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Abstract. The Arboreal gas model on a finite graph G is the Bernoulli bond percolation on G
conditioned on the event that the sampled subgraph is a forest. In this short note we study the
arboreal gas on a regular tree wired at the leaves and obtain a comprehensive description of the
weak limit of this model.

1. Introduction

Let G = (V, E) be a finite graph. A forest is a possibly disconnected graph with no cycles. A
connected forest is a tree. The Arboreal gas model with parameter p € [0,1) is a probability
measure on {0, 1}¥ defined as

o(Al(1 — p)le(f .
e (8Y
Gp

where o(f) is {e € E : f(e) = 1} (called open edges) and ¢(f) = E \ o(f) (called closed edges)
and Zg) is the appropriate partition function. Note that if G' has no cycles then this model is
simply the Bernoulli bond percolation model with parameter p. As p — 1 this model converges to
the uniform spanning tree on G. Although the uniform spanning tree on finite and infinite graphs
has been studied in great depth, (we refer to Lyons and Peres (2016) and references therein for
the interested reader) the Arboreal gas model is much less studied even when p is close to 1. The
reason for this stems from the fact that the tools used to study uniform spanning tree, viz Wilson’s
algorithm and Electrical network theory is no longer applicable for any p < 1.

The goal of this note is to study the Arboreal gas model on a regular tree which we define now.
Fix an integer d > 2 and let T}, 4 denote the ordered d-ary tree of depth n described as follows: T}, 4
is a tree where all degrees are d except one vertex which has degree d — 1 (called the root vertex,
denoted p) and the leaves (degree 1 vertices) and furthermore all leaves are at graph distance exactly
n from p. Let T, denote the tree T;, 4 where all the leaves are identified into a single vertex denoted

by O (this enforces a wired boundary). We emphasise here that the tree we consider is not a
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d-regular tree of depth n but a d-ary tree. We denote the vertex set of TX 4 by Vi a, the edge set by
E, 4.

Let T,; denote the infinite d-ary tree, i.e., it is the unique infinite tree with where every vertex
has degree d except one vertex, also called the root (denoted p). Note that if we identify all vertices
which are at distance strictly more than n — 1 from the root into a single vertex and remove all the
self loops then we obtain the graph 7,. We now state the main result of this note. We write I, 4,
in short for PTZV,va‘ 7

Theorem 1.1. Fiz p € [0,1). Asn — oo, Py, 4, converges weakly to a limiting law Py . Further-
more the law Pg,, can described explicitly as a hidden tree indexed Markov chain model.

We point out in above that the convergence is in the ‘local’ sense, meaning for any finite collection
of edges in Ty, the joint distribution of the status of those edges converge. The explicit description
of the tree indexed Markov chain model appears later in Theorem 3.2. For now let us mention that
by storing the extra information of whether an open edge is connected to the leaf or not turns the
model into a process with nice Markovian properties. This idea is inspired by a paper of Haggstrom
Héggstrom (1996). This also allows an explicit description of the limiting law which is the content
of the next theorem.

Theorem 1.2. The limiting law Pg ), undergoes a phase transition as follows.

o Forp <1/d, Pgq, is an i.i.d. Bernoulli percolation on Ty with parameter p.
o Ifpe(1/d,1) then Pq, has infinitely many infinite components. Furthermore each infinite
component is one ended and can be described as follows.
— Suppose e = (u,v) be an edge with u being closer to the root. Conditioned on e being

closed, v has a probability g = p‘ggj) of being in an infinite component which can be

sampled as follows. Declare a child edge (v,v1) of v to be open uniformly at random,
then inductively having defined v;, declare a child edge (v;,vi11) to be open uniformly
at random. This defines an infinite path P.

— FEach vertex in such a path P has an independent Bin(d — 1,1/d) many edges attached
to it which do not belong to P obtained by doing Bernoulli percolation on the d — 1
edges with parameter 1/d. The other endpoints of these edges are attached to almost
surely finite trees which are distributed as independent critical branching processes with
offspring distribution given by Bin(d,1/d), and obtained by sampling a Bernoulli bond
percolation with parameter 1/d.

e Furthermore, all the finite components are also distributed as independent critical branching
process with offspring distribution Bin(d,1/d).

We believe our results should have straightforward counterparts for a d-regular tree which we do
not pursue in this article (see Remark 3.4).

The random forest model on complete graphs was studied in Luczak and Pittel (1992); Martin
and Yeo (2018) and more recently in the regular lattice Z? in Bauerschmidt et al. (2021b) (for
d = 2) and Bauerschmidt et al. (2021a) (for d > 3). We refer to these papers for more references
and history of the model. Let us mention that both the papers Bauerschmidt et al. (2021a,b) use a
connection between the two point function in the Arboreal gas model and a non linear sigma model
with hyperbolic target space. In contrast, our techniques are quite elementary and relies heavily on
the regularity of the tree which leads to an explicit recursion. What is perhaps surprising is that
this recursion can be explicitly solved. There are of course natural questions regarding the global
behaviour of these forests. Some results regarding the emergence of giant components can be found,
for example, in Goel et al. (2015). We do not pursue such avenues in this article.

The results we have are in line with the curious phenomenon also present in Bauerschmidt et al.
(2021b,a): in the supercritical phase, the finite components behave like a critical component, in
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particular their diameter and volume have polynomial tails, which is in sharp contrast with more
standard models like Bernoulli percolation. However there is one observation which might only
be seen in the tree or in general in a nonamenable graph. The Bernoulli percolation model with
parameter p can be seen as the ‘free’ Arboreal gas model on the tree. It is well known that in the
supercritical phase of a branching process, the finite components behave like a subcritical branching
process and their volume has exponential tail Athreya and Ney (1972). This is in contrast to
the behaviour in the wired tree where all finite clusters behave like a critical branching process.
Comparing the behaviour of the wired and the free Arboreal gas models in a general graph remains
a natural open question.

While preparing this manuscript it has come to our attention that P. Easo has been independently
and simultaneously working on a similar problem Faso (2022), although his proof takes a different
approach than ours. Our articles appeared in the arXiv on the same day.

Acknowledgement. We thank the anonymous referee for several valuable comments.

2. Recursion

Given a forest f = (fe)eer, , € {0, 1}Fnd, We say x is connected to y in f there is an open path
in f connecting  and y and denote this by x <+ y. Also given an edge e, let e_ denote the vertex
of e closer to the root p and let e be the vertex further to the root. The edges attached to ey
which are not e are called the children edges of e. The edge attached to e~ whose other endpoint
strictly closer to the root is called the parent edge of e. The children edges of the parent edge of
e except e are called the siblings of e. Note that every edge has d — 1 siblings.

We start with a few definitions.

o If fis a forest in T}, then define w(f) = p° (1 = p)°Y) to be the weight of f.
e We define Z,, 4, to be the partition function associated with the Arboreal gas measure I, 4.

We write Z,, 4, = Zn dpT Z Where ZS IS the sum over the weights of all forests where

p < 0 and erdp is the sum over the rest.
o We define ¢, 4 = IP.4(0 <+ 0). Note that in this notation

S X
— vadvp, 1 _ n,d,p
dn,dp = 7 p ) —Andp = 7 P .
n7 7p n? 7p

We think of this quantity as the probability of ‘survival’ if we interpret the Arboreal gas as
a branching process.

Lemma 2.1. Fiz d,p € [0,1). We have
Zg,d,p = deSfl,d,p((l —p)Z5_, dapt 25y dp)d " and Z:;dp (1 p)ZSfl,dp +2Zy d,p)d‘

Proof: We drop d, p from the subscript in the notation for simplicity. The only way to survive is if
p is connected to d through a path which goes through one of the edges attached to the root and
none of the other edges attached to the root reach 0. The child which survives contributes a weight
pifl. To take care of the other children, we need to select ¢ many to be open but must lead to
extinction and d — 1 — ¢ many to be closed but the paths may or may not survive. This has weight

d—1

> ("7 ez - pzet

i=0
Overall, we see that
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Applying the binomial theorem yields
Zy = dpZy (1= p)Zn-1 +pZ;_1)"

Substituting Z,_1 = Z;?_l + Z) | and simplifying we get the desired expression as claimed.
For Z), we need to pick ¢ many open edges but they must lead to extinction and d — ¢ many

closed edges and they may or may not be extinct and so we get
/4 . .
> (§) ez -pz

1
i=0
and so we arrive again at our desired expression after applying the Binomial theorem and simplifying.
O

Our goal is to now solve the family of recursions Z2 and Z* with the initial conditions Z; = 1

and Z; = 0 by convention (for n = 0, the root is connected to itself). Set

S
Knpap = Znap _ V=025 1ap+ 2510y
ndp = 55 deS—l dp ‘

n,d,p
where the last equality is a consequence of Lemma 2.1. Note that ZS dpis0 only when p = 0 and

since that case is not so interesting, we will from now on assume p > 0.

Lemma 2.2. Set p € (0,1),n > 0. Then
n—1

_ (1-p) i
Kpap= W iz;(dp) .

Consequently, if p # 1/d, then
1—p _
K = 1—(dp)™™).

And if p = é,
Kyap= (1 - ;) n.
Proof: We drop the subscripts d, p from the notation. Using Lemma 2.1, we can write
K, — <1—p)Z,§_Sl+Z§_1 I S ST l SR N
dpZ?>_, dp dpZ? dp dp

We claim now the first equality holds and we prove it by induction. Since Ky = 0 by convention
and the right hand side is 0 as well (empty sum is 0), the base case holds. Assume the formula is

true for K,,. Then
-1 n—1

1—p 1 1-p 1 (1-p % , 1 ,
Knyw=—+4+—K,= — dp) = ———[(1 —p)(dp)" + (1 — dp)"*
=t mEe =t ;( p) = gyl = P)(@p)" + (1 =) ;( ),
and factoring out the 1 — p terms gives us the desired expression. By induction, the formula holds
O

for all n. The second equality comes from applying the geometric series formula to the sum.

An easy consequence of Lemma 2.2 is that
Corollary 2.3. Ifp <1/d, gn4p — 0 asn — oco. On the other hand if p € (1/d,1),

. dp—1
A ndp = D0y T ddg (2.1)
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We call gq;, the survival probability drawing an analogue from the classical branching pro-
cess. It also follows from the expression in Lemma 2.2 that if p < 1/d then g, 4, converges to 0
exponentially fast, while if p = 1/d, gn.4, = d/(d — 1)n~!. This is reminiscent of similar results for
branching processes and indeed resonates with Theorem 1.2 that if p < 1/d then the Arboreal gas
converges to an i.i.d. Bernoulli(p) process.

3. A hidden Markov model

This section is inspired by the ideas in Haggstrom Higgstrom (1996). Given a forest f =

(fe)ecr, 4 € {0,1}F4 in we introduce a bijective mapping ¢ : {0, 1}Fnd — {0/,1’,2'}Fnd as follows.

o If f, =0, ¢ always maps it to 0.

o If fo=1, ¢ mapsit to 2 if ey <+ 0 in f and to 1’ otherwise.
Note that while ¢ depends on global properties of f, ! is a local map which maps {1’,2'} to 1
and 0" to 0. Denote the pushforward of P, 4, under ¢ by P;u dp- We now show that this mapping
converts the Arboreal gas model into a Markovian model with states {0’,1’,2'}. We record this
observation in the following lemma. Fix an edge e € E, 4 and note that removing e breaks up
T4 into two components, call the component containing the root C, = (V(C,), E(C,)). Suppose
¢ € {0,1,2'}P() which is valid in the sense that PP}, 4 probability of €, having configuration
¢ is strictly positive. Number the children edges (e, ea,...,eq) ordered from left to right. For
any element f' € {0/,1/,2'}Fnd and S C E, 4, let f'|s denote the restriction of f’ to S. Let
S = {e1,ea,...,eq} . Suppose e, is at graph distance k < n from p. In the following lemma, we
drop d, p from the subscripts of the partition functions for the sake of brevity.

Lemma 3.1. Fizp € [0,1) and e,S,&,C, be as above and let m = n — k. Suppose IP)’/n,,d,p(f/|Cp =
€) > 0. Then the following holds for all ej and for all S; C S\ {e;}.

nd,p (féj =2 f =19 eS8, f =0Vh e S\ (SiU{e )| =0, fc, = 5)
pZ5_\(pZ )S(1 = p) Zy_1)2 181171

= . (3.1
D52 + (= D) o)+ 02y + (=)t
Also for any S1 C S,
P dp (f; =1Vg €Sy, 5, =0Vh e S\S)|f. =0, f|c, = g)
_ (0235 1) S (1= ) ) .
CdpZy (2 A+ (L= )2 ) T+ (02 + (L= D) Zm)d
For any & C S,
hap (fy =19 € 8181, = 0¥h € S\ S| f =1, f'le, = €)
W2 )OO
W2y + (=) )t
Finally for all 1 < j < d and for all S; C S\ {e;}.
nudip (féj =2 fl=1Vg e &, f,=0Vh e S\ (SiU{e;)|fe =2 flc, = g)
75 7% |S1] 1—p)Zme d—|S1]-1

dpZy, ((pZy,_y + (1= p)Zpn—1)*

In particular, all the expressions in the right hand side above are independent of €.
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Proof: We only calculate the first expression since the rest follow from similar arguments. Write
N
v (f1, =2 fy = 1Vg €81, f = 0Vh € S\ (S U{esh| £ = 0, f'lo, =€) = "

where
N =By (£, =20y = 1¥g € S1.f = 0¥h € S\ (S1U{e;}). JL =0, fle, =€)
D=F,u,(fl=0.flc,=¢).

Let us first determine D. Note that in any configuration with f; = 0 and f’|c, = £ must have term
w(§)(1 — p) as a multiplicative factor. Now, for the children of e and their descendants, we have
two cases based on whether or not ey <+ 9. This gives us the term

12( oz >m1“’+2() (1P Z )

Applying the binomial theorem, we get

D = Ziw(f)(l —p) [dei_l(pZ;lfl + (=) Zm )+ 25 4+ (A= p)Zm1)?].

n
Now we turn to N. Note that we also must include the multiplicative factor (1 — p)w(§) and the
only difference is that the value of f’ on the children of e is fixed. The weight of the configuration
on the children of e is
PZp 1 (025 ) (1 = p) Zypr) 15
since we must have one surviving path and S; determines the edges with value 1’. Therefore, the
numerator is

L0 pyul®) [p2 1 (02— ) 2} 1Y].

n
After simplifications, we see that % matches the expression as claimed and furthermore the expres-
sion does not depend on £. The remaining expressions follow from similar calculations. O

Remark 3.2. We point out that by definition, none of the children of 1’ can be a 2’ and exactly one
child of a 2’ must be a 2’. Also note how the conditional probabilities in Lemma 3.1 only depend
on the state of e and so a Markov property holds. Furthermore, one can see that if we sum over all
S1 C S, the conditional probabilities sum to 1. For example, consider the numerator of eq. (3.2)
when it is summed over all §; C S,

Z (pZX_l)I&I((l _ p)Zm,l)d_wl‘

S§1CS

—Z( )02 )M =D,

and by the binomial theorem, we arrive at
(PZpy + (1= p)Zm—1)"
dpZy (02,1 + (L =) Zn-1)* + (02 + (1= p) Zm)*
Similarly, we can show eq. (3.1) sums to
dpZy, (02,1 + (1= p)Zn—1)"!
dpZS, 1 (pZy, + (L =) Zm-1)1 + (pZ + (1 = D) Zin—1)®

Therefore, summing over all possibilities conditioned on {f. = 0', f’|c,} gives us 1. Similarly, one
can show the same result when conditioned on {f. = 1’, f'|c,} and {f. = 2, f'|c,}. Thus the
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equations in Lemma 3.1 describe the transition probabilities of a Markov chain with state space
{0/,1,2'}.

We now wish to take a limit of the above expressions essentially using our computation in Corol-
lary 2.3. Fix e so that ey is at graph distance k£ from p for a fixed k.

Lemma 3.3. Fizp € [0,1) and e, S,C, be as above and let ¢ = q4, as in Corollary 2.5. Suppose
&n is a sequence of configurations with P;L7d,p<fl|cp =¢&,) > 0 for all n. Then the following holds for
all ej and for all S; C S\ {e;}.

lim P, 0, (f, =2, fy = 1¥g € S1, f, = 0Vh € S\ (S U{e; )| i =0, f'le, = &)

_ pa(p(L — @)1 — p)d-1i (3.5)
dpg(p(1 —q) + (1 =p))t+ (1 -q)+ (1 —-p)*
Also for any S C S,
i F, (1= 199 € 81 = 0vh € S\ S| =0, Fle, = &)
— o\)Sil(1 = pyd—Is|
(p(1 —g¢)"'(1 —p) (3.6)

~ dpg(p(1—q) + (1= p)T+ (p(L —q) + (1 — p))d"
For any §1 C S,

(p(1 = )11 — p)*—151]

lim P, , (f; —1Vg e S, f}, =0Vh e S\S)|fL =1, flc, = 5n) —

noo0 (P(1—q)+ (1 —=p))?
(3.7)
Finally for all ej and for all S; C S\ {j} and p € (1/d,1),
Tim P, (f, =2, 0y =1V € S1, f1, = 0h € S\ (S U{ep)| f =2, F'le, = &)
1 — oNISil(] — pyd—ISi|-1
_ pa(p(1 —¢))""'(1 —p) (3.8)

dpg(p(1 —q) + (1 —p))i~*

Proof: For each expression in the right hand side of Lemma 3.1, we divide the numerator and the
denominator by Z¢_, and use Corollary 2.3. O

This motivates us to define the following tree indexed Markov process on {0’,1’,2'} with param-
eters 0, « as follows. Assume the parent of the edges incident to p has value 0’ (to initiate the
process).

e If an edge e has value 0’ then toss a coin with success probability 6.

— If success occurs we choose uniformly at random one of the children edges of e to be 2'.
Then for each of its siblings, decide to put value 1’ or 0/ independently with probability
aorl—a.

— If failure occurs, then for each of its children, decide to put value 1’ or 0/ independently
with probability a or 1 — «

e If an edge e has value 2’ choose one of its children uniformly at random and assign value 2’.
For it’s siblings, assign value 1’ or 0’ with probability a;, 1 — «.
e If an edge has value 1’; assign independently each of it’s children value 1’ or 0/ with proba-
bility a or 1 — .
Note that if § = 0, the above process describes an i.i.d. Bernoulli («) percolation process since we

never get a 2’ in the configuration. Call the probability measure induced by this Markov process by
P, .
d,p
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Theorem 3.1. Fiz p € (1/d,1). The probability measures ]P’;Ldp converges to the Markov process
described above with the following parameters
_ dpq A ) _1
dpg+ (1 —pgq) 7 p(l-q)+(1-p) d

If p<1/d, ]P’;Ldp converges to an i.1.d. Bernoulli edge percolation process with parameter p.

Proof: Let f;, denote a sample from P} , . We first show that f; converges in law to f’ where
/" is a tree indexed Markov process with state space {0’,1’,2'} whose transition probabilities are
described by Lemma 3.3 (the chain starts from 0’ being the parent of p). In particular, the joint
distribution of the children given the parent is 0’ is described by (3.5), (3.6), that if the parent is 1/
is described by (3.7) and that if the parent is 2’ is described by (3.8). We see this by induction. The
edges attached to the root has the right joint distribution from the limits given by (3.1), (3.5) and
(3.2), (3.6) (applied without any conditioning on &,). Suppose we sample f; step by step, always
sampling all the children of an edge in a particular step. Suppose we have sampled f) | = &
for some subtree T” containing k edges. We pick an edge e in T” whose children are yet to be
sampled. Note that even conditioned on all possible extensions of & to a valid configuration &,, on
the component of the root in T;, 4 \ {e}, the joint distribution of all the children of e converge to
that described by the Markov chain described in Lemmas 3.1 and 3.3. Therefore taking the average
over all possible such &, which are extensions of &, the convergence also holds since the conditional
distribution does not depend on the extension. Since 7”7 was an arbitrary subtree the limit of f
has the above described law.

It remains to show that f' ~ P}, . This is a straightforward verification. Looking at (3.7), we
have the probability of getting 1’ in S; and 0 in the rest is given by

S gyatsil — (L= @)t — p) ISy
i (p(L—q)+ (1 —p))5l’

which matches the description. For (3.5), the probability of producing the event is given by

gaw(l _ qyd-i-Isi

which matches the expression on the right hand side of (3.5) after plugging in the value. For (3.6),
the probability of the event is

(1—0)alS1(1 — )31,
which also matches with the right hand side of (3.6). Finally the probability of the event in (3.8)
in the description is given by
1
ga‘sﬂ(l _ a)d_|$1|7

which also matches with the right hand side of (3.8). O

As an immediate consequence, we obtain an improved version of Theorem 1.1 with an explicit
description of the limiting process.

Theorem 3.2. The law P, 4, converges in law to pushforward under o1 of ]P’le,

Proof: Clearly ¢! is continuous in the topology of pointwise convergence, from which the result is
immediate. ]

Proof of Theorem 1.2: This is immediate from the description of Markov process ]P):fl,p' Indeed if
p < 1/d, 8 = 0, and the process reduces to a Bernoulli (p) percolation. On the other hand if
p € (1/d,1), since a > 0, it is clear (for example applying an appropriate Borel-Cantelli) that there
are infinitely many infinite components. Each component is one ended since 2’ produces exactly one
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2'. Furthermore the offsprings of 1’ which is a sibling of a 2’ are distributed as a branching process
with parameter Bin(d, 1/d) (critical branching process). O

Remark 3.4. We finish with a brief comment about working with a d-regular tree rather than d-ary.
Suppose an oriented edge (e_, e, ) is fixed as the root edge and e_ is fixed as the root vertex. The
d-regular tree of height n is the subgraph of the infinite d-regular tree induced by all vertices at
graph distance at most n from e_.

It is easy to see that one can decompose the partition function of the Arboreal gas model on a

d-regular tree of height n, denoted Z;eg > @S

Z;’fs,p = p(Zn—l,d,pZ;;d,p + Z;—l,d,pZnyd,P) + (1 - p) Zn_l»d’pZn»dJ’

From this observation it is straightforward to obtain the correct variation of Theorem 1.1 in this
context.
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