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Abstract. We propose a model for the dynamics of frequencies of a costly defense trait. More
precisely, we consider Lotka—Volterra-type models involving a prey (or host) population consisting
of two types and a predator (or parasite) population, where one type of prey individuals — modeling
carriers of a defense trait — is more effective in defending against the predators but has a weak
reproductive disadvantage. Under certain assumptions we prove that the relative frequency of these
defenders in the total prey population converges to spatially structured Wright—Fisher diffusions
with frequency-dependent migration rates. For the many-demes limit (mean-field approximation)
hereof, we show that the defense trait goes to fixation/extinction if and only if the selective disad-
vantage is smaller/larger than an explicit function of the ecological model parameters.

1. Introduction

If individuals of a prey population defend their conspecifics when predators arrive, this may be
dangerous for the acting individual and thus be costly in the evolutionary sense of decreasing the
expected number of their surviving offspring. For example, alarm calling has been described as al-
truistic behavior (Tamachi, 1987). Altruism is defined as a behavior that decreases the reproductive
success of the actor while increasing the reproductive success of one or more recipients (Hamilton,
1964). In most natural systems, non-altruistic individuals benefit from altruistic individuals without
suffering from the fitness disadvantage and, thus, have a direct reproductive advantage. So how can
genetically inherited selfless behavior be explained by natural selection? This problem has bothered
biologists since Charles Darwin, who reflected the puzzle of sterile social insects such as the worker
castes of ants in his famous book “The Origin of Species” (Darwin, 1859).

Received by the editors October 6th, 2020; accepted May 20th, 2022.

2010 Mathematics Subject Classification. 60K35, 92D25.

Key words and phrases. costly defense, altruism, group selection, kin selection, interacting Wright—Fisher diffu-
sions, local competition, extinction, survival, Lotka—Volterra equations, McKean—Vlasov limit, many-demes limit,
host—parasite, predator—prey, parasite defense, slave rebellion, slavemaker ants.

Research supported by the DFG in the Priority Program “Probabilistic Structures in Evolution” (SPP 1590).

1697


http://alea.impa.br/english/index_v19.htm
https://doi.org/10.30757/ALEA.v19-65

1698 Martin Hutzenthaler, Felix Jordan and Dirk Metzler

In behavioral biology and game theory there exist several explanations for the emergence of
altruism and cooperation. The central idea of inclusive fitness theory is that helping direct relatives
benefits the reproductive success of the altruists’ genes. This idea is formalized in Hamilton’s rule,
which states that traits increase in frequency if C' < B - R, where C is the reproductive cost to the
actor, B is the additional reproductive benefit gained by the recipient, and R is the relatedness of
the recipient, that is the probability of sharing the same allele by descent, e.g., 1/2 for two sisters
and 1/8 for two cousins (Hamilton, 1964). In other words, genes can spread in a population by kin
selection if the inclusive fitness B - R — C' is positive. However, general applicability of Hamilton’s
rule is controversial; e.g., the fundamental criticism of inclusive fitness theory in Nowak et al. (2010)
provoked a strong response including a rebuttal from 137 researchers (Abbot et al., 2011).

Another explanation for the emergence of altruistic behavior is the intensively debated theory
of group selection; see, e.g., Wade (1978) and Queller (1992). The central idea is that groups of
cooperators grow faster and, therefore, split earlier or into more groups than groups of defectors
(Traulsen and Nowak, 2006). The importance of group selection (or more generally multilevel
selection) in evolution remains controversial (see, e.g. Smith, 1976; Goodnight and Stevens, 1997,
Goodnight and Wade, 2000; Nowak, 2006; West et al., 2007; Traulsen, 2010; Gardner, 2015). Many
scientists consider group selection (or multi-level selection) and inclusive fitness theory as equivalent
(e.g. Marshall, 2011), while others van Veelen et al. (e.g. 2012) argue that group selection is a more
general concept. This conflict may be due to disagreement on the precise definition of the variables
in Hamilton’s rule (Gardner et al., 2011; Birch and Okasha, 2014).

If groups are formed by related individuals, it may seem obvious that group/kin selection can
lead to the evolution of altruistic traits. If, however, individuals also compete with their neighbors —
which may include relatives — for space, food or other resources, altruistic behavior can be very costly
regarding reproductive success. (Wilson et al., 1992; Van Dyken, 2010). In this case, kin selection
can still be effective if competition works on a larger spatial scale than altruism or if competition is
reduced as the population is growing or sends out migrants to conquer empty demes (Wilson et al.,
1992; Taylor, 1992; Alizon and Taylor, 2008; Van Dyken, 2010; Van Dyken and Wade, 2012). The
latter can occur in a meta-population — that is, a population that is substructured into demes that
are affected by frequent local extinction and recolonization events. Already Smith (1964) proposed
that a meta-population dynamic can generate between-deme variation that is required for group
selection, and indeed this was subsequently demonstrated for several theoretical models (Levins,
1970; Eshel, 1972; Levin and Kilmer, 1974; Wilson, 1973; Slatkin and Wade, 1978; Taylor, 1992;
Alizon and Taylor, 2008; Metzler et al., 2016). The mathematical analyses of Uyenoyama (1979)
however showed for a range of possible selection pressures that group selection can also work in
island population models without local extinctions, assuming however an extreme migration model
in which all surviving offspring are randomly distributed among all islands.

For the eco-evolutionary dynamics in group or kin selection models it is crucial how the benefit
of altruism depends on the frequency of altruists and on other factors. Sibly and Curnow (2011)
show for some cases of diminishing returns, which means that the benefit per altruist decreases
with the total number of altruists, that kin selection can maintain the co-existence of altruists and
cheaters. Mechanisms that lead to diminishing returns may include feed-back interactions with
the abundance of other species, for example predators or parasites if the altruistic trait consist in
defending other individuals against these enemies (Boots et al., 2009; Duncan et al., 2011; Débarre
et al., 2012; Berngruber et al., 2013; Vitale and Best, 2019).

In this article we focus on the evolution of a trait of defense against parasites or predators. Ex-
amples of altruistic or at least costly defense traits include self-sacrificial colony defense in social
insects (Heinze and Walter, 2010; Rueppell et al., 2010; Shorter and Rueppell, 2012), costly chemi-
cal alarm signaling in aphids (Mondor and Roitberg, 2004; Mondor and Messing, 2007; Wu et al.,
2010), suicidal defense of bacteria against pathogen infection (Fukuyo et al.,; 2012), transmission-
blocking immunity in vertebrates against Plasmodium (Mendis et al., 1987), and slave rebellion in
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ants (Pamminger et al., 2014; Metzler et al., 2016). A number of recent studies propose spatially
distributed predator—prey and host-parasite models and study these models via computer simula-
tions (see e.g. Comins et al., 1992; Rand et al., 1995; Haraguchi and Sasaki, 2000; Rauch et al., 2002,
2003; Goodnight et al., 2008; Best et al., 2011; Débarre et al., 2012; Berngruber et al., 2013; Lion
and Gandon, 2015; Boéte et al., 2019). We note that our models and results may also be applicable
to constitutive resistence or defense traits in host—parasite systems if alternative strategies such as
induced resistance (Boéte et al., 2019) and parasite tolerance (Vitale and Best, 2019) are negligible.

We begin with a structured predator—prey model with a prey population consisting of two types,
which we denote in the following as defenders and non-defenders. Regarding population structure,
we assume that the habitat of prey and predators is subdivided into demes. Prey as well as predators
are panmictic within demes and migrate between the demes. Our model for the interaction of
predators and prey in each deme is based on a Lotka—Volterra model (Lotka, 1920; Volterra, 1926)
allowing for competition among prey individuals of the same deme. Predators in the same deme
compete for prey as well as other resources. The defenders in the prey population have a smaller
reproduction rate than non-defenders and reduce the growth of the predator population in the same
deme. Thus, non-defenders profit from the abundance of defenders in their deme and surpass them
in fitness. We note that the behavior of defenders is not exactly altruistic if offspring of defenders
benefit from fewer predators and might produce more grandchildren compared to non-defenders. In
our view, however, costly defense traits are closely related to altruism and — similarly to altruism —
it is a priori not clear whether the behavior of costly defense “pays off”.

We approximate our first model by an asymptotic model of infinitely large deme population
sizes. As common in population genetics (Ewens, 2004; Durrett, 2008) we measure time in units
of N generations, where N is proportional to effective deme population sizes, and thus obtain
Wright-Fisher diffusions maintaining random fluctuations in trait frequencies — so-called genetic
drift (Kimura, 1968) — even in the limit of large demes. Moreover we scale migration rates such that
the expected number of migrants per generation and deme is constant; which is also common in
population genetics (Durrett, 2008). It turns out that, as we let N tend to infinity, the population
genetic (or “evolutionary”) time scale of N generations separates from the ecological time scale
of predator—prey interactions. In other words, on the population genetic time scale, the deme
population sizes of prey and predators instantaneously reach their limits according to the Lotka—
Volterra interactions, where these limits depend on the frequency of defenders in the respective
deme. Our main result is that the diffusion approximation of the frequencies of defenders is the
well-known Kimura’s stepping stone model with negative selection (e.g. Etheridge, 2011, Chapter
6) only with the local population sizes replaced by a function of the local defender frequencies.

Our diffusion approximation of the frequencies of defenders is mathematically hard to analyze
due to the lack of a suitable dual process, which is due to variation of local effective population
sizes. For this reason we investigate a meta-population setting at which we arrive by considering
uniform migration on D € N demes and then letting the number D of demes tend to infinity. In
this meta-population setting we prove that the defense trait will become fixed in the entire prey
population if the ‘cost of the defense trait’ is smaller than the so-called ‘benefit of defense’. This
shows that predator—prey dynamics can indeed induce group selection that maintains a defense trait
that is under negative selection in each deme, without the need of extinction (and re-colonization)
of demes. Group selection on a trait requires that the frequency of the trait in a deme must be
correlated with the number of migrants produced by the deme (Queller; 1992). This correlation can
only be non-zero if the frequency of the trait varies between the demes. While migration reduces
this variation, the only factor in our model that can increase it is genetic drift.

The rest of this article is structured as follows: In section 2 we introduce our model and specify our
model assumptions. Moreover we state our main results: first, weak convergence of the frequencies
of defenders as the local population sizes converge to infinity (Theorem 2.3) and, second, long-term
fixation/extinction of defenders in a meta-population setting depending on whether the ‘cost of
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defense’ « is smaller than or bigger than the parameter 8 which we denote as ‘benefit of defense’
(Theorem 2.4). Sections 3 and 5 are devoted to the proofs of Theorem 2.3 and of Theorem 2.4,
respectively. In section 4 we prove that diffusion approximation of the frequencies of defenders with
uniform migration on D € N demes converges as D — oo to a McKean—Vlasov equation. Finally,
in section 6 we consider the many-demes limit of the D-demes equation when initially only a few
demes are populated and prove that the total mass process of this many-demes limit converges to
infinity or to zero in probability depending on whether the ‘cost of defense’ « is smaller than or
bigger than the parameter (.

1.1. Notation. Throughout this article, we will use the following notation. We define [0, 00] :=
[0,00) U {co}. We will use the conventions that 0° = 1, 0 - oo = 0, and that for any = € (0, 00) we
have that £ =0 and & = co. For all 2,y € R we define 2 := max{z, 0}, sgn(z) := Ly~0 — Ls<o,
and z Ay := min{z,y}. We define sup(f)) := —oo and inf(f)) := oo. For a topological space (E, &)
we denote by B(E) the Borel sigma-algebra of (E,£). Moreover we agree on the convention that
zero times an undefined expression is set to zero. For every countable set D and every o = (0;)iep €
(0,00)P define a function || - [|: RP = [0,00] by R? 3 2 = (2:)iep = |2ll0 == Y_;ep 0il2| and
define I} :={z € R?: ||z||, < oc}.

2. Main results

2.1. Model. We assume that predator (or parasite) and prey (or host) individuals populate demes
given by a countable set D, and the prey population consists of defenders and non-defenders. For all
i € Dlet AN(i), CN (i), and PN (i) be the total numbers of defenders, non-defenders, and predators
in deme ¢ at time ¢t measured in units of V € N individuals. We will consider the large population
limit N — oo. The total number of host/prey individuals in deme ¢ € D is denoted as HlN =
AN + CON. Let A\, K, 6,v,7,1m,p € (0,00). For every N € N, let s, x8, o, 8N 85 & 15 €[0,00)
satisfy oV < X. We assume that the prey and predator populations interact in each deme according
to a Lotka—Volterra model with growth rate A, carrying capacity K, per-predator death rate § for the
prey, per-prey growth rate 7, competition rate v, and death rate v for the predator. Furthermore,
we assume that being a defender increases its death rate by oV, and — as effect of the defense
behavior — decreases the birth rate of predators in the same deme by p. We further assume that
prey (resp. predator) individuals migrate at rate xNm(i,5) (resp. k¥m(i, j)) from deme i to deme
§ where m € [0,00)P*P? is a symmetric stochastic matrix. In addition we assume that additional
births happen at rate g, (resp. gp) per prey (resp. predator) individual and that additional deaths
happen at the same rate gy (resp. gp) per prey (resp. predator) individual. Moreover, in order to
avoid extinction of the prey populations on the ecological time scale, we assume immigration of prey
(resp. predator) individuals at rate &} (resp. ¢¥) into each deme. This immigration, however, is only
assumed for technical reasons and does not appear in the diffusion approximation of the defender
frequencies. To keep the analysis simple, we assume that the probability of an immigrating prey
to be defender is equal to the current frequency of defenders. Summarizing, for every N € N the
process (N - AN N -CN N - PV) is a Markov process with state space (N3)? and transition rates



Costly defense traits 1701
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According to a Lotka-Volterra modeling approach and according to the usual diffusion approximation

with SDEs (e.g. Shiga and Shimizu (1980)), AN, CN and PY satisfy approximatively the stochastic
differential equations (SDEs)
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where WAN (7), WEN (3), WPN(4): [0,00) x Q@ — R, i € D, are independent standard Brownian
motions, BH = 2% and BP = 2 (gp + (1/—1— %))/J\f Note that these settings for

ﬁg and Bg are based on the heuristic assumption that the system is close to the equilibrium of
predator—prey interactions and extend the approximations of Hutzenthaler and Metzler (2021) to
parameter ranges in which A, n and v are not negligible compared to gy and gp.

Existence of solutions to (2.2), which we assume here, can be established in suitable Liggett-
Spitzer spaces if D is an Abelian group and if m is translation invariant and irreducible; cf. Propo-

sition 2.1 in Hutzenthaler and Wakolbinger (2007). Finally, for our analysis we assume that p < 7
M+6Kn _dp

and we set a = 3Kp and b = A

(which appear in the equilibrium state (2.4) for prey and
predators).

2.2. Computer simulations. To illustrate the model and the roles of certain model parameters, we
present here the results of computer simulations for a setting with finite-size populations in 1000
demes. When nothing else is stated, we used the parameter settings A = 2, K = 1000, § = 0.02,
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a:=aov =001, gp =0, n = 0.005 p = 0.004, v = 1, v = 0.01, mﬁ = /ﬁg = 0.01 and
L% defend. = LZ,HOH_ defend. = Lg = 10~ without population-size scaling, that is with N = 1. For the
parameter gy we used the values 0, 0.5 and 5, resulting in the values of 0.008, 0.01 and 0.028 of
8= Bg N 6Vi—7p)\'y’ whose analogue in the asymptotic model, the 8 defined in Theorem 2.3, will turn
out to be the benefit-of-defense parameter that is crucial for the fixation probability of the defense
allele (Theorem 2.4). We initialized each deme with 1000 prey individuals, of which a uniformly
drawn random fraction x were defenders. The number of predators in the deme was then initialized
with % -(1=1/(Kb- (a —x))), which is inspired by the equilibrium frequency of the Lotka—Volterra
model.

For the simulations we applied a 7-leaping approach (Gillespie, 2001). For this, we chose a
time span 7 and iterated simulation steps in which we simulated for each deme, each deme sub-
population (defenders, non-defenders or predator) of current size n and each type of event (birth,
death or emigration) of per-individual rate r a binomial number with parameters (n,p = 7-7-n) of
the corresponding events to take place in the next time span of length 7. We chose 7 small enough
to make the binomial-distribution parameter p = 7 - r - n smaller than 0.01 under most conditions.
In most simulations we performed 50,000,000 7-leap iterations and read out the total numbers of
defenders, non-defenders and predators once every 200,000 iterations.

Figure 2.1 shows results from five simulation runs with a« = 0.01 and 8 = 0.028. In three of these
runs, the defenders became way more frequent than the non-defenders, which is in accordance with
our asymptotic results as a < . At some time points it happened, however, that the predators
became rare, which led to a decrease of the number of defenders and an increase of the number of
non-defenders. In some cases (Fig. 2.1 top and Fig. 2.1 middle row left) this resulted in an increase
of the number of predators, which entailed that the defenders became much more frequent again.
In two simulation runs, however, the defenders went extinct before the predators returned (Fig. 2.1
bottom). At the end of the simulated time span, no defenders were present in these simulation
runs and non-defenders as well as predators were present in all demes. The final mean numbers
of non-defenders per deme were 334.5 and 337.7 in the two simulations and the mean number of
predators were 65.63 and 66.04. Note that these values are not far from the limits for the number

K-(6v++A) AKn=X\v ) .
St Koy Mok ~ 66.6 of predators according to the

classical Lotka—Volterra model with within-species competition (and without migration).

Figure 2.2 shows simulation results with gy = 0.5 and thus 8 = 0.01 = «. In accordance with
the asymptotic result for a = 5, the non-defenders co-existed with the defenders over a long time
span. In three of the five simulation runs, however, the defenders went extinct and were not able
to re-immigrate and spread during the simulated time span.

In five simulations with 8 = 0.008 and a = 0.01 the defenders quickly went extinct and were
not able to re-immigrate and spread in the population (Fig. 2.3). This changed, however, when we
reduced the cost of defense to o = 0.001 < S (Figure 2.4). In these simulations the defenders became
more frequent than the non-defenders and it happened many times that the predators became rare,
which resulted in an increase in the frequencies of non-defenders and a decrease in the frequencies
of defenders. But the latter happened more slowly than in simulations with a higher defense cost
«, such that the defenders were still abundant when the predators returned and were able to take
over again.

To study the role of between-deme migration we launched simulation runs without it, that is,
with /ig = Hg = 0. In the simulation runs with @ = 0.01 and 8 = 0.008 or 5 = 0.01 we observe
that demes were in the end of the simulation runs either populated with defenders and neither
non-defenders nor predators or with non-defenders and predators and no defenders. The fraction
of demes with defenders was 26.14 % in the simulations with 8 = 0.008 and it was 30.3 % in
the simulations with 8 = 0.01. The average numbers of individuals in these demes were 992.59
and 994.15, respectively. In the demes that were populated by non-defenders, the average final

~ 333.3 of prey individuals and the number
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FIGURE 2.1. Results from five computer simulation runs with o = 0.01 and g = 0.028.

prey population sizes were 394.58 and 385.6 per deme, and the average final predator per-deme
population sizes were 60.28 and 60.96. Thus, averaged over the five simulation runs with § = 0.008
the total number of defenders was slightly lower than that of the non-defenders (2.6-10° vs. 2.9-10%),
whereas it was higher than the total number of non-defenders for 8 = 0.01 (3105 vs. 2.7 - 10%).

Some of the demes in which one or the other type — defenders or non-defenders — became fixed may
have started with very high initial frequencies in their deme. To explore how the fixation chances
of the costly defense trait are when not starting at high frequencies, we launched additional no-
migration simulations in which all demes were initialized with 500 defenders, 500 non-defenders and
50 predators (Fig. 2.5). As we observed quick convergence in the previous no-migration simulations,
we only simulated 5,000,000 7 leap iterations in each of the new runs.

In the simulations in which S was larger than the cost «, the final total frequencies of the defenders
were still higher than those of the non-defenders (Fig. 2.5, left column). In the cases with § < «
the final total frequencies of the non-defenders were higher than those of the defenders, which,
however, did not go extinct (Fig. 2.5, right column). In all those simulations there was at the
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end a strict dichotomy of the demes: A certain fraction of demes was populated by defenders and
neither non-defenders nor predators and all other demes contained non-defenders and predators but
no defenders. In all cases, there were fewer demes with defenders than without defenders (Table
2.1), but in the simulations with o < /3, more than 40 % of the demes contained defenders and
the smaller numbers of demes was overcompensated by the larger average number of inhabitants
(almost 1000 in defender demes versus 350 to 380 in non-defender demes).

The results of the no-migration simulations illustrate that larger values of 8 are beneficial for the
defenders because the randon variation within a deme (“genetic drift”) increases the probability that
the defenders can become fixed despite their selective disadvantage compared to the non-defenders.
This suggests that also in scenarios with migration between the demes random variation may not
only be beneficial for the spread of the defense trait because it leads to variation on the deme level
but also because it increases the probability that the locally less fit trait survives in a deme until a
deme-level fitness advantage emerges.

In another series of simulations (with migration again) we removed within-species competition
from the model, that is we set K = oo and v = 0. In these simulations all demes were initialized
with independently drawn numbers between 0 and 300 for each sub-population. The number of 7
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leap iterations was 1,000,000 with output every 10,000-th iteration. Even though we used o = 0.01
and 8 = 0.008 in these simulations, the defenders became more frequent and the non-defenders went
extinct (Fig. 2.6). In the classical deterministic Lotka—Volterra model without competition (and
without migration) the frequencies of prey and predators oscillate infinitely long around equilibrium
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@ B | % demes with defenders | def. | non-def. | pred.
0.001 | 0.008 46.5 998.5 | 375.7 | 62.0
0.01 |0.028 40.2 993.2 | 351.2 64.2
0.01 | 0.01 23.5 993.6 | 380.3 | 61.5
0.01 | 0.008 18.1 993.9 | 379.6 | 61.8

TABLE 2.1. Final states of simulations without migration, starting with 500 de-
fenders, 500 non-defenders and 50 predators in each deme. def.: average number
of defenders in demes with defenders, non-def.: average number of non-defenders
in demes without defenders, pred.: average number of predators in demes without
defenders.

| — defenders
—— non-defenders
| — predators

1500000

500000

0

Total number of individuals in 1000 demes

0 500 1000 1500 2000 2500

Time

FIGURE 2.6. Five computer simulation runs with o = 0.01, § = 0.008 and no
within-species competition. (The hidden peak of the defender numbers in one of the
simulation reaches almost 3.64 Mio.)

frequencies. Thus, a possible explanation why removing within-species competition brings an ad-
vantage for the defenders over the non-defenders is that oscillations may be maintained over a longer
period, increasing between-deme variation of defender frequencies. Another aspect is, however, that
removing within-deme kin competition from the model can make kin selection more effective.

In our simulations the final average population sizes per deme were 1017.8 for the prey and 100.98
for the predators. If we for comparison consider a simple Lotka—Volterra model for a single deme
without competition and with all prey individuals being defenders, the equilibrium frequencies are
n—zp = 1000 for the prey and )‘TTO‘ = 99.5 for the predators.

2.3. Diffusion equation for frequencies of defenders. We denote by
. AN (i

FN (i) = v (2.3)
the frequency of defenders in the prey population in deme i € D at time ¢t € [0,00). The central goal
of this article is to prove convergence of the sequence ((F}¥ )te[0,00)) Nen and to derive the diffusion
equation which the limit solves. In other words, we will derive an analog of the Kimura stepping
stone model (i.e., spatially structured Wright—Fisher diffusions) for costly defense against predators.
Since we measure time in units of N individuals (evolutionary time scale) and the total migrating
mass on this time scale should be finite, we need to assume that 5% and Bg are of order % for
large N € N. To get a nontrivial diffusion approximation we additionally assume — as is usual in
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the derivation of the Kimura stepping stone model — slow migration and weak selection in the sense
that the sequences (NxY)nen, (N&X)nen and (NaV)yen converge. Thus the relative frequency

% evolves on the time scale of order N as N — oo.

In the special case that for some N € N it holds that /@% = RJIX = L]I}[ = Lg =al = Bg = Bg =
AY =0, then AN =0 and (HY (i), PV (i)), i € D, satisfy classical Lotka—Volterra equations. It is
well known that if K7 > v, then the solutions of these equations converge to the nontrivial equilib-
I&si/;g;‘), ifﬂgfé‘;) € (0,00)? in each deme. Since we assume that k2, k¥, o™ N N BN BN
are of order o(1) as N — oo and since the defender frequencies evolve slowly, for every i € D, the
processes (H™ (i), PV(i)) should asymptotically be close to the equilibrium of the classical Lotka—
Volterra equations with 7 being replaced by 1 — pF™ (i) as N — co. More precisely, we will prove in
Theorem 2.2 below under further assumptions that if the local frequency of defenders is ¢ € [0, 1],
then the equilibrium state for prey and predators should be (hoo(q), Poo(q)) where the functions hx,

and po, are defined by

of defenders

rium (

0,113 7 = hoo(®) = 35720 = 5asm) € (0,00)

. AK(n—px)—Av __ )

(2.4)

For these functions to be well defined we will assume that Kb(a — 1) > 1 or, equivalently, that
K(n—p)>v

The above heuristic is incorrect if all populations go extinct by chance due to stochasticity in the
offspring distributions. To avoid this difficulty we will assume that there is sufficient immigration
of prey (2% > BY) and predators (2.8 > #Y) in order that both prey populations and predator
populations cannot go extinct; see Lemmas 3.2 and 3.3, respectively. However, note that both
defenders and non-defenders can locally die out. For our proof, which is based on the Lyapunov
function (3.21), we additionally require further restrictions on the parameters and on (inverse)
moments of the initial configuration.

Assumption 2.1. In the setting of the Section 2.1 it holds that X > v, n —p > %, fy > 26, for

. 44
all N € N it holds that oN + ki < 2, N < AN N 0Ny o N < Acw (N> (,f;; + 38N

4’ 2
N > BN, and there exist o = (0;)iep € (0,00)P and ¢ € (0,00) such that ¥,.p 0 < 00, such that
for every j € D it holds that
Z oim(i,j) < coj, (2.5)
i€D

N pN L
and such that supNeNE[H (HO + F ) (HN)2 + (HN)2 + PN +

] ] < oc.

The following theorem, which appears to be new even for non-spatial Lotka—Volterra SDEs, im-
plies for every t € [0,00) that the L2([0,#] x IL x Q;R)-distance between (HY, PY) and
(hoo(FN), pso (FN)) converges to 0 as N — oo at least with rate 3. Theorem 2.2 follows im-
mediately from Theorem 3.8 below together with a time substitution. For the proof of Theorem 2.2
below, we exploit uniformly bounded inverse moments and establishing these inverse moments (see

Lemmas 3.6 and 3.7 below) is somewhat technical.

Theorem 2.2. Assume the setting of Section 2.1, let Assumption 2.1 hold, let hoo and ps be given
by (2.4) and assume that supNeN(NmaX{ﬁ%,ﬁg,aN NN BN, BNY) < 0o, Then we get for all
te[0,00) that

t

sup N [ E

sup N | S0 (HN (@) = hoo (EN (D))" + Y 00 (PN (6) = po (FN (D)) ] du < o0, (2.6)

i€D i€D
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Knowing the asymptotic behavior of the prey populations, we can formally replace the (H N )NeN
in the diffusion equation of the defender frequencies (see (3.4) below) and, thereby, we arrive at the
diffusion equation solved by the limit of defender frequencies. Our main result, Theorem 2.3, then
proves that the defender frequencies converge to the solution of the diffusion equation (2.8) below.
The proof of Theorem 2.3 is deferred to Section 3.4.2 below and is based on a general stochastic
averaging result in Kurtz (1992).

Theorem 2.3. Assume the setting of Section 2.1, let Assumption 2.1 hold, assume that there exist

Ky, 8 € [0,00) such that limpy_ e mg]\f =k, limy_oo VN = a and limy_yo0 ﬁﬁNb = (3, assume
that

(Zaz ]S\';é%E[Ho (i )]) + sup (N max{K3, 137,13, AP }) < 00 (2.7)
€D

and assume that FYY = Xo as N — oo in IL. Then the SDE

aXi(i) =i > mli, ) 2B (XaG) = X)) dt = aX(3)(1 = Xil0)) d
JjE€D (2.8)

+V/Bla— Xy (i) X, (i) (1 — X4(d)) AWy (i), t € (0,00),i €D

(where {W(i): i € D} are independent standard Brownian motions) has a unique strong solution
and

(FtIZVV)te[O,oo) = (Xtifo.00) (2.9)

as N — oo in C([0,00),1L).

2.4. Many-demes limit. An important problem is to derive conditions under which defenders per-
sist, that is, to derive conditions on the parameters of the SDE (2.8) under which the process
goes to fixation. Here we simplify this problem and consider the many-demes-limit (also de-
noted as mean-field approximation) of the SDE (2.8). More precisely, for every D € N, let
XP:0,00)x{1,.. D}XQ — [0, 1] be the solution of the SDE (2.8) with D replaced by {1,...,D}
and with m replaced by ( )ije(l,.. D}. We will show in Proposition 4.1 together with Lemma 4.2
below that if, for every D € N, (X (i))ie{l,...yD} are exchangeable [0, 1]-valued random variables,
if suppen E[(XP(1))?] < oo, if Z: [0, 00) x © — [0, 1] is the solution of the SDE (2.11) below with
respect to the Brownian motion W (1) and if suppey VDE [| X (i) — Zo(i)|] < oo, then for all
t € [0,00) it holds that

sup VDE [|XP (1) — Z|] < oc. (2.10)
DeN
Thus the solution of the SDE (2.11) is the many-demes limit of the SDE (2.8). For this many-demes
limit we derive a simple necessary and sufficient condition (a < ) under which the costly defense

trait goes to fixation when starting with a positive frequency. The proof of Theorem 2.4 is deferred
to Section 5.3.

Theorem 2.4. Let o, B,k € (0,00), let a € (1,00), let (2, F,P, (Ft)ic(o,00)) be a filtered probability
space, let W: [0,00) x Q — R be a standard (Fi)iec(0,00) Brownian motion with continuous sample
paths, and let Zy: Q — [0, 1] be an Fo/B([0, 1])-measurable mapping. Then the SDE

dZ; = w(a — Z) <(a _ Z)E [a%zt] - 1) dt — aZy (1 — 2Zy) dt +/Bla — Zo) Ze(1 — Zy) dW; (2.11)
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has a unique solution. Furthermore, if E[Zy] = 1, then P[Z; =1 for all ¢t € [0, 00)] = 1, if E[Zp] = 0,
then P[Zy = 0 for all t € [0,00)] =1 and if E[Zy] € (0,1), then

lim E[|Z; - 0|] =0, if « > 3,

t—o0

Jim Ef|Z, —1[] =0, if a < B, (2.12)

7,22 /m(z) dz, if o = 3,

where m(z) = 1 5 (af=1)= 1(1 z)%(l_e(a_l))_l(a - 2)27&_1 for z € (0,1), where ¢ € (0,00) is a

normalizing constant and where 6 = E[ﬁ]

z,@

Informally speaking, Theorem 2.4 asserts that a costly defense allele persists in a space of infinitely
many demes if o < § and if the mean frequency of defenders over all demes is positive. This does
not imply that a new mutation resulting in costly defense behavior can establish itself on one
island or even in the total population. Our final result partially closes this gap and considers a
process which could be the limit limp_, o Zl L XP()if for all D € N and i € {1,...,D} it holds
that X’ (i) = Yy1,=1 for some [0, 1]-valued random variable (Hutzenthaler, 2009, 2( 12). For this
limiting process, Proposition 6.1 below shows in the case P[Yy > 0] = 1 that the process converges
to 0 in probability as time goes to infinity if and only if & > 3. Informally speaking, Proposition 6.1
asserts that a costly defense allele has a positive invasion probability in an infinite-dimensional space
if and only if o < S.

3. Convergence of the relative frequency of defenders

The main result of this section, Theorem 3.8 below, proves strong convergence of spatial sto-
chastic Lotka—Volterra processes. Its proof uses a Lyapunov type argument. This argument uses
uniformly bounded inverse moments which we establish in Section 3.3. In section 3.4.2, we then
prove convergence of relative frequencies as stated in Theorem 2.3.

3.1. Setting. Assume the setting of Section 2.1, Define kp := supyey by, £p = SUDyen KD, B =
SUP Nen ﬁg, Bp = Supyen ﬁg, IH = SUPNeN Lg, and Ip = supyey Lg. For all z = (z)iep €
(0,00)P and p € R let 2P = (2F),_p,. Furthermore, let 1 := (1)iep € . Define By := [0,1]” and
Ey :=11N[0,00)P. Foralli € Dand all N € N let WHN( ): [0,00) x Q2 — R and WEN(3): [0, 00) x
2 — R be stochastic processes with continuous sample paths such that for every ¢ € [0, 00) it holds
P-a.s. that

AN C,N
thH,N(i) _ VAY () dw; \(/z;;v CN (@) aw N (i) (3.1)
and
) CN (i) dW N (i) —/AN (i) aw SN (4)
AW N () = @) \(/HN : (3.2)

respectively, with WOHN( ) = W(fN( ) =0.

3.2. Preliminaries. Assume the setting of Section 3.1. In this section we collect some first results
that are used in the proofs of the statements in subsequent sections.
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Lemma 3.1. Assume the setting of Section 3.1. Then WHN (i) and WEN (i), N € N, i € D, are
independent Brownian motions and for all t € [0,00), alli € D, and all N € N it P-a.s. holds that

HY (i) = H, / 0 (e )Y G) 0y~ SNEN@)HYNG) - (Y )” (33)
— 6PN (i) HY +LHds+/\/6gTdWHN

FNG) = B / Ny m — FN@) B9 NN (1 - FN () s (34)
+/t \/ﬂgFg(’I}leFsN("))devN(i),

PN () = / 3 3P G) — (kF + PN (i) =5 (PY () (3.5)
T (n— pFN(3)) P (i) HY +Lpds+/ BN PN (i) dW PN (i),

Proof: For all t € [0,00), all N € N, and all i € D we get (W7 (i > (WEN (i )>t =t as well as

<WHN() WEN (i) / VAN GCN( ) \{AN Y0 gg — (3.6)

Hence, we see that WHN(3) and WHN (i), N € N, i € D, are independent Brownian motions.
Equation (3.3) follows from Itd’s lemma (e.g. Klenke, 2008) and rearranging terms. Furthermore,
applying It6’s lemma we see for all ¢ € [0,00), all i € D, and all N € N that P-a.s. it holds that

FN(@i) =Fy' (i)
! N@ N Ny; HN () N; N
+/0 2)2<RHZ = AN (@) + AN @ (A (1= B 2) 5PN (i) - o)
N 0 (H

HY(3)

_/Ot(w(?))Q(ﬁﬁZm(i,j) (CN () — CN (i) + CN(3) (A (1_%)_5@@)
Jj€D

t
+ i E%)dS‘/o A\ Joyer @ awe

t
_ CN(i) AN 4N N@) ANAN(;
| A )+ G Sasiic ) ds

—FY () + /H 5> i) (- BN @) ENGIEN G) - FNG) (1 - FNG)) HY ()
]GD

oV FN (i) (1 - FN() ds—l—/\/ FN(}{,J(ZF D) gwF )
(3.7)

and (3.4) follows. Finally, we obtain (3.5) from the definition of (HN)NeN and (FN)NeN. O
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Lemma 3.2. Assume the setting of Section 5.1 and assume that for all N € N we have LH 2,8H

Furthermore, assume that we have for all N € N and all i € D that P-a.s. HY (i) > 0. Then we
have
P[H] (i) >0, for allu € [0,00), all N €N, and alli € D] = 1. (3.8)

Proof: The main problem is to control the contribution of the processes (P™V)yen and resolve this

with a cut-off argument. For every N, M € N let ANM [0,00) X D x Q — [0,00) be an adapted
process with continuous sample paths that for all ¢ € [0,00) and all i € D satisfies P-a.s.

ANM ) = BYM (1) +/t (A2 @) (A= o — k= RHNM () = OM) + 3] ds
(3.9)
/ N TN () gy N ()

with HNM( ) = HY (7). Due to Feller’s boundary classn‘icatlon (e g., p. 366 in Ethier and Kurtz,
1986) with the assumption that for all N € N it holds that LH QBH we have for every N, M € N
and all ¢ € D that

IP’[HNM()>O for all ¢ € [0,00)] = 1. (3.10)

s€[0,t]
The fact that the processes PV (i), N € N, i € D, have a.s. cadlag sample paths (which are bounded
on closed intervals) implies for all N, M € N, all i € D, and all t € [0, 00) that

AN (i) € AN (),

Pl U Ak

KeN

For all N,M € N, all i € D, and all ¢ € [0,00) consider the event A} (i) := { sup PN(i) < M}

s€(0,t]

[ sup PN (i) < oo] =1 (3.11)

Using a comparison result due to Ikeda and Watanabe (see e.g., Theorem V.43.1 in Rogers and
Williams, 2000) we get for all N,M € N, all i € D, and all ¢t € [0, 00) that

P lau e (0,4 : HN (i) < HNM(3), sup PN @) < M] = 0. (3.12)
s€[0,t]

Thus, combining (3.10), (3.11), and (3.12) we obtain for all N € N, all i € D, and all ¢ € [0, 00)
that

1>P[HY@) >0, forallue [0,t]] =1-P[Fue (0,4 : HY (i) = 0]

>1- ) P [3u6 [0,t] : HY (i) = 0, sup PN (i) gM]

MeN s€[0,t] (3.13)
>1- Y P|Iuc(0,4:HY () < HYM(i), sup PN(i) < M]
MeN s€0,t]
This implies for all N € N, all i € D, and all ¢ € [0,00) that P [HJ (i) > 0, for all u € [0,¢]] =1,
which in turn implies (3.8). This completes the proof of Lemma 3.2. U

Lemma 3.3. Assume the setting of Section 5.1 and assume that for all N € N it holds that
Lg > %Bg Furthermore, assume that we have for all N € N and all i € D that P-a.s. P({V(i) > 0.
Then we have

P[PN(i) > 0, for allt € [0,00), all N €N, and alli € D] = 1. (3.14)
Proof: Analogous to the proof of Lemma 3.2. O



1712 Martin Hutzenthaler, Felix Jordan and Dirk Metzler

Lemma 3.4. Let D be a countable set, let m € [0,00)P*P be a stochastic matriz, let o € [0,00)7,
¢ € 10,00) satisfy for all j € D that

Zaim(i,j) < coj, (3.15)
€D
and let x = (x;)iep € [0,00)P, p € [1,00), D' CD. Then

Z O'Z(Z m(i, j CL‘j> < anixf. (3.16)

1€D’ JE€D €D

Proof: Jensen’s inequality, the fact that m is a stochastic matrix, the theorem of Fubini—Tonelli
and (3.15) imply that

Zai(zm(i,j)(]}j)p < ZUZZTTL(Z,]>1'§ < ZCO’jl‘?. (3_17>

ieD’ jeD i€D  jED jeD

This proves the assertion. ]

3.3. Strong convergence of the spatial stochastic Lotka—Volterra processes. In this section we will
show the convergence of the time-rescaled Lotka—Volterra processes as given in (3.3) and (3.5). In
Lemmas 3.5, 3.6, and 3.7 we will provide bounds for the expected value of the sum (over sets of
demes) of functionals of the processes weighted by o. The proofs of these lemmas are technical are
therefore deferred to the appendix. Lemmas 3.5, 3.6, and 3.7 are then used in Theorem 3.8 to study

the behavior of a spatial analogue of a well-known Lyapunov function (e.g., Dobrinevski and Frey,
2012).

Lemma 3.5. Assume the setting of Section 3.1 and let p € {1} U [2,00). Then we have

J

sup sup E [H 277HN—|—5PN)

J <supE [H(277Hév—|—5PéV)p

NeNte[0,00) NeN
P
. ||1|| >\+(1—%+§)(7€H+’P) p . N 1 n 4m1n{2i% % % }[QnLH+5LP+ p—1) <2775H+%65P>]
=i 2min{%%,%,%’y} < ( ) HH-i-K,P))Z
(3.18)
Lemma 3.6. Assume the setting of Section 5.1 and assume g > 20. Furthermore, assume that for
all N € N we have oY + /@% , S (VH‘), and LH > %6'11’ 36% Let D C D be a set. Then
we have
2 PN 1 1 )
sup sup E i
NEN te[0,00) [Z <A+V (HY @) 2 (BN @) ]
1€D
Py 11 4R pc N3
<supE (2 O + o5 > + :5— sup sup E or P
NeN [Z My (ay)t 2 () BAAT) NeN tefo,00) Z ’ @)

ZQPN i)

ieD

2
+ﬁ (7774—;1(—’\2) sup sup E + 25 (3.19)

NeN¢eg[0,00)

Lemma 3.7. Assume the setting of Section 5.1 and assume A > v and n—p> % Furthermore,
assume that for all N € N we hcweL QBH, Kp +/1H+()4N< A~ LgZBg, and L%ZB%. Let




Costly defense traits 1713

D C D be a set. Then we have

n—p)-% 1 1
]S\'flé% teS[EEO)E %Uz < 2(kp+v) PN(i) - ptN(i)HgV(i)>]
(=p)—% 1 1
= RRE [Z 7 < 2r ) B0 A ORY (z’))] (3.20)
€D
. ’Y(;(Kf,)ﬂ) (y+6)sup sup E ZU’H}}(@)]
ieD

NeN te[0,00)

The following theorem implies for every ¢ € [0,00) that the L?([0,t] x I x Q;R)- distance be-

tween (HAY, PY) and (hoo(FN), poo(FN)) converges to 0 as N — oo at least with rate 1; cf. also
Theorem 2.2.

Theorem 3.8. Assume the setting of Section 3.1, let (hoo,Poo) Satisfy (2.4), let Assumption 2.1
hold and let u: (0,00)% x [0,1] — [0,00) satisfy for all (z,y,z) € (0,00)% x [0,1] that

u(x,y, z) := (n—pz) (:L‘ — hoo(2) — hoo(2) In (ﬁ(z))) +4 <y — Poo(2) — Poo(2) In (zﬁ(@)) . (3.21)

Then u is well-defined and there exists a constant co € (0,00) such that for every set D C D, for
every N € N, and every t € [0,00) it holds that

E Zaiu (HtN('L),PtN(Z)a FtN(Z)) ]

ieD

t
+ / (7= p) 2E|> 05 (HY (1) = hoo (FY (1)) | + B> 03 (PY (i) = poc (FJV@')))Z] du
0 i€D ieD
< sup]E[ZUZ HO (),P(f\/[(i),Fé\/l(i)) +tcomax{ng,ng,aN,Lg,Lg,ﬁg,ﬁg} < 0.
MeN ieD

(3.22)

Proof: The main steps of this proof are Ito’s lemma (see (3.40) below) applied to the Lyapunov-type
function (3.23), the specific relation (3.43) of the equilibrium state and control of inverse moments
appearing in remainder terms by Lemmas 3.5, 3.6, and 3.7. For the rest of this proof fix a set D C D.

Define Dy := () and for every n € N let D,, C D be a set with |D,,| = min {n, |Z5|} and D, O D,_1.
Assume that D = U,enD,. We will first show that u is well-defined. Define for all 2 € (0, 00) the
real-valued function (0,00) 3y — fo(y) ==z —y—yln (%) For all z € (0,00) the function f, has
for all y € (0,00) first and second order derivatives ‘g—;(y) = In(y) — In(z) and d f’ (y) = i > 0.
Thus, for all z € (0, 00) the function f, has its global minimum at x with f,(z) = 0. Consequently,
for any (z,y) € (0,00)? we have f,(y) > f.(z) = 0. This shows that for all (z,y, 2) € (0,00)%x [0, 1]

we have that u(z,y,z) > 0. In order to prove the second part of the claim, we will make use of
a Lyapunov function that is defined here analogously to the well-known Lyapunov function in the

deterministic setting. Define Dy := (l; N (0, oo)D> X (l}, N (0, oo)D> x E4. For any subset D' C D
define the function Vp,: Dy — [0, 00] for any (h,p, f) € Dy by

V h p, Zo'z valafl (323)
ieD’
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Due to the non-negativity of the mapping u, we obtain for any D' C D and any z € Dy that
Vai(2) € [0,00] is well-defined. The fact that for all z € (0,00) it holds that —In(z) < \/g and
Young’s inequality imply for all z,y € (0,00) that
3
£ = foly) =z —y—yIn(E) Sz +y /L <2420 + L. (3.24)
This, the fact that Ay, poo are bounded and the assumption

supE[H (H[])V—&—P(fV)ZL—i—%#N)Q—i-#HU} < 00

NeN
yield that
sup E [Vp (Hp', ', Fy )]
A Nid | oo (FY6)3 N VA Ipoo (F ()2
szlé%E[;az(n(zﬂﬂo (i) + =l I >+5<2+\P0 (i) + =G OO )} (3.25)

< (n+0) sup (54 E[I(H) ] + B[ ™55z ] + E[I(AY) ] + B[ P2 ])

< 0.

We now calculate the first and second order partial derivatives that we will need in the application
of Ito’s lemma below. For all n € N, z = (h,p, f) € Dy, and i € D,, we get

d ool Ji 4 n — o\ Ji
C‘z/;?i" (2) = oi(n - Pfi)(l — & h(f))) d‘,/l? (2) = o3(n — pfi)" h%f),

dV; oo (fi d2V; n o (Ji
dZ" (2) = ai(S(l - pip(if)>7 and dp? (2) = o0 pif)

as well as

o (2) = ai[—p (s = hoe ) = hosl 8 0 (2475)) + (0= 1) ( () = W (i)

— (el =y (ﬁ)) 5 (—pllfs) = Pho(fi) In (52 ) — et )zpooam)]

:ai[—p(hi—hoom) (fz>1n(h <f>))—<”—ﬂfi) Wl“( <f>>‘5p°°(f1)1“<p <f1>)]
(3.26)

and

deﬁ’” (2) =0; [p (hgo(fi)m’ (fl)ln( (f))+<h o (i))” 1)(hm’z}i))2hgo(fi))+ph’ (fl)ln( (m)

- (n—pfi)< ) (7t )+h’ ()25 s L (1)
<p;£é>>2péo<fi>) ]
=0; [20h ln (hooh( ) 77 sz) (h” (fz) In (h (fz)) - (h:)o(fz))z m)

( i) In <poop(l ) poo(fz)) ﬁ) ] .

) —i—poo fz)

(3.27)
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Next we show that It6 integrals coming from It6 formula have vanishing expectation. Recall that
we have for all z € [0,1] that he(x) = ﬁ and poo(z) = % (1 - m> and note that the

v

assumption that n — p > % implies for all x € [0,1] that p(x) > 0. Therefore, we get for all
x € [0,1],

h'oo(:c) = Bam x)g >0, h” o (T) = b(a— x)3 > 0, (3.28)
pgo(x>:_m<07poo( ):—(;Kb(%ﬁ<0. '
SO heo, hl, and hl_ are strictly increasing on [0, 1] while ps, pl., and pl, are strictly decreasing

n [0,1]. Also we have that m[a:% Ipoo(x) < A. Observe that for all x € (0,00) we have |In(z)| <

x|,

Vv + ﬁ Together with Young’s inequality as well as Lemmas 3.5, 3.6, and 3.7 we get for all
t € [0,00) and all N,n € N that

2
[Z az/ < VNP () o (1~ ijgf;](vg)))) u] < Bpo’E
€D

N (i) (14 =0
Z“/ f H(PN(z))?)du]

ZEDTL

< fpd? sup E Z oit (Pdv(z) + (pli"N(((]i)))2)] < 00
u€(0,t] i€D,, “
(3.29)
and
E t BNHN (i) (n — pEN 1 — heo(FY (i) d
> i NHY (i)(n— pFY (i) 0 u
1€Dy (3 30)
< Bun® sup E [Z ot (Hiv(l) + (}Ecjéb))) )] < 00
u€(0,t] icD,,
and

t
BNEN @) (1—FN (i 2 (i
B o <\/ ER OO RT6) (—p(HfX(z) ~ hoo(FY (1)) = hoo(EY (1)) In (2050055 ))
i€Dy,
2
— (0= pEY ) (FY () In (5, ) — vk (B () n (520580 ) )) d“]
HY (i) hoo (1)
<BuE| Y a,/ ey | PHL (0) + phoo(1) + phoo(1) (\éhw«» * \\;ny(i))
1€Dy,
Hu 3 h P oo
+nh;o(1)<*\§hoo ‘\;HN )+5\péo(1)}<F %)) du]
2 hoo(1
<Pu mup E ED: UZQ?( Y )+ 0 (e () (s + i + )
S n

N (i oo
Un (héo(l))z (hool(o) + (1325((3)))2) + (p&’(l)f (pool(l) IF:IN((Z)) PG I(JO{EV(Z‘)> )] <o
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Hence, we obtain for all ¢ € [0, 00) and all N,n € N that

E / 3 /RN 6 (1 — et dWi%)]:o,

E / ZDJZ\/BﬁHN i = pFY (i) (1 - i) devNu)]:o,
S

E / Yo WFNHNI()FN ”[—p(Hmz‘)—hoo<F§<z'>>—%(Ff(i))ln(h;{%?W))
€Dy,

—(n— pFY (D)) (F <'>>1n(,ﬁ%)—6pgo<FéV<i>>1n(1j;%)]dwvam =0.
(3.32)

Next we bound certain remainder terms. For all ¢ € [0,00), all N € N, and all i € D define

RN(i) = maX{maX{nc pe penfld e LY (), hoo (1) 1,

,8¢PN (i), 0pes (0) , 6, S 20

2 hlg 1
max {%hoo (1) 7p(hoo (1)) ) g(hw((o))) ) (poo((l))) }HN( )

mac {30 (oo (1)% 307 (heo (10)% 3 (s () Voo (1) 3R (1) e (1) } e

2
N2 Lo (gN) Yt L[ dpe ()l PN@E) 152 2 peo(0)
c(H; (i), ze(Hy (1) L5 <\/pm> (H{V())2’25 Pl (1) m,

‘ poo(o h’ (1) §pL)| PN () }

DO

/
0 \poo 20(0)7 2 poc(1) HN (i)

bN :— max {R%, ﬁg, aN, L%, Lg, ﬁg, ﬁg} .
(3.33)

Note that lim oY = 0. Define ¢y := 32 sup sup E [HR%HU] Observe that due to Lemmas 3.5,
N—o0 MeN uegl0,00)

3.6, and 3.7 we have ¢y € (0,00). For all ¢ € [0,00), all N € N, and all a € {n,p,nﬁf’;gég} we have

that
Z oia Z m(i, ) HN (j) < Z oica HN (i) < Z o RN (i). (3.34)

1€D J€ED 1€D 1€D
Furthermore, we have for all ¢ € [0,00) and all N € N that

> 06> m(i, PN () <Y 0idePN (i) <Y oiRY (). (3.35)

1€D j€D i€D i€D

Using Young’s inequality and Lemma 3.4 we get for all ¢ € [0,00) and all N € N that

S i =) Sy <Zaz<< EIAL) ) (Sl ))

1€D jeD 1€D Jj€D

<ZUZ<Rt i)+ Le (HN( 2)<2012Rt ,

€D 1€D

(3.36)
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and
I R I
i€D JjeD
< Z%((é'p”(l ) (Zm (i, 5)H (5 ) > (3.37)
1€D JjeD
<ZUZ<Rt + Lo (BN () ><Zaz2Rt :
€D i€D
and
0o FN )
Zo'z 5poo Ft IIZNE,L;H 2 Zm 6] Ht
i€D ' JeD
< ZUz‘(W e OF mes i + 5 (2 mHEY () Hﬁ(z’))
i€D JED
4
<> o <Riv(z') (X mnEY () + iM) 339
i€D jeD ‘
<Zaz(Rt Lo (G >>4+RiV<z‘>)
i€D
< 202-3]?,,{\[(2)
i€D

3
Again using Young’s inequality and Lemma 3.4 we get for all a € {p(hoo (1))2,mhi (1) hoo(l)},
all t € [0,00), and all N € N that

5l 2 <Z"’<3g(m)2+i(2m(i,j)ﬂiv(j>)4>

1€D j€D €D Jj€ED

< Zaz( )+ C(HtN(i))4> <Y 0:2RY(i).

€D

(3.39)

Due to Lemma 3.1 we have that WV (i), WEN (i), N € N, i € D, are independent Brownian
motions and due to Lemmas 3.5, 3.6, and 3.7 we have for all ¢ € [0,00) and all N € N that P-
a.s. (HtN, PN, FtN) € Dy . Thus, applying Itd’s lemma and using (3.32) we obtain for all ¢ € [0, c0)
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and all N,n € N that

E Vo, (H, 7" )] —E [Vo, (He', o' Fy'))]

= Zal< 0= o) (1= =) (ot S mti) (25) - 120

1€Dy Jj€D

+ HY (@) |2 (1 - 252 - 6PN () - aNF;V@} e (n-pr¥ ) & H(zf ) g N (i)
+5< %) {f”»p S mi, ) (PN () - PY ()
jeD

+ P () [-v = PN (@) + (1= pFY () HY (5)] + o | + §2= ) gX PN (i)

_ p(HiV(i) — heo (FN(3)) = hoo (EY (i) In (%) ) (3.40)

2

. N _pEN (i , NG he (Y ()
+{onl (R @) (i) — 2500 (1 () m (el ) — )
. N (i LEN )\ BY Y () (1-FY ()
g( (B (@) In (poij(Vzm) - (Zm(FdV(i))) >} Hf(Vu) )> d“]‘

Next we show that the right-hand side is negative up to small remainder terms. Note that for all
x € [0,1] it holds that 0 < n — pz < n. Together with the fact that for all z € (0,00) we have

In(z) < /x, In(z) < z, ’ln(w ) < x4+ , and ‘ln ‘ <z+ \/2 and dropping negative terms,
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this implies for all ¢ € [0,00) and all N,n € N that
E [V, (&, P, F"))] —E[Vp, (H . By, Fy))]

[> (M S (i VHYG) + o (2 0)) )

1€Dn Jj€D

<E

(1= PPN (@) (HY () = hoo (FY (@) [A (1= 25 2) = 5PN (0)| + nhoc (FY () 0™ + ey

t Fhoo (B, (1)) By gy + 0mp D m(i )P (7) + 0peo (F (D) 5
JjE€ED

+ 8 (P () = poo (FN @) [~v = 1P () + (1 — pFN (i) HY (0)] + 00) + 82l ) gy

. . . hoo (N (i N (; hoo (EN (i
+prgy > m(i, ) HY (§) + pHY (i)a™ + p% (1 + Tt + 155@5 )
jED
;L . Y heo (Fu (i heo (FN (i
chpy Y mli, G HY (5) + pheo (FLY (1)) %QN + |nhl (FY (D)) ( Iﬁg(ﬁ )
jED
HY (i , PN (i Poo (Fi (4) . HN(G
it ) ot ) (R + ) |
jED
N (2 o Fu ?
+ ﬁh'oo (Fév(z)) B (“d(\;zz)) - 5]){)0 (qu\/(z)) £ ]gd\’(z( ))] a
hoo (FN (1) | (R (Y (0))"

N HN@G) BN Ny By
+phie (F (D) s ibv oy v +g(h/o/o (Fo' @) =fmm— + ey @) )HNH@)

u

(3.41)
Using (3.34), (3.35), (3.36), (3.37), (3.38), and (3.39) we get for all ¢t € [0,00) and all N,n € N that
E Vo, (H, ", FY))] —E [Vo, ((He', Py Fy )]

/0 t Y o (bN?)QRuN (i) + (0 — pFN (1)) (HY (i) — hoo (FN(3))) [)\ (1 - Hf;i@) — 6PN (i)}

1€D

<E

+6 (P (@) = poo (FY(0))) | — v = vPY () + (n — pF (3)) HY <z’>}> du] .
(3.42)

Note that (2.4) implies for all z € [0, 1] that

A _ OANK(n—pz) = v+ASU+A2 0K (n—pz)+X .
Ooc() + fehoo(w) — A = PEURLIREERAIT — X = SR — A =0,

B (n—px) K6u+(n—pa) KYA—AK (n—pa)tyAv (n—px) KS+y\
v — (0 = p)hoo (&) + Ypoc () = v — PRERERICERA S SR MR, = gy My@_fé)
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From (3.43) we see that for all ¢ € [0,00) and all N,n € N it holds that
E [Vo, (', B, FY))] = E [Vo, ((Ho' Py’ Fy') )]

< EV 3 o <6N32RN i)+ (n— pFEN (@) (HY (1) —hoo (FN (1)) [A - %(Hf(i) — B (Fy(i)))
1€D
= 6(PY () = poo (FN(D) ) = A + 0 (PN () = poe (B (0))) | = v = 3(PN (1) = pe (B () )

+ (0 — pE. (1)) (H{Y(z’) ~ oo (FY(0)) ) + y]) du} .

Hence, we obtain for every N,n € N and every t € [0, 00) that
E [Vp, (HY, PN, FN)]
t
+/O (=) }(E[Z oi (Hy (i) = hoo (Fﬁ(i)))ﬂ +6vE[Z 0i (PY (i) = poo (FN (1)) | du
i€Dp i€Dp

<E[Vp(Hy Py FyY)] +t"32sup sup E[||R)].]-
MeN ue[0,00)
(3.45)

Applying monotone convergence we now see that for every N € N and every ¢ € [0,00) we have

]E[Vf) (HgV7PtN7FtN)] +/0 (77_:0) %E Zai (Hqiv(i)_hoo (Fé\f(z)))Z

i€D

+07E | Y0 (PN () — poo (FN(0)))?| du

i€D (3.46)
= lim (E Vo, (1. Y FY)] + [ =) 3B [z i (Y (6) — hoo (FY (0)))”
i€Dn,
+69E | > 00 (PN (i) — poo (Fév(i)))Q] du> <E[Vp (HY, P, EY)] + tb" co.
1€Dy

The set D C D was arbitrarily chosen and thus, this and (3.25) complete the proof of Theorem
3.8. O

3.4. Conwvergence of relative frequency of defenders.

3.4.1. A relative compactness condition. For convenience of the reader, we restate Lemma 3.3 of
Klenke and Mytnik (2012).

Lemma 3.9. Let D be a countable set, let o € (0,00)P such that Y, .p0i < 00, and let I} := {z €
RP: |zllo := Y ;ep 0izi < 00}. A subset K C 1L is relatively compact if and only if

(i) supser 7]l < o
(ii) for every e € (0,00) there exists a finite subset £ C D such that sup,¢cp |21lp\ells < e.

Lemma 3.10. Let (Q, F,P) be a probability space, let D be a countable set, let o € (0,00)7 such
that > cp0i < 00, let I} :={z € RP: ||z||s := Y ;cp 0izi < 00}, let By =11 N [0,00)P, let I be a
set, and let Z': Q — Es, i € I, be a family of random variables. Assume that sup;c; E[|| Z%|s] < oo
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and infscp |s|<co SUPier Dopep\s oE[Z]] = 0. Then the family {Z" : i € I} is relatively compact in
Es.

Proof: Fix € € (0,00). For each m € N by assumption there exists a finite set S, . € D such that
€l L eD\Sp.e
Define the set K. C Es by

K. = {x € By ||z) < %@[sz”] sup {m Z Uk|xk|} < 1} (3.48)
m EED\Sm,c

Due to the Heine-Borel theorem we can apply Lemma 3.9 to obtain relative compactness of K.. By
Markov’s inequality we get

upPl2 ¢ ] < supel'e i)

. oo
<supIP{HZZ||O— w] —I—supZP[ Z oz} > %]
i€l i€l m—1 kGD\Sm .

< S, E[1Z7T4] ig?E[‘|Zl" } Z meap > UkE[Zk} =5+t Z M2t T) = €

keD\Sm e
(3.49)
Since € was arbitrarily chosen it follows that {Z?: i € I} is tight in Es. Due to Prohorov’s theorem
(e.g., Theorem 3.2.2 in Ethier and Kurtz, 1986) the claim follows. O

3.4.2. Proof of Theorem 2.3. In our proof of Theorem 2.3 we will apply Lemma 3.10 to show
for every T € [0,00) that {H) :t € [0,T], N € N} is relatively compact in I% N [0,00)P. The
difficult part is the last condition of Lemma 3.10 which leads us to show for every T" € (0, 00)
that > ;cp Supnen e, El HX(i)] < co. The following lemma will allow us to prove this condition
where supremum over N is inside the sum over the demes.

Lemma 3.11. Assume the setting of Section 5.1 and assume that for all N € N we have

Y iep O'iE[HéV(’L')] < oo0. For all n € N denote by m™ the n-fold matriz product of m. Then
we get for allt € [0,00), alli € D, and all N € N that

E[HN ()] <E Zze*t“fr m™ (i, 1) HY (5) +§(1+\/1+4LH) (3.50)

Jj€DNn=0

Proof: If m is the identity matrix, then the assertion follows essentially from Gronwall’s lemma
since the drift grows linearly in upward direction. In the general case we average over space with
the migration semigroup (3.52) to get rid of the term involving m; cf. the cancelation in the second
step of (3.61). We have for every n € N and every ¢,j € D that m"™(i, j) € [0,1]. Hence, we get for
all T € [0,00) and all 4, j € D that

oo

sup e "Lm™ (i, j) < cc. (3.51)
n—0 t€[0,T] ’

Thereby, for all ¢ € [0,00) and all i, € D we can define

Ze Em" (i, 5). (3.52)
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By (3.51) and using dominated convergence, we can compute for all ¢ € [0, 00) and all 4, j € D that

o
.. .. _ n—1
Ama(i, §) = —ma(i, ) + Y e By (i, 5) = —ma(i, ) + Z FEm (4, )

o (3.53)
= —me(i5) + > e Y m (6 kymik, §) = > ma(i, k) (mik, §) — Lj—g).
n=0 keD keD
Furthermore, note that for all ¢ € [0,00) and all i € D we have
Z my (i, 7) Z Z e n,m = e_t% =1. (3.54)
J€D j€D n=0 n=0
For all ¢t € [0,00), s € [0,t], i € D, N € N define
YNt Zm(t s)EN Z j ( ) (355)

Jj€D

Observe that since for all 4, j € D it holds that mq(i, j) = 1,—; we have for all ¢ € [0,00), all i € D,
and all N € N that

Y0y = HY (i) (3.56)
Furthermore, using (2.5) we have for all ¢ € [0,00) and all N € N that

Sl [Y0)] = S0 | myy (e DEY G| = S 5 e R i [ ()]

€D 1€D jeED €D jeDn=0
> —txN (teN)™ . —teN (tk n
=S I R [ )] () < 3030 e P B [ )] e,
Fj€D n=0 i€D 7€Dn=0
> kN (kN )™ . N (c—
=D > HERR (A ()] o = VR [ HY,)
Jj€Dn=0
(3.57)
For all t € [0,00), s € [0,], i,j € D, N € N we see from (3.53) that we have
%m(tﬁs)n = —kpg Z M) wl ( (k j) ] k) (358)
keD
For ¢t € [0,00), N,l € N, i € D define
7Ma) = inf ({u € [0,¢] 1 VVHE) > 1} Uoo). (3.59)

Using the fact that for all ¢ € [0,00), allw € [0,¢], all N € N, and all 4, j € D we have m(tfu),{%(i,j) €
[0, 1] we get for all t € [0,00), all s € [0,t], all N, € N, and all i € D that

s/\TlN’t ()
JANEDY

Jj€ED

s/\TlN’t(i)
0

2 s/\TlN‘t(i)
(m@wg(z‘,j) ﬁﬁH{N(j)) dus [ iy (DB ) du

Jj€D

()(i) du < tBN1

(3.60)
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For all t € [0,00), s € [0,t], i € D, N € N using It6’s lemma with (3.54) and (3.58) we get P-a.s.

YV i) - /th s m( > m( k) + (A= wg — oV EN (7)) HY (5)

j€D keD

>

(Y (5)" = oHY )P (j) + LH> DR D Mgy (0 K) (m(k, §) = L) HyY (7) du

jeD  keD

+2/mtm (i, )\ BYHD () dW N ()

j€D

= [ Sain 0 NG 126 - (1) -8RI + e

Jj€D

+Z/mtw (i, )\ BYHN () dW o ()

jeD

/thuﬁ 1,7 ()\HN() —( N(j))2>+Lgdu

je€D
+ZD/ M i D BYHY () AW ().
je

(3.61)

Thus, using (3.60) and (3.61) we get for all t € [0,00), all s € [0,t], all i € D, and all N,l € N that

SAT, ()
E {Y;]X;ZN,t(i)(i)] -E [Y()N,t(i)} <E /O > m wyety (6 DAHLY (5) + 13y du
Jj€D

Jj€D

L
:/ AE | YN, (d) +LHdu<tLH+)\/ NtNt,(z') du.

0 u/\‘rl £ (4) uATy " (4)
(3.62)

<E / Z m(t u/\TN ¢ (,L ']))\H]\;\Tl (2)( ) + tH du:|

Now, using Gronwall’s lemma (e.g., Klenke, 2008), we get for all ¢ € [0,00), all s € [0,¢], all i € D,
and all N,l € N that

E[Y;]X;iw,t(i)(i)]s(la @) ) e < (B [V 0] + ) . (3.63)

For all t € [0,00), N € N, i € D the P-a.s. continuous paths of (YUN’t(i)> 0 imply
uec|0,t

P|supyepoq vV ) <oo} = 1. Hence, we get for all ¢ € [0,00), all N € N, and all ¢ € D that

P [hm V(i) = oo] = 1. (3.64)

l—00
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Using the assumption that for all N € N we have ), oiE [Hév(z)] < o0 together with (3.56),
(3.57), (3.63), and (3.64) with Fatou’s lemma we obtain for all ¢t € [0,00) and all N € N that

Sl [HY ()] = S ok [ i)}:;@ [hmYNt " } Zozhmmf]E[ o J(i)(z’)]

l—00 t/\‘l‘l
€D i€D i€D
.. Nit,. N A
gZaihlrggf(E {YO (z)]—i—tLH) Z ( { :|+tL ) t
€D €D
< (emﬁ(c DR ‘HNH ZUZUH> < o0.
€D

(3.65)

Using the fact that for all ¢ € [0,00), all uw € [0,¢], all N € N, and all 7, j € D we have m(t_u),{%(i,j) €
[0, 1] this implies for all ¢ € [0,00), all s € [0,¢], all N € N, and all ¢ € D, that

B S [ (i ﬁﬁH{N(j))zdu - [e|x

Jj€ED Jj€D

2

s,@H/ S ey 60 VY () du:ﬁﬁ/os Y4(0)] du < oo.

j€D
(3.66)

Thus, taking expectations in (3.61) gives for all ¢t € [0,00), all s € [0,¢], all i € D, and all N € N
using Jensen’s inequality

E [Y,"(0)] —E %" (0)] < / (AE VO] = RE | 3 mey i) (12 ()° +L%> du

0 Jj€D

< /0 s </\IE YN 0] - 2B | (v0)°] + ﬁ) du
< /0 s </\IE YN 6] — 2 (B [V @) + zH> du.

(3.67)
For t € [0,00),43 € D, N € N let 2V!(i): [0,00) — R be a process that for all s € [0, 00) satisfies
2VHa) = 207 (6) + / <)\zsf’t(i) — A @)+ zH) du (3.68)
0

with zév i) =F [%N’t(i)} where uniqueness follows from local Lipschitz continuity. Define ¢; :=

% + 1/ KTQ + KiH € (0,00). Using classical comparison results from the theory of ODEs, the above
computation shows that for all N € N, all ¢ € D, and all ¢ € [0, 00) we have

E[HN ()] =E [YtN’t(i)} < 2M() < max {E [YONt( )} lim sup 2V (i )} — max {IE [Y()Nvt(i)} ,cl}

5—00

<E[Y"0)] + e =E | Y muy () HY ()| + 1
j€D
(3.69)
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This finishes the proof of Lemma 3.11. O

Proof of Theorem 2.5. The main steps of the proof are to show (see (3.84) below) that the generator
of FV is close to A; (defined in (3.74) below) as N — oo and to prove with Theorem 2.2 that the
host population is asymptotically immediately in equilibrium, that is, HV is close to hoo(FY) for
large N € N. We will use stochastic averaging (see Theorem 2.1 in Kurtz, 1992) to prove the
result. So we first check that all conditions of the aforementioned theorem are fulfilled. Define
By = % = limy_00 NB%. Note that By = [0,1]P and Es = 1 N[0,00)P are complete separable
metric spaces. Tychonoff’s theorem implies that F; is compact. Since for all N € N and all
t € [0,00) the random variable Ft]X, takes values in the compact space E7, the compact containment
condition holds for { (thlv\f)te[o,oo) : N € N}. We will now use Lemma 3.10 to show for each

T € [0,00) that the family {H}\, : t € [0,T], N € N} is relatively compact in E,. From Lemma 3.5
4
and the assumption sup ey E[H (Hév + Pév> } < o0 we see that

sup sup E[HHNH ] < oo. (3.70)
NeN te[0,00)

Define Dy := 0 and for all n € N let D,, C D be a set with |D,| = min{n, |D|} and D,, 2 D,,_;.
Assume that D = U, enD,,. Define ¢; := % <1+ v/ 1+ 4”{) From Lemma 3.11 with the assumption

that >, p supyen 0B [HO (¢ )] < oo we get for all T € [0, 00) that

Zm sup sup E | HtN Zaz sup sup (ZZ R tNHH) m" (i, j)E [Hév(])} +Cl)

5 NeNteloT] icp  NeNtel, 1) \ShnTo
< Z Z (Z Uim”(i,j)> sup  sup e 'LE[HJ(j)] +a Z o
jeDn=0 \ieD NeNte[0,TNrY] i€D
SN sup CRHE [HQY(5)] + er 1]
JjEDn=0
cT sup MHM
< e MeN Zo—] sup E [HO (j )] + |1y < oo.
JED N
(3.71)
Now we can use the dominated convergence theorem to obtain for all 7' € [0, c0) that
lim sup sup akE[HN (k:)} < lim sup sup akIE[HN (k)] =0.
=0 NeN te[0,T] keg\:pn N n—00 ke%\:Dn NEN te[0,7] LN (3'72)
Hence, for all T' € [0,00) we can apply Lemma 3.10 to the family { N t€[0,T],N € N} and

conclude that it is relatively compact in FEj. Denote by Cy(E1,R) the set of bounded, continuous
real-valued functions on E; and by Cg (E1,R) the set of all real-valued functions on Ej that are twice
continuously differentiable and bounded, with bounded first and second order partial derivatives. For

[ € C}(E1,R) let ¢f € (0,00) be such that for all z € Ey and all ¢ € D we have f (x) —i—’%(w)’ <
cf. Define
Dom(A) :={f € CZ(F1,R) : f depends only on finitely many coordinates } (3.73)

and for any f € Dom(A) denote by Dy the ﬁnite set of coordinates that f depends on. Due to the
Stone—Weierstrass theorem (see e.g. Klenke, 2008, Theorem 15.2) we see that Dom(.A) is dense in
Cy(E1,R) in the topology of uniform convergence. Denote by C(E; x Eo,R) the set of real-valued
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: Dom(A) — C(E; x E3,R) for all

1726
continuous functions on Fq X Fy and define the operator A

f € Dom(A), all z € Ey, and all y € E5 by

_ 961)) —az;(l— azl)] %(az) + %BH%M? (x))

Alf Z ﬂypO([“HZ
€D ]GD
(3.74)

For all f € Dom(A), all N € N, and all ¢ € [0, 00) define

! N

0= [ ) EN ) du= 3 [ HED | S mte) () - @)
0 i€D jeD
. . d2 NFN() 1 FN ()
oNENG) (1-FN@G) | + %dx%‘(pu ) Ji (() ) du
(3.75)

We now show that this process vanishes on the evolutionary time scale as N — oco. From Itd’s
lemma and Lemma 3.4 we get for all f € Dom(A), all N € N, and all ¢ € [0, 00) that P-a.s.

f (FN FN Z/ d:vl dFN Z / d:rldxj u d<FN FN( )>u
i,j€D

€D
aiy > mli, ) (FY () = FY () 6t — oV EN () (1 - FY (i) ] (3.76)

= Z/ dwz
icp 0 Jj€D
NEN@)(1-FEN (i NEN@)(1-FN .
+ 1L (F) P (H)f(v ) d“+z/ az; (F. \/BH (f;f(V() Waw ).

Hence, we get for all f € Dom(A), all N € N, and all ¢t € [0,00) that P-a.s

f(EN) - / (Avf) (EN BN du+ Y (EN)
— (3.77)
P [ ey T e

€D

From Tonelli’s theorem and Lemma 3.6 we obtain for all f € Dom(A), all N € N, and all ¢ € [0, 00)

that

2
N N (; 7
)\/ NEN (i)(1- : ())) du] gtN|Df|03:ﬂHH€1%>;AS/[u€% S[ISP)E[
7 ue|0,00

HN (1
<o
ag

tN P

f [ (s
0 i€D

<t\Df|chﬁHmaX—_ sup sup EH HlM

i€Df 7' MeN uel0,00) v
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Thus for all f € Dom(A), all N € N, and all ¢ € [0,00) the left-hand side of (3.77) is a martingale.
Next, for all f € Dom(.A) and all T € [0, 00) it holds that

T 4
sup E [/0 |(AvLf) (BN, HY)|? dt}

NeN

g (

— Z@,z( B0 (R, () - Fiv()

NeN 0 |ieD; jED
%
— aF{N (i) (1—@%@'))) (XY + 4 YD RO RO L () dt]
i€D
r f 3
o HY () 1 1
<ywe| ) (Z (‘“H%ﬂ%ﬁ%)q\+\a6f!+!zﬁw<i>0f\>> |

(3.79)

Using Young’s inequality and Jensen’s inequality we get for all f € Dom(.A) and all T' € [0, 0o) that

T 4
supIE[/ ‘(Alf) (Ft]J\\[/aHt]yV)’S dt]
NeN 0

T 3 3 3
< sup E[/O <Z (§<ﬁHcth]]%(i)) 4+ %(Zm(z,j)Hg\,(])) + acy + %5[—1[%610)) dt]

NeN 1€Dy

T 4

4|Df| (2)5( 1 ) (1

< 2 _1 1

= ]S\;‘é%E [/0 mlnkepf{l)’k} ZEZfo O-z< 3 RHCng\,( 3
4

+ (acs)* + (;ﬁHHt];V@cf)@) dt].

(3.80)

Using Lemma 3.4, Tonelli’s theorem, and Lemmas 3.5 and 3.6 we obtain for all f € Dom(.A) and
all T € [0, 00) that

sup E [/OTMAlf)( N HY)|F dt]

NeN

(a|ps )3 T

4
< sup minkeDf{Uk} 0 (§ K/HCf

2
l) *cE
NeN (9

|

+ (acg)s HlHa]

(o

4

+ (}1)g (ﬂHCf)gE[H<héYv)3 o

] dt < oo.
(3.81)
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Furthermore, for all f € Dom(A), all N € N, and all T' € [0, 00) we have that

E | sup ‘5?(75]\7)‘]
te[0,7)
t .
—&| swp | 3 [ FN)| (o - Nel) Som) (FING) - FG) TR0
tG[O,T} ulN

iep; /0 j€D

— (o= Na™) FX () (1 FN(0) | + 32EAEN) (8 — VoY) PO hi®) g,

H Yy (4)

|

/ ZCf ‘HH N,%H‘Zng Z—i—‘a NaN‘—i—;‘BH—Nﬁg‘m)du].

i€Dy Jj€D

(3.82)

Using Young’s inequality, Lemma 3.4, and Tonelli’s theorem we get for all f € Dom(A), all N € N,

and all T € [0, 00) that
I 3 (’”H‘QN il ((Hg;(i))2+ (Zm<z’,j>H5N<j>)2>
|+ [

jeD
L]
g
1
HN

Hence, from Lemmas 3.5 and 3.6 we see for all f € Dom(A) and all T' € [0, 00) that

E [ sup ‘ef (tN) )]

t€[0,T]

‘I‘CH NF»JH‘ E 1
= mlnkGDf{Uk} ([—]11)7]\])2 Y

_ N
+]a— Na™| 1], + 2 Vilg |

} du.
’ (3.83)

0< lim E| sup ’@va(tN)’
N—=oo | tef0,7]

Tec |RH NH | 1
< lim A < sup sup (E [H
Novoo J2in {Gk} MeN t[0,00) (HM)?

)

Next we show that the host population is asymptotically immediately in the equilibrium state.

Define the set R := { X B;: (Bi)iep € B([0,00)P), B; = [0,00) for all but finitely many i € D}.
€D

For all N € N, all t € [0, 00), and all B € R define the measure-valued random variables

AY([0,4] x B) = / 1 (HDy) du = / I] 15, (HY() du, (3.85)

€D

] + & [[| Y] ]) + o = Na®[ 2l

g

N aN
-1-7’&{ N5 | sup sup IE[ —

MeN te[0,00)

(3.84)

Due to Carathéodory’s theorem (see e.g. Klenke, 2008, Theorem 1.41) there is a unique extension
of this pre-measure to a measure on [0,00) x Ea, which we will denote by the same name. Define
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the space

{,u' & is a measure on [0,00) X Ey such that for all ¢ € [0, 00) }

U(E) = it holds that u([0,t] x Ey) =t

and the space D([0,00)) := {f: [0,00) — Ej|f is cadlag}. Having checked all assumptions, we can
now apply Theorem 2.1 from Kurtz (1992) and conclude that the sequence { (( t]}fv) te[0,00)’ AN ) :
N € N} is relatively compact in D([0, 00)) x £(E2). Let (F,A) be a D([0, 00)) x £( E3)-valued random
variable and let (N),cy € N be an increasing sequence such that w-limg ((Ft]y\fljc)te[o,oo)’ ANk) =
(F,A). Due to Skorohod’s representation theorem (Theorem 3.1.8 of Ethier and Kurtz, 1986) we

can assume without loss of generality and for ease of notation that (F,A) acts on the probability
space (2, F,P). Using Holder’s inequality and Theorem 2.2 we see for all ¢ € [0, 00) that
t

J du= lim E[Zai}HiVN(i)—hoo (Fﬁv(i))” du

N—o0 0 ieD

<N1£nOOJ/ [Zaz N (Fﬁv(z‘)))ﬂ du [tY o, =0.
i€D keD

For any bounded Lipschitz continuous function f: 1. — R, with Lipschitz constant ¢, and all
t € [0,00), applying (3.86), we then have

ogEH/t | W) Adu x dy) - /f )du |

0< tim [ E 7225 = (hoe (F(0)) e

N—oo 0

(3.86)

:kh—?;oE ‘/ Hﬁ{}k)du—/o f(h ( uNk))duH (3.87)
ey Jim B[ [ 2%, ~ ho (), 0] =0

This implies that A(du x dy) = 0y (r,)(dy) du where §, is the Dirac measure on x. Define the
operator As : Dom(A) — C(E1,R) for all f € Dom(A) and all z € E; by

(Aaf) () Z ,%HZ( i,7) 5= ;‘” :cj—:l:i)) —azi(1l — ;) d%(m)

€D j€D (3.88)
2
+ % ZﬂHb(a — .%'z).l‘z(l — .I‘Z)Zm]; (x)
1€D

Note for all f € Dom(A) and all x € E; that (Axf) () = (A1 f) (2, heo(z)). Therefore, for all
t €[0,00), all f € Dom(A), and all z € E; we have P-a.s.

t
/ (A1 f) (Fs,y)A(ds x dy) = / (A1 f) (Fs, hoo(Fs)) ds = / (A2 f) (F5) ds. (3.89)
E» 0 0
Applying Theorem 2.1 of Kurtz (1992) together with (3.89), we see for each f € Dom(.A) that

(FF) = [ (o) (P3) g (3.90)

is a martingale. Hence, F' is a (weak) solution of (2.8). It remains to prove uniqueness. Note that
for all 21,2 € [0,1] we have that $=2L(22 — z1) = (a — 21)(§=2L — 1). Using this and (2.5) we then

a—2z2
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have for any subset S C D and any x,y € Fa that

ZUZ @i > (HH Zm (i, 5)( (‘; 3;’] —(a—m;) — (‘; yy? + (a—yi)) — a(zi(l — ;) —yi(1 — yz)))

€S Jj€D

=3 oy (o 30, 9) (@ = 01) + (0= 20)° = (0= 9)2) i — (= 0)* (5 — )

icS jED
(= (@i — i) +2? — 9}))
< Z o <HH Z m (i, J) L, >y, (a — yz‘)Q(a_lmj - a_lyj )) + Z oi(kr + 20) 1y, >y, (2 — yi)

i1€S j€D €S
.. 2
<> o (RH > (i, )Ly >y, oz (@ — yj)) + Y oi(km 4 20) Ly, (2 — i)
€S j€D i€S
2 P 2
< Z Uz'CfﬁHﬂxizyi% +Z oi(ka +2a) 1y, >y (i — yi) :Z ai(% + kg + 2a) (2 —yi)™".
€S €S €S

(3.91)

This implies that equation (26) of Hutzenthaler and Wakolbinger (2007) is fulfilled. Together with
the assumptions on m in Assumption 2.1 we now infer, analogous to Proposition 2.1 of Hutzenthaler
and Wakolbinger (2007), that the system (2.8) has a unique strong solution with a.s. continuous
paths. We conclude that any limit point of {( tN)te[O o) N € N} solves (2.8). Combining

this with the fact that { (thlv\/)te[o,oo) : N € N} is relatively compact we obtain (thxf)te[o,oo) ==
(Xt)ie[0,00)> @ N — oo. This finishes the proof of Theorem 2.3. O

4. McKean-Vlasov limit

In this section we investigate convergence of a sequence of exchangeable systems of stochastic
differential equations and its application to our model.

4.1. Setting. Let (Q2, F,P) be a probability space, let I C [0,00) be an interval of length |I| € (0, o0]
which is either of the form [0, |I|] if |I| < oo or of the form [0,00) if |I| = oo, let A C R be a
convex set, and let : I — A, £&: A x T — R, and 0?: I — [0,00) be functions. The function
02: I — [0,00) is locally Lipschitz continuous in I and satisfies 02(0) = 0 and if |I| < oo, then
o?(|I]) = 0. Furthermore, the function o2 is strictly positive on (0,|I|). There exists a constant
L € (0,00) such that o? satisfies the growth condition that for all y € I we have o2(y) < L(y + 4?)
and such that & satisfies for all (u,z), (v,y) € A x I that

Lz (€(u,2) — £(v,9)) < Lju— | + Lz —y)*. (4.)

The function ¢: I — [0, 00) satisfies for all z,y € I that |¢(z) —¢(y)| < Ljz—y|. Let W(i): [0, 00) x
Q) — R, i € N, be independent Brownian motions with continuous sample paths. For all D € N let
XP:10,00) x {1,...,D} x Q — I be an adapted stochastic process with continuous sample paths
that for all ¢ € [0,00) and all ¢ € {1,..., D} P-a.s. satisfies

XP(i) = / (b X w(xPG),XP@M)ds+ /Ot\/o%XSD(z'))dWs(i). (4.2)

je{1,...D}

Let M: [0,00) x © — I be an adapted stochastic process with continuous sample paths that for all
t € [0,00) P-a.s. satisfies

Mt:M0+/Ot§(E[¢(MS)],MS)ds+/Ot\/UQ(MS) AW, (1). (4.3)
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4.2. McKean—Vlasov limit. The following proposition, Proposition 4.1, partly generalizes Proposi-
tion 4.29 in Hutzenthaler (2012) where & depends linearly on its first argument.

Proposition 4.1. Assume the setting of Section J.1, let My be an I-valued random variable, for
every D € N let (Xéj(j))je{1 D} be exchangeable and integrable random variables with values in

I. Then, there exists a unique solution M of (41.3) and for all D € N and all t € [0,00) we have
that

\/EEUXP(U - Mt” < o(LPHLALL) <\/51E[|X(?(1) - Moﬂ + L/Ot (Var (zp(Ms))fds) . (4.4)

Proof: Existence of a weak solution is straightforward using a tightness argument. Next we show
pathwise uniqueness for the SDE (4.3). Let M, M: [0,00) x  — I be two solutions of the SDE
(4.3). Then our assumptions and a standard Yamada-Watanabe argument (cf., e.g., Theorem 1
Yamada and Watanabe (1971)) shows for all ¢ € [0, 00) that P-a.s.

¢
|M; — M| = |M0—M0]+/ sgn(Ms — Ms)d(Ms — My). (4.5)
0
Let (7;)1en be a localizing sequence for the local martingale

( /0 t sgn(M, — M,)(0*(M,) — o2(I,)) dWS)te[Om).

Then Fatou’s Lemma and our assumptions imply for all ¢ € [0, 00) that

E[|M; — My|] < lim E[|[Minr, — Mins|]
l—00

<My~ l) + 1 B[ (M) — B[] + E[|M, — 31,(] d

< E[|Mo — Mol] + (L + 1) /OtIEUMS — M;|] ds.
(4.6)

This together with Gronwall’s lemma implies pathwise uniqueness for the SDE (4.3). Therefore,
the theorem of Yamada and Watanabe (1971) implies that the SDE (4.3) is exact. The rest of the
proof is analogous to the proof of Proposition 4.29 in Hutzenthaler (2012) and we omit it here. [

4.3. Application to costly defense in structured populations. In this section we verify the applicability
of Proposition 4.1 to the case of costly defense in structured populations.

Lemma 4.2. Let a, 3,k € (0,00) and a € (1,00), let I = [0,1] and define the function o: I —
[0,00) by I >z + 02(z) := Bla— z)z(1 — z), the function ¢: I — [0,00) by I 3 x> P(z) = A,
and the function £: [0,00) x I — R by [0,00) X I 3 (u,z) = &(u,z) == k(a—z)((a —2)u—1) —
ax(1—x). Then the interval I and the functions o2, 1, and & satisfy the setting of Section /.1 with
L= max{ﬁa,na%m—ka,ﬁ}.
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Proof: For all (u,x), (v,y) € [0,00) x [0,1] it holds that
Loxy (§(u, ) — £(v,y))

= Loy (r(a —2)((a —2)u—1) — k(e —y)((a—y)v - 1) — az(l — 2) + ay(l — y))
= Loy (kl(a —2)’u— (a —2) = (a = y)*v + (a—y)] — a(l = (z +y))(z — y)) (4.7)
= Loy (kl(z — ) + ((a = 2)* = (@ = 9)*)u — (a = y)*(v — )] = a(l = (z +y))(z — y))

<(k+a)(z—y) T +ra*(u—v)" <Lz —y)T+ Lu—v)".
Moreover, for all z,y € I it holds that o%(z) = B(a — x)z(1 — z) < Baz < L(x + %) and that

(@) — ()| = |5 — 2| = \/ Aod| < Al -yl <Lla—yl.  (48)

This completes the proof of Lemma 4.2. O

5. Long-term behavior of the average defender frequency

Subject of this section is the proof of Theorem 2.4 which states a necessary and sufficient condition
under which the costly defense trait goes to fixation in the many-demes limit (2.11).

5.1. Setting. Let (2, F,P) be a probability space, let k,a, 8 € (0,00), a € (1,00), ¢ € (0,1), let
W: [0,00) x 2 — R be a Brownian motion with continuous sample paths, let Z: [0, 00) x  — [0, 1]
be an adapted process with continuous sample paths that for all ¢ € [0, 00) satisfies P-a.s.

Zy = 7 +/0 (kla—Zo)((a— Z)R[ 2] —1) —aZ(1 - Zy)) ds+/0 VBa—2Z)Z,(1 — Zy) dWs.

(5.1)
Moreover, for all § € (%, ﬁ) let Z9:[0,00) x Q — [0,1] be an adapted process with continuous
sample paths that for all ¢ € [0, c0) satisfies P-a.s.

Z0 = 78 —|—/Ot</£(a— Z8) ((a= 280~ 1) = aZl(1 - 20)) ds + /Ot\/,é’(a— 20)20(1 — 29) dW..

(5.2)
For all § € (1, -17) and all z € [0, 1] define
26000 26(1_@9(qg— 2a g rla— a —a
m(2) i=e (1= ) T @ - 0)F g exp </ B y)dy)
:z%ﬁ(“e_l)_l(l _ Z)%(I—G(a—l))—l(a _ z)%‘l—y
(5.3)

Note that this defines the speed density (IKarlin and Taylor, 1981, p. 95) for (5.2). Furthermore,
note that for all § € (E —) it holds that

’a—1
1
/ me(z)dz < oo. (5.4)

For all 6 € (1, 1) deﬁne cp = fo mg(z)dz, for all z € {0,1} denote by §, the Dirac measure on
[0,1], and for all § € [1, 1-] define the mapping ¥y : B([0,1]) — [0,1] by

a’a—1
d0(A), if @ = %,

B([0,1]) 3 A+ Wy(A) := { §1(A), if = -1 (5.5)

N émg(z) dz, iffe (%,ﬁ)
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5.2. Results for the equilibrium distribution. Assume the setting of Section 5.1. Existence and
uniqueness of the solution of (5.1) follow from Proposition 4.1. When 6 € (2, ﬁ) we have that
Uy defines a probability distribution by (5.4), and we can apply Theorem V.54.5 of Rogers and
Williams (2000) to conclude that it is the unique equilibrium distribution for (5.2). The proof of

the following lemma, Lemma 5.1, is clear and therefore omitted.

Lemma 5.1. Assume the setting of Section 5.1. A probability measure ®: B([0,1]) — [0, 1] is an

equilibrium distribution of the dynamics (5.1) if and only if there exists a 0 € [l L] such that

a’a—1
D = T,

Lemma 5.2. Assume the setting of Section 5.1 and let 6 € (é, ﬁ) Then we have

1 0, if > p,
/ i Woldz) =0, ifa=p, (5.6)
0 0, ifa < f.

Proof: Define u := 2;(a9 1)and v : 2"‘(1 f(a—1)) and note that u,v € (0,00). Let I': (0,00) —

(0,00) be the Gamma function, i.e., for all z € (0,00) let (z) := [; 2" te™#dz. It is well-known
that for all z € (0, oo) the Gamma function satisfies I'(x + 1) = zI'(z) and that for all z,y € (0, c0)

it holds that fl =1 —2)¥ " ldz = Fr(ggigy)) Thus, we obtain

1
/ 2N = 2) N a - 2) (aiz
0
1
—/z“( - ”1dz—a6?/ - ”1dz+9/ U1 —z)tdz
0

—0) dz

L(uw)l(v) PIl(v) | gTut+Dl(v) _ (ut0)L(W)(v) ul’(u)I'(v)
 T(utv) af F(quvl; +0 F(u+v+113 - ((1 o a9) F(Uquerl) +0 (u+v+11))> (57)
= (u(1 = af +0) + v(1 — a)) s
= 2 ((af — 1)(1 = (a— 1)) + (1 = 0(a — 1)(1 — af)) 7210
- (%(1 —0(a—1))(af — 1 +1 —ae)) Jrw, —o.
First, consider the case a = 5. Using (5.7) we see that
! ! 26 (gh—1)—1 25 (1-f9(a—1))—1 22
e \Ifg(dz)—ﬁz/ coz 7" (1—=2)5 “ (a—2z)# (aiz —0) dz
0 0
1 (5.8)
= 69/ 2711 = 2 a - 2) (aiz - 9) dz = 0.
0
Now, consider the case @ > 3. Let § := a— 3, § := 2, and 2* := sup{z € (0,1) : alz

Note that 6,6 > 0 and z* = a—3 € (0,1). Also note that for all z € (0, 2*) we have —-— —6 < 0 and
(a—2)° > (a— z*)°. Furthermore, for all z € (z*,1) we have -2~ — 60 > 0 and (a — 2)° < (a — 2*)°.
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Together with (5.7) we thereby obtain
1 1 1 204
L Wy(dz) — 0 = / <aiz - 9) Uy(dz) = / coz N1 —2)"a—2)7 (ﬁ - 9) dz
0 0 0
z* 1
= / oz 11— 2)"L(a — 2)'T0 (é — 9) dz —i—/ coz" 11— 2) " Ya — 2)'T0 (a—iz — 9) dz
0 z*
<afa— ([0 (2
0

= coa —2*)° /01 2 1= 2)" " Na—2) (;Z

1

- 9) dz + /*z“_l(l e ) (aiz - 9) dz>

z

- 9) dz = 0.
(5.9)

The case o < B can be proved analogously and thereby, we omit it here. This completes the
proof. O

5.3. Proof of Theorem 2./.

Proof of Theorem 2./. Applying Itd’s lemma, we get for all ¢ € [0, 00) that

o b el o)

t
+ %?ﬁi}fizﬁ(a —Z)Zs(1 — Zs) ds +/ \/ﬁ S(1— Z,) dW,
' 0Z(1-2,) | pZ(1-7s) !
:/0 w(B || - ) - B0 + 225 as +/ VB — 221~ Zy) dW..
(5.10)

After taking expectations we can apply Fubini’s theorem to obtain for all ¢ € [0, c0) that

Blt) B[] = [« (B[] - B[] - B [4055) + o[B8 as
=(B—aw) /t]E [Z(Z(lz) )} ds.
0

Since for all s € [0,00) it holds that E[Z(;(jgjz)] > 0 we conclude that the function [0,00) > ¢t —

E[a—lzt] € [%,ﬁ] converges monotonically non-increasing as t — oo if a > 3, monotonically
non-decreasing if a < 8, or is constant if a = .
First, assume a > (. From (5.1) we see that §; is an invariant measure for Z. So if P[Z, =

1] = 1, then for all t € [0,00) it holds that P[Z; = 1] = 1. Now let P[Zy = 1] < 1, implying
E [a 120} € [1 ) Define 6 := lim E[%] and fix it for the rest of the paragraph. Note that

a’al

(5.11)

due to the monoton1c1ty stated above we have 0 € [a, - 1) Aiming at a contradiction, we assume
that 6 € (a, — 1) Choose any ¢ € (0, y i 9) and fix it for the rest of the proof. By definition
of 0 there exists an s. € (0,00), such that for all ¢t € [s.,00) it holds that ]E[a Zt] < 0+e€. Let
W: [0,00) x Q — R be a Brownian motion with continuous sample paths, let Z: [0, 00) x Q — [0,1]

and Z7t:[0,00) x Q — [0,1] be adapted processes with continuous sample paths that satisfy for
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all t € [0, 00) P-a.s.

Zi = Zo+ /t </€(a — 7)) ((a — Z)E [afzj . 1) —aZ(1— Zs)) ds

/\/ﬁa Zs) Zs(1 — Zs) dWs,

~ ~ t ~ ~ ~ ~
g0+ = 04 4 / </~@(a 207 ((a— 20790 + &) 1) — aZlHe(1— 20%)) ds
0

(5.12)

t ~ ~ ~ ~
+ / \/5(a — 70 z0 e (1 — Z8+E) aw,
0

such that Zg+€ = Zy and such that Z, and Z s. are equal in distribution. Then for each ¢ € [s¢, 00)
we have that Z; and Zt, s. are equal in distribution and the drift term of Zt, s. 1s lower than that of
ijfg . Together with the fact that the mapping [0,1] 2 z — —L is strictly monotonically increasing
this implies for all ¢ € [s, 00) that

E 7] =E[——| <E| =) (5.13)

a_Zt75E t—se

1 1

Recall from Section 5.2 that for any n € (E? ﬁ) we have that ¥, is the unique equilibrium

distribution of Z”. Combining this with (5.13) we obtain (see, e.g., Theorem V.54.5 Rogers and
Williams (2000))

1
0 = lim E[ t] < lim E[W] =

t—o00 t—o00

(dz). (5.14)

t—sg

3> n+— ¥, is continuous with

The dominated convergence theorem yields that the mapping (a, — 1)

respect to the weak topology. Applying this, (5.14) together with the fact that e € (0, =T — 9) was
arbitrarily chosen, and Lemma 5.2, we obtain the contradiction
1 1
- 1 1
o< tim [ 7 Was(a) - /0 1 yy(dz) < 0. (5.15)
Hence, we have 6 = %, implying
2 o 2 17,21 _
0< }H&E[Zt] < tlggoa E [ @ th)] = tligloa E[a—Zt] a”; =0. (5.16)

The case a < 8 can be proved analogously and we omit it here.
Finally, assume o = 3, define 6 := E[ﬁ], and fix it for the rest of the proof. We see from (5.11)

that E[G%Zt] is constant in ¢ € [0,00). Thus, assuming that Zy and Z§ are equal in distribution we
see from (5.1) and (5.2) that for all ¢ € [0,00) it holds that Z; and Z¢ are equal in distribution.

Recall from Section 5.2 that ¥y is the unique equilibrium distribution of Z%. Consequently, ¥y is
the unique equilibrium distribution of Z. This completes the proof of Theorem 2.4. O

6. Invasion of a costly defense allele

In this section we investigate a tree of excursions which could be the many-demes limit of the
total mass process when there is only one island occupied initially. For this tree of excursions,
Proposition 6.1 establishes a necessary and sufficient condition for extinction. Thus, informally
speaking, we get an explicit condition when the invasion probability is positive in an infinite-
dimensional space.
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6.1. Setting. Let (Q,F,P) be a probability space, let k,a,8 € (0,00), a € (1,00), and let
W(i): [0,00) x Q2 — R, i € N, be independent Brownian motions with continuous sample paths. For
all D € Nlet XP:[0,00) x {1,...,D} x © — [0, 1] be an adapted process with continuous sample
paths that for all t € [0,00) and all i € {1,..., D} P-a.s. satisfies

D _ vD; t_D- _D-LD 1 D _ D
XPG) = XP() + [ wla— X! <z>>(<a XP() 5> oy — 1) — aXP(i)(1 - XP (i) ds

Jj=1

+/0 VBla— XP(E)XP(0)(1 — XP (i) dWi(i).

(6.1)
Let a: [0,1] — [0,00) be a function defined by
[0,1] 3 z = a(x) == ka—*=. (6.2)

a—x

Then, assuming there is positive mass only in deme 1, the dynamics in deme 1 follows asymptotically
the following process Y. Let Y: [0,00) x © — [0, 1] be an adapted process with continuous sample
paths such that for all ¢ € [0, 00) it P-a.s. holds that

Y, = YO—/ 5Y.(a—Ys) + aYy(l ds+/ VB(a—Y, —Y,)dW,(1).  (6.3)

In addition, let Qy be the excursion measure which satisfies Qy = limg<._0 %IP’[Y €Yy =¢]in
a suitable sense; see Pitman and Yor (1982) and Hutzenthaler (2009) for details. Asymptotically
in the many-demes limit, every deme with population path x € C([0,00),[0,1]) populates demes
through migration and these new populations are given by a Poisson point process with intensity
measure a(x¢)dt X Qy (dy)). Now let (Vi)ejo,00) e the total mass process of the associated tree
of excursions with initial island measure that equals the distribution of Y in (6.3) and excursion
measure Qy .

6.2. Survival or extinction of an invading costly defense allele.

Proposition 6.1. Assume the setting of Section 0.1. Let x € (0,1] and assume Yo = x = V. Then
the total mass process dies out (i.e., converges in probability to zero as t — o) if and only if

a>B. (6.4)
Proof: Define the functions s: [0,1] — [0, oo) and S: [0,1] — [0,00) for all y € [0,1] by s(y) :=
exp (— J _E;;?Q__xx)); ?ﬁ;x) da:) and by S(y) := [ s(z) dz. Note that for all z € [0,1] it holds that
z —2a
K Je =28 02\ B
@ =ew ([ B+ Bl i) —0-9F () ©9
and

S(z) = /0 o) da < 25(2). (6.6)

We will apply Theorem 5 from Hutzenthaler (2009) to show the result. First, we verify that the
assumptions of the aforementioned theorem are satisfied. Using (6.6), we see that

1
2 2 ? 2 1 2
/0 S(y)ﬂwwmms(y)dyﬁ/@ Fan=0 W S 25 Ho < (6.7)
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Furthermore, we get

. —S(a—y)y—ay(l-y) , .. —2k
L i P Al M e b e
— lim (aﬂ(ln(l ) —In(1-¢)) + Z(in(a— %) — In(a g)))
= g—g In(1 — %) + 2 (ln(a — 5) In(a)) € (—o0, ).
From (6.5) as well as the fact that 372 > 0 we see that
1 ~ 1 y ) 20
a(y) — _ M%ay g _N\as(ayu) P
/é 38(a—y)y(1-y)s(y) dy_/é %5(a—y)y(1—y)(1 v) ﬁ( a ) ay
ra  — 2% ! e _q 2a_9
—omeq / (1= )5 o= y) 2 dy (6.9)
2

< ora,— % 1222 22 ! 2r
<250 F ((a=PF P+ (@-1F?) [ @Ay dy < oo
2

We obtain from (6.7), (6.8), and (6.9) together with a straightforward adaptation of Lemmas 9.6,
9.9, and 9.10 in Hutzenthaler (2009) to the state space [0, 1] that the assumptions of Theorem 5 in
Hutzenthaler (2009) are satisfied. Applying the aforementioned theorem shows that the total mass
process dies out if and only if

//OO a(xe) dt Qy (dx) < 1. (6.10)

Moreover, a straight forward adaptation of Lemma 9.8 in Hutzenthaler (2009) to the state space
[0, 1] together with (6.7) shows that

ra—2 2K y 270‘
amy (1 — q)aB [ &Y
// a0x) dt Qv (dx) = / %5(a—y)y(1—y)(l v) B( a ) dy. (6.11)

Observe that we have ﬁ fo (1-— y)ﬁ_ dy = 1. Combining this with (6.10) and (6.11) we see that
the total mass process dies out if and only if

1 rka—2 2k 2
> _ ™May (1 _.\ap w) 8 _
0 —/0 %B(a—y)y(l—y)(1 v) ( a dy —1
2a

- (1— y)ai 1(@ y>ﬁ dy—1=2 (1— g 1<< ;")2; B 1>dy-

Consequently, the total mass process dies out if and only if & > B. This completes the proof of
Proposition 6.1. ]

(6.12)

Appendix

In this appendix we prove Lemmas 3.5, 3.6, and 3.7. The main step in the proofs of these lemmas
is a comparison with the solution of an ordinary differential equation whose derivative is negative
near infinity. Solutions of such ordinary differential equations are bounded uniformly in time.
Proof of Lemma 5.5: If we assume sup yey E [H (Hév + Pdv)pHU] = 00, then the claim trivially holds.
For the remainder of the proof assume supycy E [H (Hév + PON)pHO] < 0. Define Dy := () and for
every n € N let D,, C D be a set with |D,| = min{n,|D|} and D,, O D,_;. Define real numbers

co = min{ﬁ%,i,%v}, c1 = p 20ty + dip + (p — 1) (2081 + 308p)] € (0,00), c2 := Ap + (p —

1 1
1+¢)(Ru +FRp) € (0,00), c3:= cop (X pepor) P € (0,00), and ¢4 := ¢ (X yep k)P € (0,00). For
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all N €N, t € [0,00) define Y} := 2nHY + 6PN and for all N,n € N and all ¢ € [0,00) let M]"™"
be a real-valued random variable such that P-a.s. it holds that

Non o ! N (; N N HN N N N PN
M=% (/Oznp(yu<>) NN (3) 1Y /5pY “BYPN @) dwE <>)
(6.13)

Applying 1td’s lemma we get for all N,n € N and all ¢ € [0, 00) that P-a.s.

> o (V@) = D o (D)

1€Dy 1€Dy
¢
= Z O'i/ 2np (YuN(i))Pfl (/{Z Z m(i, HHY () + (A — & — oV EN @) HY (4)
€Dy, 0 e
& (HY(0)" 0PN () HY () + Lﬁ) T op (YN () < S i )P
Jj€D

— (5 + )PV () =7 (PN @) + (n— pFY (D) PN () HY (i) + ﬁ)

+ 34Pp(p — 1) (YN @) BN HY (1) + 16%p(p — 1) (YN (@) BE PN (i) du + MN(" |
6.14

Because 1 > ¢4, % > c2n, and v > dcg we get for all Nyn € N and all ¢ € [0, 00) that P-a.s.

S0 (VN0 - Y o (Y ()

1€Dp 1€Dy

— [0 + codnd] PY () Hy (i) + 20ty

p (YN <5HP > " m(i, §)PY () + MNP (i) — co(6PY (4))* + nd P (i) HY (i) + 5zp)

j€D

+p(p—1) (VN @) ( (208u + 568p) 2nH,) (i) + (358p + 2nBx) 5P15V(i)> du+ M

/ N o (V@) 20k > m NHY () + Y i (VN @)

€Dy, jED €Dy,
(x\ (YN @) = co (YUN(i))2 + (2nty + dp ) + Z oip (VY (4) 5/£p Z
i€Dy, j€D

+ Z opp—1) (ZnBH + %53}3) (YUN(i))pil du + MtN’n.
e (6.15)
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Using Young’s inequality and Lemma 3.4 we get for all N,n € N and all ¢ € [0, 00) that P-a.s.

o (VN@) =D 0 (Y5 (8)”

1€Dp, i€Dy,
/ Z o == z)) Ry +Zal “pREC (27]H Py Z O'Z>\p YN( ))
i€Dp €D €Dy,
+ Y e (V@) = Y aieop (VN@)T + Y it (VN @) Re (6.16)
i€Dy, €Dy, 1€Dy,
+ Z 03 PR pC (0PN ()" du+ MM
i€D
/ ZO'ZCQ L Z azcl (1) Z azcop YN pH du + MtN’”.
1€D i€Dy, i€Dy,

For N,n,l € N define [0, co]-valued stopping times

TlN’" := inf ({t € [0,00) : Z o; (Y;N(z'))p > l} U oo) . (6.17)

i€Dy,
We now get for all N,n,l € N and all ¢t € [0,00) that

[ / s, [(myp (@) 5%H5<z’>)2+ (5p (V@) B G) ] du]

1€Dy
/w :Zl; oip® [2?75N <(YN( )" 277H5)’(z‘))2 + 88 ((YuN(i))p1 5p§(i)>2] du]
(o))

Using Young’s inequality, we obtain for all N,n,l € N and all ¢ € [0, 00) that

U/MHJIEZ(n[<mm CAO) BNHW<>>2 Qm (6 Vﬁ)] ]

1€D,

N,n

tAT,
/ Z Uzp

i€Dy,

< (2n8f + 687 E

[ ptAr N,
§(2n5§+55§)1@/ Y [4p (252 (v )" + ]
0 i€D,,
tAT, N,
< (0} + 8% E / (-0 ) +1)’] du]
i€Dyp kEDy,
9 s [ t/\Tl 2
< PR g / (Z o ((2p—1) (YUN(Z'))P+1)> du
REDn 0 i€Dn
3 J
< 2Py HoBY / ~ vy )
< 2re | | er 1)251% (lew(@)) HllLle | | du

2By +I8Y 2
< M [(r = 01+ 1)) <

(6.19)
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Hence, we get for all N,n,l € N and all ¢ € [0, 00) that E [M;/\i’nw,n] = 0. From this and (6.16) and
Tl

using Tonelli’s theorem we see for all N,n,l € N and all ¢ € [0, 00) that

tarn
E[Z"i (@) + [ an > (G ”“d]

iEDn ’LGDn

t/\TlN’n NP
[ afo
0
v }+/2E'H<yw K
2 m u.
g 0 L g

For every N,n € N the map [0,00) > ¢ Z-GD o (Y;N('))p € R is P-a.s. continuous which implies

<E [0y’

| +E

o [Ny

g

du] (6.20)

<o Jee[Joay

for all N,n € N and all ¢ € [0,00) that P |lim;_, Tl "< t] = 0. From Tonelli’s theorem and

monotone convergence, then using Fatou’s lemma, and finally applying (6.20) we see for all N € N
and all ¢ € [0, 00) that

¢
E Zai (YtN(i))p +/ copE Zai (YUN(i))pH] du
i€D 0 i€D
. . +1
ZRILH;OIE Zai(YtN(z /CopZUZ YN p d]
_iGDn ZGD
: B N A\ A" N p+1 6.21
— nlggloE lhm Z o; (Y;/\TN*"(ZD / cop Z az Y du (6.21)
7% \ieD, : 0 i€Dy,
A N A\ P t/\Tl N P+1
< nh_{g() hlIECl)Iolf]E Z o (Yt/\rlN’"(Z)) /0 cop Z oi (Y, du
1€Dy, €Dy,

)+ em oy

} du.

(o

This implies using Jensen’s inequality for all N € N and all ¢ € [0, 00) that we get

e o] ] - [Joe Y,
< /0 B | Yo (@) ek | Yo (YuN(i))p_1] e | Yo (YUN(i))pH] "
ZieD J i€D pyr
- [erlgecror] g (CIE[Z"Z (@) - conB[Y o, (YUN(z‘>)”+1D du
O - I ep ieD

< /Ot coF. Z o; (YUN(z’))p_ + ey (IE o (Yf(i))”]) - 3 <E > (YuN(i))pD - du

LieD i i€D ieD
2
] ) P du.
o

- [ E oy, {ae @ o] ]) -o @ [loxy

(6.22)
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For every N € N let 2/V: [0,00) — R be a process that for all ¢ € [0, 00) satisfies

p—1

z,fvzzév—k/ot(zév)p{044—02(25)’1’—03( )i}ds (6.23)

with zév =K [H (YON )p HU], where uniqueness follows from local Lipschitz continuity. Using classical
comparison results from the theory of ODEs, the above computation shows that for all N € N
and all ¢t € [0,00) we have E [H(YN)I’HU] < 2V and for all N € N we have SUP;¢(0,00) 2V =

max {E[H(YO ) H ] (203 \/ (CQ% + C4> } We thereby conclude that

sup sup E[H(QnHtN—i—éPtN)p
NeNte[0,00)

p
_ N\P c c4c _ N N\P
7;%%1@“](% )| ]+ s (1+,/1+§%3> —]Svlé%E[H(ZnHO +o6PY)

p
< < pelloa] )+ (s
J NeNte[o,oo) | NeN (%) o 2 c3

p
-l <A+<1._’1’+;2(?H1+ P)>p 14 [14 ol st o0 (i o)
2 {%K?Z@W} ( ( ) ,‘iH"FHP))
(6.24)
This completes the proof of Lemma 3.5. O

Proof of Lemma 3.0: If the right-hand side of (3.19) is infinite, then the claim trivially holds. For
the remainder of the proof assume the right-hand side of (3.19) to be finite. Define Dy := () and for
every n € N let D, C D be a set with |D,,| = min {n, |D|} and D,, O D,,—1. Define ¢; := /\+V and
for all n € N let

Y .
e = 2aReC gy sup R Z o (PtN(z)) +2¢1 777 + ;?5 sup sup E Z o PN (i)| + ﬁ
NeNte0,00)  |ep, NeNtelo,o) | ep,
(6.25)

For N,n,l € N define [0, co]-valued stopping times
7" = inf ({t €[0,00): Y o <PtN(z') + (HtN(i))_l) > z} U oo) : (6.26)
1€Dy
We infer from Lemma 3.2 that for all N,n € Nthemap [0,00) 5t — > o (PtN(i) + (HtN(Z))_1> €

€Dy,
R is P-a.s. continuous. Thereby, we have for all ¢ € [0,00) and all N,n € N that

P [hm " < t} =0. (6.27)

=00

For all ¢t € [0,00), N, n,l € N applying Young’s inequality we get

tAT; Non BNBN () 2
Z(”/ <2Cl HN<>>()> du]

1€D,
5 -5

<E tsup4cﬁp< PN o @) +E(HYN NG )

LEZD krgg]n{ i u€[0,t] ! ( "/\TZN ()> 5( u/\TlN (>> (6.28)

5

i ] -1 4c

< rfunl{ﬁ:}E sup (Z (Pg\ﬁ ()—i—( 5\7 (z)) >> < ;1n1?;1}l5<00
u€l0t] \;ep I
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and

,n

t/\T " 2
s| o [ (e + ) YD) du]

N
= (HY(4))

E| Y oyt swp (dey + )6y ( (PN s +1) 2 (HY ) 7)]

i€D,, *ePn *T uel0t] (6.29)

t(461+ 1 )2BH

7
1
5 ) N ;
i (of) | SUP (Z(’Z <PuA ()“*(Hm, 10) ))

u€l0,t] ieD,,

t(4ci+3)%B
= 7&)
B, o

2+ 1], )7 < 0.

Hence, we obtain for all ¢ € [0,00) and all N,n,l € N that

tAT, Ny
E ZO-Z/ l 201\/BPPu( deN( )]:O,

(HY ()
<Pn (6.30)

,TL

tAT,
E Zal/ l (4 PN (i) + 3) VHg,)de’N(i)] = 0.

HY (@)
Li€Dy,

Define the function y: N x N x [0, 00) — [0, 0] by

Nn . _ , PYGE) 1
NxNx[0,00) 3 (N,n,t) —y, " :=E LGXD: o (201 0 + 55 (Hg\’(i))2>] . (6.31)

Recall from the beginning of the proof that we assume for all N,n € N that yév’n < o0. Now,
applying It6’s lemma and using (6.30), we obtain for all ¢t € [0,00) and all N,n,l € N that

)
t/\-r 1 N,n
E|) o (201 o T t B MNO)E )] Y%
1

1€Dy
E| Y o / B e (szu )= (<5 + )P (@) =y (PY ()’

1€Dy,

+<n—pF§<i>>PéV<i>HiV<i>+L¥> (e + 3 HN>)<“HZ

(k4 A= N EN @)Y () — 2 (HY () — 8PV ()Y (1) + z)

1 6PN () NNy 4 11
220y P A (0 + 205

(6.32)
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Dropping some negative terms, we now get for all ¢t € [0,00) and all N,n,l € N that

PY ) N
/\7‘ 1 1 n
[Z oi (261 Y T w N,n<i>>2> ~
lG’D" t/\Tl t/\Tl
t/\TlN’"
<E| Yo [ G (< S mGPYG) - vPY () < (PYO) 4 nPY O EY () + o)
1€D, Jj€D
~ (e + b ) (ol +x— 0™ HY (@) = % (HY @) = 0PY DHY () + 13y
PNG) AN N
+ Ge1 G B+ 35 Gy O du
t/\Tl N N2 N/
PY (i) (P (@) PN (i)
P> Uz/ ( PO Zm LIF Vure? ~ Y ayay TN
i€Dy,
N_ 1  _o9(_ N_,y__N Pév(i) A PN() (PX@)” o N _PNG)
b gy 2 (5 A 0T G 28w + 2 e 2 )

PN( N-XaV A1 PN (3) KN
3w 35H> e tReEy Ty T Sy T myay

(6.33)

Using Young’s inequality as well as Lemma 3.4 we get for all ¢t € [0,00) and all N,n,l € N that

PtIXr (@ 1 1 N,n
E| X o\ 2w tum w0
7 ’

i€Dy,
=" [eZD 7 / o (3“ amap +anre (B M)’ - ”(ff?((;)))? N ngi))gj
Sa G AP )+ o Gl = 2l A = o) G+ S s
+ 3525 P (6) + 26 Eﬁgi)ﬁz - 25 (ffg(%)f 3 Z) & ) M(H}f i
+ ¥ D+ e+ B - iy %m

t/\‘ran 9 .3
= E[ O'l‘/o [%m% — %L% + %Bﬁ] HN( ik + CMPC (PN ()" + [cl< —20+3
4

Py (i)
(HY (1)

N
s + 201 [ +25]§P ((’)2 + 2 % + | PY ()

(HY ()

N(;
30 -3+ 990) 8 + |

(6.34)

Recall kp = supyen ng and that for all N € N we have oV + /@N < ’\, < )‘(Vsj;”\), and L% >
46&1}7

N
Sy T SﬁTH Furthermore, note that % < i Together with the assumption that v > 26 we see
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for all ¢ € [0,00) and all N,n,l € N that

N0
t/\-r Nyn
!Z 7 (261 O T BT ;,L(i))?)] ~ %

lGDn t/\T ’ t/\Tl’
t/\Tl " .

N3 PN (@ 2 A N, A A
2P UI/ re (PY0)" = Gy + 20 |5+ R PYO - S + mdu]
i€Dy,

TAT, Nyn
cdu— ZO‘ o A 2c Bl (i) 5 + o —— du
=/, 0 ’ 2\ @y @)? T2 @my0)? ‘
1€Dy,

(6.35)
Using Tonelli’s theorem, Fatou’s lemma, and (6.27) this implies for all ¢t € [0,00) and all N,n € N

that
1
2 UZ/ 2015 >2 %5 E P ) d“]

yi\ﬂn / Qyundu Nn+E
1€Dy
PtN Nn(z)
< . . ) /\-rl ’ 1 1
l l

1€Dn,
tAT™ N t
)\ P (i Nmn n
> o / 5 Hﬁv((i)))Q * %(HNI(»)Q) d“D St /0 ¢ du.

1€Dy, “
(6.36)

+E

For every N,n € N let zN" [0, oo) — R be a process that for all ¢ € [0, 00) satisfies z " = zévn +

fo (CO — Azév n) ds with zo = yO " where uniqueness follows from local Lipschitz continuity. Due
to classmal comparison results of the theory of ODEs, the above computation yields for all ¢ € [0, 00)

and all N,n € N that 3" < 2" and for all N,n € N that SUD1e[0,00) ZN" = max {zévn, 25 } We
obtain for all n € N that

Nn N,n Nn 2cf
sup sup g, < sup sup z; ' =max<{ sup zy ',

NeN te[0,00) NeN te[0,00) NeN
(6.37)
PN 1 1 prers
< sup E o; (201 O + 55 ) + 50,
NeN Z.EZD:n ' ()" 2 (uy)’ A
Using monotone convergence we thereby conclude
PN (i) 11
sup sup E O"< 2 t o 4+ ' ) < lim sup sup y
NeN te[0,00) g’; C\MV (N @) 2 (HNG) n—00 NeN t€[0,00) !
. PN 1 1 2c
< lim | sup E <261 + 5 > + 3
=09 (NGN LZ:Dn (HN)2 2 (u)? s
(6.38)
Py 11 dRpe N3
< supE a~< O + 55 ) + s sup sup E o; (P (4)
NeN iezﬁ MY (EY)T 2 () SAY) NeNtefo,00) iezﬁ (A7)

2
—{—#("——%—Q)Sup sup E o PN + 2,
XOtr) \ X K2 NeN te[0.00) leZD 14 ) K25
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completes the proof of Lemma 3.6. O

Proof of Lemma 3.7: If the right-hand side of (3.20) is infinite, then the claim trivially holds. For
the remainder of the proof assume the right-hand side of (3.20) to be finite. Define Dy := 0

and for every n € N let D,, C D be a set with |D;,| = min {n, |Z§|} and D,, 2 D,_1. Define

co = Q(R;+V) [(77 —p) — %] and for every n € N let

C":=~co+ |7+

sup sup E [Z Uihﬂ\l’(i)] . (6.39)

NeN te[0,00) i€D,,

Note that due to the assumption n — p > % we have ¢y € (0,00). For all N,n,l € N define

[0, oo]-valued stopping times

TlN’" := inf ({t € [0,00) : Z o; ((PtN(z))il + (HtN(z))fl) > l} U oo) . (6.40)
i€Dy,
We infer from Lemmas 3.2 and 3.3 that for all N,n € N the map
0,00) 3t >3 i (BN @)™ + (BN () ") e R
iEDn

is P-a.s. continuous which implies that we have for all ¢ € [0, 00) and all N,n € N that
. Nn
P [hm T < t} =0. (6.41)
l—o0

For all ¢t € [0,00), N, n,l € N applying Young’s inequality we see that

tATom JENEN®) 2
Bp Pi (4) 1
E Z O'i/o < (PE\,(Z.))Q (CO+H7§V(1')>> du]
i€D,
A ob 3 N A\ 7P 2 N N\ L >
< BPE |t sup 3 P S(P uATlen(Z)) +5<Co+( uATZN,n(z)) > du
u€0t] jep,, keDn L E (6.42)
5
_ . .
= g | e (ga (( i @) (@) e
Bpt(i+coll1]lo)®
< e E - < oo
in {of}
and

t/\TlN’n NN 2
| NGEH0)
B [; UZ/O <<H§<?>>2P§(i>> d“]
1EDp

ue [Ovt] €Dy, kEDn,

5
§ -1 -t 3
<1 sup min ?Ué}E (Z 7i <(H“/\71Nm (Z)> + <PU/\TlN’n (Z)) >> - minhf{oé} -
kEDp, "

u€l0,t] ieD,,



1746 Martin Hutzenthaler, Felix Jordan and Dirk Metzler

Hence, we obtain for all ¢ € [0,00) and all N,n,l € N that

t/\Tl
N PN (i) PN (| _
: / 2 RN (c0-+ 8g5) Wi (Z)] =0
ZEDn

" (6.44)
n By H{Y (i) H,N
E VP ) gy, =0.
/0 ZEZD T Er O P @ )
Define the function y: N x N x [0, 00) — [0, 00| by
N x N x [0,00) 3 (N,n,t) — yivn =E Z o; (COPg\}(i) + PtN(z')lHtN(i))] : (6.45)
i€Dp

Recall from the beginning of the proof that we assume for all N,n € N that yév o

< 00. Applying
[to’s lemma and using (6.44), we get for all ¢t € [0,00) and all N,n,l € N that

1 1 Nn
[ Z o; (CD PN (Z) + PN N,n(i)HN Nom (,L) )] - yO
lGDn t/\T tAT, tAT
=E Z o; MTZ 1 + ) Z m )
= OEN@E T PYOENG 9P

JjE€D

— E + VBN ) — 7 (PY @) + (- pFY (8)) BY () HY (i )w) + Seo g BY PN D)

N pN
e or e 0 -

PNUZ( > m( )+ (=rip + A= N EN (i) H,Y (i)

j€D
)2 . . .
— % (HY (@) = 0P (i) Hy (i) + L%) + %mﬁﬁlff(z) du] :

(6.46)
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Dropping some negative terms, we now get for all ¢t € [0,00) and all N,n,l € N that

oi | co + L - yN’”
E|) o PN W0 T PY AN ) 0
Tl 7l

i€Dy,
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1 N N N2
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H,' (3
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=

@y P+ v) = (A= o)) prgmyg + b+

+ [ + ] Gy T 1 — ] md“]

(6.47)

Recall from Section 3.1 that &p = supyey £, and from Assumption 2.1 that A > v, n —p > %
and that for all N € N we have Rg + Hg +aV < )‘5”, N> [3g, and Lg > Bg. Hence, we get for
all t € [0,00) and all N,n,l € N that

1 _ N,n
[Z% (Copw ol P;;TN,nu')HgTN,n(i))] Yo

i€Dy enrlY 1 1

tAT,
Bl S o /

i€Dy,

t/\Tl Non
S/ C"du—E /

0 0

N,n

(kp+v) COPN@ +yep — A5 m + [y +46] 7 () du] (6.48)

1 1
7 (CO PNG) T PM)HM) d“] :
1€Dy,
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Applying Tonelli’s theorem, Fatou’s lemma, and (6.41) we obtain for all ¢ € [0,00) and all N,n € N
that

t
y,ZN’n—F/O min{Rp+V, )‘;”}yi\[’"du

t
/0 min {Fp + 1,254} Y o (CO P T P@{V(z‘)llw(i» du]

1€Dy,

S , 1 1
= hlrg(l)glf (E [Z i (CO PN o (3) t Py N,n(i)Ht]\//\TN,n(i))]
i ]

iEDn tAT t/\‘rl

N,n

tAT, t
+E / min{RP +l/,%} Z o; (copj&(i) + PN(z')lHN(i)) du] ) < yévm —|—/ C" du.
0 u u u 0

€Dy,
(6.49)

For every N,n € N, let 2V™: [0,00) — R be a process that for all ¢+ € [0,00) satisfies zivn =
zév’n + fot (C™ — min {kp + v, /\g” zévn) ds, with zév’n = yév’n, where uniqueness follows from lo-
cal Lipschitz continuity. Using classical comparison results from the theory of ODEs, the above
computation yields for all ¢ € [0,00) and all N,n € N that y"" < z"" and for all N,n € N that

t
Nmn N,n on .
SUPse(0,00) 7 = = Max {Zo e 7, }} Hence, we obtain for every n € N that

A—

v
2

sup sup E| ) o; (CO e+ PN(i)lHN(z')> —sup sup g <sup sup 2"
NeNte[0,00) i€D,, ¢ ¢ t NeNt€[0,00) NeNte[0,00)
_ N,n cn
= max {Jiflgl;l 2", . .= } (6.50)
, 1 1 cn
< sup 2 GZD: 7i (CO PYG TRy (i))] ST e
3 n

Using monotone convergence, we thereby conclude that

. 1 1 _ A 1 1
J?/Lé%tesﬁgo)E Do <CO PG T PR@AY (i)> R e ES[&EO)E [Z Ti (CO PG T PN@WAY (i))]

i€D i€Dn,
< 1 ) 1 1 ) cn
< m (2‘@@ EED: 7 (CO PG T BTOHW ] t R )

_1
veo+(v+6) sup  sup E{ZZED othN(i)}

— . 1 1 NeNte[0,00)
=supE | o (CO ORI AOTT <z‘>> " ) ’

NEN - rnin{fip+1/, >
€D
(6.51)
finishing the proof of Lemma 3.7. O
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