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Abstract. Suppose X and Y are p X n matrices each with entries that have mean 0, variance 1,
and which have all moments of any order that are uniformly bounded as p,n — oo. Moreover, the
entries (X;j,Y;;) are independent across ¢, j with a common correlation p. Let C' = n~1XY* be the
sample cross-covariance matrix. We show that if n,p — oo,p/n — y # 0, then C' converges in the
algebraic sense and the limit moments depend only on p. Independent copies of such matrices with
same p but different n, say {n;}, different correlations {p;}, and different non-zero y’s, say {y;}, also
converge jointly, and are asymptotically free.

When y = 0, the matrix y/np=1(C — pI,) converges to an elliptic variable with parameter p?. In
particular, this elliptic variable is circular when p = 0, and is semi-circular when p = 1. If we take
independent Cj, then the matrices {\/np=1(C;— piI,)} converge jointly and are also asymptotically
free.

As a consequence, the limiting spectral distribution of any symmetric matrix which is a polynomial
in the above scaled and centered matrices exists and has compact support.

1. Introduction

The large sample behaviour of the high dimensional sample covariance matrix S = n~ !X X*
where X is a p X n matrix with i.i.d. entries has been extensively studied. Under suitable moment
assumptions on the entries, the convergence of its empirical spectral distribution (ESD) when n,p —
oo and p/n — y # 0 was originally shown in Marcenko and Pastur (1967) and the limit law is
now known as the Marcenko-Pastur law. When y = 0, the limit spectral distribution (LSD) of
Vnp~ (S — I,) where I, is the p X p identity matrix, is known to be the (standard) semi-circle
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law. See Bai and Silverstein (2010) and Bose (2018) for book-level expositions of these results.
The joint algebraic convergence and asymptotic freeness of independent S-matrices was established
in Capitaine and Casalis (2004) when the number of rows and columns of X grow at the same
rate. The joint convergence of the generalized covariance matrices and the convergence of the ESD
of their symmetric matrix polynomials was dealt in Bhattacharjee and Bose (2016b, 2017). In
particular, when y = 0, the asymptotic freeness of independent /np=!(S — I,)-matrices follows as
a consequence.

The semi-circle law is a central probability law in free probability and originally arose from the
study of a Wigner matrix W,,. In its simplest form, this is a real symmetric matrix whose entries are
i.i.d. with mean 0 and variance 1. The LSD of n=/2W,, is the (standard) semi-circle law. Moreover,
independent copies of these matrices, when all moments are finite, converge jointly in the algebraic
sense, and are asymptotically free.

If in W, the (4,7)-th and the (j,7)-th entries have a common correlation p, then it is called an
elliptic matrix, and in that case the LSD of n~'/2W¥,, is the uniform law in the interior of an ellipse
centered at the origin, with its major and minor diameters being 2(1+ p) and 2(1 — p). See Nguyen
and O'Rourke (2015). In particular, if p = 1 we recover the semi-circle law result for the Wigner
matrix, and if p = 0 then the LSD is uniformly distributed over the unit disc. It is also known that
independent copies of elliptic matrices with possibly different p converge jointly to elliptic elements,
and are asymptotically free. See Adhikari and Bose (2019).

Motivated by the above results, we consider the following high dimensional model. Suppose X
and Y are two p x n random matrices where the entries (x;5,v:5), 1 < i < p, 1 < j < n are
independent bivariate random variables with mean 0, variance 1 and correlation p. Then the matrix
C =n"'XY"* is called the sample cross-covariance matriz. Note that if p = 1, then X =Y and we
recover the S matrix.

Apparently, there are only a few articles on the behaviour of general cross-covariance matrices.
Akemann et al. (2009) and Vinayak and Benet (2014) respectively analysed its characteristic poly-
nomial and its spectral domain, and Akemann et al. (2021) established the weak convergence of
the ESD when the entries are complex Gaussian, 0 < y < oo, and p € [—1,1]. In particular, joint
convergence of independent cross-covariance matrices and LSD of their polynomials do not appear
to have been studied earlier for general p € (—1,1).

We study the joint convergence of independent copies {C;}, appropriately centered and scaled, of
these matrices with possibly different {p;} and {n;}. This convergence is taken to be convergence
as elements of an appropriate x-probability space as described below.

A square matrix of order p whose (4, j)-th entry is a;; for all 1 < 4,j < p will be denoted by
A = ((aij))pxp. Consider the -probability space (M,, ¢,) where M, is the set of all p x p random
matrices:

M,(C) ={A: A= ((aij))pxp and Elay;|¥ < 0o for all 4,7, k}, (1.1)
and the state ¢, is defined as
p(A) = p E[Trace(4)].
Note that ¢, is positive and tracial (that is, ¢, (aa*) > 0, and ¢, (ab) = ¢,(ba) for all a,b). Elements
{41}, 1 <i <t from Mp(C) are said to converge jointly if for every polynomial II(4;,1 <1 <t) in
the variables {A4;, A7}, op(II(A;, 1 <1 < t)) = p~'E[Trace(II(A;, 1 < I < t))] converges as p — oo.

In that case, let the *-algebra generated by indeterminates {a;} (called the limit algebra generated
by {4;}) be equipped with the tracial and positive state ¢ defined through the above limits as

©(M(a;,1 <1< t) = lim p~'E[Trace(II(4;,1 <1 < t))]. (1.2)

p—o0

The matrices {A;} are said to be asymptotically free if the limit variables {a;} are free with respect
to the limit state ¢ in the limit algebra.



Cross-covariance matrices 397

Two different cases arise: for each [, either (i) n;,p — oo,p/m; — y;,0 < y; < oo, or (ii)
p — oo,p/n; — 0. Suppose the entries of {X;,Y;} have mean 0, variance 1, and moments of any
order are uniformly bounded. Moreover, across [ the matrices are independent. Then in case (i),
{C} are asymptotically free and converge jointly in the sense of (1.2) to, say, {¢;}. The moments
of each ¢; depend only on y; and p; and we give a formula for their free cumulants.

In case (ii), the free cumulants of {C;} vanish in the limit, except those of order one and hence
we need appropriate centering and scaling of {C;} to get a non-trivial result. We show that
{Vrup=HC— pilp)}, 1 <1<t converge to free elliptic variables with parameters p?. The algebraic

convergence results on independent /np~!(S — I,))-matrices mentioned earlier are obtained as a
special case by using p = 1.
There is another natural state on M, (C) given by

@p(A) = p~ I Trace(A).

Convergence with respect to this state is defined as the almost sure convergence of p~!Trace(II
(4,1 <1 < t)) for all polynomials II, and for our purposes the limits are non-random. In the
present paper, it turns out that all convergence results described above that hold for {C;} with
respect to ¢, also hold with respect to ¢,.

A related notion of convergence for a single sequence of random matrices is as follows. Suppose
Ap is any p x p matrix with eigenvalues A1, A, ..., Ap. The random probability law which puts mass
p~! on each eigenvalue is called the ESD of A,. If we take a further expectation with respect to
the underlying law of the random variables, then that defines another probability law, which we
shall call the expected empirical spectral distribution (EESD). If the ESD converges weakly (in
probability or almost surely), the limit is called the limiting spectral distribution (LSD). If this
limit is non-random, then it is also the limit of the EESD. Usually the convergence of the EESD
is easier to establish and then the convergence of the ESD to the same limit often follows by a
Borel-Cantelli type argument on the moments of the ESD.

Now consider any symmetric matrix polynomial IT in the matrices {Cj, C}'}. Then the moments
of the EESD of II are p~'E[Trace(IT¥)]. Our algebraic convergence results with respect to ¢, imply
that p~'E[Trace(II¥)] converges for all integers k > 1. It is easily checked that these limiting
moments define a unique probability law. As a consequence, the EESD of any such II converges
weakly to this law. This convergence can be upgraded to almost sure convergence of the ESD of
II by an estimation of the fourth moment of p~!'Trace(IT*) — p~'E[Trace(II¥)] and applying the
Borel-Cantelli Lemma. It then follows, for example, that the distribution of the singular values
of '} converges almost surely. When the matrix poylnomial is not symmetric, the convergence of
the above tracial moments is not sufficient to guarantee the convergence of the EESD or the ESD.
However, simulations suggest that the LSD exists even for non-symmetric polynomials. It is difficult
to settle this rigorously for any non-symmetric polynomial, and we do not pursue this issue in this
article.

2. Necessary notions from non-commutative probability

We briefly mention notions of non-commutative probability that we shall need. For details see
Nica and Speicher (2006). Let (A, ¢) be a x-probability space. Suppose {a; : ¢ € I} C A. Then the
numbers {¢ (II(a;,a; : i € I)) : I is a finite degree monomial} are called their joint x-moments (we
shall refer to them just as moments). If a € A is a self-adjoint element, that is, a* = a, then p, is
the probability law of a if it is the unique law on R such that

p(a") = /R$",ua(d$),n =1,2,.... (2.1)

If p, satisfies (2.1) and is compactly supported, then it is indeed unique.
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Let (A, ) be a x-probability space. Define multi-linear functionals (op)nen on A" via

on(ar,az, ... an) = @(aiag - -ay). (2.2)

Extend {¢n,n > 1} to {¢@x, m € NC(n),n > 1} multiplicatively in a recursive way by the following
formula. If 7 = {V1,Va,...,V.} € NC(n), then

orlar, ag, ... an] = p(V1)lar,az,...,an] - @(Vy)|a1, a9, ... anl, (2.3)

where ©(V)[a1,a2,...,an] = ©s(@iy, Giyy ... ai,) = p(aiai,---a;,) if V. = {iy,ia,...,is} with
i1 <19 < --- < iz. Note that the order of the variables has been preserved. Also note that the two
types of braces ( ) and [ | in (2.2) and (2.3) have different uses. In particular, if 1,, denotes the
1-block partition of {1,...,n} then

w1, ]a1,a2,...,a,] = pnlar,ag, ... a,) = p(ajaz - - ap). (2.4)
The joint free cumulant of order n of (a1,as,...,a,) is
/in(alanv“-aan) = Z @U[a17a27"'7an]/’[/(07 17’L)7 (25)
ceNC(n)

where p is the Mobius function of NC(n). It is called a mized free cumulant if at least one pair
ai, a; are different and a; # aj for some i # j. For any ¢; € {1,*},1 <i<n, ky(a,a?,... a") is
called a marginal free cumulant of order n of {a,a*}. For a self-adjoint element a,

kn(a) == kn(a,a,..., a)

is called the n-th free cumulant of a. The free cumulants , in (2.5) are also multi-linear. In
particular, for any variables {a;, b;} and constants {c;},

Kn(ar +b1,...,an+bp) = EKp(al,...,an) + kp(ar,be,as,...,an) + -+ 4+ kp(b1,...,b,), and
kn(cia,coa, ... cna) = cica---cpknla,a,. .. a) =cico- - cpkp(a).

Let {kr : m € NC(n),n > 1} be the multiplicative extension of {x,,n > 1}. By using (2.5) and the
the Mdobius function u, the following relations can be shown:

Krlal,ag,...,an] = Z Yolar,az, ... anlp(o,m), 1€ NC(n), n>1 (2.6)
oeNC(n): o<
Ki,[a1,a2,...,an] = £Kplar,ag,...,a,),
ro(ar,a2) = @(araz) = p(ar)p(az),
olarag---ap) = Z Kolal,az, ..., an), (2.7)

ceNC(n): o<1,

orlar,az, ... ay] = Z Kelat,az, ..., an).
ceNC(n): o<m
In particular, (2.5) and (2.7) establish a one-to-one correspondence between free cumulants and
moments. These relations will be referred to as moment-free cumulant relations.
Variables {a; : i € I} are said to be free if their mixed free cumulants are all zero. Similarly,
variables {agp ). € I} are said to be asymptotically free if, as p — oo, they converge jointly to
{a; : i € I} which are free.

3. Main results

Let X; and Y] be p x n; random matrices for all 1 <[ <+¢. The (i, j)-th entries of X; and Y; are
denoted by X @ and Y\

ij,(p,na) if,(p,m1)
with p and n;. We shall often suppress this dependence by dropping the subscripts p and n;. We

make the following assumption on these entries.

respectively. Note that all entries of these matrices may change
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Assumption I (a) For every p > 1 and n; > 1, the pairs of random variables (Xi(]l‘)(p )’ Yig.l)(p nz))

are independent across 1 <i<p, 1 <j<m, 1 <<t
(b Forall 1 <i<p, 1<j<mn, 1<I<t pn >1,

Ex) =Ev ) =0, E(X]=E[(¥")] =1, EXDYY) =0

(c) sup sup sup IE(]XZ(JI)VC + \ngl)|k) <Bp<ooforalll<l<tandk>1.
P, =1 1<i<p1<j<m;

(d) m = my(p) — oo as p — oo such that n, 'p — y; < 0.

Define the sample cross-covariance matrices C; = nileYl* forall1 <[ <t.

3.1. Convergence of {C;:1 <1<t} when y; # 0. The symbol § will be used in two senses: §, will
denote the probability measure which puts all mass at x; on the other hand, ¢,, is defined as

1if 2=y
6wy: .
0 if z#y.

A compound free Poisson variable with rate A\ and jump distribution p will be denoted by P(A, )
or by P(\, X) where X is a random variable with probability law .
The following variable shall appear in the limit:

Definition 3.1. An element ¢ of a x-probability space will be called a cross-covariance variable
with parameters p and y,0 < y < oo, if its free cumulants are given by

k=1,S(m) if 0
Hk(cnlﬁcn27"'7cnk) = ykflp 1. p7é ,
Y 0sm0 it p=0,
where
S(le) = S(nla-“a’r/k) = Z 57]u77u+1 and N2y -5 Mk € {1’*} (31)

1<u<k, ngr1=m

It is interesting to consider the two special case p = 1 and p = 0. (i) When p = 1, ¢ is self-adjoint
and its free cumulants are given by: ki(c) = y*~'. Thus c is a compound free Poisson variable
P(y~!, d¢y}) with rate 1/y and jump distribution dy,y. The moments of ¢ determine the Marcenko-
Pastur probability law with parameter y. (ii) When p = 0, only alternating free cumulants of ¢
survive and hence c is a (tracial) R-diagonal element. See Nica and Speicher (2006) for the definition
and properties of such elements. These free cumulants are given by

kop(e, ¢ e et cF) = kap(c® e, e, .. e) =y V> 1. (3.2)

The variable ¢ can be linked to a Marcenko-Pastur variable M, in the following way. Let My be a
symmetrized Marcenko-Pastur variable with parameter y. That is,

i (IT,) = ki(My) = y*=1 if k is even,
S0 i ks odd,

Suppose u is Haar unitary and free of M, and My. Then it is easy to see that the x-distributions
of the three variables ¢ (where p = 0), uMy, and uM, are identical.

The following theorem states the joint convergence and asymptotic freeness of independent cross-
covariance matrices when y; £ 0, V1 <[ <t.

Theorem 3.2. Suppose (X;,Y;), 1 <1 <t are pairs of p X n; random matrices with correlation
parameters {p;} and whose entries satisfy Assumption I. Suppose n;,p — oo and p/n; — y;,0 <
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Yy < oo for all 1. Then the following statements hold for the p X p cross-covariance matrices
{Cl = n_leYZ*}.

(a) As elements of the C* probability space (My(C), ¢p), {Ci} converge jointly to free variables {c;}
where each ¢; is a cross-covariance variable with parameters (p;,y;). The convergence also holds
with respect to the state ¢, almost surely. The limiting state is tracial.

(b) Let 11 :=TI({C} : 1 <1 <t}) be any finite degree real matriz polynomial in {C;,C} :+ 1 <1 <t}
and which is symmetric. Then the ESD of II converges weakly almost surely to the compactly
supported probability law of the self-adjoint variable II({c; : 1 <1 < t}).

Before we prove the theorem, let us make some remarks and give a few examples.

Remark 3.3. 1. Since {¢;} are free in Theorem 3.2, their joint free cumulants can, in principle, be
written down using the marginal free cumulants.

2. Capitaine and Casalis (2004) proved the asymptotic freeness of the sample covariance matrices
for the case y; # 0, V 1 <1 < t. This result follows from Theorem 3.2(a) if we take p = 1, since in
that case, each X; = Y} almost surely and each Cj is a sample covariance matrix.

3. One can impose different patterns on the correlations and then of course the limit will depend
on the patterns. In particular, for the Toeplitz pattern IE(Xi(Jl-)Y;;l)) ,0|(Zl) i suggested by a Referee,
it can be anticipated that the convergence would hold. However, substantial amount of calculations
would be needed to prove the convergences and identify the limit variables.

We shall use the following notation:

#A = Number of elements of the set A,
NC(k) = Set of non-crossing partitions of {1,..., k},
K(m) = Kreweras complement of a non-crossing partition m,
|m| = Number of blocks of the partition 7.

For two random variables X and Y, X 2y will mean that they have identical probability laws.
Henceforth, when we are dealing with only one sequence of matrices, we shall drop the index [ and
when we are working with any two indices, then without loss, they are taken to be 1 and 2.

Example 3.4. Suppose p; = 0, [ = 1,2. Since ¢; and ¢o are then free and tracial R-diagonal, by
Theorem 15.17 of Nica and Speicher (2006), ¢;c} is also tracial R-diagonal. The free cumulants of
c1¢5 can be calculated using this fact as follows. First note that all its free cumulants, except the
even order alternating free cumulants, are 0. These alternating free cumulants are given by

Kok(c163, C2c], . . ., €163, Coc) = Kap(cact, . . ., €165, Cacl, €165)
— 2(#V)-1 2(#W)—1
= 2 (Hm )(Hy ,

m,0eNC(k) \Ver Weo

o<K(m)

(by (3.2) and Exercise 15.24(2) of Nica and Speicher (2006))

= s > o™ Y g

TeNC(k) o<K(m)
= Z Ke[y1 My, s ., 1 My, @ () [Y2 My, - - - y2 My, ] (M, and M, are free)
TeNC(k)
= 90((ylMy1y2Myz = o(((Vy1 My, yo My, \/y1 M 1/2 Zk (3.3)
Thus for p = 0, the *-distributions of c;¢§ and uP(1 1My1)1/ 2) are identical

where u is Haar unitary and is free of P(1 \/ylMylyQMy2\/y1My1 1/2 . Also note that yM, is
itself a compound free Poisson variable P( o)
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Ezample 3.5. By Theorem 3.2(b), the ESD of C' + C* converges weakly almost surely to the law
whose free cummulants are given by

kr(c+c)=y" 1 Y (P (L= 6,0) + o005, )0)s ¥ E > 1,
nke{lv*}k

where S(n;,) is as defined in (3.1). If p = 0, then the above formula can be simplified to:

2yF=1 if k is even
+c) = , VE>1.
milet ) {o if k is odd =

Thus when p = 0, the LSD of C+C™ is the free additive convolution uHy where p is the symmetrized
Marcéenko-Pastur law with parameter .

Ezample 3.6. By Theorem 3.2(b), the ESD of CC* converges almost surely. The limit law is the law
of the self-adjoint variable cc*. For p # 0, neither the moments nor the free cumulants of cc* seem
to have a simple expression. However, we know that when p = 0, c is tracial R-diagonal. Hence
using Proposition 15.6(2) of Nica and Speicher (2006) and (3.2), we have

rp(ect) = > I v#!

TeNC(k) Ver

- (e

1
1

_ < 1 k=1 k k+r
B Tzok—r k—r—1)\k—r—1)7

91 k-1\[ &k k”—ki 1 (k=1 (E\ o,
rzok:—r r r—{—ly _r=0T+1 r )Y

the k-th moment of yM,,. So, the LSD of n"2XY*Y X* is the law of P(1,yM,).

k
= Z #{m € NC(k) : m has r blocks}y*~"
r=1

Ezample 3.7. By Theorem 3.2(b), the LSD of n=2(X1Y"Y2X; + XoY5Y1 X{) exists almost surely.
For p # 0, the moment or free cumulant sequence of (cich + cac}) obtained from Theorem 3.2(a)

cannot be further simplified. However for p = 0, recall that c;c} is tracial R-diagonal and (3.3)
holds. Therefore,

* o _ ) 20(((\/y1 My, y2 My, / ylMyl)I/z)k) if k is even,
ki (c1ch + cacl) = OV
0 if k is odd.
Let P(\, X) denote a symmetrized compound free Poisson variable—its odd free cumulants are 0
and the even order free cumulants are the same as those of P(\, X). Then clearly the LSD of
n2(X 1YY X5 + XoY5' Y1 X}) is the free additive convolution v B v where v is the probability law

of the self-adjoint variable P(1, VYL My, ya My, [y M,,)/?).

Proof of Theorem 3.2: (a) We will prove the result only for the special case where n;, y; and p; do
not depend on [. It will be clear from the arguments in this special case, that the same proof works
for the general case. Outline of the modifications needed are given in Section 4.2. Consider a typical

monomial (Xq, Yy, )™ - -+ (Xq, Yy, ). This product has 2k factors. We shall write this monomial in
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a specific way to facilitate computation. Note that
X Y if =1
(Ko Yo )=t o
Yo, X5, if g =x.
For every index [, two types of matrices, X and Y are involved. To keep track of this, let
(17 2) if Ns = 17
€25—1,€25) = 3.4
(6261, €20) {(2,1) if = . (3.4)
Observe that €951 can never be equal to ess and hence
Oegy 160, = 0 for all s.
Also note that, for any s > 1,

Ns=1 & e, 1=1 & e5=2,
Ng =% & €51 =2 & €35=1.

Define
A(€2371) _ X; if es-1 = ns = 1, (3 5)
! Yz if €251 = 2 (OI" Ns = *), .
A(GQS) _ Xl* lf €25 = 1 (OI' 778 = *),
! Y if es =2 (or s = 1).
Hence,

ns=1 & Alegle) o AWAR — xyr
ns=x e Aligled o B0y x
Extend the vector (aq,...,ax) of length k to the vector of length 2k as

(/817 e 752k‘) = (ala ap, ... O, Oék).

We need to show that for all choices of as € {1,2,...,t} and s € {1, *},

L,:= p_ln_kIETr(A(;ll)A(ﬁ?) e A(BE;:)) (3.6)

converges to the appropriate limit. Upon expansion,

1 €s) /s -
Lp = W Z]E H Ags)(ls,25+1), (37)

Ipp  1<s<2k, igpy1=i1
where A(ﬁe) (i,7) denotes the (i, j)th element of A(ﬁe) for all choices of 3,¢,7 and j, and
Iop = {(i1,d2,. .. yigk) © 1 <iigs—1 <p, 1 <idigg <, 1 <s <2k} (3.8)

Clearly, the values of i; have different ranges p and n, depending on whether j is odd or even.

Since the expectation of any summand is zero if there is at least one (is,is4+1) whose value is
not repeated elsewhere in the product, we split up the sum into indices that match. Consider any
connected bipartite graph between the distinct odd and even indices, I = {igs—1 : 1 < s < k} and
J ={izs : 1 < s < k}. Then we need to consider only those cases where each edge appears at least
twice. There are at most k such distinct edges and since the graph is connected,

ST+ #T<H#E+1<k+1.
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By Assumption I, there is a common bound for all expectations involved. Hence, noting also that
LN y > 0, the total expectation of the terms involved in this graph is of the order
n

LT AT
pTn -
o) = OGP, (39)
Moreover, due to the moment assumption,
—kETr (HA ) (1) forall 1 < By <t, e, € {1,2}, 1 <s <2k, k>1. (3.10)
n

As a consequence, only those terms for which #I + #J = k + 1, can potentially contribute to the
limit. This implies that #F = k. So each edge is repeated exactly twice. Let

P5(2k) = {7 : m is a pair-partition of {1,2,...,2k}}. (3.11)
Then each edges in E corresponds to some 7w = {(r,s) : < s} € P2(2k). Let

s = (3.12)

)

1 if r,s are both odd or both even,
0 otherwise.

Then we have

Jim L, = plféloﬁzE H zs,zs+1)] = > phm —Z I1 E@,s) say, (3.13)

Iog s=1 wEP2(2k) Iog (r,s)em

where, suppressing the dependence on other variables,

E(r,s) = E[AS) iy, i) A (isi501)] (3.14)
= 667‘6?( (1 - 57'55) + 657"55)(6i7'i5 5ir+1is+la’(r7 S) + 5iris+16isi7‘+1 (1 - a’(r7 S)))
= 567ﬁ5( - 56,6‘5 (1 - 6PO) + 5p0667‘ﬁs)(5iriséir+lis+la(r7 S) + 5iris+15isir+1 (1 - CL(’I“, S)))
Since |p| < 1, each E(r,s) is a sum of two factors—one factor is bounded by &;,4,6;, ,4,., and the
other is bounded DY Giyisy10isipsr- When we expand [], e, E(r,s), each term involves a product
of these d-values. For any of these terms to contribute, all the corresponding § must equal 1. Now,
using arguments similar to those in the proof of Theorem 3.2.6 in Bose (2018), it follows that except
for the term described below, for any other term, the number of restrictions on the indices so that
all the §-values are 1 is such that the total number of choices for the indices is of a lower order than

the denominator, and hence these terms do not contribute in the limit. Indeed the only term that

survives in [], yer £(r, s) in the limit is

H 557‘53 (pl_éwes (1-— 5p0) + 59056T65)5iris+15isir+1 (1—a(r,s)).
(r,s)em

Hence lim L, is equal to

> Jm ;T F2_ 1 05.6. (0" %o (1 = 60) + 000, ) (1 = alr s) H Sivipniys  (3.15)

TENC2(2k) Izi(r,s)em

where 7 denotes the cyclic permutation 1 — 2 — --- — 2k — 1. But if 7 € NCy(2k) and (r, s) is
a block of 7, then r and s necessarily have opposite parities and hence a(r, s) = 0. Therefore (see
Section 4.1 for a detailed proof of (3.16)),

2k

limL,= > lim — Z LT 95.5. (0" = (1 = 600) + Spoderc.) [ [ Givicynirs - (3.16)
r=1

n—00 pn
meNCa(2k) Iok(r,s)em
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The right side of above simplifies to

#{ ok, 1 iy = iyp(y) for all 7’}
pn*

Z H 06,8, (p'Oeres (1= 00) + 0p00c,c, ) n]i_}m
TENCa(2k) (r,s)em

(3.17)

Now note that as m € NCq(2k), y7 contains k + 1 blocks. Moreover, each block of v contains
only odd or only even elements. Let

S(ym) = Number of blocks in 7 with only odd elements.

For any two sequences of real numbers {a,} and {b,}, we use a,, = Q(b,) to indicate b, 'a, — 1 as
n — oco. The number of blocks of y7 with only even elements is k+1—S(y7). Suppose m € NCo(2k)
such that S(ym) = m + 1. Then it is clear that

#{ ok + iy = iyn(yy for all 1} = Q(pmHpkH=(mil)),

and hence using (3.17),

#{I2k: Dy = i,w(r)VT}

lim L, = Z H 05,8, (p' 07 (1 = 8p0) + Spobie e, ) Jim Y
TENC2(2k) (r,s)em p
k—1
- Z ym Z H 657 ,35 deres (1 - 5p0) + 5pO(;eres) (3.18)
m=0 weNCqy(2k): (r,s)ET
S(ym)=m+1
k—1
= ym Z H 5ﬁrﬁs 1 — 6/)0) + 5p05T( )0 ) (3.19)
m=0 TENCy(2k): (r,s)ET
S(ym)=m+1
where
T(w) = #{(r,s) € 7 : ., =0} for any non-crossing pair-partition . (3.20)

Hence we have proved that {C;: 1 <1 <t} converge jointly in *-distribution to, say, {c;,,: 1 <
[ < t}, which are in the limit NCP, say, (A, ¢). We still have to identify the limit and prove the
asymptotic freeness. For this we need to go from NCsq(2k) to NC(k). Define

Jio= {je{l,2,...,2k}: Bj=i}, 1<i<t, (3.21)
Bk = {7T € NCQ(2k) T nglﬂi, T € NCQ(jZ‘), 1< < t},
Bm,k = {reBy: S(yr)=m+1}

Note that Ufn_zlol?m,k = Bk and hence

lim L, = Z g™ > (pT (1= p0) + 0007 (my0)- (3.22)

7TeB’mk
Also define

By = {neNC(k): m=U_m, m € NC(J;), 1 <i<t},
B = {m€ By: 7 hasm blocks}.
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Note that Uﬁ;loBmH,k = By. For any finite subset S = {j1, j2, ..., jr} of positive integers, and any
m={V1,Va,...,Vin} € NC(k), define

TS)= Y Opum T =>T
1<u<r, jr41=J1 =1

Consider the function f : NC2(2k) — NC(k) as follows. Take m € NCy(2k). Suppose (r,s) is a
block of m. Let [-] be the ceiling function. Then [r/2] and [s/2] are put in the same block in
f(m) € NC(k). Let 1 < ji <ja <--- <jr <k and m € NCy(2k). Then

(2]1 -1, 2j7“)7 (Zjla 2]2 - 1)5 (2j2a 2.]3 - 1)7 SRRE) (2.]'1”717 2]7” - 1) SIS (jlanv s 7j1”) € f(ﬂ-) (323)
Therefore, each m € NCy(2k) has a unique f(7) € NC(k) and each ¢ € NC(k) has a unique
m € NCy(2k), 0 = f(m). Thus f is a bijection between NCy(2k) and NC(k). Further,

(2j1 — 1,2k), (2j1,2j2 — 1), (2j2,2j3 — 1), ey (2j,n_1,2,1€ — 1) e
< (271,292, -5 20r-1,2k) €y < (1,72, -+ Jr—1, k) € f(m). (3.24)

Therefore, clearly, for any m € NCq(2k), we have

Number blocks in 7 which starts with odd elements
= Number of blocks in y7 which contains only even elements
Number of blocks in f(m). (3.25)

As v contains (k + 1) blocks and each block has either all odd or all even elements, by (3.25),

S(yr)=m+1
< Number of blocks in ym which contains only even elements = (k+1) — (m+1) =k —m
< Number of blocks in f(7) =k —m.

This shows that f is also a bijection between Bm,k and By, k.
By (3.1), we also have

(67"’ €T+1) (68 1, 68) <~ 77 [r/2] — 77]—5/2-‘ if 7 is Odd7 s 18 evell,

€ h s (€r—1,€r) = (€, €541) & N[r/2] = M[s/2] %f r is even, s is odd, (3.26)
(€rs€rt1) 7 (€55 €s41) € M[py21 7 Nfsj2] if 7 and s are both odd,
(€r—1,€r) # (€s—1,€s) € M[p/21 # Nfsj2] if 7 and s are both even.

Now, using the first two lines of (3.26), it is immediate that

Ocry_1,e00 =0 0y, =1V 1< u <<k,
Oeruseroi1 = 0 Opuny =1V 1I<u<o <k

Therefore, T(7) = T(f(n)) ¥V © € By ie. T(f~ (7)) =T(7)V 7 € Br_pmi-
As an example, let 7 = {(1,8),(2,5),(6,7),(3,4),(9,10)}. Then 7 € Byjs and is mapped to

( ) = {(1 3 4) ( ) (5)} € B35 Let (771’7727773a7747775) = (L*vla*al)' Further, (617627"'a€10) =
( 2271a1a22717172)andT( ) T(f( ))_3
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Now, going back to the proof, by (3.22), we have

k—1
. m -1 iy
limL, = Z ] Z (PT(f ( ))(1 — p0) + 5005T(f*1(7r))0)
m=0 TEBL_m,k
k—1
= v D> (TP 800) + 6007(m0)
m=0 TEBK_m,k
k—1
_ yr—m—1 Z (pT(W)(l —8p0) + 5p057-(7r)0), (3.27)
m=0 7T€Bm+1,k
The last equality is obtained by a change of variable k —m — 1 — m. Then, (3.27) implies that
k—1 m+1
p(clich . .clh) = > H y I (pTOD (1= 5,0) + 3p007(v;)0)
m=0 TEB 41,k

= {V17V2, Vmt1}

= > Hy#vl TOD(1 = 8,0) + Gp00717)0)- (3.28)

TeB [=1

Hence, by moment-free cumulant relation, we have

Krlegh, 2, .. ,cae] = 0 for all m € NC(k) — By,
Kn [cgll,cgé, . ,cg’z] = Hy#vl T(Vl (1 —=10,0) + 5P05T(\/l)0) for all T € By,.

This implies that

. :
(el ey = y"H (T (1= 600) + 007 (1,00) I an =z == ay,
arp) Cagr o Cay, 0 otherwise.

Therefore {¢; : 1 <1 <t} are free across [, and the marginal free cumulant of order k is

ri(el P d) =y (1 = 6,0) + 60005, 0) Where,

Stm) = Ty) = Z O

1<u<k, upp1=u1

This completes the proof of Theorem 3.2 (a) for the state ¢, for the special case when the values
of p; and of y; are same. On a careful scrutiny, it should be clear that the above proof, with some
added complexity in notations, continues to hold when the values of p; and of y; are not necessarily
equal. An outline proof is given in Section 4.2.

It remains to show the algebraic convergence with respect to the state ¢,. Suppose II is any
arbitrary polynomial. We have already shown that p~'E[Trace(IT)] — 3 (say). It is now enough to
show that p~!Trace(Il) — 3 almost surely. In Section 4.3 we will show that

E[pflTrace(n) - p*lE[Trace(H)]]A‘ = 0(p2). (3.29)

Then an application of the Borel-Cantelli Lemma would finish the proof of Theorem 3.2 (a).
(b) For this part, we can now use Lemma 1.2.4 in Bose (2018) quoted below. Let {A4,} be a sequence
of real symmetric random matrices of order p and consider the following conditions:

(M1) p_llETr(A];) — By for all k > 1.



Cross-covariance matrices 407

— k — k — -

(M4) E(p~ M Tr(AF) —E(p ' Tr(4))))* = O(p~?) for all k > 1.
_ L

(C) >op2 By = o00. Then we have the following lemma.

Lemma 3.8. If (M1), (M4) and (C) hold, then the ESD of A, converges weakly almost surely to a
unique probability distribution whose moment sequence is determined by {fr k > 1}.

Now suppose that II is symmetric in {C;,C; : 1 <1 < t}. Then by Theorem 3.2(a), and (3.29),
the conditions (M1) and (M4) are satisfied. Suppose II is of degree r. Then from (3.28),

lim p 'ETr(T1F) < #NCo(2rk) < 2% for all k > 1. (3.30)

Hence (C) is also satisfied. Thus Lemma 3.8 implies that the LSD of any symmetric polynomial II
in {C,Cf : 1 <1<t} exists (almost surely). Moreover, by (3.30), there is a C' > 0, depending on
the degree of II, such that the limiting k-th moment is bounded by C* for all k. Then by Problem
9, Section 4, Chapter 2, Page 95 in Ash and Doléans-Dade (2000), the support of the LSD of IT is
contained in [—C, C]. This completes the proof of Theorem 3.2(b). O

Remark 3.9. Lemma 3.8 is applicable only when II is a symmetric matrix. To the best of our
knowledge, no general results are known on the existence of the LSD of II when it is non-symmetric.
Establishing the existence of the LSD for non-symmetric matrices is invariably challenging. For
example, see Akemann et al. (2021) which deals with the LSD of the non-symmetric matrix C4
when the entries are complex Gaussian and y > 0. For more examples of other non-symmetric
matrices for which the LSD is known to exist, see Bordenave and Chafai (2012), O'Rourke et al.
(2015), Bose and Hachem (2020) and Bose and Hachem (2023+).

3.2. Convergence of {C;:1 <1 <t} when y = 0. Now suppose pn~' — y = 0 as n,p — oo. Then
the limit in Theorem 3.2 is degenerate. For a non-degenerate limit,, we now need a centering as
well as a different scaling. Towards this, let us quickly recall a known result. Consider the sample
covariance matrix S = n~!XX* where the entries Xi; of X are independent, E(X;;) = 0, and
Var(X11) = 1,E(X{;) < oo. Then the ESD of \/np~1(S — I,) converges weakly almost surely
to the standard semi-circle law. Here I, is the identity matrix of order p. For a proof, see Bose
(2018). This proof actually shows that if Assumption I (c) also holds, then the moments of the
ESD converge to the moments of the semi-circle law and hence there is convergence as elements of
(M,(C), ¢p) to a semi-circular variable. We extend this algebraic result to several cross-covariance
matrices.
Before we state the result, we need to recall the definition of elliptic variables.

Definition 3.10. Suppose (A, ¢) is an NCP. An element e € A is said to be a (standard) elliptic
variable with parameter p, —1 < p < 1, if its free cumulants of order one and of order greater than
2 are zero, and its second order free cumulants are given by

ko(e,e) = ka(e*,e*) = p, ka(e,e*) = ka(e*, e) =1.

An elliptic variable has the following representation. Suppose s; and sy are two free standard
semi-circular variables. Define

e= 1+p81+\/j1 1_p82.
2 2
Then e is an elliptic variable with parameter p. Note that p = 1 and p = 0 yield respectively the
standard semi-circular and the standard circular variable.
We use the following criterion for variables to be elliptic and free: variables {e;,1 < i < t} are
elliptic with parameters {p;,1 <i <t} on an NCP (A, ¢) and are free if and only if, for all £ > 1,
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forall 1 <i<k, ¢ € {l,x}and ; € {1,...,t}, the following holds for the joint moments:
plectez ey = S p ™ L@ T 6 (3.31)
TENC2(2k) (r,s)em
where
Tr(m) :=#{(r,s) €T : b¢pe, = 1,7 =75 = T}.
Note that, it is understood that all odd order moments are O.

Now we can state our theorem.

Theorem 3.11. Suppose Assumption I holds with y; =0, for all 1 <1 <t.

(a) Then E; = \/nlp_l(C'l —ple), 1 <1<t as elements of (My, ¢p) converge jointly to free elliptic
variables {e;},1 < 1 < t, with parameters {p}},1 <1 < t. The convergence also holds with respect
to the state ¢, almost surely. The limiting state is tracial.

(b) Let I1:=TI({E; : 1 <1 < t}) be any finite degree real matriz polynomial in {Ej, Ef : 1 <1<t}
and which is a symmetric matriz. Then the ESD of I1 converges weakly almost surely to the compactly
supported probability law of the self-adjoint variable I1({e; : 1 <1 < t}).

Example 3.12. Theorem 3.11 is useful to find the LSD of any appropriately centered and scaled
symmetric polynomial of {C;: 1 <[ <t}. For example, consider

min(nq,n % " *
I = (;912)(01 + C7 + C1C5 + CoCF — 2p1(1 + pa) 1)

min(ny, n N * *
min(m, nz) [(Cl + Cf = 2p11p) + (C1 — p11,)(C2 — p21,)* + (Co2 — p2lp)(Cr — p11p)

+(Cr+ CF = 201E) + pr(Ca+ G 2y
= /min(ny,n) {nll/ 2By + E7) + /pny Yy 2 (EVE} + EyEY)

T 2By + B +ny 201 (By + E;*)] . (3.32)

Hence it follows that

(1+p2)(e1 +ef) + y%éQ(eQ +e5) if limy oo n1/n2 = y12 < 1,
= (3.33)
y1_21/2(1 + p2)(€1 + 6?) + (62 + 65) if limp_mo nl/ng = Y12 2 1.

Note that depending on whether y12 = 0 or oo, the second or the first term respectively drop out
from the limit sums. We can conclude that the LSD of II also exists almost surely and equals the
probability law of the self-adjoint variable in (3.33).

Proof of Theorem 5.11: (a) As before, we shall give the detailed proof only for the special case where
all the n;’s and the p;’s are equal to say n and p respectively. For any k£ > 1 and €, ..., e, € {1, %},
we will need to consider the limit of the following as p,n — oo with p/n — 0:

Ea

1
716/2 Z E[H (altitjta’ltiwrljt - péitit+1)]7 (334)

n
p( p) 1<ig, g <p t=1
1<g1,- 0k <0

1
JET(EL - Bil) =
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with the understanding that ix1 = i1, and as ordered pairs, for all 1 <r <k,

( 55}17?/&)1%) if € =1,
(alrirjr7 a’lri’,q,ljr) - (335)
( () lir) ) if € = *.

i'r‘jr’ ir+1jr
Consider the following collection of all ordered pairs of indices that appear in the above formula:

P = {(iT‘ajT)v (iT+lajT)7 1 S r S k}
(i) If there is a pair (i,, j,) € P that appears only once, then (i,, j.) # (ir4+1,Jr) and hence i, # i,4.
Hence a;,;,j, is independent of all other variables. This implies that

k
E[H (a'ltitjtaltit+1jt - péitit+l)] = E[a’lrirjr]E[alrir+1jr H (altitjtaltit+1jt - p(sitit+1)i| =0. (3'36>
t=1 t#r

The same conclusion holds if a pair (i,4+1, ) occurs only once in P. So we can restrict attention
to the subset of P where each pair is repeated at least twice, and for convenience, we continue to
denote this reduced subset by P.
(i) Suppose in P there is a j, such j, # js for all s # r. Then the pair (aj,i,j,,a1,i,4,j,.) 18
independent of all other factors in the product. Then,

k
E[H (altitjt Alyiz15e — péitit-u)] = E[alrir-jralrir+1jr - p5irir+1] E [ H (altitjt Alyigy1je — péitit+1)] = 0.

t=1 -0 t#r

Hence we can restrict attention to the further reduced subset of P (we continue to denote it by P)
where each j, occurs in at least four pairs i.e. in (ir, j), (ir4+1,7r) and also in (is, js), (is41,Js) for
some s # r. We call these pairs, edges. If j. = js then they are said to be matched and likewise for
the i-vertices.

Define the set of vertices V7 and V; which are the distinct indices from {i1, ..., i} and {j1, ..., ji}
respectively. Note that there are at most 2k edges in P but each edge appears at least twice. Let
E be the set of distinct edges between the vertices in V7 and Vj. This defines a simple connected
bi-partite graph. Then clearly, #F < k. Since every j-index was originally matched, #V; < k/2.
We also know from the connectedness property that

LV +HV; < HE+1<k+1. (3.37)
Hence the contribution to (3.34) is bounded above by
HVi #Vs k+1—4Vy n #Vs k/2—#V.
o (UMY _ o (I o (Y 335
pk/2+1pk/2 pF/2+1pk/2 n
Therefore, for all [; € {1,2...,t}, ¢ € {1,+} and 1 <i < k, we have
p 'ETr(Ej! - E*) = O(1). (3.39)

k
If #V; < > then the above expression goes to 0. So the only possible non-zero contribution to the

limit of (3.34) will come when #V; = k/2. This immediately implies that if & is odd, then there
can be no such contribution, and hence

p'ETx(E;!--- E[F) = 0.

So now consider the (contributing) case: k is even (= 2m) and #V; = k/2 = m. Then

#VI #Vs
prn , —(m
) <W> = O(p?Vi=k/2HD)y — O(p#Vi—(mH)y, (3.40)
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On the other hand, from (3.37), when k = 2m and #V; = m, we get #V; < m+1. So for a possible
non-zero contribution, we must have #V; = m + 1. This implies that

m+14+m=#Vi+#V; < HE+1<2m+1,

and hence #F = 2m. In other words, each edge must appear exactly 2 times.
Suppose (ir, jr) = (ir4+1,Jr) for some r. Since each edge appears exactly twice, this pair will be
independent of all others and therefore

E[H (altitjt Alyiyy1je — péitiu—lﬂ = E[a’lrirjralriT+1jr - p(sirir-Fl] E [ H (altitjtaltit+1jt - péitit+1)] = 0.

t=1 -0 t#r

Hence, such a combination cannot contribute to (3.34). So we may assume from now on that for
every 7, i, # ir41 and hence d;,;,,, = 0 always. We continue to denote this reduced subset by P.

As a consequence, (3.34) reduces to

2m
pilETI'(Elell - Ele:) =~ pi(erl)nim Z E( H alriTjTalTirHjT). (341)

As a consequence of the above discussions, we have two situations: (i) (ir,jr) = (is,js) for some
s # r. Note that j,. and js are also adjacent to 4,51 and is11 respectively. Due to the nature of
the edge set P, this forces 4,41 = is41. (ii) if (ir,Jr) = (is+1,Js) then i,41 = is. Let P(2m) be the
set of all possible pair-partitions of the set {1, ...,2m}. We will think of each block in the partition
to represent the equal pairs of edges in the graph. Now recalling the definition (3.35), the moment
structure, and the above developments, it is easy to verify that the possibly contributing part of
the above sum (and hence of (3.34)) can be re-expressed as

Z Z m+1 m H |:6lrl 5€r€s ( 5'Lris+1 6jrj5 5ir+1is + 5iris 6j7‘js 5ir+1'is+1 )

i1, migm TE P (2m (r,s)em
J1seenjom

+5l7'ls (1 - 5€rﬁs)(p25ir’i55j7‘js 5ir+lis+l + 5jrj36iris+16ir+1is)] (342)

which equals

Urls0jrjs [Oipisi1 Oigipir (P 0cres T (1 = Ocpe,
> > mHan5 i | OOt (200,cs + (1= 0,c)

i1, iom TEP2(2m) (r,s)em
]11 )]2777,

+5ir+1is+15i5ir (667‘55 =+ 92(1 - 55T55))1| : (3'43)

We first consider a special case and extract some crucial information that will be useful for the
general case. Suppose t = 1,p = 1. Then Y = X, and we can take ¢, to be same for all r,s.
We know that \/np~'(XX* — I,) converges to a semi-circular variable (see Theorem 3.3.1 in Bose
(2018)). This immediately implies that the limit of (3.34) and hence of (3.42) and (3.43) in this
special case equals #NCy(2m) = C,,, the m-th Catalan number. This means that

p

Z Z Z m—‘rlnm H Jr19(51r25+161s1r+1+5lr%s(5u+1zs+1 — Z 1.

1,82, im =1 j1,j2,....im=1 m€Pa( 2m) (r,s)em TENC2(2m)

Now we note that for 7 € NCq(2m),

1
Z W H (5jrjs(5iri5+16isir+1 == 1 (344)

01,0 82m,J 150 02m (r,s)en
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The reason is as follows. If (r,s) € m then j, = js, and there are Q(n™) ways of choosing the
j—indices. Now let v(i) =i+ 1 for 1 <i <2m —1, v(2m) = 1 be the cyclic permutation. Then

2m
H Oirissr Oisirsr = H Biviym(r) Disiym(s) = H Oiyiym(r)
(r,s)em (r,s)em r=1

S0 iy = iyn(y) for each r if the above product is 1. But this means that the é-index is constant on

each block of yw. As m € NCy(2m), |yn| = m + 1 and thus there are Q(p™*!) choices in total for
the #’s. This establishes (3.44).

These arguments establish that

nh_{go Z Z m+1nm H Gjrjs Birigir Oigirin + 0iriyOipyigsr) (3.45)
wEPy(2m) i1, izm (r,s)en
J1seenjom
. 1
=lim Y S ST I 65sebiviensGivinr (3.46)
TENCa(2m) i1,i2m (T,8)ET
J1seenjom

This implies that the rest of the terms in (3.45) must go to 0, since these quantities are all non-
negative. Therefore,

Z Z m+1nm H 6]r3551r+115+15237m _>07 (3.47)

7T€P2(2m 11 ,,,,, i2m (,,« S)Gﬂ'
J1yeerd2m
1
> > i L Grnidiiindii =0 (3.48)
mEP2(2m)\NCz2(2m) i1,--+izm (r,s)Em
.717 7]2m

Now we consider the general case where t > 1 but for the moment assume that p;’s are equal but
the common value is not necessarily equal to 1. Going back to (3.43), we have

Z Z m—i—lnm H 5l ls 531"]851r+125+15@slr (557‘55 + P (1 - 6eres))

TEP2(2m) i1,--i2m (r,s)em
Jise-jom

S Z Z m+1nm H 5,77”]967@4»17/5«&»15749747‘ — 0 by ( )

TEP2(2m) i1,--i2m (r,s)em

Jise-j2m
1
Z Z W H 6lrls 5]7‘]9 6iTis+157:s+lir (p26€rﬁs + (1 - 667‘53))
mEP2(2m)\NC2(2m) i1,--»igm (r,s)em
J1seejom
1

< Z Z prigm H 0jrjis Oipigin Oigipyr — 05 Dy (3.48). (3.49)

mEP2(2m)\NC2(2m) i1,--»igm (r,s)en

J15ed2m

Thus we conclude that the expression in (3.43) converges to

Z H 611, (p?0e,e, + (1 = 6,c.)) as nm — oo. (3.50)

meNCa(2m) (r,s)e™
Now note that p?6c,c, + (1 — 6c.c,) = (p?)%res. Let
T(m) =#{(r,s) € m: € = €s}.
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Then the limit can be re-expressed as

Z H (p2)6er€s o1, = Z H 811 (p2>T(7r).

7TeNCo(2m) (r,s)e™ TeNCa(2m) (r,s)e™

On the other hand, if e, ..., ea,, are freely elliptic elements each with parameter p? in some NCP
(A, ), then by (3.31), it is easy to check that the above expression is nothing but ¢(ej'...e;>™).
This proves the *-convergence (for the special case where all p;’s and all n;’s are identical).

In particular, if p; = 1 for all [, then {E(l), 1 < i < t} are asymptotically free semi-circular
variables and if p; = 0 for all [, then they are asymptotically free circular variables.

If we follow the above proof carefully, then it is clear that when we have possibly different p;’s,
and n;’s, the argument for negligibility of the terms remains valid. Once we make the allowance for
different p, the rest of the proof carries through and the product of {p;‘n(w)} emerges in the limit
(see Section 4.4 for more details). This completes the proof of the first part of (a).

As discussed in the proof of Theorem 3.2, convergence with respect to the state ¢, follows by the
Borel-Cantelli Lemma after it is established that (3.29) holds for any polynomial IT in the matrices
{E;}. Proof of this proceeds along lines similar to that in the proof of the first part of (a). Some
more details are given in Section 4.3. See the proof of Theorem 3.5 in Bhattacharjee and Bose
(2016Db) for similar arguments in a different context. This complete the proof of (a).

(b) This is also similar to the proof of Theorem 3.2(b). Let the finite degree polynomial II of
{E, Ef : 1 <1<t} be symmetric. By Theorem 3.11(a), all moments of IT converge almost surely.
Also there is a C' > 0, depending on II such that the limiting kth moment is bounded by C* for all
k. Hence these moments define a unique probability law whose support is a subset of the interval
[-C, C], and hence the ESD of II converges weakly almost surely to this law. O

4. Additional technical details

4.1. Proof of (3.16). Take any m € P»(2k). It contains at least one block with both odd elements
if and only if it contains at least one block with both even elements. We shall first show that any
such 7 does not contribute in the limit. Then we shall show that any = € P,(2k) which is crossing,
also does not do so.

Let Pg4d(2k) be the subsets of P»(2k) which has at least one block of all odd elements. Then
Pyt (2k) = UZg Uit PO (2k),
where

P (2k) = {re Py(2k): (2u+1,20+1) € 7). (4.1)

Recall the notation E(r,s) from (3.14). Note that when m € Pg(u’v’Odd)(2k), we have

E(2u + 1a 2v + 1) = 652u+152u+1 (p1_62u+162v+1 (1 - 5,00) + 5p0562u+1€2v+1)'
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Hence, we have,

> S T Ee)

71_EIDQ(u,'u,odd)(2]{) ]2k (ns)eﬂ—

_ l—eay+1€2041 . . . .
= (552u+152v+1 (p ket (1 - 5p0) + 500562u+162v+1))522u+112v+1512u+222v+2

nkZE< ﬁ Aeﬁi(i&is-i-l))

I 1<5<2u
2u+2<s<2v
2042<s<2k

12k+1=11

1 1 2u 2v * 2k
- ()ET((H%)( I Azz) ( II A%z))
p s=1 s=2u+2 s=2v+2

X (552u+152u+1 (p1_62u+162v+1 (1 - 5[)0) + 5p0552u+152v+1))
= O(n™Y), by (3.10). (4.2)
Hence,
1
> — S II B s) =o(), (4.3)
nePgdd(2k)
which immediately leads to
lim L, = Z lim —Z H E(r,s). (4.4)
p—00 ad P—00 PN
TEP(2k)\ P§ (2k) Ik (rs)en

To uncover the contribution of the remaining 7’s that appear above, we first make a general ob-
servation. Suppose m € Py(2k) \ P994(2k). Then there exists an (r,s) € m, where r and s have
opposite parity and hence

a(r,s) =0 and E(r,s) = 65.5,(p 7% (1 — 6,0) + 6,00crcs)0irissr Oinirsr -

Now we shall show that no crossing partition 7 € Py(2k) \ P999(2k) contributes to (4.4). We split
the subset of all crossing pair-partitions of Py(2k) \ P944(2k) in the following manner. Let

Pyy* 2 (2k) = {m € Py(2k) 1 (2u1 + 1,201), (2u2 + 1,2v2) € 7,2u1 + 1 < 2up + 1 < 201 < 202},
= <Uﬁl 2 Uﬁg 2u1+1 le u2+1 U i Pyt (2K) ) \ P3Y4(2k),

{m € P(2k) : (2u1,2v1 + 1), (2ua + 1,2v2) € m,2uy < 2ug + 1 < 2v1 + 1 < 209},
Py (o) ) \ P (2K),

{m € P(2k) : (2u1 + 1,2v1), (2ug,2v9 + 1) € m,2uy + 1 < 2uy < 201 < 209 + 1},

k=3 k—2 ) dd
<U U 2= u1+1 U’UQ u2+1 U’UQ =v1 PQU%‘} e <2k)> \P20 (2k)7

u1=0 ~u

P21 2k

Ul ,U2,V1,02 Qk

(2F)
(2F)
P 9(2k)
Pz (o)
(2F)
(2F)
(2F)

k—2 k—2 k—
<Uu1 IUUQ u1U V1= u1+1 Uvz =v1+1

Py.3(2k

Ul:u2»vly 2 2]{5

{m € P(2k) : (2u1,2v1 + 1), (2ug,2v9 + 1) € m,2uy < 2ug < 201 + 1 < 2v9 + 1},

Py 4(2k <Uk 3 Uk 2 Uk 2 Uk 1 P2u7£11,u2,111,112<2k)>\ odd( )

5

u1=1 “uo=u1+1 “va=uz “vo=vi+1

Then (UL, P2;(2k)) C (P2(2k) \ P999(2k)), containing all crossing pair-partitions. We denote the
contributions of these partitions to L, by T;,1 < ¢ < 4. To investigate them, define

S = {se{l,2,...,2k}: 1<s<2u;,201+2<s5<2vy—1,2up+3<s<20; —1,
2up + 3 < s < 2up,2vs + 2 < 5 gy, dopt1 = i1}
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Then T} equals

1—€2u; +1€2 . . . . €201
|:(562u1+1,32v1 (p “ “ (1 - 5p0) + 5p05€2u1+162v1 ))522u1+112v1+1512u1+212u1 ABQ (22111 ) Z2U1Jr3)

1—egugt1€2 ‘ . . . C2uz+1
(652u2+1,32v2 (p 2 2 (1 - 6P0) + 6p0562u2+162v2 ))5Z2u2+122u2+1 512u2+212u2 AﬁQUQ_H

1 . w41 g
nTpZ < IT 45 (1s,ls+1)>A522 (w1, 20, 42) A2 (Z2v27@2u2+3)}

(12u9+1, 1209+2)

Iy, SEST
1 2ui+1 2v9 201 2uo+1
N ES1 €sg H €s3 H €sy
()| (L4 ) ( IT a2 A3 A
s1=1 so=2v1+2 s3=2u2+3 s4=2u1+3

< H A;22>:| 552u1+162v1 (101_62u1+1521}1 (1 - 5P0) + 6P05€2u1+1€2v1 ))
S5=2v2+2

(5B2u2+152u2 (p1_62u2+162v2 (1 - 5P0) + 5P0652u2+162v2 ))
=0(n™?), by (3.10). (4.5)

Similarly, it can be seen that T5 equals

1 2uq 2v9 2u1+1 2uo+1
. e €sq €so €s3 €sy
= () sst [(HA DO ) (T ) (T )
so=2v1+3 s3=2us+3 S4=2u1+2

511

€s _
( H ABS55> :| 5B2u1 52v1+1 (pl Bu1vitl (1 - 590) + 5p0562u1 €2v7+1 ))
s5=2v2+2

(5/32u2+1,82v2 (pl_€2u2+162v2 (1 - 500) + 590562u2+1€2v2)>
= 0O(n™?), by (3.10). (4.6)

Further, T3 equals

1 2ui+1 2uo+1 2v1 2ug
o L Esl 652 5.93 684
- (&)t [(H%)( I ) (I ) (I )
So=2v1+2 s3=2u2+2 S4=2u1+3

811

(TT 50 ) | 0060 B )
s5=2v2+3

(662u2,82v2+1 (p17€2u262v2+1 (1 — (5/)0) + 500562u262v2+1))
= O(n™?%), by (3.10). (4.7)

Finally, Ty equals

1 2uq 2uo+1 2u1+1 2uo
_ €s €so €s3 €sy
~ ()it (H Aﬁsl) (0 ) (0 ) (T )
s1=1 so=2v1+3 s3=2us+2 s4=2u1+2
( H A655 ) ] 652u152v1+1 (pl—qule%ﬁl(l — 0p0) + 590562“162v1+1))
s5=2v2+3
(652u252u2+1 (plie%z Bt (1 - 6P0) + 5/’0562u262v2+1))

= O(n™%), by (3.10). (4.8)
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Hence, T) + T + T5 + Ty = o(1). Since NCy(2k) = P»(2k) \ (P9I4(2k) U (UL, P2,i(2k))), we thus
conclude that only non-crossing pair-partitions contribute to the limit. Now recalling (4.4), we can
conclude that

pll)rgoL = Z hm—z H E(r,s)

WENCQ(Qk) Iag (r,s)Em
2k
- Z nh—>nolo pn k Z H 5rﬁs bercs (1 - (5P0) + 6P066'r€s) H (5iriwr(r)
TeNCa(2k) Iak(r,s)e™ r=1
2k
= Z hm ok Z H /BTIBS dercs (1 - 5,00) + 5/)0567 €s H 5172"/7\'(7“ :
7T€NCQ(2k) Isk(r,s)ET r=1

This completes the proof of (3.16).

4.2. Proof of Theorem 5.2(a) for ¢, when {(p1,y1)} are not necessarily equal. We outline the changes
needed in the proof that we gave for the equal case. Recall J; defined in (3. )1) Let 2v; be the
cardinality of J; for all 1 < ¢ < ¢. Therefore, Z ., vi = k. Now, we replace n* by H% ng, =

H§:1 n;* wherever it appears, in particular, at the following places:

(1) Equations (3.6), (3.7), (3.10), (3.13), (4.4), (3.15) and (3.17);
(2) the denominator of (3.9);

(3) the first three lines of (4.2) and first two lines of (4.5);

(4) the first line of (1.6)-(4.8).

The range of is in (3.8) is now between 1 and ng,, = ng, for all 1 < s < k. The term n#” in
the numerator of (3.9) should be replaced by (max{n; : 1 <1 < t})#’. The last lines of (4.2),
(4.5)—(4.8) should be replaced by O((min{n; : 1 <1 <t})~!). The term p throughout (3.13)—(3.18)
should be replaced by pg, .

For any partition 7 of {1,2,...,2k}, define

S(m) = number of blocks in 7 whose smallest element is odd.

It is easy to see that S(ym) = k + 1 — S(x) for all non-crossing pair-partitions 7. For 1 < m; < v,
1<i¢<tandk>1, define

Bml,mg,...,mt,k’ = {7‘1’ = U§:17ri c NCQ(Qk‘) oM € NCQ(jj), g(ﬂ'l) =m;, 1 <1< t}.
Note that, for all 0 < m < k — 1 and k£ > 1, we have

By = U Bml,mz,...,mt,k‘v and Bm,k = U Bml,mg,...,mt,k’- (49)
1<m;<v; 1<m; <y;, 1<i<t,
1<i<t Yo mi=k—m
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Therefore,

: 1=6c,c . ok iy = Ay T}
imLy, = Y [ 0a6.(05 " (1= 0p50) + 0y 00,c.) pm I, n"
TeNCa(2k) (r,s)em Plli=1™y

(k+1)— ZZ m; Tt m;
— Z < lim p ! 1}@21 ; )
p—r0 pHi:l n;'

1<m;<y;, 1<i<t
2 : 1 1)
X H H Er€g 1 - 5pﬁ'r0) + 5PBTO(SEr€s)

=1 (r,s)em;

_ 3 (Hy;/imi> Z H T 5:0) + 60:067(xy) 0)- (4.10)

1<m;<v;, 1<i<t

Note that the cardinality of J; is v;. For 1 <m; <wv;, 1 <i<tand k > 1, define
Biimo,mek = T = Ul_,m € NC(k) : m; € NC(J;), m; has m; blocks, 1 <1 < t}.

Note that, for all 0 < m < k —1 and k£ > 1, we have

By, = U By ma,...mi ks and Bg_m = U By ma,e.m -
1<m;<v;, 1<i<t 1<m;<w;, 1<i<t, Y0 mi=k—m

Moreover, by (3.23)—(3.26), it is clear that f (defined around (3.23)) is a bijection between
Bm17m27~~-,mt,k and Bmlam%”wmhk' Also T(Wi) - T(f@”)) for all m = U§:17Tz‘ € Bm1,m27-~~7mt7k and
T (mi) = T(fil(ﬂ—i)) for all T = Ug:lﬂi € By ma,...ome k-

Hence, by (4.10), we have

limL, = Z Z Hy i (1 — 6p;0) + ;007 () 0)

1<m;i<v;, 1<i<t m€Bmy mo,...,my,k 1=1

= pplcdicly - cl).

Hence, by moment-free cumulant relation, we have

Rrlcoys Gy Cayl = OforaHTreNC(k:)—Bk,
Vij— T f
Ko [CZINCZQQ;...,CZZ] = HH #Vij 0; J)(l_(spz )+5p10(5 TV, )0) for all T € By, mo.....me ks
i=1j=1

where m; = {V;;: 1 <j <my} forall 1 <i <t This implies that

_ T (1 .

k(e c? o . clk) = ylk 1(pl ( k)(l — 0p0) + 5pz05T(1k)0)7 fog=ay=-=ap=1
auraRrTn Ak 0 otherwise.

Therefore {¢; : 1 <1 <t} are free across [, and the marginal free cumulant of order & is

_ S
me(c P ) = g ) (1= 800 + 0005 (my0)-

This completes the proof of Theorem 3.2 (a) for the state ¢,.



Cross-covariance matrices 417

4.3. Proof of (3.29). Equation (3.29) is derived by a counting argument which is similar to what
has already been used in the proof of Theorem 3.2(a) for the state ¢,. Similar argument can also be
found in Section 2 in the Supplementary material of Bhattacharjee and Bose (2016a) in a different
context.

Proof of (3.29) for y; > 0: Let IT be any polynomial in {C},Cf : 1 <1<t} WriteII=)""_,m;
where m;’s are monomials in {C;,C} : 1 <1 < t}. Then for some C' > 0,

Hence it is enough to prove (3.29) when II is a monomial. Now

E(Tr(I) — E(Tr(I)))* = E(Tr(I))* — 4E(Tr(I1))*E(Tx(I1))
+6E(Tr(IT))* (E(Tr(I1)))* — 3(E(Tr(I1)))*
= T, —ATyTy + 61317 — 3T}, say, (4.11)

where T; = E(Tr(I1))°~%, 1 < i < 4. Without loss of generality assume that II is of the form,

I = (g Xo, Yo )™ -+ (ng) Xa, Y2 )™. (4.12)

a1+ aq Ak * oy

For any two non-negative integers ¢ and j, the remainder obtained after dividing ¢ by j is denoted
by (¢ mod j). Moreover, Boptri = B; and €y = € for all 1 < i < 2k and 1 < r < 3. Using
arguments similar to those used in the proof of (3.13), for 1 <14 < 4, we have

plgﬂgoﬂ = Z lim 2(53’“\/7?5) Z < H E1(7’,8)>

p—0o0
Tl'€P2(2(5—i)k) (Hj:l 12(5—i)k (’F,S)Eﬂ'

I TLAG oot )
Borkts 2rk+j75 “2rk+(j mod 2k)+1

1<j<2k r=0
= Z lim Gjir, say, (4.13)
p—0o0
mePy(2(5—i)k)
where, suppressing the dependence on other variables,

Ev(r,8) = 08,8.(0ii.0i 1i0sr (7, 8) + Oipigyy Gigipry (1 — alr, 8))).

We break up the sums in each 7} into sums over appropriate subsets. For this, let [a, b] denote
the set of integers from a to b. Consider the following subsets of NCy(rR) for r = 2,3, 4.
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Fii,r = {71' = U?:Nri € P2(4R) Tom € PQ([(i — 1)R + 1,iR]) V1<i< 4},

-7'—12,R = {7‘1’ =mUmUmg € P2(4R) \]'-1113 :
m € Po([rR+1,(r+1)R)), m € Pa([sR+1,(s+ 1)R)),

73 € Po(Up<u<s[uR + 1, (u+ 1)R]) for some r # s, r,s = 0,1,2,3},
UFET,S

flgyR = {71' =mUmg € P2(4R) \ (.7:1173 U .7:1273) :
m € Py([rR+ 1, (r + )R] U[sR + 1, (s + 1)R)),
mo € Py(Up<y<s[uR + 1, (u+ 1)R]) for some r # s, r,s =0, 1,2, 3},

uF#r, s

.7'_1471{ = {71' =m Umg € P2(4R) \ (U§:1f1i7R) :
™ € P2([’I"R+ 1,(r+ 1)R]),
mo € Po([1,4R]\ [rR+ 1, (r + 1)R]) for some r = 0,1,2,3},

Fup={r=Ul m € P(3R): m € Py([(i —1)R+ 1,iR]) V 1 <i < 3},

.7:2273 = {71' =m Umy € PQ(?)R) \.FQLR M E PQ([TR+ 1, (7" + 1)R]),
mo € Po([1,3R]\ [rR+ 1,(r + 1)R]), for some r =0, 1,2},

.7'—317R = {7‘1’ =m Umg € P2(2R) :om; € Pz([(z — 1)R + 1,iR]), ;= 1,2},
Fis,r = Pa(4R) \ (UiZ1 Fiir) , Fasp = P2(3R)\ (Far,r U Faor), Faz,p = P2(2R)\ Fap. (4.14)

Spht Tl, Tg, T3 as

Ty = Z Gir, To = Z Gor, T3 = Z G3r. (4.15)

TEF 142k TEF2i 2k TEF34 2k
Now note that
T =T}, Toy = T3, Ts1 = T2, Tio = 6TsoT3, Too = 3T39Ty, Tig = 4T3Ty. (4.16)
Using this and (4.11),
lim E(Tr(I1) — B(Tr(ID))* = lLim(Ti3 + Tis).

Next consider the following decomposition of Fi3 g.

Fis,r = U%ﬁu%u&mzl u;”:l .7-"1(;2.17%2”3’%), where
fl(gi:?u&w) = {meFizr: (u1,R+u2), 2R +u3, 3R+ wy) € 7},
Fig ™ = (€ Fign: (u,2R+us),(R+us, 3R +ug) € 7},
ffgu,é,’EQ’u3’u4) = {reFizr: (u,3R+u2),(R+u3, 2R+ uy) € 7}.

We split T13 accordingly into pieces T13; where

Tl s ua) S Guin, 1<0<3, 1< ug,uz,us,us < 2k (4.17)

(ug,ug,uz,ug)
7r6-7"—131',21@
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Also note that
Tl(gll,m,u?,,uz;)
s 18w eop tu s 5 5
- Bu1ﬂ2k+u2 (pﬁul ( - Pﬁulo) + pgul 0 Eu1€2k+u2)

1- 554k+u566k+u4 (1 .

X 5/34k+u3/36k+u4 (p54k+u3 6Pﬁ2k+u30) + 6Pﬁ4k+u3 05€4kz+u3€6k+u4)

1 2k ) up—1 ) 4k ) 2k+us—1 )
<ty (I A (L) IE ) (CIL 427)
(Hj:l nﬁj> j= j=1 j j

j=ui+1 j=2k+uz+1 j=2k+1
6k ( 4k+uz—1 ) 8k ( ) 6k+ug—1
con((JIL A)C I A)( IE A7) C IL 467))
j=4k+usz+1 j=4k+1 Jj=6k+ug+1 j=6k+1

= 0(1), by (3.10).

Similarly, T’ 1(;1,u2,u3,u4) = O(1) for i = 2,3. Hence, T13 = O(1).
Next consider the following decomposition of Fi5 gr.

UT,UD,US UL, US U
Fis,p = U ‘7:1(51R 2:5,84.U5.46) hore
1<u; <2k, 1<j<6

J;(u1 JU2,U3,UL,US UG )

15.R = {re€Fisr: (u1, R+ uz), (R+u3,2R + ug), (2R + us,3R + ug) € 7},
and split up up 115 accordingly into pieces

Tiptrz s s e) > Gir, 1<u; <2k, 1<) <6. (4.18)

(u1,u9,u3,uq,us5,u6)
7r6]-'15 e

Also note that, for uo < ug and uyq < us, we have

(u1,u2,u3,us,u5,u6) _ 1=0cu; eappuy
T15 - 55“1B2k+“2 (pﬁul (1 B 5pﬂu 0) + 6p6’u1 056“162k+u2)
1—=6eyy, e
+ug “4dk+uy o
X 5,82k+u3/84k+u4 (pﬁ2k+u3 (1 6p62k+u3 0) + 5pﬁ2k+u3 05€2k+u3 €4k:+u4)
1-4.

€4k+ug “6k+ug (1

X 5/84k+u5 Bék+ug (pﬁ4k+u5 T OPBaktug 0) + 5P54k+u5 05€4k+u5 56k+u6)

(I ) () (I )

( Jj=ui1+1 J=2k+us+1
4k+us—1 ( ) 8k ( 6k+ug—1 (
X( L A7) I0 a)(CI1 45)
j=4k+us+1 j=6k+ue+1 j=6k+1
( ) dk4ug—1 ) 4k )
X( )( 11 A/ﬁf)( 11 A/ﬁf)
j=dk+us+1 j=4k+1 j=2k+uz+1
2k+us—1 ( )
x ( II 45 >> =O0(p~?).
j=2k+1
Similar argument also works for other choices of u1, ..., ug. Hence, T15 = O(p~?) and hence

E(Tr (M) — E(Tr(1)))* = O(1).
This completes the proof of (3.29) for the case y; > 0.
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Proof of (3.29) for the case y; = 0: This proof is similar to the proof presented for the y; # 0
case. The only differences are as follows.

1. IT in (4.12) should be replaced by Il = Eq; - - - Edt.
2. Gir in (4.13) should be replaced by
1 k
Gir = w72 =k Z E( H Uiy Ol moa 1 +1r)>
p Hj:l vz Is_ipye =1
and limy, o T; = ZwePg((S—i)k) limy, 00 Gir-
3. For 1 < j <3, the set Fj; o in (4.15) should be replaced by Fj; .
4. The set Fig;or in (4.17) should be replaced by Fis; g.
5. The set Fi5 25 in (4.18) should be replaced by Fis .

As before it can be shown easily that T3 = O(1) and T15 = O(p~2). This completes the proof of
(3.29) for {E;}.

4.4. Proof of Theorem 3.11(a) for ¢, when {p;} are not necessarily equal. 1. The term n¥/2 in the
denominator of (3.34) and (3.41), should be replaced by H§:1 N

2. In (3.38) and (3.40), n should be replaced by min{n; : 1 <1 <t}.

3. In (3.42), (3.43) and (3.50), p should be replaced by py,..

4. In (3.42)—(3.49), n™ should be replaced by H?T:nl /Tu; wherever it appears.

Finally, (3.50) will be

Z H 01,1, (Piéeres +(1=0ee,)) = Z H 0,1, (Plzr)derés

7eNCa(2m) (r,s)em meNCa(2m) (r,s)em
- Z p?l ) .- 'p%m(ﬂ-) H O,
TENCa(2k) (r,s)em

where T (7) is defined after (3.31). This completes the proof of Theorem 3.11(a).
Figure 4.2 reports the simulation results for a few polynomials when p/n is small (0.03) for
different values of p.
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