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Abstract. In this article, we study a d-dimensional stochastic nonlinear heat equation (SNLH)
with a quadratic nonlinearity, forced by a fractional space-time white noise:

{ ou—Au=p*u>+B, tel0,T],zecR?,
Uy = ¢ .

Two types of regimes are exhibited, depending on the ranges of the Hurst index H = (Hy, ..., Hg)
€ (0,1)%*1. In particular, we show that the local well-posedness of (SNLH) resulting from the Da
Prato-Debussche trick, is easily obtained when 2Hy + %, H; > d. On the contrary, (SNLH) is
much more difficult to handle when 2H0+Z§i:1 H; < d. In this case, the model has to be interpreted
in the Wick sense, thanks to a time-dependent renormalization. Helped by the regularising effect
of the heat semigroup, we establish local well-posedness results for (SNLH) for all dimension d > 1.
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1. Introduction and main results

1.1. General introduction. This paper is devoted to the study of a heat equation with a quadratic
nonlinearity, driven by an additive fractional space-time white noise forcing. More precisely, we
consider the following nonlinear stochastic heat model:

8tu—Au:p2u2+B, te[O,T],xeRd, (1.1)
u(0,.) = ¢, '

where ¢ is a (deterministic) initial condition living in some appropriate Sobolev space and p :
R? — R is a smooth compactly-supported function fixed once and for all. Before going any further,
let us specify the roughness of the stochastic term, namely, B := 040y, ...0z, B where B = BH ig
a space-time fractional Brownian motion of Hurst index H = (Hg, Hy,...,H;) € (0,1)%*!. The
definition of this process is the following:

Definition 1.1. Fix d > 1 a space dimension, 7" > 0 a positive time and (Q, F,P) a complete
filtered probability space. On this space, and for any fixed H = (Hg, Hy, ..., Hy) € (0,1)%+1 a
centered Gaussian process B : 2 x ([0, 7] x R?) — R is said to be a space-time fractional Brownian
motion of Hurst index H if its covariance function is given by the formula:

d
E[B(S,.’L'l, -~-7$d)B(t73/17 7yd)] = RHO(S7t) H RHZ(x’Lvyl) 3 Sat € [07T] y L,Y S Rd?
i=1
where

1 . , ,
Rpg,(w,y) = S (| + [y = |2 — ™)

Stochastic partial differential equations (SPDEs) perturbed by fractional noise terms have be-
come increasingly popular in the recent years. Indeed, these equations can be interpreted as a more
flexible alternative to classical SPDEs driven by a space-time white noise, and consequently they
can be used to model more complex physical phenomena which are subjects to random perturba-
tions. For instance, fractional noises appear in lots of practical situations, whether in biophysics
(see Kou and Xie (2004)), in the study of financial time series (see Bayraktar et al. (2004)) or
simply in electrical engineering (see Denk et al. (2003)).



Study of a fractional stochastic heat equation 427

The major motivation of this work is that equation (1.1) is both a physical and mathematically
challenging model. In fact, it can be seen as a stochastic reaction diffusion model with p = 2.
Recall that the equation:

Ou=Au+ul, p>1 (1.2)

is known under the name of Fujita model and has been the subject of many questions. It has already

been established (see Brezis and Cazenave (1996); Weissler (1980)) that when ¢ € L9(R9) with ¢ > 1

and ¢ > @, there exists a constant 7' = T(¢) > 0 and a unique function u € C([0, T], L9 (R%))
d(p—1)

that is a classical solution to (1.1) on [0,7] x R? whereas when ¢ < , there is no general
theory of existence. In this work, we introduce a cut-off function p to bring back computations to
compact domains, a fractional random perturbation B and we are interested in the well-posedness
of the associated equation (1.1).

Two classical obstacles have to be addressed. First of all, as often in the theory of SPDEs, a
standard problem is the roughness of the fractional noise which prevents us from solving directly
the associated linear part of the equation, namely:

{(%?—A?:B, te[0,T], zeR?
?(0,.) = 0.

Then, the quadratic nonlinearity will require us to give a precise meaning to the notion of solution.
Before going into details, let us recall that, over the last decade, we have seen numerous develop-
ments in the study of singular stochastic PDEs, in particular in the parabolic setting. Remember
that there are three main components to consider: the space dimension d, the nature of the nonlin-
earity and the irregularity of the noise. For example, polynomial nonlinearities (see Da Prato and
Debussche (2003); E et al. (2016) or the more recent work of Gubinelli and Hofmanova (2019)) have
been progressively replaced by sinusoidal and exponential ones. As an application of the theory
of regularity structures, Hairer and Shen (2016) and Chandra et al. (2018) studied the following
parabolic sine-Gordon model on T?:

(1.3)

Oyu = %Au—l—sin(ﬁu) +¢, (1.4)

where £ is a space-time white noise and proved that the local well-posedness depends essentially
on the value of the key parameter 52 > 0. Oh et al. (2021) focused on the parabolic equation in
dimension 2:
1 1

Opu+ 5 (1= Au+ §A5eﬁ“ =¢, (1.5)
where 5, A € R\{0} and they proved that the local well-posedness depends again sensitively on the
value of 32 > 0 as well as the sign of A\. To end with, resorting to a paracontrolled approach, Oh
and Okamoto (2021) worked on a stochastic heat equation with a quadratic nonlinearity but forced
by a more irregular noise:

dhu+ (1 — A)u+u? = (V)% (1.6)

where (V)¢ denotes a a-derivative (in space) of a (Gaussian) space-time white noise on T? x R™.
Our objective is to go one step further, that is to study a stochastic heat equation on R? (instead

of T4) driven by the derivative (in space and in time) of a space-time fractional Brownian motion
for d > 1. Helped by the regularising effect of the heat semigroup which allows a gain of two
derivatives in the fractional Sobolev setting, we will be able to derive existence results about (1.1).

We state our valid results for all space dimension parameters d that can be summed up in the
following way and are the combination of Theorem 1.5 and Theorem 1.10.

Theorem 1.2. Suppose that d > 1 and set ap := (2Hp + Zle H;) — d. The picture below holds
true:
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(i) Case ag > 0. The equation (1.1) is almost surely locally well-posed in WPP(R?) for some
6>0 andp > 2.
(ii) Case ay < 0. If ag > —1, then the equation (1.1) can be interpreted in the Wick (renor-

malized) meaning and it is almost surely locally well-posed in WPP(R?) for some B > 0 and
p=>2.

Let us now come back to the analysis of equation (1.1). We first rewrite it under the mild
formulation, that is the (formal) equation

t
up = eP + /0 A (p2ud)dr 4+ 9, (1.7)

where e® stands for the heat semigroup, and (morally) ¢ := [J e®="2(B,)dr. Here, we adopt
Hairer’s convention (see Hairer (2014)) to denote the stochastic terms by trees; the vertex o in ¢
represents the random noise B and the edge corresponds to the Duhamel integral operator:

T=(0;—A)""

Now, in order to isolate the more irregular term ¢, we resort to the so-called Da Prato-Debussche
trick to rewrite the equation under the form:

t t
v= 2ot [ lTIAR2)dr +2 [ DA (o) - (520 dr
0 0

t
+/ TIRPR) dr, te0,T], (L8)
0

where v := u — 7. Our first and main objective is to define properly the solution ¢ related to the
linear equation:

_ _ I d

{ 07— AY=B, te|0,T], z€R?, (1.9)

?0,.) = 0.

Our strategy is to consider (Bn)nzo a smooth approximation of B and to show that the associated
solutions (7, )n>0 verifying

p— f— . d
{ at?n A?n_an te [OvT}7 Z ER ? (110)

2.(0,.) =0,

form a Cauchy sequence in a convenient subspace (see Section 4 for more details). This leads us to
the construction of the first order stochastic process .

Proposition 1.3. Suppose that d > 1. For all (Hy, Hy,...,Hy) € (0,1)%*! and every test (i.e.,
smooth compactly-supported) function x : RY — R, almost surely the sequence (XTn)n>0 converges
in the space C([0, T]; W~*P(R%)) as soon as 2 < p < oo and

d
a>d-— (2H0+ZHZ) =—ay. (1.11)
=1

The limit of this sequence will be denoted by Xx%.

It is now clear that the sign of ay will play a major role in the resolution of (1.1). Indeed,
when ap > 0, x9(t) will be seen as a function defined on R? whereas, when ay < 0, x2(t) will
be seen as a spatial distribution. It is important to remark that the precise nature of 7 is known
up to multiplication by x € C®(R%). To put it differently, the stochastic process §(t) is (almost
surely) only a distribution on R? but we have the more refined result: x? € C([0,T]; W~*P(R%))
(see section 4.6 for more details). In the study of our equation, we will thus take xy = p.
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1.1.1. The regular case.

In the following, we will call reqular case the situation where

d
2Ho+ Y H;>d. (H1)
i=1
When this hypothesis is realized, « < 0 will be picked such that condition (1.11) is satisfied,
and therefore, resorting to Proposition 1.3, every element x? (x € C° (R%)) will be considered as
a function of both time and space variables (with probability one) and consequently p??%(t) will
perfectly make sense as a classical function defined on R?. We thus propose the following natural
interpretation of the model:

Definition 1.4. Let d > 1 and suppose that condition (H1) is verified. Remember that for all
test function x : R? — R, x{ is the process provided by Proposition 1.3.

A stochastic process (u(t, T))cjo,1],0cre is said to be a solution (on [0,77) of equation (1.1) if,
almost surely, the process v := u — ¢ is a solution of the mild equation

t t
v= ot [l dr +2 [ (o) - (520 dr
0 0

t
+ / AR dr | te(0,T]. (1.12)
0

We are now in a position to state our first existence result which will be a consequence of a
standard fixed-point theorem:
Theorem 1.5 (Local well-posedness under (H1)). Suppose that d > 1 and that condition (H1)
is satisfied. Let p > 2 and B be such that 0 < 8 < 2Hy + Zle H;, —d and % <14 g Finally,
assume that ¢ € WHP(RY). In this case, the assertions below hold true:

(i) Almost surely, there exists a time To(w) > 0 such that equation (1.1) admits a unique solution u
(in the meaning of Definition 1./) in the subset

Sr, =97+ Xﬁ’p(To), where Xﬁ’p(To) :=C([0, To]; Wﬁ’p(Rd)).

(i) For any n > 1, let us note u, the smooth solution of (1.1), that is u, is the solution (in the
meaning of Definition 1./) related to p%,. Then, for all

d
0<B<2Hy+) H;—d
i=1

and for any test function x : RY — R, the sequence (XUn)n>1 converges almost surely in
C([0, To); WPP(R®)) to xu, where u is the solution from item (i).

1.1.2. The rough case.
Let us now focus on the second situation, where
d
2Ho+ Y H;<d. (1.13)
i=1
In this situation, p?(t) is only a distribution and not a function anymore. So the classical difficulty
to properly define p2?2(t) appears. A Wick-renormalization procedure permits to overcome this
issue. To begin with, let us introduce the Wick-renormalized product

ooy (t,x) = (t,2)* — on(t,x) where o, (t,2) := E[9,(t,2)?] . (1.14)

Before looking for a convenient subspace in which (pQOvOn)nzo would be a Cauchy sequence, let us
have a look at the renormalization constant.
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Proposition 1.6. Let d > 1 and suppose that 2Ho + Y%, H; < d. Then, the value of E[2,(t,x)?]
does not depend on x. Setting o, (t) := E[0,(¢,2)?], the asymptotic equivalence property below is
obtained: for every (t,z) € (0,T] x RY,

{ chn if 2Ho + Y4 H; = d,

n =E|7, 2~
on(t,x) [? (t,x) ] C%I 22n(d—[2Ho+Z?:1 H;)) if 2H0+Z§l:1 H;, < d,

n—o0

(1.15)

where c}{, c%, > 0 are two constants.

Remark 1.7. It is interesting to note that the nature of the equivalent (that is linear when 2H, +
Zle H; = d and geometric when 2Hy + Zle H; < d) is the same as in the wave setting (see Deya
(2019)) and in the Schrodinger setting (see Deya et al. (2021)). Let us add that, in this case, the
term in the right hand-side of (1.15) has no dependence on t. In fact, this results from a dissipative
phenomenon of the heat equation (see the proof of Proposition 4.4) contrary to an oscillating one
in the case of the Schrodinger equation (see Deya et al. (2021)). This kind of phenomenon is well-
known in the parabolic setting and has already been observed in Hoshino (2016) for instance in its
study of the KPZ equation with fractional derivatives of white noise.

Our definition of e, the second order stochastic term, is the following:

Proposition 1.8. Fiz d > 1 and (Hy, Hy, ..., Hy) € (0,1)%"! such that

1 d
d— - < 2H H; <d. H2
4 0 + Zzzl > ( )
Then, for all test function x : R? — R, almost surely the sequence (x*aPy)n>1 (defined by (1.14))
converges in the space C([0,T); W2“P(R%)) as soon as 2 < p < 0o and o satisfying (1.11).
The limit of this sequence will be denoted by x>ap.

With the above constructed stochastic processes, the following Wick interpretation of the model
naturally comes to mind:

Definition 1.9. Let d > 1 and assume that condition (H2) is verified. Remember that for all test
function x : R* — R, x? and y2ap are the processes defined in Proposition 1.3 and Proposition 1.8,
respectively.

In this setting, a stochastic process (u(t, x))ycpo,1)zcre 1 said to be a Wick solution (on [0,77)
of equation (1.1) if, almost surely, the process v := u — ¢ is a solution of the mild equation

t ¢
v =P +/ A (p2?)dr + 2/ IR ((pvy) - (p25)) dr
0 0

t
+/ A (pRap Vdr, tel0,T]. (1.16)
0

In this case, a major difficulty is the treatment of the term (pv) - (p?) that will be understood as
the product of a distribution p? with a regular enough function pv. Indeed, should p? be of Sobolev
regularity —a and pv be a function of Sobolev regularity 5 with 5 > «, (pv) - (p?) can be defined
as a distribution of order —a (see Section 3 for more details). Again, the regularising effect of the
heat semigroup will help us to find a stable subspace. The main result concerning the rough case
of our model can be stated in the following way:

Theorem 1.10 (Local well-posedness under (H2)). Suppose that d > 1 and p > 2 verifies
that p > %. Assume that d — i < 2Hy + Zgzl H; <d. Fiz o > 0 such that

d

1

d— <2H0 +ZH1-> <a<y (1.17)
i=1
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Then the assertions below hold true:

(i) One can find 3 > 0 such that almost surely, for every ¢ € W™P(RY), there exists a time Ty(w) >
0 for which equation (1.1) admits a unique Wick solution u (in the meaning of Definition 1.9) in
the set

Sry =T+ X (Ty)

where

X () = C(0, Tol; WP (RY) N C((0, Tyl WP (R)).

(ii) For any m > 1, let us note U, the smooth Wick solution of (1.1), that is , is the solu-
tion (in the meaning of Definition 1.9) related to the pair (p9,, p?apyn). Then, for all o satisfy-
ing (1.17) and for any test function x : R¢ — R, the sequence (XUn)n>1 converges almost surely in
C([0, To]; W—P(R%)) to xu, where u is the Wick solution from item (i).

Remark 1.11. Thanks to the regularising effect of the heat semigroup, we are able to solve equa-
tion (1.1) for all dimension d > 1 as soon as o < i. This situation highly contrasts with the
Schrodinger setting (see Deya et al. (2021)) where the restriction comes from the deterministic part
of the equation. Nonetheless, although the restriction in Theorem 1.10 comes from the stochastic

constructions, we will be able to improve this result in dimension d = 2. See subsection 1.1.3 below.

Remark 1.12. Let us go back to the role of the cut-off function p in equation (1.1). Contrary to
the Schrodinger setting where p played an essential role to obtain local regularity, in our case, p
is only needed to measure precisely the regularity of the stochastic processes p?(t,.), p?a2(t,.) in
some WP (R?) spaces.

1.1.3. Further study of the model when d=2.
1

At this point of the analysis, one may wonder whether the restriction 2Hy + Z?:l H; >d— 7 in
(H2) (that comes from our technical computations) is optimal. The following proposition provides
us with a first partial result in this direction.

Proposition 1.13. Fiz d > 1. Let (Hy, Hy, ..., Hy) € (0,1)™! be such that

3

and let x : R = R be a non-zero, smooth and compactly-supported function. Then, for all o > 0
and t > 0, one has E[HX -ap,(t, ‘)HJ%I—M(Rd)} — 00 as m — 00.

Based on the latter explosion phenomenon for a2, we can at least conclude that the condition
(H2) in Proposition 1.8 and Theorem 1.10 is optimal when d = 1.

When d > 2, one can observe that the situation where %d < 2Hy + Zgzl H, <d-— i is not
covered by the above results. In fact, we must admit that we are not able, for the moment, to offer
a complete picture of the situation, that is a general well-posedness result for every d > 2 and for
all indexes such that 2Hy + Zle H; > %d.

However, we propose to make a first step toward this ambitious challenge by going further with
the analysis in the two-dimensional setting d = 2. In this case, it turns out that several of our
arguments and estimates behind the construction of ae can be slightly refined, leading us to the
following statement:

Proposition 1.14. Let (Ho, Hy, Hy) € (0,1)3 be such that
7

3 3 3
0<H1<1 R 0<H2<1 , §<2H0+H1+H2§Z. (1.19)
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Then, for all smooth compactly-supported function x : R> =R, T'> 0, 2 < p < oo and
o > 2—(2H0—|—H1+H2) , (120)

the sequence (x*2n)n>1 (defined by (1.14)) converges almost surely in the space
C([0, T); W—2xP(R?)). We still denote the limit of this sequence by x2a2.

According to Proposition 1.13 with d = 2, this construction is optimal. We are now in a position
to state our more general result when d = 2:

Theorem 1.15 (Roughest case). Suppose that d = 2 and p > 2. Let (Ho, Hy, Hy) € (0,1)3 be

such that
0<H1<Z , 0<H2<z , %<2H0+H1+H2§£. (1.21)
Fiz o > 0 such that
2—(2Hy+ Hi+ Hy) <a< % (1.22)

Then the assertions below hold true:

(i) One can find B > 0 such that almost surely, for every ¢ € WP(R?), there exists a time Ty(w) >
0 for which equation (1.1) admits a unique Wick solution u (in the meaning of Definition 1.9) in
the set

Sry =T+ X (Ty)
where

X*P(Ty) == C([0, To]; W~ *P(R?)) N C((0, Tp]; WP (R?)).

(i) For any m > 1, let us note u, the smooth Wick solution of (1.1), that is tuy, is the solu-
tion (in the meaning of Definition 1.9) related to the pair (p%,, p*apy,). Then, for all o satisfy-
ing (1.22) and for any test function x : R? — R, the sequence (XTn)n>1 converges almost surely in
C([0, Tp]; W—P(R?)) to xu, where u is the Wick solution from item (i).

Remark 1.16. Again, the restriction comes from the stochastic part of the study (see Proposi-
tion 1.14) that tackles with the existence of the stochastic element ae. This situation is analogous
to those in the wave setting (see for example Deya (2019); Gubinelli et al. (2018, 2023+); Oh
and Okamoto (2021)), where the strategy is limited by the domain of validity of the stochastic
constructions.

The above well-posedness theorem can be viewed as the main novelty of our work. We can sum
up our results in the following way ; equation (1.1) is well-posed in some W*P?(R?) space when

3
§<2H0+H1—|—H2

and is ill-posed as soon as

3
2H0+H1+H2§§

in the sense that the second order stochastic term is not a continuous function of time with values
in Sobolev spaces. These results can be viewed as a generalization of those obtained in Oh and
Okamoto (2021) where the parameter « (related to the derivatives of their Gaussian noise) has to
satisfy analogous constraints to those of the combination 2Hy + Hi + Ho.

Remark 1.17. Tt is interesting to compare the above regularity restriction (1.11) for ¢ in Proposition
1.3 with the analogous results of Deya (2019) in the wave setting and of Deya et al. (2021) in the
Schrodinger setting, that is when replacing 0, — A with at?? — A7 (respectively 10,7 — A7) . In
these situations, the conditions on « are

d d
1
Qrave > d — 5~ Z H;, and ogepog >d+1— (2H0 + ZHZ>
=0 =1
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In fact, the method presented in this paper would allow us to define the linear solution ¢ of several
other fractional problems. Let us briefly describe some results that could be obtained along the
same procedure (see Section 4). First of all, for fractional Schrodinger-type equations of the form:

i03(t, x) + |V|79(t,x) = 0,

where |V|? is the Fourier multiplier by |£{|” and ¢ € (0, 400), that generalize the classical one (take
o = 2), one could prove that the associated condition on a becomes

O‘fracschrod>d+*_ (UHO+ZH)
=1

Likewise, we could construct the linear solution ¢ for fractional wave-type equations of the form:
OX(t, ) + |V|*°%(t, z) = 0,

that generalize the standard one (take o = 1). In this case, the associated condition on a would be

d
g
O frac wave > d — 5 - <0'H0+ E HZ)
=1

To end with, it is possible to construct the first order stochastic process ¢ for fractional heat-type
equations of the form:
dii(t,x) + |V|78(t, 2) = 0,

as soon as

d
@ frac heat > d — <UH0 + ZH1,>
i=1
These considerations allow us to understand that the key parameter in the construction of the
linear solution is the exponent of the Fourier multiplier that appears in front of Hy (that described

the irregularity of B with respect to the time ¢) whereas the combination Zgzl H; stays unchanged.

1.2. Notations. Let d > 1. Throughout the paper, a test function (on R%) will be any function
p:R? = R that is smooth and compactly-supported. Naturally, let us denote by S(R?) the space
of Schwartz functions on R,

The main functional spaces of this article are the Sobolev spaces defined for all s € R and
1<p<ooas
WY = {f € SRY : [[flwer = IF {1+ | PYEFAHILPRY| < 00}
where the Fourier transform F, resp. the inverse Fourier transform F~!, is defined with the
following convention: for every f € S(RY) and = € RY,
. iy B 1
F(f)@) = f) = [ f)e Py, vesp. FUA@E) =
We also set H*(R%) := W9 2(Rd)

Now, as soon as space-time functions (or distributions) are concerned, we may use the following
shortcut notation: for every T'> 0, 1 < p,g < oo and s € R,

LWt = D0, TEWIRY),  Mlligwes = Il ioqozioweaeay - (1.23)

f() dy .

The notation C([0, T]; W*9(R%)) will refer to the set of continuous functions on [0, 7] taking values
in WH4(RY).
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1.3. Outline of the study.

The rest of the article is organized as follows. In Section 2, we prove the local well-posedness
result in the regular case. Section 3 is devoted to the analysis in the irregular case. Then, in
Section 4 and Section 5, we develop the stochastic constructions at the core of the equation. To
end with, in Section 6, we combined the results from the previous sections to prove Theorem 1.5,
Theorem 1.10 and Theorem 1.15.

Throughout the paper, the notation A < B will be used to signify that there exists an irrelevant
constant ¢ such that A < ¢B.

2. Analysis of the deterministic equation under condition (H1)

The aim of this section is to deal with the model in the regular case, that is when assumption (H1)
on the Hurst index is verified, and the linear solution p? (defined by Proposition 1.3) is a function of
both time and space. Recall that in this situation, the equation is interpreted through Definition 1.4.
Thus, what we would like to solve in this section is the equation

t t
vy = eBp + / A (202 dr + 2/ A (puy - p2,) dr
0 0

t
-%/‘éﬂﬂﬁgﬂﬁ)dr, telo,T]. (2.1)
0

Contrary to the next sections where several probabilistic arguments will be used, our strategy
towards a (local) solution v for (2.1) will be based on deterministic estimates only. To put it differ-
ently, we henceforth consider pf as a fixed (i.e., non-random) element in the space C([0, T]; W5»(R?))
for some appropriate 0 < § < 1 (where f = —« is given by Proposition 1.3) and p > 2, and try to
solve the deterministic equation below: for ¥ € C([0, T]; WP (R%)),

t t
vy = B+ / A (202 dr + 2/ A (pu, - W) dr
0 0

t
+:/cﬂ‘ﬂAOP%dr, te(0,7]. (2.2
0
Let us present the tools related to the two main operations in (2.2).

2.1. WP — WX estimate.

We recall the well-known integrability property of the heat semigroup resulting from the Riesz-
Thorin theorem (see Bahouri et al. (2011)).

Proposition 2.1. Let 1 < ¢ <p < oo, a € R and ug € W*4(RY). Then for all t > 0,

1

_d(1l_1
e uglyyer < (47t) ™28 |ug | yyece.
2.2. Pointwise multiplication.

The second tool to deal with equation (2.2) is a refined fractional Leibniz rule that can be found
in Grafakos and Oh (2014).

11 11
=—+—=—+—.

Lemma 2.2 (Kato-Ponce inequality). Let 1 <r < oo and 1 < p1,p2,q1,q2 < 00 verifying
1 J—
r o p1 P2 g Q2

Let s > 0. Then one has

[w - vllysr@ay S lullysor @ay [0l Loa ey + [[wll Lo ey [0 yysao may -
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2.3. About the resolution of the deterministic equation.

Our main result regarding equation (2.2) can be formulated in the following way:

Theorem 2.3. Fiz f € (0,1). Assume that d > 1 and p > 2 is such that % <1+ g For every
T > 0, define the space XPP(T) as

XP(T) := C([0, TT; W'P(R?)), (2.3)
equipped with the norm
||UHX(T) = HUHX@P(T) = HUHL%OWB’P'

Then for every ¢ € WPP(RY), one can find a time Ty > 0 such that, for every ¥ € X5P(Ty),
equation (2.2) admits a unique solution in X P(Ty).

This local well-posedness result will be the consequence of a classical fixed-point argument. In
order to implement this procedure, let us introduce the map I' defined by the right-hand side
of (2.2), that is: for all ¢ € WHP(RY), v, ¥ € XPP(T), T > 0, set

t t
Trw(v); i=e?¢ +/ A (p22)dr + 2/ A (pu - W) dr
0 0
t
+/ AW dr, te0,T].
0

Proposition 2.4. In the setting of Theorem 2.3, the bounds below hold true: one can find € > 0
such that for all0 <T <1, ¢ € WOP(RY), W, Uy, v,v1,v9 € XPP(T) := X(T),

1T, @) x(r) S léllwsses + T Il + 1®lxa ol + 1€0k@] @4
and
17w, (v1) = L@, (v2)l x (1)
S T llon = vallxery {lon ey + loellxeny } + 11 = @allxry oL xry
+ 12l x () llvr — v2llx ) + 1®1 = Callx () {11l x (1) + H‘Il?”X(T)}} ; (2.5)
where the proportional constants only depend on 3, p and p.

Before we focus on the proof of this proposition, let us briefly remember that, once endowed (2.4)-
(2.5), the result of Theorem 2.3 follows from a classical application of the Picard fixed-point the-
orem. Precisely, using (2.4), we can first show that for all T' = T'(¢, ¥) > 0 small enough, there
exists a ball in X (T") that is stable through the action of I'rg. Then, helped by (2.5) (used with
¥, = ¥y = W), the fact that 'y g is actually a contraction on this ball is easily deduced (for 7" > 0
possibly even smaller), which completes the proof of the theorem.

Let us remark that the continuity of I'r ¢ with respect to ¥ (a direct consequence of (2.5)) will
be a major ingredient toward item (ii) of Theorem 1.5.

We begin by establishing some estimates.

Lemma 2.5. Fiz § € (0,1). Assume that d > 1 and p > 2 is such that % <1+ g There exists
€ > 0 such that for oll0 <T <1, f; = pv or f; = pf,

t
t—7)A
HAJ)(ﬁﬁ@WMMmSWMMmmman
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Proof: LetO<t<T1<q<pand1<r<oobesuchthat%:
Minkowsky inequality, Proposition 2.1 and Lemma 2.2, we get

| [ pier],,,,

< / e (f1- fo(r))lhwasdr
0

|| f1 - fa(7) |yysadT

1 1 . .
>t Using successively

S Emr) DA s 12l + 20 s L () 21
Now, as soon as % > max (% — g, 7), observe that g > d( — %) and consequently we have the

Sobolev embedding WHP(R?) — L7 (Rd) that leads to
t t 4
| [ 2 patepar | =0 E U@l 2l

_d
< T 27'Hfl"XﬁvP(T)HfZHXﬁvP(T)

1_i
ST +2||f1||xﬂp I fallxs0(r):

Taking the supremum over ¢ € [0, 7], we obtain the desired conclusion:

t
t—7)A
| [ falrpar| ST E N s | el xosay. O

N

W8.p

Proof of Proposition 2./: Let us bound each of the four terms in the expression of I'r y:
FT,\II(U) tA¢ +/ (t— T)A dT + 2/ (t—7) (,O'UT . \IlT) dr

t
+/ AW dr, te0,T].
0

On the one hand, for all 0 < t < T, using the expression of the heat semigroup, it holds that
"2 Bllwspray S l¢llwssra, vielding to

"2l xs.0y S llDllwes(ra- (2.6)

On the other hand, the bound concerning the three other terms is a straight consequence from
Lemma 2.5 and provides us with the bound (2.4) we are looking for. The second one (2.5) can be
obtained with quite the same arguments. ([l

3. Analysis of the deterministic equation under condition (H2)

The objective of this section is to cope with the wellposedness issue in the rough situation, that
is when condition (H2) on the Hurst indices is verified. We recall that in this rough case, the model
is understood in the meaning of Definition 1.9, that is as

tAgb—i—/ (- T)A dT+2/ (t=7) (va %) dT

+/ etMB(p2ap dr, te[0,T]. (3.1)
0

where the processes p? and p?ae are those defined in Proposition 1.3 and Proposition 1.8.
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In order to handle (3.1), we intend to follow the same deterministic strategy as in Section 2. To
put it differently, we will consider the pair (p?, p?a2) as a fixed element in the subspace

Rap := L®([0, T|; W *P(R?)) x L>=([0, T]; W2*P(RY)) , (3.2)

where 0 < a < % (coming from Propositions 1.3 and 1.8), p > 2 and then the aim will be to solve
the more general deterministic equation: for (¥, ¥2) € R, ,,

t t
vy = e+ / =R (p22)dr + 2/ A (pu, - W) dr
0 0

t
+ / AW dr, te[0,T]. (3.3)
0

The main originality of the situation (compared to Section 2) is the lack of regularity of ¥, and
W2 that can only be seen as negative-order Sobolev terms (remark indeed that o > 0 in (3.2)).

3.1. Regularising effect of the heat semigroup.

The use of the fractional Sobolev spaces allows us to quantify the regularising effect of the heat
semigroup (see Pazy (1983)).

Proposition 3.1. Let 1 < p < co. For any s; < sa, there exists a constant C(s1,s2) < 00 such
that

s9—51

2 )I@llws1pway

126 llyysaw ey < C(s1,82)(1+ 1~
holds for all € W31P(RY) and t > 0.

3.2. Pointwise multiplication.

The solution we propose to deal with the product (pv;) - (¥,) in (3.3) will be to resort to
the following general multiplication property in Sobolev spaces (see e.g. Runst and Sickel (1996,
Section 4.4.3) for a proof of this result) which garantees that (pv,) - (¥;) exists and inherits the
worst regularity. More precisely:

Lemma 3.2. Fixd > 1. Let a, 8 >0 and 1 < p,p1,p2 < o0 be such that

1 1 1
—=—+4+— and 0<a<p.
p p1 p2

If f € W™oPLH(RY) and g € WHP2(RY), then f - g € W™*P(R?) and
1 - gllw-aw S I flw-aer gllwspe -

3.3. About the resolution of the auxiliary deterministic equation.
For all T > 0, a, 8 > 0 and p > 2, introduce the space

XOOP(T) == ([0, T]; W~ *P(RY)) N C((0, T|; WP (RY)), (3.4)
equipped with the norm
vl x () = vl xa8.00m) = ||U||L§9vv—w + vy (m)
where the Y (T')-seminorm is given by

Bta
[vlly ) = sup t 2 [lv@)|lwera)
0<t<T

Also, remember that the subspace R, has been defined in (3.2).
To end with, we are in a position to formulate (and prove) the main result of this section:
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Theorem 3.3. Suppose that d > 1 and p > 2 is such that 2% < 1. In addition, assume that o, 8 > 0
verify

a<ﬁ<min(2—a—d,2—2a>. (3.5)
p

Then for every ¢ € W™P(R?) and (¥, ¥?%) € R,,, one can find a time T > 0 for which equa-
tion (3.3) admits a unique solution in the above-defined set X P(T).

In the same way as in Section 2.3, the proof of Theorem 3.3 is of course a direct consequence of
the estimates below for the map I'r g g2 defined for all T > 0 and (¥, ¥2?) € R, by

t t
I'pww2(v) = 2 +/ DA (p2u2)dr + 2/ IR (pu, - W) dr
0 0
t
+ [ @ar, refo,T). (36)
0

Proposition 3.4. Suppose that d > 1 and p > 2 is such that % < 1. In addition, assume that

a, B > 0 verify condition (3.5). Then there exists € > 0 such that, setting X (T) := X*PP(T), the
following bounds hold true: for all0 < T < 1, ¢ € WP(RY), (U1, P2) € Royp, (P2, P2) € Rap
and v,v1,vy € X(T),

1P, 02 @) lx) S I6lw-or + T [0 ) + 1 €1l Lzew-er vl + 193 ge200 |, (3.7)
and
”FT,\pl,xpf(Ul) - FT,\IJg,\II%(U2)HX(T)
S TE[HUI —vollxmy{llvilix ey + o2l x ()} + €1 — ‘IIQHL%OW*%PHUIHX(T)
+ [ ®a | gey-anllor = vallxr) + 197 = @3l ppy—en] (3.8)
where the proportional constants depend only on p, p, a and B.

Proof of Proposition 5./: Let us bound each of the four terms in the expression of I'y ¢ g2 sepa-
rately.
Bound on e'®¢: For all 0 < t < T, using the expression of the heat semigroup, it holds that

e lly-an ey S 110llw-aw(ra), yielding to
A
Het ¢”L%°W*D‘»P S H¢HW-&@(W)-

~

B+a
Now, thanks to Proposition 3.1, for any 0 < t < T, [e"26|lysmga) < _%Hfﬁﬂww,p(u@d), which

... Bt .
implies ¢ 2 Hem¢Hwﬂm(Rd) S H¢Hw—a7p(Rd) and HetA¢HY(T) S H¢Hw—a»P(Rd) leading to
12l x(ry S NDlw-eormay- (3.9)

Bound on fot e(t_T)A(p%z)dT: Let 0 < ¢ < T. Using successively Minkowsky inequality, Proposi-
tion 2.1 and Lemma 3.2 (since a < ), we get
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t t
| /0 AP dr| < /0 1= (002) yy-endr

< t 1 2 2

~ / ﬁup UT”W—a,ng
0 (t—1)%

¢ 1

S [ lerlbwssllorlhy-esdr

0 (t—1)2

t 4 _fta

S [ =Bl ol pw-es
l_i_ﬁ"’io‘ 2

S T 7 vl

Taking the supremum over ¢ € [0, 7], we deduce:

t d _ B+a
(t—7)A( 2, 2 < 1—5-—=— 2
| [ 2], ST5 S Rl

Now, as elt=74 = et_TTAet_TTA, the heat kernel allows a gain of both regularity (Proposition 3.1)

and integrability (Proposition 2.1) showing that for all 0 < ¢ < T,

t t
| [etma@dar] < [ 12 Rdlwsdr
0 0

W8.p
t _Bta i
SR R e [ ey

t _Bta_d
S [ a=nTE T E I, g
t _Bta_d
S [ =0T S el [or e
¢ _fta_d _pta
S [ =0T Em e E aroly oo

1—4d _3_
< TE o)k s
leading to

B+a
t 2

1_4d _Bta
£ |ol%p

N

t
/ e(t_T)A(pQUZ)dTH

0 W8P
_d_Bta
S T ke
Taking the supremum over ¢ € (0,77, it holds
t d _Bta
(t=T)A( 2,2 <75 |pl2
| [ e itdian] < TS ol
which entails

t d B+a
(th)A 2,2 d < 1772p772 2 3.10
e v T T v X . .

Bound on fg e(=73(pv, - W) dr: By repeating the same arguments as above (one of two pv being
replaced by ¥), we obtain

t d _p+a
t—7)A I
| [ e e wayar| ST ol | @ e (3.11)
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Bound on fg e=NA(W2)dr: Fix 0 < t < T. Using successively Minkowsky inequality and
Proposition 3.1, we write

| [ emsin],, ., < [t @ e

t
| =078 192y sesar

S TV WP peyy-2en,

174N

which entails

t
(t—7)A (2 < =5 2
H/O ¢ (xpT)dTHL%OWW S G ] [ P (3.12)

Then, for all 0 < ¢t < T, thanks to the regularising effect of the heat semigroup and the assumption
0420 < 2,

t t
(t=7)A (g2 t—7)A g2
| [emaqar| o< [t 02 yssdr

t B2«
/0 (t— )5 |02y zandr

S A 1 [PV
T

A

(o] t (o]
which leads to t3 H / €(t_T)A(\I’72_)dTH < T2 || 92| oo yy—200. Thus,
0 wWh.p T

t
(t—7)A (\y2 < =5 2\ cornr 94
| [ e ST 92y (313)

and, combining the identities (3.12) and (3.13),

o

t
(t—T)A gy 2 < TS W2 sornr o
H/O A2 ar] STy (3.14)

Putting together the four inequalities (3.9), (3.10), (3.11) and (3.14) provides us with the desired
bound (3.7). The second one (3.8) can be obtained with similar arguments.
O

4. On the construction of the relevant stochastic objects

The objective of this section is to prove Proposition 1.3, Proposition 1.8 and to give an asymptotic
estimate of the quantity E[f,(t,2)?] (Proposition 1.6). We recall that the space-time fractional
white noise B has been defined as a Gaussian process whose mean and covariance function are
well-known (see Definition 1.1). This definition can seem a bit abstract and, in order to realize
computations with this noise, we need a representation formula. We will resort to the harmonizable
representation of the fractional Brownian motion presented in Samorodnitsky and Taqqu (1994).
Let us recall the procedure. First of all, we fix, on some complete probability space (2, F,P), a
space-time white noise W on R4*!. Then let H = (Hy, Hy, ..., Hy) € (0,1)*! and set, for any
t €1[0,T] and z € RY,

B(t,r1,...,xq) := CH/
£eR

where cy > 0 is a constant, and where W stands for the Fourier transform of W. Then, for an
appropriate value of ¢y, B is a space-time fractional Brownian motion of index H (in the sense of
Definition 1.1).

W (d¢, dn), (4.1)

/ ezt£ -1 d elini _
neRe [¢[Hts G |yt
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Unfortunately, we know that B suffers from a lack of regularity measured by its Hurst index.
That is why we are looking for a smooth approximation (By)p>0. Our strategy is based on a
truncation of the integration domain in (4.1): precisely, we set By = 0, and for n > 1,

ezt& _ ﬁ eMini _ 1
Bult,an. o)) =cn [ f W (dg, dn) . (4.2)
n jel<ozn Jigj<on |g|Hots 5 || Hits

It is then clear than B, defines a smooth process for any n > 0 and that for all (¢,z) € [0, T] x R?,
By(t, ) =5 B(t,z) in L*(Q) .

4.1. Linear solution associated with the model.
With a view to constructing the first order process ¢, the solution of the linear equation
{ 99— AY=DB, te[0,T], z€RY,
?(Oa ) =0,

we are now interested in giving a rigorous meaning to the sequence (,,)n>0 of the regularised version
of (4.3), that is the sequence of solutions to

{8t?n_A?n:Bn7 tE[OaT}) xERd)
2.(0,.) =0,

where, for alln > 0, B,, denotes the classical derivative B,, := 010y, - - Oy, By. Despite the regularity
of By, its a priori lack of integrability over the whole space R% prevents us from using some general
theorem which would guarantee the existence of 7,,. We thus propose a stochastic construction of
Tn- Should this latter exist, its expression would by given the formula

Dult, ) = /0 t =98 (B, (s))(x)ds.

A formal computation leads us to the following expression:

Tt ) = / (13 (B, (5)) ()

(4.3)

(4.4)

/ FUe B (5,6)) (n)ds
:/ ]—'_1(6_‘5‘ =)y % B, (s, x)ds

/ F P09 (@ = y) B (s,y)dyds

d

Rd
. 5 i is i(n,

CH ds/ dy/ / (e e (- N (x — y)idt! e*~%ettn (d{ dn)

Rd lg|<22n n\<2ﬂ €| Ho+3 Zl_[l || i+ 2
1 £ M itn,a)
=cyt / / —e .

g2 Jigj<an [¢[Ho+ 1;[1 K

t
[ / ds e'** ( / dy F (e _'5'2“_5))@—y)e_“"’”_y))]W(dé“,dn)
Rd

R / / pilna).

lel<22n J|n|<an |§\H"+2 iy i \H+2

[/O s i€(E=3) (/Rd dy;—l(e—525)(y)e_i<n,y>>} Wde, dn).
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We have finally obtained that
d

) 13 ;i
2ty 7) = cpri®t! / / : ) (€ nf) W(dg, ),
le|<azn Jjp|<an |€|Hot2 };[1 ImIHi+

where for every t > 0, £ € R and r > 0, we introduce the quantity (&, r) as

t
(&, 1) = e’ft/ e~ e 5 s | (4.5)
0

Moreover, let us observe that 7 is real-valued. Indeed, let f; . the function defined for all { € R,n €
R? by

d
. § n; ;
fr(&m) = CHZd+1ﬂ|s|§22"1‘”‘§2n €|Hots - H ‘n-’HZi-i-% (& Il

in such a way that ,(t,z) / frz(&, 7]) (d€,dn). As ftx(f n) = fiz(—& —n), the Fourier

transform of f is real-valued that 1mphes

Wt = [ ha€ )W dn)

= /}Rd+1ﬁ;(§,n)W(d£,dn)
= [, (&, dn)
= [ Bl dn)

- / o) (A, )
= Ta(t,x).
We are now in a position to define properly ¢,,.

Definition 4.1. We call a solution of equation (4.4) (or linear solution associated with (1.1)) any
centered real Gaussian process

{ta(s,2),n>1,5>0,z €RY}
whose covariance function is given by the relation: for all n,m > 1, s,t > 0 and z,y € RY,

1 ¢ 1 -
et L (& D, e ") dedn , - (4.6)
i=1 1"

Bt 2)tmen)] =k [

where D,, := B}, x B with B} := {)\ eRF: )\ < 26}.

4.2. Some preliminary estimates on .

Before proving that x7, is a Cauchy sequence in a convenient subspace, we need to establish
some bounds on the quantity 7;(£,r) which contains all the information with respect to the heat
semigroup:

. t .
(&) = ezgt/ e e85 s . (4.7)
0
We first state some estimates on the variation

Vs,t(ga T‘) = ’)/t(év T) — Vs (gv T)‘ (48)
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Lemma 4.2. For all0<s<t<1,£€R,r>0ande € [0,1], the following bound holds true:
t—slr? |t —slF{1+r?} Jt—s|f{r* + fle})

€l == e

rea(€r)| S min (JE1e = s + ¢ = s,
Proof: First of all, we write

t
fysvt(€7 T) = {ei&t - eiés} /S e*uﬂefigudu + eigt/ e*’U/r‘Qefigudu’
0 S

s 9 . t 9 .
/ e U e iU gy, / e U e gy,
0 s
Then observe that

) t ) e—r2t _ it iet€ty2 t
(&, r) = 61&/ e e85 s = — .
0 i€ § Jo

and so

s (€,)| S leF — ] + SIEFTE = s+t = s|.

—sr2 —j
e e z&sds’

which readily entails

75,t(£7r)
_ 2 _m2 ; ; . .- g
_ {et ey (e - ) n ﬁ{ez‘gt _ ) /s et itu gy, | ie'ty? /t p—ur? g—igu gy,
Z€ § 0 f s
Thus,
It —s| |t—s|¢ ot —slf 12
s (&) S r° — e T lt sl
’ €] €11 e €= ¢
t—s| |t — s|°
s 2l :
€] €1t
To end with, it can be verified that
i€t _ e—er
7t(§7r) - 7‘2 + 25 )

which yields

o 871”23} _ {eift _ ei&s}

1 2
1Vs,t(&,7)] = W‘{efﬂ

Ll ey

N

Corollary 4.3. For any0<s<t<1, He€ (0,1), r >0 and e € [0,H), it holds that

€ e ol sl
’£|2H—1 ~ 14 pd(H=e) "

Proof: The desired inequality comes of course from a relevant use of the estimates shown in Lemma
4.2.
For 0 < r < 1, we have

s, (€,7)]2 2 {/ d§ d§ 2
Ustis D01 ge < |t — 5| 7+/ 5 < |t—s|.
T Xl gl<t [EPH7Y 0 Jigz [¢2H—oH 6=
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Then, for » > 1, it holds that

e e [ T rle
g 96 S o [ g

T R R L R
~  pA(H-e) /R(l_i_é‘Q)’é“QH—l ¢ = rd(H—e) ~

4.3. Construction of the first order stochastic process.

Proof of Proposition 1.3: Without loss of generality, we will suppose during the whole proof that
T =1 and we set, for all m,n > 0, 9, », := T, — Tn. Also, along the statement of the proposition,
we fix o verifying (1.11).

Step 1: The first objective is to show that forany p > 1, 1 <n<m,0<s<t<lande >0
small enough, it holds

-1 21—¢% 2p —4ne; 2e
LB (0 LB RO Bt ) =t D) @) do S 20727, (29)
where the proportional constant only depends on p, o and .
Resorting to the same kind of arguments as those used in Deya et al. (2021, Proof of Prop 1.2),

we obtain the following estimate. To be more specific, the adaptation is quite dlrect insofar as the
only difference is the covariance formula of ¢,,.

/Rd deU]-"‘l({l + [P} 2 F (X Bnam () = S (s, -)]))(w)\zp}

p
1 d 1
: 1 L+ [0} sa (&, nl)[? dédn |
</(»;n)6Dn,m €[t - |77¢|2Hi*1{ 173 5.8, InD)[” d€dn

Now we can split the latter integral into

p
</(€n)€D e 1H\ ,zH_1{1+|n| } s € ) d§d77>

p
S 1+ 2\ —« < 7 2d d
(/22n<|5<22m /|n<zm |€[2Ho~1 H [ PH T Iy e & )1 € n)

p
1 1 21 —a 2
" </§|§22m /2"§n|§2m |§[2Ho—1 g |77i\2Hi_1{1 Y e & ) dgdn>
— (T (5, 6))? + (Mo (s, £))7 (4.10)

Let us focus on the estimation of I, ,,(s,t). To this end, we fix € > 0, so that

Loa(s.t) <27 [ at [ dn e IH, P e DR (@)

IE

which, after a classical hyperspherical change of variables, leads us to

—4n o {1+T2}_a "yst 57
Lnm(s,t) < 2 E/O dr 72(Hi+t Hy)—2d+1 /al5 |€[2Ho—2e—1 1 : (4.12)
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We can now apply Corollary 4.3 with H := Hg — &, which gives, for all 0 < ¢ < %,
Lym(s,t)

<274n5|t_s|25 /oodr {1_|_r2}—04 1
~ 0 p2(H + -t Hy)—2d+1 | 4 pAHo—8e
—4ne 2¢e ! 1 > 1
S 2 |t — 5] (/0 J2(H 1+ Hy)—2d+1 dr + /1 20+2(2Ho+ Hi+-+Hy)—2d+1—8¢ dr> L (413)

Due to our assumption (1.11), we can in fact pick ¢ small enough so that

d
4e < o — [d— (2H0+ZHZ~>] ,
=1

and for such a parameter, the two integrals in (4.13) are finite, yielding
T (s,t) < 274t — 5%

It is not difficult to see that the previous estimates could also be used to control II,, (s, t), yielding
the very same estimate

My, (5, 8) S 2747 — 5]
Coming back to (4.10), we get the desired bound (4.9).

Step 2: The estimate we proved in the previous step can be reformulated in the following way

E[[[xGnm(t: ) = X (5: ) [yp-a2s| S 27171 = 57, (4.14)
forallp>1,1<n<m,0<s<t<1ande >0 small enough.
Combining the Kolmogorov continuity criterion with the classical Garsia-Rodemich-Rumsey es-
timate (see Garsia et al. (1970/71)), we easily show that for any p > 1 large enough,
X%, | 220 (o) S 2727 (4.15)

In particular, (x2,)n>1 is a Cauchy sequence in L2(;C([0, T]; W~%?P(R%))) (for any p > 1 large
enough). As L?(Q;C([0, T]; W~%?P(R%))) is a Banach space, we deduce the convergence of (%, )n>1
in this space to a limit x7. Coming back to (4.15), we also have

IX? = X2nll 220 (@cp—ozry S 2727,

and from there, a classical use of the Borell-Cantelli lemma justifies the desired almost sure conver-
gence of (x2n)n>1 to X2 in C([0, T]; WP (R9)), for every 2 < p < co. To end with, the convergence

in C([0, T); W= (R%)) is the result of the Sobolev embedding W5 7P (R) ¢ W—a0(R?), for
any n > 0.

O

4.4. Construction of the second order stochastic process.

Proof of Proposition 1.8: We will follow the same general strategy as in the proof of Proposition
1.3. Let us again suppose that T' = 1, and set, for every m,n > 0, a2, , 1= a2, —a2,.

Step 1: Our first objective here is to prove that for every p> 1, 0<n <m, 0<s<t<1,e>0
small enough, and for every « verifying

d

1

d—(2H0+ZHZ-) <a<y, (4.16)
=1
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it holds
/Rd EU]—"‘l({l LY F (Rt ) — 2 (s, .)]))(x)f”} do < 27mep)e _ gfP | (4.17)

where the proportional constant only depends on p, a, and x.

In order to reduce the length of the proof, we will only show estimate (4.17) for n = 0, that is
we will focus on the bound for the time-variation a2, (t,.) —a2,,(s,.), with m > 1. The extended
result to all m > n > 0 could in fact be easily deduced from the estimates below combined with
the bounding argument used (for example) in (4.11).

Resorting to the same kind of arguments as those used in Deya (2019, Proof of Prop 1.6), we
obtain the following estimate. Again, the adaptation is quite direct insofar as the only difference
is the covariance formula of ¢,,.

—1 21—« 2 21P < 1 v P
ftB 7 (041 PF e en o)~ D)@ | 5 (S hee) @19
where
1 1
L déd déd
Timis /@meDm ¢ ”/@,ﬁ)eD £ !£|2H0 1H LT, \2H €2 1H 7 |2H =
|Fm;s,t(£7‘77|;§7|77| |{1‘|”"7—77‘ } ) (419)

with Fﬁ@st mst(§ |77’ § ’77’) glven by

Thoe =2 ) vst (& ) [ (&N, T2hise = 2(& nl) vt (€ 1) 75 (&, 1) 2 (€, 171])
T3 e =& 1) Ys,t (6 10D 4 (& 1D Vs (6, 111) s Tse = 2.5 (& 1) v (&, 1) 1y (€, 1)1

Let us focus on the treatment of ‘7,}“ sit

g 5 B0

(i IH‘ ,QH_IM bt )+ (i 1H|77 a1

< /(R dédndédi {1+ ||n| - 7]}~

(s LT s bl st o) - (s Tl s € ).
(4.20)

where we have used the trivial bound |n — 7| > ||n| — |7|.

Now, let us decompose the latter integration domain into (R x R%)? := Dy U Dy, where

D= {(eméi: o< pil < W or gy = 33

and

Dy o= {lemén: W<y < 20y
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Concerning the integral on Dy, the inequality ||n| —|7|| > max( g' m) (valid for all (€, 1,&,7) € Dy)

allows us to write

dédndédn
Ave= [ T ey e 1H| = (6 Dl )

1 1 <
(i 13 Dty
déd
S </Rde {1+ ’,77 2}a ‘5‘21{0 1 H |77 ‘2H 1 Ve (€, InD)|vs,e (8, |77|)’)

dédi
</Rde {1+ |72} ‘§|2Ho 1 H |7 |2H = In( & 177))] )

déd 2
S </qu§d {1+ ’,77 2}a ‘5‘21{0 1 H |77 PH 1 Ve (€, )] )

ded :
</]R><]Rd {1+ \n7|7 2}a |g|2Ho T H LT, |2H =1 [7s.¢(& [n])] )

d¢di
</R><Rd {1+172}e ‘§|2H0 1 H L ‘ZH — (€ <, 17 ‘)’2> )

where Cauchy-Schwarz inequality has been used to get the last estimate.

Now remark that we are here coping with the same integral as in the proof of Proposition 1.3
(see in particular (4.11)) and therefore we can reproduce the arguments in (4.12)-(4.13) to obtain
the estimate we are looking for, namely: for all € > 0 small enough,

A1§|t—s|5.

Concerning the integral over Do, a hyperspherical change of variable entails

dn 2
. (€, 7)) -
/'|| A+ = e H|m|2H 1
_ dn 2
= [y 22 | s e )| -
et T P A7 Hr S
dr -
< —2(H1+...+Hd)+2d/ A2
< s cres (T B = ry2yza & i)
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As a consequence,

- dédndédi
A= [, Tl e (e H [ (@ bl )

(|£|2H0 1 H ‘77 ‘QH 1 |7t | |)|2>

< / dn ﬁ 1 / dr '
~ Jra |20+ Ha)—2d o ;i [2Hi—1 Lered {1+ (1 = r)2}2e

(/df (e, |v‘7£r|2|r;;tlf iy ([ fwtmézHTlp)

</ dn H / dr '
e [P T2) 2 WH yercy (L (L= PP

([ Wrtgéff‘on S ) ([ ws’g';lmlﬁ) </Rd5W>

Using again a hyperspherical change of variable (with respect to 1), we obtain

o0 dp dr
Az 5/ 4(H +..+H )—4d+1/ ; 2 212a
o pitHttHa l<r<é {1+ p°(1—7)%}

(e b0) - ([ bt (aebienl).

and we can now use Corollary 4.3 to assert that

€
Ay S|t — s [/0 pAH - Hy)—4d+1

dp dr
+/1 pA@Ho+H i+ +Hy)—4d+1-8¢ /%<r<g {1+ p2(1 — r)2}2a
for all 0 < ¢ < Hy.

Now, remark that

/Oo dp / dr

1 p4(2H0+H1+...+Hd)—4d+1—8e %<r<% {1 +,02(1 _ r)2}2cx
< © dp dr

= )i plotd@Hot+Hi+. +Hg)—4d+1-8¢ 1oy (1 —r)te

(4.21)

Thanks to our hypothesis on « (see (4.16)), we know that 4o < 1 and we can choose € > 0 such
that
40z+4(2H0+H1+ +Hd)—4d+1—8€>1

For such a choice of parameter, the two integrals in the right-hand side of (4.21) are clearly finite,
and finally we have proved that
Ay St —s)°.

Going back to (4.20), we have thus shown that, uniformly over m,
The SlE—sk.

It is now easy to realize that the other three integrals {7\, ., ¢ = 2,3,4} (as defined in (4.19))
could be controlled with the very same arguments (with the very same resulting bound).
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Injecting the above estimates into (4.18) provides us with the desired conclusion (4.17).

Step 2: Conclusion. Let « satisfying (1.11), that is & > d — (2H + E;i:l H;).

If v < %, then condition (4.16) is satisfied, and so the moment estimate (4.17) holds true. Thanks
to this bound, we can reproduce the arguments used in Step 2 of Section 4.3 to get that (Y222, )n>1
converges almost surely in the space C([0,7]; W~2P(R%)), for all 2 < p < oo.

If a > %, remark that, due to assumption (H2), we can choose o/ verifying o/ < avand d— (2Hy+
YL <o < 1 (that is, o satisfies (1.16)). By executing the above scheme again, we deduce
that the sequence (x?a2,)n>1 converges almost surely in C([0,T]; W~2%?(R%)), and therefore it
converges almost surely in C([0, T]; W2%P(R%)) as well, for all 2 < p < co.

Finally, the (a.s.) convergence in C([0,T]; W~2*>(R%)) is the result of the Sobolev embedding

d
Wt P (RAY =200 (R4D) for any 5 > 0, which ends the proof of Proposition 1.8, O

4.5. Asymptotic estimate of the renormalization constant.

Fix d > 1 and (Ho, ..., Hy) € (0,1)%*! such that

d
i=1
The objective of this subsection is to give an equivalent of the quantity o,(t,z) = E[2,(¢,x)?].
Let us rewrite it under the integral form:
oultw) = Ef(a7] = & [, o I s et P
n n €| <an |€|2H0 1 Inj<2n i |m’2Hfl

_ o[ d¢ )
- / 2(Hi+.. +Hd) 2d+1 /£|<4n |§|2H0 1"7t(§a7")| s

where the previous identity is obtained after a hyperspherical change of variables. As remarked in
Proposition 1.6, the above formula shows the surprising fact that ¢, does not depend on z.

The desired estimate (1.15) is now a consequence of the following technical result (applied with
o :=2Hy € (0,2) and & := d — [2Hy + X%, H;] > 0):

Proposition 4.4. Fiz t > 0. For all a € (0,2) and k > 0, there exists two constants c¢; and co
depending only on o and Kk such that

/2" dr / d¢ .72 4™ if k>0
0 r—2a—2k+l1 | <an |é"|a Tela—1 I S n—oo | Can if k=0

Proof: 1t is quite easy to verify from the expression

. t )
(&, r) = ezft/ e e 5 s (4.22)
0

that

1 — 2cos(&t)e "t 4 e 2%t
(€, )2 = (Et)e” .
rd+¢
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e (€)1

a1 s We rewrite

With the change of variables u = 7% and using the parity in ¢ of the function
the integral we are dealing with as

/2n s / = (&) /4" & ¥ dE 1—2cos(Et)e " 4 e
o T2 AT fio g [gfon Teja—1 1S ~ Jo st ga—1 2 + €2

0

_ e L dr 1 d¢ 1 —2cos(4n&t)e 4"t 4 g= 24"t
- /O r—a—fﬁ-l/o ga—l r2_|_€2 :

We perform the change of variables (r,&) — T'(r, &) defined by

I’:@;g)k+tr@;g)::(g,g)

It is readily checked that 7T is a one-to-one map of (0,1)?
2 . 1
{(z,y) e R,z > 0,0 < y < min (1,;)}.

Moreover, its reverse is explicitly given by 77! : (x,9) ~ (zy,y) whose absolute value of the
Jacobian equals y.

2 dr d¢ )
, T
/0 r—2a—2r+1 /|£S4” G e (&, 7)l

p [ttt body —Angyt | 24"yt
=4" /0 522 da:/o Jir (1 — 2cos(4"yt)e " TV t e e )

+oo gatr—l % dy n n
411;{/ d / 1—9 4"t —4"xyt —2.4"zyt )
+ S 3 T = ( cos(4"yt)e +e )

First case: k > 0. By Lebesgue’s dominated convergence theorem, we observe that

/ i da:/ 13{ ( — 2cos(4"yt)e VW 724 xyt)
0 0

1 + 1'2 Y
+oo xa—l-n 1 1 dy
’ — n —4"zyt —2.4"zyt
* / 1+ 1’2 /0 yl—m ( 2COS(4 yt)e +e ) n—_>>oo O’
leading to
2" dr o
A rzamwgémwwmlm@,ﬂ e cd™,
where

8]

1 gpotr—l 1 g +oo patr—1 1 d
c1 :/ 2ala:/ IZ_J +/ de/ IZ_J
o 1+=z 0 yli=* 1 1+=x o Yy~
1 aJrn 1 too po
ok A 14a? +/? T 2™

A more visually pleasing expression of ¢; can be found in the appendix.
Second case: k = 0. Let us recall that

2 dr d¢ Ldy n
- T 1-9 A"t —4"zyt —2.4"xyt
/0 r—2a+l /§|<4n |€[a—1 (& 1+ 22 /0 y ( cos(4"yt)e e )
too xail dy n n
d / 1—2 A"t —4"zyt —2.4"zxyt ]
+/1 1+$2$0 y( cos(4"yt)e ¢ )
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Let us introduce the function f defined for all T > 0 by

A(T) = /01 a: / (1 — 2cos(Ty)e T2 + e—QTxZ/)

1+ 22
+oo pa—l zdy
+ d / (1 —2cos(Ty)e Ty —2Tzy)
/1 a2 o ; y( (Ty)e +e )

Then, one has by derivation

/ Lget ! : -T -T —2T
(T = /0 722 dZL‘/ dy(Z sin(Ty)e™ "™ + 2z cos(Ty)e " ™Y — 2xe ””y)

too pa— 1 % . . .
‘ 1 —Llzy —Tzy —2Txy
* / 1+ a2 / dy (2 sin(Ty)e + 2z cos(Ty)e 2ze )

To deal with this derivative with ease, we will resort to the following technical lemma:

Lemma 4.5. Let a, x and T three positive numbers. It holds that:

a _ ve T%%gin(Ta) 1 —e 19 cos(Ta)
in(Ty)e T™dy = — ;
a _ e T sin(Ta) x(1 — e 1% cos(Ta))
Ty)e T™dy = ;
/0 cos(Ty)e™"*dy TS A+T
/a e*QTl“ydy _ 1— 6—2Taca .
0 2Tz

Lemma 4.5 with a =1 and a = % readily entails:

f/(T) 1 /+OO $a_1 d + 1 $a_ d ( —2Tx ) (T) *Tﬂf)
= — ——ax X — 42 COS e
T\ Jo 1422 o 1+ 22

+o00 ma— oT T _7
+/1 1+x2dm( —QCOS(;)B ))

By Lebesgue’s dominated convergence theorem, we deduce since a € (0,2) that

bae! —2Tx Tz
/ dz(e —2cos(T)e ") +/
0 1

1422

and consequently

+o0o xafl
1+ a2

dr(e™*T — 2cos (g)e_T) — 0

T—o0

C2
~ 2
T—oo T

f1(T)

where ¢y = / T sdx. For the sake of beauty, let us compute the value of the constant c2. We
x

recall the classical result, coming from complex analysis, stating that for all g €]0, 1],

/"‘OO a7
o ti(1+t) sinmg’

It yields:
F1(T) .
T—oo 2sin(4F)T "
We can finally use a standard comparison argument (see Lemma 4.6 below) to assert that

F(T) " In(T).

~
T—oo 2sin( %)
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We obtain the equivalent we are looking for, namely

2 dr dg 9 m1n(2)
— T ~ -~ amy v
/0 2l /|£|§4n €|t &l sin(%F)

0

Lemma 4.6. Fiza € R and let g : [a,+00]— R, h : [a,+oo[— (0,00), be two continuous functions.
If g(t) N h(t) and [ h(t)dt = oo, then
o

/a oyt =~ / .

4.6. Details about the definition of the linear solution.

As in Deya et al. (2021), the statement of Proposition 1.3 provides us with a local definition of
the process ¢, that is, up to multiplication by x € C°(R%). To put it differently, what is actually
given by the proposition is the set of the limit elements {x?, x € C°(R%)}. Let us briefly recall
how those elements can be gathered into a single process .

Fix p > 2 and « verifying (1.11). We denote by P the set of sequences o = (0j)r>1 such that
for every k > 1, 03 : R? — R is a smooth function verifying

= {1l <k,
TRET= 0 if 2| > k+1.

Let us fix such a sequence o, and for all £ > 1, we call (@) the limit of the sequence (050 )n>1
in the space C([0,T]; W~*P(R%)), as given by Proposition 1.3. As ?°*) is defined on a probability
space Q%) of full measure 1, Q) = ﬂkzlﬁ("’f) is still of measure 1.

For each time ¢ € [0, 7], we are now able to define the random distribution
?9)(t) : Q@) = D'(RY)
as follows: for all smooth compactly-supported function ¢ : R* — R such that supp(p) € B(0, k)
(for some k > 1),
(®7(2), 0) = (F(1), ).

Proposition 4.7. (1) The above distribution 29) s well defined, i.e. for every 1 < k </ and
for all smooth compactly-supported function ¢ : R* — R with supp(p) C B(0,k) C B(0,4),
one has

(1), 0) = @(1), ) on Q).
(2) For any smooth compactly-supported function x : R? — R, one has, on Q)

X% = x99 in C([0,T; W™ P(RY).

n—oo
(3) If o,y € P, it holds that
@) — oM pn Q@ A QM

Thanks to the latter identification property, we can set ¢ := ?(”), as soon as o € P is a fixed
element.

Remark 4.8. The latter procedure can of course be used to give a rigorous meaning to the second-
order process y2ape as a distribution-valued function ae.
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5. Rougher stochastic constructions when the space dimension equals 2

The aim of this section is to establish the proofs of Proposition 1.14 and Proposition 1.13,
that is to construct the second order stochastic process ¢ in the roughest case, namely when
% <2Hyg+ H{+ H, < %, and to show that this construction is in some sense optimal insofar as

E|[lx- 0" (¢, -] = +oo,

n—-+o0o

for all compactly-supported function y and t > 0 when 2Hy + Hy + Hy < %

5.1. Additional notations. To begin with, let us introduce some notations that will be frequently
used in the proofs of Proposition 1.14 and Proposition 1.13. For all 7 € {?,2¢2}, 0 < n < m and
0<s,t<1,let usset 7™ := 7" — 7", and then, for f € {7", 7™ ™™}, fo,:= fi — fs.
Then, we set for all H = (Hy, Hy, Hy) € (0,1)3, n € R?,
|1—2H1 ’nQ‘l—QHQ

H o Im

For all a = (a1, a2), resp. b = (b1,be), with a; € {n,m,{n,m}}, resp. b; € {s,t,{s,t}}, we write

1

gy (&, 0]V T
b P T2

R

/(f,n)eDal ND%2

where
D, := By, x B} with Bf:={\cR':|]\[<2'} and D"™:=D™D",

in such a way that for all v, € R?,

Bl W@ = i [, dnete 0 L) (5.2)

In the following, we will resort to several technical lemmas whose statements and proofs can be
found in the Appendix. In particular, Lemma 7.2 is of major interest since it describes in some
way the role of the cut-off function y which allows a gain of integrability.

5.2. Proof of Proposition 1.1/. The strategy is exactly the same as the one developed in the proof
of Proposition 1.3 and results from the combination of Kolmogorov criterion and Garsia-Rodemich-
Rumsey lemma. Let us write

B[ 7 ({1 + 1P} R (8 2o @] |

1 d\d)\ 5 Y~ —_ 5
= — — 7‘<17A7A> 2 _ 2 _ .
(2m)? //(R2)2 1+ 21+ |)\|2}ae //(R2)2 d€d€ x* (A = E)X* (A — §) Qnmyst(§56)
(5.3)

with
Qnmot (6:8) 1= E[F @M (OF (351" (@)

= [ e IR )T
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Resorting to Wick formula, we derive

Elasg" ()" @] = > cas B[S 0% @)E[G )%, (9)]

(a,b)eA

Z Cab // dnd e* U)o =1m:8) 2 (7)o =175 @Lﬁ,ﬁ,‘;“”)(n)Li’,éjg’“‘*)(ﬁ) ’
(a,b)eA

for some index set A such that a; € {n,m,{n,m}}, b; € {s,t,{s,t}}, and one has both {ay,...,as}N
{{n,m}} # 0 and {b1,...,ba} N {{s,t}} # 0. It leads us to

Qnmist (&, 5 Z Cab// dndn Lb1 al,a2)( )ng,g,ig’M)(ﬁ)6{5:U+ﬁ}6{§:U+ﬁ} .

(a,b)eA
Consequently,
EU]—“—l({l—i— L PY e F (2 ey ) ‘ } S dap,
(a,b)eA
with
3 d\d\ N
¢a,b:Ca,b// 5 T2 6< A=)
r2)? {1+ [AP}e{1 4 [A]P}e
S o AR P DL @RO~ DO~ () (5)

With the help of Lemma 7.2 and the hypercontractivity of Gaussian chaoses, we obtain

/RdeEUf—({H|.!2}‘C“F(x2.cva’;;tm)) ’ } (Z %b) :

a,b)eA

where
Yab = // dndii {1+ |+ 7|} 72| L) () | Ly 40 (7). (5.5)
Now, for 0 < € < Hy, Lemma 7.1 provides us with the bound
bas STl [ andi {1+ Ry

{KHa,o(n)+KH5,0,1(77)+KH5,02 }{KHeo )+KH501( )+KH502( )} (5.6)

According to Lemma 7.3, the latter quantity is finite as soon as ¢ is small enough and we have
finally obtained:

[ ||F (s Lyl e ) @) | s 2 e s

We can mimic the arguments at the end of the proof of Proposition 1.3 to get the result.

5.3. Proof of Proposition 1.13. Suppose that d > 1 and that (Hy, Hy,..., Hy) € (0,1)%! verifies
the condition 2Hy + Hy + -+ -+ Hg < %d. As usual, we will use the notation A 2 B whenever one
can find a constant ¢ > 0 such that A > ¢B. Let us also introduce the additional notation

I‘fo’n(r) = » df W ) (5.7)
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Fix ¢t > 0. Using (5.2) and then Wick formula, we get that

E[llx - 2" (t, )[-2]

d
= [ [ a0 1] e T e OO [ e~

Inj<2n |ql<2n

With the change of variables & := ¢ — (n — 1), it holds that

3 2
o TU 1 ey (€~ =)
dg )2 1 d¢ T
e T e+ o= PP O 2 ey —appe s T iy )

As x is a non-zero compactly-supported function, the support of X contains a ball of radius

d
R > 0 that guarantees / {1+|§-‘2}2a‘>2(§)|2 > 0. Performing the changes of variables r; =
mmm STy = "d;d”d (second inequality) followed by 73 = mirq,- -+ ,7q = ngrq (third inequality),
we write

E[nx-wu 2]

2" Ho HO
v moo Vi na " (I (7))
e dm dm--'/ dng dijq — —
/ - 0 Lng {1+\77 n\ }2a HIW\QH 1H\77\2H !

2
2 [P [Fanea H [ - dr
~Jo o |n|4H - {1+m7‘1 Rl

Ho, Ho,
e (o (ViR = r)2 4+ 031 = 10)?)

d?"d

Va
e [
/0 n nde ’4H 2 {1+r1 T2y
pl rH 22 2
()T O’“(\/”%( — ) (- 0e) )

vV
S—
NE

The hyperspherical change of variables below

Inl=r
m = rcos(61)
12 = rsin(6y) cos(62)

Ng—1 = rsin(fy) - - -sin(f4_2) cos(64-1)
Ng = rsin(fy) - - -sin(f4_2) sin(64_1)
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d .
whose absolute value of the Jacobian equals 741 ] |sin(6;)|9~!~? entails that
i=1

E[|lx- a0 (t, )% -2]

2n dr %r cos 01 %r sin(61)---sin(64_1) dT’l . dT‘d
> A
~ /[W )i d91 ~dfq-1 /2 rA(Hi4+Hg)—3d+1 /0 /0 {1+r}+-- +r2)2

87

Ho,n Ho,n 2 o2 __n 2 24in2 0, ... qin _ Td ?
r,o"(rr, <\/7" cos 91(1 1"00891) 4+ ...+ 7r2sin?0; - - -sin del(l rsin@l-"sin0d71) .

A quick view on the integration domain reveals that

. T2 : . rd 2
> Fp o= 2c08260¢(1— 24in26; ---sin20, (1 —
r > T \/r cos 1( rcos@l) + + r4sin“ 6y - - -sin“ 0, 1( rsin&l---sinﬁd,l)
1
> —r>1.
= 27“ =
Resorting to Lemma 5.1, the (forthcoming) lower bound (5.8) leads to

Bl e s 2 [

A dr
3 ]d—l 1--- d—1 /2 7’4(H1+"'+Hd)*3d+1

/ércos 01 %r sin(61)---sin(6g—1) d’l“l .. d’l"d 1
0 0 {147+ 43} 2 r8Ho

> (1= 2t 4 e 2)2 cos§ S dpy - drg > dr
R (=27 +e) /0 /0 I+ +- 47220 /2 r4(2Ho+H1+-+Hg)—3d+1 |

As2Ho+ Hy+ -+ Hy < 3d, 4(2Ho + Hy + -+ - + Hq) — 3d + 1 < 1, and consequently

INE]

(1 . 2€_t + 6_2t)2

2" dr
o pA2Ho+Hi+++Hg)-3d+1 pico too-

We then get the desired conclusion

E|llx- 0"t 20| =2 +oo.

Lemma 5.1. For all Hy € (0,1),n>1,t>0 andr € [1,2"],

1
rHon () > (1= 2¢7" + e > 0. (5.8)

Proof: Remember that
o 1-2 cos(Et)e "t 4 e 2

|’Yt(£,7")|2 T‘4+f2

Ve, Ve(&s 7 :
It is clear that T/0"(r) = / ||§t’2Ho d§ > / ’]£\QH0 7d¢ . Now, by parity,

(&P e(& )
[ it = 2 [ Gia
2 rti- 2 cos(r2et)e "t 4 e 27
- 714H0/0 (1+§2)§2H@—1

2 1 de L N
rito (/0 (1 +g2)§2H0_1> (1 -2t 27t > 0.

dg
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Indeed, if we set for all ¢ > 0,r > 1,
h(t,r):=1-— 2"t 4 o727

it is quite easy to check that, when r > 1, h(.,7) is strictly increasing on [0,+o00) and, since
h(0,7) =0, for every t > 0, h(t,r) =1 — 26"t 472" > (), Moreover, we can verify that if £ > 0,
h(t,.) is increasing on [1,+00) that provides the conclusion.

O

6. Proof of the main results

6.1. Proof of Theorem 1.5. Suppose that d > 1. Let p > 2 and 8 be such that 0 < 8 < 2Hy +
S Hi—dand 4 <145
Recall that for every T > 0,

XPP(T) == C([0, T); WPP(R?)). (6.1)
i) The statement of Proposition 1.3 with o := —f and x := p ensures the existence of a measurable
set Q of measure one on which p9(w) € X#P(T). Now, the well-posedness result of Theorem 1.5
comes from the application of Theorem 2.3 (in an almost sure way) to ¥ := p?.

i1) By reproducing the arguments that can be found in the proof of Deya (2019, Theorem 1.7), we
see that the convergence property is a consequence from the continuity of I'r ¢ with respect to ¥
(along (2.5)) and the almost sure convergence of X7, to x9.

6.2. Proof of Theorem 1.10. Suppose that d > 1 and p > 2 verifies that % < %. Assume that
2Hy + Y% | H; < d. Fix a > 0 such that

d

1

d— <2H0+ZH1‘> <a< 1
=1

Recall that

As2‘;<i,observethata<}1Sl—;;andwecanpickoé<5<min(2—a—g72—2a>-

Rap = L=([0, T W™*P(RY)) x L>([0,T|; W>*P(R7)) . (6.2)
i) Proposition 1.3 and Proposition 1.8 applied with o > 0 guarantees the existence of a measurable
set Q of measure one on which (p?(w), p?a2(w)) € Ra.p. Now, the statement of Theorem 1.10 results
from the application of Theorem 2.3 (in an almost sure way) to (¥, ¥2) := (p?, p?a0).
i1) Again, we remark that the convergence property is a consequence from the continuity of I'r ¢ g2
with respect to (¥, ¥2) and the almost sure convergence of (X%, x22,) to (X7, x?a).

6.3. Proof of Theorem 1.15. Suppose that d = 2 and p > 2. Let (Ho, Hy, Hs) € (0,1)? be such that
3 3 3 7
0<H1<Z , 0<H2<Z , 5<2H0+H1+H2§Z. (6.3)

Fix o > 0 such that

1
2—(2H0+H1+H2)<0&<§.

Asp22,observethata<%§1—22pandwecanpicka<B<min<2—a—z,2—2a).

i) Proposition 1.3 and Proposition 1.8 applied with o > 0 guarantees the existence of a measurable
set ) of measure one on which (p?(w), p?ap(w)) € Ra. Again, Theorem 1.10 results from the
application of Theorem 2.3 (in an almost sure way) to (¥, ¥2) := (p?, p?ap).
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i1) As before, the convergence property is a consequence from the continuity of I'rw w2 with respect
to (¥, ¥?2) and the almost sure convergence of (X%, x?a2,) to (X%, x2a0).

7. Appendix

7.1. Technical lemmas. In this subsection, we state the three technical lemmas at the core of the
proof of Proposition 1.14.
Lemma 7.1. For all H = (Hy, Hy,Hs) € (0,1)3, ¢ € (0,Hp), 0 <n <m, 0 < s,t,u <1 and
n € R?, it holds that
L™ )] S KMo ) (7.1)

and

L) ()] < 27|t — s[5 {K o0 () 4+ K0 () + K02 ()} (7.2)
where HE,O = (HO — &, Hl,HQ), H570,1 = (HO — E,Hl — €,H2), H€70’2 = (HO — E,Hl,HQ — 6), (md
the proportional constants do no depend on (n,m), (s,t), u and 7.

Proof: The first inequality is a straight consequence of Corollary 4.3 :

LA )| =

)

1 / p Ive (&, In))[?
[m [P g2 Je pyepm > [€[2HoE

1 /df |’Yt(§7 ’77‘)’2 S KHE,()(T]).
R

|11 2H1 =1 g [2H2 =1 |€|2Ho—1

The second one is a bit more technical. Recall that one has

H((mm)m) ey . 1 Vst (&5 () vu (€, [0])
(s,t),u

W = e |, s 2
|771|2H1 1’772‘2H2 1 (€,q)eDmmAD™ |§‘2H0 1

which leads to

H,((n,m),m) 1 / V5,65 nD7u (€, 1))
L < d
| (5,t),u (77)| N gy [Ty |21 (€m)eDmm |¢[2Ho—1
1 / e Vs, (&, [nDIvu (&, )]
[ [P 2271 g5 020 |§ |20t
1 [v5,£ (&5 D&, )]
""’,71’21{1—1‘772‘21&12—1ﬂ|n|22"/Rdf ‘5’2H0—1 :

Let us call Ly, ,(s,t,u) (resp. I, (s, u)) the first (resp. the second) integral. Since 0 < & < Hy,
Corollary 4.3 combined with Cauchy-Schwarz inequality entails:

T (s, t,u) S 272t — |2 K20 (),

whereas, keeping in mind the identity

1 1
{Inl = 2"} c {lnl = 2", Im| = ﬁln!} U{lnl = 2", Ino| = Elnl},
it holds
1 1 n < 272n5 1 —2ne 1
|1 [PH— T [PH2—1 [n|=27 ~> | [2(H1 =€) 1| gy [2H2—1 |1 [2H1 =1 |pq | 2(H2—2)—1

which, thanks to Corollary 4.3, immediately implies

My (s, t,u) S 27"%[t — s {K o0 () + K102 ()}
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The lemma below brings back computations on compact domains and its proof can be found in
Deya et al. (2021, Lemma 2.6).

Lemma 7.2. Let x : R — R be a test function and fix 0 € R. Then, for every p > 1 and for all
Mye-nsp € Rd, it holds that

p 3 -
Re SR {14 N2z {1+ [\i]?}2

where the proportional constant only depends on x and o.

H{1+|771 }07

We end this subsection by a highly technical lemma that permits us to construct the second
order stochastic process a2 when d = 2 in the roughest case.

Lemma 7.3. For all H = (Hy, Hy, Hy), H = (Hy, Hy, Hs) € (0,1)3 verifying
~ 3 ~ 3 3 7 3 ~ ~ ~ 7
0< Hi,Hi < 1 0< Ho,Hy < 1 3 <2Hy+Hi+Hy < 1 2 <2Hy+Hi+Hs < 1
(7.3)
and any
~ - - 1
a € (max (2 — (2H0 + H1 + HQ),Q — (2H0 + H1 + HQ)), 5) , (74)
it holds that dnd
nan H H
—~ K K < 0.
//(R2)2 {1+ |n—n*}> E=()
Proof:
It is a simple adaptation of the proof of Deya (2020, Lemma 3.3). The only difference is the
constraint on the Hurst indices. O

7.2. Estimation of the constant c1 from Proposition /.. Let us compute the value of ¢;. By
developing the integrand in Taylor series, we write

1xa+ﬁ1 +o0 l.al
/0 1+ 22 +/ 1+x2
a+m 1 1 xlfa
= d
1+ 22 x+/0 1T+a2"
“+oo

- Z(—m/o POt 3 (=
n=0
+

1
)n / l’2n+1_adl'
0

n=0
SV ),
_n02n atr H2n+2-«
-3 2 ) 2
N ‘nt+atr)dn+24+a+k) ZAn+2-a)dn+4-a)

*Z 32 :
(n+ Ori’li)(n_’_ oz+n+2) 8 O(n_i_ZjTa)(n_'_l_%)

To continue the computatlon, we need to introduce two well—known special functions, namely:

(7.5)

Definition 7.4. The Gamma function I' and the digamma function ¥ are defined for all x > 0 by

the formulas . ()
I'(x :/ e 4, W) = a2y
@-= @) =T

We are now in a position to recall the following classical result from analytic number theory:
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Lemma 7.5. For all a,b > 0, it holds that:
+Z°:° 1 U (b) — ¥(a)

(n+a)(n+b) b—a

n=0

Coming back to (7.5), with the help of Lemma 7.5, we deduce
1 gatr—l too ga-—l 1 a+k+2 a+k 4 -« 2 -«
d L de=-o (TS v — v
/01+x2”/1 1+x2x4[<4> <4)+(4) (4”
and, finally, for your viewing pleasure,

:i F/(O‘+Z+2)+F/(;a) F/(aT-m) P/(ZTTQ)
4r | T(eE52) T T(e)  T(eE) (e |

C1
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