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Abstract. In this article, we study the stochastic wave equation on the entire space RY, driven
by a space-time Lévy white noise with possibly infinite variance (such as the a-stable Lévy noise).
In this equation, the noise is multiplied by a Lipschitz function o(u) of the solution. We assume
that the spatial dimension is d = 1 or d = 2. Under general conditions on the Lévy measure of the
noise, we prove the existence of the solution, and we show that, as a function-valued process, the
solution has a cadlag modification in the local fractional Sobolev space of order r < 1/4 if d = 1,
respectively r < —1 if d = 2.

1. Introduction

The study of stochastic partial differential equation (SPDEs) using the random field approach was
initiated in the lecture notes Walsh (1986), and has become a very broad area in stochastic analysis
since then. Major efforts have been dedicated to understanding the behaviour of solutions of SPDEs
driven by space-time Gaussian white noise, as a natural replacement for the Brownian motion that
is used in the classical theory of stochastic differential equations (SDEs). In the seminal article
Dalang (1999), the author introduced the spatially-homogeneous Gaussian noise and developed the
major tools for the study of SPDEs using random fields, laying the foundation of a general theory.
These tools were embraced very quickly by a large scientific community and yielded spectacular
results, especially when combined with techniques from Malliavin calculus. We include here just
a small sample from a very large set of important contributions to this area: Conus and Dalang
(2008); Hu and Nualart (2009); Foondun and Khoshnevisan (2009); Conus et al. (2013); Chen and
Dalang (2015); Huang et al. (2017); Chen (2017).

We should also mention that there exists an alternative way for studying SPDEs, using cylindrical
processes as noise, and there is a vast literature dedicated to stochastic evolution equations with
this type of noise. We refer the reader to the excellent monograph Peszat and Zabczyk (2007)
and the references therein. The recent papers Jakubowski and Riedle (2017); Kosmala and Riedle
(2021) contain significant advances on stochastic integration with respect to cylindrical Lévy noise,
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while Griffiths and Riedle (2021) gives a comparison between the cylindrical approach and the
random field approach, which complements the similar comparison that was done by Dalang and
Quer-Sardanyons (2011) in the Gaussian case.

SDEs driven by Lévy processes have been in the literature as long as their Brownian motion
counterparts, and their origin can be traced back to It6’s memoir Ito (1951). There exist many
breakthrough contributions to the area of SDEs driven by Lévy processes (or more generally, by
discontinuous semi-martingales), and several excellent monographs were published on this subject
(for instance Applebaum and Wu, 2000; Protter, 2004; Bichteler, 2002; Jacod and Shiryaev, 2003).
However, the study of SPDEs driven by Lévy noise using the random field approach is not so well-
developed as the Gaussian case. The majority of the existing works have focused so far only on
the stochastic heat equation. We recall below some known results for the heat equation, which are
relevant for the present article. But first, we need to introduce some notation.

Throughout this article, we let L = {L(A); A € Bo(Ry x RY)} be a pure-jump Lévy space-time
white noise, defined on a complete probability space ({2, F,P):

L(A):b\A|+/ zJ(dt,da:,dz)—i—/ 2 J(dt, dw, dz), (1.1)
Ax{]z|<1} Ax{|z|>1}

where By(R; x R?) is the class of Borel sets in Ry x R? with finite Lebesgue measure, |A| is the
Lebesgue measure of A, b € R, J is a Poisson random measure on R x R? x R of intensity dtdzv(dz),
J is the compensated version of J, and v is a Lévy measure on R, i.e. a measure satisfying the
following conditions:

/R(|Z|2 Al)r(dz) < oo and v({0})=0. (1.2)

An important particular case is when L is an a-stable Lévy noise, i.e. an «-stable random mea-
sure with control measure given by the Lebesgue measure multiplied by a constant, as defined in
Samorodnitsky and Taqqu (1994). In this case,

v(dz) = <c+z_o‘_11(07oo)(z) + c_(—z)_o‘_ll(_oo,o)(z))dz

for some a € (0,2), ¢4 > 0, c— > 0. For the symmetric a-stable Lévy noise, c; = c_.
The noise L is a natural space-time extension of a classical Lévy process (with no Gaussian
component), which we recall can be written as

X(t):at—i—/ zN(dt,dz)+/ zN(dt,dz), t>0,
[0,¢]x{|z[<1} (0,¢]x{]z|>1}

where a € R, N is a Poisson random measure on Ry xR of intensity dtv(dz), and v is a Lévy measure
on R. The process { X (t) }+>0 has a cadlag modification, and the measure v gives information about
the size of the jumps of the sample paths of this modification.

In the space-time framework, we still speak about the third component of J as the “jump”
component, although we do not identify a time-indexed process whose paths have these “jumps”.
In particular, the “large jumps” (corresponding to |z| > 1) control the moments of L, in the sense
that E|L(A)|P < oo if and only if f|2\>1 |z|Pv(dz) < oo, for any p > 0. In the present paper, we are

interested in the case when f|z 2v(dz) may be infinite, and L(A) may have infinite variance, as

5112
it happens in the a-stable case. (The case of finite variance Lévy noise is interesting too, since one
can develop Malliavin calculus techniques similar to the Gaussian case; see Nualart and Nualart
(2018); Di Nunno et al. (2009) for a very readable introduction to this subject.
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Consider now the following stochastic heat equation with noise L:

%(t, z) = $Au(t, ) + o(ult, z))L(t, ), t>0,zeR? (d>1),

(1.3)
u(0,2) = ug(z), = € R%

The solution of this equation is a predictable process which satisfies the integral equation:

uta) = (o wo)@) + [ [ oo = p)oluls o) Lids, ),

where g;(z) = (2nt)~%? exp(—|z|?/(2t)) is the heat kernel, and | - | is the Euclidean norm in R%.
We say that a random field {X (¢, z);t > 0,z € ]Rd} is predictable if it is measurable with respect to
the o-field P = Py x B(RY), where Py is the predictable o-field on  x R,

In Saint Loubert Bié (1998), it was proved that if the measure v satisfies

/ |z|Pv(dz) < oo for some p € [1,2], (1.4)
R
and 5

then equation (1.3) has a unique solution which satisfies:

sup Elu(t, )P < oo.
(t,2)€[0,T] xRd

Condition (1.5) comes from the requirement f(f Jga 91— (x—y)dyds < oo and forces p < 2if d > 2.
A more severe restriction is (1.4), since it excludes the a-stable Lévy noise. This has been an open
problem for some time, which was partially solved in Balan (2014); Chong (2017a) by replacing R?
in (1.3) by a bounded domain D C R?. Previous investigations related to this problem can be found
for instance in Albeverio et al. (1998); Applebaum and Wu (2000); Mueller (1998); Mytnik (2002),
the last two references dealing with a-stable Lévy noise and a non-Lipschitz function o.

A major breakthrough was made in Chong (2017h), where it was showed that equation (1.3) has a
solution, if there exist some exponents p > 0, ¢ > 0 such that p satisfies (1.5), p/(2+2/d—p) < q < p,

and
/ |z|Pv(dz) < oo and / |2|%v(dz) < 0.
{lz1<1} {lz[>1}

This condition holds for the a-stable Lévy noise with v < 1+ 2/d. If p < 1, it is assumed in
addition that b = |, {21<1} zv(dz), a condition which holds for the symmetric a-stable Lévy noise.

The novel ideas of Chong (2017h) are to use different exponents p and ¢ for |z| < 1 and |z| > 1, and
a spatially-dependent truncation function h(x). The constant truncation function h(z) = 1 used
in Balan (2014) for the a-stable Lévy noise is problematic for equations on the entire domain RY.
Unlike the Gaussian case, the solution constructed in Chong (2017h) is not obtained as the limit of
the sequence of Picard’s iterations, being defined as u(t,x) = un(t,x) if t < 75, where uy is the
solution of equation (1.3) in which L is replaced by the truncated noise:

Ly(A) = blA] +/ zJ(dt,dx,dz) —i—/
Ax{lz|<1} Ax{1<|z|<Nh(z)}
= b|A|+ LM(A) + LE(A) (1.6)
where the indices M and P come from “martingale”, respectively “compound-Poisson”. The stopping
times 7 are given by:

T
7N = inf T>O;/ / / J(dt,dx,dz) >0,
0 Jrd J{z[>Nh@)}

zJ(dt,dx,dz)
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where h(z) = 1 + |z|" for some g <n< %. Since un(t,z) = unyy1(t,x) a.s. on the event

{t < 7n}, u(t,x) is well-defined. In addition, it was shown in Chong (2017b) that E|uy (¢, )P is
finite and uniformly bounded for (¢, x) in a compact set. But the solution may not be unique. The
asymptotic behaviour of the moments of u(t,x) has been studied in the subsequent paper Chong
and Kevei (2019). The path properties of the solution have been studied in Chong et al. (2019).
The recent preprint Berger et al. (2021) focuses on the case o(u) = fu, § > 0 and v(—o00,0) = 0,
and establishes uniqueness of the solution, together with deep intermittency-type properties.

In this article, we analyze the stochastic wave equation:

g?;(t,x) = Au(t,z) + o(u(t,z))L(t, z), t>0,zeR! (d<2),
ou (1.7)
u(O,Jf) - UO(CU), E(O,II}) = Uo(x), = Rd’

where ¢ is a Lipschitz function on R, ug and vy are deterministic functions on R¢, and L is a Lévy
space-time white noise given by (1.1). The reason we restrict ourselves to the case d < 2 is that
in dimensions d > 3, the fundamental solution G; of the wave equation is not a function (it is a
measure if d = 3 and a distribution if d > 4).

A predictable random field v = {u(t,z);t > 0,7 € R%} is a solution of (1.7) if it satisfies the
integral equation:

u(t, z) = wit,z) + /O [ Guosla = )oluls. ) Lids. ).

The stochastic integral on the right-hand side of this equation is defined as in Chong (2017h), using
the concept of Daniell mean. We refer the reader to the appendix for the definition of this integral.
Here G is the fundamental solution of the wave equation on Ry x R%: for any ¢ > 0

1 .
51{|$|<t} lf d =1

and w is the solution of the wave equation %—7; — Au = 0 on R; x R? with the same initial conditions
as (1.7), given by:

w(t,z) = (G * vo)(x) + aat(Gt xug)(z).

We assume that the functions ug and vy satisfy the following conditions:

e (d=1) ug is bounded and continuous, and vy is bounded and measurable

e (d=2) up € C(R?) and there exists gg € (2, 00| such that ug, Vug,vg € L% (R?).
Under these conditions, w is jointly continuous and sup(; zyec(o,7]xr¢ [w(t, )| < 0o (see for instance,
Lemma 4.2 of Dalang and Quer-Sardanyons, 2011).

Our first goal is to prove that the solution to equation (1.7) exists. As far as we know, this
problem has not been studied in the literature before. In dimension d = 2, one difficulty is the fact
that the fundamental solution G¢(x) of the wave operator has singularites on the boundary of the
set |x| < ¢, which lead to lengthy calculations (see for instance Dalang and Frangos, 1998; Millet
and Sanz-Solé, 1999 for the case of Gaussian noise). Another problem is the fact that (Gy)iso does
not have the semigroup property. Luckily, some extremely useful (and highly non-trivial) properties
of G have been recently obtained by Bolanos Guerrero et al. (2021), which lead to very impressive
results about the asymptotic behaviour of the spatial average of the solution of the wave equation
with spatially-homogeneous Gaussian noise. These properties will play an important role in this
article, for the proof of the existence of the solution. More precisely, the proof of Theorem 2.6
below involves working with convolutions of the form G} x G%; see relation (2.18) below. In the
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case of the heat equation, these are dealt with in Chong (2017b) using properties of the normal
distribution, which reduce essentially to the semigroup property of the heat kernel g;(x), since
P (x) = (2rt)¥1=P)/2g,(x). In the case of the wave equation, it is not obvious how to work with
such convolutions, especially in the case d = 2. If d = 1, the problem is not so difficult since
(GixGy)/(ts) is the law of the sum of two independent random variables with uniform distributions
on (—t,t), respectively (—s, s).

Our second goal is to show that the solution of equation (1.7) has a cadlag modification, when
viewed as a process with values in a suitable fractional Sobolev space. A similar phenomenon has
been studied in Chong et al. (2019) for the heat equation. The starting point of this analysis is a
quick look at the behavior of Gy when ¢t = 0. In the case of the heat equation, go(z) := limy_0 g¢(z)
is 0 if x # 0 and oo if x = 0, in any dimension d; hence, we can say that go = dp (the Dirac delta
distribution at 0). In the case of the wave equation, the situation is different in the case d = 2
compared with d = 1: Gy = g if d = 2, and Gy = 2_11{0} ifd=1 (1{0} is indicator function of
{0}). Since the atoms (73, X;, Z;) of J contribute a value G;_7,(z — X;)Z; to the solution u(t, z), the
function wu(t, -) will likely live in the same function space as Gi_1,(- — X;). Moreover, the regularity
of the path ¢ — wu(t,-) is related to regularity of ¢t — G;_71,(- — X;). In Section 3 below, we will show
that the solution to equation (1.7) has a cadlag modification with values in the fractional Sobolev
space H{OC(Rd), for any r < —1 if d = 2, respectively for any r < 1/4 if d = 1.

The article is organized in two parts: in Section 2 we show the existence of the solution to
equation (1.7), and in Section 3 we study the path properties of this solution. We recall that the
LP(Q)-norm is defined by:

X[l = (EIX)Y? ifp>1 and X, =E|X[" ifpe (0,1).

2. Existence of solution

In this section, we prove the existence of solution to equation (1.7). We proceed as in Chong
(2017b) in the case of the heat equation. Let Ly be the truncated noise given by (1.6), with
h(z) = 1+ |z|" for some n > 0. We assume that v satisfies the following assumption:

Assumption A. There exist 0 < ¢ < p < 2 such that
"= / |z|Pv(dz) < oo and o = / |z|7v(dz) < oo. (2.1)
{l21<1} {]z|>1}
If p < 1, assume that b = f{|z|<1} 2v(dz).

Remark 2.1. (i) In addition to (2.1), we will need that fg Jpa GY_(x — y)dyds < oo. If d = 1, this
imposes no restrictions on p, so we can take p = 2. But if d = 2, we encounter the restriction p < 2,
which is the same as condition (1.5) that is needed for the heat equation in dimension d = 2.

(11) We will see below that the value p from Assumption A plays an important role in the analysis
of the solution uy of the wave equation with truncated noise Ly: uy (¢, z) has a finite p-th moment!
Since in dimension d = 1, we can take p = 2, this means that uy (¢, x) has finite second moment.

(1i) If L is an a-stable Lévy noise, condition (2.1) holds for any ¢ < o < p. So in dimension
d = 1, the solution of the equation with truncated noise has finite second moment, although the
noise itself does not have this property. This shows the drastic impact of the truncation of the noise
on the behaviour of the solution.

(iv) Unlike the case of the heat equation, we do not require a lower bound on the exponent ¢ in
(2.1). In Chong (2017b), the fact that the upper bound given by (3.13) has to be summable in n,
combined with the restriction n > d/q (from Lemma 3.2 ibid.) yields the condition ¢ > d+2+p(p—l)'
For the wave equation, we obtain a different upper bound, which is summable regardless of the
value of ¢ (see the proof of Theorem 2.6 below).
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(v) In the recent preprint Berger et al. (2021), the authors have obtained the existence and
uniqueness of solution to the heat equation (1.3) with o(u) = u (known as the parabolic Anderson
model) under different integrability conditions on the small jumps and the large jumps than (2.1).
The methods of Berger et al. (2021) rely on the special form of the heat kernel. Finding similar
methods that would show the existence and uniqueness of solution to the wave equation (1.7) with
o(u) = u (known as the hyperbolic Anderson model) remains an open problem.

When Assumption A holds with p < 1, the truncated noise L'V has no drift:

Ly(A) :/ zJ(dt,dx,dz) +/ zJ(dt,dx,dz)
Ax{|z|<1} Ax{1<|z|<Nh(z)}

= L9(A) + LE(A). (2.2)

The following lemma is an important tool for controlling the p-th moments of stochastic convo-
lutions of G' with the truncated noise Ly, and is a reformulation of Lemma 3.3 of Chong (2017D).
We believe that the condition p < 2 is needed for this result, since its proof relies essentially on the
maximal inequality given by Theorem B.3. This condition is missing in Chong (2017b). Note that
this result was stated in Chong (2017b) for the fundamental solution of the heat equation, but it
remains valid for general functions.

Lemma 2.2 (Lemma 3.3 of Chong, 2017b). Suppose that Assumption A holds. Let G be a non-
negative function such that fOT Jra (GY(2) + Gy(x))dzdt < co. For any predictable processes X, X,
and Xo and for any t € [0,T) and x € RY,

t p

E Gt S(x - y)X(Svy)LN(dsvdy) <

Oy / / (G2 (& — ) + Cosla — )1y (1 + EIX (5, 9)[P) h(y)P~dyds

and

t p

B[] Grosla = )X (5. Lds. dy) - / / Gr o — y)Xa(s,y) Ln (ds, dy)| <

CT/ » (Gl_s(@ = y) + Gis(z — )11y ElX1(s,y) — Xa(s,y)[Ph(y)P~Ydyds,
where Cr is a constant that depends on T (and also on K,p,q,v1,72, but not on h), and p,q are

the constants from Assumption A.

We will need several properties of G. In both cases d = 1 and d = 2, fRd Gy(z)dr = t, and the
Fourier transform of Gy is:

sin(t[¢])

FG(§&) = / e TGy (x)dr = € for all ¢ € R9, ¢ > 0. (2.3)
R4
Note that
ol=ry for any p >0, ifd=1
p _
y G} (z)dz = (2m) (2.4)

t*7P for any p € (0,2), if d=2
2—p

Ifd=1, [ GP(t, )|z dx = %ﬂ“ for any p > 0 and v > —1. If d = 2,

2mr)1 P
/ GP(t,x)|z|"dx < (;)th_p'H for any p € (0,2) and v > 0, (2.5)
R2 -
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and
GY(z) < (27t)TPGi(z) for any p < q. (2.6)
In the case of the wave equation, (G¢):>0 does not have the semigroup property. Fortunately, the
recent article Bolanos Guerrero et al. (2021) contains some very useful properties of G, from which
one can deduce a sub-semigroup-type property of (G¢)i>0. When d = 1, it is not difficult to see
that for any » < s < t and x € R,

(Gry # Gon)(2) < %(t )Gy (). (2.7)

This is relation (2.6) of Nualart and Zheng (2022). For d = 2, we have the following highly non-
trivial result.

Lemma 2.3 (Lemma 4.3 of Bolailos Guerrero et al., 2021). Assume that d = 2. Let q € (3,1) and
§ € [1,1/q] be arbitrary. Then, for any 0 <r <t and x € R,
t
/ (G, GRL,) (2)ds < Aq(t =)' P0G (@), (2:8)
T
where Ay > 0 is a constant depending on q.

Using (2.8) and Holder’s inequality, we obtain that for any ¢ € (%, 1) and p < 2q,
t
/ (t—8)*P(s — r)* T P(GPL, + G22, ) (w)ds < gt — r)* PG (@), (2.9)

where C), ; > 0 is a constant depending on p and q.

We will need the following result, which existed in the first version of Bolanos Guerrero et al.
(2021) posted on arXiv (Lemma 4.3 in preprint arXiv:2003.10346v1), but was removed from the final
version of Bolanos Guerrero et al. (2021). The authors have confirmed in personal communication
that this result is correct. We list it here with a reference to Nualart and Zheng (2022), where it
was used too.

Lemma 2.4 (Lemma 2.5.(b) of Nualart and Zheng, 2022). Assume that d = 2. Let q € (3,1) and
p € (0,1) be such that p+2q < 3. For any 0 <r <t and v € R?,

t
2 e
/ (G5 * GE_,)(w)ds < By g(t — 7")3 b qu{\x|<t77‘}7
.
where By, 4 > 0 is a constant depending on p and q.

We will need also the following elementary result about a multiple beta-type integral.

Lemma 2.5. For any p1 > —1,...,08, > —1,

/ [[t —t)%adt ... dt, = Hjn:l L+ 2= Bt
w(t L i B +n+1)

where Ty, (t) = {(t1,...,tn) € (0,8)™t1 < ... <tn} and tp41 = 1.

We consider the equation with truncated noise L y:

0? .
%(t,x) = Aun(t, ) + olun(t,2))in(t,z) t>0,2 € R (d<2) -
un (0, z) = up(x), C()auév(o,a:) = vp(x) r € R?

A predictable process uy is a solution of (2.10) if it satisfies the integral equation:

un(t, ) = w(t, ) —i—/o /Rd Gi—s(x —y)o(un(s,y))Ln(ds,dy). (2.11)
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We say that two random fields {X (t,x);t > 0,2 € R} and {Y (¢,2);t > 0,2 € R?} are modifica-
tions of each other if P(X (t,x) = Y (t,x)) = 1 for almost all (¢,2) € Ry x R%.

We are now ready to prove the existence of solution for the equation with truncated noise. Note
that unlike the case of the heat equation considered in Chong (2017h), we do not need to impose
any additional conditions on p,q and 7, for a fized truncation level N. The additional condition
1 > d/q which is imposed in the proof of Theorem 2.7 below guarantees that we can paste together
the solutions uy for different truncation levels N, to produce a solution for the equation with
non-truncated noise.

Theorem 2.6. (i) If d = 1, suppose that there exists 0 < q¢ < 2 such that f‘ |>1| v(dz) < oo
Then equation (2.10) has a solution uy = {un(t,x);t > 0,2 € R}. Moreover,
sup sup Eluy(t, z)|* < oo, (2.12)

te[0,7] |z|<R

for any T >0 and R > 0.
(i1) If d = 2, suppose that Assumption A holds with p < 2. Then equation (2.10) has a unique
solution uy = {un(t,z);t > 0,z € R4}. Moreover,

sup sup Elun(t,z)P < oo, (2.13)
te[0,T] |z|<R

for any T >0 and R > 0, where p is the constant from Assumption A.

Proof: To provide a unified argument for both cases, we let p = 2 when d = 1. We consider
the sequence {u%) (t,)}n>0 of Picard’s iterations (specific to the truncation level N), defined by

w9
N (t,x) =w(t, ),
(b 2) = w(t,x) + /0 | Gosla =)o) (s, ) In(ds,dy) 02 0. (214)

By Lemma 6.2 of Chong (2017a), u ( ) has a predictable modification. We work with this modifica-
(n+1)

tion when defining uy " . By inductlon on n, it can be proved that for any ¢ > 0 and z € R,

Eluly) (8, )P < Cpy(1 + |2]1P=9),

where C,, ; is a positive constant that depends on n, ¢ and is increasing in ¢. For this, we use Lemma
2.2 and the fact that for any v > 0,

t
| [ Gt =)0+ loP)dyds < Copal1 + o)

where C,, ,,; is a positive constant that depends on 7, p,t and is increasing in ¢. Hence, for any ¢ > 0
and z € R%, ug\?) (t,x) is finite a.s.
It suffices to prove that:

Z sup sup Hug\?)(t, x) — us\?_l)(t,w)Hp < 0. (2.15)
nthe[O,T} |z|<R

This will imply that {ug\?) (t,z)}n>0 is a Cauchy sequence in LP(Q2), uniformly in (¢, z) € [0,T] x{z €
RY: |z| < R}. We denote its limit by ux(t, ), that is:
sup  sup E]ug\?)(t,x) —un(t,z)P -0 as n— 0. (2.16)
(t,2)€[0,T] [z|<R

Once (2.15) is shown, the rest of the proof will be the same as for the heat equation (Theorem 3.1
of Chong, 2017b). But there is a delicate part regarding the existence of a predictable modification
of uy. We include this argument here since it is not given in Chong (2017h).
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We fix (t,x) and let Vjs,n)(s,y) = Gi—s(x — y)u (n)( y)h(y)pp;q for any (s,y) € (0,t) x R%. Then

(n)

V]S,n) is predictable, since uy,’ is so. The proof of (2.15) given below shows that

> v — VJanil)HLP(QX(O,t)XRd) < 0.

n>1
Hence, {Vjsfn)}nzo is a Cauchy sequence in LP(2x (0,t) xR?). We denote by Vi its limit in this space.
So, there exists a subsequence N’ C N such that V]E,n) (w,s,y) = Vn(w,s,y) as n — oo, for almost
all (w,s,y), i.e. for (w,s,y) € B, for some set B C Q x (0,t) x R? with (P x Leb x Leb)(B) = 0.
Therefore, Vy is predictable. Due to the form of V]S,n)(s,y), for any (w,s,y) € B¢ such that
| —y| < t — s, the sequence {ug\?)(w,s,y)}nzo converges to some uy(w,s,y) as n — oo, and

VN (w, s,y) = Gi_s(z — y)u’]\,(w,s,y)h(y)%. Hence, u/y is predictable. An argument based on
Fubini’s theorem, (2.16) and the uniqueness of the limit shows that 'y is a modification of uy.
Finally, to prove that u/y verifies the integral equation (2.11), we let n — oo in (2.14). We

let v (s.) = Gis(x = y)o(uly (s,) and wn(s,y) = Grs(x = y)o(uy(s,)). Then {v"}o
converges to vy as n — oo in the Daniell mean || - ||z, p, which implies the convergence of the
stochastic integrals of these processes with respect to L.

We proceed now with the proof of (2.15). Here C' is a constant which depends on N, p, ¢, 7, and
may be different from line to line. We consider separately the cases p < 1 and p > 1.

Case 1. p < 1. By Lemma 2.2 and the Lipschitz property of o,

Elu{ (¢, 2) — u (L) < C / / Gl (o — B (5,9) — uly ™ (s, 9)Ph(y)P~1dyds.

Iterating this inequality, we obtain:

(n) n - -
Eluy’(t, z) —uN t )P <C /n /]Rd l_IGZ+1 4 (Tiv1 — Z-)Hh(sci)p 1dxdt,

i=1
where t = (t1,...,t,), x = (x1,...,2,) and we use the convention t,11 =t and z,41 = .
We use following (generalized) Holder’s inequality: for any non-negative integrable function f on

(RY)™, and non-negative functions gy, ..., g, on R?,

n 1/n
/ Hgl xl ﬂfl,...,ﬁn)dXSH / g?(xl)f(xlvaxn)dx :
(R)m 2 i=1 (Rd)n

We apply this to f(xl, S I Gﬁ,ﬂfti (241 — x;) and g; = hP~9 for all i < n:
n 1/n

Bl (t,2) - uly V(@ 2)P < C" / 11 / H @i — )Rl Vx| ay

Tu(t) =1

1/n

= C’”/ H / H GV t01—t, (@) h(z = ij)"(p*q)dx dt
Tn(t) i=1 j=i
1 2\ (o
S ¢ E Z/ /]Rd)n H tj+1—1; .CC] (JZ‘ o ij) (p q)dth’
=1

j=i
where for the last line we used the fact that the geometric mean is smaller than the arithmetic

mean. We now use the special form of h:

h(z)" P9 = (1 + |[")"P=D < 2MP=D) (1 4 |z|™)  for all z € RY,
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where v = n(p — ¢). Hence, for any z € R? with |z| < R, we have:

h(z — Z Lrj)n(pfq) < n(P=at) (1 4 R™ 4 | ij’"’Y)‘
j=i j=i

It follows that

Eluy (t,2) - oVt a)l < " (14 R AW @) + BO ) |, (2.17)

where

PCIOR N I | (e
() (Rd)njl;ll R

and B (t) = Zle ()With

n) 2 _/ (t) /Rd H ti+1—t; (27) Zwﬂ‘n’dedt (2.18)

Using (2.4) and Lemma 2.5, we see that:

. tlatbn . 1 ifd=1
/n ]:[ tiv = 1)t = O e s w1tha—{2p .

Hence
ZC" sup A (2.19)
ns1 ST

It remains to show that a similar relation holds for B(™(t). This involves a study of convolutions

of the form G¥ x GE. We treat separately the cases d =1 and d = 2.
In the estimates below, we will use the convention [, = 1.

a) Case d = 1. Using the fact that G} (z) = 2'"PGy(z) and [ Gi(z)dx = t, we have

Tn(t) n =1 ;i X
||t . Gy (xs E 1™z ... dz,dt.
/T (t) o ) /RniJrl ]11 tit1—t; (x3)| - 33]’ X X

If © = n, there is no convolution involved, since

n—1
- Cn/ H(tj-i—l - tj)/ Gi—t, (zn)|zn|™ dupdt
w(t) 1 R

n—1 ngn(v+2)
= C"/ [t =)t = t)™dt < S
n(t)

n!
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If i < n—1, we use the change of variable xz; — 2 = >
property (2.7). We obtain:

—1
B(n / H(tj_;,_l— /R - H th+1 t; I'J
n 71 n—

Jj=i+1

=i Tj> followed by the semigroup-type

n

Gro—t,(z = Y xj)|e[Mdzdwiys ... dondt

j=i+1
i—1
:Cn/ |Z|n7/ H(th— / H Gt]+1 t; wj)
R Tn(t) 521 Rn—i— 1 Zito
n
(Gti+2*ti+1 * Gti+1*ti)(z — Z l’j)d.flurg . d.CEndtdZ
Jj=i+2
/\ |m/ H (tj+1 —tj)(tiv2 — /Rn . H Gijy—t;(25)

Jj=i+3

(Glisg—tive * Gtyg—t,)(2 — Z xj)dxiys ... de,dtdz.
j=i+3

We use again inequality (2.7). We continue in this manner. At the last step, we obtain:

BM(1) < o /R Fle / H = ) (tira =) o (b — t)(Gg G )(2)dbdz

/ H bt — ) (tiva — ) o (tn — £)(E — 1) ( /R ZWGHi(z)dz) dt

TL —

= C"/ . H(tj+1 —tj)(tiya —ti) ... (tn — 1) (t — ;)™ T 2dt
n(t j=1

ongn(r+2) Ccngn(r+2)

< o itnatl / tiv1 —tj)dt = —— < ,
n(t)Jl_Il ’ L'(i+n) n!

using Lemma 2.5 and the monotonicity of the I' function. Hence

C" sup B (t) < . (2.20)

n>1 =T

b) Case d = 2. If i = n, using relations (2.4) and (2.5) and Lemma 2.5, we obtain:

:C”l/ H (tjit1 —t)) p/ GY_ (@n)|zn|" dy dt
<c | Tl — 6270t — b7t
n(t) j=1

_ CnF(B _ p)n_lr(n’)/ +3—p) B=p+) < om 1 n(3=p+7)
'n3—p+~)+1) — (nl)3r '




474 Raluca Balan

(For the last inequality, we used Stirling’s formula.) If i = n — 1, then by (2.4), we have

n—2
B, (t) = c"~ 2/ H (tjs1 —t)) p/ GPy (2n)GY _y  (wp—1)|@n—1 + Tn|"Vdzp_1dz,dt

n—1

= Z/RQ n’y/ ] H g1 — ) TG, * GY ) (2)dtdz.

Fix an arbitrary r € (%, 1). Since p < 1 < 2r, we can pass from GP to G?", using (2.6). So,

B™ (1) < ¢ / 2™ / H bt — )7 Pt — )2 (b — ta )P (G, #GF L, )(2)dbd=.
R2 n(t

We now use estimate (2.9) for the dt,, integral on (¢,—_1,t), followed by (2.5). We obtain:

B™, <C”“/ H (i1 — )Pt — ty_p) 2P D) (/ Elalezing (z)dz> dty ... dtn
Tn 1

CnJrZ/T » H J+1 — s )2 p(t—t 3 )5 2p+nfydt1 Cdt,_1

_ Cn+2r(3 - p)n 21—‘(”/}/ +6— 2])) tn(3—p+'y) <" 1 tn(3—p+'y)
F(n(3—p+v)+1) T ()i ’
using Lemma 2.5 and Stirling’s formula.
If i <n—2and n >3, we use (2.4) and the change of variable z; = 2z = >7"_, x;:

- / ®) ; H w1~ t) _p /(]R2)ni+1 H ijﬂ—tj ()] Z j|"dz; . .. dendt

i—1
= /Rz ’z‘n'Y/ ®) l_Il(tj"‘l —t;)*7" /(R2)n—i—1 H ij+1—tj (z;)
n .]: y y

J=t+2

(G,

tivo—tit1

* Gfi_tiﬂ)(z — Z xj)dxiyo ... de,dtdz.
j=i+2

In the convolution above, we pass from GP to G*", using (2.6). We get:

i—1 n

BY@ <ctt [ s / [Tt - 6 [ T @)
R?2 {0<ti< <ti<tipo<.<tn<t} ;_ (R2)n=i=t S 2o
fiv2 2 2 2 2 -
/t (tive = tig1)> P(tigr — 6> PG gy * Grg ) (2 = D @y)dtin
i J=i+2

dxiro...dxpdty ... dtidtiys ... dtydz.

We use estimate (2.9) for the dt;11 integral on (t;,t;+2). We obtain:
i—1

BP@ < [ s / [t =)tz =170
R2 {0<t1<...<ti<tjy2<.. <tn<t}

n n

/R2 i H Gf]qu—t ( )G?izl t; ( Z l‘j)d%ﬂ.g N dxndtl c. dtidti+2 . dtndz.
(R2) j=i+2 j=i+2
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We now pass from Gfi+3_ti+2 (iy2) to Gt2:+37t¢+2 (xi42), again using (2.6). Hence

i—1

BZ'(n) (t) < Ci+3/ Z|n'y/ H(tj+1 _ tj)Q_p(tiJrQ _ ti)Q(r—p-&-l)
R2 {0<t1 <. <ti<tiyo<...<tn<t} j=1
n n
2r— 2 2r—1
(ti+3 - t’i+2) " p/ ) - H ijleftj ($j>(Gt:+3—ti+2 * Gt;Lgfti)(Z - Z x])
(R2)n=1=2 .43 j=i+3
dxits...dxpdty .. dtidtiys ... dtydz
i—1
< C'Hg/ |Z|m/ LIt = 8)* P (tigs — 1) 27+
R2 {0<t1 <. <t <tig3<...<tn <t} j=1
- s 2r—1 S
/ oNmi H ij.;,l—t]' ('%..7) / (Gt:+3—ti+2 *thig—ti)(z - Z x])dtl+2
(R?) j=i+3 ti j=i+3

d$i+3 e da:ndtl e dtidthrg e dtndz.

By Lemma 2.4, the dt;19 integral is bounded by C(t;43 — ti)4(1*7")1{|z,z

P
ti+1—t;

" eawsl<tipa—ti}: Note that

each term G (z) contains the indicator ¢, |« and

jH1—ti )

n
H 1{\$j|<tj+1—tj}1{\2*2?:14.3 zj|<titaz—t;} < Ljzj<t—t}-
Jj=i+3
Using the fact that f{|z‘<t_ti} |2[Mdz < Ot — ;)™ 2 < Ct™F2 ) followed by (2.4) and Lemma 2.5,
we obtain:
i—1

B < crreme | [Tt — 1) P (tis — 10
{0<t1 <. <t <tips<...<tn<t} j=1
n
/ o 11 G @)dzivs. . depdty .. dtidtiys ... dty
(R?) j=i+3
i—1
= Cn+3tm+2/ H(tj+1 — ;)2 P (tigs — ;)07
{0<t1<...<t<tiq3<..<tn<t} j=1
n
H (tj+1 — tj)Z_pdtl coodtidtiys .. dty
J=i+3

_ C«n+3tn7+2r(3 - p)n—3r(7 - 3]9) n(3-p)—2 ~ on 1 75n(3—p—|—')/)
(n(3—p)—2+1) —  (nl)3-p
For the last inequality, we used the fact that for any a > 0 and b € R, '(an + b+ 1) > Cg’b(n!)a ,
where Cy; > 0 is a constant depending on a and b. This is a consequence of Stilrling’s formula and
the fact that I'(x + b) ~ I'(2)x® as z — oo.
To summarize, we have proved that:

B™ < C”Lt”(g_p'w) forall:s=1,... n.
LT (nl)3r B

This shows that relation (2.20) also holds in the case d = 2.

Case 2. Assume that p > 1. In this case, we work with the function Gy ,(z) = GY(z) + Gi(z)
instead of G¥(z). Relation (2.17) holds using the same argument as in case p < 1, but with constants
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A™(t) and Bi(n) (t) given by:

_/ (®) /(]Rd H ti41—ty.p(T5) Xt

t = ™ dxdt.
/n(t)/]Rd H ta=ty0(T) |Z%| x

We treat separately the cases d =1 and d = 2.
a) Case d = 1. Since GY(x) = 2'"PGy(x), we can use the same argument as for p < 1.
b) Case d = 2. This case is treated similarly to the Case p < 1. We use the following properties.

For any t > 0, [p2 Gip(z)dx = cpt> P +t, with ¢, = (2;) . For any v > 0,

/ Gip(2)|z|Vdz < cppt* P17 forall ¢t < T,
R2

with ¢, 7 = ¢, + TP~!. For any r € (%, 1) with p < 2r, we have
Gip(®) < crprt? PG (x) for any t < T,
with ¢, , 7 = (2m)? (1 + TP 1). 0
The following result gives the existence of solution to equation (2.10).

Theorem 2.7. Under the hypotheses of Theorem 2.6, equation (1.7) has a solution u. Moreover,
there exists a sequence (Tn)N>1 of stopping times with Ty T 0o a.s. such that

sup sup E[|u(t, 2)[Ply<,yy] < oo, (2.21)
t€[0,T] |z|<R
foranyT >0, R>0 and N > 1, where p=2ifd =1 and p is the constant from Assumption A if
d=2.
Proof: Let h(x) =1+ |z|", where n > d/q and q is the constant from Assumption A. Let
v = inf {t > 0; J([0,t] x {(z,2);|z| > Nh(z)}) > 0}, (2.22)

Since the set [0,t] x {(x, 2);|z| > Nh(z)} is unbounded, J([0,t] x {(x, 2);|z| > Nh(z)}) may be
infinite, which would mean that 7 is not well-defined. This delicate issue is addressed in the proof
of Lemma 3.2 of Chong (2017b), where it is proved that for any 7" > 0 and N > 1, with probability
L

J has finitely many points in [0,7] x {(z, 2); |z| > Nh(x)}. (2.23)
Since the details of this argument are missing in Chong (2017b), we include them below. Let Vj = 0
and V,, = {z € R%|z| < b,} be such that Leb(V,) = n. Let U,, = V,,\V,,_; for any n > 1. Then
(Up)n>1 is a partition of R? with Leb(U,,) = 1. For fixed T > 0 and N > 1, let

F,=10,T] x {(z,2) € Uy x R; |z| > Nh(z)}.
Under the condition i > d/q, it can be proved that }, -, P(J(F},) > 0) < co. By the Borel-Cantelli

lemma, it follows that with probability 1, there exists ng > 1 such that J(F,) = 0 for all n > ny.
This means that, with probability 1, J has no points in the set

U Fu=10,T) x {(x, 2); 2] > bpo-1, |2 > Nh(x)}.

Since J has finitely many points in the set [0, T] x {(z, 2); |z| < bpy—1, |2| > Nh(x)}, relation (2.23)
follows.
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The argument above shows that with probability 1, for any T' € Q. there exists Ny large enough
such that for all N > Ny, J([0,T] x {(x, 2);|2| > Nh(z)}) = 0 (and therefore 7y > T'). This proves
that 7,y 1 00 a.s. when N — oo.

Let un be the process given by Theorem 2.6. As in the last part of the proof of Theorem 3.1 of
Chong (2017b), it can be proved that for any N > 1, uny(t,z) = un+1(t,z) a.s. on {t < 7x}. This
argument uses the fact that on the event {ry > T'}
for any N’ > N,t € [0,T] and A € By(R?). Moreover, the process u = {u(t,z);t > 0,2 € R} given
by u(t,z) = un(t,z) if t < 7y is a solution to equation (1.7). O

It was suggested by the referee that the second condition in (2.1) (about the existence of ¢) and
special form h(z) = 1+ |z|7 may not be needed, and one can consider simply h(z) = 1. This would
be right if the goal would be to prove the existence of solution for the equation with truncated
noise. Indeed, this truncation procedure was used in Balan (2014) for the a-stable Lévy noise. The
problem is to paste together these solutions to produce a solution to equation (1.7). We explain
this below. Consider the truncated noise

Ln(A) = b|A]| —|—/ zJ(dt, dz,dz) +/ 2J(dt,dz, dz).
Ax{|z|<1} Ax{1<|z|<N}

Lemma 2.2 remains valid with h(z) = 1, if p € (0,2] is a value such that f|z‘<1 |z|Pr(dz) < co. We

have the following result. -

Theorem 2.8. a) If d = 1, equation (2.10) with noise Ly instead of Ly has a unique solution iy,

and this solution satisfies:

sup Elay(t,z)|* < oo.
(t,z)€[0,T]

b) If d = 2 and there exists p € (0,2) such that f\Z|<1 |z[Pv(dz) < oo, then equation (2.10) with noise
Ly instead of Ly has a unique solution Uy, and this solution satisfies:

sup  Eluy(t,z)]P < oco.
(t,)€[0,T]

Proof: If d = 1, we let p = 2. In both cases, f(f Jza Gi_(x — y)dyds < oco. Define the Picard

iterations: ﬂg\(;) (t,z) = w(t,x) and

t
ayt (e, 2) = wit,z) + / Grs(z —y)o(aly (s,y))Ly(ds,dy) n > 0.
0 JRd
Let Hy(t) = supycpo,n E|U§\¢) (t,x) — ﬂ%b_l)(t,mﬂp. By Lemma 2.2 with h(z) = 1, we obtain:
t
Hpq(t) < C’/ Hy(s)J(t — s)ds
0

where J(t — s) = fg Jga (Gfﬁs(x —y) + Gi_s(x — y)l{p21}>dyds. By Lemma 15 of Dalang (1999),
> n>1SUP<r H,(t)'/? < co. (In fact, this lemma shows that H,(t) < Ca,, where (a,), satisfies
> o>l ay/’ < oo for any b > 0.) It follows {ﬂg\r;) (t,z)}n>1 is a Cauchy sequence in LP(2), uniformly
in [0, 7] x R?. We denote by @y(t, ) its limit.

To show that %y has a predictable modification, let V]E,n)(s, y) = Gi—s(x—y)un(s,y). If p € (0,1),
then

t
—(n —(n—1 _(n _(n—1
Ve = vy )HLP(QX(O,t)XRd) = /0 /Rd G (z — yElay (s,y) — ay " (s.y)Pdyds < Cas,
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and therefore
—(n —(n—1
> :HVJS ' = V8 ooy xrey < C > " ap < oo

n>1 n>1

(This relation also holds if p € [1,2], using the fact that > -, a? < 00.) The existence of the
predictable modification follows as in the proof of Theorem 2.6. This modification is the unique
solution of equation (2.10) with Ly replaced by Ly. t

Remark 2.9. The natural stopping time associated with the truncation h(z) =1 is
7n = inf{t > 0;.J([0,t] x R? x {|z| > N}) > 0}

Unfortunately, unlike (2.23), we could not find an argument to show that J has finitely many points
in the (unbounded) set [0,¢] x R? x {|z| > N}. Hence, 7y may not be well-defined, as mentioned in
Remark 27 of Balan (2014). Because of this, we could not proceed as in the last part of the proof
of Theorem 2.7 to obtain the existence of a solution of equation (1.7), based on the solutions uy.
This explains why we cannot drop the condition about ¢ in (2.1): the existence of ¢ allows us to
choose a suitable 1 such that (30) holds, and hence 7y is well-defined.

3. Path properties of the solution

In this section, we fix T > 0 and we study the path properties of the solution u to equation (1.7)
on the interval [0, T]. More precisely, we will show that the process {u(t, -) };c[o,7] has a modification
which is cadlag (i.e. right-continuous with left limits) in a suitable space.

We say that two processes { X (t) };c(0,7] and {Y () }+cjo,r) (defined on the same probability space)
are modifications of each other if P(X (t) = Y (¢)) = 1 for almost all ¢ € [0, T].

Let h(z) = 1+ |z|" for some n > d/q, and

v = inf {t € [0,T]; J([0,¢] x {(x, 2);|2| > Nh(x)}) > 0}. (3.1)
Compared with (2.22), the infimum is now taken over [0,T]. It follows that with probability 1, for
N large enough, 7y = oo and u(t,x) = un(t,x) for all t € [0,T]. So, it suffices to study the path
properties of uy for fixed N > 1.

We consider the fractional Sobolev space of order r € R:
H(R?) = {f € S'(R2): | fIp oy = / FFEP(+ [y de < oo}
and the local fractional Sobolev space of order r:
Hj, (R?) = {f € S'(R*); pf € H'(R?) for all € C(R?)}
We say that f, — f in H (R?)if f,o — fe in H"(R?), for any ¢ € C°(R?). The embedding

loc
map of H"(R?) into H{ (R?) is continuous.

Before investigating the path properties of the solution u, we need to examine the regularity of
the function G. A key estimate is the following: for any ¢ > 0 and £ € R,

sin?(t[¢])
€17
Using this inequality, it follows that for any ¢ > 0,

. 1 1-r
[irci@rasirae<ae vy [ () e (33

<2(t*Vv1) (3.2)

1+ (&2

Therefore, Gy € H"(R?) for any » < 1 —d/2 and t > 0.
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By convention, we let Gy(z) = 0 for any t < 0 and z € R%. To define the function G at time 0,
we consider the limit as ¢t — 04. We treat separately the cases d = 1 and d = 2. We start with the
case d = 2 since it is more involved.

3.1. Case d = 2. In this case, G; € H"(R?) for any r < 0 and ¢ > 0. On the other hand, Gy = o
(the Dirac delta distribution at 0) since

0 ifx#0
c ifx=0

The Dirac delta distribution &, is in H"(R?) if and only if r < —1, since F6,(£) = e 7%,
The following result will allow us to analyze the compound-Poisson component of 1.

Lemma 3.1. Ifd = 2, for any to € [0,T], xo € R?, the map [0,T] >t = Gy_4, (- — x0) is cadlag in
H"(R?) for any r < —1.

Proof: We have to prove that the function F : [0,T] — H"(R?) given by
Gt—t()( ©— (L'()) if t >ty
F(t) =< 0z if t =t
0 if t <ty

is cadlag. Note that F' is continuous at any point ¢ > tg, since

. h . 2
HF(t n h) B F(t)”%{T(RQ) _ /]R2 sm((t “g )’é‘) _ Slng;g’)‘ (1 + ‘£|2)Td§
_ L+ IEP)" . 5 (hlE] 2 (2t +h)[¢]
—4/RZ|€|ZSH1 (2>cos #dfﬁO

as h — 0, by the dominated convergence theorem. To justify the application of this theorem we use

the fact that sinQ(%) < CIEE‘Q and [po (1 + [£]*)"1d¢ < oo.

Clearly, F' is continuous at any point ¢ < tg. F' is right-continuous at tg since

P+ 1) = F(t)lizee) = [ | 1FG(- = 20)(€) = P (O (1 + e
2

_/ e—’if-xo Sln(hlf‘) . e—i{mo (1 + ’f‘Q)ng -0
R? i
as h — 04, by the dominated convergence theorem. Clearly, F' has left limit 0 at . [l

We consider first the case of bounded function . The compact support property of G turns out
to be very useful, and compensates for its lack of smoothness.

Theorem 3.2. Suppose that d = 2 and Assumption A holds with p < 2. Assume that o is bounded.
Let {u(t,x);t € [0,T],z € R?} be the solution to equation (1.7) on the interval [0,T), constructed
in Theorem 2.7 but with stopping times (Ty)n>1 defined by (3.1). Then the process {u(t,)}iefo,1]
has a cadlag modification with values in H{ (R?), for any r < —1.

Proof: We follow the lines of the proof of Proposition 2.14 of Chong et al. (2019) for the heat
equation. As mentioned above, it suffices to prove the result for up, for arbitrary N > 1. We
consider separately the cases p > 1 and p < 1, p being the constant from Assumption A.
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Case 1. p > 1. Recall that uy satisfies the integral equation (2.11). Using decomposition (1.6)
of Ly, we write:

un (t, ) = w(t, z) / / Gis(z —y)o(un(s,y)) LY (ds, dy)+
/0 [, Geslo = natunts. ) itds.dn) + [ [ Greslo = otun(s.)dyds

= w(t,z) + uk(t,z) + vl (t,z) + ud(t, ). (3.4)

We treat w(t, z). Since w is jointly continuous and bounded, the map ¢ — w(t,-) is continuous
in H] (R?) (see the proof of Lemma 2.13 of Chong et al., 2019).

We treat ul;(t,x). Let A > T be arbitrary and K = {y € R?;|y| < 24}. We use the decomposi-
tion u) (t,x) = u}\}l (t,x) + u}\}Q(t, x), where

' (ta) = [ [ Goeste = potun(s. )L (ds. ) (3.5)
L2 ) — /0 / Gl y)o(un(s, )L (ds, dy). (3.6)

Suppose that |z| < A. Note that G;_s(x — y) contains the indicator of the set {y;|z —y| < t — s}
and any element in this set satisfies:

ly <|ly—z|+|z|<t—s+ AT+ A<2A.

This shows that u}\}z(t, )1{jzj<ay = 0 for any A > T
It remains to examine u}\}l (t,z). Similarly to (2.33) of Chong et al. (2019), for any ¢ € S(R?),

we have
oo [ (] wiensinle= e
Gt = [ ([ e o 2 s, d) ) ptepa

The proof of this relation is based on applying twice the stochastic Fubini theorem given by Theorem
A.3.1 of Chong et al. (2019). For the first application of this theorem, we need to check that

[, 17eta (/ [ e y)E!a(w(s,y>>rp\zrpv<dz>dyds>l/pdx<oo.

This follows using Assumption A, (2.13), and the fact that [z, GV_ (z — y)dy = cp(t — 5)*7P. For
the second application, we need to check that

Lo (e

which follows using Assumption A, (2.13), and the fact that fot

71§y81n(( )|§’)

1/p
|§| E’O’(UN(S,y))’p|2|pV(dZ)dde> d€ < o0,

in((t—s p
SISl ((tm )‘ED‘ ds < fg(t — s)Pds.

It follows that the Fourier transform of u}\}l (t,-) is the following function:

ag(t) == Fulil(t,- / Ix ieySin((t ,)‘f‘) (un(o) D (ds,dy). (37)
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Note that for any ¢ € [0, 77, u}\}l (t,-) € H"(R?) with probability 1, since

| [l + Py

:/ E e—if-ySin((t_s)‘g‘)
R2 K J|

A <1 €]
:/ /t/ / ME\GWMS,y))\2|2127/(d2)dyd5 (1+[¢*)"de
w\Jo JxJss Kl

sin?((t — s)[¢]) r
<C . (/0 |£|2d5> (1+ [¢*)Tde < oo,

where for the last inequality above, we used the fact that o is bounded (since relation (2.13) may
not hold for p = 2). The last integral is finite since r < 0 (using (3.2)).
We prove that {u}\}l (t,*)}teo.r] is stochastically continuous as H"(R?)-valued process, i.e.

2

o(un(s,y))2J (ds,dy, dz)| (1 +|€[*)"de

E|llu (¢ + h,) = uy' (8, ) o ey | =0 as h—o0. (3:8)
To see this, note that
lag(t +h) — ag(t)* <

2
{ _zgysm ((t+h— s)|§||£)|— sin((t — 9)|¢]) o(un(s,y) LM (ds, dy)| +
t+h sin((t + h — s)[¢])

o i€y o(un(s,y)) LM (ds, dy)

€]

Hence, using again the fact that o is bounded, we have

2
}_ (3.9)
E[|a5(t +h) - Gg(t)ﬂ <
{/ / (el —eini(t S)‘ﬂ)E’U(UN(& Y))?|z[Pv(dz)dyds+

e
/Hh /| sin’ et = D o s,00) Pl s |
in2((t + h — $)j¢]) — sin((t— s)[€) [T sin2((t + h— s)[é])
=¢ {/0 G s [ P d‘s}

bt (M) [ 2y [ D)
= {gene () [ e MG s [T G o} < e

and therefore, by the dominated convergence theorem,

B lfu' (¢ + ) =y (6 ) o) | = /R E|laglt+h) —ag®)P?| 1+ |2y ds =0 as h—o.

To justify the application of this theorem, we use inequality (3.2) and the fact that r < 0.

To conclude that {u]l\’,1 (t,*) }tejo,r) has a cadlag modification with values in H "(R?), we apply
Theorems 1 and 5 of Gihman and Skorohod (1974). For this, we need to show that there exists
d > 0 such that for any ¢ € [0,T] and for any h > 0 such that ¢ + h,t —h € [0,T],

E|[luy' (t+ hy ) = uy (6 ) e ey luy' (¢ = By ) = uy' (8 )5 gey| < CR'T. (3.10)
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To prove this, note that

E[H“}\}l(t +h, ) —uy (¢, -)H%{,«(Rz)||u}\}1(t —h,) —uy'(t, ’)H%{’“(RQ) _
/(nw Elag(t + 1) = ag(D)Play(t = k) = an(t) 2] (1 + |€[2)7 (1 + Inf?)" dgan. (3.11)

We combine (3.9) with the similar bound for the increment over [t — h, t], namely:

an(t —h) — ay(t )|2

{ —z'f]y51n t— _$)|77||:}’_Sin((t_8)|n|)U(UN(S,y))LM(dS,dy) X
2
I / oA g 2| |

It follows that

Eun(§,m) := Elag(t + h) = ag(t) Play(t = h) — a, ()] < ZEthsn (3.12)
where
EL (€)= [ el R m ) =Sl o 5, )) 2 s ) 2
/ / oy St —h — s>m’|3‘— St = )0 )L (s, ) ]
B2, (6m) R = S oy ) 1 .y 2
/t h / e =R o ) 1 .y ]
(€)= E / - / yoin ”@‘3)'5’) (o) £ . )|
/ / ,sin((t = b —s>|n’|7>’|—sm<<t—s>|n|>g(uN(sjy))LM( is. dy) ]

2

thga

t+h ,sin( S
/ / (&40 = )IED e (5.9) LM (ds. dy)

€] 2] |

/ / e_mysm((t —h— SMm)J(UN(S,y))LM(dS’dy)
Sk il
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To estimate these terms, we use Cauchy-Schwarz inequality. Using Theorem B.1 and the fact that
o is bounded,

4

|<

ySin((t +h — s)|€]) — sin((t — 5)[¢])
€l

C{(/ [sin((t +h — s)|¢]) —sin((t — )|EDI? 8>2+

o(un(s,y))L" (ds, dy)

€17
/tlsin (¢ +h = 9)IE]) — sin((t = 9)IEDI* | }<Ch4
; <
ysin((t +h — s)[¢])

G
4
q ] =

Hhsin?((t+h—s)€) , \T [ sind((t 4 h— 5)[€]) 5
¢ { (/ s + G ds} =

Similar bounds are valid for the other two terms which involve ¢t — h. This proves that (3.10) holds
with § = 3. So, {u}vl () }teo,r] has a cadlag modification with values in H"(R?).

and

t+h

o(un(s,y)) LM (ds, dy)

We treat u%(t,x). If J has points (T}, X;, Z;) in [0,T] x R? x R, then

2) =D Grori(z = X))o (un(T;, Xi) Zilr,<n 1<l z i< vmcx)y-

i>1

Let ¢ € C°(R?) be arbitrary. Pick A > 0 such that supp ¢ C {z € R?;|z| < A}, Since Gy_7, (z—X;)
contains the indicator of the set |z — X;| < t —T;, we have | X;| < |z| +t < A+ T, for any |z| < A.
Hence, for any = € R?,

2) = G (z — Xi)e()o(un(Ti, Xi)) ZiLig,<iy 11 x: < A+T,1 <| Zs| < NR(X0)}-
i>1

This sum contains finitely many terms, since S = {(z,2);|z| < A+ T,1 < |z2| < Nh(z)} is
a bounded set in R? x R. We look at one of these terms: for any ¢ > 1 fixed, the function
[0,T] >t Gi_1,(- — X;)p is cadlag in H"(R?), by Lemma 3.1.
We claim that [0, 7] 3 ¢ — u3(t,-) is cadlag in H] (R?). Right-continuity is clear, since for any

t € [0,T] and for any ¢ € C°(R?),

hm uk(t+h, Yo =ud(t,-)e in H"(R?).

h—0+
For the existence of left limit, we have to prove that for any ¢ € [0, T], there exists ¢(t) € HJ (R?)
such that

lim (= h,-)p = $(t)p i H'(R?),

h—0+

To prove this, let p € C°(R?) be arbitrary. Pick A such that supp ¢ C {z;|z| < A}. By Lemma
3.1, for any i > 1, there exists ¢;(t) € H"(R?) such that limj, o+ Gy—p—1,(- — X;) = ¢i(t) in H"(R?),
and hence in H], (R?) (since the embedding of H"(R?) into H (R?) is continuous). It follows that
limy, 04 Giph7,(- — Xi)p = ¢i(t)p in H"(R?) for any i > 1, and

uXe(t —h, ) = Gionor, (- — Xi)o (un (Th, Xi)) Zil i1, <y {1, | < A+ T,1<| 2, <N B(X)}
i>1
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converges in H"(R?) as h — 0+ to

Z ¢i(t)po (un (Ti, Xi)) Zilir, <oy 1 x| < A+T,1<| 25| <Nh(X,;)} = P()p-
i>1

We treat u;(t, z). By Lemma 2.13 of Chong et al. (2019). the function ¢ — u3(t,-) is continuous
in H (R?), since (t,7) — Gy(z) is integrable on [0, 7] x R? and ¢ is bounded.

loc

Case 2. p € (0,1). Using the non-drift decomposition (2.2) of Ly, we write
t
u(ta) =uwt.o) + [ [ Gl = yotuy(s,u)LOds. dy)+
0o JR

/0 - Gi_s(z —y)o(un(s,y)) L (ds, dy)
= w(t,z) + uk(t,z) + ui (L, z). 5.15)

The term u?\, is the same as in Case 1.

To treat u}\,, we use the same argument as in Case 1, with LM replaced by LY. We mention
only the changes, and we omit the details. Let A > T be arbitrary. Using the compact set
K = {y € R? |y| < 24}, we write ul (¢, z) = ujl\’,l(t,m) + u}f(t,:n) with

uy' (t, ) = /0 /K Gi—s(x — y)o(un(s,y)) L9 (ds, dy) (3.14)
upn’(t,x) = /0 ” Gi—s(x — y)o(un(s,y)) L2 (ds, dy), (3.15)

The same argument as above shows that ujl\’,z(t, Vjz<ay = 0.

It remains to study u}\}l. In this case, the Fourier transform of u}\}l (t,-) is given by

oelt) = Ful ) = [ [ e—if'ym“ﬂgf)‘g”a<uw<s,y>>LQ<ds,dy>, (3.16)

This follows by applying twice the stochastic Fubini theorem given by Theorem A.3.2 of Chong
et al. (2019). For the first application of this theorem, we need to check that

/Ot/K/{zlﬂ}]E [( R2 Gislo - y)|0(uN(s’y))]:‘P(x)d$>p} |z|Pv(dz)dyds < oc.

This follows using Assumption A, (2.13), |Fe(x)| < [l¢llpi@ey and [po Gi—s(x — y)do =t — 5. For
the second application of Fubini’s theorem, we need to check that

[y e

€l

This follows using Assumption A, (2.13), and the fact that

[sin((t — 5)[¢])] sin2((t — s)[¢))  \ "
[ o1ae < ol ( [, 05" ae) <

since sin?((t — 5)|£])/|€|? can be bounded by (t — s)? if [¢| < 1 and by 1/|¢|? if |¢] > 1.

oun(s, y))@(&)‘ de)' | lrvtaz)ands < o
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For any ¢ € [0, 7], u}\}l (t,-) € H"(R?) with probability 1, because

£ | [ lacP(+ gy g

:/R2E /Ot/K/Z|S1e—iéywa(w(s,y))zJ(ds,dy,dz)

=¢ Rz{/o /K/z|§1 €[2 Elo(un(s,y))|"|2|"v(dz)dyds+
2
t [sin(t — 5)[¢])] .
E (/0 /K/|z§1 €| \a(uN(s,y))\|z|y(dz)dyds> (14 |¢]°)"dg

Esin®((t — s)[€)) tsin((t - 9Dl , ) ,
SCW{/O ds—|—</0 ds)}(1+\§]2)d£<oo,

2

(1+ |¢%)de

€17 €]

using Lemma B.2, the fact that o is bounded, le\SI |z|v(dz) < oo and r < —1.

The fact that {u}vl (t,-)}eeqo,r] 1s stochastically continuous in H”(R?) follows from
Elag(t + h) — ag(t)]> < Oh?,

which is proved using an inequality similar to (3.9) with LM replaced by L%, followed by an appli-
cation of Lemma B.2. Finally, relation (3.10) also holds with § = 3. To prove this, we proceed as
in Case 1, replacing L™ by L%, and applying Lemma B.2 with p = 4. O

We consider now the case of an unbounded function o.

Theorem 3.3. Suppose that d = 2 and Assumption A holds with p < 2. Let {u(t,z);t € [0,T],z €
R2} be the solution to equation (1.7) on the interval [0,T)], constructed in Theorem 2.7 but with
stopping times (Tn)n>1 defined by (3.1). Then the process {u(t,)}co,r) has a cadlag modification
with values in H{ (R?), for any r < —1.

Proof: We use the same argument as in the proof of Theorem 2.15 of Chong et al. (2019) for the
heat equation. It suffices to prove the result for uy, for arbitrary N > 1. We consider separately
the cases p > 1 and p € (0,1).

Case 1. p > 1. We use decomposition (3.4).

We treat ul;(t, z). We write ul(¢,z) = u}\}l (t,x) + u}\}Z(t,x) with u}\}l(t,x) and u}\}Q(t,aj) given
by (3.5), respectively (3.6). Then u}\}z(t, )lfjzj<ay = 0 for any A > T

It remains to treat ujl\’,l (t,x). The Fourier transform of u]l\}l(t, -) is still given by (3.7) (the above
justification of this formula does not use the boundedness of ¢). But if o is unbounded, it is not
immediately clear why [ps |ag(t)[*(1 + [£[*)"d¢ < oo aus.

Consider the truncated function oy, (u) = o(u)1{jy <n}, and define

u}\},ln(t’l‘) :/0 /KGt5($_y)Un(UN(S,y))LM(dS,dy).

Since o, is bounded, {u}\}ln(t, ‘) }eefo,r) has a cadlag modification in H7"(R?), for any n > 1. This
follows from the proof of Theorem 3.2. Since the uniform limit of a sequence of cadlag functions is
cadlag, it suffices to show that with probability 1, the sequence {u]l\}ln(t, -)}n>1 converges to u}\}l (t,-)



486 Raluca Balan

as n — oo, uniformly in ¢ € [0,7]. To achieve this, we will use a change of measure, as in Chong
et al. (2019). Let a(n),N(s,y) =o(un(s, y))1{|uN (s,y)|>n} Then

Wt ) — ukh (4 2) = / / Gl — y)oyn (s y) LM (ds, dy)

n —1 t_

a0 (1) i= F(u(t, ) — k(1) / [ eerm e g s 2 s )
sup_|[|uy' (¢, - >—u}v1n<f>||m<R2>s / (1+[¢%)" sup |al” (1) |de. (3.17)
t€[0,T] R2 t€[0,T]

To evaluate aén) (t), we use the fact that W = ft cos((t — r)|&|)dr. By the stochastic Fubini
theorem given by Theorem A.3.1 of Chong et al. (2019),

1.
a§”>(t>—/ cos((t — 7)) ( / vy )LM(ds,dy)> dr.

To justify the application of this theorem, we need to check that:

T 1/p
/Ot (/ /K /Z|<1E]e_i5'y cos((t — r)|§|)a(n)7N(s,y)z|py(dz)dyds> dr < oo.

This follows by Assumption A, (2.13) and the bound | cos((t — r)|¢|)| < 1. For any t € [0,T],

o™ / [0 el ) L s, )| /0 |cos((t — ) €],

ag (t)] < sup
// Y0 (s, ) LM (ds, dy)| .

rel0,T7]
We intend to apply Theorem A.4 of Chong et al. (2019), to the random measure LM . First, we
check that o(uy)lg € LYP(LM) (we refer to Appendix A of Chong et al., 2019 for the notation).
To see this, we use relation (A.3) of Chong et al. (2019), Assumption A and (2.13):

T
ot il <€ [ [ [ Blotun(s,p)PlePv(dz)dyds < o.
’ 0 {|z|<1}

By Theorem A.4 of Chong et al. (2019), there exibts a probability measure Q on (€2, F) which is
equivalent to P, such that Q is bounded, fz% e L2- p(Q F,P), LM is an L2-random measure under
Q and o(uy)lgx € LY 2(LM Q) Hence,

[sup // Y0 (s, ) LM (ds, dy)
t€[0,7]

where Eg denotes the expectation with respect to Q.
We return to (3.17). We use inequality (3.18), then we take expectation with respect to Q. We
obtain that

and hence

sup |a5 ( )| <T sup (3.18)

te[0,7) r€[0,7]

] < ||O'(n),N1K||%M,27Q7

Eq

1,1 1,1
sup |luy (¢,-) — uNn( )HHT ]RQ)]
sup

te[0,7
/ / Yoy w5, y) LY (ds, dy)
t€[0,T]

< Topmliliugg [ (L+IERYdE 20 as 0 oc,
R

gTZ/RaHfI )" Eq
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using the (stochastic) dominated convergence theorem given by Theorem A.1 of Chong et al. (2019),
applied to the random measure L™ (under the probability measure Q). In our case, the integrand
0(n),~ L — 0 converges pointwise to 0 as n — oo, and is bounded by the random function |0 (un)1xk|

which belongs to LY2(LM, Q).
Therefore, there exists a subsequence N’ C N such that with probability 1,

sup Hu}\’,l(t, )= u}\’,ln(t, Mrr@ey =0 as n—oo,neN.
€l0,1) ’

Since {u}\}ln(ta')}te[O,T] has a cadlag modification in H"(R?) for any n > 1, the process
{u}\}l (t,-) }tejo,r Will inherit this property too.

We treat u% (¢, z). The same argument as in the proof of Theorem 3.2 shows that {u3(Z, ) heefo,m)
is cadlag in H{ (R?).

We treat u;(t,x). Let A > T be arbitrary and K = {y € R?%;Jy| < 24}. We write u?(t,z) =
udt(t, z) + uP?(t, ), where

St 2) = t i—s(x —y)o(un(s, s )
(ta) = b /0 /K Gr_ (i — y)o(un(s,y))dyd (3.19)

ub?(t, ) = b/ Gi—s(z —y)o(un(s,y))dyds. (3.20)
0 JKe

2

As for u'?, we see that u32(t, ‘)1{jzj<a} = 0, using the compact support property of G.

It remains to treat u>'. For this, we consider again the truncated function o, as above and we
let

u?’vln(t x) = b/ /KGt_S(x —y)on(un(s,y))dyds.

Since o0, is bounded, {u?\}}n(t, V}teo,r] is continuous in Hj, (R?), by Lemma 2.13 of Chong et al.
(2019).
Similarly to (3.18) (but with dsdy instead of LM (ds,dy)), we have
sup |F(uy' (t,) = up, (t,)) (€)] < BT sup

/ / —ic: Yon),n(s,y)dyds
£€[0,77 ref0,7)

T
<o [ [ Jog(s.0)lduds,
0 K

and hence
371 371 2
sup ||uy (t,-) — uN’n(t, ‘)HHT(RQ) —0 as n — oo.
t€[0,T]
It follows that {u?\}l (t,)}tefo,r] is continuous in Hf, (R?).

Case 2. p € (0,1). We use (3.13). The term u3%; is the same as in Case 1. To treat uk;, let A > T
be arbitrary and K = {y € R?; |y| < 2A} We write ul, = uN + U}VQ, where u}v and uN2 are given
by (3.14), respectively (3 13) Then uN 2(t, Myjzj<ay = O

It remains to study u) N The Fourier transform of N '(t,-) is given by (3.16). The justification
of this formula does not use the fact that o is bounded. Let 0y, (u) = o(u)1{jyj<pn) and define

u}vln(t x) / / Gi_s(x — y)on(un(s,y)) L2 (ds, dy).
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Since o, is bounded, {u}vln(t, }teo,r) has a cadlag modification in H”(R?). This follows from the
proof of Theorem 3.2 in the case p < 1. As in Case 1, replacing L™ by L9, we have:

A (1) = F(uy! (t.2) — ulfh (¢ / / er eI o) (s, L0, i)

:/Ot (/Or/Ke—iE'yCOS((t—r)5‘)0(n),N(8,y)LQ(ds,dy)> dr

The last equality above is due to the stochastic Fubini theorem given by Theorem A.3.2 of Chong
et al. (2019). To justify the application of this theorem, we need to check that

/ / /{Z|<1} K/ 7" cos((t = )lEDom,n (s y)!dr) } 2Py (dz)dyds < oo.

This follows using Assumption A, (2.13) and the bound |cos((t —r)[¢])| < 1.

We now apply the change of measure of Theorem A.4 of Chong et al. (2019) to the random
measure L?. To check that o(uy)lg € L'P(L?), we use Lemma A.2.3 of Chong et al. (2019),
Assumption A and (2.13):

T
ooty < [ [ [ Blotun(sp)Pleri(dz)dyds < o.
0 JEK J{|z|<1}
The rest of the proof is the same as in Case 1. O

3.2. Case d = 1. In this case, Gy € H"(R) for any » < 1/2 and ¢ > 0. On the other hand,
Go = %1{0} since

1/2 ifx=0
Therefore, Gy € H"(R) for any r € R. For t > 0, G, € H"(R) if r < 1/2, due to (3.3).

Go(z) := lim Gi(x) = { 0 %fx £

The following result is the counterpart of Lemma 3.1 for d = 1.

Lemma 3.4. Ifd =1, for any to € [0,T], 29 € R?, the map [0,T] >t — Gy_y, (- — x0) is cadlag in
H"(R?) for any r < 1/2.

Proof: We have to prove that the function F : [0,T] — H"(R?) given by

Gt—to( ©— Io) if £ >ty
F(t) =13 2714, if t = to
0 if t <ty
is cadlag. The fact that F' is continuous at any point ¢t > ¢y follows as in the proof of Lemma 3.4.
F is right-continuous at y since

IF(to+ )~ Flto)luzee) = [ 1FGC = 20)(€) = 3F 11y OP(1+ €V

_/e%%mWWQ
Re €]

as h — 04, by the dominated convergence theorem. O

(14 &%) d¢ — 0

Unlike the case d = 2, the solution uy of the equation with truncated noise has finite moments
of order p, for any p > 2. Therefore, we do not need to consider separately the case of a bounded
function o. Note that we impose a new restriction r < 1/4 (compared with Lemma 3.4) which comes
from the analysis of increments; this introduces additional requirements on the initial conditions ug
and vg.
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Theorem 3.5. Assume that d =1 and there exists ¢ > 0 such that

/ |z|%v(dz) < 0.
{lz1>1}

In addition to the initial conditions mentioned at the beginning, we suppose that ug,vo € L*(R) and
|Fuo(§)] < cﬁ for any & € R for some constant ¢ > 0.

Let {uf(t, x) t €10,T],x € R} be the solution to equation (1.7) on the interval [0,T)], constructed
in Theorem 2.7 but with stopping times (TN)N>1 defined by (3.1). Then the process {u(t,-)}iejom
has a cadlag modification with values in H{ (R?), for any r < 1/4.

Proof: Since f 2|>1 |2|7v(dz) is nondecreasing in g, we can assume that ¢ < 2. Therefore, Assumption
A holds with p > 2 arbitrary and ¢ € (0,2]. By Theorem 2.6,

sup sup Elun(t,z)|P < oo forany p>2, (3.21)
te[0,7] |z|<R

for any T' > 0 and R > 0. As mentioned above, it is enough to prove the result for uy. Since p > 1
in Assumption A, we use decomposition (3.4).

We treat w(t, z). We have

x+t
wlt,2) = / vo(y)dy + 5ol + 1) — ol — 1)) = w (¢, ) + w2(t, ).

—t

We treat separately the two terms. Note that Fw(t,-)(€) = FG(&)Fuo(€) and

— 1 2
/rsm (t+ h) |§|)2 SCEDE, 2 6) 201+ Je 27 e

/R; |£4|2 <h2£|>COS <2t+h|£|> ‘]:’U(](é)|2(]—+|€|2)rd§4)0 as h,*)o,

by the dominated convergence theorem, using the fact that |Fuvo(&)| < [|vol| 1wy and ﬁ sin? (@) <
C

lw(t + R, ) = wit, )7y

ﬁ for any ¢ € R. To apply this theorem, we only need r < 1/2.
By direct calculation, Fw?(t,-)(§) = isin(&t) Fug(€). Hence,

w2+ By ) — w2 () gy = /R [Sin(E(t + 1)) — sin(€0]2| Fuo(€) 2(1 + €] de

/éls,im2 <h‘2§|> cos? <(2t+2h)’§‘> | Fuo(&)*(1 + |€*)"dé -0 as h— 0,
R

by the dominated convergence theorem, using the fact that |Fug(¢)|? < c for all £ € R, and

r<1/2.

1
1+[€]?

We treat ul;(t,z). We use the decomposition uy = ul + u%v where uk;, u% are given by (3.5),

respectively (3.6), and K = [-2A4,2A]. As in the case d = 2, uN 2(t, )1—a,4) = 0 for any A > T

1,1
So it suffices to consider uy; .

The same argument as in the proof of Theorem 3.2 shows that {u}\}l (t,) }tejo,r) 18 stochastically

continuous as H"(R?)-valued process, for any 7 < 1/2. Instead of using the boundedness of o, we
now use (3.21) and the fact that o is Lipschitz.
Next, we prove (3.10). For this, we use (3.11) and (3.12). By the Cauchy-Schwarz inequality,

EL(&n) < PR, EX&n) < LPLP, B <DL, Blen) <02
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4]
4]

where

I =FE / / e—igySin((t—i_h_s)K"g’_ Sin((t_8)|€D)O‘(UN($,y))LM(dS,dy)

I,=E / / Sln —h_3)|77’ _Sin(<t_S>‘77|))O'(UN(S,y))LM(dS,dy)

Ul
|
: t+h Sln — S 4
L =E /‘ e t*gL Il wN@w»LMwa@n].

We apply Theorem B.1, followed by Cauchy-Schwarz inequality and (3.21):

(/"/‘mm (t-+h = s)lel) —sin((t =)D <awnwwwfz+

L—E /th/ S0 t‘ _S)’"‘ o (un (s, 9)) LM (ds, dy)

I, <CE

€17
| sin((t + h — 5)[£]) — sin((t — s)[€]))|* 1
%U/ o mww@ﬂ
| sin((t + h — s)[€]) — sin((t — s)[€]))|* 4
< o/ / o Elo(un (s, )| dyds

<C/w$nt+hsmoumu$5m|%

&t
<o ()] =g o (5] e o (%51)]
§0h6<1+1|€|2)4; for any & € [0, 4]
and
I, < CE (/t+h/ | sin( ”‘;;5 €D a(uN(s,y))Qdyds>2 +
o[ [ [ 1D NI ) s

<c/”h bt b o JEDE g s, )y
<C/Hm$nt+gjskl C/}Bﬂap

[sin(s[¢)|° [sin(s[¢])]*— ( 1 )f h
=C
/ € g B ASdS

1 5
= Ch'*e <1 " |£|2> for any ¢ € [0,4].

Similarly, for any e € [0, 4],

4—e 4—e¢

I<cm< ! )2 dI<CM“< ! )2
an .
2= 1+ [n]? = L+ [n]?
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It follows that

4—¢ 4—¢

_ 1 1 1 4
E¢n(€m) < Ch <1 + !€|2> <1+|77|2>

—e 2
1 I
) dg]

The last integral converges if and only if € < 2 — 4r. On the other hand, we need to choose ¢ > 1.
This introduces the restriction r < 1/4. This proves (3.10). By Theorems 1 and 5 of Gihman and
Skorohod (1974), the process {uy (t, ) }eo,r] has a cadlag modification in H"(R) for any r < 1/4.

and

Elllult + ) — wt, ) gy - Nt = h,-) = ult, ) gy) < Ch°

We treat u%(t, ). Using the same argument as in the proof of Theorem 3.2 and Lemma 3.4, we

see that the process {u3(t, ) }epo,r] is cadlag in H"(R) for any r < 1/2.

We treat u(t, a:) Let A > 0 be arbitrary and K = [-2A,2A]. We write u3(¢,z) = u?’\}l (t,x) +
u?\}Q(t,x) where u3 N D and u? N are given by (3.19) and (3.20). Using the compact support property
of G, we see that uf,)’VQ( )1—a,4) =0 for any A > T.

So, it suffices to consider u?v Note that the Fourier transform of u Nl (t,-) is given by

}“u?vl —b// ~igySin(t = s)lc)) ] — )IED) o(un(s,y))dyds.

We consider separately the cases when ¢ is bounded and unbounded.

Case 1. (o is bounded) By Minkowski’s inequality,
3,1 3,1
Jun (¢, ‘)HHT( = || Fuy (t, ')||L2(R (1+]€]2)md¢)

<b / / ( = fgf)'g‘)mm%’“dg)m|a<uN<s,y>>|dyds

1/2

1 1-r .
<C !/R <1+|€|2) df] < oo since 1< 1/2.

We claim that {u‘j’v (t,) }tejo,r 18 continuous in H"(R), for any r < 1/2. To see this, we write

Bh 1 sin( -8
]:(ui}l(t +h,) - uN = b/ / (¢ +|]g| )|£DO'(UN(S,y))dde+
ySin((t+h —s) ]5\)—81n((t—s)\§|)

Then applying Minkowskl S 1nequahty as above, we obtain:

3,1 3,1
Jun (¢4 hy o) —uy (&) Er@®) <

/t+h/ (/ sin? H‘—JZ )Ifl)(1+|§’2)rd§)1/2‘U(UN(&y))‘dyds—i-

SlIl — 8 — sin — 5 2 1/2
b/o /K</R| (b )|£|’§)|2 (£ = I (1+|§\2)Td£) lo(un(s,y))|dyds

and the last two integrals converge to 0 as h — 0, by the dominated convergence theorem.

Case 2. (o is general) For any n > 1, let 0y, (7) = 0(2)1{j/<pn) and define

uf,)’vln(t x) = b/ /KGt_S(w —y)on(un(s,y))dyds.
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By Case 1 above, {u:;’\’,ln(t, ") }efo,r) is continuous in H"(R), for any n > 1 and r < 1/2. We fix
r < 1/2. We will prove that along a subsequence, with probability 1, {U?\}ln}nzl converges to u}o’\}l
in H"(R) as n — oo, uniformly in ¢ € [0,7]. Since the uniform limit of continuous functions is
continuous, {u?\}l (t, ) }tejo,r) Will be continuous in H"(R).

We denote 0, n(5,y) = o(un(s,y)) — on(un(s,y)). By Fubini theorem,

_icySIn((t — s
Fb () —ubl (1)) = b / [ e e o sy

= b/ cos((t —r)|¢]) (/ / ’éyo (s y)dyds) dr.
Hence,
3,1 31 g >
tes[lé%]\}"(u]\,( ) = Uy, (s </ / lom)n(s,y |dyds> </0 | cos(r[&])]dr | .

We claim that
T 1 1/2
cos(r|&|)|dr < C <> .
| teostrieh) g

To see this, assume that T' € ((L;l Vv 0)m, 2]“2—+17r) for some integer k > 0. Say k is even, k = 2m
for some integer m > 0. (The case when k is odd is similar.) Then

T sin "l sin(4L ) — sin(4&L " sin( _1 ) — sin =3,
[ temtrehiar = SR 4 57 SR S g
0 =1 =1
and we use the fact that for any a < b,
|sin(alg]) — sin(vlé])| _ |sin (*3°1¢)) | a—b\? TRt
<2 2 <2{2 ( ) VI ——s ¢ -
€l i 2 1+ ¢

It follows that

E[ sup [F(ud! () = i, (6. ) (©F] < CE
te[0,T

1 T 2
T‘ﬂ? (/ / |U(n),N(87y)’dde> ]
1+|512/ Bl (o P

B[ sup ud! (t,) = w3y
t€[0,T]

<o ([t rierrac) ([ f moomtonrans)

The last integral converges to 0 as h — 0, by the dominated convergence theorem. Hence, there

exists a subsequence N’ C N such that sup,ci 7 ||u:;’\}1 (t,)— ?Vln( I )y = 0 as. when n — oo,

n € N'.

and

O



Stochastic wave equation 493

Appendix A. Stochastic integral

For the reader’s convenience, we here include the definition of the stochastic integral with respect
to an LP-random measure. We refer the reader to Chong (2017a,b); Chong et al. (2019) for more
details.

Let Q = Q xRy xR and P = Py x B(Rd), where P is the predictable o-field on Q x R.

Let p € [0,00) be arbitrary. Given a sequence (Qk)k>1 C P satisfying Qx T Q, a map M : Py =
Uk>1 'P!Qk — LP(Q) is called an LP-random measure if for any disjoint sets (Az)zzl in Pjs such that
U;>1 4i € Py, we have M(|J;~1 Ai) = D51 M(4;) in LP(€), and some additional adaptedness
conditions hold. - B

If S is a simple integrand of the form S = Zle a;l 4, for some a; € R and A; € Py, then the
stochastic integral of S with respect to M is given by:

o k
_ / S(t.x)M(dt,dz) = 3 a; M (A;)
0 Rd i=1

Let Sys be the set of all simple integrands. The Daniell mean of a process H = {H (t,x);t > 0,z €
R4} with respect to M is defined by

M
[Hlvp=— sup L (S)]lp-
SeSn;|S|<[H|

A predictable process H is said to be p-integrable with respect to M if there exists a sequence
(Sn)n>1 C Sar such that ||S, — H||mp — 0 as n — oo. In this case, the stochastic integral of H
with respect to M is defined by:

™M(S) = lim IM(S,) in LP(Q).

n—oo

We denote by L'P(M) the set of p-integrable processes with respect to M. Then the map I :
LYP(M) — LP(Q) is a contraction. In these definitions, we omit writing p, if p = 0.

Appendix B. Moment Inequalities

In this section, we include the moment inequalities which were used in the sequel. The first result
is a Rosenthal-type maximal inequality (see also Theorem 1 of Marinelli and Rockner, 2014).

Theorem B.1 (Theorem 2.3 of Balan and Ndongo, 2016). For any predictable process H and for

any p > 2,
[/ [ [T ana| | <
C’p{E [(/OT/Rd/RHQ(t,:c,z)u(dz)dmdt>p

where Cp, > 0 is a constant depending on p.

sup
t<T

LE [/OT/Rd/R|H(t,x,z)pu(dz)d:ndt]},

To control the p-th moments of integrals with respect to J, we use the following result.
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Lemma B.2. For any predictable process H such that fOT Jra Jg [H(t,z, 2)|v(dz)dzdt < co a.s. and
for any p > 2,

P
/ H(t,z,z)J(dt,dx,dz)| <
d

R

E
0
cp{E [(/OT/RCZ/RH2(t,x,z)u(dz)da:dt)p/2 VE UOT/RCZ/R|H(t,x,z)\pu(dz)dxdt
</OT /Rd /R ]H(t,x,z)|y(dz)dxdt>p] },

where Cp, > 0 is a constant depending on p.

+E

Proof: This follows from Theorem B.1, writing [ Hd.J = fdeJr [ Hdtdzv(dz). O
The next result considers the case p < 2.

Theorem B.3. a) For any predictable process H and for any p € [1,2],

///Hsa:z (ds,dz, dz) <CE[///]Htmz\pudz)dxdt}
R4 Rd

where C, > 0 is a constant depending on p.
b) For any predzctable process H and for any pe (0,1),

"k [/ /R/ H(t, 2, - ]pu(dz)d:vdt]

Proof: a) The process M; = fo Jra Jg H(s,x, 2) (ds dz,dz) is a martingale with quadratic varia-

tion: .
M]t:/ / /HQ(s,x,z)J(ds,dx,dz).
0o JrdJR

By the Burkholder-Davis-Gundy inequality, since p > 1, E(sup;<p [M;[P) < CpE([M]f/Q). Since
p/2 <1, it can be proved that:

t
M]f/2§// /\H(s,x,z)]pJ(ds,dx,dz)
0 JrR?JR

(see e.g. the proof of Lemma 8.22 of Peszat and Zabezyk, 2007). The conclusion follows taking
expectation.

b) This follows using the inequality |z +y|P < |z|P + |y|P. We refer to the proof of Lemma A.2.(3)
of Chong et al. (2019). O

p

sup
t<T

/Hsacz (ds,dz,dz)
d

R
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