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Abstract. We consider the superposition of symmetric simple exclusion dynamics speeded-up in
time, with spin-flip dynamics in a one-dimensional interval with periodic boundary conditions. We
show that the mixing time has an exponential lower bound in the system size if the potential of the
hydrodynamic equation has two or more local minima. We also apply our estimates to show that
the normalized hitting times of rare events converge to a mean one exponential random variable if
the potential has a unique minimum.

1. Introduction

In this paper, we study the superposition of symmetric simple exclusion dynamics speeded-up
in time, with spin-flip dynamics in a one-dimensional interval with periodic boundary conditions.
We call this model the reaction—diffusion model'. De Masi, Ferrari, and Lebowitz in De Masi et al.
(1986) have introduced this model to study a reaction—diffusion equation of the form

dip = (1/2)8p — V'(p), (1.1)
where V' is a potential from a stochastic microscopic systems viewpoint. They showed the hydro-
dynamaic limit, that is, the macroscopic density of the reaction—diffusion model evolves according
to the reaction—diffusion equation (1.1), under diffusive scaling. We refer to De Masi and Presutti
(1991) and Bertini et al. (2019, Subsection 3.1) and the references therein for the recent development
of the reaction—diffusion model.

This paper is a continuation of our studies Landim and Tsunoda (2018); Farfan et al. (2019);
Tanaka and Tsunoda (2020) and we use several results established in these papers. We have studied
the hydrostatic limit and the dynamical large deviation principle in Landim and Tsunoda (2018),
the static large deviation principle in Farfan et al. (2019), and rapid mixing in Tanaka and Tsunoda
(2020). More precisely, in Tanaka and Tsunoda (2020), we have shown that the total variation
mixing time is of the order log N (N is the system size) if the reaction—diffusion model is attractive
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and the hydrodynamic equation (1.1) has a strictly convex potential. Therefore, it is natural to ask
what happens when the potential V' has two or more local minima.

We first consider the case where the potential V' has two or more local minima and show that
the total variation mixing time is bounded below by eV for some constant ¢ for any N sufficiently
large, where N is the system size. In particular, for the case of the original model introduced in
De Masi et al. (1986), our result and rapid mixing established in Tanaka and Tsunoda (2020) imply
a phase transition for the mixing time. Namely, if an inverse temperature of the system is larger
than some critical temperature, the reaction—diffusion model exhibits exponentially slow mixing,
otherwise rapid mixing. Note that this type of phase transition cannot be observed for the Glauber
dynamics related to the Ising model on the one-dimensional periodic domain Levin and Peres (2017,
Theorem 15.5). On the other hand, due to the fast stirring mechanism of the exclusion process, this
model may be regarded as a “local mean-filed” system. Therefore its structure should be similar to
the one of the mean-field model Levin and Peres (2017, Theorem 15.3).

Using hitting time estimates, which will be established in this paper, we study the hitting times
of rare events for the reaction—diffusion model when the potential has a unique minimum. As the
second main result, we show that the hitting time of an open set rescaled by the mean, which
does not contain a unique minimum of the potential, converges to a mean one exponential random
variable. We note that the techniques developed in this paper are robust enough to apply to other
models, including boundary—driven exclusion processes Bertini et al. (2003); Bodineau and Giacomin
(2004); Farfan (2009); Farfan et al. (2011).

We mention several papers related to this work. Our motivation to study this problem originates
from two recently developed theories. One is the macroscopic fluctuation theory and the other
is the martingale approach to metastability. For details of each theory, see survey papers Bertini
et al. (2015) and Landim (2019), respectively. This paper combines these two theories following the
Freidlin—-Wentzell theory Freidlin and Wentzell (1998). The mixing time for the exclusion process or
Glauber dynamics is related to the problem we consider. Lacoin et al. have extensively studied the
mixing time for the exclusion process Lacoin and Leblond (2011); Lacoin (2016b,a, 2017); Labbé
and Lacoin (2019, 2020). The mixing time for the Glauber dynamics has been classically studied.
We only refer to Levin and Peres (2017) and the sophisticated work by Lubetzky and Sly Lubetzky
and Sly (2013). The convergence to a mean one exponential random variable also has a long history
in probability theory Keilson (1979). As clarified later, we use a general criterion established in
Benois et al. (2013). Therefore, we also refer to the references in this paper. We finally mention
Hinojosa’s study. He has studied the convergence to a mean one exponential random variable of
an exit time for the reaction—diffusion model on the entire domain in a double-well case Hinojosa
(2004) and a one-well case Hinojosa (2018).

This paper is organized as follows. We introduce our model and results in Section 2. We prove
in Section 3 one of our main results, which is Theorem 2.2. Section 4 is devoted to proving Lemma
3.4, which is critical in proving Theorem 2.2. In Section 5, we prove our second main result,
which is Theorem 5.3. Since our argument strongly relies on the results in Landim and Tsunoda
(2018); Farfan et al. (2019), we summarize several results for reader’s convenience in the appendix.
Appendix A collects miscellaneous properties about the reaction—diffusion equation and Appendix
B discusses the rate function of the dynamical large deviation principle.

2. Notation and Results

Let Ty = Z/N7Z, N > 1, be a one-dimensional discrete torus with N points. Denote the set
{0,1}"™ by Xy and the elements of Xy by 7, called configurations. For each z € Ty and n € Xy,
n(z) represents the occupation variable at site x so that n(z) = 1 if site x is occupied, and n(x) =0
if site « is vacant. For each x # y € Ty, denote by n™¥ 1", the configuration obtained from n
by exchanging the occupation variables n(x) and 7(y), and the configuration given by flipping the
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occupation variable n(x), respectively.

1—n(z) ifz=u=x,

Y(z) = n(x) ifz=y, 1°(z) = n(2) if 2 # .

n(z) otherwise,

n(y) if z ==, {

Consider a superposition of the speeded-up symmetric simple exclusion process with spin-flip
dynamics. The generator of this X y-valued, continuous-time Markov process acts on functions
f: Xy —>Ras

Lnf=Lof+ N Lkf,

where L is the generator of spin-flip dynamics (Glauber dynamics)

Laf(n) = Y clz,n)f(n") = f(n),

z€T N

and Ly is the generator of a symmetric simple exclusion process (Kawasaki dynamics)

Lcf(n) = (1/2) Y [f0™™*h) = f(n)].

z€T N

In defining Lg, the jump rate {c(z,n) : « € Ty,n € Xn} is chosen as c¢(z,n) = ¢(n(- + z)) for a
given function c : {0,1}% — [0, 00), where modulo N carries the sum. We also assume that ¢ is local
in the sense that ¢ depends only on finitely many occupation variables n(x). Then, ¢ is identified
with a function on Xy for N sufficiently large.

In this paper, we always assume that c is strictly positive, assuring that the Markov process
generated by Ly is irreducible. Therefore, the process admits a unique probability distribution,
which is invariant under the dynamics. We denote by p v its unique stationary probability measure.

Fix a topological space X. For I = [0,T], T > 0, or I = Ry = [0,00), let C(I,X) be the
space of continuous trajectories from I to X, endowed with the uniform topology. Similarly, let
D(I, X) be the space of right continuous trajectories from I to X with left limits, endowed with the
Skorokhod topology. For each N, let {n¥ : t > 0} be the continuous-time Markov process on Xy
whose generator is given by L. For a probability measure v on Xy, denote by P, the probability
measure on D(R, Xy) induced by the process n;" starting from v. Denote the measure P, by P,
when the probability measure v is the Dirac measure concentrated on the configuration 7. The
expectation with respect to [P, is represented by [E,,.

Let v, = VIZ)V , 0 < p <1, be the Bernoulli product measure on X with a density p. Define the
polynomial functions B, D : [0,1] — R by

B(p) = [ L= nO)ke(0n)dvy D(e) = [ 0(0)c(0.n)dy

B and D are the average birth and death rates under v,, respectively. We also set F'(p) = B(p) —
D(p) and denote a primitive function of —F by V. We call V' a potential. Note that V has at least
one local minimum on (0, 1) since F'(0) > 0, F(1) < 0, and V (p) is a polynomial in p.

As examined in the introduction, De Masi, Ferrari, and Lebowitz in De Masi et al. (1986) have
shown that under an appropriate convergence of the initial distribution, the macroscopic density

1
N N
T = N Z Un (1’)5:5/]\7,
z€T N
converges in probability to a unique weak solution to the reaction—diffusion equation
Op = (1/2)Ap + F(p).

As clarified later, our proof strongly relies on the corresponding large deviation principle (Theorem
3.2).
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We here give an example of the jump rate c. The following example has been given in De Masi
et al. (1986).

Example 2.1. For 0 <~ < 1, define
c(n) = 1+7(1 = 29(0)(n(1) +n(=1) — 1) +7*(2n(~1) = 1)(2n(1) — 1).

Letting v = tanh 3, 8 > 0, the Glauber dynamics generated by L is reversible with respect to a
Gibbs measure of the one-dimensional nearest neighbor Ising model at the inverse temperature .
However, our stationary measure puy is neither Bernoulli nor Gibbs, except v = 0 Gabrielli et al.
(1996).
An elementary calculation shows
B(p) = (1= p) {1 =2v(1 = 2p) +7*(1 - 2p)*},
D(p) = p{1+2v(1—2p) +7°(1 - 2p)*},

and
F(p) = =2(p—1/2) {1 =2y +42*(p — 1/2)*},
for each p € [0,1], and V' defined by
V(p) = (1 =27)(p—1/2)* +29°(p — 1/2)*

is a potential. V' has two local minima if, and only if, v > 1/2, otherwise, a unique minimum.

Let us recall the notion of the total variation mizing time. For any probability measures u, v on
Xy, define

o= vliry = s [n(4) - v(4)] = 5 > luto) = vtk
NEAN

Then, for each 0 < & < 1, we define the mixing time Y. () by

tﬁix(s) = inf {t > (0 : max H]P’n(niv €)—un()lrv < 5} )
neXn

In this paper, we first study the mixing time of the reaction—diffusion model when the potential
V has two or more local minima. In this setting, we show that the mixing time has an exponential
lower bound in N. To introduce this result, let kg > 0 be the constant given in (3.5). Its definition
is postponed since we need some notation. The precise statement is as follows.

Theorem 2.2. Assume that the potential V' has £ local minima with £ > 2. Then, for any 0 < e <
¢~ and any N sufficiently large, we have

tN. () > elVho,

mix
Remark 2.3. The jump rate provided in Example 2.1 is attractive in the sense that, for any config-
urations 7, £ such that n(x) > (z) for any x, it holds that

c(n) < c(§), ifn(0)=£(0)=1,
c(n) = c(§), ifn(0) =¢£(0) =0.

Note that V' is strictly convex if, and only if, 0 < v < 1/2. In Tanaka and Tsunoda (2020), we
have established that for any attractive reaction—diffusion model with a strictly convex potential,
the mixing time is in the order of log N. Therefore, the reaction—diffusion model exhibits a phase
transition regarding the mixing time with the critical parameter v = 1/2.
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Remark 2.4. It is natural to expect that
1 -~
lim —logt), (e) =h
i s logtniy(€) = ho,

for some constant hg. To capture this asymptotic behavior, the transition from a metastable well
to another metastable well, so-called metastability, must be studied. The metastable behavior of
this model has been longstanding as an open problem (Kipnis and Landim (1999, Chapter 10)). We
leave this problem as future work.

We also study the hitting times of rare events by applying large deviation estimates and some
mixing time estimates in the case where the potential has a unique minimum. Roughly speaking,
we show that when the process starts from a small neighborhood of the unique minimum of the
potential, the normalized hitting time of an open set that does not contain a unique minimum of
the potential converges to a mean one exponential random variable. Since we need some notations
to state this result, its precise statement is postponed to Theorem 5.3.

3. Proof of Theorem 2.2

We prove in this section Theorem 2.2. The proof of Theorem 2.2 mainly consists of Lemmata
3.1 and 3.4. Lemma 3.1 provides some concentration results for the stationary states established in
Landim and Tsunoda (2018). Lemma 3.4, which will be proved in Section 4, provides an asymp-
totic estimate of the escape time from a small neighborhood of metastable states. We start from
introducing these results and then prove Theorem 2.2. In Sections 3 and 4, we always assume that
the potential V' has ¢ local minima with ¢ > 2.

Let T be the one-dimensional continuous torus T = R/Z = [0,1) and My = M (T) be the
space of all nonnegative measures on T with the total mass bounded by 1, endowed with the weak
topology. Note that M, is compact under the weak topology. For a measure p in M and a
continuous function G : T — R, denote the integral of G with respect to ¢ by (o, G)

<@®—Aa@mm.

For a measurable function p : T — R, let ||p|2 denote the L?-norm with respect to the Lebesgue
measure on T

rw@-ﬁmm%a

We also denote by (p1, p2) the L?inner product for measurable functions pi, p2 : T — [0, 1]

(p1,p2) Z/Tpl(@pz(@)d&

The space M is metrizable. By letting eo(f) = 1, ex(8) = +/2cos(27kd), and e_(0) =
V2sin(27k0), k € N, one can define the distance d on M using

dor,02) = 3 5 Howsex) — {ea i), (3.1)
keZ

and one can show that the topology induced by this distance corresponds to the weak topology.
When o(df) = p(6)df for a measurable function p : T — [0, 1], we sometimes write these notions
with p instead of p. For instance, we denote d(o1, 02) as d(p1, p2) for 0;(df) = p;(6)df,i = 1,2. Note
that for any measurable functions p, p' : T — [0, 1], we have

d(p,p') < 3llp = pll2- (3.2)
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For each ¢ € M and each o > 0, let B(«; 0), Blo; 0] be the a-open, a-closed neighborhood of ¢ in
M, respectively.
Let my : Xy — M4 be the empirical measure defined by

1
TN (n) = N Z n(x)ozn, n€Xn,

$€T1\]

where Jg is the Dirac measure that has a point mass at § € T. We also let Py = un o (WN)*I,

which is a probability measure on M.
Let S be the set of all classical solutions to the semi-linear elliptic equation

(1/2)Ap+ F(p) =0, onT, (3.3)
and Mg, be the set of all measures whose density is a classical solution to (3.3)
Msor = {0 € My = 0(df) = p(0)do, p € S}.
The following result has been established in Landim and Tsunoda (2018).

Lemma 3.1 (Landim and Tsunoda (2018, Theorem 2.2)). For any o > 0, we have

lim Py (Q € M4 : min d(p,0) > a> =0.

N—oo 0€EMgo1

To describe a metastable well, we recall the dynamical large deviation principle from Jona-Lasinio
et al. (1993); Landim and Tsunoda (2018). Let M ; be the closed subset of M consisting of all
absolutely continuous measures with a density bounded by 1

My ={oe My :po(df) =p0)dld, 0<p0) <1ae. cT}.

Fix T' > 0. Denote by C"™"™([0,T] x T), m,n in Ny, the set of all real functions defined on [0,7] x T
which are m times differentiable in the first variable and n times in the second one, and whose
derivatives are continuous.

For each trajectory 7(t,df) = p(t,8)d6 in D([0,T], M 1), define the energy Er(m) as

T T
Er(m) = sup {2/ dt {pt, VGy) —/ dt/ de G(t,@)Z}.
GeCO1([0,T]xT) 0 0 T

Note that the energy Ep(m) is finite if, and only if, p has a generalized derivative denoted by Vp,
and this generalized derivative is square-integrable on [0,7] x T

T
/ it /d0 IV p(t, 0)[2 < oo.
0 T

T
En(m) = / dt /d9 Vp(t, 0)[2.
0 T
For each function G in C12([0, 7] x T), define the functional Jr ¢ : D([0,T], M1 1) — R by

Here, we have

T
_ 1
Jra(m) = (mr,Gr) — (10, Go) — / dt (m, 0:Gy + §AGt>
0

T T
_ ;/(; dt <X<pt>7 (th>2> _/0 dt {(B(pt),th _ 1) X <D(pt),efGt B 1)}7

where x(r) = r(1 — r) is the mobility.
Let Jr g : D([0,T], M4) — [0, 00] be the functional defined by
J if # € D([0,T
JT,G(TF) :{ T’G(T(‘) Ume ([ ) ]7M+,1)a

o0 otherwise,
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and let I7 : D([0,T], M4) — [0, 00] be the functional defined by

i) = {0 Pl o) <0

00 otherwise,

where the supremum is carried over all functions G in C*2?([0,T] x T). It has been established in
Landim and Tsunoda (2018, Theorem 4.7) that I7(+) is lower semicontinuous and has compact level
sets.

For any 7' > 0 and any measurable function p : T — [0, 1], define the dynamical large deviation
rate function I7(-|p) : D([0,T], M4) — [0, 0] as

(nlp) = {IT(W) if (0, d9) = p(6)db,

00 otherwise.

We say that a sequence of initial configurations {n’}y is associated with a measurable function
p: T —[0,1] if, for any continuous function G : T — R,

. 1
Jm oy 3 G/ @) = [ oo

z€T N

Fix T' > 0 and let @,~ be the distribution on the path space D([0,T], M) of the M -valued
process TN (77 ) starting from a deterministic configuration 7rN(77N ). The large deviation principle
for the reaction—diffusion model was first established in Jona-Lasinio et al. (1993, Theorem 2.2) for
the case where product measures provide the initial distribution. When the process starts from a
deterministic configuration, Landim and Tsunoda (2018) established the same result.

Theorem 3.2 (Landim and Tsunoda (2018, Theorem 2.5)). Assume that a sequence of initial
configurations {n™ Y is associated with a measumble function p: T — [0,1]. Then, for any closed
set € C D(]0,T], M), we have

1
lim sup N log Qv (€) < —71rr€1f€ I (7|p).

N—oco
Remark 3.3. Besides the assumption of Theorem 3.2, under the additional condition
(C) the functions B and D are concave,

the large deviation lower bound was also established in Jona-Lasinio et al. (1993); Landim and
Tsunoda (2018). Namely, for any open set O C D([0,T], M), we have

hmlnf logQ,7 (9) > — inf Ip(w|p).
Teo

Note that we do not use the large deviation lower bound in Sections 2 and 4, so we do not have
to assume the condition (C) in these sections. Moreover, several results, which we cited in this
paper from Landim and Tsunoda (2018); Farfan et al. (2( 19) remain in force because they all hold
without the condition (C) (the lower bound is not involved everywhere).

Denote the positions at which the local minima of V are attained by pi1,...,pe, £ > 2. For
each i = 1,...,/, let p; be the constant function defined by p;(0) = p;, 0 € T and g; the measure
0:(df) = p;(0)dl. Clearly, g; € My, for each i =1,...,¢.

Fix i = 1,...,£. We construct small regions around g; denoted by A;, B;, and C;. We shall
consider the exit problem from C; when the process starts in A;. This problem will be examined
in Section 4 precisely. To analyze this problem, we need several auxiliary properties concerning
the dynamical large deviation functional, the quasi-potential and solutions to the reaction—diffusion
equation.
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For this purpose, let «;, 8;, and -; be positive numbers chosen in the following way. We denote
the following sets by A;, B;, and C;, respectively

Ai = Blag; 0i), Bi = B[28;;0i] \ B(Bi; 01), Ci = B(i; 04)-

(7) First, choose 7; > 0 so that C; does not intersect with the ~;-closed neighborhood of Mg \
{0:}. This choice is possible by Corollary A.5. Moreover, by Lemma B.5, we have

2h; := inf{V;(0) : 0 ¢ C;} > 0,
where the function V; : M4 — [0, 00] is the quasi-potential
Vi(e) = inf {Ir(r|p;) : T > 0,7 € D([0, T|, M4), 70 = 0}, o€ M.
(8) Second, we choose [3; > 0 so that the following conditions are in force:

(B-1) 28 < i

(8-2) For any p(0)df € B;, denote by p; the unique weak solution to the Cauchy problem

Op = (1/2)Ap+ F(p),

Then, it holds that p; converges to p; in the supremum norm as ¢ — co. This choice is

possible by Lemma A 4.
(B-3) There exists T1; > 0 such that for any 5’ < 8;, 7" > T1; and p(0)df € B[S'; 0:],

inf  Ipi(m|p) > (3/2)hs,

WEQ:T/ (Cf)

(3.4)

where for each T > 0 and each set D C My, €p(D) stands for the subset of
D(]0,T], M) consisting of all trajectories m for which there exists some time ¢ € [0, 7]
such that 7(¢) belongs to D or 7(t—) belongs to D. This choice is possible by Lemma

(@) FinalJi;,.we choose «; > 0 so that a; < ;.
We also set
ho =min{h; :i=1,...,¢}. (3.5)
Since h; is positive for each i = 1,...,¢, so is hyg.

For a general set D C M, we define the set DV C Xy by DV = 73! (D).? Let A and C be the
open sets given by

L
A=JA, c={Jc,
i=1 '
respectively, and Hy be the hitting time of [CV]¢:

Hy =inf {t >0:n) € [cN]}. (3.6)

In the previous display, and in what follows, for a general set A, A denotes the complement of A.
The following lemma is critical in proving Theorem 2.2. Its proof is postponed to Section 4.

Lemma 3.4. We have

Iim max P~ (HN < eNh(’) =0,
N—oonNeAN n

where hg is the constant defined in (3.5).

2We denote a subset of M by a calligraphic letter. The corresponding subset with superscript N is a subset of
X . For instance, for D C M, DY is the subset of X~ defined as above.
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We can now prove Theorem 2.2. Note that Lemma 3.1 only shows that the stationary state Py
asymptotically concentrates on Mgy, not on A. Therefore we need to partition Mg in a suitable
way. By this reason, although the proof of Theorem 2.2 is a standard consequence of Lemmata 3.1
and 3.4, we give a complete proof.

Proof of Theorem 2.2: Fix 0 < e < ¢~ and g9 = (1 — £¢)/3. We also let ag = min; o;. By applying
Lemma 3.1 for a = «y, there exists Ny > 1 such that for all N > Ny, we have

Pn (g e My én/é(n d(o,0) < ao) >1—¢p. (3.7)

sol

Foreachi=1,...,¢, let MVZ [ap] be the agp-closed neighborhood of Mv = M1 \ {0:}. Note that
: in d ) <
{Q € My : min d(e,0) ao} U Mi;lag).

Therefore, the union bound shows that

Py (g e My : min d(0,0) < a0> ZPN ( ) . (3.8)

sol

It follows from (3.7) and (3.8) that for each N > Ny there exists an integer iy € {1,...,¢} such
that

Py (Mm [ao]) > (1 — eo) /4. (3.9)

Let jy =iy +1ifiy =1,...,£—1, otherwise jy = 1. Let {n"¥}x be a sequence in .A;»\J’V. Then,
from Lemma 3.4, there exists N1 > 1 such that for all N > Ny, we have

Pnl\] (HN § 6Nh0> S 60/5. (310)
We claim that for any N > max(Ny, N1) and t < eV we have

max [P, (n, € -) — un(-)[lTv > e. (3.11)
neXn

Once (3.11) is proven, then the conclusion of Theorem 2.2 is immediate by the definition of tY. (¢).
Let us prove (3.11). Let N > max(Np, N1) and t < e/V". We have

max By (" € ) = pn()llrv 2 [Pyv (0 € ) = ()| rv
neXn
> [Py (0" € [CL]°) — un([CH)°))]
> pv([CN]°) = Py (me" € [CR]°) - (3.12)
Since [CZ«]X,]C contains the set 7' (leN [av]), we have from (3.9) and (3.12)
mas B (' €)= v Ollry = v (! (Miglaa))) By (i € [C])
=Py (Miylao]) = Py () € €%
> (1—c0)/t— By () € [C1]°). (3.13)

Note that the event {n}¥ € [C%]C, Hy > e} is empty because ) = n € A%V and t < elVho,
Therefore, we have from (3.10)

By (' € [CN1%) = By (n € O] Hy < ™)

<P~ <HN < eNhO) < 80/5. (3.14)
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Note that by the choice of gy and € < £~!, we have
(1 —2¢e9)/0=(1/30) + (2¢/3) > e. (3.15)
Therefore, (3.11) follows from (3.13), (3.14), and (3.15), which completes proving Theorem 2.2. [

4. Proof of Lemma 3.4

In this section, we prove Lemma 3.4. Fix ¢ = 1,...,¢. We first observe that, starting from a
configuration n belonging to Aiv , the process can not reach A;-V ,Jj # 1 before exiting from CiN .
Therefore, if we can show

lim max P, (HN < eNhi) —0, (4.1)
N—oo nN eAi\’

Lemma 3.4 immediately follows from the definition of hy and (4.1).

In what follows, we fix i = 1,...,¢ and prove (4.1). Since i is kept fixed, we sometimes omit
dependence on i for some notation. Note that when the process starts from Aiv ,

Hy =inf {t >0:9) € [C]N]°}. (4.2)
Recall the definitions of Afv , BZN , and CiN from Section 2. We inductively define the sequence of

stopping times, denoted by 79 < og <11 <02 < < ---, as 19 =0,

op =inf{t > 7, :n € BN} and 7 =inf{t > op_1: 7" € AN UCN]}.

We avoid heavy notation by omitting dependence on N and ¢ for o} and 7. Note that we consider
the process starting from Afv and only up to exiting from CZ-N . We also consider the discrete-time
Markov chain Z}¥ defined by Z = nfi. Note that Z is a Markov chain on AN U [CN]¢. Let vy
be the exit time of Z,]gv from CiN

vy =inf{k e N: Z) € [c]]°}.

First, we estimate the one-step transition probability of Z ,iv from AfV to [CZN ]¢. A similar estimate
was given in Farfan et al. (2019, Lemma 24). We emphasize that no lower bounds of the dynamical
large deviation principle are needed in what follows.

N

i, we have

Lemma 4.1. There exists N, such that for any N > Ny and any sequence n™ € A
]P)nN (I/N = 1) < e Nhi,
In particular,

]rvna%v Pv(vy=1) < e Nhi,
ntveA;

Proof: Recall the formula (4.2) and fix any sequence n € .AZN . When the process starts from n%,
{vw =1} = {ng, € BY 7y €[]}
Therefore, from the strong Markov property, we have

]P)nN (l/N = 1) < sup [Pg (Tl = HN).
ceBN

Let {€)} n be a sequence in BY satisfying
Péév (7’1 = HN) = SUI])V[P% (T1 = HN) .
¢eB!
Let
) 1
hs = —limsup N log e (1 = Hp).

N—oo
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By the definition of h,, once we show hy > h;, there exists some No > 0 such that for any N > Ny
and any sequence nN € .AZN , we have

PnN (VN = 1) < Pfév (7’1 = HN) < B_Nhi,

and the conclusion follows.
To see hy > h;, we decompose the probability IP)E(J)\T (11 = Hy) into
Pgév (Tl =Hy,Hny > T) —I—Pg)v (7’1 =Hy,Hy < T)

for each T' > 0. Then, we have

—hy = hmsup—longN (11 = Hy)

N—o0
< max {hm sup — log P (m=Hy,Hy >T),limsup — log Pew (Hy < T)} (4.3)
N—o0 N N—o0 N

for any T > 0.
The probability

1
Nlongév (Tl =Hy,Hny > T)

can be handled by Lemma B.4. To see this, for each a > 0, let Mg, (a) be the a-open neighborhood
of Mso1 and Hy(a) be the hitting time of MY, (a)

Hy(a) =if{t>0:n) € MY (a)}.

On the event {1y = Hy, Hy > T}, the process starting from B does not hit M% («;) during [0, T
because C; does not intersect with the 7;-closed neighborhood of [Meor \ {2i}] by the conditions ()
and «; < 7y;. Therefore, on the event {ry = Hy, Hy > T}, and started from B2, we have

Hy(a;) > Hy > T.

Moreover, by Lemma B.4, there exist constants Ty, Cy, and Ny, depending only on «;, such that for
all N > Ny and all k£ > 1,

sup P, [I:TN(ai) > kTO] < g kCON
neXn

By letting k = (2h;)/Co, T = (2hiTy)/Cy in the previous display, we have

]P’gN (7'1 =Hy,Hy > T()) < sup ]P [E[N(az) > 'fo] < e*ZhiN (4.4)
neXn
for all N > Nj.
Let us turn to the probability

Because B; is compact in M, there exists a subsequence {fév’“}k of {¢¥} such that 7y ( év’“)
converges to some ¢ € B; as k — oco. Moreover, p is absolutely continuous with respect to the
Lebesgue measure on T because each configuration in Xy has at most one particle per site. Let
p: T — [0,1] be the density of o: o(df) = p(#)df. Taking a further subsequence if necessary, we
can also assume without loss of generality that the sequence {§év *1i satisfies

1 1
lim sup N log P (Hy <T)= lim A logIP’ Ny (Hn, <T)

N—oo k—oo IV
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For each T' > 0 and each set D C M, recall the definition of €7 (D), which was introduced in the
condition (/-3). Note that if D is a closed subset of M, €7 (D) is a closed subset of D([0, T, M4.).
When the process starts from B, we have

{Hy < T} C {nn(n") € €r(C5)}.

Therefore, by Theorem 3.2, we have

1
lim —

< < - i .
Jm logIP’gévk (Hn, <T) < inf  Ip(w|p)

WEQ:T(CZ-C)
Recall the definition of T ; and the condition (/3-3). For T, = max(fg, T1;), by the condition (/5-3)
the last expression is bounded by —(3/2)h;. Therefore, we have
1 ~
lim sup N log Pe (HN < TZ> < —(3/2)h;. (4.5)

N—oo

Taking T = Ty in (4.3), by (4.4) and (4.5), we have

1 ~ 1 ~
—h, < max{limsuplog]P’fN (TlN =Hy,Hy > To) ,limsup—log]P’gzv (HN < T@)}
N—o0 N 0 N—o0 N 0

1 ~
< max {—th,lim sup N logIP’gév (HN < Tl)}

N—oo

< max{—?hi, —(3/2)hi} < —hi,
concluding the proof. O

The proof of the following lemma is close to that of Farfan et al. (2019, Lemma 23), which shows
a similar bound in the case where C{ is replaced with Bloy; 9], for j # i. Since its proof relies on
several arguments performed in Farfan et al. (2019) and some parts of the proof is omitted, we give
a complete proof for reader’s convenience.

Lemma 4.2. Fizi=1,...,0 and any € > 0. There exist 5; = Bi(e) > 0 and T1; = T1(e) > 0
such that for any ' < B;,T" > Th,; and p(0)d € B[S'; ail,

inf Ip(m|p) > inf{Vi(o) : 0 ¢ Ci} —e. (4.6)
ﬂ'E@T/(C,f)

Proof: Assume that the conclusion of the lemma fails. Here, for any 8 > 0 and T > 0, there exist
B < B, T >T,p(0)do € B[f'; ;] and 7(t,d) € €+(C§) such that
Ip(7lp) < inf{Vi(o) : 0 ¢ C;} —&.
In particular, by letting 8 = 1/n and T' =1 for any n € N, there exist 8/, < 1/n, T, > 1, p,(0)df €
B[B,,; 0i] and 7, € €7 (Cf) such that
Iy (mplpn) < inf{Vi(o) : 0 € Ci} —&. (4.7)

By Lemma B.1, 7,(t, df) has a density py(t,0) for each t € [0,T),] and the trajectory m, — m,(t, df)
is continuous in M ;. By the definition of €7v (Cf) and the continuity of 7, there exists 0 < T}/ < T},
such that 7, (7)) € C¢.

Let D be the space of measurable functions p : T — [0, 1] endowed with the L2-topology and
define the function V; : D — R by

Vi(p) = Vi(p(0)db), p € D.

Note that V;(p;) = 0 and, by Farfan et al. (2019, Theorem 6), V; is continuous at p; in . Therefore,
there exists B; > 0 such that 65; < 7; and V;(p) < £/2 for any p € D satisfying ||p — pill2 < 25;.
Note that the set {p(8)dd : p € D, ||p — pil|2 < 2B;} is a closed subset of M.
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Define T/ > 0 by
T, =sup{0 <t < T : [pn(t,) — pi(-)|l2 < 26}

When the set inside the supremum is empty, let 7} = 0. Note that T < T}/ for any n € N. To
see this, we can assume that 7" > 0 and take a sequence 0 < t; T 7T,/ such that

o (tes ) — pi(-)|l2 < 284

for any k € N. Because this condition is closed under the weak topology, letting kK — oo provides
lpn (T3, ) = pi()ll2 < 284 (4.8)
By (3.2) and 68; < v;, we have

d(pn(T}), pi) < 3llpn(Ty), ) — pi(-)ll2 < 684 < 7.

Therefore, the fact m,(T”) € C¢ yields T < T". Let T, = T — T" and define the trajectory
7n(t,d0) = pn(t,0)d0 € D([0,T,], M) by 7, (t,db) = m,(t + 1), db) for t € [0,T,,].

For each § > 0 and T > 0, let Dp g be the set of trajectories 7(t, df) = p(t,6)d6 € D([0,T], M4 1)
such that ||p(t,-) — p(-)||2 > B for all 0 <t < T and all p € S. By Lemma B.3, there exists T} such
that

]ijnf Ir(m) > inf{V;(0) : 0 & Ci}. (4.9)
TEDTL By

On the other hand, by the construction of 7,, we have
It (mp) > Ifn(%n), (4.10)
and 7, € D= , for any n € N.

Tn:ﬁ‘}'
Let us consider the case that there exists n such that T,, > T}. Here, by (4.9) we obtain

Iz (n) = Iny (7n) > inf{Vi(0) : 0 ¢ Ci},

contradicting (1.7) and (4.10). Therefore, it remains to consider the case that T, < T; for any
n € N.

Assume that T;, < T} for any n € N. Here, we extend 7, as a trajectory in D([0,T}], M) in the
following way

5 <t<T,
it = {7600 0<e<T,
pu(t —Tp,0)d0, T, <t<T;,

where p,, is the solution to the Cauchy problem (3.4) with the initial condition p,(7}). By Lemma
B.2, we have

I, (7) = Iz (Tn)-
Therefore, by (4.7) and (4.10), we have
I, (7n) < inf{Vi(e) : 0 ¢ Ci} —e.
Since I, has compact level sets, there exists a subsequence of 7, converging to some 7(t, df)) =
p(t,0)df € D([0,T+], M4 1) such that
() 17(0,) - piC)ll2 < 261, i
(ii) There exists some 0 <7T" < T% such that 7(T) € Cf.
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To see (i), we must consider cases T} > 0 and 7, = 0. In the former case, (i) follows from (4.8).
In the latter case, (i) follows from 7,(0) = 7, (7)) = m,(0) € B[1/n;p;], thereby, p(0) = p;. (ii)
follows from 0 < T), < Ty, %n(fn) = m,(T)) € C¢ and 7, converges to 7 in the uniform topology.
Moreover, because I, is lower semicontinuous, we have

I,(7) < liniinf I, (7n) < inf{Vi(o) : 0 ¢ Ci} —&.

By (i) and the choice of B, there exist some 7O > 0 and a trajectory 70 ¢ D(Jo, T(O)],M+)
such that 7(0(0) = g;, 7#O(T©) = 7(0) and Iy (7)) < /2. Let T = T(®) + T and define the
trajectory m € D([0,T], M) by
7O (t,dp), 0<t<TO),

7 (t,df) = {%(t 7O d4p), TO <t<T.

Then we have
Ip(w) = Ipo (7)) + I, (7) < inf{Vi(0) : 0 & Ci} —¢/2.
Finally, since the trajectory = satisfies 7(0) = 7 (0) = g; and «(T) = 7(T) € C¢, by the
definition of V;, we have
Ir(m) = inf{Vi(e) : 0 & G-
This contradicts the penultimate display, which completes proving the lemma. ]

Secondly, we show that the process does not escape quickly from CiN with probability less than
one half. Moreover, this occurs uniformly in the starting points in AY.

Lemma 4.3. There exists To > 0, such that

lim max PnN (7'1 S TQ) =0.
N%OOnNG_A?’

In particular, there exist Ty > 0 and N3 > 0 such that for any N > N3 and sequence n¥ € AlN, we
have

IFDWN (11 >To) > 1/2.

Proof: Let Ty > 0. The probability in the lemma can be decomposed into
[P)nN (T1 < TQ,?],JF\IT € Afv) —FPT)N (7'1 < T2,777]_\1[ € [CZN]C) . (411)

By the definition of vy, P, ~ (vx = 1) bounds the second probability in (4.11). From Lemma 4.1,
this probability vanishes as N — oco. However, by the strong Markov property the first probability
in (4.11) is bounded above by

By [Py (1 < Toynl € AV (4.12)

Recall the definition of €z, (B[ay; 0:]), which is introduced in the condition (3-3). Note that (4.12)
is bounded by

gJIVneaéiN Pen (nN : 7TN(T},N) € Cp, (Blag; @Z])) = ggleaé\’ Qen (Cq, (Bla; 04])) -

Let {€)'} n be a sequence satisfying

Qe (€1, (Bloy; @i)) = max Qen (€, (Blow; ail)) -

eNeBN
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Performing a similar argument, as we did in the proof of Lemma 4.1 (see the paragraph after (4.4)),
there exists a subsequence {{év’“}k of {¢}'} n such that {fév’“}k is associated with some p : T — [0, 1]
with p(0)df € B; and

1 log ngfk (Cq, (Blag; 0i])) -

= lim
k—oo Ny,

. 1 _
lim sup N log Qgé\’ (€1, (Bla; 0i]))

N—o0
Then, by Theorem 3.2, the right-hand side of the last display is bounded above by

— inf It (7lp).
e, (Blay;ai) z:(7lp)

It remains to show that there exists 75 > 0 such that

inf It (mlp) > 0. 4.13

welr, (Blai;il) TZ( 2 ( )

To see this, for each p(0)df € B;, let p; be the solution to the Cauchy problem (3.4), with the initial
condition p. Let 7()(p) be the first entrance time of p; into Blay; g;, that is,

7O (p) =inf {t > 0: py € Bloy; 8]} -

Note that 7(9(p) is finite because by (8-2), p; converges to p; as t — oo for any p(0)dd € B;.
Moreover, from Corollary A3, the application p(0)df € B;NM, 1 — 7()(p) is lower semicontinuous
with respect to the weak topology. Let T5 be the constant defined by

Tp = inf {T“‘) (7) : p(0)d0 € Bi} — min {T@ (3) : p(0)d € Bi} .

The second equality follows from the compactness of B; and the mentioned lower semi-continuity of
7 Note that it is not difficult to see that T > 0. Let To = Ty /2.

Before turning to show (4.13), we see that some 7 € €, (Blay; 05]) attains the infimum in (4.13).
Indeed, let us take any 7" € €, (Blay; 05]) satistying I, (7'|p) < oco. Because I, (-|p) has a compact
level set and €p, (B[ay; 04]) is closed, the subset of D([0,T5], M) defined by

¢ .= {m € Cp,(Blas; ai)) : Iy (w|p) < I, (7'|p)}

is a compact subset of D([0,T2], M). Because Iz, (-|p) is lower semicontinuous, there exists some
7 € Cp, (Bla; 0i]) such that

I, (7|p) = inf I = inf I .

n(®lp) = lf In(rlp) = il 2P
Therefore, ™ € €, (Blay; 0;]) can attain the infimum in (4.13).

Now, assume that I, (7|p) = 0. Here, from Lemma B.2, the density of 7(t,df), denoted by
p(t,0),0 < t < Tp, is the weak solution to the Cauchy problem (3.4) with the initial condition p.
However, this contradicts ™ € €p,(B[ay; 05]) and p(0)d0 ¢ Bla; o] for any 0 < t < T. Therefore,
(4.13) has been shown, completing the proof of Lemma 4.3. O

Invoking Lemmata 4.1 and 4.3, proving Lemma 3.4 is similar to the one of Freidlin and Wentzell
(1998, Chapter 4, Theorem 4.2).

Proof of Lemma 3./: As mentioned in the first paragraph of this section, to prove Lemma 3.4 it is
enough to show (4.1). Fix any sequence n"V € AN, such that

()

PT]N (HN < eNhi) = max IP’CN (HN < eN}“) .
¢NeAalN

First, note that

P (Hy < M) <Py (m = Hy) + By (n < Hy, Hy < V).
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The first probability of the right-hand side equals
PnN (I/N = 1) s

and vanishes as N — oo by Lemma 4.1. On the other hand, by the strong Markov property, the
last probability of the penultimate display is bounded by

o)
ZEWN [1 {7’1 < HN}]P)??-]r\i (I/N = k‘,HN < eNhi)] .
k=1

Note that, on the event {73 < Hy}, we have 774\1[ € AN. Let Ty be the constant chosen according

to Lemma 4.3. We also let my = ((3/T2)6N1/2hﬂ, where [-] denotes the ceiling function. For any
configuration ¢V € AN, we have

Z]P)fN (VN = k,HN < eNhi)
k=1

00
SPex (vv <mn)+ Y Pen (VN =k, 7 < eNhi)

k=mpn
< ]P)EN (l/N < mN) + PEN (I/N ZMN, Tmy < eNh"”) . (4.14)

From Lemma 4.1,
Pen (vy =1) < e Vhi,
for any N sufficiently large and any ¢V € Afv . Therefore, by the strong Markov property, we have
Pen (vn > my) > (1 — ehoi)mN )
As the right-hand side of the last expression converges to 1 as N — oo, we have

lim max Py (vy <my) = 0.
N—o0 fNeAzN

Let us address the second probability in (4.14). From the trivial decomposition
Tmy = (TmN - TmN—l) + (Tmel — TmN72) +---+ (7'1 — 7'0) ,

Tmy can be bounded below by

my

Tng{Tk — Th—1 > TQ} =: Rn.
k=1

Therefore,

Pew (v = i, 7y <€) < Pew (vn 2 my, Ry < )

R
< Pen (l/N > my, TQWJ;’N < 1/3> .

Note that Ry /T5 is the sum of independent Bernoulli random variables. Moreover, by Lemma 4.3,
there exists N, such that, for any N > N4 and any configuration ¢V € .AZN , under Pen and on the

event {vy > my} the mean of each increment of Ry /T5 is larger than 1/2. Therefore, the last
probability vanishes as N — oo uniformly in &V € .Af-v . Therefore,

lim max ]P’EN (l/N > MN, Ty < eNhl) =0,
N—>00§N€AZI-V

completing the proof of (4.1) and, hence, Lemma 3.4. O
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5. Hitting times of rare events

In this section, we study the hitting times of rare events in the case where;
(UM) the potential V' has a unique minimum.

Denote by p, the position at which the minimum of V' is attained. As before, let p,(6) = ps,0 € T
and 0.(df) = p.(6)dl, respectively.
Fix an open subset O of M such that O N M ; # 0 and

d(0x,0) := inf d(o«, 0.
(0+,0) inf (0+,0) >
Note that
un(ON) =Py (0) < Py (0 € My 1 d (0, 0) > d(ox, 0)).

Under condition (UM), the semi-linear elliptic equation (3.3) admits a unique classical solution
given by p.. Therefore, by Lemma 3.1 the last expression vanishes as N — co. Thus, we have

lim un(ON) =0. (5.1)
N—o00

We apply our large deviation estimates and some mixing time estimates to show the convergence
of hitting times of rare events. Therefore, let H](\? be the hitting time of OV

HY =inf{t >0:7" ¢ OV},
To establish the convergence of H ](\9[, we need the following result, which is Lemma 3.4 in this setting.

Lemma 5.1. Let v, = d(g«,O). There exists 0 < a < 7«, such that

lim max P~ (H](\Q, < eNh*) =0,
N—ocoyNeaN

where
A* = B(Oé*, @*)
2h, :=inf{V,(0) : 0 ¢ Cx = B(v«,0+)} > 0,
Vilo) :=inf {Ir(7|ps) : T > 0,7 € D([0,T], M4), 70 = 0}, o©0€ M.
For two real-valued sequences ay, and by, we denote ay < by if ay /by — 0 as N — co. Recall
the definition of the mixing time tY, (£). Assume that for some a > 0;
(MT) . (1/4) < N°.
As mentioned before, in Tanaka and Tsunoda (2020), it has been shown that, for any attractive

reaction—diffusion model with a strictly convex potential we have ¢, (1/4) = O(log N), where O

mix
denotes the Bachmann—Landau notation. Therefore in this case (MT) is satisfied.
We also need the static large deviation principle for empirical measures. More precisely, we

assume the following static large deviation principle (SLDP).

(SLDP) The sequence of probability measures {Py}ny on M satisfies a large deviation principle
with speed N and rate function V.. Namely, for each closed set I C M,

1
lim sup — log Pn (K) < — inf Vi (o),

N%oop N 8P (K) < 0ek (0)
and for each open set U C M,

1
o1 . .
lim inf - log Py (U) = — inf Va(e)
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Under condition (C) in Remark 3.3 and (UM), (SLDP) has been established in Farfan et al. (2019).
Note that we use the upper bound of (SLDP) only in the following argument.

Before stating the next result, let us return to Example 2.1 to see an example that satisfies the
conditions (UM), (MT), and (SLDP).

Example 5.2. Recall the jump rate given in Example 2.1 for 0 < v < 1, and define

c(n) = 1+7(1 = 29(0)(n(1) +n(=1) = 1) +*(2n(~1) = 1)(2n(1) - 1).
(UM) holds if, and only if, 0 < v < 1/2, (C) holds if, and only if, 0 < v < 1/2 and V is strictly
convex if 0 < v < 1/2. Thus, the jump rate c satisfies (UM), (MT), and (SLDP) for any 0 <y < 1/2.

Our second main result is as follows.

Theorem 5.3. Assume the conditions (UM), (MT) and (SLDP). Then, for any sequence n™ € AN,
H](\Qf/]EuN [HS] under P~ converges in distribution to a mean one exponential random variable.

Theorem 5.3 follows from a general result established in Benois et al. (2013). We first state their
result alongside our setting and then prove Theorem 5.3.

Recall the definition of the generator Ly. Define the jump rates Ry (n,&),n,& € Xn using the
formula

feXn

Let An be a sequence of subsets of X and Hy4, be the hitting time of Ay
Hy, =inf{t >0:9Y € Ayx}.

Denote the average rate at which the process jumps from A%, to Ax by ry (A%, An)

! > un(€)RN(E An),

r S AN) = ————
~N(A%N, AN) MN(A?V)geA;'\,

where RN(£7 AN) = ECGAN RN(&) C)
The following result has been established in Benois et al. (2013).

Theorem 5.4 (Benois et al. (2013, Corollary 1.2)). Let Ax be a sequence of subsets of Xy such

that
Jim pn(An) =0, (5.2)
tix(1/4) < ry (A%, An) 7Y, (5.3)
and there exists a sequence Sy such that
tovix(1/4) < Sy < By [Hayl. (5.4)
Further, let {vn}n be a sequence of probability measures on X such that
]\}iinoo P,y [Hay < Sn| = 0. (5.5)

Then, Hay /Euy[Hay] under P, converges in distribution to a mean one exponential random
variable.

We can now prove Theorem 5.3.

Proof of Theorem 5.5: For Theorem 5.4, to prove Theorem 5.3, it is enough to show (5.2)-(5.5) in
the case Ay = OV and vy = d,~ for a given sequence nN e AN,
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Fix any sequence ¥ € AY. Note that (5.2) is nothing but (5.1), and (5.5) holds with Sy =
e=/2N by Lemma 5.1. Moreover, the lower bound of (5.4) with Sy = e(/2N is clear by (MT).
The upper bound of (5.4) can be computed as

By [HY) = Y Ee [HY] pn(€)
feXn
> 3 B [HG1{HG > e H v (©)
(AN
> elVh Z Pe (H](\? > eNh*) pun(&) > %eNh*,UN (AY).
EcAY

In the last inequality, we have used
1
P <H](\9, > eNh*) > 2,

for N sufficiently large and any ¢ € AL (this bound follows from Lemma 5.1). By Lemma 3.1, we
have un(AY) > 1/2 for N sufficiently large. Thus, we have shown the upper bound of (5.4). By
(MT), to conclude the proof, it is enough to show that there exists b > 0 such that

rn([ON]°,0N) < eV, (5.6)

for N sufficiently large.
Let us prove (5.6) for some b > 0. Let O be the outer boundary of O:

aON: U {n¢0N:nx,z+leoN} U U {U%ONI’OQJEON} ]

.Z‘E']TN $ETN

Note that for each ¢ € [ON]¢, Ry (€, 0N) = 0 unless ¢ € 0OV and that
Ry(&,0M) < Y Ru(§,¢) < N?/2+ NJlc]|oo.
CeXn
Then we have

1

TN([ON]C7 ON) = m

N 4 MN(aON)
gg(;v pn(§)RN(E,07) <N m»

for N sufficiently large.
By (5.1), we have

lim uy([OV]°) = 1.

N—oo

To estimate pun(0ON), let K be the closed set B(au, o). Then we have 0O < KV for N
sufficiently large and by Lemma B.5, we have

inf V, > 0.
inf (0)

Since
pn (00N) < v (KY) = P (K),
it follows from the upper bound of (SLDP) together with the previous bound that

1
lim sup — lo A0N) < — inf Vi(o).
msup gun(007) < inf ()
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Summarizing the previous arguments, we obtain

N |
rn([ON]6, ON) < exp {2 ;QIEV*(Q)} ,

for N sufficiently large. Thus (5.6) is proven, completing the proof of Theorem 5.3. O

Appendix A. Reaction-diffusion equation

For reader’s convenience, we collect miscellaneous lemmata from Landim and Tsunoda (2018);
Farfan et al. (2019) which are used in this paper. When we need a generalization of existing results,
we give a proof for the sake of completeness.

The following standard result is used for proving Proposition A.2.

Lemma A.1 (Farfan et al. (2019, Lemma 7)). There exists a constant Co > 0 such that for any

weak solutions p’, j = 1,2, to the Cauchy problem (3.4) with the initial condition p% and for any
t>0,

ot = Pill2 < e“°|1pt — p3l2-

The following proposition is a generalization of a part of Farfan et al. (2019, Lemma 8). If we
take pg as a stationary solution to the Cauchy problem (3.4), Farfan et al. (2019, Lemma 8) can be
recovered.

Proposition A.2. Let py : T — [0, 1] be a measurable function and pi(0) = p(t,8) be the unique
weak solution to the Cauchy problem (3.1) with the initial condition py. For any >0 and T > 0,
there exists 0 < [y < B, depending only on B and T, such that for any measurable function pg :
T — [0, 1] with po(68)do € B|Po; po], we have p(t,0)dd € B[S; pt] for all 0 <t < T, where p(t,0) is a

unique weak solution to the Cauchy problem (3.4) with the initial condition py.

Proof: Fix § > 0 and T > 0. Let pgp : T — [0,1] be a measurable function and p.(8) = p(t,0)
be the unique weak solution of the Cauchy problem (3.4) with the initial condition py. Recall the
definition of the complete orthogonal normal basis {ex; k € Z} introduced before (3.1).

Because p;(0) is a weak solution to the Cauchy problem (3.4), for any weak solution p;(0) = p(t,0)
to the Cauchy problem (3.4), with the initial condition py, we have

. /O ds ([ — ps), Aex) + /0 ds ([F(72) — F(ps)] ex)| .

~ - 1
d(pt, pt) < d(po, po) + ke% oI

The first term of the right-hand side is bounded by 5/2 if py € B[3/2; po]. However, the sum is less
than or equal to

1
> S {(2nk)? +2||F||s } =: C1 8,
kEZ

because ps, ps are bounded by 1, F' is bounded, and ||ex||2 = 1. Hence, if we set T} = 3/2C1, we
have

pe(0)do € B[B; pdl, (A1)

for any po(6)dd € B[B/2; po] and any 0 <t < T7,
Let P; be the semigroup on L?(T) generated by (1/2)A. Then, by Duhamel’s formula, we have

t
ot — pell2 < | Pe(po — po)ll2 + /0 | Pi—s [F'(ps) — F(ps)]lly ds
< ||1P(po — po)ll2 + tIIF'||co- (A.2)
Let Ty = min{T, Ty, B/ (6e“°T|| F’||0)}.



Reaction—diffusion model 1181

Because P;(po— po) is a solution to the heat equation, there exists some 0 < Sy < /2, depending
only on 3 and T, such that for any py(6)df € B[5o; po]

1P, (Po — po)ll2 < B/(6e°T). (A.3)

See the paragraph after (3.10) of Farfan et al. (2019) for details. Let Cy be the constant appearing
in Lemma A.1. Then, by (A.2), (A.3), and Lemma A.1, we have

17 = pill2 < €@ B, — pry |12 < B/3, (A.4)
for any po(0)df € B[Bo; po] and To <t < T.

Therefore, it follows from 7o < T7, (3.2), (A.1), and (A.4) that p.(6)d € B[B; p¢] forany 0 < ¢ < T
provided po(0)df € B[Bo; po], which completing the proof of Proposition A.2. O

Because of Proposition A.2, we can obtain the following corollary.

Corollary A.3. Under the notations of the proof of Lemma /.3, the application p(6)df € B; N

My = 7(® (p) is lower semicontinuous with respect to the weak topology. Namely, for any fized
p(0)dd € BN M 1 and for any sequence {p,(0)d0}, in B; N M 1, which converges to p(0)df in
the weak topology, we have

7@ (p) < liminf 9 (py,).

Proof: This corollary is a direct consequence of Proposition A.2. To see this, take any p(0)df €
B; N M 1 and any sequence {p,(0)df}, in B; N M ;1 converging to p(#)df in the weak topology.
We can assume the loss of generality that 7()(p) > 0.

Let p(t) and p,(t) be the unique weak solutions to the Cauchy problem (3.4) with the initial
conditions p and p,, respectively. Since Bla;; ;] is closed, it follows from the definition of 7()(p)
that p(7%(p)) € Blay; 03] and p(t) ¢ Blai; 0] for any 0 < ¢ < 70(p).

Fix the small € > 0 and let t. = 7()(p) — ¢ > 0. Since Blay; ;] is closed and p(t.) ¢ Bloy; 01, we
have

a. = inf{d(p(t:), p) : p € Blay; 0:]} > 0.
By applying Proposition A.2 for = a./2 and T = t., there exists 8. < a./2 such that for any
measurable function py : T — [0, 1] with po(6)df € B[B:; po], we have p(t,0)dd € Blae/2; pi] for all
0 <t < t., where p(t,0) is a unique weak solution to the Cauchy problem (3.4) with the initial
condition py. Then we have p,(t) ¢ Blay; 0;] for any 0 < ¢ < t. if p,,(6)dO € B[Se; po]. Therefore,
for any large enough n, we have
te < T(Z)(pn)
Taking n — oo and € — 0 completes the proof of Corollary A.3. ]

Recall the definitions of p;, p;, and g; from Section 2. Note that x € (0,1) is a limit point of the
dynamical system

d
%xt = _F(xt)v
if, and only if, x = p;,i = 1,...,£. The following result shows that the constant function p; is a

local attractor of the dynamical system defined by (3.4) with respect to the weak topology.

Lemma A.4 (Farfan et al. (2019, Lemma 11)). Let € > 0 and ¢ = 1,...,£. There exists v; > 0
such that for any density condition p : T — [0,1] such that p(6)d0 € B(vi;0i), pt converges in the
supremum norm to p;, as t — oo, where py(0) = p(t,0) is a unique weak solution to the Cauchy
problem (3.4) with the initial condition p. Moreover, m(df) = p(t,0)dd belongs to B(e; 0;) for all
t > 0.

Lemma A.4 immediately implies the following result.
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Corollary A.5. For eachi=1,...,¢, we have

inf {d(éu é) 10 € MSO]7 0 7é @z} > 0.

Appendix B. Dynamical rate function

In this appendix, we collect miscellaneous lemmata regarding the rate function of the dynamical
large deviation principle

Lemma B.1 (Landim and Tsunoda (2018, Proposition 4.1)). Fiz T > 0 and a measurable function
p:T —1[0,1]. Let w be a trajectory in D([0,T], M) such that I7(r|p) is finite. Then m belongs to
C([0,T), M4 1) and (0,d) = p(0)d6.

Lemma B.2 (Landim and Tsunoda (2018, Corollary 4.6)). Fiz T > 0. The density p of a trajectory
w(t,df) = p(t,0)do in D([0,T], M4 1) is the weak solution to the Cauchy problem (3.4) with initial
condition po if, and only if, I7(m|po) = 0.

Recall the definition of D7 g defined before (4.9).

Lemma B.3 (Farfan et al. (2019, Lemma 14)). For each 5 > 0 there exists T = T(5) > 0 such
that

inf IT(T(') > 0.
WEDTJ;

In particular, for each B> 0 and each A > 0 there exists T =T (B, A) > 0 such that

inf I > A.
2B, 10 =

The first assertion of Lemma B.3 is proven in Farfan et al. (2019, Lemma 14), whereas the second
assertion follows from the first one and noting that for each 8 > 0,7 > 0 and k € N

inf 1, >k inf I .
TI'E%lkTyg kT(ﬂ.) - NGIBT’B T(ﬂ-)

Recall the definitions of Mg(a) and Hy(a), which are defined after (1.3).

Lemma B.4 (Farfan et al. (2019, Lemma 21)). For each o > 0, there exist Ty, Coy, Ng > 0, depending
on «, such that, for all N > Ny and all k > 1,

sup P, [ﬁN(a) > k:TO] < e kCON,
neXn

Lemma B.5 (Farfan et al. (2019, Lemma 30)). For eachi=1,...,¢ and each o > 0, we have

inf {Vi(0) : 0 & B(a; 1)} > 0.

Acknowledgements

The author gratefully acknowledges Professor Tanaka Ryokichi for providing many comments on
an earlier version of this paper, significantly improving the presentation of the paper. He is also
grateful to the anonymous referee for his or her comments on the paper, which helped to improve the
presentation very much. This work is supported by JSPS Grant-in-Aid for Early-Career Scientists
Grant Number 18K13426, JST CREST Mathematics (15656429).



Reaction—diffusion model 1183

References

Benois, O., Landim, C., and Mourragui, M. Hitting times of rare events in Markov chains. J. Stat.
Phys., 153 (6), 967-990 (2013). MR3131505.

Bertini, L., Butta, P., and Pisante, A. On large deviations of interface motions for statistical
mechanics models. Ann. Henri Poincaré, 20 (6), 1785-1821 (2019). MR3956160.

Bertini, L., De Sole, A., Gabrielli, D., Jona-Lasinio, G., and Landim, C. Large deviations for the
boundary driven symmetric simple exclusion process. Math. Phys. Anal. Geom., 6 (3), 231-267
(2003). MR1997915.

Bertini, L., De Sole, A., Gabrielli, D., Jona-Lasinio, G., and Landim, C. Macroscopic fluctuation
theory. Rev. Modern Phys., 87 (2), 593-636 (2015). MR3403268.

Bodineau, T. and Giacomin, G. From dynamic to static large deviations in boundary driven exclu-
sion particle systems. Stochastic Process. Appl., 110 (1), 67-81 (2004). MR2052137.

De Masi, A., Ferrari, P. A., and Lebowitz, J. L. Reaction-diffusion equations for interacting particle
systems. J. Statist. Phys., 44 (3-4), 589-644 (1986). MR857069.

De Masi, A. and Presutti, E. Mathematical methods for hydrodynamic limits, volume 1501 of Lecture
Notes in Mathematics. Springer-Verlag, Berlin (1991). ISBN 3-540-55004-6. MR 1175626.

Farfan, J. Static large deviations of boundary driven exclusion processes. ArXiv Mathematics
e-prints (2009). arXiv: 0908.1798.

Farfan, J., Landim, C., and Mourragui, M. Hydrostatics and dynamical large deviations of boundary
driven gradient symmetric exclusion processes. Stochastic Process. Appl., 121 (4), 725-758 (2011).
MR2770905.

Farfan, J., Landim, C., and Tsunoda, K. Static large deviations for a reaction-diffusion model.
Probab. Theory Related Fields, 174 (1-2), 49-101 (2019). MR3947320.

Freidlin, M. I. and Wentzell, A. D. Random perturbations of dynamical systems, volume 260 of
Grundlehren der mathematischen Wissenschaften. Springer-Verlag, New York, second edition
(1998). ISBN 0-387-98362-7. MR 1652127.

Gabrielli, D., Jona-Lasinio, G., and Landim, C. Onsager reciprocity relations without microscopic
reversibility. Phys. Rev. Lett., 77 (7), 1202-1205 (1996). MR 1400378,

Hinojosa, A. Exit time for a reaction diffusion model. Markov Process. Related Fields, 10 (4),
705-744 (2004). MR2127751.

Hinojosa, A. Exit time for a reaction diffusion model: case of a one well potential. Braz. J. Probab.
Stat., 32 (4), 783-794 (2018). MR3845029.

Jona-Lasinio, G., Landim, C., and Vares, M. E. Large deviations for a reaction diffusion model.
Probab. Theory Related Fields, 97 (3), 339-361 (1993). MR 1245249.

Keilson, J. Markov chain models—rarity and exponentiality, volume 28 of Applied Mathematical
Sciences. Springer-Verlag, New York-Berlin (1979). ISBN 0-387-90405-0. MR528293.

Kipnis, C. and Landim, C. Scaling limits of interacting particle systems, volume 320 of Grundlehren
der mathematischen Wissenschaften. Springer-Verlag, Berlin (1999). ISBN 3-540-64913-1.
MR1707314.

Labbé, C. and Lacoin, H. Cutoff phenomenon for the asymmetric simple exclusion process and the
biased card shuffling. Ann. Probab., 47 (3), 1541-1586 (2019). MR3945753.

Labbé, C. and Lacoin, H. Mixing time and cutoff for the weakly asymmetric simple exclusion
process. Ann. Appl. Probab., 30 (4), 1847-1883 (2020). MR4132639.

Lacoin, H. The cutoff profile for the simple exclusion process on the circle. Ann. Probab., 44 (5),
3399-3430 (2016a). MR3551201.

Lacoin, H. Mixing time and cutoff for the adjacent transposition shuffie and the simple exclusion.
Ann. Probab., 44 (2), 1426-1487 (2016b). MR3474475.

Lacoin, H. The simple exclusion process on the circle has a diffusive cutoff window. Ann. Inst.
Henri Poincaré Probab. Stat., 53 (3), 1402-1437 (2017). MR3689972.


http://www.ams.org/mathscinet-getitem?mr=MR3131505
http://www.ams.org/mathscinet-getitem?mr=MR3956160
http://www.ams.org/mathscinet-getitem?mr=MR1997915
http://www.ams.org/mathscinet-getitem?mr=MR3403268
http://www.ams.org/mathscinet-getitem?mr=MR2052137
http://www.ams.org/mathscinet-getitem?mr=MR857069
http://www.ams.org/mathscinet-getitem?mr=MR1175626
http://arxiv.org/abs/0908.1798
http://www.ams.org/mathscinet-getitem?mr=MR2770905
http://www.ams.org/mathscinet-getitem?mr=MR3947320
http://www.ams.org/mathscinet-getitem?mr=MR1652127
http://www.ams.org/mathscinet-getitem?mr=MR1400378
http://www.ams.org/mathscinet-getitem?mr=MR2127751
http://www.ams.org/mathscinet-getitem?mr=MR3845029
http://www.ams.org/mathscinet-getitem?mr=MR1245249
http://www.ams.org/mathscinet-getitem?mr=MR528293
http://www.ams.org/mathscinet-getitem?mr=MR1707314
http://www.ams.org/mathscinet-getitem?mr=MR3945753
http://www.ams.org/mathscinet-getitem?mr=MR4132639
http://www.ams.org/mathscinet-getitem?mr=MR3551201
http://www.ams.org/mathscinet-getitem?mr=MR3474475
http://www.ams.org/mathscinet-getitem?mr=MR3689972

1184 Kenkichi Tsunoda

Lacoin, H. and Leblond, R. Cutoff phenomenon for the simple exclusion process on the complete
graph. ALEA Lat. Am. J. Probab. Math. Stat., 8, 285-301 (2011). MR2869447.

Landim, C. Metastable Markov chains. Probab. Surv., 16, 143-227 (2019). MR3960293.

Landim, C. and Tsunoda, K. Hydrostatics and dynamical large deviations for a reaction-diffusion
model. Ann. Inst. Henri Poincaré Probab. Stat., 54 (1), 51-74 (2018). MR3765880.

Levin, D. A. and Peres, Y. Markov chains and mizing times. American Mathematical Society,
Providence, RI (2017). ISBN 978-1-4704-2962-1. MR3726904.

Lubetzky, E. and Sly, A. Cutoff for the Ising model on the lattice. Invent. Math., 191 (3), 719-755
(2013). MR3020173.

Tanaka, R. and Tsunoda, K. Glauber-Exclusion dynamics: rapid mixing regime. ArXiw Mathematics
e-prints (2020). arXiv: 2011.13158.


http://www.ams.org/mathscinet-getitem?mr=MR2869447
http://www.ams.org/mathscinet-getitem?mr=MR3960293
http://www.ams.org/mathscinet-getitem?mr=MR3765880
http://www.ams.org/mathscinet-getitem?mr=MR3726904
http://www.ams.org/mathscinet-getitem?mr=MR3020173
http://arxiv.org/abs/2011.13158

	1. Introduction
	2. Notation and Results
	3. Proof of Theorem 2.2
	4. Proof of Lemma 3.4
	5. Hitting times of rare events
	Appendix A. Reaction-diffusion equation
	Appendix B. Dynamical rate function
	Acknowledgements
	References

