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Abstract. An elementary renewal theorem and a Blackwell theorem provided by Jasiulis-Gotdyn
et al. (2020) in a setting of Kendall convolutions are proved under weaker hypothesis and extended
to the Gamma class. Convergence rates of the limits concerned in these theorems are analyzed.
Our theoretical results are illustrated by several examples involving novel probability distributions
and extremes.

1. Introduction

Renewal theory and the corresponding expected number of renewal epochs have found numerous
applications in finance, insurance, biostatistics, reliability theory, risk theory and even medicine.
The renewal theorem is crucial in computing the expected number of renewals and is fundamental
to developing risk-based asset management models. In actuarial sciences, insurance companies use
asymptotic methods for computing the expected number of claims (renewals) and to estimate the
failure risk. On the other hand, in medicine, the renewal function is the expected number of patients
with illness cases in the interval [0,¢], where the first case was registered at moment ¢ = 0. The
widespread applications of renewal theory motivate the research presented here.

The paper deals with the development of renewal theory for extremal Markov chains with tran-
sition probability given by the Kendall convolution called Kendall random walks. Their structure
is similar to Pareto processes and extremal processes.

Recently Jasiulis-Goldyn, Misiewicz, Naskret & Omey (Jasiulis-Goldyn et al.; 2020) have for-
mulated the corresponding renewal theory and proved an analogue of the Fredholm theorem for
all regular generalized convolutions algebras. Using regularly varying functions they also proved a
Blackwell theorem and renewal limit theorem for the renewal processes in the Kendall convolution
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case. Such a convolution that is based on the Williamson transform of a random variable is an
example of a generalized convolution introduced by Urbanik (1963/64). We investigate here the
rate of convergence for theorems mentioned above and the Gamma class of distributions that is
famous in extreme value theory.

The origin of the Kendall convolution one can find in Stochastic Geometry since the corresponding
generalized characteristic function is also an avoidance function for a random closed set (for details
see Kendall (1974)).

The Kendall convolution A,, a > 0, is defined for x € [0,1] and two probability measures d,, d;
concentrated respectively at x and 1, in the following way:

Op Ny 01 = %0, + (1 — xa)ﬂ'ga,

where 7o, denotes the Pareto distribution with density 2ozy_2°‘_11[1700) (y). The corresponding
generalized characteristic function for probability measure A with cumulative distribution function
F is the Williamson transform (for more details see Williamson (1956)) defined below:

By\(t) = /000(1 — 2%%) \(dz),

where ay = a if a > 0 and ay = 0 if @ < 0. The Williamson transform is easy to invert, hence
it gives the opportunity to obtain interesting results, both asymptotic and direct mathematical
formulas.

In Arendarczyk et al. (2022 1), the authors pointed out connections between the concept of Slash
distribution in statistics and Kendall convolution. They noticed that the cumulative distribution
function of the Slash distribution is the generalized characteristic function of the Kendall convolu-
tion, which is the Williamson transform. It yields that the results of this paper on the Williamson
transforms and Kendall convolution are very important to the development of Slash distributions
and consequently stochastic modeling in finance.

In the classical probability theory, the renewal process is described by a sequence of occurrences
of events 11, 15, ..., called successive waiting times, where T; are independent and identically
distributed random variables with common distribution function F'. The sums S,, = T1 + - - - + T,
with the convention Sy = 0, then form a sequence called a renewal sequence if F'(0) = 0. We count
the appearance of phenomena (such as failures of machines, arrivals in a queue, lifetimes of systems)
through the renewal function defined by the formula R(t) = > 7 P(S, < t).

For more details on renewal theory, we refer the reader to Asmussen (2000) and e.g. Mitov
and Omey (2014); Rolski et al. (1999). These authors studied R(¢) when the usual convolutions
involved in this function are interchanged by Kendall convolutions. In Jasiulis-Goldyn et al. (2020)
the renewal function was defined by R, (t) =Y 7, P(S, <t). Here we will investigate asymptotic
behaviour of R(t) = 1+ R,(t) in the Kendall convolution sense, similarly to the classical renewal
theory, which seems to be much more convenient for the new results. In this setting, among other
results, assuming m(a) = E(T{Y) < oo, in Jasiulis-Goldyn et al. (2020) the authors proved the
elementary renewal theorem

lim @) _ 2 (1.1)
o0 % m(a)
and the Blackwell theorem
* 2
lim Ri(x+h) Rz _ 2k ’ (12)
z—oo \ (z+ h)e—t  go—l m(«)

for all h € R. Interestingly, these results were obtained when F' = 1 — F is regularly varying.
In this paper we prove (1.1) without considering the assumption on regular variation mentioned
above and prove (1.2) by introducing a general condition on F. It is proved that such a general
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condition is satisfied when F is regularly varying or belongs to the Gamma class. We also analyze
convergence rates of the limits (1.1) and (1.2) in the cases where F is regularly varying or belongs
to the Gamma class. Our new results on convergence rates contribute to other results obtained by
a number of scholars in renewal theory, for instance Rogozin (1974), Kalashnikov (1978), Rogozin
(1977) and Griibel (1983).

In the next section of the paper we give an overview of important definitions and properties that
are going to be used. For instance, Kendall convolution, Williamson transform, renewal function,
the class of regularly varying functions and the Gamma class of functions. In Section 3 we study
rates of convergence in the renewal theorem. It turns out that we have to consider two important
cases. The first case is the case where the tail of the random variable X is regularly varying. The
second case is the case where the tail of X belongs to the Gamma class of distribution functions.
Then, in Section 4 we study Blackwell type of results, i.e. we study the asymptotic behaviour of
R(z + y) — R(x) and that of the derivative R'(z). Again we study rates of convergence and we
distinguish between the two cases as in the previous section. Section 5 presents these last results on
rates of convergence. We close the paper with some concluding remarks given in the last section.

2. Notations and definitions

We write f(z) ~ g(x) by f(z)/g(z) = 1 as & — oo.

2.1. Transforms. In what follows X is a positive random variable (r.v.) with distribution function
(df) F(xr) = P(X < z)and F(0—) = 0. F is assumed continuous. The tail of F' is given by
F(z) =1— F(z). Let o denote a positive real number. We define truncated moments as follows

Hy(z) = /Ox Yy dF (y),

and

Wa(z) = /O ' y* " F(y)dy.

Throughout we assume that the a—th moment is finite, and we write m(a) = Hy(00) = aW,(00).
The case of m(a) = oo has been treated in Jasiulis-Goldyn et al. (2020) and in Omey and Cadena
(2022), Kevei (2021). Note that by dominated convergence we have limy, oo 2~ *Hy(x) = 0.

The Williamson or G—transform is given by

Gr(z) = /0 (1 - (;>a> dF(t).

See Williamson (1956) and e.g. Jasiulis-Goldyn et al. (2020). The probabilistic interpretation of
Gr(x) is as follows Let Z denote a positive r.v. with P(Z < z) = z%,0 <z < 1. In this case we
see that Gp(z) = [ P(Z > t/x)dF(t) = P(Z > X/x) or Gp(z) = P(X/Z < x). Hence Gp(x) is
again a d.f. (W1th GF(O ) =0).

For nondecreasing functions B(z) with B(0—) = 0 we can also define its G—transform as Gg(x) =

Jo1 *)dB(t).

2.2. Relationships. Using partial integration we have Gp(x) = az™® [/ t*"'F(t)dt, and then also
that

Gr(x) = (m;_a/ t* F(t)dt = ax™*Wo(x),
0
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= Gr(x). Also we have the following inversion formula, cf. Jasiulis-Gotdyn and
7) and Jasiulis-Goldyn et al. (2020):

F(2) = Gp(a) + ~Gp(a).
For nondecreasing functions B(x) with B(0) = 0, we equally have
x
B(z) = Gp(z) + aGIB({L‘).

The functions introduced above are closely related to each other. Using partial integration we
have

where Gp(z)
0]

Misiewicz (2

Hy(x) =« /Ow Yy 1F(y)dy — 2°F(z) = aW,(z) — 2°F(z).

One can show cf Omey and Cadena (2022) that we can find back F(z) from H,(z) and we have:
o0
F(z) =« 2 H o (2)dz — 27 Ho(x).
x
Also we have aW,(z) = Hy(x) + 2°F(x). In terms of H,(x), we have Gp(z) = F(x) — 27%H,(x)
and
Gp(z) = F(z) + 2~ %Hy ().
Since m(a) < oo, we use the following notations and identities:

Wale) = Waloo) = Walo) = [ 4 Flo)dy,
Ho(z) = Ha(o0) — Hy(x) = aWq(z) + 2%F(2),
aWu(z) = m(a) — 2*Gp(z)

We summarize some of the formulas that we obtained in the following propositions. Cf. Omey
and Cadena (2022).

Proposition 2.1. We have:
(i) Ho(z) = o [y to71F(t)dt — 2°F ().
(i) 7( —gfmoo 2 H,(2)dz — 27 “Hy(x).
(ii}) F(2) = Gr(2) — 2~ Ha(0).
(iv) Gp(z) = az™ Wa(x).

For the ’tails’ we have the following relationships.

Proposition 2.2. If m(«a) < oo, we have:
(1) Walz) = "y~ F(y)dy.
(i) Ha(z) = afiooto‘_lf(t)dt 4;95"?(1:)
(iii) z7*m(a) — Gp(z) = ax™* Wy ().

2.3. Regular variation and the Gamma class. For relevant background information about regular
variation and the Gamma class, we refer to Bingham et al. (1989) and Geluk and de Haan (1987).
Here we recall the main definitions.

Definition 2.3. A positive and measurable function f(x) is regularly varying with index o € R if
for all ¢ > 0 we have
f(tx)

lim =%
T—00 f(x)
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Definition 2.4. A positive and measurable function f(x) is in the class I'(g) with auxiliary function
g(z) if for all real numbers x we have

f(z +tg(x)) — et

B e
The auxiliary function g(z) is self-neglecting (SN), i.e. lim, o g(x + tg(z /g = 1, and

satisfies limg 00 g(z) /2 = 0.

2.4. The Kendall convolution. Starting from two d.f.’s Fy(z) = P(X; < z) and Fy(x) = P(X2 < )
with F1(0—) = F»(0—) = 0, we can find their G—transforms G1(z) = G, (z) and Ga(z) = Gp,(x).
Now we consider the product A(z) = Gi(x)G2(x). One can prove that there is a d.f. Fz(z) =
P(X3 < z) so that A(x) is its G—transform when F3 is the Kendall convolution of F; and Fy,
cf. Jasiulis-Goldyn and Misiewicz (2017) and Jasiulis-Goldyn et al. (2020). Details on the Kendall
convolution can be found in Kendall (1974) and e.g. Kucharczak and Urbanik (1974) and Jasiulis-
Goldyn and Misiewicz (2011). To stress the dependence of F3(z) on Fj(x) and Fy(x), we use the
notation F3(x) = F1 X Fy(x) = P(X1 X Xs < z). Alternatively we write X3 4 X1 K Xo.

If Fy(z) = Fy(x) = F(z), we use the notation F' X F(z) = F*(z) and Sxz = X; X X5. In this
way we can construct the n—fold convolution F¥"(x) = P(Sg, < x) which has G—transform given
by G(x).

2.5. Kendall renewal function. This subsection presents properties of the Kendall renewal function
associated to the Kendall convolution, and provides relationships with the G-transform of F'.
Using the Kendall convolution, the Kendall renewal function is given by

= F¥(x). (2.1)
n=0

where F®9(z) = §o(z). Its G—transform is very simple:

n(g) = !
Z G pn (2 Z G =G

The last equality comes from, for any k > 0, (1 + Gp(z) +--- + Gh(2))Gr(z) = 1 — GA&(2) and
the fact that G&(z) — 0 as k — 0o because Gr(z) < 1.
The inversion formula then gives

R(z) = = - (2.2)

To see this, we make some calculations:

R(x) = Gr(x)+=Gh(a)
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Using (2.2) we have
R(x) 2 2%F ()

o 2Gp(z) x2a@;(x) '

Since 2°Gp(z) — m(a) and 2F(z) — 0 as * — 0o, we obtain that

lim P& _ 2 (2.3)

z—o0 T m(a)’

cf. Jasiulis-Goldyn et al. (2020).

We summarize our findings in the next proposition.

Proposition 2.5. Let R(xz) be the Kendall renewal function defined by (2.1). We have

_ 2 F(x)
Rlw) = Gr(z)  Gr(z)
and
. R(@) 2
wlgIolo ¢ m(a)

In the next sections we study the rate of convergence in (2.3).

2.6. Examples.

(1) Let FX( —(51( ) Wehavem( ) =1 and
= [y “déy(t). For z > 1 we find that Gp(z) =1 —27% and Gp(z) = 27%
Cleary for x > 1 We have the following simple formula, by considering (2.2):

R(m)—aF(x) é%(x) 2z

(2) Let F(x) = 1 — 27,2 > 1. We take 8 > « so that m(a) < co. We have H,(z) =
Jo y*dF(y). For x > 1, we find

) =ﬂ/1 y* P dy = Bﬂa(l—w“_ﬁ)-

Using Gp(z) = F(z) — 2~ *Hy(z), it follows that for z > 1:

I e e
Gr(z) 1+5—ax 5—0lx ,
and
~ B . a4
Gp(r) = ﬁ—ozx 5_@%‘
Note that 2*Gp(z) — m(a) = B/(8— ) as x — oo, and we can write Gp(z) = m(a)z ™%+

(1 —m(a))z=P. Also note that F(z)/Gp(z) — 0 as z — oo.
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Using (2.2) we have for > 1,

2
m(a)z=* + (1 — m(a))z—8
B
(@ (1= m(@)e PP
2z
m(a) + (1 —m(a))ze=~

xOxeh

~(m(a) + (1 = m(a)ze=F)?

R(z) =

It follows that = *R(z) — 2/m(«) as  — oco.
As to the rate of convergence, we study the difference:

22 2x¢ 22
@) -0 = mm s d—m@)e?  m@)
xama—ﬁ

~(m(a) + (1 = m(a))z=09)?
—22%(1 — m(a))z® B
m(a)(m(a) + (1 —m(a))z>—P)

g b

~(m(a) + (1= m(a))zoF)2’

and then, as x — oo,
P20 2) — 2z —2(1-m(a)) 1
(ro-255) »
-3+ 2m(a)
m?(cv)

(3) Let Fx(z) =1—e ",z >0and a = 1. We have m(1) = 1 and straightforward calculations

show that
Gr(x) = / <1 - t) etdt=1-— F(ac)
0 X xr

Hence Gp(z) = F(x)/x. For the renewal function, we find, by considering (2.2),

B 2 F(x) _ 2 _xQF(x)
2 G G Fo W

- 7w )

It follows that R(z)/z — 2 as x — oo.
To find the rate of convergence, we proceed as follows. We have

F(x) B 2?F(x)

- (2o

R(z) -2z = 2z
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We find that R(z)/z — 2 ~ —zF(x). We also have, as & — oo,

(W“) = <i‘ F(1x>> “

2 zF(x)(1+ F(x))
F(x) F(z)
— 2.

Let us consider distribution with the lack of memory property (for details see Jasiulis-
Goldyn et al. (2020)) in the Kendall convolution algebra with Fx(z) = 2%, 0 < = < 1.

Then m(a) = 1,

z ¢ 1
Hy(z) = /0 y*dF(y) = 71(0,1] (z) + 51[1,00)(35)

and

Gr(e) = 510+ (1- 515 ) Lo o)

2z
Consequently
x “R(x) =4
and the rate of convergence is equal 0.
Let Fx(z) = (1+27%) e ® “,2 > 0, where a > 0. Notice that it is the limit distribution
(see Arendarczyk et al. (2019)) in the Kendall convolution algebra corresponding to normal

distribution in the classical case. Then the Williamson transform and truncated c-moment
for X are given by

Gr(r) = H(r)o = exp{—2""}1(,00) ().

Hence, m(a) =1 and 27 *R(x) — 2 as x — oo. Notice that we have

F(z) = 1+ +a2")(Gr(z)
= (14+2*Gp(x) -z

Notice that Gp(z) = 1 — exp{—2"%} ~ 7% Using 1 — exp{—2} = 2z — 22/2(1 + o(1)) as
z — 0, we have

_1)

Cr(r) =27 — 5o (14 o(1),

and

1 —2°Gp(x) = %x*a(l +0(1))

Returning to R(z), we have, by considering (2.2),

2 = 2 1+ r7)G(x) — a7
R(z) Gr(z) G’ (2)
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Hence

o B 1 _ 1 _ B 1
TR =2 = <xaGF(a:) 1>+<x2aG2<x) 1) 220G p(z)

- oY) Gem ) - mae
= g (O (2 y xaG1F<m> = e

and

(@ R(x) ~2) = xﬂ(l_xaaﬂm))(ﬂ B >_ L

3. Rate of convergence in the renewal theorem

The goal of this section will be to prove the following results:

Theorem 3.1. Let R(z) be the Kendall renewal function defined by (2.1). If F(x) € RV_g, 3 > «,
then

. 1 o) — ixa _ 3a— 3
Sy T (R( ) ) ) B— omi(a)

and

2c% 20x*W () $2QF(x)> 2a(2a — f)
m2(

iy oo (R~ oy~ e

— m¥(a)(B - o)

and
Theorem 3.2. Let R(x) be the Kendall renewal function defined by (2.1). If F(z) € T'(g), then
lim L < 2 x_O‘R(:B)> = L

T—00 .%'O‘F(.%') m(a)

and

1 —ap(p) 2 1 Ng(x) 2
T (2) <‘”” Rlz) m<a>>+m2<a> v mia)

3.1. A relationship of the Kendall renewal function. To study the rate of convergence in the renewal
theorem (2.3), we start from (2.2). We have 2™ *m(«a) — Gp(x) = ax™*W 4 (z), cf. Proposition 2.5.
Now we write

2 N F(x)
z7m(a)  (z7m(a))?

1 1 — 1 1
=2 (Gpm ~ ) @ <G§(x) - <xam<a>>2>
= 2] - F(x)II. (3.1)
We consider the two terms in (3.1) separately. For the first term we have
aWeu(z) 1
~ mla) Grla)

R(x) —
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Using the same formula again, we also find that

B ax®Wo(z)  aWa(x) o[ — OLZWZ(SL')

I - — T 5, = 5 -
) mia) m2(@)Cr ()
Since 2*Gp(z) — m(a) as z — oo, it follows that
ax®W ()
[~ Tad)
m?(a)
and also that o .,
I ar Wy (z) 22 W, (v) (3.2)

m*(a) ~ mia)
Now we consider the second part. We have
I1I = [Ix < ! + ! )
Gr(x) x°m(a)

A A S
— m(a) zoGp(x) <azaGF(x) - m(a)> .

Since 2*Gp(z) — m(a) as z — oo, it follows that
2a —
I ~ ——22°W o (2). 3.3
W ala) (3.3
Combining (3.1),(3.2) and (3.3), we find

2z 720&1‘QWQ($) 22F(x)

R(x) -

m(«) m?(a) m?(a)
B B ax®W () T x
- 2(1 S > Flx) x I1
a2 — [0 J— —
— (140(1)) 22T (2) — (14 0(1)—2 20T (2) F(). (3.4)

m3(a) m3(a)

Now we analyse (3.4) further and we consider two important cases.

3.2. The case of regular variation. Let us prove Theorem 3.1.
First suppose that F'(x) € RV_g, f > a. In this case, applying Karamata’s theorem gives, see
Karamata (1930) and e.g. de Haan (1970),

Wale) = [ T F () dy ~

1
5 a:vaF(a:).
Using (3.4), we have

1 22%  20xWe(x) 22°F(x)
T () (R(x) T T mie) T mR) >
N 202 B 2a
(8 —a)*m?(a)  (B—a)m’(a)
2a(2a — B)

~ mi()(B—a)®
Note that the formula above, implies that, as x — oo,

2 200x*W, 1
R(z) - g0 _ 20w Wa(z)

20F (1) = o(1)2*“F(z).
m(«) m2(«) mQ(a)x F(z) = o(1)2™ F()
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Using W () ~ ﬂ_#aacaf(:z:), we then find that, as z — oo,

1 2x 20 1
2 (2) (R(”C) - m(a)) T Bt mi)
3o —
ey

We see that ~*R(z) — 2/m(a) as © — co with a rate of convergence determined by z*F(z).

3.3. The case of the class I'. Let us prove Theorem 3.2.
In the case where F(z) € I'(g), we have F(z+yg(z))/F(z) — e™¥ as  — oo, where g(z) € SN is

an auxiliary function satisfying g(x )/x — 0 as ¢ — oo. Clearly also 2 ' F(z) € I'(g), cf. Bingham
et al. (1989) (Chapter 3.10) or Geluk and de Haan (1987) (Chapter I) and we have the following

property:

Wal) = [ o Py ~ 1) o F(a) (3.5)

Using (3.4) and (3.5) leads to
2z 200°W o(x)  2%°F(x)
m(a) m?(a) m?(a)

2()20223F (2
= (o)L );mg(;( )

R(z) —

— (1+0(1)) 57(7?(25) P F ()
g9(r) 22«

r m3(«a)

$3O‘F2(:C).
The last line follows because the first term is dominated by the second term.

Since x*F(z) — 0 as z — oo, it follows that

22¢ 22F(x ) 20*W ()
m?(a

Riw) - m(a) +- ) m?(a) x

Using Wo () ~ g(x)z*F(z)/z, we find that, as & — oo,

o (-2 200

g(x)x?2F(x m(a)

Among others we see that, as x — oo,

1 “a 2 1 g(x) 2a
T (2) ( Ri) m<a>)+m2<a> r m(a)

and also that, as z — oo,

xo‘;(az) (m?oz) - mO‘R(ac)> 7 le(a)

and that also here ™*R(z) — 2/m(«) as  — oo at a rate determined by 2 F(z).
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4. Renewal theorems of Blackwell type

The Blackwell renewal theorem studies the asymptotic behaviour of difference R(z + y) — R(x).
In our case, we take y > 0, and using (2.2), we find that

. Rz — 1 1 [ Flz+y)  F(x)
Rlo+y) = Rlz) 2<Gmx+y> Gﬂ@> (@§@+y> Gy@>
= 21 —11I.

We consider the two terms separately.
On the first term we have

_ 1 _ 1 Grlz+y) —Gr(z)
- Gr(z+y) Gr(z)  Gr@)Gr(r+y)
Using the mean value theorem, this gives
1 1 Gr(2) )
Gr(z+y) Gr(x) Gp(z)Gr(z+y)™
where z < z < x4 y. Using F(z) = Gp(z) + £G’%(z), we obtain that

Gr(2) = F(2)

;o= & P
z Gp(z)Gp(z +y)
a 2 Ha(2) "
2 Gp(z)Gr(z +y)

Since m(a) < oo, we have z%Gp(r) — m(a) and (z + y)*Gr(z +y) — m(a) as z — oo, and
H,(00) = m(a). Since z ~ z ~ = + y, we obtain that

a  zZTYHy(z) ar®™!

I G @Tra ity @

Now we consider the second term. We have
F(z+y)  F(z)

T = — ;)
Grlz+y) Gp(z)
Flx+y)—F(x) — 1 1
= — + F(z)(— - —
Grlz+y) (Xaiw+y> Gﬁ@>

= II4+ F(2)lIg.

First consider I15. We have

Il = <G(gj1—|— y) GF1($)> * <GF(:B1+ y) i Gpl(:r))

- IX<Gm;+yY+G;w)'

Using the results of above, we find that

2% axr®~

and hence that
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Now consider I14. We have
F(zx+y)— F(x)
Grlz+y)
2**(F(z +y) — F(z))
m?(«)
= 2 (F(a 4 y) - Fa))).

m?(a)

If 29T (F(z +y) — F(z) — 0 as © — oo, we obtain that IT4 = o(1)z®~!. We conclude.

114 =

Theorem 4.1. Let R(x) be the Kendall renewal function defined by (2.1). Suppose that m(a) < oo
and that 2 (F(x +y) — F(x)) = 0 as * — 0o. Then

lim
z—o00 o1

(R(z +y) — R(x)) = Y.

m(a)

In particular, if m(1 4+ «) < oo, the result holds.

Again we consider two important cases.

4.1. Regular variation of the density. Assume that F' has a density f(z) and that xf(x /F
B> a as x — oo. In this case, we have F(z) € RV_g, and

Fla+y)—F(@)=[f(2)y~B——y~p
It follows that zT1(F(z +y) — F(z)) ~ Byz“F(x) — 0 as x — oo, and Theorem 4.1 applies.

4.2. The Gamma class. For F € T'(g) we have H,(0co) = m(c) < oo for all ¢ > 0 and Theorem 4.1
applies.

5. Rates of convergence in the Blackwell result

In this section, rates of convergence of the renewal theorem and Blackwell’s result are given. We
begin providing relationships of the derivative of R(z).
To obtain these rate of convergence results, we assume that F'(z) has a density f(x).

5.1. The derivative of R(x).

Lemma 5.1. Assume that F(x) has a density f(z). Let R(x) be the Kendall renewal function
defined by (2.1). We have

20291 1
R'(z) = m(a) (I+0(1))+ m2(a):c2°‘f(m)(1 +0(1)).
Proof: Using (2.2), we find
Ry = 250 | T @)

Cr(z) Gr(o) Grlx)
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Using G (z) = ax 1 (F(x) — Gp(z)) = az=* 1 H,(z), it follows that
ar® 1H,(x) N flz) Qaf(x)x*alea(:L‘)

=g e Ch)
_ axa;:Ha(a:) n x20;j”2(x) B 2a:caf(a:)f’;“_1Ha(a:)
220G (x) 220G () 23 G (z)
- 2:;&’;1 (1+0(1)) + m21(a) (1+o(1))22 f(x).
This proves the result. O

Specializing to the two cases, we have the following result.

Proposition 5.2. Assume that F(z) has a density f(xz). Let R(x) be the Kendall renewal function
deﬁned by (2.1).
) Ifof(z)/F(z) = B> a as © — oo, then R'(z) ~ 2az°! /m(«)
( ) If f € T(g) and liminf,_,oo 2~ 1g(x) > 0, then R'(z) ~ 2az°! /m(«)

Proof: (i) In the first case we have 2% f(x) = O(1)x?*"1F(x) = o(1)z%"! and hence

a—1 a—1

2ax 20x

R(z) = (1+o0(1) +o(1)z ! ~

m(a)

(ii) If f € T'(g) we have F(z) ~ f(z)g(z) and 2?* f(z) = O(1)2** ' F(z)/g(z). Note that in this

case all moments m(o) are finite. It follows that

m(a)

27 F(x)
x7-lg(xz)

et f(z) = 0(1)

If liminf, .o 2 1g(z) > 0, it follows that x'=%22f(z) — 0 as * — oo. We conclude that
'R/ (x) = 2a/m(a) as & — oco. This proves the result. O

Remark 5.3. Note that R'(z) ~ 2az®"! /m(a) implies that R(z + y) — R(z) ~ 2az° 'y /m(a)

5.2. Rate of convergence in the renewal theorem. Now we look for the rate of convergence in the
previous Proposition 5.2. Using the formula for R'(x), earlier we have shown that

ar * 1H,(x) N f(zx) aﬁ(x)x_o‘_lHa(x).

R(z) = 2—— — -2 —
Gp() Gp() Gp()
It follows that
R(z) — 20291 _ ana_igfa(a:) B 2021 n ;]“2(110) B QQF(x)i;a_lHa(a:)
m(a) 220G (x) m(a)  Gi(z) Gp(z)
2027t (m(a)Ha(z) 1) . flz) QQF(x)x_a_lHa(a:)
m(a) \ 220G (z) Ga(a) Go(x)
= [+1I-1II
First we consider the first term. Recall that earlier we have also shown that
1 1 2 —
~ a x2aWa(x),

P @em@)? ” m(a)
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or equivalently that

x%‘G;(a:) m(a)
We then have
202! [ Ho(w) m? () B Ho(z)
L= m(a) (m(a) (anG%(x) 1) + m(a) 1)
a7 o 200 — . _ﬁa(x)
= iy (o et - 65
It follows that
2 1 H, ()

Looking at the last term, note that we have
Ho(z)  aWq(z)+a“F(z) ot
Wal(z) Wa(z) Wa(z)

Now we distinguish two cases as before.

5.2.1. Regularly varying case. If F(z) € RV_g, 8 > o, we have Wo(z) ~ 2*F(x) /(8 —a) and hence

Holz) _ 2 F@) 5 4

Wa(z) Wa(x)

We conclude that

For the third term, we find
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Everything together, we conclude that
1 , 2791 20(2c0 — B3) B 20
T (P9~ o) e e~ )
2a(2a0 — B) N B —2a
m*(a)(f—a)  m?(a)
_ (2c0 — ﬁ)( 2a
m?(a) f—«
(2a — B)(3a — B)
m*(@)(B—a)

—1)

As a conclusion we have the following result.

Theorem 5.4. Assume that F(z) has a density f(x). Let R(x) be the Kendall renewal function
defined by (2.1). If xf(x)/F(xz) = 8> a as x — oo, then
a—1
lim — (R’(x) - 20‘“”) =,
Z—00 an—lF(m’) m(a)
where C' = 7(?5‘2_(38;1;’?)

5.2.2. The Gamma class case f € T'(g). We reconsider the terms I, IT and I1I from above.
For the first term. We have proved that

1 m(a) . 2 1 Hu(x)

Wa(z) 2a:L‘a—1I = (1+0(1)) a '
Also we have W (z) ~ g(z)z 1 F(z) and F(z) ~ f(z)g(x).
Clearly we have

x x
— =a+ = =a+ (1401 ~—,
Wo(x) Wao(z) (Lol ))g z)  g(x)
since g(z)/x — 0. It follows that, as z — oo,
g(x) m(a) 1
oW o () 20971 m(a)’

For the second term. We have

@) ey (11
M=) = f”<x2ac;;(x> m?(a))'

Earlier we proved that

1 1 200 —
i e mia o)
Now we find that
22 f(x 2002 f () —
-~ e e
N 2022 VF (x) — .
g@mia)

and hence, as z — 00,
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For the third term. We have

5 ar®F(z)z* ' Hy ()
—3
3G (x)
ax®F(z)x* m(a)
m?(a)
ax®W ()
g(x)m?(a)

11T =

and hence, as z — 00,
g(xz) m(a)
aW o () 202071 m(a)’
Everything together we find, as x — oo,

gx)  m(a) , 20271 220 f(x) 2
mWa(x) o1 <R (x) — ) S —

Equivalently, using W, (z) ~ g(x)z® 1F(z), we have

1 - <R,(x) C 2az*t xzo‘f(x)> o, Ao

p2o-1F m(a) m?(a)

Note that we have, as z — oo,

1) _ Flr)  gla)
2 f@) aof@) @

— 0.

It follows that, as x — oo,

””‘2(0‘)) (R’(:n) - Mm) Y

z2 f(z m(a)
We have proved the following result.

Theorem 5.5. Assume that F(x) has a density f(x). Let R(x) be the Kendall renewal function
defined by (2.1). Suppose that f € I'(g). Then

20271 g2 (.Z‘)) Ao

. 1 1N B
zh—>nolo 220—1F (1) (R () m(a) m2(«) m?(a)’

lim 7)) <R’(x) - 2‘”&_1) =1

o5 27 (z) m(a)

and

5.3. Rate of convergence in Blackwell’s result. Farlier, we have proved a Blackwell type of result,
ie. R(z+y)— R(z) ~ 2az* 'y /m(a). We want to use Theorems 5.4 and 5.5 to find a rate of
convergence result here.
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5.3.1. Regularly varying case. Clearly for y > 0 we have R(x +y) — R(x) = f;ﬂ’ R'(t)dt. Using
Theorem 5.4, we see that

/ TR -2 N ae e / T PRt ~ T ()
: mfa) : B

It also follows that
2a

m(a)

Hence we find that

a—1

Y

R(z+y) — R(x) —

2c
m(a)

a—1

Y

R(x+y) — R(z) —

= (1+o0(1)Cx* 'F(x)y + (1 + 0(1))2‘)‘75;3‘(;)1)35%2112,

or
2a

m(e)

o'~ (R(z +y) — R(z)) - y

20(a — 1)3;71 2

= (1+40(1))Cx*F(x)y + (1+ 0o(1)) Y.

m(a)

If x17*F(z) — 0, we find that

-« _ 7)) — L 20[(6! — 1) 2
x <:c (R(z+y) — R(x)) m(a)y) — T Y

This is the case when m(1 + «) < oc.

If 2!**F(x) — D, where 0 < D < oo, we find that

1 (g _ R(z)) — 2c
o (:c (R(z+y) - R()) m<a>y>
. 0y+2a(a—1) 9

Dm(a) Y

5.3.2. The Gamma class case. Using Theorem 5.5, we have

I2a
~ g FE ) - F@)).
It follows that
axafl x2a
R(z+y)— R(z) - Qmm)y = (1+ 0(1))W(F(l‘ +y) — F(z))
F1to(1) 22D ez

m(a)
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and, as x — 00,

2 N  R(e) — 2021
<R( +y) — R(x) m(a) y)
w2+a o\ —
= (o) (a4~ F) + (1 o) 2 Sy
2a(a—1) o
m(a) ’

since all moments are finite it follows that 227 (F(x +y) — F(x)) — 0 as z — oc.

6. Concluding remarks

(1) We can also study weighted renewal functions of the form
WR(z) =Y anF™"(z),
n=0

where (a,) is a sequence of positive numbers. In this case the G—transform of WR(z) is
given by

Gwr(z) = anGp(x) = A(Gr(2)),
n=0

where A(z) =Y 7 ap2z" is the generating function of the sequence of weights.

(2) Recall that F¥"(z) is the d.f. of the Kendall sum Sy, of independent and identically
distributed random elements. If (a,,) is the probability density function of a discrete random
variable N, then W R(z) is the d.f. of the random sum Sy .

(3) The Williamson transform can be written as Gp(x) = [ P(Z > t/x)dF(t) = P(X/Z < x),
where Z denotes a positive r.v. with d.f. P(Z < xz) = 2,0 <z < 1. It could be interesting
to study a transform where we replace this d.f. of Z by another d.f.
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