (u), ifi=j,

We can now define Malliavin-Sobolev spaces associated to the Malliavin and the spatial derivatives
for random fields.

Definition 2.5. Set m € R.

(i) We set DM™P the closure of S, with respect to the seminorm || - [|p1,m» with
T

1P WBscms = B W) + | B [1D0F ] 6. (25)

.. 17m7p . . .
. ,m,p
(ii) We set D" the closure of S with respect to the seminorm || - |[j1.m» With
p
T
e A LR (2.6)

This definition, requires some justifications. Indeed, note that DV*F = V*DF for F in S,.,,.. In
addition, as proved in Duboscq and Réveillac (2016, Lemma Appendix A.1 and Lemma Appendix
A.2), the operators DV* (and so V¥D) are closable from S to LP([0,T] x  x R%R9).

Remark 2.6. By definition
Sud C ]D)Il,’m’p7 Ym >0, p>2

We conclude this section with two properties of the Malliavin derivative.

Lemma 2.7.

(i) (Chain rule). Let F be in S and G be in S,,.. Then, for any t in [0,T], F(t,G) belongs to
Srv. and :

OF
Ox;j

(i) Let m a real number, p > 2, t in [0,T] and G be in DY™P. If G is F;-measurable, then for
CL’I’Lyj € {17 7d} :

((D;G)(s))s>t =0, where the equality is understood in L*(Q x (t,T])).

(DJF(th))(U) - (DjF<t7x))( ))x G+ 5 (t G) (D]G)(u)7 JE {17"' 7d}7 u € [OvT}'

2.4. Clark-Ocone formula. Let S,, be the set of random wvariables of the form F =
©(B(t1),- -, B(tp)) in S (that is that do not depend on the z-variable). We start with the following
lemma whose proof can be found for instance in Privault (2009, Lemma 3.2.5).

Lemma 2.8. The operator

{ D?: S., — L*([0,T] x Q;RY)
Fo = (E(DF)()])sefo,r)s

is continuous with respect to the L?(Q)-norm. In particular in extends to L*(Q).
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Consider F : 2 — R a random variable with E[|F|?] < 4+00. Then for any ¢ in [0, T,
d 7
F=E(F+Y" [ E(D;F))dB; .)
j=1"7t

(DPF) (w) := Ey[(DF)(w)]
Note that by Lemma 2.8, the operator (Es[D,F))s is well-defined even though F' is not Malliavin
differentiable.

3. Main result

Assumption 3.1. Let m € R, p > 2 and a in R. An adapted random field f : [0,7] x @ x R? — R
is said to enjoy Assumption 3.1 if :

1/2—Ha—1/p>0 and fGID)Zl)’m_a’p.
We set :
Notations 3.2. Given an adapted random field f, we set for 0 <t <u <s<T, z € R% j €

{17 . 7d} :
fe(s, t,x) =K [f(s,2)] and g;(s,u,z) = Dpfj(s,u,x) =E,[(D;f(s,2))(u)] (3.1)

With these notations at hand we can state a non-semimartingale counterpart of the It6-Tanaka-
Wentzell trick for as:

Theorem 3.3. Let f : [0,T] x Q x R? = R be an adapted random field and (p,m,a) such that
Assumption 5.1 is in force.Then, VS € [0,T], we have

S S
/ f(r, W}H + z)dr :/ P o f(r, WH(T’) + z)dr
0 0 2H

d S rS

+ / / Par,u)waif%r,u,W2’H<u,r>+x><rfu>H—1/2drdBj<u>
jfl 0 u 2H 1,']
d S S 9

O Sl A T A O L
j=1 0 u J

- i/@s /US Pﬁ(w_u)ng(r, w, WH (u,r) + ) (r — u)H_1/2d7“dBj(u),
= (3.2)
where the equality holds in L>([0, T]; LP(£; W™P(R9))).
Remark 3.4.

(i) Note that the second term in the right-hand side of Formula (3.2) rewrites as :

S S
/ / Pﬁ(riu)zHVf“(r, u, WZ’H(u, r)+x)(r — u)Hﬁl/er -dB(u),
0 u

whereas the third term is some sort of divergence term with respect to both the Malliavin
derivative and the usual spatial derivative. More precisely, if we define divl®®) this joint
divergence operator (applied to a random field F : Q x Rd) as :

d
(a2 F) ()= 3 £E [D;(F () (w)],
j=1
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then the third term rewrites as

S S
/0 / (T — U)H_l/QPﬁ(T_u)QH (div(%x)f(ra y)) (u)\yZWQ»H(u,T)+xdrdu

(ii) As mentioned in the introduction, the It6-Tanaka trick relates a Brownian SDE with its
Fokker-Planck PDE (see Krylov and Rockner (2005)). However, there is no PDE associated
to the fBm W . In our approach we replace this non-available PDE by a random field
which plays the role of the solution to the Fokker-Planck PDE in the (standard) Brownian
setting and which is defined as :

T
F(t) = / Py o f (s W2H (t8) + 2)ds, ¢ € (0,7
t

Note that this random field F' does not appear explicitly in the right-hand-side of (3.2)
although it is at the core of our approach.

We postpone the proof of this result to Section 5.

4. Application to fractional SDEs

In this section, we use Theorem 3.3 to obtain new results concerning the existence and uniqueness
of SDEs with singular drifts and additive fractional Brownian motions. Our result applies in fact to
a reformulation of such SDEs as Young ODEs (see Galeati (2021) for a survey) and we state some
key results around these equations.

4.1. Main result. We consider the following SDE
t
X, = Xo+ / b(s, X,)ds + W}, (4.1)
0

where b : Q x RT x R? — R? is an adapted (generalized) function and (W{T);>o a fractional
Brownian motion of Hurst index H € (0,1). By making the following change of variable

Yy =X - W,
and setting, V(u,z) € Rt x RY,

Ay(z) = /Ou b(s,z + WH)ds, (4.2)

we can relate (4.1) to the following Young type ODE

t
E:%+/AMK% (4.3)
0

where the integral is understood as a nonlinear generalization of the Young integral, VZ &
C7([0,T);RY),

t
Ays(Zg) = lim 0A, o (Zy),
/0 s(Zs) Mo, 4|—0 Z ()
[U,U}EH[Oyt]
with
0Aun(x) = Ay(x) — Ay(x),

and Il denoting a discretization of [0,t]. Before stating our result, we need the following "chain
rule" assumption on the Malliavin derivative of b.
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Assumption 4.1. Let 9 >0, £,q € (2,+00), p € [2,+0), k € R, 1 € [0,1] and 0,5 € [¢, +0o0] such
that
1 1 1 1 <1 1 1 1 1
> .

d 1
fffff >+k:—19—>0 and —+ = = - (4.4)
P o o /L

We assume that b is an adapted function which belongs to L¢(Q; L4([0, T]; W*?(R%))) and that:
i) there exist a function a function b’ € L7($; LI([0, T]; L>=([0, T]; W*=+P(R9*9)))) and a map-
ping v € L7(Q; L>=([0, T] x R¥*?)) such that
Dgb(t,z) =b'(t,0,2)v(0,t), VO<t<T, P—a.s.,

where, Vt € [0,T)], ¥'(t, 0, z) is Fi-adapted for any z € R? and v(6, t) is a F; adapted function
for any 0 < 60 <,
ii) there exists C; € L7(Q; R"™) such that one of the following statement is in force
e forany 0 <O <s<t<T,

lv(0,t)] < C1|0 —t|H, (4.5)
e . =0 and v(0,t) = C114p<,,y Where 7, is a random variable with values in [0, ],

Example 4.2. One can consider, for instance, the Gaussian functional

T
b(t, z) = / o(t,5,2)dB,
0

with ¢ € LI(R*; L>=([0,T]; WFP(R?))) with ¢ > p > 2 and k satisfying (4.4) for a certain ¢ €
(2,4+00) and such that ¢(s,t,-) = 0 in W*P(R?) if s > . Thanks to the BDG inequality (see
Remark 4.3 below), it follows that, for any ¢ € (2, 4+00),

1/¢
E [HbHi‘I(RJr;W’%P(Rd))} VT :EPT] (s, M pa(rs-rw@ay) < VTN L@t Lo (0,0 (me)) -

Furthermore, we have
Dygb(t,z) = ¢(0,t,x)1g<T,
which satisfies the required hypothesis.

Remark 4.3. The Burkholder-Davis-Gundy inequality can be used in the context of Banach spaces if
they are UMD Banach space of type 2 (see Hytonen et al. (2017)) which is the case of
L4([0,T); W™P(R%)) or W™P for ¢ > p and p € (2, +00).

We can now give our result.

Theorem 4.4. Let T > 0. Under Assumption /J.1 with 9 = 2, there exists 8 > 1/2 such that
Equation (41.3) admits a unique solution Y € C?([0, T];RY).

Remark 4.5. We note that the previous result is not optimal compared to the ones of Catellier
and Gubinelli (2016); Lé (2020) since our assumptions are more restrictives. Indeed, we consider a
completely deterministic point of view when dealing with the Cauchy problem whereas, in Catellier
and Gubinelli (2016); Lé (2020), the authors rely on more stochastic approach based on a Girsanov
transformation. Our result gives in fact a "path-by-path uniqueness" while the (less restrictives)
ones from Catellier and Gubinelli (2016); Lé (2020) give a "pathwise uniqueness".

Remark 4.6. The equality obtained in Theorem 3.3 holds in L>([0, T); LP(€; W™P(R%))). However,
in the proof of Theorem 4.4, we bound an increment of each term in L*(Q; W™ P(R%)). That is why
we need the stronger Assumption 4.1.



891

Remark 4.7. Even though b might be defined in the sense of generalized functions (or Schwarz dis-
tribution), the Young integral (4.3) can still be well-defined due to regularization effect of (W;);>q
whereas the integral of the drift in (4.1) does not make sense. Nevertheless, it is possible to define a
notion of "controlled solution" for (4.1) (see Catellier and Gubinelli (2016)). See also Remark 4.12
below.

4.2. The Cauchy problem for Young ODFEs. We recall here some results on the nonlinear Young
integration procedure and the Cauchy problem related to the Young ODE. Here, we simply give
the results from Catellier and Gubinelli (2016) but the reader might also be interested in Galeati
(2021).

Definition 4.8. Let T'> 0, 8,7 € (0,1], I = [0,T] and V, W to Banach spaces. For all n € N, and
any mapping A : I x V — W, we define the norm

6 A (z) — 6 A
IAllgs = sup sup 12As2(® +W)lw

step T aewev |t —slPlz =yl
s£t TAY

)

and

= 1D"6 As (@) 2k v,
|Allgny = 9" Allg, + > sup sup sl
k=0 Svtey[fvT] zeRd ‘t B 8‘
s#£t

where ®© denotes the Fréchet derivative from V to W.

We can now proceed to state the results from Catellier and Gubinelli (2016). The first result
concerns the existence of the nonlinear Young integral.

Theorem 4.9. Let 3,v,p > 0 with B+ ~vp > 1, V,W two Banach spaces and I a finite interval of
R. We consider A € CPY(I,V; W) andY € CP(I; V). For any s,t € I such that s < t, the following

nonlinear Young integral exists and is independent of the partition

/ A= dm Y ALY,

I1 partition of [s,t]

Furthermore, we have

(1) for all u € [s,t], the equality

/:Adrm =/:Adrm)+[z4dv~<m

/ t Agr(Yy) — 6454(Y5)

(2) the following bound

B+p

SBKY,P ||AH61"/||Y||2P(I7V) (t - 8)
w
(3) for all s,t € I such that s <t and R > 0, the map

mm%fwm>

s a continuous function from

(Y € CoLV): Y lenrw) < BY. - o) X €N VW), - [lss) to W,

The next result gives the existence of a solution to the Equation (4.3).
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Theorem 4.10. Let > 1/2, v € [0,1) such that

B(l47v) > 1.

We consider A € C#7([0,T];R?). There exists a solution Y € CP([0,T]; R?) to the nonlinear Young
differential equation (4.3). Furthermore, there exists a constant C' depending on B,v,T and || A g~
such that

1Y lles o,y < C([Yo| +1).
We finally state a uniqueness result which only relies on the regularity of A.

Theorem 4.11. Let 3 > 1/2, v > 0 such that A € CP72. Then, there exists a unique solution
Y € CP([0,T);RY) to the nonlinear Young differential equation (4.3).

Remark 4.12. Let b is a continuous bounded function. A classical solution of the Cauchy problem
(4.1) is a path a-Hélder continuous with o < H, such that almost surely, Y = X — W is absolutely
continuous with respect to the Lebesgue measure and its derivative Y, = b(Xs) almost surely in s.
In general, there is no uniqueness of such solution without additional assumptions on b.

Following Bass and Chen (2001) Definition 1 and Corollary 2.18 of Catellier and Gubinelli (2016),
a Young-Catellier-Gubinelli solution of (4.1) is a process X such

(i) that Y = X — W is v Holder continuous for some v > 1/2,

(ii) for all sequence (by,)nen of bounded, Lipschitz continuous functions such that (A™),en con-
verge to A in some space C#7t1 the sequence of the solution of (4.3) (Y™),en converges to Y in
the 8-Holder continuous seminorms.

Let b fulfilling Assumption 4.1 and be continuous bounded. Let (b"),en be a mollification of b
and

¢
A () ::/ b (x4 wy)du, Yz € R, s,t € [0,T].

For any n € N, the equations (4.1) with b™ instead of b and (4.3) with A™ instead of A have a unique
solution, namely X" and Y™ and
Xm=y"+wh.
Using Corollary 2.18 of Catellier and Gubinelli (2016), one can prove that (Y™),cy converges in
a space of y-Holder continuous for some v > 1/2 to Y solution of (4.3) with Ag(z) := f; b(ys +
WHyds, Yz € R?, t € [0,T]. The limiting process Y does not depend of the choosen sequence of
mollifier. Then, since b is continuous, bounded, X := Y + W is a solution of (4.1).
One can said, that X is the unique Young-Catellier-Gubinelli solution.

4.3. Proof of Theorem /./. To obtain such results in our context, we need Theorem 3.3 and, from
there, we essentially have to derive the proper bounds on A in adequate Sobolev spaces. Before
proceeding in this direction, we recall the smoothing properties of the heat semigroup.

Lemma 4.13. Let m € R, v > 0 and p € (1,00). For any f € W™P(R?) and 7 € RT*, we have
HPTfHWmaP(Rd) S T_’Y/QHfHWm*%P(Rd)-
We are now in position to prove the following result.
Proposition 4.14. Under Assumption /.1 and for A defined by (41.2), there exists v > 0 and

B > 1/2 such that, up to a modification, A € CP([0,T ;C’ﬁJrv R%)) where CPTV(RY) is the space of
b b
bounded and ¥ + v-Hdlder functions.

Proof: By Assumption 4.1, there exist 1,9 > 0 such that

111 d &
S P R G,
oH  H( Hq p Ot H
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We denote

Step 1: By Theorem 3.3 and (4.2), we have that, for any x € R, §A4,(z) is given by

0As(x) = / P1 2m b(T, WH(r) + x)dr

(L]
+Z(// //
(/

0
P. —b%(r,u, WHH (u,r) + x)(r — u)H_l/erdBj (u)

1 )2H
77 (r—u) 8$j

0

a—Dij(r, w, WH (u, ) + ) (r — u) 7= 2drdu
Lj

P (T_u)gHDij<7', w, W2H (u,r) + ) (r — u)H_l/ZdrdBj(u),

vvv
oo
‘)—‘

where we denote
DPb;(r,u,x) = (Db(r,z));(u).

We now estimate each term from the right-hand-side in the Lf(Q; W¥+4/P+e1P(R?))-norm. By a
density argument, we can assume that b is a smooth random field. For the first term, we have,
thanks to Holder’s inequality and Lemma 4.13,

HCSA ‘WmP(Rd) o / HP trab(r HWmP(Rd) ar 3 /:T_I/HI/KH/(HEQ 1B ')”W’“”’(Rd) dr

S (t — s)EVEER ]| Lo ko (ma) -

We now turn to Agt) and use the BDG inequality (see Remark 4.3 above) together with Lemma 4.13,

to deduce that, for any j € {1,...,d},
¢ 1/¢
W'm,p(Rd)]

t t 2 0/27 /¢
SE (/ </ (r — ) H 2R 2422 0 1 4 ) | (7 — u)H—l/er> du)

t 1/2
< </ (t— u)w“”||b||%Z(Q;Lq([o,ﬂ;wkm(ﬂ%d)))d“)

(t = )22 b|| Lo, (o 11w (RE))

Py y2n O, b (ryw, W () ) (0 — )1 2drd By (u)

AN
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and also

¢ 1/¢
‘ Wm’P(]Rd)]

s t 2 0/27 14
SE [(/ (/ (r— u)_H_1/2+1/€+1/q+e2Hba(r,u, ‘)Hwk,p(Rd)(T _ U)H_I/er) du) ]
0 s

t 9 1/2
S </ [(t — u)1/€+52 _ (s — u)1/€+€2 ”b”%Z(Q;LQ([O,T];W’VvP(Rd)))du)

S (8= &)V /HEE ]|

s t
. /0 »/s Py o Oy b (ryu, W3 (u,r) 4 ) (r = )= drd By (u)

GLA([0,T;WhP(RY)))>

for some 0 < £3 < 9. Still by similar arguments, Jensen’s inequality and ii) of Assumption 4.1, we

can bound 6A$). We obtain, for any j € {1,...,d},

¢

1/¢
E
Wm.p (R4)

t ot
/S /u Pﬁ(T_u)QHD/ij(T, u, WHH (u,r) + ) (r — u)H_l/erdBj(u)

o ¢ 1/¢
—F P oV (ryu, W2 () + Yo (u, )] (r = )1 2drd By (u)
s ” 2H (T u) J Wm,p(Rd)
VA 2 N\ Zq1/¢
S| ([ [ It e utun] o Jir ) )
- t/ ot 9 gz 1/¢
5 E (/ </(7“ - u)—1/2+1/£+1/q+52Eu [Clel(Ty . ')”LOO([O,T};W’“*L’P(Rd))} (’I“ _ u)H_l/sz> du)

S (= &)YV W] oo pa 0.7, 100 (0,7 W - on (R )

and
s t ’ 1/¢
B[ Py Db W ) ) = 0T 2 o
0 Js 2H S
s/t 2 \z2]¢
<E (/ </ (r_u)—1/2+1/é+1/q+a2Eu[C1Hb/(7",.,-)HLoo([O,T};WkL,p(Rd))}(r_u)H—lﬂdT) du) ]
0 s

S (= o)V W] o pa 0.0, 100 (0,7 W - on (RE)) )

We finally estimate (5AS’2. We have, for any j € {1,...,d},

t t
S / / (r — u)~H-1/241/0+1grer, [C’le/(r, y .)HLOO([QT];W,C_W(W))] (r — W) "1 2drdy

t
s [t - om0 PR

2H

t t
/ Pi oy O, DP by (r,u, WHH (w,r) ) (r — )= drdu

Wm,p(Rd)

du,

9 1/2
HL‘I([OJ’];L‘X’([O»T};W’“‘”’(Rd)))}
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as well as

Pﬁ(rfu)gHaijij(r, w, WH (u,r) + ) (r — u) =V 2drdu

wm.p(Rd)

/ / —H-1/2+1/0+1/q+e2g | [Clﬂbl(r, . -)||Loo([07T};Wk—L,p(Rd))} (r— U)H_l/erdu

112
S /S |:(t )l/é-l-ez _ (8 _ u)l/ﬂ-l—az} E, [012] 1/2 E, |:Hb/}|i‘I([()’T};LOO([07T];W}€*L1P(Rd)))_ du,

This leads to

|l

S, ( )1+€2+1/£ Hb/

¢ q1/¢
Py gHaTjDij(r,u, W2AH (u,r) + ) (r — w) ¥ 2drdu

2H

Wk,p(]Rd)_

¢ 1/[
W’W(Rd)]

HL"(Q;Lq([07T];L°°([OvT];W’“‘L”’(Rd)))) ’

and

t
/ Pﬁ(Tiu)gHijDij(r, w, WH (u, 1) + ) (r — u)T=2drdu

S (=) V]| o @y Laqo,ryzeqo,riwi—rn(ayy)

Step 2: From the Sobolev embedding
9
Wﬂ+d/p+€1,p(Rd) — C +v (Rd),
for any 0 < v < g1, we deduce that

1/¢
E 164506041 g

<C|t — s|"/>rest1/t (HbHLZ(Q;LQ([O,T];LOO([O,T};kaP(Rd))) + Hb/HLU(Q;Lq([o,T};Loo([O,T];Wk—w(Rd))))) ;
with 0 < g3 < g9. It follows from Kolmogorov’s continuity theorem that, up to a modification,
AeCP([0,T);c) ™ (RY),
with 5 € (0,1/2 + €3). O

As a direct consequence from the previous proposition, it follows from Theorem 4.11, that Equa-
tion (4.3) admits a unique solution under Assumption 4.1 with J = 2.

5. Proof of Theorem 3.3

Formula (3.2) is valid for any fixed x in R? and any S € [0, 7], however to avoid cumbersome
notations we fix in this proof :
r=0 and S=T.

Throughout this proof, C' will denote a generic constant that may vary from line to hne The proof
is divided into several steps. For any N in N* and i in {0,--- , N}, we set tV := zN To prevent
notations to become cumbersome we will often write ¢; instead of th .

In the following we make use of the following notation : For ¢ in {0,..., N — 1}, and s > ¢;41, we
set
5ZS(W2H) ((51@5(W 7H)’... 76d,i,s(W27H)),
(5.1)

(5k’i’s(W2’H) = (WZ’H(tH_l, S) — W2’H(ti, 8))}: ) k S {1, . ,d}.



896 Laure Coutin, Romain Duboscq and Anthony Réveillac

Step 1 : We first assume that f belongs to S,q, that is there exist
neN, 0<y << <wm<T, ¢:00,T]xRY" xR =R
such that

f(tay):@(taB(’yl/\t)a"' 7B(’7n/\t)ay)v yeRd7 te [OaT]v (5'2)

and ¢(t-) is bounded and admits bounded partial derivatives of any order which are uniformly
bounded in ¢ on [0,7]. Hence, for any 0 < r < u < s < T, for any F,-measurable random variable
G, and for any differential operator £ = 85 with o € N® such that |o| < 4,

sup E, [P1 . TQHEf(s Y)]y= G‘ +Z sup
0<u<r<s<T 1 0Susr<s<T

Eul(Py (o_yyon DL (5,9)) )]y

d

< E sup
0<s<T

I=1 "pern
yERd

0 —Ly(s,b, y))’ < oo0.
b

Throughout this step, C will denote a generic constant which may differ from line to line and which
depends on : T', H, d and on :

n

I E < oo
10<$<T ab Loo(RnXRd)
We set :
T
F@)f:/ Py oy Fs WP (8, ))ds, ¢ € [0.7], (5.3)
t
T
FO(t) = E, [ / Po (e f(s, W (t,5))ds |, € [0,T] (5.4)
t

First of all, the Clark-Ocone formula (2.7) applies to the random variable F'(t) (defined as (5.3))
allows one to decompose for any time ¢ the random variable F'(t) as follows :

F(t) = +§:/ ))(w)] dB;(u), tel0,T). (5.5)

By defintion, F'*(t) = E; [F'(t)] and set G(t j 1 ft F(t))(u)] dBj(u) so that

F(t) = F*(t) + G(t), te[0,T). (5.6)
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Using Definition (5.3) of F' we have for any 4 in {0,--- , N — 1} that :

2

T T
F(tiy1) — F(t;) = / Pi(s—tiH)QHf(S? W2H (t;,1,5))ds — / Pﬁ(s—ti)wf(sv W2H (t;,5))ds
tit1 t;

tit1
= [ P W )
t

i

T
+ / |:P 1 (S_ti+1)2Hf(S’ WZ’H(ti+1, S)) — P (s—ti)ZHf(S’ WQ’H(ti, 8)):| ds
tit1

2H 2H

tit1
= _/ Py (oogyen f(s, W21 (85, 5))ds
t

i

T
* / [P Lo (s—tiy1)2H Pﬁ(s—ti)”[] f(s, WQ’H(ti-l-l? s))ds
t7,+1

2H

T
4 / Py (oo (5 W2 (1110, 8)) = £(s, W2 (1, )] ds. (5.7)

tit1

We aim here to use a Taylor expansion. To this end we set (using Notation (5.1)) :
W2H (4, 5,0) := W2H (t;,5) + 0 6; (W>HT), 0 € 0,1]. (5.8)
With this notation at hand, the last term in this expression writes as follows :
P oo £ W (t0,5)) = Py (oo (5, W2 (11,9))
= VP (g f (s, W2 (i, 9)) - 03, (W2H)

2H

d

ok )
a7 Dot ot £ (5, W2 (t4,8) (31,0 (W)
k=1 "k

Oxy0xy Pt (s F(5 W2H(t;,8))8 ks (W) 650 s (WHH)

1
1 / VEP s oy f (5, W (ti,5,0)) df - (6;.s(W2H))?.
0

To proceed with our analysis we apply the Clark-Ocone formula (2.7) to each element

LPa (o yyenf (s, W2H (t;,5))
withﬁza%k (for k in {1,--- ,d}) orﬁ*aya for k,¢in {1,---,d} with k # . We have

LP 1 (oo f (5, W2 (t;, 5))
—E, [ﬁpl oty F (5 W (8, 5) +Z/ EP1 (sty2r (5, WQ’H(ti,s)))(u)}dBj(u).

Since W2 (t;, 5) is F;,-measurable, the first term of the right hand side is :
Eti [Epﬁ(s—tiﬁHf(sa W27H(ti7 3)>:| - [’Pﬁ(s—ti)m{ fa(87 Li, W27H(ti7 8))7
whereas (i) and (ii) of Lemma 2.7 implies that :

(Eu [Dj (ﬁpﬁ(s—ti)wf(sa WQ’H(tivs))> (u)D = (EP 1 (S_ti)gng(S,'U/, WQ’H(ti,s))>

t;i<u<s 2H t;i<u<s ’
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where the equality is understood as processes in L?(Q x [0,7]) and where we recall Notation (3.1).
Hence

m\“

d s
:ﬁPl (s—t)2m S (5, t, W2H (1, 5) Z/ (s—t)20 95 (8, W2H(t,,8))dB;(u).  (5.9)

Thus, using the segment addition postulate in (5.9) between t;, ;11 and s, we get

P oyen (s, WA (tig1,5)) — Pﬁ(s—ti)m‘{f(s’ W2 (t;,5))

d
0
=Y =P (e [ (5,1, W (i, 9)) G (W)

=1 &rk 2
d d tiv1 9 o H 2,H
DD / G Pty oaon 035,10, W (15,9))dB; () (W)
k=1 j=1"t

d d
50
P / B Dot 9 (5,0, W5 (83, 8))dB; (u) 8 (W)

T 2

2H

d
1 2
T3 @Pas*ti)wf(s, WA (15, 5))dBj(u) (3ris(W21))
k

d
DY Oxkﬁxg Pt (opyorn (5t W2 (15, 8))dBj (u) 8, s (W) b5, (WT)
#0

k,z Lk
d o 2. H 2. H 2 H
> S / S0Py W (1, ) () B (W) (W)
ke 171@&@3 1 kCLe
d

3 2 2

ke Lk#Ae j=1 Y i+l

8$k8$ %(s ti)2ng(S7 u, W27H(ti7 3))dBj (u) 5k,i,S<W27H>5€,i,s(W27H)

+z /O V?’Pﬁ(w)w f (s, WaH(t;,5,0)) do - (5i,s(w2’H))3.
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Coming back to the expression (5.7) of an increment of F' we obtain

F(tiy1) — F(t;)
tit1
— P 1 (S—ti)2Hf(87 W27H(t“ S))ds

ti

T
2.H,
" /ti+1 [Pﬁ(sf’%‘ﬂ)w - Pﬁ(sftz‘)w F(s, W25 (tir1, 5))ds
H

d .7
0
#3062 i ) (Vs
k=1 tit+1

tit1
T P e s WA 1 ) () 8 (Vs
t;

+ZZ / / T Pt (0, W (15,)) B () 85, (W ) s

1 T 92 o H 2,H\\2
+ 5 Wpﬁ(s—ti)QHf(&W ’ (tias))dBj(u) (5k7i75(W 7 )) ds
k=1 /tit1 9T
1
1 _9 p, ti, W2 (13, 5)) 60,5 (W2H) o0 (W) d
+ /+1 O, 0xy 557 (5— t)2Hf (3 ) ( ’8)) k., ( ) &i, ( ) s

ko=1;k£e 7 ti

+ zz/

ke 1; j=1 Y ti+1
k;ﬁﬁ

ti dB 6 is Z’H 6 i 2,H d
+ klz:l /ZJrl /7.+1 8$]€8$£ 2H(S ti )QHQJ(S u W ( ’S)) j(u) k,, (W ) f,, (W ) S

t1+1

+6/t.+1/ V“P (stnyza [ (s, W>H (85, 5,0)) db - (5:.s(W2H)) ds

= Tig(tisti). (5.10)

We now compute an increment of G. To this end we first remark that (recall Notation in (2.7))

Z / (DY F(t))(u)dB;(u)
:Z [ e, ( / Pyt 05, WA 1,5 ) )] )
- Z / [ 5 23 (P 5, W0, (01 ] sy

—Z / [ D7 (P 250,90 (o) ), (5.11)
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where the first equality is a consequence of the stochastic Fubini theorem as for any j in {1,...,d}

/TE Eu [ </ Py g f(s, W2H(1, 8))d>(u)} Qldu
/ / UD (P gy omyon £ 5,2 1,5))) (uﬂ duds

SC/ 1T — uf? du < +o0.
t

In addition, since for any ¢, W (¢, s) is F;-measurable, Lemma 2.7 implies that

(D7 (Pt (o (5 W (1)) () = (P (o ppeng(s,u, W (1,5)) )

u u

Thus,
d T T i
:Z/ / Py (opyngi(s,u, W2 (¢, 5))dsd By (u).
j=1 t u

This form allows us to proceed in the analysis of an increment of GG. Indeed,

G(tzﬂ —G(t)

H

/ / Py o915 W2 (b)) = Py oy (s, 0, W2 (1, )] dsd By (u)
7,+1
tir1 T
—Z/ / Py (popn 3 (5,0, W2 (1, ) dsd By (u)
/ / (st )2 95 (5,0, WA (t11, 8)) — P i2n i (8,0, W2 H (£, S))} dsdB;(u)
z+1
2,H (. _ ) 2,H (4. .
+]z_:1/ti+1/u [Pﬁ(s_ti)ggg](s,u,w (tit1,5)) Pﬁ(s_ti)gHg](s,u,W (tz,s))} dsdB;(u)

d tiv1
Z/ / Py (opuyon gy (s, W2 (1, ) dsd By ()
7j=1

In a similar fashion to the computation of an increment of F', we expand using Taylor expansion
the second term to obtain

P (s— t)QHg](S u, W ( l—i—l)S)) — Pﬁ(siti)gng(S,u’ WQ’H(tZ',S))

I

1 2
= VP (o gyengi(s,u, Wt 8)) 6, (W) + §V2Pﬁ(s—ti)2ng(S7U, W (t;,5)) - (8:,s(W>T))

1 1
+ 6/0 V?’P%(S_ti)ng(s, u, WQ’H(ti, s,0))do - ((52-73(W2’H))3 ,
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where we recall Notation (5.8). Plugging this expansion in the expression above, we get

G(tm) G(t:)

/ / stz 95 (5w, WAty 8)) — P (s—ti)Qng(‘g?uaW27H<ti+173))]deBj<u)
1+1 u

+Z/ / [Vpﬁ(s—ti)zng(S’uv WQ’H(tiaS))'@,s(WQ’H))} dsdBj(u)
j u

—1 Yttt

d T T
1 2
+ 52 / / [VzPﬁ(s_mzng(s?u, WH (t,5)) - (65,s(W>T)) )] dsdB;(u)
141
1% T T ,
5D /t / [ /O VEP 1 (oyyeng5(s,u, W2 (8, 5,0))d0 - (8,s(W>T)) )} dsdB;(u)
j=1"7ti+1
d ti+1 T =
— Z/ / Pﬁ(sfti)ng(s,u, w2 (ti,s))dsdB;(u)
; ti u
5

=Y D(ti tiyr). (5.12)

k=1
As a consequence, using Relation (5.6) with ¢ = 0, we get :

F?(0) = F(0) — G(0)

N-1
=— lim (F(tip1) = F(ti) = (G(tiva) — G(t:)))
N—+o00 P
N-1 8 5
= hm (Z I g (tis tigr) — ZIQ,k(tiatiJrl))
=0 = k=1
N-1
== dim Y (It tien) + Doa(tistion) + Tt tin)) (tis tien) = Los(ti tien)  (5.13)
N—+o00 i—o

+ lim Y Rt ti),

N—+oc0 —o
with
10
R(ti,tiv1) == Tio(ti, tiv1) + Lis(tis tiyr) + Z I i (ti, tiv1) — Z Io i (tis tiv),
k=6 —

where the terms involved in this expression are defined in (5.10) and in (5.12).

By Lemma 5.1 (postponed at the end of this section), we have that

NLiIJrrloo Z Il 1 tz, tz+1 / f t Wt , (5.14)

lim Z [1 3 tutz—i—l Z/ / % (s— t)gHVfta(87 WQ,H(L S))(S _ t)Hfl/st . dB(t), (5_15)

N—+oo 4
1=0
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Nllrilm Z Iia(tis tivr) (tis tiv) Z/ / 9z, P (o_pengi(s:t, W2H(t,5))(s — )11 2dsdt,
1=0

(5.16)
Glm Z Ios(titiv1) = / / Py e gi(s,t, W2H (t,5))dsdB;(t), (5.17)
1=0

and that, thanks to Lemma 5.2 (postponed below after the proof of Lemma 5.1),
li R(ti,tiy1) = 0. 5.18
yim D Rt tiv) (5.18)

Step 2 :

In a first step, we have proved Formula (3.2) for f in S,q for any (s,¢,z) in [0, 7] x R? (s < t). We

Im=aP T4 this end, we set the operators :

now extend it to any element f in Iy’
{ Apms: D™ — L([0, T); LP(Q; WP (R)))

f = (ALas(t,2))sepo, ) verd »

t
Apps(t,z) = / Fr WH £ 2)dr:
0

and
{ARHs: Saa — L=([0,T]; LP(Q; WMP(RY)))
[ = (Aras(t,2)) i) verd »
with

t
Arns(f)(t7) == /O Py F(r, W) + 2)dr

d st pt

30 [ P P W ) +-0) = ) 2B
j=1 0 Ju 2H 8.’E]‘

+Z/ / L (r—u)?H 5 93(7" w, W (u,7) + 2) (r — u)? = 2drdu

—Z//%WWMMMWWWH@WMH%MWW(M%
j=1 0 Ju
In Step 1, we have proved that for any f in Suq

Arms = Agrus, in L0, T]; LP(Q; W™ P(RY)).
Note also that by definition,
[ALes (O < N F1l Loo 0,77 L0 (0 mop (RAY)) -

So Formula (3.2) holds true for any adapted random field f in Dy™ *® (that is the equality of the
operators Ap s and Agrpg) if we prove that Arpg is a well-defined bounded operator on ID)l mmap,
We thus prove that for any adapted random field f in Dy™ *® we have that :

[ARES ()l Lo (0,750 @0 m e Ry S [[fllpLm=er- (5.20)

Proof of (5.20) :
We remark that the following estimates are different from the ones in the proof of Theorem 4.4 (see
Remark 4.6). Let f be an adapted random field in Dll,’mfa’p . We now estimate each term in the
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L>=([0, T); LP(S; W™P(R%))) space with p > 2 and 1/2— Ha —1/p > 0. For the first term, we have,
by Hoélder’s inequality,

t
Pﬁrng(’r, )d'r

t
S/ HPLTZHf(r"))
LP(Q;Wm,p(Rd)) 0 2H
t
< /0 O £ ) oy A

< tl—Hoc—l/PHf”Lp([O’T]XQ;WW*Q’P(RC[)))’

0 Lp(Q;Wmp(RY))

which yields

H/ Pirng(r,')dr
0 2H

We now turn to the second term. It follows from the BDG, Minkowski and Hélder inequalities that,
for any j € {1,...,d},

t t
[ [ Pt g 20 W2 ) )= )T 2B )
0 Ju J

5(/0

S THETYR| £l Lo T m— e maY) -

Lo ([0,T];LP (S;W™mP(R4)))

Lo (W2 (R)

2 1/2
du
Lr(Q)

1/2

t
[ =018, (150 s dr

t
< ( /0 (¢ —u)! 22/ ||%p([ovT1xn;wmwp(Rd)))Cl“)

g Tl*HOéfl/pHfHLp([ovT};Lp(ﬂ;Wm_a’p(Rd)))‘

By rather similar arguments, we estimate the fourth term as

t gt
/ / Pﬁ(riu)wg;(r, w, W2H (u,r) + 2) (r — w)# YV 2drd B (u)
0 Ju Lp(Q;Wmp(R%))

t 2 1/2
< / du
0 v (@)

t 1/2
< (/0 (t—u)l_QH(a_l)_Q/p”gj(a‘7u7')’%P([O,T]xQ;WmavP(Rd)))du>

< Tl—H(a—l)—S/(Qp

t
/ (7“ - u)il/ZiH(ail)Eu ng(n u, ')HWm—a,p(]Rd):| dr

) 19 HLP([O,TP xQ;Wm—a.p(RD)))-

Finally, we have, for the third term,

t t
A T R
J

0 ” 2H

Le(QW e (R)

t ot
< /0 / (r— U)_l/Q_Ha g (r,u, ‘)HLp(Q;Wmvp(]Rd)) drdu

S T2 g5 | o 12 xrm o (-

Since each term in (3.2) is linear with respect to f and from each of the previous estimates, we can

deduce that Formula (3.2) is in force for any f in Dp™ *®. O

Lemma 5.1. With the notations of the proof of Theorem 3.3, the convergences (5.1/)-(5.17) hold
true in L*(Q):
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Nl_i}foo Z Ia(ti tiv1) = / fe, Wi

(if)

lim 2113 tistiv1) / / Pl (s— t2HVft( W2H(t $))(s t)H_l/QdS'dB(t)-

N—+oo 4
1=0
(iif)

lim 2114 ti tiv1)(ti, tiv1) Z/ / oz, P 12r 95 (8, ¢, W2H (1, 5)) (s — )71 2dsdt,

N—+4o0 4 2
1=0

(also see Remark 5./ for this term).

(iv)

Gl Z: Ios(ti,tig1) = Z/ / P (e gi(s,t, W2H(t, 5))dsdB;(t).

Proof: Throughout this proof, C' denotes a positive constant (which can vary from line to line) and
that represents the sup norm of f and its derivatives up to order 4.

Proof of (i) :
We set using Decomposition (2.1), W2H (s, s) := W (s), for any s. We have that

L (ti tiva) — /:m F(s, W (s))ds

- /tjm (P sy (oo £ (5, WP (81,5)) = f(5, W2 (5,5))ds ) ds
T /t;”l (Pﬁ(sfti)”’f(sv W2 (t;,5)) — Pof (s, WM (t;, s))) ds
_ /t;i“ (Pof(s, W (t;,5)) — Pof(s, W (s,5))) ds.

Since the semigroup P is associated to the heat equation, the first term of the right-hand side can
be re-written as :

tit1
| (P gmnn P WA 058)) = F. W2 (5,5)) s
t;
ti+1 L(S—Ifi)2H
1 / / & \AP, f(s, WH (t;, 5))|drds
t; 0

C tit1
< — sup / (s —t;)?Hds.
4H s€[0,T7]
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Thus,

N-1 tit1 2
<C Z/ (s —t;)*"ds
i=0 Yt
— 0
N—+4o00
We now turn to the second term. Since
E [‘WQ’H(U, s) — W2H (y, s)ﬂ < Ju — oMLYy < s, (5.21)

we deduce that
27 1/2

N— i+1
|| [ (W) 05,0
1=0

N—
z+1 1/2
<C Z/ \W“f (ti,s) — W27H(s,s)’2} ds
N .
<C Z |ti+1 . 757"|1er1n{H,1/2}
=0
— 0.
N—+o0

So Item (i) (or equivalently (5.14)) is proved.
Proof of (ii) :

Fix k in {1,---,d}. First note that as f belongs to S,q, and since W2 (¢;, s) is F;,-measurable
(s > ti+1), we have that :

0
PL (s—t; szt (s, w2 (ti,8)).

0
By [PQ}H(sti)?Hf(SaWQ’H(ti,S)) = Ay

Y
Hence, (ii) will be proved if the following holds true for any & in {1,...,d} :

T
. Z 8 .
o /t Bye et i (5, WM (ti,8))0k1,s (W) ds

/ / @Pﬁ(s_t)wff(& W2H(t, $))(s — )7~ 1/2dsd By (¢). (5.22)
By definition, (recall Definition (5.1) for the increments of W2)
T b . .
Lawltistiva) = F) P 1 yen [y (s WA (t5,8))0k1.s (W) ds

'L+1 yk
! a a 2,H ti+1 H*l/Q

= - E)y LH(s—ti)szti(S,W’ (ti78>)/ti (s —u) dBy(u)ds
tit1 8 . .- H_1/2

o aiykpﬁ(s—mwfti(saw Hty, 5))(s — )T~ 2dsd By (u),
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where the last equality is justified by the stochastic Fubini theorem. Indeed,

T tit1
=\
tit1 Jt;
i+1
=\ [
L+1

tz+1
< C’/ / u)?H L duds < +oo.
tit1 Jt;

Using this expression, the It6 isometry and the independence of the disjoint increments of the
Brownian motion, we get that
2]

{3

ail'kpﬁ(s—ti)QHftai (s, WQ,H(tZ" 5))

2
(s — u)ZH_lduds]

2

[ (s—t;)2H aikf(sv W27H(ti> 3)):|

(s — u)QH_lduds]

i+1
<Il3k tistit1) / / 8% L (s—t; )2Hft (s, WHH(t;,8)) (s — ti)HédsdBk(U))

i+1 )
- 2E{ </ gy (st T8 ,WQ’H(tuS))((S—u)H*% —(s—ti)H5>dsdBk(u>) ]
7,+1
i+1 i+1 2 - H_l 9
+ 2IE[ </ / @Pzz oo £ 5, W (12, 8)) (s — ) 2dsdBk(u)> ]
N-1 t1+1 2 . . . . 1 )
- 2 7,7 - 2 — —1; -2
;/ [ tiin 8yk 2 (s—t; 2Hft (5 w= (t )) ((S u) 2 (5 t) 2) ds ]du
N-1 tit1 i+l 9 9
+2 Z /t E[ /t ur Pﬁ(sfti)wfﬁ(s, W2H (1, 8))(s — t:)H"1/2ds }du
=0 g 7
< 2CSy,
where
N—-1 tH—l T 2 ti+1 )
N = Z / / (s = u)H71/2 —(s— ti)Hil/Q‘ ds| + / (s — ti)H*1/2d5 du.
i=0 Yl tit1 "

Using the fact that for t; <u <tji;1 <sand 0<e < H+1/2

0< —(8 _u)H—l/Q + (S o ti)H_l/Q

lu — ;=12 < |ty — | T1/2 for H > 1/2,
T u = talfls — T2 <t — tiffls — w2 for H < 1/2,

a direct computation gives that limy_, 1o Sy = 0.
A direct computation gives that limy_, 4o Sy = 0. It remains to prove that the process

T
0
t— / Pﬁ(s—t)waixkff(sa WH (s, 4)) (s — 1)1/ 2ds, (5.23)
t
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is continuous in L?(Q x [0,77]) in order to verifies the assumptions of Jacod (1979, Theorem 2.74)
in order to deduce that

i+1
/ / 83/ (s—t: szt( ,W2’H(ti,s))(s—ti)H_l/gdsdBk(u)
Lk 2

7,

2H

N~>oo / / ay i (s— t)QHfta<37 WQ’H(tv 8))(3 - t)Hil/QdeBk(t)

First, we prove the domination assumption. Using the change of variable u = s — ¢ and the fact
that f is a smooth random field, we obtain the following estimate

T
/ P (s—tpr 5~ ft( W2 (s, 1)) (s — )1 12ds
t

T—t
/ Pﬁ{qu fta(u +t, W (w4 ¢, t))u 12 du
0 T

T—t
< / WH=12qy < (T — )H+1/2,
0

~y

We now turn to the continuity of the process (5.23) itself. By the change of variable u = s — ¢, we
essentially have to prove that f&(u + t, W (u 4 ¢,t)) is continuous with respect to t. The only
difficulty is the continuity of ¢t — f#(u,v) for any (u,y) € [0, T] x R?%. Clark-Ocone’s formula gives

d T
Fluy) = Blf )] + 3 /O B, (D (f (s 1)) (r)]d B (r),
j=1
then, we derive
d ¢
fou,y) = Elf ()] + 3 /0 E,[D;(f(u, y))(r)]dB;(r),
j=1

which is continuous with respect to ¢ uniformly in (u,y). This ends the proof of (5.22).
Proof of (iii) :
For fixed i € {0,--- ,N — 1}, 5,k in {1,--- ,d}, s € [ti+1,T], we set

0

Qi ji,s(u) = @P%(S " )gHgJ(s u, W ( s)),

T T
_1
Mijps(r) = / s (WdBy(0),  Nigs(r) i= / (s — W) HdBy(u), 1 € [t tia],
t; t;
which are the integral form of the increments defined in (5.1). so that M, ;. and N,y are

continuous martingales. Note once again that since f belongs to Suq, @ i s(u) is uniformly (in
i,7,k,s,u) bounded P-a.s. Thus

Il4 tzytz—i-l ZZ/ M,],ks tz+1)Nzk8(tz+1)d
+1

k=1j=1 Li
The integration by parts formula for semimartingales implies that
tit1 g1
M; j ks (tit1) Nig,s(tiv1) — 1j:k/ Qi jk,s(u)(s —u)" " 2du
t;
ti+1 ti+1

= Mz‘,j,k,s(r)sz‘,k,s(T) + Ni,k,s(r)dMi,j,k,s(T)- (5.24)

ti t;
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We show below that both terms in the right hand side do not contribute to the limit. Indeed, using
the fact that the co-variation [Bj(-), By (-)] = 0 for any j # j', we get

N-1 T d d ti+1 2

E / > M; j ge,s(r)dNj ks (1)ds
i=0 “ti+1 k=1 j=1 t;
N-1
z+1 ti’+1 , ) /

> Z Z M p,s (r)ANi g.s(7) M jt g s (1) ANy po,5 (1) | dsdls

i,4'=0k,k'= 1]]/ 1Yttt t/+1 t;

N—-1 d

z+1

233> T B D Mg 00) 0 s

1=0 k=17,j'= tit1 Y i1

N-1 d d

i+1

- ZZ/ / / / [0 s (W)t j o (W)]dui(s — )12 (s — ) H1 2 drdsds’

=0 k=1 j=1 tiv1 Jtip1 Y

N-—1 T

C 1+1
S Sl N A A e e

N i=0 “ti+1 Sty

N-1 2

C tit1 T

- / / T)H_1/2d8 dT

N =0 t; tit1

B (5.25)
N—+o0

Now we turn to the analysis of the the second term in the right hand side of (5.24). The first argu-
ments follow the same line as for the term above (using mainly the independence of the components
of the Brownian motion B). Indeed, we have :

N-1 ,p d d ., 2
E Z/ ZZ Nig,s(r)dM; j rs(r)ds
i=0 Yti+1 p=1 j=1"t
N-—1 d Z+1
- Z/ / / Niks (1) Nig 57 (1) i o, (1) i o (7 )] drdsds
1=0 k:, k= ]:1 tit1 Jti41
< i1
SC Z / / / | Ni ke, (1) Ny g ()H drdsds
0 k,k'=1j=1 tiv1 Jtiv1 JE;

-1 d tit1 T r 1/2
C Z / / / </ (s — v)2H_1dv/ (s' — ’U)2H_1dU> drdsds’. (5.26)
tiv1 Jtip1 Jt t; ti
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So plugging this estimate in (5.26), we get

N-1 .7 d d .. 2
ey | N (P M g (r)d
i=0 Yti+l =1 j=1 i
N-1 et T r 1/2 2
< CZ/ / (/ (s—v)QHldv) ds | dr
i tit1 t;
N-1

3
N

=0 7t
_ tit1 T T
/ / / (s —v)?" Y dvdsdr
; t; tit1 Ji;

So to summarize, Relations (5.24), (5.25) and (5.27) imply that :

)

—
N—+o0

L

(5.27)

2
N-1 d

T tir1
. H-1 o
NLHEOOE E Il a(tistivr) — g E / / a;jis(u)(s —u)" " 2duds| | =0.

=0 j=1 tit1 Jt;

However we have that :

d N-1 T tit1 )
SAS [ [ avsatis = ) bauds
j=1 \i=0 “ti+1 /ti

T T
[ o g, WA ) - t)H—l/stdt>
0 t

tit1
/ / @ jj.s(w)(s — w) =3 ds
b lit1
2]

T
- / ayjpﬁ(sfu)Qng(sa u, WQ’H(ua 5))(5 - U)H_1/2d5> du

|

d N-1 i1 tioa 2
=k Z/ (/ 517]5 S_u) st_/ az,],]s( )(S_U)H_2d8> du
Jj=1 i= ti
i 2
—1 i+1
<2E Z / / /Bz,g s 3 - U) 2 dsdu
j:l = t;

Bigis(W) 1= s () = 0y, Py (o yyan gy, W (u, ).
The proof of (iii) is then established if we prove that
lim Iig41+I142=0. (5.28)
N—r+o00
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Note first that :

= Oy, (P 1 (S_ti)Qng(S,’U,, WQ’H(ti, s)) — Pﬁ(s_u)ng(s, u, WQ’H(u, s)))

= (PL(s,ti)QH - Pﬁ(sfu)QH) 8xjgj(37 u, W27H(tl.7 S))

2H

+ P (s—u)2H (axjgj(sv u, W27H(ti7 S)) - 8xjgj(37 u, W27H(ua 3)))

2H

1 u

— _2/ AP%(S_T)QH 25 95(8,u, WQ’H(ti,s))dr
ti
2H

1
+ / Py (oo V00,0505, u, W2 (1, 5,0))d6 - (W2 (1, 8) - W*H (u,5)),  (5.29)
0

where we recall Notation (5.8). Using once again the fact that f belongs to Sggq, we immediately
obtain that

d
|Bij,s(u)| < C ((U —t;) + Z |W2’H(7fi, s) — W>H (u, 8)‘) ; (5.30)
k=1
from which we deduce that (using (5.21))
(I1,41)"?
d N-1 tit1 T d 1/2
ey [ ((u —t)+ DB [[W (k) = W2 ()| ) (s =) Edsdu
j=1 i=0 “ti u k=1
N=l ptipq T )
<cC Z / / ((U —t;) + |u— tilmm{H’l/z}) (s — u)H_%dsdu
i=0 Yt u
— 0
N—+o0
Thus

lim 114120.
_>+m

The convergence of the term I 42 is easy to handle as :

d N-1

ti+1  ftit+i 1/2
(I142)"* < Z Z / / (s —u) 2K |:‘Oé7j7j7j,5(u)’2:| dsdu
j=1 i=0 't u
N-1 tir1 tir1
SC'Z/ / (s—u)H_%dsdu
i=0 Yt u
— 0
N—~+o0

So (5.28) is proved.
Proof of (iv) :

Recall that

d

tir1 T
Iys(ti,tiv1) = — Z/ / Pﬁ(s_ti)ng(s,u, WQ’H(ti,s))dsdBj(u).
j=1 t; u
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Hence :
N-1
Z ]25 tlth-l / / P 1 L (s— u)zHg](S u, WQH(t“S))deB ( )
i=0
d N-1 ti1 T
= —jz; 2 /tl /u (Pﬁ(sfti)%’ - Pﬁ(s%ﬁ”’) gj(s,u,W2’H(ti,s))dsdBj(u)
e T 2.H 2. H
DS / [ P03 W 19) = 5,0, W 5) B ()
7=1 i=0 ti
d N-1 tit1 T
=> / / Yo, (u)dsdB;(u)
7j=1 =0 ti
with

Vst () == (P L (s—t;)2H Pﬁ(s_upH) gi(s,u, W2H (8, 5))
+ Pﬁ(sfu)ﬂf [gj(sv u, W27H(ti7 S)) - gj(su U, WZ’H(U’ 8))] .

Hence using the It6 isometry,

|

1/2

N-1
ZIQS tistit1) / / Pl (s—u)21 95 (8, U, W2H ;. 5))dsdBj(u)
=0

d N-1 tz+1 T 271/2
Z Z / / Vo,t, (w)ds du
j=1 i=0 “ti u

d N-1 tir1 T 1/2

< Z /t [J E [[’y&ti (u)\Q] dsdu.

7j=1 =0

Up to the gradient, the quantity ~,4, is very similar to f; ;; defined in (5.29) and using (5.30) and
(5.21), we get

1/2

N-1
ZI25 tistitt) / / % (s—u)2i 95 (S, U, W2H (. 5))dsdBj(u)
=0

e T in{H,1/2
<C Z / / ((u — ti) + ’ti—i-l - ti|mm{ 1/ }> dsdu
i=0 “ti u

— 0.
N—~+o0

0

Lemma 5.2. We use notations introduced in the proof of Theorem 5.3, the following convergences
hold true in L*(Q) :

(i)
_ N-—1
I 1 o(t, b li I6(ti tig) = 0,
N_lgloo; 1,2(ti, +1)+N_1glooiz_; 1,6(tis tit1)
(ii)
N-1 N-1

Aim Z Ioa(tis tivr) + NLiIEOO Z Io3(ti tiv1) + Nlirilm Z Ira(ti tiyr) =0,
i=0 i=0



912 Laure Coutin, Romain Duboscq and Anthony Réveillac

lim Y Tig(tistivn) =0,

N—o0 i
(iv)
A}gnoozfls tistiy1) =0,
(v)
Jim Z Lo (ti tiv1) =0,
(vi)
| I 10(ts,t =0,
Ngnooz 110 iy z+1
(vii)

1175(@',15,‘4_1) = 1275(ti,ti+1), Vi € {0, v ,N}, VN € N*.
Proof: Proof of (i)

As we will see some cancellations appear among the terms in the rest. We start with one of these
cancellations, that is we first prove that

N
. L3(Q
hm E 112 tz,tH_l +N£r£oo E 11,6(ti7ti+1) L )O. (5.31)
=0

Recall first that

T
Lia(tistiva) —/t [PL(S_tH_IPH — Pﬁ(s_mw] f(s, W2H (t,, 1, 5))ds
41

1 tit1
T2 / (s = w AP (o f(s, W (ti41, 5))duds
t1+1 t;
1 [l T 2H-1
_ _2/ (s = wPHNAP s (o (5 W (1111, ))dsd (5.32)
t; tit1

Concerning the term I; 6(¢;, ti+1) we have
I 6(ti, tiv1)
1 T 2.H 2,H\\ 2
[ (V005 (braal2)’ s,
k=1 ’L+1 y
So
I G(tzatz—H)
1 H H b1 H
52 g Dants-ten (5 W (0 5)) (\6m w>[* /t (s = u)? 1du> ds

+1

7+1
+ = Z/ / u)?H = 1AP1 L (s t)QHf(S W (ti,s)) dsdu
’L+1

=: I 61(ti, tiv1) + T162(ti, tir1)-
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As a consequence using (5.32), and letting :

A tz,tﬂ_l
/ M/ W (AP L(sppn ] (W2t 9)) = AP 1 (oo f(s, W2t S))>d5d“’
o (5.33)
I o(ti, tiy1) + I 6(ti, tiy1) writes down as
Iio(tistivr) + Tie(tis tivn) = Tiea(tis tigr) + A(tis tia).
Hence, (5.31) is proved if we prove
N-1 2
Jlim B go Liea(titiv1)]| | =0, (5.34)
and
N-1 2
Jim E ; Alti,tigr)| | =0. (5.35)

d
We start with an analysis of Term I 6 1(t;, tit1), and we write I 6.1 (i, tig1) = % > Tieak(tistiva),
with k=1
T 62

ti
_ i)2Hf (S, WQ’H(tia 8)) (‘5k7i75(W2’H)‘2 — / Jr(ls — u)2H_1du> ds.

IRkl : a 21 (S t
ti+1 yk 2 t;

We have by letting p; s := %Pﬁ(s—ti)QHf (3, W2H (t;, 5)), and

tit1
2 _
€isk 1= ‘5k’i7s(W2’H)| —/ (s —u)?H " Ldu. (5.36)
ti
We have
N-1 2
> Tigan(tisti)
=0
N 1
=2 / / E Pi,sPi s €i,s kEt/ [61 s k] dsds'
i3/ =05i<a! ¥ i1 iy T
+ Z / / E [pi,spi,s’ei,s,kei,s’,k] dsds’'
lit1 Jtiq1
T
tiv1 Jtig1
—1 'L+1 2
C’ (/ / v)H= 1dvds>
i=0 tit1
— 0.

N—+oc0
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So (5.34) is proved. Convergence (5.35) is obtained as follows. Note first that :

‘A-Pﬁ(s_ti)ﬂ{f (87 W27H(ti75)) AP 1 (s w) 2Hf(87 W27H(ti+175))‘
< ‘Apﬁ(s—ti)ﬂ{f (87 W27H(ti>5)) - APL (s—t3) 2Hf(S>W2’H(ti+17S))’

+ APL(S_tA 2Hf(87W27H(t7;+178)) AP 1 s u)ZHf(S W ( 1+178)))

<CZ\5MW2H\+C/ r)* ",

where C' depends on the sup norms of partial derivatives of ¢ (recall (5.2)) up to order 4 and where
we have used the definition of the Heat semigroup as in (5.32). Thus, since

E [0k,i,s(W>™)op 00 (W) = 0,Vi £ 7,

we have (recalling (5.21))

N—-1 2
E || A(titis)
i=0
N-1 tit1 T 2
Z / / (s —u)H1 ‘5k7i78(W2’H)| dsdu
i—0 Yt tit1
N-1 tit1 T u 2
+C Z/ / (s —u)zH_l/ (s — r)* " Ldrdsdu
i=0 Yl tit1 t
d (N-1 . . T ‘ 2
<cy ( / / (5 — u)2H 1|ty — ti‘mm{H,l/Q}deu>
k=1 \i=0 “ tit1
— 0,
N—+o0
which proves (5.35).
Proof of (ii)
The second cancellation is the following
N
hrn Z[Ql (tiytiv1) + Io 3(tl,tz+1) + I 4(tz,tl+1) 0. (5.37)

Before getting into the computations, it is worth noting that I ; (¢;, ti+1) (respectively s 3(ti, tit1))
has the same structure (up to the Brownian integral) than I 2(¢;,ti+1) (respectively I 6(ti, tit1)
and I 7(t;,ti+1)). So the proof will follow the same lines as in the one of (i). For the sake of
completeness, we provide the main arguments. As we will notice a the end of the proof of this
step, term I 4(;, ti1) is similar to I 3(¢;, ti+1) but smaller in norm which allows one tu use a more
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straightforward way treatment. Recall that

Ipq(ti, tigr)

- Z/ / (s—t;41)2H — Pﬁ(sfti)QH] gj(S, u, W27H(ti+1’ S))deBJ(u)
’L+1

z+1
/ / / r)2H = 1AP1 (s 2195 (85 U, W2H (t;,5))drdsdB;(u)
'L+1

tl“ r)2H-1
L[
tiy1 t;

: (gj(sv u, WZH (ti-l-lv S)) - gj(S, u, WQ’H(tiv S))) drdeBj (u)

tH_l
/ / / ry2H IAP (ot 95 (5, 0, W2H (t;,5))drdsdB;(u)
tiv1 Ju t;

1 T rT ptiya
B 52 / / / (s =)™ I(AP b (s—r)2H AP%(S—Q)”A’)Q]’(&U; W2H (t;, 5))drdsdB;(u)
J=1 '

t7,+1

d
1 / / /’+1 J2H-1
2 zz: Z z+1
1 (Sir)zng(S, u, W2’H(ti, s,0))d6 5g’i’s(W2’H)deSdBj (u),

1 33
2 Pf
0 8yk aw 2

where we recall Notation (5.8). In addition

Io3(ti, tiv1)

12 P1 (oty21 V205 (8,0, W (8, 5)) - (5i,S(W27H))2dsdBj(u)
2 t;

9; (s u, w2 (ti,s)) (5i,k,s(WQ’H)(SZ-LS(Wz’H)deBj(u)
(%zk(%w 2H(3 ti)2H

ke f— 1k7é£ tit1 Ju

d

d
1
Tz ZZ/JA/ oy} Pty 3 (8,0 WHH (1)) (3105 (W2H))? dsdB; (u).

j=1k
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Hence

I 1(% tz—i—l + Io 3(ti, tiv1)

1 T 82
QZM /m/ i Pt (5,1 T2 1,) 8 (V2110 (W)l B )
]: 7

L

j=1k/l=1
1 33

——P
0 33:%8” 2

_Z/lﬂ/ /”1 r)2H-1

<AP 1 (s T,)QH APﬁ(sfti)2H> gj(s,u, WQ,H(ti, 3))d’l“d8dB] (U)
=: C1(ts, tix1) + Colts, tiv1) + C3(ti, tig1) + Ca(ti, tigr).

d
1 / / / Z“ )2H-1
-z (s—r)
2 Z tit1 t;
(o2 di(s,u, W (t,5,0))d0 805 s(W*T)drdsdBj(u)

So obviously, (5.37) is proved if we prove that

N-1 2
Jlim E z; Coltitiv1)| | =0, Vre{1,2,3,4}. (5.38)
1=

These three terms are of similar form and their treatment will follow the similar scheme, so we give
all the details for Ci(t;,t;4+1) and present only the key ingredients for Ca(t;,t;11) and Cs(t;, tit1).

Hence we start with C1(t;,ti11)-
2

Set flsif by = %Pﬁ(s—ti)”{gj (s, u, W2H (t;, s)) We write Cy(t;,ti+1) as

d
Z Cjhe(tistiva)
J=1 ke=1k#

M&

tz, tl+1
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with obvious notations. We have for j, k, ¢ (with k # £),

N-1 )
E )Z Cl,j,k,é(tiati—i-l)‘ ]

=y [T

=0;i<i! Vb +1

E [:U’s,i,k,ﬁ,u,us’,i’,k,ﬁ,uéi,k,s(W2’H)6z’,€,s(Wz’H) e, (65,5 (W23 .0 (W) } dsds'du

-0
N—-1 .1
+ / / / E (1151 uttst i i s (W8 0 s (WA, o o (WG, o o (W] dsds'du
i=0 Yli+1
N—-1 2
<C;

/T </ /Z+1 2H 1dvds> du
t7,+1
2
/ /tl+1 2H Ldvds
tit1 Jt;

With the previous notation and using Notation (5.36),

1 d d T T
Coti, tiyr) = 222/ / s i ke ke,u€i,s,kdSAB; ().

So we have
- 2 d N-1 ., T
E ’Z CQ(ti>tl+1)’ S OZZ / / / E [ei,s,kei/,s,k’] dsds/du
= j=1k=14,4=0 tiy1Vtipr Ju  Ju
2
1 T tz+1 2
=C / / 2H Ydvds
i=0 tiy1 Jt;
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We now turn to Term C3(¢;,ti4+1), for which we have :

N-1 )
E ‘Z C3 (tiati+1)‘ ]
SEL L
t /+1\/t1+1
(s — T)QH*l(s — T')QH*lE [|5g7i,s(W2’H)5g’i/’S/(WQ’H)H drdr'dsds’du
N-1 t1+1 tit1 1/2 2\ ?
<C Z / / (s —r)*H~1 </ (s — U)QH_ldv> drds
i=0 t1+1 tz tz’
N-1 t1+1 3 2
<C Z / / (s —v)* 7 lay | ds
i=0 z+1 t
— 0.
N—+o00

Following the same lines and using once again the uniform boundedness of derivatives (spatial and
in the Malliavin sense) of f, we get immediately that

N-1 2 N-1/ 7 i 2\ 2
E |[D_ Caltitis1) > ( / / ltit1 — ti!mln{ZH’l}dUd«?)
i=0 =0 \7ti+1 7l
— 0.
N—4o00

Reproducing a similar treatment than the one of Term I5 3, we can prove that Term I3 4 also con-
verges to 0. The fact that it contains an increment of order 3 allows one to use more straightforward
estimates. Indeed, remind that

T T 1
Iy = / / [ / V?’Pﬁ(s%i)g;{gj(s,u,WQ’H(t,-,s,@))d@-(52-7S(W2’H))3 dsdB,,
1+1 0

which contains an extra increment d; s(W?2#) compared to I 4 which makes it smaller (in norm).
More precisely,

N_1 2 1/2
E||> Iz
=0
27 1/2
= CE U V3 Py (s_yy295(5,1u, W2 (t;,5,0))d0 - (5;,s(WHH)) ]dsdB
7,+1
N-1 T T 1 5 27 1/2
<C / E [ / v3pﬁ(87ti)ng(s,u, W2H (t;,5,0))d0 - (8 s(W>H)) ]ds du| .
i=0 \”li+1 0 ]
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Using Jensen’s inequality and recalling that C' is a generic constant (depending on 7', and on the
dimension d of the fractional Brownian motion) we get that

N-1 27 1/2
E||> I
i=0
N-1 T T 1 3 2 1/2
<C / E [/ V?’Pﬁ(s_ti)ng(s,u, W2H (t;,5,0))d - (5i,s(W2’H)) ] ds| | du
i=0 \”ti+1 0
N-1 T T 5 2 1/2
<C> ( / E / v3 P e 9i(s,u, W2H(t;,5,0))d0 - (5;s(WHH)) ]dsdu)
i=0 \7ti+17u
d N-1 ) 1/2
<C > > ( / / \5k7i,s(w2ﬂ)5w73(W2’H)5m,i,s(W2’H)} }dsdu)
k.l m=1 i= lit1
N-1 T T tiv1 3 1/2
<C / (/ (s —u)?H 1du> dsdu
i=0 tiv1 Ju t;
N-1
< _ 4.)3/2
I C s (tz-‘,-l tz) N~>—+>oo 0

Proof of (iii)

We have 1177(ti,tz‘+1) = %ZZ,E:I;I@&E Il’7yk7g(ti,ti+1) with

82
I ti, t; = P (s, t 2H t; Okiiys 28y 1,8 2 ds.
1,7,]6,5( s tit1) /ti+1 O01p 0T, ﬁ(s—ti)QHf (s,t;, W25 (15, 5)) k., (w=") 4y, (W=)ds

Fix k # £ and set :

82

Pigetis = 5 8x6P2}{(s—ti)2Hfa(SatiaWQ,H(tpS))'
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We have

N-1 )
E “ Z I 7 g0 (i, ti+1)‘ ]

2,H (¢ . 2,H\s 2,H
kaa:rg Py oot (5,10 W2 (t3,.9)) S, (WHH)b0, (WP H ) ds

tit1

1+1
Z<’L

+ Z / / E [pi so,t,5Pi k0,5 0kis (W) 05 s (WEH) S i o (W2 0 o (W) dsds’
i+1 i+1

N-1 ; +1 2
<C Z (/ / 2H 1dvds>
=0 z+1
7,+1
/ / 4H 2dvds
7,+1

=CN™! Z [(T — tz‘) — (ti+1 — tz’)4H — (T — ti+1)4H]
=0

— 0.
N—+oc0

Proof of (iv)
Term I g(ts, tiv1)

E | pisk,t,5P k0,5 Oniis (W00 s (W) By, [0pir, o0 (W) 6000 o0 (Wz’H)]] dsds'

=0

/+1

d d
Dgltitiv) ==Y Y Tigkeltitir),

G=1 kt=1;k#¢
with

Iigje(ts tivt)

tit1
/t / 8.231438.1'( Py ogyr (s, W (L, 5))dBj(u) 0k i, s (W) b5, (W) ds.
i+1

Fix k # £, j. Set
0 ”72 H
fyk7£»i7u>s = al’kal’f PTL (S—tl)Qng(s7 u? ’ (t'L? S))'

Fix i, we have

T tiv1
/ / Vi tisu,s @B () G s (W) 805, (WH ) ds
tit1 Jt;

tir1 T
_ / / tinsSis (W25 s (W2H ) dsdB; (u).
t t7,+1

i
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Then, it follows that

N—1 2

Z I s j (L ti)

=0

2
i+1 T

Z/ / Vit,i,,50k,0,s (W50 (W) dsd Bj (u)
i+1

/ z+1

1

2

Vk,e,z',u,s%,i,s(W2’H)5e,i,s(W2’H)d5 du

’L+1

tz+1
/ / [ / it Vet dtt S (WS o (W), (WS, s (W | disds’
1+1

=l t;

z+1 2
<CN / / 2H Ydvds
7,+1

— O.
N—+oc0

Proof of (v)

Term I19(t;, tiv1)

d d
1
Iig(ti, tiv1) =3 § § Lo ket tiv1),
=1 k0= T3kt

with

Lo jke(tistiv)

T T 2
0
1 p , W2H (1, s\VdB; (1) 0 s o (W2H)5,s . (W2H)ds,
/14-1 /H—l /1—0-1 Oz 0y ﬁ(sfti)QHg](S’u’ (ti; s)) ](’LL) ki, ( ) 4y, ( )ds
Fix k 2 ¢, j. Set

82
Ve Liu,s = mpﬁ(s_ti)zflgj(s, Uu, W2’H(ti, s))
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N—-1 2
E Z It jke(tistivn)
1=0
N—-1 T s 2
=E||>. / / Vb, dBj () Oy i s (WHT) 305 s (W )ds
i=0 Yti+1 Jtig1
N—-1 T T s . . . .
=2 Z / / E / ’Yk,f,i,u,SdBj(u) 6k,i,s(W ’ )6[77;75(W ) )5k,i’,s’(W ) )5€,i’,s’(W ’ )X
6,0/ =0si<i Y bt Vi tit1
Sl
B,y / Vepir s dBj ()| | dsds’
ti’+1
=0
N-1 T T SA\S .- . - .
N / / E[/ Vi s, Vi, A O, s (W), (W) O 50 (W), (W)  disdls”
i=0 Yti+1 Jtip1r “Jtip
N-1 T tig1 2
<C / (s — v)* 1~ tdvds
i=0 tit1 Jt
— 0
N—+o0o
Proof of (vi)
Term 11710(?51‘, ti+1)
d
Lot tivn) = Y Tuogme(tistiva),
7,k 0=1

with

T
/ tisike 05.0s W2 o (W25, (WA H)ds,

tit1

S| =

Ii10,jke(tis tiv1) ==

where

' 83 2,H
Mis,g.k0 = /0 mpﬁ(s—ti)%]f (8, W5 (¢, s, 9)) do
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27 1/2
E

N-1
> ijoeeltitive)
0

i

N
2
C

T
/ E (185002705200, (W]
i+1

IN

1
0 t
N-1 3/2
=0

T tir1
Z / (/ (s — v)QHldv) ds
i tit1 t;

N-1 T tiv1
< CN™Y? Z / / (s — v)3H 32 duds
i=0 “tit1 It

i+1

IN

N-1
— C (N_1/2 Z |:(T _ ti)3H+1/2 _ (T _ ti+1)3H+1/2]> _ CN—3H
=0

— 0.
N—~+oc0

Proof of (vii)

Finally, as for any k,j in {1,--- ,d},

T s
[ Bz
tit1 Jtit1 axk

the stochastic Fubini theorem implies that

Pﬁ(s_ti)ng(s, u, WQ’H(ti, s))

2
] duds < 400,

d d T s
)
Ls=) > / | / | aTCkJ%(Hi)ng(s,u, W2H (t;,6))dB;(u) Oi.s(WHH)ds

k=1 j=17ti+1 Jtit1

d d T s
_ 0 . 2H (4 2H) 4B,
-y /t | /t P e 0 W (1 5)) b (W) () d

k=1 ]:1 i+1 141

IS

d T T p
= Z Z / ai.fkpﬁ (sfti)2H.gj(37 u, W27H (tia 8))5/&‘,2‘,8(W2’H)d5 dB] (U)

T T
/ / [VPﬁ(S_ti)zng(s,u,WzH (tiy ) - 0is(W2H)) | dsdBj(u) = .
t; u

i+1

d
2
j=1

O

Lemma 5.3. Let f a smooth random field (that is f € Suq). Then each term in this relation (5.2)
admits a version which jointly measurable in (s,t,z,w) in [0,T]> x RE x Q (s < t). We will always
consider this version.

Proof: Recall that f (together with all its derivatives) is by definition bounded. The result is true
for all the integrals in dt as a consequence of Lebegue’s dominated convergence. Concerning the
terms involving a stochastic integral, we refer to Protter (2005, Theorem IV.63). ([l
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