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Coagulation dynamics under environmental noise:

Scaling limit to SPDE
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Abstract. We prove that a system of locally interacting diffusions carrying discrete masses, subject
to an environmental noise and undergoing mass coagulation, converges to a system of Stochastic
Partial Differential Equations (SPDEs) with Smoluchowski-type nonlinearity. Existence, uniqueness
and regularity of the SPDEs are also proven.
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1. Introduction

Environmental noise in deterministic or stochastic interacting particle systems is a space-
dependent noise acting on all particles, opposite to the more common independent noise for each
particle. For particles in a fluid, the environmental noise may be an idealized description of a tur-
bulent fluid. An example which motivates the model studied in the present work are the small rain
droplets of which clouds are made. Droplets move in the cloud due to the force exerted on them
by the surrounding turbulent air, and coagulate when they become sufficiently close to each other.
We introduce a particle system modeling these two phenomena and investigate its scaling limit to
a continuous density model, which is a stochastic Smoluchowski system. Opposite to independent
noise for each particle which becomes a Laplacian in the scaling limit, the environmental noise yields
a stochastic transport term in the continuous limit. Raindrop formation in turbulent fluids has been
studied in the Physics literature Saffman and Turner (1956); Falkovich et al. (2002); Bodenschatz
et al. (2010); Pumir and Wilkinson (2016); our paper provides foundational results on the particle
system viewpoint and its continuum limit to a Stochastic Partial Differential Equation (SPDE).

We model the individual rain droplets as diffusions on R%, d > 1, with a small molecular diffusivity,
and subject to a common Stratonovich transport-type noise. Any pair of particles has a propensity
to coagulate into one, combining their masses, when their positions get locally close to each other.
Without the common noise, this is in the spirit of classical Smoluchowski coagulation model which
leads to his famous PDEs Smoluchowski (1916, 1918), mathematically derived before in the kinetic
limit from interacting particle systems in Lang and Nguyen (1980); Hammond and Rezakhanlou
(2007a, 2006). We prove in this work that as the total number of particles in our system tends to
infinity, the empirical measures as indexed by mass parameter, converge to a system of SPDEs with
the same Stratonovich transport-type noise. From Stratonovich-to-It6 correction, we obtain an extra
second-order divergence-form operator, the “eddy diffusion”. This opens the door to the investigation
of diffusion and coagulation enhancement, along the lines of Flandoli (2011, 2022+ ); Flandoli et al.
(2010); Delarue et al. (2014); Galeati (2020); Flandoli and Luo (2020); Flandoli et al. (2021) and
references therein (also for other independent works on mixing or diffusion enhancement). We stress
that the philosophy underlying the emergence of enhanced diffusion starting from a transport-type
noise and through a suitable scaling limit was first discovered by Galeati (2020). Numerical results
are recently obtained for a closely related coagulation model in Papini (2021).

Given a filtered probability space (2, F,{F;},P), for each N € N consider an interacting particle
system in R?, d > 1, consisting initially of N(0) = N particles. Each particle i has a position

zN(t) € R? and carries an integer mass m (¢), which takes values in

1

S:={1,2,...,M,0},

where M € N is the largest possible mass, and () is a fictitious element. The particles are subject to
pairwise coagulation, at which time some particles may cease to be active in the system. So long
as particle i is still active (how the index set changes when a coagulation event happens will be
explained below), its position ¥ (¢) obeys the SDE:

da (t) =Y op (2 (1) o dW/ +XdBi(t), i€ N() (1.1)

keK

where o denotes Stratonovich integration, scalar A > 0, N'(t) C {1, ..., N} denotes the set of indices
of active particles at time ¢, whose cardinality |N'(t)] = N(t) < N, K is a finite set, {W}}rex is
a given finite collection of independent standard Brownian motions in R, and {;(t)}°, are given
independent standard Brownian motions in R?, {0} (2)}rex are given divergence-free vector field of
class C2°(R% R?), where C§°(-) denotes the space of smooth functions with derivatives of all orders
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uniformly bounded. Following Coghi and Flandoli (2016), we call

dw AW}
ﬁ(ta T) = Z Uk(fﬁ)w
kK

the environmental noise or common noise acting simultaneously on all particles. We denote the
d X d spatial covariance matrix of # by

Qz,y) == Z or(z) @ ok (y). (1.2)
kek

As the set K is finite, we do not assume () is spatially homogeneous as in some prior studies using
such transport noise.
From Stratonovich to Itd, (1.1) can be equivalently written as

da (1) = 3 oy (N (1) dWF + ;Z(vgk o) (@N(8) dt + AdBi(t), i€ N(D)

keK keK

where component-wise,
(Vo - o)™ (x) Zok x)0gop(z), a=1,...d. (1.3)

The initial masses {m;(0)}Y, are chosen i.i.d. from {1,..., M} with probability r,, to be mass
m, so that Z 1 "m = 1; and once the masses are determmed the distributions of x;(0),i = 1,2, ..
are 1ndependent Wlth densrcy Pmy(0 )(:z),z = 1,2,.., for some given probability density functions
pm(z) : R = Ry, m =1,..., M, all of which satisfy

Condition 1.1.

(1) They are compactly supported in the Euclidean ball B(0, R) of finite radius R centered at
the origin;

(2) They are uniformly bounded above by some finite constant I', i.e. ||pm|locc < T

(3) There exists some integer n > d/4 such that

pm(:t) c WQn’Q(Rd),
where W*P(R?) are standard Sobolev spaces.
Note that the initial conditions for different NV € N are naturally coupled together, hence we do

not stress the dependence of x;(0), m;(0) on N. The probability space is endowed with the canonical
filtration

Fo = o {{mal0)} 2 A0} A5 20 (W herc 15 €[04}, £ 20,

The interaction between particles is by means of coagulation of masses, heuristically described
below. It was studied, without the environmental noise, in Hammond and Rezakhanlou (2007a,
2006) (however the limit there is a system of PDEs instead of SPDEs, among other differences).
Let 6 : RY — R, be nonnegative, of class C*(R%) (the space of Holder continuous functions on R%)
for some a € (0,1), compactly supported in B(0, Cp) for some finite constant Cp, with 6(0) = 0 and
Jga 0 = 1, where we denote by B(z,r) the open Euclidean ball of radius r centered at € RY. For
every € > 0, we denote

0°(z) == e 0(e ). (1.4)
Throughout we impose the following relation between N and e:

e=¢N)—0 as N — o0,
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1-d

€ log e
limsup — < oo, d>2; limsup [ log ¢
N—o0 N—oo N

<oo, d=1. (1.5)

This regime includes local interaction (when e~ =< N), see discussion below, which is the scaling
of interest for modelling raindrop formations. A configuration of the stochastic system is a finite
string of positions and masses (whose length is at most 2NV)

n= (21,22, ..;m1,ma,..) € (RHYN x sV
On top of individual diffusions (1.1), we impose the following rule of mass coagulation. Suppose the

current configuration is 1. For each pair of particles (,j) active in the system (i.e. m;, m; # 0),
with positions (x;,x;) and masses (m;, m;), where ¢ # j each ranges over the index set, with a rate

%96(1‘1 —l'j) (1'6)

we remove both particles from the system, and then add a new particle with mass (m; + m;) at
either ; or x; chosen with probability mﬁlmj for the former (and m:i]m - for the latter). However,
we do this only if m; +m; < M, otherwise after the pair is removed, no new particle is added to
the system, or equivalently we add a fictitious particle with mass () at the origin. We denote the

new configuration obtained from 7 this way by SZ-{ ;1 and respectively SZ ;1. For labelling purposes,

in the new configuration SZ{ 1, we call particle 7 the new mass-combined particle found at position
x;, whereas there is no longer a particle j in the system; and analogously for SZ% ;- We will only be
tracking the empirical measures of particles with mass < M. The interpretation is that, in terms
of raindrop formations, when the mass of a raindrop exceeds a certain threshold, it falls.

For N diffusion particles evolving in a unit-order volume in R?, the typical inter-particle distance
is on the order of N~1/¢. With e representing the typical length scale over which pairs of particles can
interact, see (1.6), the relation (1.5) includes the most relevant case € < N~/ for our modelling of
raindrops formation, namely when the interaction is so-called “local”. In such a regime, each particle
typically interacts with a bounded number of others at any given time, which is an analog of the
nearest-neighbor, or finite-range, interactions widely studied in the discrete setting, e.g. on lattices
De Masi and Presutti (1991); Kipnis and Landim (1999). If e=¢ < N, then the interaction is no
longer local, but more spread-out, in particular when ¢ is independent of N it is the “mean-field”
case, and the regime between mean-field and local we can term “moderate” following Oelschléager.
In those regimes, each particle interacts with a diverging (in N) number of others, see Flandoli et al.
(2019, 2020); Flandoli and Huang (2021) for more discussion on local versus moderate or mean-field
interactions for diffusion systems. In the latter cases techniques are much more developed, see
e.g. Oelschlager (1985, 1989); Sznitman (1991); Méléard and Roelly-Coppoletta (1987); Jourdain
and Meéleard (1998); Flandoli et al. (2019). Also in those regimes, particle systems subject to
environmental noise, with even “singular” interactions, have been studied, see Coghi and Flandoli
(2016); Flandoli and Luo (2021); Guo and Luo (2021) among others, where the interaction can
occur in the drift of the SDEs and not just in auxiliary variables (like mass). Localizing the range of
interaction for diffusions is a non-trivial task, in particular, in this work (as well as in Flandoli and
Huang (2021)) we have to utilize some techiniques developed in Hammond and Rezakhanlou (2007a,
20006) in the spirit of the classical Itd6-Tanaka trick, to handle the convergence of the nonlinear terms,
see Section 3. In those papers Hammond and Rezakhanlou (2007a, 2006), a system of Smochulowski
PDEs is rigorously derived from interacting particles in the so-called “mean-free path” regime, which
corresponds to diluted gases (not covered by our result). Some of the other classical works on
diffusions with local interactions (that occur in the drift) are Varadhan (1991); Olla and Varadhan
(1991); Olla et al. (1993); Uchiyama (2000).

Now we can formally give the infinitesimal generator of the system

LNF(n) == LHF(n) + LY F(n)
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where the first, diffusion part of the generator is

LYE(n Z Ay, F
zEN (m)
d
D S B T TR SR Tt DI
2 i JeN (n) oufm 1835 ox i ieN(n) a,B=1 ke
)\2 S A
16./\/ ()
Z Z 5 mQ (zi, ;) Z 28 «F'(n <Q (xz,xz)> (1.7)
,JEN(n)aﬂ 0z 0z} zEN(n)a,B 1

using divog(z) = 0 in the last line, and N(n) denotes the set of indices of active particles in
configuration 7; and the second, jump (or coagulation) part of the generator is

N ( my 1 my 2
E Z;éjezj\/( ) xﬂ |:ml i m] (Sz,]n) + m; + m] (Sz,jn) (n):| ( 8)

We henceforth denote by 7(t) the random configuration at time ¢. Note that if at time ¢, a coag-
ulation event happens for some pair of particles, the cardinality of active particles N(¢) decreases
either by one or by two.

For each N € N and 1 <m < M, we denote the empirical measure of mass-m particles

zEN(t

For each ¢, these are nonnegative random measures on R% with total mass bounded above by 1.
Denote by M+71(Rd) the space of subprobability measures on R% endowed with the weak topology,
and by D([0,T]; M4 1(RY)) = Dr(M 1) the space of cadlag functions taking values in M 1(R9),
endowed with the Skorohod topology. Then, {u"™ : t € [0, T]} < are Dp(M 1)M-valued
random variables.

Let us also introduce a finite system of SPDEs

dum(t,2) = SN2Aup(t,2)dt + >0 Vi (8, 2 )ty (¢, )t — 22 _ Un(t, ) upm (t, x)dt
+3 div (Q(z, ) Vum(t,z)) dt — > pc i ok(z) - Vun(t,z) dWE,  (t,z) € [0,T] x RY,

Um(0,2)  =7rmpm(z), m=1,..,. M
(1.10)

where by convention, when m = 1, set >."""'[...] = 0. For our notion of (analytically) weak solutions
of the system (1.10), see Definition A.1. The SPDE can be equivalently written as

A (t,2) = IN2 A (t, 2)dt + S i (8, )t (t, 2)dt — 2 55N (t, @) (8, 2)dt
=2 kek k(@) - Vum(t, x) o dw§,  (t,z) € [0,T] x R,

Um(0,2)  =7rppm(z), m=1,..,M
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since by div o (z) = 0, the Stratonovich-to-It6 correction takes the form

d
% S ox(2) - V (0k(x) - Vit (t,2)) dt = % S 3 ot @) (of (2)sun(t.2)) dt

keK keEK a,f=1

d
= % > > (0?(90)05 (fc)(?/sum(t,x)) dt = %div (Q(a, )V (t, ) dt.

keK a,B=1
The main result of the article is the following.

Theorem 1.2. Assume that N and € satisfy (1.5), and Condition 1.1 holds. Then, for every finite
T and d > 1, the empirical measure of the particle system {p "™ (dz) : t € [0,T)}m<ns defined
in (1.9) converges in probability as N — oo, in the space Dp(My1)M to a limit {@"(dz) : t €
[0,T)}m<nr- The latter random measure is absolutely continuous with respect to Lebesgue measure,

with a uniformly bounded density {un(t,x) : t € [0,T],x € R¥},,<pr that is the pathwise unique
weak solution to the SPDE (1.10).

Besides pathwise uniqueness (Corollary A.3), we also obtain regularity results for solutions of
such nonlinear SPDEs (1.10), see Proposition A.4, that may be of independent interest.

Regarding some of our assumptions, we have the following remarks.

Remark 1.3. (a). We have assumed oy, (x) € C°(R% RY) for k € K to facilitate the nontrivial SPDE
arguments in Appendix B. While we did not try to optimize the regularity and perhaps there exists
a different proof that imposes less regularity (see some remarks on this issue in Appendix B), we
believe that our arguments herein are of independent interest.

(b). The reason we chose finitely many mass levels (instead of infinite, i.e. M = c0), is in order
to have a finite system of SPDEs (1.10) in the limit, whose pathwise uniqueness of solution can
be proved, see Appendix A. Note that M = oo is assumed in Hammond and Rezakhanlou (2007a,
2006), with uniqueness for their PDE system proved in Hammond and Rezakhanlou (2007b) under
appropriate assumptions.

(¢). The assumption #(0) = 0 seems to be necessary in order to rewrite certain quantity by
means of the empirical measure, see (2.5). A potential criticism is that it is unrealistic: #(0) = 0
and smooth implies 6(-) is very small near the origin, hence two particles which are “too close” to
each other have also little rate to coagulate. However, “physics” is saved since: (i) the region, call
it B(0, te), where 6¢(+) is very small near the origin can be extremely small compared to B(0, Cye),
and (ii) before getting (t€)-close, two particles have to be (Cpe)-close for a while, hence the loss of
rate in B(0, te) is practically not influential.

(d). Our dynamics (1.1) is less general than the setting of Hammond and Rezakhanlou (2007a,
2006) in that the coefficient A and the coagulation rate (1.6) do not depend on the mass parameter
mfv . This is for technical reasons, with the need to couple with an auxiliary free system in Sections
4 and 6, notably Proposition 4.1. How to incorporate the additional mass dependence in (1.1) is an
open problem.

The strategy of proof is summarised as follows. In Section 5, we show that the sequence of

probability laws {22}y induced by the Dr(My 1)M-valued random variables

{w""(dz) € [0, 7]}, .ppy NEN

is tight hence weakly relatively compact. Fix any weak subsequential limit & of {22Vi} jen along a
subsequence N;. By Skorohod’s representation theorem, we can construct on an auxiliary probability
space (ﬁ, ]?, P) (that depends on the subsequence) random variables {"9™},,<pr, 5 > 1, and
{E™}m<um, having the laws 22Vi| j > 1, and &, respectively, such that P-a.s.

(AN Y ent = {F™ Y ment,  § — 0.
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In Section 6 and Appendix B, we show that any subsequential limit measure {f}*(dz) : t €
[0,T]}m<nr is supported on the subset of measures that are absolutely continuous with respect
to Lebesgue measure, with density

{um(t’ l‘), te [0’ T]}mSM

uniformly bounded by the deterministic constant I' in Condition 1.1. This is achieved by considering
an auxiliary (“free”) particle system without mass-coagulation, that dominates our true system, and
studying the regularity and boundedness of solutions of its associated SPDE (B.1), see in particular
Theorem B.5 and Lemma B.6. In Sections 2-4, we show that on ((AZ,]? ,P), there exist a finite
collection of independent Brownian motions (Wf Jkek such that ({um}mg M, (Wk) ke K) is a weak
solution to the finite system of SPDEs (1.10). Here we need to deal with the difficulty posed by
local interaction.

In Appendix A we show that (analytically) weak solutions to (1.10) are pathwise unique. By
a well-known theorem of Gyongy and Krylov (1996, Lemma 1.1, Theorem 2.4), see also Flandoli
(20221, Chapter 2), Flandoli et al. (2010, Appendix C), having pathwise uniqueness, one can
strengthen the convergence in law along subsequences to convergence in probability along the full
sequence, of {uN"™},car, N € N, on the original probability space (€2, F,P). The details involve
representing two copies of the empirical measures by Skorohod’s representation, and showing that
any subsequential limit pair is concentrated on the diagonal. As this is similar to the Skorohod
argument we already elaborate in Section 2 as well as those in the above references, we omit the
proof of the Gyongy-Krylov step.

2. Identity involving the empirical measure

We start by deriving an identity involving the empirical measure {u"(dz)}m<p. Taking any
¢ € C*(RY), we consider the functional

1
Fi(n) == N Z qb(xi)l{mi:m}y
i€N (1)
for any fixed 1 <m < M. Applying It6 formula to the process
N,m
Fi( Z G(xi ()N (1y=m} = <¢($)7ﬂt (d$)>, t>0
zEN(t

where the notation (f, ) denotes integrating a function f against a measure v, in view of (1.7)-(1.8),
we get that for every finite T,

<¢(:17),,u¥’m(dx)>:<¢(m),uév’m(dx)>+/ dt— S A0 (D)1 (52m)

zeN Q)

T / g S Z Q™ (N (1), 2N (1)) (9259) (&N (D)L ()=

1€N(t a,f=1

+/0 dt— 3 Z D (7 () Op <Qaﬁ( ()al‘fv(t))) Lim® ()=m}

zEN(t) a,B=1

Tl L e N mp (¢) N
+ dtN#j%(t)N CAOEES <t>>[m§v(t)+m§y(t)¢<xi (D)L ¥ 0y 1m (1=
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md (1)

m (t) +m} (t)
_|_ M%1D7¢ + M;_:qus + Mrf]’(b-

¢($§y(t))1{mgv(t)+m§v(t)=m} = O ()L N (1y=my — ¢(fﬁ§y(t))1{m§v(t):m}}

Since for every o, 8 =1, ...,d,

Q7 (2,) (9256) (2) + 0as (2) 05 Q7 (w,2)) = 05 (@ (2,2) Dath(a) )

the above identity can be written as
T )\2
(6(@), pp ™ (dw) ) = (&), 1™ (d) ) + / <ui“m<dx>, 2A¢<x>> dt
T/ N 1
# [ (man). S aiv @) Toto) )
0

T m—1
1 . n
+/0 dt ) 3 PRACAIG) =23 (1) — (@7 ()1 m (t)=n} Lim® ()=m-n}

gb(x‘;v (t))l{miv (t)=n} 1{m§\7 (t)=m—n}
- Tdtfl 0 (2N (1) — ¥ (£))p(a (1)1 1
A N? T T L {md (t)=m} {m¥ (t)=n}

T M
1
- / dtzm > 0@ (1) — 2 (1) (x)) )L (=} Lm ()=n}

where {Mtj’¢}t20 denotes the martingale associated with jumps (which we do not write out explic-
itly), and there are two martingales associated with diffusions

1 Do / Z Vo(x 1{m J=m} ° dp;(t)

ze/\/ ()

MEP? = / > o) Z V(@ ()L (1)) AWE

keK 'LEN(t

= [ (i) Vo)) aw
0

keK

Firstly, by It isometry and the independence among 3;(t), we have that

E | sup ’Ml Dol
t€[0,T]

<A4E {/0 dt D Ve (0) P11y dt SCW' (2.2)

1eN(t)

The second diffusion martingale M2 is not negligible, and is responsible for the stochastic term
in the limit SPDE. Secondly, we bound the jump martingale by (cf. Darling and Norris (2008,
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Proposition 8.7))

mN
E[sup [ar; ’¢]]<4E / a3 @ ) - e ) Dl Oy 1m)

te[0,7) #jEN(t) "
(2.3)
Nt 2
+ L()gb(mév( ))1{mN(t)+m (t)y=m} — Qb(xgv(t))l{mﬁv(t):m} — ;V( ))1{m (t)=m}
C 00
< 64]|6|%E / g Y o -] < SUE .
i£FEN (t)

by Lemma 2.1 below.
Lemma 2.1. We have that
/ at Y 6 zN(t)) < N2,
1AFEN(t)

Proof: We apply the generator to the process of cardinality N (t) of active particles. The diffusion
part of the generator does not affect N(t), whereas the coagulation part decreases cardinality by
either one or two (depending on if the combined mass exceeds M or not). Hence, by 1t6 formula
and taking expectation, we have that

T
1 €
EN(T) < EN(0) — E/ diw > 0N () — 2 ().
0 i#IEN (1)
Since N(0) = N, this completes the proof. O

We observe that the middle four nonlinear terms of (2.1) can also be written by means of empirical
measure, since for every m,n,t,

> 0@ ) — 2 )N )Y@ Oy ) o (2)
i#FFEN (L)
= (0 = )o@ (). 1" (do)uf"" (dy) ) (2:5)

where due to #¢(0) = 0 we can include the terms with repeated indices ¢ = j to the LHS of (2.5).
By (2.1),(2.2), (2.4),(2.5) for every ¢ € C°(R%) and 1 < m < M, we have that

limsup E <¢(x),u¥’m(dx)> - <¢(:c),uév7m(dx)> - /OT dt <,uiv’m(dx), )\22A<;5(a:)>

N—oo

_ /OT dt <M§va(d:p), % div (Q(z, x)V¢(w))>

_/ontj;j;<9€(x_ Y)d(@), ™ ”(dy)uiv’”(dx)>
N /oT dt::ll m??_’b - <96($ —9)by) ™ "(dy)uiv’"(dx)>

o [ a3 (e ot )
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o[ dtﬁjl <95<x — D)) 18" ()" ()
/ ™(dz), o ().v¢(x)>dwf(:o. (2.6)
0 keK

In Section 5, we show that the laws { ZN}x of the sequence of Dy (M4 1)M x C([0, T]; R)El-valued
random variables

{u™:teo T}m<M’{W t€[0,T]} i}, NEN

are tight hence relatively compact (cf. Remark 5.3), where the space C([0, T]; R) is endowed with the
uniform topology. Fix any weak subsequential limit &2, of {L@i\f 7},en along a subsequence N;. By
Skorohod’s representation theorem, we can construct on an auxiliary probability space (ﬁ,]? ,P)
(that depends on the subsequence) random variables {{ﬁNj’m}mSM,{/WNi’k}keK}, j > 1, and
{{ﬁm}mSM, {Wk}keK}, having the laws t@i\g, j > 1, and Z,, respectively, such that P-a.s.

{EY ™ b, AW herc) = (" bment, W drerc} G = oo
Further, the limit measure has a uniformly bounded density {u,(t,z) : t € [0,T]}m<m, ie. for
every m
pyt(dz) = um(t, z)dz, |lumllo <T,
as shown in Section 6 and Appendix B, and we also have that w,, (0, z) = rympm(x).
By (2.6) and the representation, on (€, F, P) we have that for every ¢ € C°(R%) and 1 < m < M,

im, B (9(a). 157" ) — (o000, 107 ")) — [ (5 ) o)

j—o0

_ /OT dt <ﬁi\7j’m(dm), %div (Q(:r,x)v¢(x))>

T m—1
B / dt Y (6 (@ —y)la) " (dy)a " (da))
0 n=1
-/ "as P 0~ y)oly), AT ()R ) )
0 n=1
+ /OT Y. (6@ =)o) " (dy) " " (de))
n=1
+ /0 " f: (0°(x =)o), iy " (dy)iis " (dw) )
n=1
- /T Z <ﬁivj?m(d$)7 O']g(l') i V¢($)> thN]‘,k‘ =0. (27)
0 kek

Since 7iY9™ — ™ in Dy(M. 1) under Skorohod topology, P-a.s. for every 1 < m < M, we have
that P-a.s. for every ¢ € C°(R?)

sup <ﬁivjm(d:c) — 7t (dx), <z5(x)> —0

te[0,7
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m . A2
sup (1" (de) (o), 5y o) ) 0

te[0,7) 2

m _ 1 .
sup <ﬁiv” (d) — " (da), | div (Q(:c,m)V¢(x))> S0 (2.8)
te[0,7

(cf. Ethier and Kurtz (1986, Ch. 3, Proposition 5.3)). The convergences also hold in L!(P) by
dominated convergence, since the variables in (2.8) are all uniformly bounded. The middle four
nonlinear terms in (2.7) also converge in L'(P) by Lemma 2.3 below.

We now argue that the last martingale term in (2.7) also converges in L'(P), i.e. for every
1<m< M,

s

™(d), ox(z) - Vo (a th ik /O N (@ (de), ox(z) - V() dWy =0, j - cc.

kEK keK
(2.9)
Indeed, by Burkholder—Davis—Gundy inequality, we first have that for every j € N,
m /\Nj,k
" (dz) = i (d), Vo(x) - ox(x) ) AW
0 keK

) 1/2
L (da) = i (d), V(o) - on(@))| dt)

com (/0

<CVTEY. swp \<ut ™(dz) — ;”(dx),v¢(x).ak(x)>]. (2.10)

kek tE0.T]

Since the variable inside the expectation in the last line is uniformly bounded (by 2 Y ||¢[|c1 |0k /s0),
and converges to zero P-a.s. as j — 00, we have that (2.10) converges to zero. *€K

keK

Secondly, since /Wth ok _ Wf is a P-martingale on ¢t € [0,7] for every k € K, we denote by
[VVNJ'Jc — Wk] , 1ts quadratic variation. By Burkholder-Davis-Gundy inequality,

/0 Z ot (dx), Vo(z) - op(x )>d</M7th,k_Wf>

keK
=Nk w5k
<D OB| [ (), Vo) onla)) d (W0 - 777)
keK
. N2
<Y E (/ (. To(o) - o) [T - ), ]
keK
SN ——kq1/2
< Clligller D llowllocE | WY — T2 (2.11)
keK
Now by the definition of quadratic variation,
E[WNF -, —E “WNJ’k Wm . (2.12)
Since Wik — " -5 0 in the uniform topoplogy of C([0,T];R), P-a.s. as j — oo, we have that

Wévj’k — WT, P-a.s.; and besides, for all j € N and p > 2,

E[|WTJ" P] = EUWTP”] < 00.

By Vitali convergence theorem, RHS of (2.12) converges to zero as j — 0o, and as a consequence
(2.11) also converges to zero.
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Combining (2.10), (2.11) yields our claim (2.9) by the triangle inquality. Then, combining (2.7),
(2.8), (2.9) and Lemma 2.3, we conclude that for every ¢ € C°(R?) and 1 < m < M, it holds that
P-a.s.

(0 T.2) = (0t~ [t (). 5 00
- /0 " <um(t, r), 5 div (Q(r, x)V¢(m))>

m—1

T
- /O dt Z <um—n(tv ‘T)un(t’ {/C), ¢($)>

n=1

T
+2/ dtz (un(t, z)um(t, x), o(x))

/ 3 (@ (de), op(z) - Vo(x)) dWy = 0.

0 kek

(We used n/m + (m —n)/m =1 for every 1 < n < m —11in (2.7).) By the separability of the
space C°(RY), we can combine countably many null sets such that P-a.s. for all ¢ € C®(R?),
the preceding identity holds, which means that ({Um}mg M, {Wk}ke K) is a (both analytically and
probabilistically) weak solution to the SPDE (1.10) on (€, F, P) endowed with the filtration

Gy = o {{um(s, }m<M,{W beex 1 s €[0,8]}, t>0.

To treat the nonlinear terms in (2.7), in Sections 3-4 we use Ito-Tanaka trick to show that

Proposition 2.2. On the original probability space (2, F,P), for every T finite, 1 < m,n < M and
b, € C®(R?), we have that

lim limsupE /d 3 (5)) L (sy=mom? (s)=n
e E e |y i 2o L) () L ommm1m
[° (2N (s) - T; N(s)+z) —0° (z)(s) —:rév(s))] ‘ =0. (2.13)

It can be seen as a form of local equilibrium (at two macroscopically distant locations separated
by 2). Given (2.13), we can show the convergence in L!(P) of each of the nonlinear terms in (2.7)
as in Lemma 2.3 below.

Before delving into the proof of these two statements, let us provide some heuristics. The functions
0¢(x), € > 0, being rescaled versions of a fixed smooth bump function 6, converge to the Dirac delta
function at 0 as € — 0. Since we expect the empirical measures {7™V"™(dx)}M_; to converge to the
true densities {u,(v)}M_; as N — oo, Lemma 2.3 essentially encapsulates the combined effect of
these two convergences. Note however thls is a delicate issue since € and N are entangled together,
with € — 0 simultaneously as N — oo. The bulk of the paper is to prove that this expected
convergence holds in the scaling regime (1.5). We believe that it should fail if ¢ — 0 too fast relative
to N. Indeed, € is the range of interaction between pairs of particles in our system. If € is too small
relative to typical inter-particle distances (which is governed by N), there will simply not be enough
interactions taking place. Our techniques however do not provide the sharp threshold.

The choice of 6 (or 6°) satisfying our assumptions can be many. Indeed, take any smooth
compactly-supported bump function, and modify it in a smooth way such that it vanishes at 0
gives an example. As mentioned in Remark 1.3(c), the latter requirement is in order to exclude
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self-interactions of the particles, which is not negligible if N < e~¢. An explicit example of 6 is

1

2

It is easy to check that it is C'!, nonnegative, with 6(0 ) = 0, compactly supported in B(0,3), and
the constant ¢y is chosen such that it integrates to 1. One then obtains 6¢ by scaling as in (1.41).

Lemma 2.3. Granted Proposition 2.2. On (SA),]?,P), for every T finite, 1 < m,n < M and
b, € C(R?), we have that

lim B sup | / (0 — )o(@)o(y), 30 (da)al" (dy) ) ds
J=o0 g0, T)

_/0 ds /Rd dw¢(w)¢(w)um(s,w)un(s,w)’ =0. (2.14)

Proof: First notice that the quantity inside the absolute value on the LHS of (2.13) is a function
of the empirical measure (using 6°(0) = 0)

410ty - 0o~ ot )l ) s

Thus, under Skorohod’s representation, the same limit (2.13) holds on the auxiliary probability
space (€2, F,P) along the subsequence N;, namely

t € € AN m o
‘;}go llﬁngtes[%%] ‘ / <[9 (& —y+2) — 0z — )] (@) (y), i ™ (da)fia (dy)> dS‘ =0.
(2.15)

The subsequent argument is similar to Hammond and Rezakhanlou (2007a, pages 42-43). We
introduce an auxiliary mollifier x°(z) = 6~ %x(6 1x) for some C§°(R?) function y : RY — R,
nonnegative, compactly supported in B(0,1), with [ x = 1. By (2.15), we can write

sup | [ (0~ (et 52 @)l ) ds
t€[0,T]
5 5 L N;m, ; \~Njn
- [ dndax e ) [ (8 =y - 200, A0 (do)f " ) ds|
R2d 0
=: error(N, 6)
where hmhmsupE|error(N 5)| = 0. (2.16)

=0 N—oo

Shifting the arguments of ¢ and ¥ by z; and 2z respectively, with |z1], |22] < 0, we have that

’ //RM dz1dzax’ (21)x° (22) /Ot <96(x —y+ 2 — 2)e(@)(y), i " (da) iy (dy)> ds
_ //R?d dz1dzax’ (21)X° (22) /Ot <96(x —y+ 29— 21)p(x — 2)W(y — 22), fa? " (dx) e (dy)> ds‘
< C(¢»¢)5//RM d21d22X5(21)X5(22)/0 <96(9C —y+ 20— 21), fis " (da) e (dy)> ds. (2.17)

By a change of variables, the second term in (2.17)

[zt Gonden) [ (0 =+ 2= 206 = 0t — 22,507 @)l ) ) ds
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= //]R?d dwidwa0 (w1 — wa)P(w1)(w2) /Ot <X5(:U —w1), [ (dx)> < Oy — wg) (dy)> ds.

We now shift wy to w; in some arguments, using that |w; — wa| < 2Cpe being in the support of 6¢,
we get for every t € [0, T,

‘/ot ds [ dwrdusd oy = wa) d(uwn () (37 = ). 7 (0 = o). ")

X
- /0 ds [ dwrdust oy = wa) o) (37 = ). 7 ) (0 = w). "))
< C(¢,,Co, T)es 2471

Since [ 0°(w1 — wa)dws = 1, the second term above equals

/Ot ds //R?’i dwy dw20° (w1 — wa) d(w )1 (wy) <X6( —w), MN], > <X5(' B wl),ﬁgj’”>

= [Las [ duntonyiton) (0= ) @) (- w7

In Section 6, it is shown that {A Pdx)  t € [0, T mers — {um(t,z)dx : t € [0,T)}m<ns, P-as.,
we get that for fixed 6 > 0, as Nj — oo (hence € = ¢(N;) — 0), P-as.

oo | f s [ dunotwnpton (4= w0, 757 (= ) 75

-/ s [ duwndtwnston) (V= wn).un(s ) (= w). (s, ) = 0.

The convergence also holds in L'(P) by dominated convergence (note that at this step ¢ is fixed).
Then, since [ x° = 1 for any § > 0 and {u, }m<ns is bounded above uniformly by T', we have that

<X6(‘ —wy), U (S, )> <T.

By dominated convergence theorem, as 6 — 0 we get that P-a.s.

s [ st (1= e =)

_/0 dS/IRd dw1¢(w1)¢(w1)um(s,wl)un(s’wl)‘ 0

The convergence also holds in L*(P). There is also the minor term on the RHS of (2.17)
C(¢p,v)6 sup ‘/ // dz1dzoX’ (21)x°(22) <96($ —y+220—21), [k N5 (da:)AN n(dy)>ds’
te[0,T] R2d

that can be shown in a similar way to vanish in L!(P) as j — oo followed by & — 0.
By (2.16), (2.17) and the previous chain of limits, we get (2.14). O

3. Ito6-Tanaka procedure

Our goal in this and next sections is to prove Proposition 2.2, which we argue on the original
probability space (€2, F,P).

The Ito-Tanaka trick, well-known in stochastic analysis, is a way to substitute a less regular
function (here 6<(-)) by a more regular one, via the application of It6 formula. In the context of
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particle system, we learned of its use from Hammond and Rezakhanlou (2007a). Fix 1 <m,n < N
and consider the (time-dependent) functional

1 €,2
By(tn) =5 D v (62 25) ()8 (55) L fmmmm; =}
i#jEN ()

where v&*(t,z,y) : [0,7] x R? x R — R also depends on z € RY. In fact, it is of the form of a
difference

UE’Z(ta z, y) = TG’Z(L z, y) - T’E’O(t, z, y)

where r*(t, z,y) is a family (indexed by z) of nonnegative functions in the parabolic Holder space
C1He/224a ([0, T] x R24) (cf. Krylov (1996)), for some a € (0,1), defined in (3.10). Applying Ito
formula to the process

1
Fyt.n(t) =7 D, v (L) (8),25 (1) é(ay’ ()¥(@5 (D) (mmm¥ ()=ny> T >0 (3.1)
i#JEN (1)

and integrating on [0, 7], for any 77 < T, we get the following terms from the action of the diffusion
generator LN (1.7):

T’ 1
H1 I:/O\ dtm Z

i#IEN (1)

A2 A2
((at A 2Ay> ) (1 (0,2 (1)) Sl D)9 Oy (91§ (32)

T 2
Mo [ gy X [5o (e 0.0) 0) (Mo ) () + el ) Av(a] (1)

i#JEN(t)
T (Vov®) (L (0,2 (1) - Vol () (1)
(Vo) (620, 2 (0) - Vi )06 (0)] 1 (g emam (92ny

where A, denotes Laplacian with respect to the first d spatial coordinates, and A, with respect to
the last d spatial coordinates; the same interpretation applies for gradients V., V;

Hy = / ;Y S QP (6), 2 (1)) (02 yov™) (1,2 (0), 2 (1)

17636./\/ ) a,f=1
=+ Qa,@(xj (1), a;év(t) <8yayﬁ1)6’z> t, sz(t), z} (t))
+ QYN (1), 2 (1)) (82507 (1,2 (1), 23 (1)

+ QP (2N (), zN (1)) <8§axﬁve’z> () (1), 2} (1)) :|¢($ZN(ﬂ)w(xév(t)>1{m£\7(t):m,m;y(t):n} ;
(3.3)

T’ d
mo gy 3 5 Y (@GN0 0 (el 1)) 1) Baolal )il 0)

i#jEN(t)  a,B=1
+ QY () (1), 2} (8))v* (t ch(t ,xﬁ-v(t)) (va(t))825¢($§v(t))
+2Q% (2 (¢), 27" (¢)) (Opev?)
+2Q% (2} (t), 2} (£)) (Byav™?)



1256 F. Flandoli and R. Huang

+ Q@ (1), & ()v"* (t, 27 (1), 27 (1)) Bad(a (1) Dptp (e (1))
+ QP (N (1), 2} (8)) (9,50°%) (t, 27 (8), 2] (1)) Dadb()Y ()0 (} (1))
+ QP (Y (1), &) (1)) (9ov™?) (.2l (1), 2 (1)) P(al (1)) Dp (5! (¢))
+ QP (Y (), 27 (4))0" (8,2 (1), 2} (1)) Dp (] (1)) Dath (]! (1))
+ QY () (), 27 (1)) (9psv™) (8,2 (1), (1)) Pl (1)) Dot (] (1))
+ QY () (), 27 (1)) (9o v™?) (t, 2] (1), ) (1)) Dpp(a] ()} (t))]l{my(t):m,m;v(t):n} ;
™o
Hy:= | dt—— >
/0 2 2z;éjeN(t)
d
> 00 (v9F (-2 (1) 8() (2 () 95 (Qaﬁ (ﬂﬁfv(t),va(t))) (@5 ()L (¢y=m,m ())=n}
a,f=1
™o
+ dt Y
/0 2N i#£JEN(t)
d
Z 80{ (US’Z (ta wi\f(t% ) w()) (xév(t)) 8ﬁ (Qaﬁ (xév(t)axév(t))> ¢(xiv(t))1{mfv(t):m,m§\’(t):n} ;
a,f=1
’ (3.4)
we note here that only H; and Hjs involve second partial derivatives of v©?Z.
From the action of the coagulation generator Ef}] (1.8) we get:
L | 1
Hg := dt— —0°(zN (t) — 2N (1))
/0 N2 igf:(t) ke/\f%):,kyéi N '
[ O e (0, )00 () 1 6 0 O Ly
o @) O e @ em =m0
j#ik
+ Z i (1) vF (t, x (t), 2N (1) p(xd (1)1, v N V(N ()1, ~
T, M @) Fm (@) £ (=my PR T =)

oty
- > e ﬂfiv(t),wfy(t)W(ﬂﬁzN(t))1{m§\’(t):m}¢($§v(t))1{m§,\f(t):n}
JEN(t).5#i,k

= > (0,2 )R O e (@) (O =y &9
jeN(t)»j#Lk

;
ARG YD SEELENCEEAT)

1EN(t) keN(¢),k#i

m (t) N N N N
: vE(t g (1), 27 (1) d(x5 ()1 (0—mr V(@7 ()L (1) L (H)=n
JFi,k

N
my, (t) a2y N N N N
+j€%%t) ) +mV @ (t, 25 (1), 2 ()5 (D)L (1= (@ (D)L (6) 4 (1)=n}

JFuLk
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=Y e Y 0,5 )0 ) mmy @ OV (2
JEN(t),j#i,k

— Z UE’Z(t, xﬁv(t),ivév(t))(ﬁ( ( ))1{m m}w(xk ( ))1{mkN(t):n}

JEN(8),5 71,k

T 1
Hy = — dt—
rim= [ e

Nt
O (x} (¢ )—fﬂk ))ve

) kEN (1), k#%

= (27 (8), 27 (8)) ol ()9 (2R ()L m () =mm (1) =n}- (3.6)
Remark 3.1. This negative term Hr arises because of the specific coagulation rule, namely if particles
(i, k) coagulate, then they are both removed from the system. There may be a new particle added,

but it is of a different mass hence has to be reconsidered (in Hg). Unlike Hammond and Rezakhanlou
(2007a, 2006), under our scaling (1.5) H7 turns out to be negligible, see Lemma 4.7.

Regarding the martingale terms, of which Mj, My come from diffusion

.
M= [ B TR (e 0) 60 (@ (0) vl O g gy 9ony - 4O

ZEN t) JEN(t),5#1
T/
/ 5 Y > V(N @),) v)] (27 (1) ¢<I2N(t))1{mf.v(t):m,m§v(t):n} -dp;(t)
jEN (t) 1eEN(t),i#]

whose quadratic variation is

T 2
By = / Z Z V[ ”(7 L ;i ))¢(‘)] (va(t))¢(x§v( ))1{m (t)y=m,mN ()—n}) dt

’LEN JEN(¢),5#1
T )\2 N(t)

2
J=1 QeN(t),i#j
(3.7)
and
r 1
M= [ @) 5 2
0 kek iEN () JEN (t),j#i
V[ (2} (1) ()] (2 (1)) w(%]'v(t))1{m§V(t):m,m§V(t):n}de(t)
r 1
/ Z on(x N2
keK JEN(t) ieEN(t),i#]
V[0 (2 (1), ) ()] (2 (1) ¢($2N(t))1{m§(t):m,m§v(t):n}de(t)
whose quadratic variation is
B2 =
2
/0 ~Ni > (Uk ) -V [ (b 2] (1) ()] (2 (1) w(xé'v(t))1{m£V(t):m,m§V(t):n}) dt

keK Z#JGN( )
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e X (o )3 6 (a0, )80 (1) 9 OV -0 m)

keK 1#£]
eN(t)

(3.8)

and the jump part of the martingale M3 (which we do not write explicitly) has its second moment
bounded above by

1
B [t Y oo - o)
0 1€N(t) keN(t),k#i
N

ot
2 (gzﬁn{bg 0 @, O O oy VS O g 00
JFLk

m (t
b3 o s (42 0,2 )6 OV i - O -0

= 3 0w (8, 2 )0 ()L g (12my ) (O) L (120
= 3 o (8, 2 D)0 ()L g (12my (@ ()L g (120

e (t, e (1), 2 (1) 0w ()b (D)L (it (1) | (3.9)

g 1 el N N
Z Z NQ (i (1) — 2, (1))
zGN t) keN(t),k#i
N

[ZmN(f;;(Zév(t)W(t,x§V<t>,w£V<t>><z>< (O =y () 0100
Ak

t
+ Z mN 1) w0 2y () 2k )] (D) 0 =my @ )L g ()m ()=n}
= > v (), 2 ()0 ()L (=my P (@ (D)L (1=
= > (e (1) (1) (@) (D)1 (= V@R (D)1 (5y=n)

2
= (1 (0, 2 (1) S (PR OV (0 emam (9] A

We also have the initial and terminal conditions

1
Hg ==+ > w9 (0,24(0), 25(0)) B (:(0))1(25(0)) L (0)=rmym; (0)=n}
i#jEN(0)

1 €,z
H9 ::ﬁ Z (% (Tlv va(T/)v xév(Tl)) (z)(xiV(T/))w(x;v(T/))1{m£V(T’):m,m;V(T’):n}
i#JEN(T")
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We set up the following family (indexed by z € RY) of auxiliary PDE terminal value problems,
whose unique nonnegative solution is called r*(t, z,y) : [0,T] x R? x R — R,

[0+ 5 (B0 +8y) + 3 X8 501 (Q°(@,0)02 1 + Q8 (y,0) R

+Qaﬂ(:p’ y)agayﬁ + Qaﬁ(ya ‘T)aiaxﬁ)]raz (t7 xz, y) = _06($ —y+ Z)v (ta Z, y) € [05 T] X RQd

ro*(T,z,y) = 0.
(3.10)
To be more transparant, if we denote x := (z,y) € R?? Ay = A, + A,
D? . D?
D = ( 5 %y)
Dyay Dy
and the (2d) x (2d) non-negative definite matrix
3 Qz, ), Q(ﬂﬁ,y)>
X) = , x=(x,
2= (&G )
then, (3.10) can be rewritten as
00+ % A+ 3r(@EIDZ) | (1) = %~y +2) .
3.11

ro*(T,x) =0, x=(x,y),te€0,7T].
To see that @(x) is non-negative, take any ¢ = (&,&) € R??, we have that
EQX)ET =Y J&1 - on(@) + & - or(y)]* > 0.

keK

Since A > 0, 8¢ € C*(R?) for some a € (0,1) and @ is smooth of class C}°, the solution r*(t,x,y) €
C1te/22 ([0, T] x R??), for every € € (0,1) and z € RY (cf. Krylov (1996, Theorem 8.10.1)). Let
us denote the non-divergence form operator with C£°(R??) coefficients

A2 1./~
A= A+ St (Q(X)D,%) . (3.12)

By the parabolic Maximum Principle, since ¢ > 0, the unique solution r%*(¢,z,y) of (3.11) is
nonnegative. Since

’U€7z (t7 x? y) = /)"672 (t’ x? y) - 7“670 (t7 :U’ y)?
by linearity it also follows that

{8,5 + )‘;Ax + %tr(@(x)Di)} voF(t,x) = =0 —y+2)+0(x —y)
(3.13)
v9*(T,x) =0, x=(z,y),t€0,T].

From (3.2), (3.3), (3.13), we have that (recall 7" < T)

T 1
Hy 4+ Hy = / dty S SN 1Y )Ly (0 mman (1)
0 i#FEN(t)

2 o~
| {at + %Ax + %tr(Q (N (1), 2 (1) D2) | v (1, 2N (1), Y (1))

Tl
1 N N
= _/o dtﬁ' Z ¢(;" (O)P(x5 (1)L () =m,m (1)=n}
i#JEN (1)
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-[o° (=N (t) - xév(t) +2) =0 (al(t) — 2V ()] .
In view of the identity from It6 formula

Hi+..+Hyg+ My + My + M3z =0, (3.14)

we can accomplish (2.13) if we can show that the rest of the terms in (3.14), namely those apart
from Hi, Hs, are all negligible in the sense that

lim limsupE sup |H;|=0, i€{2,4,5,6,7,8,9}
2120 N—oo  T7€[0,T)

lim limsupE sup |M;| =0, ie€{l,2,3}. (3.15)
2120 N—oo  T7€[0,T]
These terms only contain up to first partial derivatives of v®?, hence their regularity is strictly
better than 6¢.

The following key proposition provides uniform bounds on 7€ and its gradient. The proof is
similar to Flandoli and Huang (2021, Proposition 5), due to which we omit some details. Recall
that Cp is the maximal radius of the compact support of 6.

Before delving into its proof, let us provide more remarks on the auxiliary PDE (3.11). Recall that
the key Proposition 2.2 we aim to prove is a statement about continuity under macroscopic shifts
in the argument of #¢ of a certain double-sum (2.13). For e > 0 small, 6 is close to a Dirac delta
function (which is singular), hence such a continuity claim is difficult to prove directly. The idea of
the auxiliary PDE is to introduce via (3.11) an auxiliary function 7* that is “two derivatives more
regular” than 6¢ (by elliptic regularity theory, here A > 0 is used). Applying It6 formula to (3.1)
constructed from r%*, as we did above, and using (3.11) gives an identity that makes appear the
original double-sum (2.13) as well as various double- and triple-sums involving r“* and its partial
gradient (which are more regular than ). Hence, it is equivalent to prove shift continuity for these
latter double- and triple-sums. For that, the pointwise estimates below are needed.

Both the auxiliary PDE and its estimates per se are not related to the scaling relation (1.5)
between N and e. In fact, they hold for every fixed € and do not involve N. The only place that
(1.5) plays a role is when we use these estimates to prove that various double- and triple-sums are
negligible in a double limit, in Section 4. There one will see in a few places (i.e. (1.8), (4.10)) a
competition between the dependence on e of these PDE estimates (3.18)-(3.19) and the cardinality
of the system which is of order N. In other places, what counts are not (1.5) but the integrability
near their singularities of the estimates (3.16)-(3.17).

Proposition 3.2. Let r“*(t,x,y) be the unique solution of the PDE (3.11). Then, there ezists some
finite constant C(d, T, Co, {ox}xer, \) such that for any x,y,z € R, t € [0,T] and € < €y for some
small €9(Cy), we have that

Ce_c‘y_x_z‘2l{|y,x,z|24} +C(ly—xz—2|V 6)27d 1{‘y,x72‘<4}, d>3
r€7z(t7 €, y) < Ce_c‘y_x_z‘21{|y—z—z|24} +C |10g (‘y — T = Z| v 6)‘ 1{\y—m—z\<4}7 d=2 (316>

_ ]2
Ce Wy papay + Clgygajea, d=1.

—Cly—z—z|? —d
CRSTE Wy papy T Oy~ =2 VO Lpgypsicny, A2
=27 0T, Y)| S
Ce‘c|y_”_zl21{|y7x7z\z4} +Cllog(ly —z — 2| V)| ly_z—zj<ay, d=1.
(3.17)

The same also holds for V, in place of V.
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Remark 3.3. In particular, we have the following useful crude bounds: there exists
C = C(d,T,Co, {0k }rex, A), such that for any z,y,z € R%, ¢t € [0,T] and € € (0,1) small

Ce2?  d>3
r*(t,xz,y) < < Clloge|, d=2 (3.18)
C, d=1

Cel_d, d>2

(3.19)
Clloge|, d=1.

|vx'r€’z(tu &€, y)| < {

Remark 3.4. Let us explain the first inequality in (3.18) by a simple heuristic argument. First,
notice that 6 () < ce_dlB(O,ECO) (x) for some constant ¢ > 0; take Cy = 1 below for notational
simplicity. Due to the Gaussian upper bound described at the beginning of the proof, the problem
reduces to prove that

t
e_d/ P(BseS(y—x—z€))ds < Ce 42
0

for some constant C' > 0, where (B;) is a standard Brownian motion in R?? and S (u, €) is the strip
in R?¢ defined as

S (u,€) = {(:c',y/) e R . ’y’—x/—u‘ < e}, u e R

When |y — x — z| is not infinitesimal in €, say |y — x — z| > 4 as in the proof above, then the strip
S(y —x — z,€) is far from the origin (where (B;) starts deterministically), hence, thanks also to
the exponential decay of the Brownian density, the problem reduces to estimate (where Leb denotes
Lebesgue measure in R?9)

t
E_d/o Leb (S (y—z—2,¢)NB(0,1))ds.

It is easily seen that Leb (S (y —x — z,¢) NB(0,1)) < ¢ (up to constants) and thus the bound
above holds (see also the first inequality in (3.16)). If |y — 2 — z| is very small, on the contrary, let
us examine the worst case,

_d ¢
€ /0 P (Bs € S(0,€))ds.

The problem is that P(Bs € S(0,¢)) is not infinitesimal with € for s = 0. The very crude but
convincing argument is that the Brownian motion By remains in the strip S (0, €) for a time of order
€2, contributing to the integral with the term

2

/ P (B, € S(0,¢)) ds ~ €.
0

After this time the estimate is better. Thus there is an addend e~ %2 in the estimate.

Proof: We first show (3.16), starting with the representation of solution of (3.11)

r* (T —t,x,y) —/ Gi—s(x,y; 2",y )0 (2" — o' + z)dsda’ dy’
[0,t] xR2d
where ¢:(x,y; 2, y’) is the (2d)-dimensional heat kernel (i.e. fundamental solution) associated with
the operator Ax (3.12). Since the latter operator is uniformly elliptic, we have Gaussian upper (and
lower) bounds for the heat kernel (cf. Ilyin et al. (2002, Theorem 1))
_le—a'Prly—y?
Ct

C
Qt(xa Y; x,a y/) < @e

t2
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for any t > 0,z,y, 2",y € RY, where C = C (d, {0} }rex, A) finite. One can show, for details cf. the
proof of Flandoli and Huang (2021, Proposition 5, pp. 615), that for some C' = C(d,T) and any
t €10,T], z,y,2',y/ € R and d > 1 (hence 2d > 2), we have that

t t C |z_z/‘2+‘ _ /‘2
/ qs(x,y; xl)y/)ds < / Wef%ds
0 0

S 2
o=/ 2 4y—y' 2

2-2d
SCle=aP+ly—yP) ? e 0 + Cljpwpipy—yp<y

Now let us integrate in 2/, 4y’ of the preceding expression against 6¢(2’ — ¢’ + 2), up to constant C
we have that

2-2d lo—a! |2+ |y—y' |2
// (\az—x’|2+ |y—y/!2) 2 ef#eﬁ(x’_y/—ﬁ—@dx’dy/
R2d
" //RM Yoo/ ptly—yp<yf (@' =y + 2)da’dy/

ol ol ! 2—2d Y12 +|y—z—z+v+¢|2
CrTvtzaTee // (WP +ly—z—z+7+CP) 2 e 0 0(Q)dyvd¢  (3.20)
R2d

+//RM L2y 2=ty <1y 0°(C)dydC. (3.21)

We first argue about the exponential decay when |y —x — z| > 4. In this case, if we look at (3.21),
since the support of ¢ is in || < Cpe, and the support of v is in |y| < 1 (otherwise the indicator in
(3.21) is 0), we see that when |y — x — z| > 4, then necessarily |y —x — z + v 4+ (| > 1 for € small
enough, rendering the indicator again 0. Thus, we can focus solely on the first term (3.20) and we
argue exponential decay in |y —x — z| when |y — x — z| > 4.

We separate the integral in vy of (3.20) according to |y| < |y —z — z|/2 and |y| > |y — x — z|/2.
In the former case, [y —x —z+v+ (| > |y — = — z|/4 > 1 for € small enough, thus we can bound
part of the integral by (noting 2 — 2d < 0, and [ 6¢(¢)d¢ = 1)

2
ly—a ly—z—=|2 ly—z—2|

,Z‘Q
C/ e= ¢ dy<Cly—z—z% @ <(Ce @
I<ly—z—z[/2

for some C’ > C. In the latter case that |y| > |y —z — z|/2 > 2, we can bound the other part of
the integral by
41? ly—z—=2|? _ly—e—z?
C e_%dfy§C|y—:n—z|d_26_y c < (e =&
I>ly—z—z[/2

That is, we have the claimed exponential decay when |y —z — z| > 4.

Now we turn to the case when |y — z — z| < 4. Here the term (3.21) is merely bounded (due to
J 6 =1 and that the indicator is over a compact ball), so the total bound cannot be smaller than a
constant bound. We now focus on the first integral (3.20). We separate two cases: |y —xz—z| > 4Cpe
or ly —x — z| < 4Cye.

If ly—x—2z| > 4Cpe and |y| < |y —x — z|/4, then |y —x — 2+ ~v+ (| > |y — x — z|/4 since
I¢| < Cpe, we can bound part of the integral (3.20) by (ignore the exponential)

C ly —x — 2> 2dy < Cly — x — 2>~
Iy|<ly—z—=z]/4
If |y — x — z| > 4Cpe and |y| > |y — x — z|/4, then we bound the other part of the integral by

c W22 P /C gy < © |y P2 dry + / e /%y
Iy|>ly—z—=z]/4 12y[>|y—z—2|/4 ly|>1
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o |2—d o o|2—d
< Cly—x—z"*+C, d>3 <C ly—z—2|""% d>3
| Cllogly —z—z2||+C, d=2

If on the other hand |y — z — z| < 4Cpe, then we have that |y — x — z 4+ | < 5Cpe. We note that
for any v € RY,

[logly —az —z|], d=2.

|z +2—y—(|

V[ V]y—z—2+v+( > 5

hence
[z +2—y— ¢
1 .
We separate the integral (3.20) according to v € B (%, x4+ 2z —y— C|) or otherwise. In the
former case, we can bound part of the integral

C oy — C12299¢ (O dde < C o CI2dE (N
P e A e

W2 +ly—2—2+y+¢* >

< Ced/ o+ 2 —y— (Pd¢ < Ced/ 2w < 4
(<Coe |

w|<5Cpe

where we have bounded [|6||cc < € %||0]|0o and used |y — x — z + ¢| < 5Cpe. The second part of
(3.20) we bound by

c / / Iy 226~/ ()
Re JROB(2H258=C [ap2—y—¢])
<c / / |22~ P/ Ce(¢) by
|,y|>w+z2;y*<

< o ascpcle 2 —y =P (Qde, d =3
B fmgcoe\logkv—l—z—y—CHGE(C)dC, d=2

< e {ﬁw|g5coe wlac, dzs3 o _ {62—d, d>3
- f|w|§5006 |log |w||ld¢, d=2 — |loge|, d=2.
To summarise, we showed here that when |y — x — 2| < 4, then a bound of the form Cly — x —
2|24 A Ce?=? holds for d > 3 and C|log |y — x — z|| A C|loge| for d = 2. This, together with the
exponential decay when |y — x — z| > 4, completes the proof of the first two items of (3.16).

The d = 1 case of (3.16) requires some changes. Since 2d = 2, we have that (cf. Flandoli and
Huang (2021, Proposition 5, pp. 615))

/ /
_le—a' 124y 12
C

t
/ gs(z,y; 2",y )ds < Ce —Clog (lz — ' + |y = ¥/ 1) Ljjo—sr24 jy—y'2<1)
0

and thus,

3 2 —z—z 2
//1%2/0 qs(x,y;l'/,y/)dsdx/dy/ S C//]‘QQ ei|’Y‘ +ly = +y+<| QE(C)d,}/dC

a C//Rm log (71* + Iy — & = 2+ 7+ () L2 ly—astrercp2 <130 () dyed.

Proceeding similarly as the d > 2 case yields the thesis, where the constant bound is essentially due
to the integrability of —logr function near r = 0. The gradient bounds (3.17) can also be proved
analogously; we only comment that we start with

Vor* (T —t,2,y) = / Vagi—s(x,y; 2", y)0 (2" — ¢ + 2)dsda’dy’
[0,t] xR2d
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and the fact that due to Ax uniformly elliptic, the gradient of its (2d)-dimensional heat kernel
satisfies

_lz—a’ 24 y—y|?
Ct

C
|vz%($a Y3 $/7 y,)’ < t1+2d €
2

for any t > 0, z,y,2',y € R? (cf. Ilyin et al. (2002, Theorem 1)). Correspondingly, we have that
for any d > 1 (cf. Flandoli and Huang (2021, Proposition 5, pp. 615)),

/ b O ey
/O\qus(:v,y;x’,y')!dSS/o ESFTYRZ s ds

2

1=2d  ja—a/ 24 )y—y/)2
S C (|£C — ﬂf/‘2 + \y - y/|2) 2 e [} + Cl{|x,xl‘2+|y,y/|2§1}.
The rest of the proof is analogous to that for the uniform bounds given above. O

4. Bounding various terms

Building on the Ité6-Tanaka procedure of Section 3, still working on the original probability space
(Q, F,P) we complete the proof of Proposition 2.2 by showing the negligibility of all the minor terms
in (3.14).

To prepare, for each N € N let us denote by [0,7’1-N) the lifespan of particle ¢ = 1,..., N in our
system, namely at the stopping time 7'1-N € (0, 00] particle ¢ is removed from the system due to the

coagulation rule. Let us also consider on the same probability space (2, F,P) an auxiliary “free”
particle system (:czf(t))fil, that obeys the same dynamics as (1.1), with x{(O) = z;(0), i € N, and
the same driving Brownian motions {W/}}rer, {B8i(t)}32,, but without coagulation of masses. In
other words,

del(t) =" oy (x{ (t)) o dWF + XdBi(t), ieN (4.1)
keK

with lifespan [0,00). This auxiliary particle system dominates our true system in the following

sense: P-a.s.
oWy =aNw), telo,7N),i=1,.,N (4.2)

7

due to the fact that the coefficients of the SDE (1.1) do not depend on the mass parameter.

We start with a lemma proving that any fixed number of particles in the auxiliary system have
a joint density that is uniformly bounded and decays exponentially at infinity. Recall that I' is the
uniform upper bound on the initial density of an individual particle, and R the maximal radius of
its compact support.

Proposition 4.1. Let £ € N,d > 1 be fixed, and denote
x/ = (x{(t),...,:c{(t)) e R%
Z = (a;l, ...,xg) S R

where x; (t) are defined above. Then Y{ has a probability density p;(T) on R that satisfies for any
te[0,T],
pi(Z) < ¢ el (4.3)
where ¢ = c(d, \, 0, T, R, T, {0} }rek,) is a positive constant.
Proof: Let us denote
By = (Bi(t), ..., Bu(t)) € R
Sk(Z) := (op(x1), ..., o)) € R
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(V) - 23) (@) := (Vog - o1) (1), ..., (Vog - o3) (24)) € R

where Voy, - 0y, is defined in (1.3). Then, by (4.1) the ¢-tuple Y{ satisfies the SDE in R‘:

dX] = 3" Si(X]) o W} + NdB;

keK
. 1 _ _
=" Su(X])awl + 52 (V- 5) (XT)dt + \dB..
keK keK

This is an Ito diffusion associated with the operator with coefficients of class C}° (R%¥) that acts on
functions on R,

—A+ Ztr (SEk(7)D?) + 3 Z(vzk-zk)(f)-z)
kEK keK

thus admits a transition density (i.e. heat kernel) qt ( 7) that is bounded above (and below) by
Gaussian kernel (cf. Ilyin et al. (2002, Theorem 1)), i

¢ (@,7) < CQix—7), Vt>0, z,5eRY

where Q¢(-) is the density of a centered Gaussian vector 7? in R With covariance matrix CtI, for
some C' = C (d, 4, {0k }kek, ) finite. Further, the initial condition X! o has a density po(Z) bounded
above by I', and compactly supported in the ball B(0, Ve (R), due to Condition 1.1. Then, for any
t € [0, T], the probability density of X}

pi(T) = (qp*po /Qt 7 —7)po(y)dy
:E[po (E—I—Ytﬂ grfp(myt eB(o,\fR))

<T'P (y??y > |z| — \/ZR> < cfle_c“:':'_\/mh7

where we used the Gaussian tail of ?? in the last line, and ¢ = ¢(d, A\, 0, T, R, T, {0 }rek) is a
positive constant. Adjusting the value of ¢ yields our thesis. ([l

Lemma 4.2. For any finite T,d > 1, we have that

T
1 €,z N N
lggl(]h]{]njéloplﬁl/o dtﬁ' Z |U (t, z; (t)axj (t))‘ = 0.
i#JEN(t)

Proof: Due to (4.2), it is enough to prove the thesis with the auxiliary system replacing the true
system, with the former having infinite lifespan, i.e. to prove that

)

1
lim hmsupIE/O dtm

|2|=0 N—oo

v (b (1), 2 (1)) = 0.

i#j=1

(The same applies to all the subsequent lemmas in this section.) Consider any fixed pair (i, j), with
1<i+#j <N, and we go on to bound

T
E/
0

L)

v (4l (1), 2 (t))‘ dt.
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By Proposition 4.1, (w{(t), x{(t)) has a joint density p¢(z,y) in R?? satisfying the bound (4.3) with
¢ = 2, implying that

T
/
0

E(t, @y 1), x dt // / vOE(t, x,y)| pe(x, y)dtdedy
R2d
< C’// sup |vo% (¢, z,y)| e VIFPHE/C g dy | (4.4)
R

2d t€[0,T)

and thus the problem is reduced to prove that

lim lim sup // sup |v*(t, @, y)| e~ VIFPHWE/Cqray = 0.
R

|20 e—0 2d ¢¢[0,T]

By Fatou’s lemma, we have that

limsup// sup |[v9*(t,x,y)| eV ‘x|2+‘y|2/odazdy
R

e—0 2d ¢[0,T]
< // limsup sup |[v3(t, z,y)| e VIEFHEP/Cqpay
R24 =0  t€[0,T]

and thus it is sufficient to prove that

lim // limsup sup |[v“*(t,z,y)|e Vv |x|2+|y|2/0d:ﬂdy = 0.
R2d

|z[—0 =0 te0,T)
By a change of variables, for any ¢t € [0, 7],
v (T —t,x,y) =% (T — t,z,y) — (T — t,z,7)

= /[Ot] g2 qt—s(ﬁyy;gj/’y/) [aﬁ(xl i y/ + Z) _ 96(1,/ o y/)] dsda:/dy'
X

B /[Ot]szd [qr—s(@,y; 2"y + 2) — q—s(@,y; 2", y)] 0° (2" — ¢/ )dsda'dy

where q(z,y;2’,y') is the (2d)-dimensional heat kernel (i.e. fundamental solution) associated with
operator Ay introduced in the proof of Proposition 4.1. Hence, as € — 0,

v (T —t,z,y) — [Qt—s(ﬂfv Y; o + 2) = qi—s(, y; ', 55/)] dsdz’.
[0,t] xR

Thus, the problem is reduced to prove that

hm //
|z1=0 ) Jr2d te[OT

Since the integrand converges to zero pointwise (see below), to apply Vitali convergence theorem,
it suffices to check the uniform integrability in the parameter |z| < 1, with respect to the finite

measure e~V ‘x|2+‘y|2/cdxdy, of

/ [r—s(z, g3 2", 2" + 2) — qs (@, y: 2/, )] dsda’ | e VITPHP/Cgzdy = 0.
0,t]x R4
(4.5)

t
Az y,z = sup / /Qts($,y;$,,:x’+z)dsd$’;
Rd JO

te[0,T)
namely, to prove that for some § > 1, we have that

sup //M | Ay 2P e VIEPFVE/Cgrdy < 0.
R

|z|<1
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To this end, in the proof of Proposition 3.2, we already mentioned that for d > 2,

t
/ q—s(z,y; 2’2" + 2)ds
0

2=2d  |o—o/)24|y—2—0'|2

<C (|.T - CC/|2 + |y e l‘/|2) 2 e C + Cl{|xfx/|2+|y7zfx’|2§1} (46)

(and the d = 1 case is similar, involving the logarithm). Let us integrate this expression in the
variable 2’ over R?. Note that, for any 2’ € R%, it holds that

lz— |V |y —2z—a'| > W
Thus, for any 2/,
25 |z —y+ 2

12 VR |
v~ +ly— =2~ .

We separate the integral in 2/ into one in the ball 2/ € B (%, |z —y + z\) and the other outside
the ball, and then it is easy to show that the first part is upper bounded by Cl|z — y + 2|?>~¢, and
the second part by Clz —y + z|2_d1{d23} + Cllog |z — y + 2[|1{4—2}- In the case d = 1, a constant
bound can be shown to hold.

Now we need to check, for some § > 1, the uniform finiteness in |z| < 1 of

C [[gealz—y+ 2| 2=y 22+ Cdrdy,  d >3
//2d Ay Pe VIEFHI Cardy < € [ [ log |z — y + 2S¢ VIEFHIE Cazay,  d =
R
C [[goa e VPP Capay,  d = 1.

Taking d > 3 for instance (the other cases being similar),

u=2"Y ,=2-y
/ / & — g+ 2| DNV C gy VTV / / 1V2u + 2|~ D= VIuPHU/C gy gy
R2d R2d

< / V3u + 2|@ D8~ (u+10)/CO) gy < / V3u + 2| Do~ 1ul/@O gy,

|z|<1
C IV2u + 2|~ du 4 C e~ 1/ gy

lu|<2 |u|>2

|2]<1
< C lw| =D dw + C < ',
|w|<4

provided we take 6 < d/(d — 2), where the constant C” is independent of |z| < 1.
Note also that z — A, . is continuous at z = 0 by dominated convergence, since LHS of
(4.6) is continuous in z, a classical fact for Green functions, and RHS of (4.6) is dominated by

Cla —y|2~2delz—a'?/C 4 Clyjz—ar|<1y, for all [2| < |z —y|/4 say (and = # y), which is integrable in
' € R

With the integrand of (4.5) converging pointwise to 0 as |z| — 0 (i.e. for a.e. fixed (z,y)),
and uniformly integrable with respect to the finite measure e~V |2 +1y12/ Cdxdy, we have by Vitali
convergence theorem that

lim limsup // sup |[v*(T —t,x,y)| eV |x|2+‘y|2/0dazdy =0.
R

220 e—0 2d ¢e[0,T]

Since the cardinality in the double sum in the thesis is (at most) N2, this completes the proof. [
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Lemma 4.3. For any finite T,d > 1, we have that
T
1
lim li E [ dt-— Vo2 (ta (), 2N (8))] = 0.
e Lot 3 190,55 0)
i#JEN (1)

The same statement also holds for V, instead of V.

Proof: The proof is analogous to Lemma 4.2, using the estimate for |V, r%*(t,z,y)| (3.19) instead
of (3.18). First we switch to the free system, and it suffices to prove that

T N
1
lim hmsupE/ dt—5 E ‘vaaz(t,l‘{(t)axf(t)) =0.

Considering any fixed pair of particles (i,7), 1 < i # j < N, we have that

T T
B [ Voo (tal @] @) |de= [[ [ 1900 () pulo. itdady
0 Rr2d Jo

< // sup [V, (1, y)] e VI Cazay  (4.7)
R

2d t€[0,T]
by (4.3). Further, by a change of variables, for any ¢ € [0, 77,
Vv (T —t,z,y) = Voro* (T —t,x,y) — Vor (T — t, z,y)

= /[0 2 vxqtfs(xg Y, x” y/) [96(1,/ _ y/ + Z) _ ee(m/ _ y/)] dsdx'dy'
X

= / (Voqi—s(z,y;2" Y + 2) — Vag—s(z,y;2",y)] 6 (2" — ' )dsda'dy'.
[0,t] x R2d
Hence, as € — 0,

V0 (T — t, x,y) — (Vaeqi—s(@,yi2' 2’ + 2) = Vagi_s(z,y; 2/, 2')] e VI Cdsdy’
[0,t] xR

and by Fatou’s lemma it is sufficient to prove that
hm / / sup
|21—0 . JR2d te[0,7]

To check that the integrand above is uniformly integrable in |z| < 1, with respect to the finite

measure e~ Ve +y?/ Cdxdy, we note that for d > 1 (already mentioned in the proof of Proposition
3.2)

/ (Voqi—s(z, y; 22" + 2) — Voq—s(z, y; 2’ 2")] da'ds|e™VITPHP/C gady
[0,t]x R4

=0.

t
/ ‘VIQt—s(xa Y; .T/, ! + Z)’dS
0

1-2d _ |o—a/|P4|y—z—a'|?

< C(|SU—I‘/’2+ !y—z—x’|2) 2 e c +Cl{|x—x’|2+\y—z—x’\2§1}'

By the same reasoning as in the proof of Lemma 4.2, as we integrate the preceding expression in z’
over R%, we get an upper bound Clz —y + z|1_d1{d22} + Cllog |z — y + 2[[1{g=1}. Then, for d > 2
we check for some § > 1, the uniform finiteness in the parameter |z| <1 of

[/ (@ — 4 2 =D ~VIPHWP/C gy



Coagulation dynamics under environmental noise 1269

which is true provided we take § < d/(d — 1). By Vitali convergence theorem, we have that

lim lim sup // sup |Vu**(T —t,x,y)| eV w2 +1Y12/C grdy = 0
R

[2|=0  e—0 2d ¢[0,T]
which leads to our thesis, as in Lemma 4.2. ]

Remark 4.4. By Lemmas 4.2 and 4.3, the terms Ho, Hy, Hs, Hg, Hg are negligible in the sense of
(3.15), once we bound test functions ¢, and their derivatives, as well as the Cp° functions Q8
and its partial derivatives above by constants.

Lemma 4.5. For any finite T, d > 1, we have that
€ €,2 N N _
lim hmsupE/ S o) — 2l (1)) o2 (¢, 2 (£), 2 (1)) = 0.
1170 N—yoo z;ékeN JEN(E),j#ik

Proof: First switch to the free system. Consider any triple of particles (i,j, k) with indices all
distinct. To bound

T
el _xf
E /0 o (] (1) — ! (1))

by Proposition 4.1, (x{ (1), xf(t), xi(t)) has a joint density py(1, 7o, z3) in R3¢ satisfying the bound

(4.3) with ¢ = 3. Thus, we can write

v (taf (1), ] (t))) dt

T
B [0l (0 - af0) =0l (0.2 () a

/// / 0°(x1 — x3) [v°(t, 21, x2)| pt(x1, 2, 3)dtdrdyd=
R3d

= C/// / 0% (a1 — x3) [v9* (t, x1, w2) | €~ V2l 12 /C iy vy
R3d Jo
Integrating in x5 first and using [ 0°(xq — x3)dzs = 1, we bound the above integral above by

T
¢ / / |03 (t, 1, m9)| e VImHR2 Oty davy
R2d J0

This is the same integral apprearing in the proof of Lemma 4.2, which has been shown to tend to
zero as € — 0 followed by |z| — 0. Since the cardinality in the triple sum of the thesis is (at most)
N3, this completes the proof. ]

Remark 4.6. By Lemma 4.5, the term Hg (3.5) is negligible in the sense of (3.15) (by considering
it term by term), after bounding the test functions by constants.

Lemma 4.7. For any finite T,d > 1, we have that
limsupIE/ dt Z 0°(x t) [ (¢, z; N, xév(t))‘ =0.
N—oo z;éJEN(t

Proof: First switch to the free system. Consider any pair of particles (i,7) with 1 <1i # j < N. By
(3.18), we have that

T
By | 0l o)

v (¢, 2] (1), x;‘(t))( dt < k(e) IE/T 0 (] (t) — 2l (1)),
0
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where
e IN"L d>3
k(e) :=C < |loge|lN7L, d=2 (4.8)
N-Y d=1,

which vanishes as N — oo by (1.5). By Proposition 4.1 with ¢ = 2, we can write
T T
B [ ol o)~ afoyit= [ [[ o= ppiog)dodyar
0 0 R2d
<CT // 0 (x — y)e~ VIHPH/C grqy
R2d

<C e 12/ Cay <
]Rd

using [ 0¢(z —y)dy = 1. Since the double sum has cardinality at most N 2 the claim is proved. [

Remark 4.8. By Lemma 4.7, the term H7 (3.6) is negligible in the sense of (3.15), after bounding
the test functions by constants.

Now we turn to the terms Bj, By, B3 related to the martingales.

Lemma 4.9. For any finite T, d > 1, we have that

T
1
Sgolimsuplﬁl/ cltm Z {ve’z(t,va(t),xéy(t))‘ =0.
Noos 0 i#iEN (1)
Proof: First switch to the free system. Expanding the square, we have
N 2
1 €
Fi| 2 |rrtal@.alw)
i#j=1
1 N
=5 2 VIt @] (t), 2] (4) v (1 el (1), 2] (t))‘
iAjAkAL=1
1 N
D A ORA O I A OREAO)]
i#jAl=1
1 N
51 DL ‘ve’z(t,mzf (t), =] (1)) (¢, (1), 2] (t)))
i#jAk=1
1 N
D D e (PO R D) I (R CRA)]
jiAl=1
1 N
D DI [ (R ORAO R (RAGRAC)
jAiFEk=1
1 2
B IO G CEAORZA0)
i#j=1
1 N
I EAGR A (RAGEAG)
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The last six terms are negligible, since the cardinality in their sums are at most N* (due to repeated
indices), and by the bound (3.18), each individual quadratic term, e.g.

1

~ [0 k2l 0,2 () (2l (), 2] (0)] < (9|0 2l (0, 2 (1) (4.9)
1

where £(€) defined i

4.8), and hence the second sum above
v (b (1), 2] ()0 (1l (0), ] (1)
1

n (

N

N2

i j A=

Ao A(0)

<55 Y el w55

i#jAl=1 i#j=1

Taking expectation and integrating in time, it is negligible by the statement of Lemma 4.2. The

other sums can be handled similarly.

Now we deal with the first (principle) term, where the cardinality of the sum is O(N%) and the
indices are all distinct, thus it suffices to consider any fixed quadruple of particles (i, j, k, £).

T
/
0

By Proposition 4.1, (a:{(t), xf(t), xﬁ(t), xg(t)) has a joint density ps(z1, 2,3, z4) in R* satisfying

the bound (4.3) with £ = 4. Thus, we can write
T
of I

/4d/ #(t, 1, x2) V¥ (8, w3, 4) | Pe (21, 2, 3, T4)dtdr1darodrzdry
R

v (t,af (1), 21 (1))

7

vt @l (), ] (8)0S (8 (), 2] (t))‘ dt.

»g

(bl (1), 2] ()0 (1 f (0, o] (1) b

< C/ / “(t,x1, x2)v9%(t, 23, 24)| €V iz |x"|2/cdtda:1dx2dm3da:4
R4d
2
1
< C/ (// [v9% (¢, 21, 29)| € V2V |z1|2+|x2|2dac1dx2) dt.
0 R2d

As shown in the proof of Lemma 4.2,
/ 2
lim hmsup// sup |v“*(t,x1,22)|e vig VlelPHeal g 1dxo =0,
|2|=0  e—0 R2d t€[0,T]
and hence, by the preceding inequality, we also have that

T
lim lim sup E / o (4, (8), 2 ()00 (8, 2 (1), 2 (1) dt = 0.
0

|Z‘—>0 e—0

Since the cardinality in the quadruple sum is (at most) N4, this completes the proof. O

Lemma 4.10. For any finite T,d > 1, we have that
2

T
1 €,2 N N
s [ (Y v oo o)) <o
i#FEN (1)

Proof: First switch to the free system. The proof is analogous to that of Lemmas 4.9, just using
the estimate (3.19) instead of (3.18), and Lemma 4.3 instead of Lemma 4.2. Just note that when
performing the analogous step to (4.9) to control the negligible terms, by (3.19)

“(t,l(t), 2] (1))

Tl (1), ] )] [Ve 2] (1), 2L ()] < R !

N
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where now

_ I=dn=1 g>2
Rle) =€ o 0T (4.10)
|loge| N7, d=1

is uniformly bounded by (1.5). O

Remark 4.11. By Lemmas 4.9 and 4.10, the term By (3.8) is negligible in the sense of (3.15), after
bounding the test functions and supycg ||0k|lo by constants. They also show that By (3.7) is
negligible, since

2 2

SUY e aN @), 2 @)

VAN
“N
=
B
—~
N
8
=
—~
~
S~—
-

PEN(t) \JEN(t),j#i i£JEN (1)
2 2
ol > e, @) | < | DD Ve el (), 25 (1)
iEN(t) \JEN(t),j#i i#jEN(t)

Lemma 4.12. For any finite T,d > 1, we have that

2

lim limsu E/ dt— 0°(z t voF (t, 2N (t), 2N (t = 0.
i s | 5 A0 | Y e 0.2 0)

i£keN(t) JEN(t),57#1,k

Proof: By the elementary inequality (El 1a;)? < LZZ La? for any L € N, and (3.18), we have
that

2
5 2 0E® @) | Y vl ()2 (1)
z;ékeN(t FEN(t), ik
2
S DR CHORE A OV DI G CEA CRAC)]
z;«éke/\/ JEN(t),5#i,k
S Yoo 0@ ®) -2 @) Y [t (al (1), 27 (1)
z;éke./\/' FEN(t),j#ik
where k(€) — 0 is as in (4.8). The conclusion then follows from the statement of Lemma 4.5. O

Remark 4.13. By Lemma 4.12, the term Bs (3.9) is negligible in the sense of (3 15). Indeed, there
are five terms inside the square, which we first use the elementary inequality (Z > 1a;)? <5 ZZ Laz,
then we handle term by term, of which the first four are of the form in the lemma (after bounding the

test functions by constants), and the last one by Lemma 4.7 together with the fact N~2[v%?(-)|? <
K(€)2.

To conclude, we have thus far shown that Proposition 2.2 holds, by the discussion around (3.15).

5. Relative compactness of the empirical measure

In this section, we show the tightness of the sequence of laws of {u®V MYn<m taking values in

Dp(My )M



Coagulation dynamics under environmental noise 1273

5.1. A general compactness criterion. Let M 1 (]Rd) be the set of positive Borel measures on R?
with mass < 1. Recall that, given R > 0, the set Cr C M4 (Rd) defined as

Kp = {M e M, <Rd> : /Rd || () < R}

is relatively compact in M 1 (Rd) endowed with the topology of weak convergence of measures.
The weak convergence on M ; (]Rd) can be metrized in the following way. For every compact
set K C R?, the space C (K) is separable; let ( K )n oy be a dense sequence in C (K) and define

the function dx : M 1 (K)* — [0,00) as

Sic (1) = 302 ([ ) = (1 A5 1),

This is a metric on M4 1 (K) and the metric space (M4 1 (K),dk) is complete and separable;
convergence in this metric is weak convergence of measures. Taking a sequence of compact sets
K,, with U, K,, = R% and proceeding in a similar way we may define a metric on My (]Rd).
Rearranging the double procedure in a single one, we may claim that there exists a sequence
(fn)nen- dense in C (K) for every compact set K C R?, such that

8 () =D 27" (I, fu) = (v fd A D)
n=1

is a metric on M 1 (Rd) and the metric space (M+,1 (]Rd) ,5) is complete and separable; conver-

gence in this metric is weak convergence of measures. Finally, we may take the sequence (fy),cn,
in Cg° (Rd), by revising the previous construction from the beginning and using the density of
C (RY) in C, (RY).

Given T > 0, consider the space of cadlag functions
p 1 [0,T] — Moy (]Rd)

where (/\/l+?1 (Rd) ,(5) is considered as a metric space (hence continuity and limits of ¢ — p; are
understood in this metric). Denote it by D ([0,7]; M 1 (R?)) or more shortly as Dy (M 1) and
endow it by the Skorohod topology, not recalled here, but denoted by d below (cf. Ethier and Kurtz
(1986, Ch. 3, Eq. (5.2))).

Criteria of compacteness in (Dr (M4 1), d) are usually expressed by means of a modified modulus
of continuity, to account of jumps. When the jumps are very small (as in our case), the classical
modulus of continuity is sufficient, defined as (u. € Dy (M4 1))

wy (u.) = sup 6 (s, pe) -
s,t€[0,T]
[t—s|<vy

A sufficient condition for a (deterministic) sequence {u"} C Dy (M4 1) to be relatively compact
is:

Proposition 5.1. If (i). the family
{pisneN,te€[0,T]} C My, <Rd>
is relatively compact (see above a sufficient condition); and (ii).
T sup o (4) = 0,

then {u”} is relatively compact in Dp (M4 1).
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Let now {u”} be a family of random elements of Dy (M4 1) and let {P"} be their laws. This
sequence of laws is weakly relatively compact if it is tight, namely if given € > 0 there exists a
compact set ¢ C Dy (M4 1) such that

P"(Ke) =P ee)>1—ce
Proposition 5.1 yields the following practical sufficient condition:

Proposition 5.2. If (i). there exists Cy > 0 such that
E [ loluf (dz) < €
Rd

for allm and t € [0,T); (ii). and there exists 3 > 0 such that, for every ¢ € C° (R?), there ewists
Cy > 0 such that

E [|{uf', &) — {1z, 9} < Co It — s/
for all t,s € [0,T], then the sequence {P"} is relatively compact.

5.2. Application to our case. Let {u" "Ym<m be the empirical measures defined in (1.9). Let us

check the conditions of Proposition 5.2 above, for each "™, 1 < m < M. Let us start with (ii).
We have, analogously to (2.1), for ¢ € C® (Rd), 0<s<t< T,

(9™ = (o)) + [ dr S A6 ) em)

zEN (r)
b [ 3 v QN0 )V (1) L1y
ZGN (r)
€ ml(T) N
DA 2} (M) | = (@] (1)) Lima () m; ()=}
/ ﬁﬁae/\/ () [ml(r)—kmj(r) :
m;(r)

N N N
T i) £y ) 2 D omsrmsry=my = ST () oy =my = 925 (T))l{mjm:m}}
+ (MPP — MEPOY & (MPP — M2P) 4 (M - M)
Since N(r) < N, we have that

E (1™, 6) = (1™, 6)] < CO) [t = sl [dllca | Qller

ot [dry Y 0 -2 0)

i#JEN(r)
LR ‘Mtl,D,qs _ M;,w’ +E |M2D0 M}D"f” IR ‘Mt‘]"f’ — M

Similarly to (2.2), (2.4), we have that

2 2
{E ’MtLD,d) _ Msl,D,¢H <E UMtLD@ _ MSLD#)‘ ] <O\t —s)N7Y¢l2,

{ ‘M“”‘z’ M2D’¢H <E“M2D’¢’ M2D7¢’” (t=5) > llellEnllonlZ,
keK
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To deal with
/ S o) - (),
27516/\/ ()

we consider each fixed pair (i, j) of particles, and assume they both are active in [s, t]. By Proposition
4.1, (N (t), 2 (t)) has a joint density p:(z1,z2) satisfying the bound (4.3) with £ = 2. Thus, we

g
have
t t
B [ 0w () = o ()dr = [ 6(ar = ma)pr 1, ) s
<C(t— s)/ 0°(x1 — x2)e” V |12 +e22/C gy dapy < C'(t — s).
RZ(Z
Finally,
2 2
2o -] <& [[ae - aapof | <ol [Cary T 0 (@) - )

z;ﬁ]GN
<C'(t—s)NHolZ

by the previous estimate. Summarizing,
E|(1¥,0) = (11, 6)] < C (6 {ortrerc, M) It — 5|/,
Concerning (i), for any ¢ € [0, 7],

B[ ol (@) < 5B Y [o (0] < Eloa ()

1EN(t)
by the exchangeability among the particles, and the RHS is finite, by (4.3) with ¢ = 1.

Remark 5.3. As a consequence of the tightness of { ,u;N o N € N, the sequence of

Dr(M4 )M x C([0, T]; R)Kl-valued random variables
{6 € 0,7}, {WEt€[0,T]} i}, NEN

T] }mSM’

is also tight, as needed in Section 2, where C([0,T];R) is endowed with the uniform topology. Note
that the Brownian motions are independent of N.

6. Existence and boundedness of limit density

In this section, we show that

Proposition 6.1. Any subsequential limit in law of {yu) "™ (dz),t € 0, T} im<ns in Dp(My )M
1s concentrated on absolutely continuous paths, and its density with respect to Lebesque measure is
uniformly bounded by the deterministic constant I' in Condition 1.1.

Denote on (€2, F,P) the empirical measure of all active particles (regardless of mass) in the true
system

M
,uiv(d:n):zz Zézv t>0.
m=1 zeN (t)

Let us recall the auxiliary free system of particles {xl( )}, introduced in Section 4. For each
N € N, we denote their empirical measure

1
p (da) = ~ Zéwf(t)(da;), t>0.
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In addition to (4.2), we also have the following set inclusion holding, P-a.s. for all ¢t > 0
(2N i e Nt} C {x{(t) =1, N} c RY

and the domination between the empirical measures: P-a.s. for any N, m and t, and Borel set
B C RY,

(B < 1 (B) < i (B). (6.1)
It is also clear that uév’f(d:r) — 2%21 TmPm ()dz (weakly), as N — oo, in M 1 (R?) in probability.

We now argue that in order to show Proposition 6.1, it is sufficient to prove that

Proposition 6.2. For cvery finite T', the sequence of empirical measures of the auzxiliary free system,
{,u,Nf(dx) :t € [0, T]}, converges in law as N — oo to a limit {ﬁ{(dx) :t € [0,T1}, in the space

C([0,T); My 1(RY). The latter random measure is absolutely continuous with respect to Lebesgue
measure, with a density T (t,x) uniformly bounded by the deterministic constant T.

We know by Section 5 that the sequence of laws { £V} n of {{u™"™}n<ar, pV/} taking values in
DT(M+71)M *1 form a tight sequence hence is weakly relatively compact. Fix any weak subsequential
limit .Z of .ZNi. By Skorohod’s representation theorem, on an auxiliary probability space (SAZ, F ,P),
there exist random variables {{ﬁNJ"m}mSM,ZZNJ"f}, j > 1 and {{ﬁm}mgM,ﬁf}, having the laws
LNi j>1, 7, respectively, such that P-a.s.

{{MNj’m} <M, /‘LNj’f} - {{ﬁm}m<M’ﬁf}7 ] — 00.
In particular, 7/ satisfies the properties in Pr0p051t10n 6.2

By (6.1) and the representation, on (Q 7, P) we have P -a.s. for every t,m and ¢ € C®(R?)

with ¢ > 0,
< o (dz) — g™ (), ¢> > 0.

As j — oo, the above nonnegative sequence converges P-a.s. to
(il (dw) - 7 (d), 0) = 0.
This implies that P-a.s. for every open set A C R%, ¢ € [0,T] and m < M,

) <4 = [ @t

Recall that any Borel probability measure on a Polish space is regular; namely the measure of a
Borel set is the infimum of the measures of open sets larger than the given Borel set. Fix any Borel
set B C R?% with null Lebesgue measure, and any open set A O B. By absolute continuity of ﬁ{
with respect to Lebesgue, we have that ﬁ{ (B) =0, and further

0 < 7"(B) < i (A) <ml (A), Vtel[o,T]. (6.2)
Taking infimum over all open sets A D B in (6.2), we have that

0<a"(B)< inf_ @l(A)=n/(B)=0, Vte|0,T].
open ADB

That is, {fz;"(dx) }m<nm is also absolutely continuous with respect to Lebesgue measure, P-a.s. Let
us denote its density by {um(t,2)}m<n, then we have that

/B [ﬂf(t,x) — U (t, )| dx >0

for every Borel set B C R? which implies @/ (t,x) — umn(t,z) > 0, Lebesgue-a.e., whereby
[tm (t,)]|oo < T, P-as.
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Thus we are left to show Proposition 6.2. As a preliminary, note that we can repeat our derivation
in Section 2 for the empirical measure ™/ of the free system, and due to its linearity (there
are no coagulation terms), it is easy to show that under the Skorohod representation, any of its
subsequential limit 77/ must be a measure-valued solution of the following SPDE (formally written)

Op(w) = % Ap(@)dt — Ype g ok(@) - Viu(w) o dWE,  (t,2) € [0,T] x RY,
po(x) =Ygy Tmpm () da.

(see in particular (2.7), (2.8), (2.9)). Proposition 6.2 is proved in Appendix B.

Appendix A. Pathwise uniqueness of the SPDE (1.10) and regularity of its solutions

Consider the system

iy (t, @) = (Lt (£,2) + Frp (w(t,2))) dt = > 0% - Vg, (£, ) dWF

keK
m=1,..,M, U= (U1, .o, Ups)
where
m—1 M
P (u(t,2)) = Yt (£, 2) U (£,2) = 2t (£,2) Y un (£, 7)
n=1 n=1
A2 1
Ly, = ?Aum + 3 div (Q (z, ) V) (A.1)

Qz,y) =Y on(z) @0k (y)

keK

with initial condition (r1p1, ..., 7arpar), where Z%zl rm = 1, satisfying

0<pn<C, /Pm(l“)dl“ﬁl

for every m =1, ..., M. Notice that, also

/pfn(:v)dméc/pm(x)dxgc,

property often used below also for u,, (¢, ).
In the equations above (A.1), £ is the resulting elliptic operator after the reformulation of
Stratonovich in It6 form. Assume o}, € Cp° (R4 RY), div oy, = 0.

Definition A.1. Given a filtered probability space (€, F,{G:}i>0,P) and Brownian motions
{Wk}rer, by very weak solution we mean a progressively measurable process u (t,z) such that,
for some constant U > 0,

P (0 <y (t,z) <U forall (t,z))=1forallm=1,..,M

P(/um(t,x)dxglfor all t> =1foralm=1,...M

<Wm»@=mwm@+A<%@mﬁ@w+4u%wwmww

—i—Z/O <um(s),ak'v¢>de

keK
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for all ¢ € C2°, P-a.s. If in addition they satisfy

T
max IE/ /|Vum (t,2)|* dedt < oo
0

m=1,....M
then they are called weak solutions.

As already remarked for py,, from the assumptions it follows that [ u2, (t,r)dx < U as., for
every m=1,..., M.

Lemma A.2. Very weak solutions are also weak solutions.

Corollary A.3. Weak solutions are pathwise unique.

Proposition A.4. Let n > d/4 be an integer and let (um),,—; 5 be the unique solution given by
Corollary A.5. If the initial conditions up, (0) belong to W22 (R?), m = 1,..., M, then (um),,_1
has the following regularity:

T
E| sup [fum () 2nz | +E / it (8, ) Byansne df < o
0

t€[0,T7]

for every m = 1,...., M. In particular, if upy, (0) € C* (]Rd), m = 1,..., M, with square integrable
derivatives of all orders, then P-a.s. one has uy, (t) € C= (R?) for all t € [0,T) and m = 1,..., M.

The proof of Proposition A.4 is postponed to Appendix B, since it shares some technical ingre-
dients with the proofs presented there.

A.1. Proof of Lemma A.2.

A.1.1. Preparation. One can prove (cf. Flandoli (1995), Flandoli (2022)) that there exists n < 1
such that

D llow - V7 < =20 (Lf, f)

keK
for all f € C°. We want to exploit this property by means of an energy inequality. For this
purpose we need to apply It6 formula but u,, does not have the necessary regularity, in particular
the term (Luy, (), um, (t)) is not well defined (in a sense its good definition is our thesis). Thus we
take a smooth symmetric density p, with compact support in the unitary ball B (0,1), we define
pe (z) = € p (e7'z) and set

S, (1) = (pe %t (£)) (2) = / pe (& — )t (1) dy.

The process us, (t, ) is smooth in z; since [ u2, (¢, ) dz < U a.s., from the smoothness and compact
support of p plus Young’s inequality for convolutions, it follows in particular u, (t) € W22 a.s. (but
the W22-norm depends on ¢), hence the term (LuS, (t),us, (t)) is well defined.

From the weak formulation, using a test function of the form p. x ¢ and the arbitrariety of ¢, we

easily get

S, () = S, (0) + /0 (€S, (5) + pe* Fin (u(s))) ds

+Z/0 pe * (1 - Vi (5)) AWE

keK
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where all processes can be interpreted, for instance, as L?-valued processes and where the term
pe * (0k - Vuy, (t)) is a short notation for

[,05 (O'k vum /vazpe (y) Um (t y) dy.

Now us, (t) is regular enough to apply It formula (cf. Krylov and Rozovskii (1979), Pardoux (1975),
Prévot and Rockner (2007)):

d [[ugy, ()72 = 2 (Lusy, (8) ,ug, (8)) dE+2 (pe x F (u(t)) up, (1) di

+2) (pe* (0n - Vum (1)), ufy (8)) dWE + > [lpe * (0k - Y (1)) 172 dt.
keK keK

Then we introduce the commutators. Let us write
Pe * (Uk -Vup, (t)) =0k - vu:n (t) + R;n,k (t)
where R}, () is defined by the identity. We have
d||us, (t)]|72 = 2 (Lus, (¢ ) ; ( )>dt+2<pe*F (u(t)),up, (1) dt

+23 (RS, S OYAWE + 3 |low - Vg, (8) + RS, (t)Hith
keK keK

where we have used the fact that, being divoy = 0,
(o - Vus, (1) ,u, (1) = 0.
For every § > 0 we have 2ab < da? + 6~ b2, hence

Z ok - Vug, (t) + R, )Hiz < (1+9) Z oy - Vs, ()] 32

keK keK
(1+07) > [ Res 07
keK
— (14 8) 20/ (Lus, (1), () + (1467 S | Ros 0]
keK

Choose ¢ > 0 such that (14 §)2n =2 — ¢ for some ¢ > 0. We get
d [ug, (0)[I72 < € (Lusy, (8) ,uf, (8)) At + 2 {pex Fin (u (1)) s, (¢)) dt

+2 Z < in,k <t) 7ufn (t)> thk + (1 + 5_ Z HR;n,k (t)Hiz dt

keK keK
One has
2 (pe * Fon (w (1)) , 1S, (£)) < llpe * Fro (w (£)][72 + [lug, (8172
and

loe * Fon (w (D172 < 1 Fm (w ()72 < 1Em (u (0)llog | (w ()] 1
< C[En (u (@)

for some deterministic constant C, since 0 < uy, (¢,2) < U a.s. for every m; moreover each term of
Fo, (u(t)) has L'-norm bounded by U: indeed a.s.

/uk (t,x)up (t,z)de < U.
We have found
i (O + € [ 1V (t,) docs
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< Odt + |Jugy (ONF2 dt +2 > (R ()1, () dWE + (14671) 3 || R (0] 7 dt
keK keK

for some constant C' > 0.
A.1.2. Commutator estimate. Let us prove:

SR O < CQ/um (t.2) d.

keK
for a suitable constant Cg > 0.

Lemma A.5.

Proof: Collecting the definitions, we have
ok (t /prew— Y) - ok (y) um (t,y) dy — o (z V/pew— y) um (t,y) dy

— /pre (z—y) - (oK (y) — ok () um (¢,y) dy.
One has

S 1Rk @ = 3 [[[ Fapee =) @00 - o1 @) 1.0)

keK keK

Vape (@ —y') - (o8 (V) — ok (@) um (¢, ') dydy'da
/A

AVape (z = Y)| [Vape (2 — )| [tm ()] |um (t,y)| dydy'da
where |[-|| here denotes the Euclidean matrix norm. We show below that

Y ok (y) = ok (2)) @ (on (¥) — ok (2))

keK
for some constant Cg. Recall the support property of p; it implies that p. has support in the ball
B (0, ¢€), hence the previous expression is bounded by
/
T—y Ty
w0 ()0 (%)

< CQe_Q/d:U/ dy/ dy'e 24
B(x,e) B(z,e€)

’ |:1: - y| {:L‘ - y,’ |um (t,y)| ‘um (tay/)‘
< Cg /// dzdydy' e 2| (Vp) (x;y)’ '(V,o) <m
x—y 2
~co [ (|0 ( o )l )
By Young’s inequality for convolutions, this is bounded by

< cQ/yum (t, )] dz.
It remains to prove (A.2). It is equivalent to

1Q (v,¢) — Q(y,2) — Q (2,9) + Q (z,2)|| < Colz —y| |z —y|.

It is sufficient to prove a similar estimate componentwise, for the matrix-value function ). Now

Qij (v,y) — Qij (y, )

— ok (%) ® (ok (v) — 0% (@)

< Cqlr—yl|z -] (A.2)

[, (£, )| [ (,9)]
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1
= /0 VQQij (y, « (y - y/) =+ (1 - Oz) ( )) dov - ( y/)
1
Qij (z.9) — Qij (z,2) = /0 VaQij (z, e (z —y)) da- (2 — )
nQij (. a(y—y)+ (1 —0a)(y—2)) — Qi (z.a(z — o))

—/01V23th'j (W, Ba-yY)+A-a)ly—2)+ 1 =0)(a(z—y)))ds - (y— =)

1
+/0 V10nQij(By + (1 = Bz, cl(x — o/ ))dp - (y — ).

Collecting these identities, we get the required bound. O

A.1.3. Conclusion. From Lemma A.5 and the a priori bounds on w,, we get

SRS, 2, < CQU/ lumm (£, 2)| dzr < CoU.
keK

Hence

d|us, ®)]32 + C/ \Vus, (t,2)|? dedt < C'dt + 2 Z g () us, (t)) W)
keK
for a new constant C’ > 0. It follows

1/2
/ € 2
CE/ /|Vu t:n|d:13dt<CT—|—2<keZK / <R JuS, (1)) dt)
1/2
S [ m 0l uufnu)uizdt) .

<CT+2(
keK

2
As above, Jug, (1)]72 < U, and pee [Rey (0)]], < CoU, hence

T
GE/ /|vu§n (t,2)|* dudt < C'T + 205 °UTY2.
0
The proof of the lemma is complete.

A.2. Proof of Corollary A.5. Let u = (ul, woun), W= (ul,...,u},) be two weak solutions. Set
v(t) =u(t) —u (), vm (t) = um (t) — ul, (t). The regularity of v is sufficient to apply It6 formula
(cf. Krylov and Rozovskit (1979), P(ndou\ (1975), Prévot and Rockner (2007)):

d|vm (872 = 2 (L (), v (£)) dt + 2 (Fo (w(t)) — Fin (4 () v () dt
)

+2) (ok - Vom (8),0m (6)) AWE + Y llow - Vo (8)][72 dt.
keK keK

Since (o - Vup, (t), v (t)) = 0 and kz;( ok - Vo, (£)]32 is bounded above by —2 (Lvp, (t) , v (1)),
we get €
d v (8)]|72 < 2(Fn (w(t)) = Fon (0 (1)) s vm () dt.

Now
m—1

M M

/ / /

Fy (u) — unum n— um_n) -2 um g Uy, — Uy, g Uy,
n=1 n=1

n=1
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and each term of the form wupug — u%u% can be estimated as
! ! < / / !
‘uhuk - uhuk{ < }uhuk - uhuk‘ + }uhuk — up Uy
<U ”Uk’ + U‘Uh‘

hence
M
‘Fm (u) — Fp, (u’)} < CZ |vn|
n=1

where C' depends on U and M. It follows

M

d

5 lom (B)7: < 2CZ/|vn (t, z)| |vm (¢, 2)| dz
n=1

M
<20 on (D)I72 + 2CM [[og (8)]72 -
n=1

Summing over m and applying Gronwall lemma, we deduce vy, (¢)||32 = 0 for every m and ¢, which
is pathwise uniqueness.

Appendix B. The SPDE of the free system

B.1. Ezistence, uniqueness and regularity results. Arguing in the "free" case as in the more difficult
case with interaction, we can prove that the family of laws @) of the empirical measures are tight
and that every limit point may be seen, on a suitable probability space, as a random time-dependent
probability measure u; (in the case with interaction there were only finite measures, but here the
empirical measures have mass equal to one), adapted to the noise W, satisfying

[otnmn = [60.0u0@ dx+k€zK/0t (/76 010 01 a)) vt
+ /0 t % Z < / 9;0;¢ (5,2) (\26i5 + Qij (. 7)) ps (d:v)) ds

+ /Ot/ﬁsqb(s,x) ws (dz) ds (B.1)

for every ¢ € 2 ([0, 7] x RY).

The first result we want to prove is the uniqueness of measure-valued solutions to this equation.
Although potentially several techniques may be used, we present here one based on SPDE theory
in negative order Sobolev spaces, which may be of interest on its own. The approach presented
here is inspired by Flandoli (1995). For the sake of simplicity we develop the theory in the Hilbert
scale W2 (R%) but, following Krylov (1999) and Agresti and Veraar (2021), one can work in a
Banach scale WP (Rd) with p > 2 which has the advantage to reduce the necessary degree of
differentiability to have the Sobolev embedding W (R?) C Cj, (R?) (see below) and thus allows
one to ask less differentiability of the coefficients oy; since an optimal result is still not clear, we do
not stress this level of generality in this work.

In dimension d one has the Sobolev embedding Ws+o2 (Rd) C Gy (Rd) for every 6 > 0; for

simplicity of exposition we take § = % Therefore the set of probability measures Pr (Rd) is contained

in the dual of W52 (Rd), the negative order Sobolev space W2 (Rd):

Pr (Rd) c w2 (Rd) .
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The set-theoretical inclusion is a continuous embedding of metric spaces when Pr (Rd) is endowed
of the distance

d(p,v) = sup [{n,9) — (v, )]
6]l oo <1

where (1, ¢) denotes, as usual, [pa @ (x) pu (da). Moreover, up to a constant C' > 0, one has
Il e, <C

for all u € Pr (Rd).
+1

A measure-valued solution in the sense above is also a weak solution of class W~ 52, Choosing
o (t, x) related to e!£74), with suitable choice of times, one can rewrite the previous identity as

keK

for every ¢ € C° (]Rd), where we write et

equal to e’“, £ asin (A.1). We only remark that, thanks to the Cy° regularity of oy, the semigroup
e maps W2 (Rd) in itself for every k, so that o - Ve=9£y is of class W2 and thus the
duality is well defined under the stochastic integral (similarly for the initial condition term).

We want to move a step further, namely interpret the previous identity as an equation of the
form

so that the duality structure is more clear, but it is

¢
e = e“pg + Z / =g, . Vudef (B.2)

kek 0
in a suitable Hilbert space. For technical reasons which will be clear below, given d, we choose the

minimal positive integer N such that 2N +1 > %. Then we consider progressively measurable
processes iy in W—2N:2 (Rd) with the following regularity:
2 T 2
sup E [HutHW_QN,2:| +E/ ”,Uzt”W_2N+1,2 dt < oo. (B.3)
te[0,1) 0

Probability measure solutions of the equation above belong to this space. Under these condition,
E fOT ||V/~Lt||124/72N,2 dt < oo (V interpreted in the sense of distributions), the multiplication with
op € Cy° (Rd) remains of the same class; and the operators e*=5)£ are equibounded (on finite
time intervals) in W —2N:2 (Rd) by duality, hence f(f et=5)Lg, . V,udeSk is a stochastic process in
W=2N:2 (R?). We interpret (B.2) thus as an identity in W22 (R?), for solution of class (B.3).

Call a;; (z) == 3 (A2 4+ Qyj (z,)). It is easy to check (Flandoli (2022-)) that there exists 1y €
(0,1) such that

5 (k@) 07 < Y ay ()&
2

for all ¢ € R?. This implies

> llow - Vgliiz < —2n0 (Lg, 9)
keK
and thus

T 2
S [ e veeeo|? dr < mli (B.4)
k€K “S

for all f € L? (Rd) because

2 /ST Jow - vet-oxs Hi dt < =21 / ' (Lelt=9Ef, eI i

keK
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= [l

For every n € Z, let us endow W?2™2 (Rd) by the norm
[flly2nz = I(L=L£)" fllp2-

Lemma B.1. Let n € (no,1) be given. For every integer number n € Z there exists a constant
Cn,x > 0 such that

T (t—s)C ¢||? 2
Do (o vty L dt < @4 o (T =) 1 £1yane
kex “?

2 2
LAt <mllflz: -

for all f € W?n:2 (Rd).

Proof: The case n = 0 is already proved above. We give the proof for n = 1 and n = —1, the
general case being similar.

For every k € K there is a second order differential operator D,(f), with coefficients of class

Cye (]Rd), such that

ok V(1—L)f=0-L)o, Vf+Df (B.5)
forall f € C° (RY). Indeed, the terms with third order derivatives in 0j,-V (1 — £) f and (1 — £) oy
V f coincide. Therefore (case n = 1)

T 2 T
Z/ Hak-Ve(t_s)LfHWQ’th: Z/ H(1—£)ak-ve<t—8>ﬁf‘
keK VS keK “*$

=5 [ v e pp] et
keKk VS

For € > 0 we use the inequality (a + b)? < (1 +€) a2 + (14 2)v? to get

<(1+e) ;;/T |on - vet=% (1 - 2) fH; dt + <1 + i) k;{/T |Dielt=2

The first term is handled by (B.4), the second one by a trivial bound, to get

<A+ moll(1— L) fll2e + Corc (T = ) | fl32.2 -

If € satisfies (1 + €) mp = 7, this is the required bound.
For n = —1, we have to prove

3 /T la-o) "o ve<t—s>ﬁfH; dt < (n+Coase (T —s))| 0 - £)7 ]
keK VS

2
dt
L2

2
dt.
L2

2
dt.
L2

2
2’

Weset g=(1—£L£) ' felL? (Rd), so that we have to prove

r 1 c |? 2
S [ a-e e Va0t dr< i+ Co (7 - ) ol
kek V®

By (B.5), the left-hand-side is bounded by
T 2 1 T
L Velt—s)L - -1 n(2) (t—s)L
<0+ Y [ o vz ars (141) T [ a- ot pPetzy
ke K keK

and the claimed result is proved as above. O

2
dt
L2

Proposition B.2. FEquation (B.2) has a unique solution in the class (B.3). In particular, the
equation for probability measures (B.1) has a unique solution.
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Proof: Let ,ugi), i = 1,2 be two solutions and p; = ,ugl) — ,u?). Then

=3 [ o T

keK

We introduce the auxiliary processes in W—2N:2 (Rd)

vk (t) = o) - Viu

and their equations

Z/ak Velt=5y, (s) dWh.

heK
We have
Z / ||lvg (¢ HW an2 dt = Z / / o - Vel=9Ly, (s )H Cans dtds
keK heK 0 ker’s

and thus, using Lemma B.1

77+CKT Z/ th HW 2N2:| ds.

heK
This implies v = 0 for all k if T is small enough, hence p; = 0 since

=3 / (=54, () dTVE.

keK
The argument can be repeated on intervals of constant length, proving uniqueness. O
We have proved pathwise uniqueness for equation (B3.1). This implies convergence in probability

of the empirical measures, by an argument of Gyongy and Krylov (1996) that we omit.
Now we prove the regularity of ;. Consider the equation (for functions, now)

1
du (t,z) = §(>\2A~|—div(Q( 2) V) u(t,x)dt+ Y op (x) - Vu(t, z) dW}
keK
uli—0 = uo

interpreted in the mild form
u(t) =e“ug+ Y / =)L - Vu (s) dWE. (B.6)
keK

Definition B.3. Given ug € W?™?2 (Rd), we say that u is a mild solution in W22 (Rd) of equation
(B.6) if it is progressively measurable in W?2™? (R?), satisfies

T
sup. B ([ () ons] + B [t ) v di < oc
t€[0,7] 0

and identity (B.6) holds true.

Proposition B.4. Given ug € W22 (Rd), there exists a unique mild solution in W?2™? (Rd) of
equation (B.0).

Proof: As above for the uniqueness proof, we consider the auxiliary equations

v () = op - VeFug + / oy - Vel =Ly, (s) dWh
heK
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and progressively measurable solutions v = (vx),c ¢ Such that

HUH2 = Z E/ Hvk HW27L2 dt

keK

is finite. Given ug € W22 (Rd), the terms oy, - Ve!“ug form a vector with this property, by Lemma
B.1. Then we apply the contraction mapping principle to the equation for v with the norm ||v||,
above. Being linear, the key estimate is

Y E / Z/ak Velt= 8>%h()dwh ds
keK heK W2n,2
2
= ZE/ Z/ o - Vel =)Ly, (s )HWQTMQ dtds
heK keK
<+ )Y [ B [l )na] s
heK
which, for 7" small enough, allows one to apply the contraction principle. The argument can be
repeated on intervals of constant length, proving existence and uniqueness. ]

Collecting the previous results we have:

Theorem B.5. Given ug € W22 (Rd) for somen > 1, ug non negative with [ ug (x)dz =1, define
o (dz) = ug (x) dx. Then equation (B.1) has a unique solution py (dx) according to Proposition B.2.
It has a density u (t,x),

we (dz) = u (t, x) dz
which is a mild solution in W?™2 (R?) of equation (B.6). In particular, if n > d/4, then |lu(t,-)|
s finite a.s.

Proof: The function uy € W?2m2 (Rd) is also of class ug € W—2N:2 (Rd), and the corresponding
mild solution u of class W?2™? (Rd) is also a distributional solution in the sense of Proposition
B.2, hence it is the unique solution of that negative order Sobolev class. A probability-measure
solution py (dx) exists as a subsequential limit of the empirical measures, with initial condition
o (dz) = ug (z) dx, hence by the uniqueness statement of Proposition B.2, it coincides with u, in
the sense of distributions, which implies y; (dz) = u (¢, x) dz. O

| o0

The previous argument proves only that |lu (¢, )|, is finite. In the next section we prove that it
is uniformly bounded by a deterministic constant.

B.2. Uniform upper bound.
Lemma B.6. Let ug € W?™? (Rd) with n > d/4 and let Cy > 0 be a constant such that

[uoll oo < Co.
Then
[l (£, )l o < Co
a.s. in all parameters.
Proof: Let us prove only that
u(t,z) < Cp.

The proof that u (t,x) > —Cp is similar. The first remark is that the process identically equal to
Cy is a solution, in the sense that it satisfies the weak formulation, with initial condition Cy. By

linearity, the process
v(t,z) :=u(t,x) — Cy
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also satisfies the weak formulation, with initial condition
vo (x) == (z) — Cp < 0.
Our thesis is that also
v (t,x) <0.

Given § > 0, let B5 : R — [0,00) be a C%-convex function such that S5 (r) = 0 for r < 0,
Bs(r) = r — 4§ for r > 2. The family 35 converges uniformly to the function 3 (r) = r1jg o) (7).
From It6 formula

dBs (v (t,z)) = B5 (v (t,z)) dv (t,x) + %Bg (v(t,x))d[v (-, x)],.

From a number of intermediate computations that we omit (better understood formally at the level
of Stratonovich calculus), we get

2
By (v (£, 7)) = %5{; (0 (t,2)) Av (t,2) dt+ S op - 9By (v (¢, 2)) AW}

keK
+ %div (Q (w,2) VB (v (£, 2))) dt

interpreted of course in integral
t
oo (ta) = | 5 X85 (0 (s,2)) Ao (5,2) ds
+Z/ o () - Vs (v (5, 2)) AW

keK

+; /0 div (Q (z,x) Vs (v (s,x))) ds

(but pointwise in z, thanks to the regularity of v). We have neglected the term (s (vg (x)) because it
is zero, by definition of the objects. Now we want to integrate in x this identity. The first and second
derivatives of v, being equal to those of u, are integrable; hence all terms on the right-hand-side
are integrable. The function v itself could not be integrable, becuase the constant Cj is not, hence
Bs (v (t,x)) a priori is not integrable. However, it is integrable as a consequence of the identity. We
have also used stochastic Fubini theorem to deal with the stochastic term.

Taking into account that

/Rd o (x) - VBs (v (s,x))de =0
because div oy = 0 and
/ div (Q (2,2) Vs (v (s, 7)) dz = 0
R4

(in both cases we use Gauss-Green formula), we get

)\2 t
Bs (v (t,x))dx = — / B5 (v (s,x)) Av (s, x) dzds.
R4 2 0 Rd

/55 (s,z)) Av (s,z)dr = — /B N Vo (s, 2)]*de <0

because, by convexity, 8§ (r) > 0. Therefore

Bs (v (t,z))dx <O0.
Rd
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Since the function ;s is non-negative, we deduce

Bs (v(t,z)) =0
a.s. and thus, taking the limit as § — 0, v (¢,2) < 0 a.s., completing the proof. O

B.3. Proof of Proposition A.J. The proof consists in two main steps plus a few remarks. First we
show that a modified version of the system for (um)m:1 s has a global solution in the regularity
class specified by Proposition A.4; this is Step 1 below. Then, in Step 2, we connect this regular
solution with the one provided by Corollary A.3: we show they are the same, hence the solution of
Corollary A.3 has the regularity stated by Proposition A 4.

Step 1. Consider the auxiliary system

t
um(t):etﬁum(0)+/ (t=)LE | ds—l—Z/ =)Lk (8) AWE
0

t ~
Uk () = 0% - Ve u, (0) +/ oL - Ve(t*s)ﬁFm( (s))ds + Z / op - Velt=)E U, (8 )dWh
0

U= (U, ..., Ups)

with m = 1,..., M, k € K and F,, defined as follows. Recall that 0 < (0) < U. Taken a smooth
compact support function x : R — R such that

X (a) =a for |a| <U +1,

we define ﬁm as

m—1 M
o (u () = 37 X (1 (6,0)) X (e (£,2)) — 2 (am (£,2)) 3 x (1 (8,2))
n=1 n=1

Given T' > 0, consider the space X7 of progressively measurable processes tyy,, Up, k. in W2n.2 (Rd)
such that

M
= sup ZE {Hum (t, )HI2/V2TL2:|

te[o,T} me=1

+ Z Z / ’Umk ||W2n+12dt

m=1keK

H(umu Um k)

y 3]

is finite; the space Xp with the norm ||| x, is a Banach space. In it, let us define the map I'r as

follows. We write an element (wy,, v k) wmrer Of Xr in the form (u,v), u = (um)y—y, s

m=1,...,

V= (Umk)pme1  amrex- and similarly we write I'r (u,v) in the form <F§}) (u,v) ,Fg?) (u, v)), with

components ngl) (u,v),,, Fg,?) (U, V) g m=1,...; M,k € K, given by
t
00 ) 0 = ey (0 [ eI B (o) s+ 3 [ e 5)

t ~
T (1, 0), 5, (1) = 0 - Ve, (0) + / o Vel E, (u(s)) ds
' 0

+Z/Uk Velt=9) vmh()dWh

heK
By Lemma B.1, I'r maps Xr into itself; the proof is similar to the computation done below to prove
the contraction property and thus it is not duplicated. We only remark a property of F;, for the
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purpose of proving that I'r maps Xp into itself: since x is smooth and compact support, hence
having all derivatives of every order bounded, x (un, (t,2)) x (un (t,2)) is of class

C ([0, T]; L2 <Q; P22 (]Rd>>> nL? <[O,T] x Q; W12 (Rd>) (B.7)

for every uy,, u,;, of the same class.
Given two input functions (u,v), (u/,v"), with the same initial values u, (0), we have

0 (0,0, (0 = T (1), () = [ 9% (B a(s) = Fo (! (5))) s

0
t
+ / et=s)L (vmk (s) — ’U;n,k: (s)) dWSk
kek V0

P (1, 0), 1 () =T (u01),,, (8) = /O o - Vel (B (u(s)) = F (u (5)) ) ds

t
+ Z / oy, - Vell=9F (Vm,n (8) = U (3)) dwl.
hek 70

Let us develop the estimates for the second line, the first one being similar and a little bit easier.
We have, from (a + b)? < (14+2)a®+ (1+¢€)b?,

M T 9

> S8 [ [ s 0T ) 0]

m=1keK 0

PYCURAPA e (=)L (5 5 2

< < - 6) Ty Z]E/O / ok - VeI (B 5) = s (' (9) )| ., S

m=1keK

’ 2
S [ or- 9 (o ) =t Ol

W2n+1,2

M T
—i—(l—i—e)ZZE/

m=1lkek “9 hek

where we have used also Fubini-Tonelli theorem. We apply Lemma B.1 to both terms and get

~ 2
H ds

<(1+3) T+ cwr) 5 E/OT | B () = B (4 (5))

W2n,2

M T
+(1+¢)(n+CxT) Z E/ Z va,h () — Upn (S)H?/Vm2 ds.
m=1 "0 hek

Using as above the fact that all derivatives of every order of x are bounded, we get

M T
< Cy <1+1>T(17—|-CKT) ZE/O Hum (s) —ul, (S)HIQ/V%J ds
m=1

M T
4+ CkT) SR / ST [0 (5) = o ()] 20z s
m=1 Y0 pek

Since n < 1, if T' is small enough we deduce that 'y is a contraction in Xp. Therefore it has a
unique fixed point. Since the size of T to get this result is not related to the size of the initial
condition, the procedure can be repeated on intervals of constant length. We deduce that there is
a unique solution in Xp with T arbitrarily large and a priori chosen.
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Let (wm, vm k) Lo MK be the unique solution of the system above. From the first M identities

m=1,.
of the system (those for u,,, m =1,..., M), we see that oy, - Vu,, is well defined in

22 (10,7) x ;w2 (R?))
and we have

t ~
o - Vi (t) = op - VeFup, (0) + / o - Vel™LE (u(s))ds
0

t
+ Z / o - Ve(t_s)ﬂvmyh (s) dWh.
hek V0

But this is equal to vy, i (), by the second group of equations of the system. Hence we may replace
U, (8) by op - Vup, (s) in the first group of equations and get the identity

t _ t
U (t) = e“up, (0) + / e, (u(s)ds+ Y / e op - Vuy, (s) dWE, (B.8)
0 kek 70

Therefore (um),,—; 5 is a solution of this mild system, of class (3.7).

Now let us use Theorem 6.10 of Da Prato and Zabezyk (1992) (the semigroup e** is of contraction
type, being also a Markov semigroup) to deduce that wu,, has continuous paths in W?2™2 (]Rd),
precisely

U € L2 (Q; o ([o, ) ; W22 (Rd)>) .
This completes the proof that there exists a solution, unique, with the regularity specified in Propo-

sition A.4; however it is the solution of a modified system, with F},, in place of Fy,.
Step 2. Let (ugz)m:1 _y (we use a new notation to avoid confution) the solution of the original

system introduced in Definition A.1 and proved to be unique by Corollary A.3. Since each u?, (t)
take values in [0, U], we have x (ud, (t,2)) = u), (¢, x) and then (u?n)mzl __ 1s also a solution, in
the space

C ([O,T] L2 (Q; L2 (]Rd))) N L2 ([O,T] x QW2 (Rd)) (B.9)

of equation (B.8) (originally it is a solution in the weak sense, but the passage from the weak
formulation to the mild formulation, in the regularity class (B.9), is standard, see for instance
Proposition 6.3 of Da Prato and Zabezyk (1992)). Let (um),,—; s be the smoother solution
given by Step 1 above. It satisfies the same equation (13.8), and it has the regularity (3.9). Hence

(ugn)mzl,...,M = (Wm) =1, (fact that completes the proof of Proposition A.4) if we prove that

equation (B.8) has a unique solution in the class (B3.9). But the proof of this fact is identical to the
one of Step 1 above, based on the inequality of Lemma B.1 which holds (first of all) for n = 0.
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