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Abstract. For the renormalised sums of the random 41-colouring of the connected components of Z
generated by the coalescing renewal processes in the “power law Pélya’s urn” of Hammond and
Sheffield (2013) we prove functional convergence towards fractional Brownian motion, closing a gap
in the tightness argument of their paper.

In addition, in the regime of the strong renewal theorem we gain insights into the coalescing
renewal processes in the Hammond-Sheffield urn (such as the asymptotic depth of most recent
common ancestors) and are able to control the coalescence probabilities of two, three and four
individuals that are randomly sampled from [n]. This allows us to obtain a new, conceptual proof
of the asymptotic Gaussianity (including the functional convergence) of the renormalised sums of
more general colourings, which can be seen as an invariance principle beyond the main result of
Hammond and Sheffield (2013).

In this proof, a key ingredient of independent interest is a sufficient criterion for the asymptotic
Gaussianity of the renormalised sums in randomly coloured random partitions of [n], based on
Stein’s method.

Along the way we also prove a statement on the asymptotics of the coalescence probabilities in the
long-range seedbank model of Blath, Gonzalez Casanova, Kurt, and Spano, see Blath et al. (2013).

Received by the editors February 18th, 2022; accepted December 6th, 2022.
2020 Mathematics Subject Classification. Primary 60G22; Secondary 60K05, 60F17, 60J90.
Key words and phrases. power law Pélya’s urn, coalescing renewal processes, randomly coloured random partitions,
asymptotic normality, Stein’s method, seedbank coalescent.
53


http://alea.impa.br/english/index_v20.htm
https://doi.org/10.30757/ALEA.v20-04
https://www.stochastik.mathematik.uni-mainz.de/jan-lukas-igelbrink/
https://www.uni-frankfurt.de/53215133/Homepage_A__Wakolbinger 

54 J. L. Igelbrink and A. Wakolbinger

Contents
1. Introduction 54
2. Coalescence probabilities in the Hammond-Sheffield urn o7
3. Asymptotic Gaussianity in randomly coloured random partitions 60
4. Pair coalescence probabilities: Proof of Proposition 2.1 63
5. Depth of most recent common ancestor: Proof of Proposition 2.5 66
6. Triplet and quartet coalescence probabilities: Proof of Proposition 2.3 67
6.1. Triplet coalescence probabilities 67
6.2. Quartet coalescence probabilities 69
7. A covariance estimate: Proof of Lemma 2.6 70
8. Asymptotic Gaussianity in the Hammond-Sheffield urn: Proof of Theorem 1.1(B) 70
9. Tightness: Proof of Proposition 1.3 71
10. Coalescence probabilities in long-range seedbanks 72
Acknowledgements 73
References 74

1. Introduction

We start with a brief description of the model of Hammond and Sheffield (2013) and then state our
main results together with a short outline of the paper.

For 0 < a < % and a slowly varying function L : R — R™ let p := i, 1, be a probability measure
on N ={1,2,...} having the power law tails

p({n,n+1,...}) ~n *L(n) as n = o, (1.1)
with the usual convention that for two sequences f(n), g(n) of real numbers
f(n) ~g(n) asn — oo
means that lim,_, f(n)/g(n) = 1. Throughout it will be assumed that
the greatest common divisor of {n € N: y(n) >0} is one. (1.2)

Let R be an N-valued random variable with distribution p. A random directed graph G, with
vertex set Z is generated in the following way: Let (R;);c; be a family of independent copies of R.
The random set of edges E (gu) is then given by

E(G,)) ={(i,i—R;)):ieZ}.
This induces the random equivalence relation
i ~ j <=1 and j belong to the same connected component of G,,. (1.3)

Note that the symbol ~ is used in (1.1) and (1.3) in two different meanings; this will cause no risk
of confusion.

For i € Z the connected component containing i is denoted by %;. The random variables (R;);ecz
give rise to coalescing renewal processes starting from the integers; see Section 10 for an interpre-
tation (and extension) in terms of the long-range seedbank model of Blath et al. (2013). In this
terminology G, is the graph of ancestral lineages of the individuals ¢ € Z, and the component ;
consists of all j € Z that are related to ¢, see Figure 1.1 for an illustration. The probability that
0 belongs to the ancestral lineage of n is thus given by the weight assigned to n by the renewal
measure,

Qn::P(R1+...+}~2j:nforsomejZO) (1.4)
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FIGURE 1.1. A realisation of the ancestral lineages of the individuals {0,...,100}
traced back till —200. Each of the arcs corresponds to an edge of G,. All the
outgoing edges from ¢ = 0,...,100 which map to an individual in {0,...,100} are
drawn (in red), whereas for i between —200 and —1 only those outgoing edges are
drawn (in blue) that belong to an ancestral lineage of some j € {0,...,100}. Here
the exponent « in (1.1) was chosen as 0.39.

with Ry, Rs,... being independent copies of R. (Note that P(0 ~ n) is in general larger than gy,
because 0 and n may be related to each other even if 0 is not an ancestor of n.)

Hammond and Sheffield suggest the picture of an urn in which the types of the individuals ¢ are
determined recursively: each individual ¢ € Z inherits the type (or “colour”) of its parent i — R;. With
{+1, —1} as the set of colours, they show that the set of random colourings of Z that are consistent
with G, has a Gibbs structure, with the extremal elements being given by ii.d. assignments of
colours to the connected components of G,. The main result of Hammond and Sheffield (2013)
concerns the asymptotics of the rescaled sum over the types of the individuals 1,...,|tn], t > 0,
which as n — oo turns out to converge to fractional Brownian motion. The individuals’ types arise
as follows:

Assume that each component of G, gets coloured by an independent copy of a real-valued random
variable Y. In the situation of Hammond and Sheffield (2013), Y is a centered Rademacher(p)
variable, i.e.

Y=¢(-(2p—1) with P =41)=p,P((=—-1)=1—p. (1.5)
For i € Z the colour of the component %; will be denoted by Y;. Define the “random walk” (with
dependent increments)

Sn::Zn, n=0,1,.... (1.6)
i=1
By construction,
op = Var[S,] = Y Cov[¥;,Y;] =E[Y?] Y  P(i~ ). (1.7)
i,j€[n] i,j€[n]

Hammond and Sheffield (2013, Lemma 3.1) show by Fourier and Tauberian arguments that

. . Ca n2a+1
Z P(i~j)~ 2o +1) L(n)? as n — oo, (1.8)
i,j€[n]
with _
Ca o 1 F(l 20[) (19)

Zmzo g5 T(a)T(1 —a)3
We will obtain (1.8) as a corollary of Proposition 2.1 below, which requires the additional condition

1 nafl
dn ~ F(a)f‘(l—a) L(n) as n — oo. (1-10)
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This condition, which also appears in our Theorem 1.1, is equivalent to the validity of the Strong
Renewal Theorem for the renewal process with an increment distribution p satisfying (1.1) and (1.2),
see Caravenna and Doney (2019), whose Theorem 1.4 gives necessary and sufficient conditions in
terms of u for the validity of (1.10). A well-known sufficient condition for (1.10) is the criterion of
Doney (1997)

nP(R=n)

_ . 1.11
W B Ry~ (1.11)

For % <t< %, i,n €N, let S (t) be the linear interpolation of S;/o,, and S;;1/0,. Because
of (1.7) and (1.8), for all ¢t > 0,
Var [S(”)(t)} — 2T as = o0
Since (Sp)nen, has stationary increments by construction, this implies the convergence
1
Cov (Sg”), St(n)) — - (s%‘+1 2ot ) — 3\20‘+1> ,  s,t>0.

n—soco 2
The right-hand side is the covariance function of fractional Brownian motion with Hurst parameter
H= % + a, which is the unique centered Gaussian process with variance function t*#, ¢ > 0,
stationary increments and a.s. continuous paths. The processes S are centered as well. Thus,
in order to prove that S converges as n — oo (in the sense of finite dimensional distributions)

to fractional Brownian motion with Hurst parameter H, it only remains to show that the finite
dimensional distributions of S are asymptotically Gaussian. This is provided by

Theorem 1.1. Let p be a probability measure on N satisfying (1.1) and (1.2). Assume one of the
following conditions (A) or (B):
(A) The colouring Y is given by (1.5).
(B) The weights q, of the renewal measure specified in (1.4) satisfy the asymptotics (1.10), and
the colouring Y obeys

E[Y]=0and 0 <E [Y4] < o0. (1.12)

Then, for any fivred d € N and fized 0 <t < --- <1, < 00, the sequence (SUM’ . '75Lt,mJ) N 18
ne
asymptotically Gaussian as n — 0.

Under assumption (A) of Theorem 1.1, for each fixed ¢ > 0 asymptotic Gaussianity of S ltn] 88
n — oo is proved in Hammond and Sheffield (2013) via a martingale central limit theorem. The
computations which ensure the applicability of the martingale CLT are quite subtle and involved,
making substantial use of the specific form (1.5) of the colouring of the random graph G,. In
Hammond and Sheffield (2013) it is not explicitly discussed whether these arguments also carry
over to the joint asymptotic Gaussianity of S| |, ..., S,,n for fixed {4 < --- < t,,. However, by
applying the martingale CLT to linear combinations of these random variables one can check that
this is indeed the case.

Under assumption (B) we give a new, conceptual proof of the asymptotic Gaussianity of the finite
dimensional distributions of S(™. This proof, which is completed in Section 8, is based on insights
into the structure of G, which are stated in Section 2 and proved in Sections 4-7. A key ingredient in
the new proof is Theorem 3.1, which provides a criterion for the asymptotic Gaussianity in randomly
coloured random partitions also in a more general setting. Proposition 3.3, which is instrumental in
the proof of Theorem 3.1, is based on Stein’s method and yields the closeness of the distribution of
Sp /o to the standard normal distribution in terms of a bound that involves Var [Yz] ; this explains
the finiteness condition of E [Y*] in (1.12).

Let us also mention that the loss of ground which comes with assuming the “strong renewal”
condition (1.10) in addition to (1.1) and (1.2) seems rather minor. Indeed it becomes clear from the
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examples in Caravenna and Doney (2019, Section 10) that the class of measures p which satisfy (1.1)
and (1.2) but fail to satisfy (1.10) is rather special.

On the other hand, the benefit of assuming (1.10) is twofold. Firstly, it allows a direct analysis of
asymptotic properties of the genealogy of the coalescing renewal processes in the Hammond-Sheffield
urn, see Propositions 2.1, 2.3 and 2.5. Secondly, this opens the way to a two-step analysis (first
of the random partition of Z, then of its random colouring) which allows to derive the “invariance
principle” stated in Theorem 1.1(B).

The following implication of Theorem 1.1 is immediate from its introductory discussion.

Corollary 1.2. Under assumptions (A) or (B), S converges as n — oo in the sense of finite
dimensional distributions to fractional Brownian motion with Hurst parameter H = % + .

The next result, which will be proved in Section 9, amends the proof of Hammond and Sheffield

(2013, Lemma 4.1), see Remark 9.2. Here, for each n € N and T > 0, <S(”) (t)>0< — is viewed as
t

a random variable taking its values in C ([O,T ];]R), the space of continuous functions from [0, T]
to R, equipped with the sup-norm.

Proposition 1.3. Under the assumptions of Theorem 1.1, for all T > 0 the sequence of random
variables (S(”) (t)) is tight.
0<t<T
A direct consequence of Corollary 1.2 and Proposition 1.3 is

Corollary 1.4. Under the assumptions of Theorem 1.1, S™ converges in distribution (with respect
to the topology of locally uniform convergence) to fractional Brownian motion with Hurst parameter
H=1+a.

2

2. Coalescence probabilities in the Hammond-Sheffield urn

In this section we will assume that the weights ¢, of the renewal measure defined in (1.4) obey
the asymptotics (1.10), see the discussion of this condition in Section 1.

Proposition 2.1. The coalescence probabilities for the ancestral lineages obey the asymptotics

,L'20¢—1

P(0 ~ i) NCQW

as i — oo, (2.1)

with Cy, as in (1.9).

Remark 2.2.
(a) The asymptotics (1.8) is a direct consequence of (2.1). Indeed, the latter implies

> (n—i)P>i~0)~ n20‘+1L(C;;)‘)2 % ZZ; (1 - ;) (Z)Qal as n — o0, (2.2)

i€[n]

with the limit of the Riemann sums being

! 20—1 1
1— Tdr= ————.
/0 (1) de = o )

Since the left-hand sides of (2.2) and (1.8) are equal, this shows the asserted implication.

(b) In the light of the proof of Proposition 2.1 (carried out in Section 4) we conjecture that
increment distributions p that satisfy (1.1) and violate (1.10), generically also do not admit
the asymptotics (2.1).
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The next result, Proposition 2.3, will be instrumental in the proof of Theorem 1.1 under Assump-
tion (B). This proposition will consider the probability that three (respectively four) individuals that
are randomly chosen from [n] belong to the same component of G,,.

Proposition 2.3. Let .7 ™, /("), H ) and L™ be independent and uniformly distributed on [n],
and independent of the random graph G,.. Then for all 6 > 0, as n — oo,

p (ﬂ(") ~ g sz<">) ~0 <n4a—2+5) , (2.3)
3 (ﬂ(") ~ g ) gw) ~0 (nﬁa—3+5) . (2.4)

Proposition 2.3 will be proved in Section 6. The following corollary will bound the triplet and
quartet coalescence probabilities addressed in (2.3) and (2.4) asymptotically as n — oo by powers
of the pair coalescence probability. Estimates of this kind will be required in Theorem 3.2; note
that for sufficiently small € the powers guaranteed by Corollary 2.4 are strictly larger than those
required in Theorem 3.2.

Corollary 2.4. Let #™ 7™ () and 2™ be as in Proposition (2.3).Then for all € > 0, as
n — oo,
2—e¢
P (s~ g0 ) =0 ((P (5 jm))) > , (2.5)

P (50 o g ) ) _O<<p <j<n>wf<n>))35>, (2.6)

The proof of Corollary 2.4 is immediate from Proposition 2.3 together with (1.8). Indeed, (1.8)
asserts that the order of P (ﬂ () ~ 7 (”)) is & ( )2 asn — 00. With € prescribed as in Corollary 2.4,

it thus suffices to choose in Proposition 2.3 a positive ¢ that is smaller than ¢ (1 — 2a).

Although the next result, Proposition 2.5, will not be used explicitly in the proof of Theorem 1.1,
it seems interesting in its own right and also gives an intuition why the estimates in Corollary 2.4
should hold. Qualitatively, Proposition 2.5 says that for large n the ancestral lineages of 0 and n with
high probability either coalesce quickly (i.e. on the scale n) or never. This makes it believable that,
as asserted in Corollary 2.4, the triplet coalescence probability should asymptotically be comparable
to the square of the pair coalescence probability, and that the quartet coalescence probability should
roughly be equal to the third power of the pair coalescence probability.

Proposition 2.5. Let .#(0,n) :=max{j <0:j~ 0 and j ~n} (with max() := —o0) be the most
recent common ancestor of 0 and n, and put D,, := —#(0,n). Then, as n — oo, the sequence of

random variables %, conditioned under {0 ~ n}, converges in distribution to the random variable
D with density B(a,1 — 2a) 129711+ 2)* Ldx, 2 > 0.

Proposition 2.5 will be proved in Section 5. The distribution of the random variable D appearing
in Proposition 2.5 is known as Beta prime distribution with parameters a and 1 — 2q; it arises as
the distribution of B/(1 — B) where B is Beta(a, 1 — 2a) distributed. See Figure 2.2 for simulations
of the ancestral lineages, which also illustrate the depths of the most recent common ancestors.

The following lemma will also be important in the proof of Theorem 1.1 under Assumption (B).

Lemma 2.6. Let ~ be the random equivalence relation defined in (1.3). Fori,j, k.l € Z,
Cov I{z’Nj}a I{sz}} <P (Z ~ ] ~k~ f) . (27)
Here and below, Ig denotes the indicator variable of an event E.

Remark 2.7. The proof of Lemma 2.6 (given in Section 7) shows that (2.7) holds for general incre-
ment distributions p, without the assumptions (1.1) and (1.2).
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FIGURE 2.2. This is a simulation of the ancestral lineages of the individuals 0, ..., n,

with n = 100 in panel (a) and n = 1000 in panel (b). Direction of time is vertical, and
horizontal lines mark coalescence events. The two panels give an impression of how
the genealogical forest of the individuals ¢ € [n] scales with n, see e.g. Proposition 2.5.
Like in Figure 1.1, the parameter o was chosen as 0.39.
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3. Asymptotic Gaussianity in randomly coloured random partitions

In this section we consider a situation that is more general than the one described in Section 1.
For m € N let 2™ be a random partition of [m]. The (random) equivalence relation on [m]
induced by 2™ will be denoted by ~, i.e.

i % j :<= i and j belong to the same partition element of 2™, (3.1)

The situation described in Section 1 fits into this framework, by choosing ~ as the restriction to the
set [m] of the equivalence relation ~ defined in (1.3). Note, however, that this kind of consistency
of the relations ~ is not required in the present section.

Let Y be a real valued random variable with E[Y] = 0 and 0 < E[Y*] < co. Thinking of each
(m)

partition element being “coloured” by an independent copy of Y, we write Y, mn
the partition element in 2™ to which i € [m] belongs. We then define for k € N

k
(m) | m)
z" ="y,
=1

In the sequel we fix a natural number d and real numbers 0 = pg < p1 < --- < pg = 1. The following
theorem presents a sufficient criterion for the asymptotic normality of the sequence of R%-valued
random variables

for the colour of

(m) . (7™ (m)
20— (20020 (3.2)

as m — oo. To prepare for this, let for all m € N the random variables .# (™) 7 (m) ¢ (m) and £ (™)

be independent and uniformly distributed on [m], and independent of 2(™) and of (Yi(m)) il
e|m

Theorem 3.1. The sequence of R%*-valued random variables Z™) defined in (3.2) is asymptotically
Gaussian as m — oo provided the following conditions are satisfied:

P (f(m) ° gm T e%/(m)) = o <<P (f(m) < /(m))>3/2> as m — oo, (3.3)

P (s g Lt g — o <<P (om 2 /“’”))2) as m — 00, (3.4)

.mo . m m ..
Cov [I{iﬂj}’l{kﬁz}} <P (z ~ e~k o~ E) for all m € N and 4, j, k, ¢ € [m], (3.5)
and for all (a1, ..., aq) € R4\ {(0,...,0)} and
agm) =g if [p_ym] <i<|pgm], i=1,...m; g=1,...,d
there exists a constant C > 0 (not depending on m) such that
Zag.m)ag’")P(iﬂj) EGZP(M]'), m e N. (3.6)
4,j=1 4,j=1

Remark 3.2.

(a) Asymptotic Gaussianity of the univariate sequence (Zr(nm))meN is implied by the first three
of the four conditions in Theorem 3.1. Indeed, for d = 1, condition (3.6) is automatically

satisfied with C' := a1, since in that case agm) =q fori=1,...,m.
(b) If the partitions 2(™ are induced by a Hammond-Sheffield urn as described in Section 1,
then all conditions of Theorem 3.1 (including condition (3.6) for all d € N) are implied by

the assumption (1.10), see Section 8.
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Theorem 3.1 will be proved using the following proposition which, in turn, will be deduced from
a theorem of Charles Stein, see Stein (1986, Lecture X, Theorem 1). Since m will be fixed in

. o . . . . m . . . .
this proposition, we will write ~ instead of ~ for notational convenience and without any risk of
confusion.

Proposition 3.3. For fited m € N and a1, ...,a,m € R let

S 1= Z%‘Yi, 52, = Var[S,,], (3.7)
i=1

with Y; == Y™ s defined at the beginning of this section. Let N be a standard normal random

1
variable. Then for all continuously differentiable functions h : R — R with compact support

jo[n(52)]- Bt

Om
< c;(Qh) Var{i Yfaiajf{iwj}} + CZ(S}Z)E[ i ]Y}ﬂai]ajakf{iijk}]. .
m i1 mo =1
where the finite numbers c1(h) and ca(h) are defined as
c1(h) :=2sup|h — E[L(N)]], c2(h):=2sup]|h’|.
Proof: For i € [m]| we put
Xi= 2 M= {jelml ik (3.9)

i.e., M; is that element of the partition 2™ which contains i. With .# being a uniform pick
from [m] that is independent of (™) we write

M= (M, ..., Mp), Wﬁ:ZXz‘, W =W — ZX]-, G:=mXy,
=1 JEM 4

Bi=0(M,X1,...,Xm), C:=0(M,7,(X;)jxr)
and note that W = E[G|B] a.s. Now Stein (1986, Lecture X, Theorem 1) asserts that

[ [h ()] - Bl

< e1(h) <\/E [(1 —E[GW - W*)|B])T t¢E HE €14 H) (3.10)

+ (W) E [|G\(W . W*)Z] :

with N, ¢1(h) and ca(h) as in (3.8) and a constant ¢ > 0. Let us first turn to the term under the
square root on the right-hand side of (3.10) and observe that

m

E[GOW - W*)|B] =E|mX, Y X, ‘ B =Y x ) X = a%z‘“y" 3 o).
JEM 4 =1 JEM; m =1 JEM;

The expectation of this random variable is 1, since

1 m m 1 B
E E[ﬂ;aﬂﬁ;;aﬂ/j ‘ t@(m)} = —5 Var[S,] = 1.

Oim Om,
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Hence the term under the square root in (3.10) equals
var[y 5 3 )
JEM;

The term E HE [G IC ] H in the right-hand side of (3.10) vanishes, since the assumed independence
of the colouring and the partitions together with the assumption E[X;] = 0 implies

E[[E[cIc]|] = B[[E[mxs 0, .7]]] =0
Finally, the rightmost term in (3.10) equals

E[\G|(W—W*)2}:E \G|(Z Xj)2 ZE I, z}|mX\(ZX)

JEM & JEM;

—ZE XY %)

JjEM;

In summary we have shown that the right-hand side of (3.10) equals

m

ar(h Var[ZXZ }+cQ Z\X!(ZX) , (3.11)

=1 JEM; JEM;

which in turn is equal to the right-hand side of (3.8). This concludes the proof of Proposition 3.3. [

Proof of Theorem 5.1: It suffices to show that for all d € N and (a1, ...,aq) # (0,...,0), the linear
combination

. (m) (m) _ (m) L (m) _ (m)
T = a2 +an (200 = 200 )+ o+ aa (Zm ZLpd_lmJ> (3.12)
is asymptotically Gaussian as m — co. For m € N we put
al™ = ag if |pg_1m) <i < |pgm), i=1,..m; g=1,....d. (3.13)
It is then readily checked that Z,, defined in (3.12) satisfies
Zm=>_aY\™, meN, (3.14)
i=1
and thus fits into the frame of Proposition 3.3, with S,, := Z,,. To use this proposition we will

show that under the assumptions (3.3), (3.4), (3.5) and (3.6) and with a; = agm) from (3.13), both
summands in the right-hand side of (3.8) converge to 0 as m — oo. For notational convenience
we will for the rest of this proof suppress the superscript m in the equivalence relation ~, in the
coefficients al(»m) and in the random variables Yi(m), F(m), F (m) - opr(m) = gp(m),

For a constant C' not depending on m we have

Var{i Yl-zaiajf{wj}} < C’Var{zm: Yff{iwj}}, (3.15)
i,j=1 t,j=1
E[ Zm: |Yi|3|ai|ajakf{iijk}} <CE [mﬂ Zm: P(i~j~ k). (3.16)

1,7,k=1 1,7,k=1
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In order to bound Var

z Y I {ZN]}] from above, we decompose the variance with respect to gp(m)
t,j=1

m m
E[Y Y2l ‘ 2| =BV Y Iy
i,j=1 B,j=1
The variance of the latter is

and first note that

E [YQT Z Cov [I{iNj}, I{sz}]
1,3,k L€[m]

which by assumption (3.5) is not larger than
2
E [YQ] S Pli~j~k~o). (3.17)
1,7,k L€ [m]

Next we note that

Var[Zm: YTy | 2] = i Cov [ V2 T(imgy, Vi sy | 2]

Z:J::l 7;7.]'7]67[:1
m
_ 2
— Var [Y} N Tk
Z'7j7k7zz1

Taking expectation of the latter and adding this to (3.17) we obtain

var[ZYI{M}] <E[] ¥ Pli~ji~k~0)=0(m'P (s~ g~ K ~2)),

i,j=1 0,5,k 0€[m)]
2
which because of (3.4) is o (m2 P (s~ /)) :

3/2
Likewise the right-hand side of (3.16) is o <m2 (P (F ~ /)) > From (3.7) and (3.14) we get

= Z agm)ag-m) Cov |Y;,Y;] = Var[Y Z a -m (1 ~3), (3.18)
i,j€[m] i,j€[m]
which due to assumption (3.6) is bounded from below by Cm2P (¥ ~ 7). Thus under the

assumptions of Theorem 3.1 the right-hand side of (3.8) converges to 0 as m — oo, which shows
that Theorem 3.1 is a consequence of Proposition 3.3. O

4. Pair coalescence probabilities: Proof of Proposition 2.1

We now return to the setting of Section 1. Let R,(:), i € Z, k € N be independent copies of R,

and define

A; = {nEZ:i—REZ)—--~—R§Z):nforsomej20}. (4.1)
Note that the A; are independent and thus can be seen as decoupled versions of the ancestral
lineages of the individuals ¢ € Z. In particular they do not coalesce if they meet. Decomposing

with respect to the most recent collision time one obtains immediately (cf. Hammond and Sheffield
(2013, p. 711)) that for i > 0

P(A()ﬂA ?éQ) qu—E ’AOOA ’ ZQQO-Ha (4‘2)

m>0 m>0
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hence
Zm >0 dmYm+i

ZmZO G

We will now assume (in accordance with the assumptions in Proposition 2.1) that the weights ¢, of
the renewal measure defined in (1.4) have the property (1.10). Under this condition we will prove

P(0 ~ i) = i>0. (4.3)

Proposition 4.1. As m — oo,

1 m2a—1

; Q93 ™ T (@)2T(1 = a)? L(m)?

/Ooo(l +2)* 1z dg, (4.4)

The asymptotics (2.1) claimed in Proposition 2.1 is immediate from (4.3) combined with (4.4).

The remainder of this section is devoted to the proof of Proposition 4.1. We will prove (4.4) first
under a special assumption on the Karamata representation of the slowly varying function L.

Lemma 4.2. Let o € (0, 3), and consider

= n"" 1K (n) (4.5)
where K(n) is of the form -
K(n) = exp (/B (t) dt) (4.6)

with B a positive constant and [(t), t > B, a bounded measurable function converging to 0 ast — oo.
Then (ry,) is ultimately decreasing, and

ernﬂ ~ K (i)%%1 / (1+2z)* 122z asi — oo, (4.7)
i>1 0
with F(a)T(1 - 20)
& e} —2a
1+2)* 2% e = B(a,1 — 2a) = ———~— 7, 4.8
| a+o) ( )= P (18)
Proof:
a) The equality (4.8) is readily checked by substituting y = Tra-

b) The fact that (r,) is ultimately decreasing follows from (4.5) together with the Karamata
representation (4.6) of K(n). To see this, we argue as follows, putting 5 := 1 — «. Since [(¢) tends
to zero for t — oo we know that there exists ng € N such that for all ¢ > ng one has [(¢) < 8. This
implies

Tno n=h K(n)
rapr (1P K(n+1)
B n—ﬁ n+1 l(t)
T 1B <‘/n tdt>

n+1 l(t)

= exp (6 (In(n + 1) — In(n)) — / tdt>

o ([ (5-10) w).

Since by assumption the integrand on the right-hand side is strictly positive for n > ng, we obtain
that (7,,)n is decreasing for n > ny.



Asymptotic Gaussianity in the Hammond-Sheffield urn 65

¢) In view of (4.5), the claimed asymptotics (4.7) is equivalent to
lim lz DTty /oo(l + ) o Ny (4.9)
: " : :

1—00 1 T; 1
j>1 0

We now set out to prove (4.9). To this purpose we show first that for all & > 0 there exists an
N € N such that for all sufficiently large i

-y Tilitd (4.10)
1 Ty T3

Since (r,) is ultimately decreasing, (4.10) will follow if we can show that exists an N € N such that

for all sufficiently large 4
- Z <”> (4.11)
j>N2

Again because of the ultimate monotonicity of (r,), the left-hand side. of (4.11) is for sufficiently
large ¢ bounded from above by

o0 2 00 A\ 2
T'mi 20—2 K(mz)
= . 4.12
> () - X () -
Using (4.6) one obtains that for any > 0 and ¢ so large that [(t) < d for all ¢t > 1,

K (mi) () , ,
<0 = exp (/7, 7fdt) < exp (5 (ln(mz) — ln(z))) <mf, (4.13)

which implies by dominated convergence that for sufficiently large N the right-hand side of (4.12)
is smaller than ¢ for all sufficiently large i. We have thus proved (4.10).
Next we show that for all € > 0 there exists an 17 € N such that for all sufficiently large ¢

- Z LiTitd o (4.14)
Ty T

J<m

z+J

Again by ultimate monotonicity of (r,) which gives us < 1 for ¢ large enough, for this it suffices
to show that for all € > 0 there exists an n > 0 € N such that for all sufficiently large @

1 .
=y oo (4.15)

From Feller (1971, Theorem 5 on p. 447) we obtain that

1
> vy~ —(mi)*K(|ni]) asi— oo, (4.16)
<
and hence
1 i 1 K(|n -
DD *Uai(mj) ~Tasi oo, (4.17)
L~ o« K (i) «
Jj<m
which proves (4.15), and hence also (4.14). (The last asymptotic is by the fact that K is slowly
varying.)

In view of (4.5), (4.10) and (4.14), for proving (4.7) it remains to show that

i 3 B () e o
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From (4.6) one derives that

lim sup (]) — 1’ =0.

100 i <Gj<(N41)i K(i)
Hence (4.18) boils down to a convergence of Riemann sums to its integral limit, and the proof of
Lemma 4.2 is done. O

Let us now complete the proof of Proposition 4.1.

Proof: The asymptotics (1.10) can be rewritten as
gn = Cun® 1L(n)

where L(n) is a slowly varying function and C,, — m > 0.
As in the proof of Lemma 4.2 it suffices to show that

Zqﬂ gty —>/ (1+2) 22 da. (4.19)

i>1 qi 4

Because of the Karamata representation theorem (see e.g. Theorem 1.3.1 in Bingham et al. (1987))
there exists a K (n) satisfying (4.6) and a sequence D,, converging to a positive constant D such
that

L(n) = DuK(n), n=12,... (4.20)
Defining 7, as in (41.5) we have
qn = D, Cpryp, n=12,...

Since the asymptotics of neither the left-hand side of (4.9) nor that of the left-hand side of (4.19)
reacts to the omission of a fixed finite number of summands, we see that (4.9) carries over to (4.19).

O

5. Depth of most recent common ancestor: Proof of Proposition 2.5

In this section we will assume that the weights ¢, of the renewal measure defined in (1.4) obey
the asymptotics (1.10), see the discussion after equation (1.10). For i,m € N we set

film) =P (#(0,i) = —m), Fi(m)=P (#(0,i) > —m).

For the independent couplings A;, i € Z, of the ancestral lines of 0 and i as defined in (4.1) we have
forallr >0 and ¢ € Z

ZQka—H = E[[4on4;n{0,...,—ri}|]
e ri—k re
= > W > ¢ < (D |Fw,
and consequently

B Zl Oql

As in the proof of Proposition 4.1 we obtain

Z'Za—l 1 T 1
i~ 114 2)* M j . 5.2
qu‘qur LT — a)2T(a) /0 (14 x) T ast— 00 (5.2)
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Together with (5.1) and the asymptotics (2.1) this gives

liminfP (D; < 7i|0 ~4) > B(a,1 — 2a)* / 271 4 ) M. (5.3)
0

11— 00

For the upper estimate we choose some arbitrary € > 0 and observe

(r+e)i
> agiri = E[[AnA;n{0,...,—(r+e)i}]
k=0
(r+e)i (r+e)i—k ri (r+e)i—k
= > [aw) D @ = filk) a
k=0 1=0 k=0 1=0
€t i €t
> (D g | D fik) = q | Firi).
=0 k=0 =0

Using (5.2), now with 7 + ¢ instead of r, we get

r+e
limsup P (Di <ri|0~ z) < B(a,1— 2a)—1/ $oz—l(l + :U)O‘_ldx.
0

i—00

Since € was arbitrary, this together with (5.3) gives the assertion of Proposition 2.5.

6. Triplet and quartet coalescence probabilities: Proof of Proposition 2.3

In this section we will assume that the weights g, of the renewal measure defined in (1.4) obey
the asymptotics (1.10). We now turn to the asymptotic analysis of triplet and quartet coalescence
probabilities.

6.1. Triplet coalescence probabilities.

Lemma 6.1. For all v > 0 and i € N we have for a slowly varying function L not depending on r
P(0~in~ |[(147)i]) < (r“*l n r2a*1> L()ite2. (6.1)
Proof: Let (Ax) be the independent (non-merging) ancestral lineages defined in (4.1). We set

A e Amax(agna,)  if Ag N Ag # 0,
0 if AN Ay =0,

Bk7g = U Ag.
geEALNAY

In words, By is the union of the (non-merging) ancestral lineages starting at all the points of
intersection of Ay and A,. Distinguishing the 3 shapes of the ancestral tree of the individuals 0, i
and (1 + r)i on the event E := {0 ~ i ~ (1 + r)i} (and omitting the Gauss brackets in | (1 4 )]
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etc. for the sake of readability) we have by subadditivity
P(0~in~ (1+47)i)

< P(B;.#(0,i) > #(0,(1+71)i) + P (E; (0, (14 r)i) > .#(0,i))
+P (B; A (i, (1 +1)i) > #(0,1))
< P (AO,i NAyry # @) +P (Ao,(1+r)i NA; # @) +P (Ai,(l—i—r)i N Ao # (b)
< E [’AOJ N A(1+r)i|} + E [|AO,(1+r)i N Azq +E [‘Aiy(lﬂm)i N Aoq (6.2)
<

E [!Bo,i N A(1+r)z‘|} +E [|BO,(1+T)Z‘ N Ail] +E [|Bz‘,(1+r)i N Aol} :

D Gmmti D Gnlnt(iryidm T Y Gmmt(141)i Y Gnlntitm

m>0 n>0 m>0 n>0
+ E gmAri+m § qndn+i—m-
m>0 n>0

An inspection of the third summand on the right-hand side leads to

Z qmQri+m Z dndn+i—m

m>0 n>0
= qdmQri+i Z Gnn + Z gmdri+m Z dndn+i—m
n>0 m##i n>0
(m +ri)*1|i —m|?e!
<
- B 1+”+Z7; L(m+ri) L([i —m])?
m=1

,L'2o¢—2 Z'4oz—2 00 L L o1
~ - - a— a— 1 _ a— d
C ()2 + L(i)4/0 x4 )1 — x x

< E(i)i4a—2ra—1,

where L is a slowly varying function that dominates C (# + %), and where the asymptotics is

justified in the same way as (4.18) was derived first for slowly varying functions satisfying (4.6) and
then, using the Karamata representation, for general slowly varying functions obeying (4.20). The
first and the second summand on the r.h.s of (6.2) can be analysed in an analogous manner, leading
to the bounds L(7)i**2r2=1 and L(4)i** 221 respectively. O

Proof of Proposition 2.5 Part 1: We set out to show (2.3), and first observe that

zn:zan(Owiwj ZP (0 ~7) +2§:"§:’P (0~iri+y). (6.3)
i=0 j=0 i=1j=1

By Lemma 6.1 we get, noting that r@~—! 4+ p20—1 < 9pa=l 4 1,

n n—1t n n—1t N a—1
ZZP(owNHj)gZZE(i)#a—?<<‘Z> +1>
i=1 j=1 i=1 j=1 (6.4)

n

n
Zi3a—1(n Byt nZz‘4O“2 —0 <n4a+5)
=1

i=1

IN
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for each 0 > 0. From (6.3) combined with (2.1) and (6.4) we obtain for each 6 > 0 the estimate

iip(o ~ i~ j) < Cntetd, (6.5)

i=0 j=0

where the constant C' depends on ¢ but not on n. An analogous calculation for k in place of 0 shows
that also

Y3 Pk~injg)<Cn*™ keln], (6.6)
i=0 j=0
where C' can be chosen uniformly in n and in k& € [n]. (An intuitive reason for this uniformity comes
from the fact that for each k € [n] and small ¢ > 0, the big majority of the pairs (i, j) € [n]? leads

to pairwise distances |i — j|, |[i — k| and |j — k| that are all between en and n.) With this uniformity
in k, (2.3) follows directly from (6.6). O

6.2. Quartet coalescence probabilities.

Lemma 6.2. For all 3 >y > 0 and i € N we have for a slowly varying function L not depending
onr

P(0~in [(T4r)i] ~[(1+7)i])
< (Tt g gt Lt (6.7)

Proof: Again let (A;) be the independent (non-merging) ancestral lineages defined in (4.1). Let By,

be as in (6.1) and set
B[k,@]j = U U Ag.
meDBy ¢ gEAmﬂAj

We fix i € N and set with j1 :== (1 4+ r1)i, jo:= (1 +r2)i,
Q = {(07 Z.ajlaj2)? (Oa ivj?ajl)v (Oajla iaj2)7 (07j17j27 Z)a

(07j27i7j1)7 (07j27j17i)7 (i7j1707j2)7 (i7j17j270)7

(ia j2> O,jl)a (i7j27 jlv O)a (jlana Oa 7’)7 (jlv j27 i, 0)}
We now argue in a similar way as in the proof of Proposition 6.1. By subadditivity we get

PO~in~(lt+r)i~m(l+m)< Y E [\B[,ﬂh,@]ks U Ak4\] .
(k1,k2,k3,k1)€Q

By the very same arguments as in the proof of Lemma 6.1 one checks that each of the twelve

summands is bounded by the right-hand side of (6.7). O

Proof of Proposition 2.5 Part 2: We are now going to prove (2.4), and first set out to show that for
alld >0

n—in—i—j

ZZZPON@NZ—{—]N@—{—]—{—K) O<n6a+5). (6.8)

i=1 j=1 (=1

Setting 1 = £,79 = ]jl we have r¢ ! 4 p2ot g o=l 4 p207l <4071 £ 1) and by Lemma 6.2 the
left-hand 51de of (6.8) is bounded from above by
¢ ) 1

n—in—i—j

0; DAROIDD

j=1 (=1
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By arguments analogous to those leading to (6.3) in the proof of Part 1, this implies (6.8). As in
the proof of Part 1 we can argue that, as n — oo the terms

DI Plh~ing~o

i=0 j=0 £=0
are of the same order uniformly in for all k£ € {0,1,...,n}, so it is enough to look at the case k = 0.
Also, from (2.1) and (2.3) it is clear that we may restrict to pairwise distinct 4, j,¢. Thus, similar
as in Part 1, (2.4) follows from (6.8). O

7. A covariance estimate: Proof of Lemma 2.6

For ¢ = j or k = ¢ the assertion of Lemma 2.6 is clearly true because then the left-hand side. of
(2.7) vanishes. For i = k we have

Cov[ljiwjy, ljiny =P(i~vj~0) =P(i~ j)P(i ~ ) <P(i~j~ ).

Hence we may assume without loss of generality that ¢, j, k, £ are pairwise distinct. We then have

Cov [Lick, Ijrt] =P (i~ kNj~l) =P (i~ k)P (j~0) (7.1)
and

PlirkNjnl)=Plinkptj~l)+P(i~vk~j~1). (7.2)
By (7.1) and (7.2), the inequality (2.7) is immediate from the following
Lemma 7.1. For pairwise distinct i, j,k,{ we have

P(inkkj~tl) <P(i~E)P(j~0)

Proof: Let Ay, g € Z, be defined as in (4.1). For m € N and i1 < ... <y € Z we define an
(Aiy, ..., A, )-measurable random graph Glitrim} which is equal in distribution to the subgraph
of G, that is formed by the (possibly coalescing) ancestral lineages of i1, 42, . .., ip. The construction
of Glitim} is done inductively in the following “lookdown” manner: the ancestral lineage of 4; is
taken as A;,, correspondingly, we put Glat = A;,. The ancestral lineage of i,y is given by
Aj,, ., as long as the latter did not meet Glitin} - At the time of the first (seen in backward time

direction) collision of A with G-} the ancestral lineage of ih+1 is continued by the lineage

Tht1

in G{i1#} that starts in the meeting point (and the continuation of A from there on is erased).

Tht1
An inspection of GUi3F4} reveals that

P ({i~koj~t})
_ P ({Ai A £ 0} 0 {4, 1 A £ 0} 0 {619 0 G — @}>

IN

P ({40 A £ 0} {4;0 4 £0}),

which because of mutual independence of the A, gives the assertion of the lemma. O

8. Asymptotic Gaussianity in the Hammond-Sheffield urn: Proof of Theorem 1.1(B)

We are going to apply Theorem 3.1, with (™) being the partition on [m] that is generated
by the Hammond-Sheffield urn, i.e. by the equivalence class ~ defined in (1.3). For d € N and
t1 < --- < tq as prescribed in Theorem 1.1 we apply Theorem 3.1 with m = m(n) = |t4n] and
pg = |tgn]/[tan], g = 1,...,d. Under condition (I3) of Theorem 1.1, Corollary 2.4 ensures the
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validity of assumptions (3.3) and (3.4), and Lemma 2.6 guarantees that (3.5) is fulfilled. It remains
to check the assumption (3.6). Indeed, with

a(z) =agif pg1 <z <pg, z€(0,1, g=1,...,d,

because of P(i ~ j) = P(0 ~ |i — j|) and in view of Proposition 2.1 the left-hand side. of (3.6) has
the asymptotics

2 (m) ) p; o i) 0 O [T 20-1
m” Z a; “a; Pi~j)~ L(m)2/0 /0 a(x)a(y)lx —y|** *dedy asm — o0 (8.1)
i,j€[m]

The Riesz kernel |z — y|?*~1 is positive definite (see e.g. Dostani¢ (1998)), hence the integral term
in (8.1) is strictly positive, and consequently the left-hand side of (8.1) is of the order m?**+! as
m — oo. Because of (1.8), this is also the order of the right-hand side of (3.6).

9. Tightness: Proof of Proposition 1.3

Inspired by the proof of Theorem 1 in Sottinen (2001), which shows tightness of a different
approximation scheme for fractional Brownian motion, we will make use of the following

Lemma 9.1 (Billingsley (1968, Theorem 13.5)). Let T > 0 and (¢™(t))o<i<T be continuous pro-
cesses that converge to a continuous process (((t))o<i<T in the sense of finite dimensional distribu-
tions. Assume that for a nondecreasing continuous function F on [0,T], for some v > 1, for all
0<s<t<u<T, for some N €N and alln > N

E [|¢™ (1) = ¢™(s)| - [¢) () = <) < [Fw) - (o))" (9.)

Then (C"(t))o<t<T converges in distribution in (C ([0,77) 1| - HLOO([O,T])) to (C(t))o<t<T-

Proof of Proposition 1.5: We first note the following immediate consequence of (1.7) and (1.8):
There exist constants ¢, ¢ > 0 such that

en* 1 L(n)"2 < o2 < n** M L(n)"% vneN. (9.2)
Next we fix 0 < s <t <u <T and j,k,l € N satisfying
] +1  k k+1 l [+1
Logedtl B Bl b
n n n n n n

The definition of S as a linear interpolation gives

k
on(ST () = S™M(s)) = Y Yo+ [1— (sn— )] Vi1 + [tn — k] Vg1
m=j+1

We note that 0 < [1— (sn—j)] < 1,0 < [tn — k] <1 and get that for some constants c1, c2, c3, ¢4

Var [S(”) (t) — S(”)(s)] < |2Var [S(k_j)} + 2¢; Var [V + Yk+1]] 0,2
< [Tk - )P4 ] 07
< etk =Lk~ )72 0,
k— 20+1 L(n) 2
< i —_— . .
() (G

Here the first inequality holds because for any two square-integrable random variables Gy, G2 one
has Var [G] + G2] < 2Var|Gi] + 2 Var[G2], the second and the last inequality hold because of
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(9.2), and the third one holds for some c3 > 0, some N; € N and all n > Nj because L is a slowly
varying function. (Remember that k, j,! depend on n for fixed time points s,¢,u.) Analogously,

Var [50)(u) — S0(1)] < ey <l_n’“>2a+1 <L(f;(f>k)>2 | (9.4)

To use Lemma 9.1 we have to bound the expectation

E HS(”) (t) — S(”)(s)‘ : ‘S(”) (u) — S™ (t)H .
For | < j+1 we get that [u—t| < 2 and |[t—s| < 2, so that by basic calculus (u—t)(t—s) < (u—s)'*e.
By the definition of p and the fact that L is slowly varying one has L(n) < n~¢ for n large enough.
So linear interpolation gives:

E [|S™(1) = $™(s)] - 1S (u) — $)(s) |
(En—%—aL(n))Q ((t—s)-(u—s))
< (én*%)Q(u— 5)i+2e — 62l(u— 5)1+2

< 52(U* S)1+2a — [CoU*Cos]lJ&a

IN

for some ¢y > 0. Now assume [ > j + 1. Cauchy-Schwarz and the estimates (9.3), (9.4) yield
E HS(”) (t) — S(")(s)’ : ]sw (u) — S™ (t)H

< \/Var [S0(t) — §®)(5)]/ Var [S0) (u) — S0 (1)

= \/03 <an)TH (L(Lk(n)j)>2\/C32<lnk>2aH <L(Ll(n)l~c)>2
N 20+ n

=@ (ln]> (L(k —?SL)a—k))

< o <l;j>2a+1 . (203‘2@_8))20&1.

(The third inequality holds because of 4|k —j|-|l — k| < |l —j|?, and the fourth one holds for n > No
for some Ny € N because L is a slowly varying function.)

Thus, ¢™ = S fulfills condition (9.1) with with N := max{Ny, No}, v := a + 1/2 and
F(z) := 4max{cp,c3}z. In view of Corollary 1.2 we can thus apply Lemma 9.1 and conclude the
assertion of Proposition 1.3. (]

Remark 9.2. In Hammond and Sheffield (2013) the functional convergence of S was deduced from

a tail estimate (uniform in n) on max;cp St(n), stated in Hammond and Sheffield (2013, Lemma
4.1). The proof of this lemma given there relies on the statement that for a certain sequence (r,)
the inequalities (4.11) in Hammond and Sheffield (2013) imply boundedness of (r,). There are,
however, examples of unbounded sequences which fulfill these inequalities. Still, things clear up
nicely because the assertion of Hammond and Sheffield (2013, Lemma 4.1) is a quick consequence
of Corollary 1.4 and the Borell-TIS inequality.

10. Coalescence probabilities in long-range seedbanks

In this section we will assume that the weights ¢, of the renewal measure defined in (1.4) obey
the asymptotics (1.10), see the discussion after equation (1.10). Following Blath et al. (2013) we
extend the model described in Section 1 as follows. For fixed N € N, the set of vertices of G, is
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now Z x [N]. The set of those vertices whose first component is i constitutes the population of
individuals living at time ¢. The parent of the individual (¢, k) is (i — R;x, H; 1), where the random
variables R; j, are independent copies of R and the random variables H; j, are i.i.d. picks from [N]. In
words, each individual chooses its parent uniformly from a previous time with delay (or dormancy)
distribution p. The corresponding urn model, which goes back to Kaj, Krone and Lascoux (Ka]
et al. (2001)), thus specialises to the Hammond-Sheffield urn for N = 1.

Again we write (i,k) ~ (j,¢) if the two individuals (7, k) and (j, ¢) belong to the same connected
component of G,,. Thanks to Proposition 4.1, which also provides a proof of Blath et al. (2013,
Lemma 3.1 (c)), we arrive at the following analogue of Proposition 2.1 (see also Blath et al. (2013,
Theorem 3(c))):

Proposition 10.1. For all k,¢ € [N]

. i2a71 '
P ((0,k) ~ (i,0)) ~ C,LNW as i — 0o, (10.1)
where now
1 (1 - 2a)

ConN = .
NN+ Y e 62 T(@)D(1 - a)?

Proof: Denote by x‘io,k and Ai,g the decoupled ancestral lineages of the individuals (0, k) and (¢, ¢)
constructed in analogy to (4.1). Like in (4.2) we observe

~ ~ 1
E “Ao,k N Ai,@’} = Z 7 dmm+i-
m>0

Decomposing at the most recent collision time of flak and Ai’g we get

EL%$DAM}:P<AWJm&£%®>' L+§:%ﬂ%
m>1

The last two equalities combine to

Z >0 Y9mdm+i
P AO,k ﬂA;g #0) = e |
The claimed asymptotics (10.1) is now immediate from Proposition 4.1. O

Remark 10.2. For given natural numbers n and N let ., ¢, 7 and .Z be independent and uni-
formly distributed on [n] x [IV]. In complete analogy to Proposition 2.3 one can derive that for all
0 > 0 and for a constant C not depending on n and N

C oo
P(S~ JF~X) S SR
P I~ F~nd~L) < %nﬁaﬁ”’“.

Consequently, along the lines of the proof of Theorem 1.1 one obtains the convergence of an analogue
of (S (”)) towards fractional Brownian motion also in the long-range seedbank model of Blath et al.
(2013).
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