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Abstract. As a well-known and important extension of the common Poisson model with an ad-
ditional parameter, Conway-Maxwell-Poisson (CMP) distributions allow for describing under- and
overdispersion in discrete data. Constituting a two-parameter exponential family, CMP distribu-
tions possess useful structural and statistical properties. However, the exponential family is not
steep and maximum likelihood estimation may fail even for non-trivial data sets, which is different
from the Poisson case, where maximum likelihood estimation only fails if all data outcomes are zero.
Conditions are examined for existence and non-existence of maximum likelihood estimates in the
full family as well as in subfamilies of CMP distributions, and several figures illustrate the problem.

1. Introduction

As a particular extension of the Poisson model, the Conway-Maxwell-Poisson (CMP) distribution
allows for modeling under- and overdispersion in count data via an additional parameter. Although
its origin dates back to Conway and Maxwell (1962), the usefulness, simplicity, and statistical
elegance of the model has been pointed out later in Shmueli et al. (2005), and there has been a
broad interest in theory and applications of CMP distributions since then.

The counting density of the CMP distribution Pϑ is given by

fϑ(x) = C(ϑ)
λx

x!ν
, x ∈ N0 = {0, 1, 2, . . . } , (1.1)
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with

C(ϑ) =

( ∞∑
k=0

λk

k!ν

)−1
for ϑ = (λ, ν) ∈ Θ = (0,∞)2 ∪ [(0, 1)× {0}]; see, e.g., Shmueli et al. (2005).

Some basic distributions are contained in the class of CMP distributions. For ν = 1, Pϑ = po(λ)
is the Poisson distribution with parameter λ > 0. By choosing ν = 0, Pϑ = geo(1−λ) is nothing but
the geometric distribution with success probability 1− λ ∈ (0, 1). Moreover, as ν tends to infinity,
Pϑ converges in distribution to a Bernoulli distribution ber(λ/(1 + λ)) with success probability
λ/(1 + λ) ∈ (0, 1).

The parameter ν can be considered a dispersion parameter. For ν > 1 (ν < 1), the variance of
Pϑ is smaller (larger) than or equal to its mean; see, e.g., Daly and Gaunt (2016, Section 2.3.1).
Of course, for ν = 1, i.e., for the family of Poisson distributions, we have equality. The counting
density of Pϑ is shown in Figure 1.1 for different values of λ and ν.

CMP distributions possess useful structural and statistical properties, and they turn out to be
included in several more general families of distributions. For respective reviews along with appli-
cations as well as related extensions and generalizations, we refer to Shmueli et al. (2005), Sellers
et al. (2012), Daly and Gaunt (2016), Sellers et al. (2017), Li et al. (2020), and Sellers and Pre-
meaux (2021). As stated in Shmueli et al. (2005), CMP distributions constitute a two-parameter
exponential family (EF), which yields a variety of helpful properties. In steep EFs, such properties
comprise necessary and sufficient conditions for the existence of maximum likelihood (ML) esti-
mates. However, as reported in Krivitsky (2012), the EF of CMP distributions is not steep, such
that respective statements cannot be applied, here.

Figure 1.1. Counting density of the CMP distribution Pϑ for λ ∈ {1.5, 2.5} and
ν = 0.5 (circles), ν = 1 (triangles), and ν = 4 (squares), where adjacent points are
connected by dotted lines for illustration.

In this paper, the focus is on ML estimation of the parameters λ and ν of the CMP distribution
based on a sample of independent and identically distributed (iid) random variables. Although the
corresponding likelihood function and likelihood equation have a simple form (see, e.g., Shmueli
et al., 2005, Section 3.2, and Sellers et al., 2012, Section 2.3), the problem of whether an ML
estimate for ϑ exists at all and, if so, whether it is a solution of the likelihood equation does
not seem to have been addressed in the literature so far. In contrast to the common Poisson
model, where ML estimation of the parameter λ only fails if all data outcomes are zero and the
ML estimate is obtained as the unique solution of the likelihood equation in case of existence,
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deriving conditions for the (non-)existence of ML estimates for the CMP parameters is analytically
problematic. It turns out that existence of ML estimates is indeed an issue (unlike uniqueness, which
is guaranteed by the EF structure). We examine conditions for the existence and non-existence of
the ML estimate, and it is found that existence may fail even in non-trivial data situations. In
Figure 1.2, the likelihood function L8(ϑ;x) =

∏8
i=1 fϑ(xi), ϑ ∈ Θ, is depicted for three different

data sets x = (x1, . . . , x8) ∈ N8
0 of size 8. We find that, based on x(1) = (0, 0, 1, 1, 1, 1, 2, 2), the ML

estimate for ϑ exists, lies in the interior int(Θ) of Θ, and is the unique solution of the likelihood
equation. Based on x(2) = (0, 0, 0, 0, 0, 1, 2, 5), the ML estimate for ϑ is seen to exist, but it lies on
the boundary {(λ, 0) : λ ∈ (0, 1)} ⊂ Θ of Θ and can therefore not be obtained as a solution of the
likelihood equation. Finally, based on x(3) = (1, 1, 1, 1, 2, 2, 2, 2), an ML estimate for ϑ does not
exist at all. These examples motivate to look for conditions, which ensure existence or non-existence
of the ML estimate or of a solution of the likelihood equation.

Figure 1.2. Likelihood func-
tion L8(λ, ν;x) based on data
set x ∈ {x(1),x(2),x(3)} with
x(1) = (0, 0, 1, 1, 1, 1, 2, 2), x(2) =

(0, 0, 0, 0, 0, 1, 2, 5), and x(3) =
(1, 1, 1, 1, 2, 2, 2, 2).

By using the EF structure of the CMP distribution, we show that for data sets with range less
than 2, ML estimates for the CMP parameters do not exist. Although the result is obtained by
utilizing properties of EFs, the derivation is not standard, since the EF of CMP distributions is not
steep (see Krivitsky, 2012), such that the general theory on steep EFs is not applicable, here. ML
estimation in EFs is highly connected with the mean value function, which maps inner points of the
natural parameter space of the EF to the corresponding expectation of the sufficient statistic. Non-
steepness of the EF then goes along with some unpleasant properties of this mean value function,
and ML estimation gets more involved. For the full EF of CMP distributions, we state sufficient
conditions for the existence and non-existence of the ML estimate. In restricted models with an
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upper bound for one of the natural parameters of the EF, necessary and sufficient conditions for
the existence of the ML estimate are derived. For the subfamily of equi- and underdispersed CMP
distributions, we provide a sufficient condition for the non-existence of a solution of the likelihood
equation. Several figures indicate whether, based on a given data set, a solution of the likelihood
equation exists or does not exist.

The remainder of this article is organized as follows. In Section 2, the CMP distribution is
represented and discussed in the context of EFs. Basic properties resulting from the EF structure
are derived including non-steepness of the family. The subsequent discussion on ML estimation of
the CMP parameters then makes use of these findings and is divided into two parts. In Section 3,
ML estimation is studied within the full EF of CMP distributions, and ML estimation in restricted
models of CMP distributions is considered in Section 4. Illustrations support and supplement the
mathematical findings.

2. The CMP distribution as exponential family

By introducing the mapping Z = (Z1, Z2) with

Z1(ϑ) = ln(λ) , Z2(ϑ) = ν , ϑ = (λ, ν) ∈ Θ ,

and the statistic T = (T1, T2) with

T1(x) = x , T2(x) = − ln(x!) , x ∈ N0 , (2.1)

density (1.1) can be rewritten as

fϑ(x) = C(ϑ) e〈Z(ϑ),T (x)〉 , x ∈ N0 , (2.2)

where 〈·, ·〉 denotes the standard scalar product. Hence, P = {Pϑ : ϑ ∈ Θ} forms an EF; see also
Shmueli et al. (2005). In the following, we address some basic but important properties of P related
to EFs. Firstly, we show that representation (2.2) is minimal meaning that fϑ has no representation
of type (2.2) with fewer than 2 summands in the exponent; see, e.g., Bedbur and Kamps (2021,
Section 2.2) for a precise definition.

Lemma 2.1. Representation (2.2) is minimal.

Proof : Let a0, a1, a2 ∈ R with a0 + a1 ln(λ) + a2ν = 0 for all ϑ = (λ, ν) ∈ Θ. For ν = 0 and λ↗ 1,
this yields a0 = 0. Then, setting λ = 1/2 and ν = 0 gives a1 = 0, from which a2 = 0 immediately
follows. Hence, Z1 and Z2 are affinely independent.

Let b0, b1, b2 ∈ R with b0 + b1x− b2 ln(x!) = 0 for all x ∈ N0. For x = 0, b0 = 0 is obtained. Then,
setting x = 1 yields that b1 = 0, from which b2 = 0 directly follows. Hence, T1 and T2 are affinely
independent.

The assertion now follows from Corollary 8.1 in Barndorff-Nielsen (2014). �

Next, it is suitable for our purposes to switch to the natural parametrization of P; see, e.g.,
Bedbur and Kamps (2021, Section 2.3) for details. In virtue of the parameter transformation
(ζ1, ζ2) = (ln(λ), ν), this parametrization is given by P̃ζ , ζ ∈ Ξ, with counting densities

f̃ζ(x) = e〈ζ,T (x)〉−κ(ζ) , x ∈ N0 , ζ ∈ Ξ , (2.3)

where the so-called cumulant function κ : Ξ→ R is defined by

κ(ζ) = ln

( ∞∑
k=0

eζ1k

k!ζ2

)
, ζ = (ζ1, ζ2) ∈ Ξ , (2.4)

and the new parameter space is denoted by

Ξ = [R× (0,∞)] ∪ [(−∞, 0)× {0}] . (2.5)
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The following lemma states that P is full in the sense that Ξ coincides with the natural parameter
space of P formally defined as the set {ζ ∈ R2 :

∑∞
x=0 e

〈ζ,T (x)〉 <∞}, which is the maximum set of
parameter vectors ζ ∈ R2 such that f̃ζ in formula (2.3) is indeed a density. Moreover, since Ξ is not
open, P is not regular. Crucial and problematic for ML estimation, however, is the fact that P is
not even steep, as shown in Krivitsky (2012). Since this finding is important for our issues, we give
an alternative proof in what follows. For this, note that a full EF with natural parameter space Ξ
is called steep if for all η ∈ Ξ \ int(Ξ) and for all ζ ∈ int(Ξ) it holds that

lim
α↗1

∂

∂α
κ(ζ + α(η − ζ)) =∞ ,

i.e., if its cumulant function has infinite slope when moving towards boundary points in Ξ on straight
lines; see, e.g., Bedbur and Kamps (2021, p. 39).

Lemma 2.2. P is full but not steep.

Proof : Let ζ1, ζ2 ∈ R. Moreover, let ak = eζ1k/k!ζ2 for k ∈ N0. Then,

ak+1

ak
=

eζ1

(k + 1)ζ2
, k ∈ N0 .

For k → ∞, this ratio converges to 0 if ζ2 > 0 and to infinity if ζ2 < 0. Moreover, for ζ2 = 0, the
ratio equals eζ1 , which is smaller than 1 if ζ1 < 0 and larger than 1 if ζ1 > 0. By the ratio test, the
series

∑∞
k=0 ak is then convergent if and only if ζ = (ζ1, ζ2) ∈ Ξ. Hence, Ξ is the natural parameter

space of P, and P is full.
To show that P is not steep, consider the boundary point η = (−1, 0) ∈ Ξ of Ξ and the inner

point ζ = (−1, 1) ∈ int(Ξ). Moreover, let ∇κ = (∂κ/∂ζ1, ∂κ/∂ζ2) denote the gradient of κ. Then,
we obtain for α ∈ (0, 1) that

∂

∂α
κ(ζ + α(η − ζ)) = 〈η − ζ , ∇κ(ζ + α(η − ζ))〉 = − ∂

∂ζ2
κ(ζ)

∣∣∣∣
ζ=(−1,1−α)

=

( ∞∑
k=0

e−k

k!1−α

)−1( ∞∑
k=0

ln(k!) e−k

k!1−α

)
,

which, for α↗ 1, converges to( ∞∑
k=0

e−k

)−1( ∞∑
k=0

ln(k!)e−k

)
=

e− 1

e

( ∞∑
k=0

bk

)
,

where bk = ln(k!)/ek, k ∈ N0. The latter series converges by the ratio test, since

bk+1

bk
=

1

e

(
1 +

ln(k + 1)

ln(k!)

)
≤ 2

e
, k ≥ 3 .

By definition, P is then not steep. �

The mean value function plays a key role regarding ML estimation in EFs. It is defined as the
mapping

π = (π1, π2) : int(Ξ)→ int(M) : ζ 7→ Eζ [T ] =

∫
T dP̃ζ , (2.6)

where M denotes the convex support of T defined as the closed convex hull of the support of T .
According to Brown (1986, Theorem 2.2, Corollary 2.3, and Corollary 2.5), π is one-to-one, infinitely
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Figure 2.1. Natural parameter space Ξ of P (left, hatched) and convex support M
of T (right, hatched). Boundary points belonging to Ξ and M are indicated by bold
black lines.

often differentiable, and can be deduced from the identity π = ∇κ. Using formula (2.4), we find

π(ζ) = C̃(ζ)

( ∞∑
k=0

keζ1k

k!ζ2
, −

∞∑
k=0

ln(k!) eζ1k

k!ζ2

)
with

C̃(ζ) =

( ∞∑
k=0

eζ1k

k!ζ2

)−1
for ζ = (ζ1, ζ2) ∈ int(Ξ). Here, interchanging differentiation and summation is permitted, for
instance, by the differentiation lemma in Bauer (2001, p. 89).

We end this section of preliminary results by stating an explicit representation for the convex
support of T , the interior of which forms the co-domain of π. An illustration of Ξ andM is presented
in Figure 2.1.

Lemma 2.3. The convex support of T is given by

M = {(y + α, z) ∈ R2 : y ∈ N0 , α ∈ [0, 1) , z ≤ T̃2(y, α)} ,
where

T̃2(y, α) = αT2(y + 1) + (1− α)T2(y) , y ∈ N0 , α ∈ [0, 1) , (2.7)
with T2(y) = − ln(y!), y ∈ N0.

Proof : According to formula (2.1), the support of T is given by the graph of T2(x) = − ln(x!),
x ∈ N0. By using the identity T2(x) = − ln Γ(x+1) for x ∈ N0 and that the mapping t 7→ − ln Γ(t+1)
is strictly concave on [0,∞), it follows that

M ⊂ {(y + α, z) ∈ R2 : y ∈ N0 , α ∈ [0, 1) , z ≤ T̃2(y, α)} . (2.8)

Now, let x = y + α > 0 for some y ∈ N0 and α ∈ [0, 1), and let z ≤ T̃2(y, α). To show that
(x, z) ∈ M , note that the line segment τk(t) = − ln(k!)t/k, t ∈ [0, k], connecting (0, 0) ∈ M and
(k, T2(k)) ∈M lies in M for every k ∈ N0. By l’Hospital, we find

lim
k→∞

− ln(k!)

k
= lim

t→∞

− ln Γ(t+ 1)

t
= lim

t→∞
−ψ(t+ 1) = −∞ ,

where ψ denotes the digamma function. Hence, there exists some k0 ∈ N, k0 ≥ x, such that
τk0(x) < z, and, since (x, z) lies on the vertical line segment connecting (x, T̃2(y, α)) ∈ M and
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(x, τk0(x)) ∈ M , it follows that (x, z) ∈ M . Since M is closed by definition, this finding moreover
implies that (0, z) ∈M for z ≤ 0. Hence, we have equality in formula (2.8). �

3. ML estimation in the full exponential family of CMP distributions

We now turn to ML estimation of the natural parameter of the CMP distribution based on an
iid sample. In this section, ML estimation is studied within the full EF of CMP distributions. For
subfamilies of CMP distributions, ML estimation is considered in Section 4.

Let n ∈ N andX1, . . . , Xn be iid random variables with distribution P̃ζ for some ζ ∈ Ξ. Moreover,
let x1, . . . , xn ∈ N0 be realizations of X1, . . . , Xn, and let ti = T (xi), 1 ≤ i ≤ n. Furthermore, we
use the notation xn =

∑n
i=1 xi/n and tn =

∑n
i=1 ti/n for the arithmetic mean of x1, . . . , xn and

t1, . . . , tn, respectively. Note that then tn = (xn,
∑n

i=1 T2(xi)/n).
We are aiming for ML estimation of the parameter ζ based on x1, . . . , xn. By using formula (2.3),

the likelihood function based on x = (x1, . . . , xn) is obtained as

L̃n(ζ;x) =
n∏
i=1

f̃ζ(xi) = en〈ζ,tn〉−nκ(ζ) , ζ ∈ Ξ .

The corresponding log-likelihood function is then given by

˜̀
n(ζ;x) = n[〈ζ, tn〉 − κ(ζ)] = n

[
ζ1xn −

ζ2
n

n∑
i=1

ln(xi!)− ln

( ∞∑
k=0

eζ1k

k!ζ2

)]
, ζ ∈ Ξ , (3.1)

which, by differentiation and by using that ∇κ = π, leads to the likelihood equation π(ζ) = tn for
ζ ∈ int(Ξ).

ML estimation for the natural parameter ζ of the general (minimal) EF has extensively been
discussed in the literature, and there exists a simple rule for the existence and uniqueness of an
ML estimate for ζ if the EF is steep; see Barndorff-Nielsen (2014) and Brown (1986). It states
that an ML estimate of ζ based on x1, . . . , xn exists if and only if tn ∈ int(M), and that, in case
of existence, the ML estimate is uniquely determined and given by π−1(tn), where π−1 denotes
the inverse function of π. This simple statement results from the steepness property of the EF
in the following way. Firstly, steepness of the EF ensures that π is onto (and thus bijective), i.e.,
π(int(Ξ)) = int(M), such that there exists an inverse function π−1 : int(M) → int(Ξ) of π. If
tn ∈ int(M), the likelihood equation then has the unique solution π−1(tn) ∈ int(Ξ), which is also
the unique global maximum of ˜̀

n, since ˜̀
n is strictly concave on Ξ; see, e.g., Bedbur and Kamps

(2021, Lemma 4.2(a)). Secondly, steepness of P guarantees that maxima of the (log-)likelihood
function cannot lie on the boundary of Ξ. Putting both findings together then yields the above rule.

The EF of CMP distributions, however, is not steep, such that ML estimation gets more involved.
We have the following two major drawbacks. The first one is that tn ∈ int(M) does not imply
existence of a solution of the likelihood equation, since it may happen that tn ∈ int(M) \π(int(Ξ)).
Hence, ML estimation of ζ requires to study the image of π. Since the properties hold true in the
general EF, π(int(Ξ)) is open, connected, and without holes, but it need not to be convex; see,
e.g., Kotz et al. (2000, p. 668). An illustration of π(int(Ξ)) is provided in Figure 3.1. The second
drawback is that the boundary of Ξ has to be taken into account when maximizing ˜̀

n.
Our aim is now to find conditions for the existence or non-existence of an ML estimate of ζ based

on x1, . . . , xn. Note that in case of existence, regardless whether it is the (unique) solution of the
likelihood equation or lies on the boundary of Ξ, the ML estimate is uniquely determined, since ˜̀

n

is strictly concave on Ξ.
Firstly, the following statement is obvious.

Lemma 3.1. Let x1, . . . , xn ∈ N0. If tn ∈ π(int(Ξ)), then π−1(tn) is the solution of the likelihood
equation and the ML estimate of ζ based on x1, . . . , xn.
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Unfortunately, the region π(int(Ξ)), depicted in Figure 3.1, cannot be described in a useful and
convenient form, such that the benefit of Lemma 3.1 is rather low. In contrast, a simple sufficient
condition for the non-existence of the ML estimate can be provided, which is developed in the
following.

By definition of M , tn ∈ M is always true (with probability 1). Since tn ∈ ∂M = M \ int(M)
implies that the likelihood equation has no solution in int(Ξ), we give a respective characterization
result. It turns out that tn ∈ int(M) is equivalent to the range of observations being at least 2. In
what follows, let x(1) ≤ · · · ≤ x(n) denote the ascendingly ordered observations.

Lemma 3.2. Let x1, . . . , xn ∈ N0. Then, it holds:
(a) For n = 1, we have t1 = (x1, T2(x1)) /∈ int(M).
(b) For n ≥ 2, we have

tn ∈ int(M) ⇔ x(n) − x(1) ≥ 2 .

Proof : Let x1, . . . , xn ∈ N0. Assertion (a) is obvious by Lemma 2.3. Hence, let n ≥ 2. Moreover,
let

xn = y + α ,

where y = bxnc ∈ N0 denotes the integer part of xn, and α = xn − bxnc ∈ [0, 1).
Then, we have to show that

x(n) − x(1) ≥ 2 ⇔ 1

n

n∑
i=1

T2(xi) < T̃2(y, α)

with T̃2(y, α) = αT2(y + 1) + (1− α)T2(y) or, equivalently,

x(n) − x(1) ≥ 2 ⇔

(
n∏
i=1

xi!

) 1
n

> y! (y + 1)α . (3.2)

Firstly, let x(n) − x(1) ≤ 1. Then, y = x(1). Let K = {i ∈ {1, . . . , n} : xi = y} and k = |K|.
Then, we have

α = xn − y =
ky + (n− k)(y + 1)

n
− y = 1− k

n
and (

n∏
i=1

xi!

) 1
n

=

(∏
i∈K

xi!

) 1
n
(∏
i/∈K

xi!

) 1
n

= y!
k
n (y + 1)!1−

k
n = y!(y + 1)α (3.3)

π−→

Figure 3.1. Interior int(Ξ) of Ξ (left, hatched) and its image π(int(Ξ)) (right, grey
area) being a proper subset of int(M) (right, hatched).
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Next, let x(n) − x(1) ≥ 2. Then, we apply the following algorithm:
(1) Choose xi minimally with xi + 1 < xj for some j ∈ {1, . . . , n}.
(2) Replace xi by xi + 1 and xj by xj − 1, which preserves the sum

∑n
m=1 xm (and thus y and

α) but decreases the product
∏n
m=1 xm!, since

(xi + 1)!(xj − 1)! < xi!xj ! ⇔ xi + 1 < xj .

(3) If x(n) − x(1) ≥ 2, return to step (1). Otherwise, the algorithm is completed and ends up
with x1, . . . , xn ∈ {y, y + 1} for which equation (3.3) holds true.

Convergence of the algorithm is ensured, since the range of x1, . . . , xn is non-increasing over all
iterations and decreases by at least 1 in n iterations.

The assumption that x(n) − x(1) ≥ 2 now guarantees that we have to go through at least one
iteration and, hence, that the right-hand side of equivalence (3.2) is true. �

In Theorem 3.3, a sufficient condition for the non-existence of the ML estimate for ζ is given,
namely, that all observations take only two different values m and m+ 1, say. This is different from
the common Poisson model forming a regular EF, where ML estimation of the parameter only fails
in the trivial case x1 = · · · = xn = 0.

Theorem 3.3. Let x1, . . . , xn ∈ N0. If x(n) − x(1) ≤ 1, then the ML estimate for ζ based on
x1, . . . , xn does not exist.

Proof : Let x = (x1, . . . , xn) ∈ Nn0 with x(n) − x(1) ≤ 1. For xn = 0, the assertion is obvious from
L̃n(ζ;x) = C̃n(ζ) < 1, ζ ∈ Ξ, which approximates 1, e.g., for ζ1 → −∞ and ζ2 = 1. Hence, let
xn > 0. According to Lemma 3.2, we have that tn /∈ int(M). Since

π(int(Ξ)) ⊂ int(M) ,

the likelihood equation π(ζ) = tn therefore has no solution in int(Ξ). What is left to show is that
the maximum of the likelihood function L̃n(·;x) is not attained at the boundary {(ζ1, 0) : ζ1 < 0}
of Ξ. For this, we show that

L̃n(ln(xn), 1;x) ≥ L̃n

(
ln
( xn

1 + xn

)
, 0;x

)
, (3.4)

where ln(xn) is the ML estimate of ζ1 = ln(λ) in the submodel of Poisson distributions, and
ln(xn/(1 + xn)) is the ML estimate of ζ1 in the submodel of geometric distributions maximizing L̃n
on the boundary of Ξ. We have

L̃n(ln(xn), 1;x) = e−nxn
xnxnn∏n
i=1 xi!

and L̃n

(
ln
( xn

1 + xn

)
, 0;x

)
=

xnxnn

(1 + xn)nxn+n

such that inequality (3.4) is equivalent to

e−xn(1 + xn)1+xn ≥

(
n∏
i=1

xi!

) 1
n

. (3.5)

By inspecting the proof of Lemma 3.2 and by using formula (3.3), the assumption x(n) − x(1) ≤ 1
yields that (

n∏
i=1

xi!

) 1
n

= bxnc!(bxnc+ 1)xn−bxnc ,

such that inequality (3.5) is equivalent to g(xn) ≥ 0 with mapping

g(a) = (1 + a) ln(1 + a)− a− ln(bac!)− (a− bac) ln(bac+ 1) , a ≥ 0 .
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Note that g is continuous. Moreover, g is differentiable at a /∈ N0 with derivative

g′(a) = ln(1 + a)− ln(1 + bac) > 0 ,

which implies that g is non-decreasing on [0,∞). It follows that g(xn) ≥ g(0) = 0 and, hence, that
inequalities (3.5) and (3.4) are true. �

Remark 3.4. Based on an iid sample X1, . . . , Xn from Pϑ for some ϑ = (λ, ν) ∈ Θ, we consider the
probability Pϑ(X(n) −X(1) ≤ 1) of observing a range of at most 1.

On the one hand, since Pϑ converges in distribution to a Bernoulli distribution (with support
{0, 1}) as ν increases, we have

Pϑ(X(n) −X(1) ≤ 1) ≥ Pϑ

(
n⋂
i=1

{Xi ∈ {0, 1}}

)

=

n∏
i=1

Pϑ(Xi ∈ {0, 1}) −→
n∏
i=1

ber
( λ

1 + λ

)
({0, 1}) = 1

for ν →∞. Hence, for large values of ν, the probability of X(n) −X(1) ≤ 1 is approximately 1.
On the other hand, if we set ν = 0 (and thus have λ ∈ (0, 1)), we find

Pϑ(X(n) −X(1) ≤ 1) =

∞∑
y=0

n∑
k=1

(
n

k

)
fkϑ(y) fn−kϑ (y + 1) = (1− λ)nλn

∞∑
y=0

λny
n∑
k=1

(
n

k

)
λ−k

= (1− λ)nλn
∞∑
y=0

λny
[(

1 +
1

λ

)n
− 1
]

=
[1− λ2]n − [λ(1− λ)]n

1− λn
,

which converges to 1 as λ tends to 0.
These examples demonstrate that there are under- and overdispersed CMP distributions, for

which the event X(n) −X(1) ≤ 1 (and thus that ML estimation fails) is likely to occur or at least
has a probability that may not be neglected.

We can rephrase the result of Theorem 3.3 as follows.

Corollary 3.5. x(n) − x(1) ≥ 2 is a necessary condition for the existence of the ML estimate of ζ
based on x1, . . . , xn.

So far, we have established that an ML estimate of ζ does not exist if tn ∈ ∂M and that it
exists and is the only solution of the likelihood equation if tn ∈ π(int(Ξ)). What is left to discuss
is the case tn ∈ int(M) \ π(int(Ξ)), i.e., when tn lies below the image of π depicted in Figure
3.1. Numerical studies indicate that in this case the ML estimate of ζ exists and is given by the
boundary point ζ̂ = (ln(xn/(1 + xn)), 0) of Ξ corresponding to a geometric distribution; see Figure
1.2, case x = x(2), for an example. In this context, it is worth mentioning that the lower boundary
of π(int(Ξ)) seems to be the image of {ζ ∈ Ξ : ζ2 = 0} under π when extending the domain of π
in formula (2.6) to Ξ. By doing so we have

π1(ζ̂) = Eζ̂ [T1] =
eln(xn/(1+xn))

1− eln(xn/(1+xn))
= xn

by using the formula for the mean of the geometric distribution, and π therefore maps the ML
estimate to the point (xn, π2(ζ̂)) on the lower boundary of π(int(Ξ)) lying above tn; see Figure
3.2 for an illustration. However, analytic proofs of these findings cannot be provided yet. When
restricting the model to equi- and underdispersed CMP distributions, some related results can be
derived and will be presented later.
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Figure 3.2. Case tn ∈ int(M) \
π(int(Ξ)): the observation tn
(lower square) leads to the ML
estimate ζ̂ = (ln(xn/(1 +xn)), 0)

whose image π(ζ̂) (upper square)
lies on the lower boundary of
π(int(Ξ)) (grey area) and has co-
ordinate xn on the abscissa such
as tn.

4. ML estimation in subfamilies of CMP distributions

Having discussed ML estimation in the full EF of CMP distributions in Section 3, we now focus
on conditions for the existence and non-existence of ML estimates in restricted models. For this,
we first introduce the subsets

Ξa,• = {ζ = (ζ1, ζ2) ∈ Ξ : ζ1 ≤ a}

and Ξ•,b = {ζ = (ζ1, ζ2) ∈ Ξ : ζ2 ≤ b}

of the natural parameter space Ξ given by formula (2.5), where a ∈ R and b ≥ 0. According to the
relations ζ1 = ln(λ) and ζ2 = ν, Ξa,• and Ξ•,b are associated with families of CMP distributions
with an upper bound for either λ or ν. In particular, Ξ•,1 corresponds to the family of equi- and
overdispersed CMP distributions.

Necessary and sufficient conditions for the existence of the ML estimates in Ξa,• and Ξ•,b are
stated in the following theorem. Note that, in case of existence, the ML estimates are uniquely
determined, since Ξa,• and Ξ•,b are convex sets and ˜̀

n is strictly concave on Ξ.

Theorem 4.1. Let x1, . . . , xn ∈ N0. Moreover, let a ∈ R and b ≥ 0 be arbitrary.
(a) The ML estimate for ζ in Ξa,• exists based on x1, . . . , xn if and only if xi ≥ 2 for some

i ∈ {1, . . . , n}.
(b) The ML estimate for ζ in Ξ•,b exists based on x1, . . . , xn if and only if xn > 0.

Proof : (a) Let a ∈ R be arbitrary. Firstly, let xi ∈ {0, 1} for all i ∈ {1, . . . , n}. According to
Lemma 3.2, the likelihood equation π(ζ) = tn (= (xn, 0)) has no solution in int(Ξ) and, thus, no
solution in int(Ξa,•). Hence, if ˜̀

n would have a global maximum over Ξa,•, it must be attained at
the boundary of Ξa,•. Since poi(eζ1)({x}) > geo(1− eζ1)({x}) for x ∈ {0, 1} and all ζ1 < 0, a global
maximum of ˜̀

n cannot lie on the lower boundary (−∞,min{a, 0})× {0}. Moreover, regarding the
right boundary of Ξa,•, formula (3.1) yields that

˜̀
n(a, ζ2;x) = n

[
axn − ln

( ∞∑
k=0

eak

k!ζ2

)]
is strictly increasing in ζ2. Together, these findings imply that the ML estimate for ζ in Ξa,• does
not exist.
Now, let xi ≥ 2 for some i ∈ {1, . . . , n}. From formula (3.1), we obtain for ζ ∈ Ξa,• that

˜̀
n(ζ;x) ≤ nζ1xn

ζ1→−∞−→ −∞
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uniformly in ζ2, and

˜̀
n(ζ;x) ≤ n

[
axn −

ζ2
n

n∑
i=1

ln(xi!)

]
ζ2→∞−→ −∞

uniformly in ζ1. Hence, for every M > 0, there exists some η > max{0,−a}, such that ˜̀
n(ζ;x) <

−M for ζ1 < −η or ζ2 > η. With the common convention ln(∞) = ∞, ˜̀
n forms an upper semi-

continuous function on R2 (see, e.g., Bedbur and Kamps, 2021, Lemma 4.2), which has a global
maximum on the compact set [−η, a]× [0, η]. Since ˜̀

n(ζ1, 0;x) = −∞ for ζ1 ≥ 0, this maximum is
attained at some ζ ∈ Ξa,•, and existence of the ML estimate for ζ in Ξa,• is guaranteed.

(b) Let b ≥ 0 be arbitrary. For xn = 0, the ML estimate for ζ in Ξ•,b does not exist, since then
L̃n(ζ;x) = (1 − eζ1)n for ζ = (ζ1, 0) ∈ Ξ•,b, which tends to 1 for ζ1 → −∞. Now, let xn > 0. By
formula (3.1), we have that

˜̀
n(ζ;x) ≤ n

[
ζ1xn − ln

( ∞∑
k=0

eζ1k

k!ζ2

)]
≤ n [ζ1(xn − k0) + b ln(k0!)]

for ζ ∈ Ξ•,b and every k0 ∈ N0. Choosing k0 > xn then yields that ˜̀
n(ζ;x) → −∞ for ζ1 → ∞

uniformly in ζ2. Moreover, choosing k0 < xn ensures that ˜̀
n(ζ;x)→ −∞ for ζ1 → −∞ uniformly

in ζ2. Hence, for every M > 0, there exists some η > 0, such that ˜̀
n(ζ;x) < −M for |ζ1| > η.

Again, upper semi-continuity of ˜̀
n then ensures that ˜̀

n has a global maximum on [−η, η] × [0, b],
which must be attained at some ζ ∈ Ξ•,b. Hence, existence of the ML estimate for ζ in Ξ•,b is
guaranteed. �

As seen in Figure 3.1, the set π(int(Ξ)) is bounded from above by the graph of T̃2, which results
from the graph of T2 by connecting adjacent points with lines; see formula (2.7). Moreover, as
mentioned in Section 3, simulations suggest that it is bounded from below by the image of the
boundary {ζ ∈ Ξ : ζ2 = 0} of Ξ under π, a proof of which is missing. However, in the restricted
model with parameter space

∆ = {ζ = (ζ1, ζ2) ∈ Ξ : ζ2 ≥ 1}
consisting of equi- and underdispersed CMP distributions, a lower bound for π(∆) can be derived
analytically, which may then be used to ensure that, in ∆, a solution of the likelihood equation does
not exist.

Lemma 4.2. For ζ ∈ ∆, we have

π2(ζ) ≥ max

{
− π21(ζ)

2
, −c

(
π21(ζ)

2
+ π1(ζ)

)}

=

−
π2
1(ζ)
2 , π1(ζ) ≤ 2c

1−c ,

− c
(
π2
1(ζ)
2 + π1(ζ)

)
, π1(ζ) > 2c

1−c ,

with constant c = e1/e − 1.

Proof : Let ζ = (ζ1, ζ2) ∈ ∆ and X ∼ P̃ζ . By using that ln(y) ≤ y − 1 for y > 0, we find

π2(ζ) = −Eζ [ln(X!)] = −Eζ

[
X∑
k=1

ln(k)

]
≥ −Eζ

[
X∑
k=1

(k − 1)

]

= −Eζ
[
X(X + 1)

2
−X

]
= −

Eζ [X
2 −X]

2
= −

Varζ(X) + E2
ζ [X]− Eζ [X]

2
.
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According to, e.g., Daly and Gaunt (2016, Prop. 2.12(ii)), it holds that Varζ(X) ≤ Eζ [X], such
that

π2(ζ) ≥ −
E2
ζ [X]

2
= − π

2
1(ζ)

2
is shown.

The second bound is obtained by using the inequality ln(k) ≤ m(k1/m − 1), m, k > 0. Choosing
m = k, we find

π2(ζ) = −Eζ

[
X∑
k=1

ln(k)

]
≥ −Eζ

[
X∑
k=1

k(k
1
k − 1)

]
≥ −cEζ

[
X∑
k=1

k

]

= −cEζ
[
X(X + 1)

2

]
= −c

(Varζ(X) + E2
ζ [X] + Eζ [X]

2

)
≥ −c

(π21(ζ)

2
+ π1(ζ)

)
,

by using that k1/k ≤ e1/e, k > 0, and Varζ(X) ≤ Eζ [X], again. �

Figure 4.1. Lower bound in Lemma 4.2 (dark grey curve) and image π(∆) (grey
area) for t1 = π1(ζ) ∈ [0, 2] and t1 = π1(ζ) ∈ [0, 7].

Figure 4.1 illustrates the lower bound for π(∆) stated in Lemma 4.2. Additionally, the bound
is depicted in Figure 4.2 together with the superset π(int(Ξ)) of π(∆). It is found that the lower
bound established for π(∆) also yields an approximate lower bound for π(int(Ξ)), which is violated
only for π1 ≤ 1 and there only slightly.

Lemma 4.2 can now be used to formulate the following result.

Theorem 4.3. Let x1, . . . , xn ∈ N0. If

1

n

n∑
i=1

ln(xi!) > min

{
x2n
2
, c

(
x2n
2

+ xn

)}
, (4.1)

where c = e1/e − 1, then a solution of the likelihood equation π(ζ) = tn, ζ ∈ ∆, does not exist.

Proof : If condition (4.1) is true, we have

1

n

n∑
i=1

T2(xi) < max

{
− x2n

2
, −c

(
x2n
2

+ xn

)}
,
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Figure 4.2. Lower bound in Lemma 4.2 (dark grey curve) and image π(int(Ξ))
(grey area) for t1 = π1(ζ) ∈ [0, 2] and t1 = π1(ζ) ∈ [0, 7]. The bound is dashed to
indicate that it is not exact.

Lemma 4.2 then yields that the likelihood equation

π(ζ) =

(
xn ,

1

n

n∑
i=1

T2(xi)

)

has no solution in ∆. �

Note that Theorem 4.3 remains valid if ∆ is replaced by the subset {(ζ1, ζ2) ∈ Ξ : ζ2 ≥ b} for some
arbitrary b ≥ 1. Here, the condition b ≥ 1 ensures that every CMP distribution in the associated
family is not overdispersed and, hence, has variance not greater than its mean, which is used in the
proof of Lemma 4.2.

Finally, we give some data examples in which condition (4.1) is or is not met.

Example 4.4. (a) Condition (4.1) is fulfilled for x1, . . . , xn ∈ {0, 1 . . . , 10} only for the following
data vectors (and their permutations):
– n = 2: −,
– n = 3: (2, 0, 0), . . . , (10, 0, 0), (7, 1, 0), . . . , (10, 1, 0),
– n = 4: (2, 0, 0, 0), . . . , (10, 0, 0, 0), (4, 1, 0, 0), . . . , (10, 1, 0, 0), (6, 2, 0, 0), . . . , (10, 2, 0, 0),

(7, 3, 0, 0), . . . , (10, 3, 0, 0), (7, 4, 0, 0), . . . , (10, 4, 0, 0), (8, 5, 0, 0), . . . , (10, 5, 0, 0),
(8, 6, 0, 0), . . . , (10, 6, 0, 0), (10, 7, 0, 0), (7, 1, 1, 0), . . . , (10, 1, 1, 0), (9, 2, 1, 0), (10, 2, 1, 0).

(b) Condition (4.1) is not fulfilled for x1, . . . , xn ∈ N0 with x(n)−x(1) ≤ 1: In that case, formula
(3.3) yields

1

n

n∑
i=1

ln(xi!) =

y∑
k=1

ln(k) + α ln(y + 1)

with y = bxnc ∈ N0 and α = xn − bxnc ∈ [0, 1), where

y∑
k=1

ln(k) + α ln(y + 1) ≤
y∑
k=1

(k − 1) + αy =
y2 − y

2
+ αy ≤ (y + α)2

2
=

x2n
2
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and also
y∑
k=1

ln(k) + α ln(y + 1) ≤
y∑
k=1

k(k
1
k − 1) + α(y + 1)[(y + 1)

1
y+1 − 1]

≤ c

[
y2 + y

2
+ α(y + 1)

]
≤ c

[
(y + α)2

2
+ y + α

]

= c

(
x2n
2

+ xn

)
.

Nevertheless, the likelihood equation has no solution in ∆ in case x(n) − x(1) ≤ 1, since it
has no solution in the superset int(Ξ) by Theorem 3.3.
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