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Abstract. We provide an elementary proof of the support of the law of a hypoelliptic Brownian
motion on the Heisenberg group H. We consider a control norm associated to left-invariant vector
fields on H, and describe the support in terms of the space of finite energy horizontal curves.

1. Introduction

The purpose of this paper is to describe the support of the law of a hypoellptic diffusion gy
on the Heisenberg group H. The novelty of this paper is the norm on the path space Wy (H) of
H-valued continuous curves starting at the identity that is used for the support. The group H
is the simplest example of a Carnot group and it comes with a natural left-invariant distance, the
Carnot-Carathéodory distance d... This is the control distance associated to the left-invariant vector
fields on H, see Definition 2.4. The corresponding control norm d. is defined as d.(z) := dc.(z,€),
where e € H is the identity. Our main result is to prove a support theorem for the hypoelliptic
Brownian motion g¢ with respect to the norm maxo<t<1 de(v(t)) for v € Wy (H). As pointed out in
Remark 2.15 it is sufficient to describe the support with respect to some equivalent norms.

The support of a diffusion was first studied by Stroock and Varadhan (1972), which we now
describe briefly. Let X; be an R%valued diffusion which is solution to the stochastic differential
equation

dXy =0 (t,Xt) odW;+b (t,Xt) dt, Xo=0, (1.1)

where o (t, ) is a d x £ matrix whose entries are functions of (t,z) € [0,1] xR, and b(t, x) is a vector
in R? and W; is an ¢-dimensional Brownian motion, and od denotes the stochastic differential in
Stratonovich’s sense. We can view the process { X; }o<t<1 as a Wy(R?)-valued random variable, where
Wo(RY) is the space of R%-valued continuous paths starting at zero. Let u be the law of {X;}o<i<1
and S, its support. If H denotes the subset of Wo(R?) consisting of absolutely continuous paths,
then to any ¢ € H one can associate a deterministic path z4 as being the solution to the ordinary
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differential equation

24 () = o (t,24(6)) & (E)d + b (¢, 34(0) d, (1.2
z4(0) = 0.
We follow Kunita (1978) and refer to solutions to (1.2) as controlled systems. Then
S# = {.’I)d,, ¢ € H}Ooa (13>

where the closure is taken in the uniform topology in Wy(R%).
Note that the hypoelliptic Brownian motion g; can be viewed as an R3-valued stochastic process.
This is not a Gaussian process and it satisfies the stochastic differential equation

o ) Y\ (dB)
doo(t) ) = 0 L 1)L g0 =(0,0,0).
g ~1By(t) LBi(t) <dB2(t)> go

Stroock-Varadhan original support theorem (1.3) was proven under the assumption that o is C? in
space and C' in time, bounded together with its partial derivatives of order one and two, and b is
globally Lipschitz and bounded. In a series of papers by Gyongy (1988a,b, 1994), and by Gyongy
and Prohle (1990) (1.3) is proven for processes driven by continuous semi-martingales under milder
assumptions on o and b. In particular, (1.3) for the law of {g;}o<i<1 with respect to the uniform
norm maxoc<1 |7(t)|gs on Wo(R3) follows from Gyongy and Prohle (1990, Theorem 3.1). Moreover,
(1.3) for the hypoelliptic Brownian motion can also be proven by rough path theory and continuity of
the Lyons-Itd map, that is, the solution map of a rough differential equation Friz and Victoir (2010,
Section 10.3, Section 13.7). In the current paper we prove (1.3) for the hypoelliptic Brownian motion
on the Heisenberg group. Differently from Gyongy and Prohle (1990), we replace the Euclidean norm
in R3 by the control norm d,., which is a more natural norm and it is consistent with the geometry
of the Heisenberg group. Our proof does not rely on rough path theory and it is based on a time
change argument.

We mention that (1.3) for diffusion processes on Hilbert spaces is proven in Aida (1990); Gyongy
(1989). We also mention that in Ledoux et al. (2002) a rough paths approach is used, and a support
theorem in the p-variational topology is proven.

One can ask under what condition the closure in (1.3) coincides with the whole path space Wy (R?).
This question has been addressed in Kunita (1978), where the author gives nearly necessary and
sufficient conditions for

Wo(RY) = {ag, ¢ € HY (1.4)
to hold. We prove (1.4) for the hypoelliptic Brownian motion. Our proof is explicit and it relies on
the group structure of H.

The main results of this paper are contained in Theorem 2.14, where we prove (1.3) and (1.4) for
the hypoelliptic Brownian motion on the Heisenberg group. More precisely, if H (H) denotes the
set of finite energy horizontal curves, then we prove that

Wo (H) = HE)™ =5, (1.5)

where p is the law of {g; }o<i<1 and the closure is taken with respect to the norm maxg<i<1 de(7y())
for v € Wy (H). y

First, we show that S, C H(H) ° by constructing a family of stochastic processes {gs}s>o that
approximates g in the sense that the law ugs of g5 converges weakly to the law u of g. We further
study relations between the measures us and p, and prove that they are singular. In particular
we show that the space H(H) of finite energy horizontal curves has py-measure zero. The space
H(H) can then be viewed as a Cameron-Martin space in a non-Gaussian setting by (1.5) and since

w(H(H)) = 0. We then prove that (H)dC C S, using Theorem 3.6 and the explicit form of the
process g;. Namely, g = (By, A;), where By is a two-dimensional standard Brownian motion and
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Ay is the corresponding Lévy’s stochastic area. Our proof relies on the classical identity A; = by,
where b; is a one-dimensional standard Brownian motion independent of By, and 7(t) is a stopping
time.

The paper is organized as follows. In Section 2 we describe the Heisenberg group H, and the
corresponding control norm and hypoelliptic Brownian motion, and state the main result of the
paper Theorem 2.14. Section 3 then contains the proof of Theorem 2.14.

2. The setting and the main result

2.1. Heisenberg group as Lie group. The Heisenberg group H as a set is R? = R? x R with the group
multiplication given by

1
(vi,21) - (v2,22) == | 1+ 22,51 + Y2, 21 + 22 + iw (vi,va2) |,

where vi = (21,y1),v2 = (22,¥2) € R?, and

w:R?xR? SR, w (V1,V2) i= x1y2 — T2Y1.

The identity in H is e = (0,0,0) and the inverse is given by (v, z)”' = (—v, —z). The Lie algebra
of H can be identified with the space R? 22 R? x R with the Lie bracket defined by

[(a1,c1), (az,c2)] = (0,w (a1, a2)) .

The set R? = R? x R with this Lie algebra structure will be denoted by b.
Let us now recall some basic notation for Lie groups. Suppose G is a Lie group, then the left and
right multiplication by an element k£ € G are denoted by

Ly : G — G, g— kg,
R, : G — G, g — gk.

Recall that the tangent space T.G can be identified with the Lie algebra g of left-invariant vector
fields on G, that is, vector fields X on G such that dLj o X = X o Lj, where dL;, is the differential
of Li. More precisely, if A is a vector in T,G, then we denote by A € g the (unique) left-invariant
vector field such that A(e) = A. A left-invariant vector field is determined by its value at the
identity, namely, A (k) = dLj, o A (e).

For the Heisenberg group the differential of left and right multiplication can be described explicitly
as follows.

Proposition 2.1. Let k = (k1, ke, k3) = (k, k3) and g = (91,92, 93) = (8, g3) be two elements in H.
Then, for every v = (v1,v2,v3) = (v,v3) in TgH, the differentials of the left and right multiplication
are given by

de : TgH — Tk—1gH,

ARy, : T,H —> Ty H,

1
dLi(v) = (U17U27U3 + QW(Vak)> ,

dRy(v) = <vl,vg,vg + ;w(v,k)> . (2.1)

2.2. Heisenberg group as a sub-Riemannian manifold. The Heisenberg group H is the simplest non-
trivial example of a sub-Riemannian manifold. We define X, Y and Z as the unique left-invariant
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vector fields satisfying X, = 0., Yo = 0, and Z, = 0., that is,

X =0, - %yaz,
Y =0,+ %x@z,
Z = 0,.
Note that the only non-zero Lie bracket for these left-invariant vector fields is [X,Y] = Z, so

the vector fields {X,Y} satisfy Hormander’s condition. We define the horizontal distribution as
H :=span {X,Y} fiberwise, thus making H a sub-bundle in the tangent bundle TH. To finish the
description of the Heisenberg group as a sub-Riemannian manifold we need to equip the horizontal
distribution H with an inner product. For any p € H we define the inner product (-, ’>Hp on H, so
that {X (p),Y (p)} is an orthonormal (horizontal) frame at any p € H. Vectors in #,, will be called
horizontal, and the corresponding norm will be denoted by || - ||,

In addition, Hérmander’s condition ensures that a natural sub-Laplacian on the Heisenberg group

Ay =X?+Y? (2.2)
is a hypoelliptic operator by Hormander (1967). We recall now another important object in sub-

Riemannian geometry, namely, horizontal curves.

Definition 2.2. An absolutely continuous path ¢ — ~(t) € H, for a.e. ¢t € [0,1] is said to be
horizontal if v'(t) € H, () for a.e. ¢, that is, the tangent vector to v (t) at every point () is
horizontal. Equivalently we can say that + is horizontal if ¢, (t) := dL,) (7'(t)) € H, for a.e. t.

Note that for v(t) = (x (), z (t)) we have
e (0 = Ly (/) = (X (0.2 (0) - Jutx (0 X' (1)) (23)

where we used Proposition 2.1. Equation (2.3) can be used to characterize horizontal curves in

terms of the components as follows. The curve v is horizontal if and only if, for a.e. 0 <t <1
1
2(t) = Swx(t) X (1) = 0. (2.4)

Definition 2.3. We say that a horizontal curve ¢t — ~(t) € H, 0 < ¢ < 1 has finite energy if

1 1
W = [ ey () s = [ 1doo (6/(5) s < . 2.5)

We denote by H (H) the space of finite energy horizontal curves starting at the identity. The
inner product corresponding to the norm || - || gy is denoted by (-, ) g(er)- Note that the Heisenberg
group as a sub-Riemannian manifold comes with a natural left-invariant distance.

Definition 2.4. For any z,y € H the Carnot-Carathéodory distance is defined as

1
deoar) =int { [, 5) s,
0
v :10,1] — H,~v(0) = z,~v(1) =y, is horizontal} .

Another consequence of Hérmander’s condition for left-invariant vector fields X, Y and Z is that
we can apply the Chow-Rashevskii theorem. As a result, given two points in H there exists a
horizontal curve connecting them, and therefore the Carnot-Carathéodory distance is finite on H.
The Carnot-Carathéodory distance in Definition 2.4 is the control distance associated to the vector
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fields X,Y, and Z on H (Bonfiglioli et al., 2007, Definition 5.2.2). The control norm d. : H — R is
then defined as d.(x) = d..(z, ). Note that

dc(y_lx) = dcc(ﬂﬁ,y), (26)

by left-invariance of X,Y, and Z, and the definition of d... The control norm is an example of a
homogeneous norm.

Definition 2.5. Let p : H — [0, 00) be a continuous function with respect to the Euclidean topology.
Then p is a homogeneous norm if it satisfies the following properties

p(0x(z)) = Ap(z), for every A > 0, and z € H,
p(xz) =0if and only if z = e,
where ) (z) := ()\xl, /\arg,)\2w3).
If p1 and po are two homogeneous norms, then there exists a constant ¢ > 0 such that
cpi(z) < pa(x) < epr(@), (2.7)

for every x € H, Bonfiglioli et al. (2007, Proposition 5.1.4). We consider the following homogeneous
norm

N

2] = (23 + 23) + 2B) T (25)
for every x = (x1,z2,23) € H. By (2.6) and (2.7) it follows that
C_ldcc(l',y) < |y_1$| < Cdce(l‘,y),

for any z,y € H.
Finally, we need to describe a hypoelliptic Brownian motion with values in H.

Definition 2.6. An H-valued Markov process ¢g; is called a hypoelliptic Brownian motion if its
generator is the sub-Laplacian %AH defined by Equation (2.2).

One can write a stochastic differential equation for g;. This form is the standard stochastic
differential equation for a Lie group-valued Brownian motion, namely,

dLg, (dgi) = (dB1(t),dBs(t),0),
go = €,
where B, = (Bj(t), B2(t)) is a standard two-dimensional Brownian motion. An explicit solution is
given by
gt == (B, At), (2.9)
where A; 1= % fg w (Bs, dBs) is the Levy’s stochastic area. Note that we used the 1t6 integral rather

than the Stratonovich integral. However, these two integrals are equal since the symplectic form w
is skew-symmetric, and therefore Lévy’s stochastic area functional is the same for both integrals.

Notation 2.7. Throughout the paper we fix a filtered probability space (2, F, F;,[P). We denote the
expectation under PP by E.
2.3. The Wiener meaure. We recall here the definition of Wiener measure, and collect some nota-

tions that will be used throughout the paper.

Notation 2.8 (Topology on H). Let |- | be the homogeneous norm in (2.8). We consider the topology
on H whose open balls centered at the identity are {z € H, |z| < r}.

Note that by (2.7) all homogeneous norms induce the same topology.
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Notation 2.9 (Standard Wiener space). We denote by Wy (R™) the space of R™-valued continuous
functions on [0, 1] starting at 0. This space comes with the norm

llwy(ny = max [A(E)lzn, b€ Wo (R"),
and the associated distance dyy,gn)(h, k) = maxo<i<1 [h(t) — k(t)|rn, where | - [gn is the Euclidean
norm.

Definition 2.10 (Wiener space over H). The Wiener space over H, denoted by Wy (H), is the space
of H-valued continuous functions on [0, 1] starting at identity in H.

Once a homogeneous norm p on H is fixed, one can introduce a topology on Wy (H) in the
following way. We endow W (H) with the following norm

7, == max p(n(t)), ne€ Wy (H),

0<t<1
and the associated distance is maxo<i<1 p(n(t) "1y (¢)) for any n,v € Wy (H).

Definition 2.11. Let Wy (H) be the Wiener space over H, and {g; }o<t<1 be the hypoelliptic Brow-
nian motion defined by (2.9). We call its law the horizontal Wiener measure and we denote it by

1.
The process g; can be viewed as a Wy (H)-valued random variable, that is,
g :Q— Wy ((H), w {t—= g(w)}.

The measure g is then given by u(E) =P (¢~ (E)) =P (g € E) for any Borel set E in W, (H). We
denote the support of 1 by S, that is, S,, is the smallest closed subset of Wy (H) having p-measure
one.

Remark 2.12. Note that even though the hypoelliptic Brownian motion g; is an R3-valued stochastic
process, it is not a Gaussian process, and its law p is not a Gaussian measure on Wy (H). Moreover,
contrary to the Euclidean case, the space Wy (H) is not a Banach space. It is easy to see that the
space Wy (H) is closed under the norm maxg<;<1 p(7(t)) for v € Wy (H), where p is a homogeneous
norm on H, but Wy (H) is not a linear space.

Let us denote by 7 the projection
™ Wo (H) — Wo(R?), 7(y) = (71,72), (2.10)
for any v = (v1,72,73) € Wo (H).

Remark 2.13. Let ¢ = (¢1,¢2,¢3) € H (H) be a finite energy horizontal curve as in Definition
2.3. Then 7(¢) is in the Cameron-Martin space on R?, that is, 7(¢) is an absolutely continuous
R2-valued curve starting at zero such that

1
/0 |m(#)(s)|22ds < oo.

2.4. Main result. Now we have all the ingredients needed to state the main result of this paper,
that is, we describe the support of the Wiener measure for the hypoelliptic Brownian motion g; in
terms of horizontal paths.

Theorem 2.14. Let Wy (H) be the Wiener space over H, and p be the horizontal Wiener measure
on Wy (H), and H (H) be the space of horizontal curves with finite energy. Then

S, =HH)" = W (H),

where the closure is taken with respect to the norm maxo<i<i1 dc(Y(t)), for v € Wy (H), and d. is the
control norm induced by the Carnot-Carathéodory distance.
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Remark 2.15. Tt is enough to prove Theorem 2.14 for the homogeneous norm | - | given by (2.8).
Indeed, if p; and py are two homogeneous norms on H and || - ||, || - ||, denote the corresponding
norms on Wy (H), that is,

[71lp; := max pi(v(t)), ~ € Wo(H).

0<t<1
Then

H(H)" = H(H)”,
7

since || - ||p1, || - [|p» are equivalent by (2.7), and hence Theorem 2.14 holds for any homogeneous
norm as soon as it holds for one norm.

Let us denote by H (H) the closure of H (H) with respect to the norm maxo<i<1 p(y(t)), v €

Woy (H), and for p a homogeneous norm on H. By Remark 2.15, H (H) is independent of p.

3. Proof of Theorem 2.14

We will divide the proof of Theorem 2.14 in two steps. First, we introduce a family of processes
that approximates {g; }o<i<1. This is used in Corollary 3.4 to show that the support S, is contained

in H (H). The reverse inclusion is proven in Corollary 3.7 which follows from Theorem 3.6. In
Proposition 3.10 we prove that H (H) = Wy (H), which concludes the proof of Theorem 2.14.

3.1. Approximation of the hypoelliptic Brownian motion. The aim of this step is to show that the
support S, of the law of {g: }o<i<1 is contained in H (H). This will be accomplished by constructing
a horizontal piecewise approximation gs(t) of g; such that us — p weakly, where us is the law
of gs(t). Different approximations of a Brownian motion have been extensively studied over the
decades, see for example Wong and Zakai (1965), Kunita (1974), Nakao and Yamato (1978), Ikeda
et al. (1977/78), and Ikeda and Watanabe (1989, Chapter 6, Section 7) for more details. We are
not able to refer to all the vast literature on the subject, but we mentioned some results which are
closer and more relevant to the techniques we use in this paper.
Let {Bs}s>0 be an approximation of a two-dimensional Brownian motion, that is,

— 2 3
E |:0H<1?<X1 | Bs(t) Bt]Rg] — 0, as d—0, (3.1)
such that
A2
E [({2?5(1 As(t) Ath] — 0 as 0 —0, (3.2)
where
1 t
Ag(t) = / (B1.5(5) Bl 5(s) — Bag(s) Bl s(s)) ds. (3.3)
0
Let f1 and fo be differentiable functions on [0, 1] such that f;(0) =0 and f;(1) =1 for i = 1,2. Set
Biyg(t) = Bz(ké) + fi <t_5k5> (Bz(kd + 5) — Bz<k'(5)) ko <t< (k+ 1)(5, (3.4)

then by Ikeda and Watanabe (1989, Theorem 7.1) the family {Bj}s~o satisfies (3.1) and (3.2). Let
us define now a sequence of processes gs(t) on H.

Definition 3.1. Let Bs(t) be an approximation of a two-dimensional Brownian motion satisfying
(3.2). For each 6, t, and w we set

95(t) = (91,5(t), 92,6(t), 93,5(t)) ,
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where
g2,5(t) = Bas(t) (3.5)

Let C’g (Rz) be the space of piecewise continuously twice differentiable curves in R? starting at
zero, and set

t
H, (1) 1= {1 0.1] — H7(0) € CAE), () = 5 [ 0 (r()(0)72)(5) s}

where v = (7(7),~3), that is, Hy, (H) is the set of piecewise continuously twice differentiable hori-
zontal curves. Clearly we have that

H (H) = Hy, (H).
We can view g5 as a H), (H)-valued random variable, that is,
g(s:Q—)Hp(H)v w'_){t'_)gd(tvw)}v (36)

and hence we can induce a probability measure us on Wy (H) by

ps(E) =P (g5 (E N Hy (H)))
for any Borel set E in Wy (H).

Proposition 3.2. Let S,; be the support of the measure ps. Then

S,; C H, (H) = H (H).
Proof: By 3.6 we have that g;(2) C H, (H) and hence

2 C g5 95 () C g5 (Hy (H)) C Q.
Therefore by the definition of us it follows that

1= P (g;" (Hy (H))) = ps (Hy, (H)) < iy (H, () < 1,

and the proof is complete since Sy, is the smallest closed subset of Wy (H) having ps-measure
one. O

We can now state and prove the main result of this section, that is, that the family {gs} ;- is an

approximation of the hypoelliptic Brownian motion g in the sense that E Jfuax p(gs(t)~t gt)Q] —0
as 6 — 0 for any homogeneous norm p. As a consequence, the support of the measure y is contained

in H (H).

Theorem 3.3. Let {gs}s-( be the sequence defined by (3.5), and p be a homogeneous norm on H.
Then

lim E | max p(g(s(t)lgt)z] =0. (3.7)

6—0 0<i<1

Proof: By (2.7) and (2.8) we have that
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fax p(gs(t)™"g¢)" < € max |g5~ (t)g¢|

2

).

1
< C max By = Bs(t)|" + C max | Ay = A5(t) = Sw (Bs(t), B)

Ay — Ay(t) — %w (Bs(t), B)

bx

< _ 2
\cQggthmn+g%

and hence

E [maX P(ga(t)_lgt)z]

0<t<1

< — 2 -
< CE [(}2?5 |B; — Bs(t)] } +CE |:OH<1?<X1 | Ay Ag(t)|:| +CE [Inax1

<t

%w (Bs(t), By)

|

L o (Bs(t), By)

1
3
< CE [max | B — B(S(t)ﬂ + CE [Oril?g;l |A; — Ag(t)\Q] +CE [max 5

0<t<l1 0<t<1

|

for some constant C' (which varies from line to line). By (3.1) and (3.2), we only need to show that

E [max 1w (Bs(t), By)

0<t<1 |2

} — 0, as d — 0.
Since B; is independent of B;s — B; when ¢ # j, and

L (Bs(1), B)| < £ max |Bu(t)] max |Bas(t) — Ba(t)]

max
0<t<1|2 0<t<1 o<t<1
1
+ 5 max |Ba(f)] max [B1s(t) — Bi(t)],
the proof is complete. O

Corollary 3.4. We have that us — p weakly. In particular

S, C H (H). (3.8)

Proof: Let us first show that {gs}s~o converges to ¢ in probability in Wy (H). For any fixed € > 0
we have that

P <maX plgs(t) " tgs) > 5> < E%IE [max plgs(t)Lge)?

0<t<1 0<i<1

which goes to zero by Theorem 3.3. Therefore {gs}s~0 converges to g in distribution, and hence pus
converges weakly to p in Wy (H). Thus, for any closed set F' in Wy (H) we have that

u(F) = limsup ps(F).
6—0

In particular, for F' = Hy, (H) and by Proposition 3.2 it follows that

o (Hy () > timsup us (F, (H) = 1.
6—0

Since S, is the smallest closed subset having pi-measure one, we have that S, C H, (H) = H (H).
O

We conclude this section showing that for each fixed d, the measures p and ps are singular.

Proposition 3.5. For each § the measures p and ps are singular.
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Proof: From the proof of Proposition 3.2 we know that ps (H (H)) = 1. It is then enough to show
that u (H (H)) = 0. Let us denote by v the law of a two-dimensional standard Brownian motion.
By definition of g; and 7 (2.10), the following diagram commutes

QO —— Wy (H)
b
Wo (R?) |
and for any Borel set E in Wy (R2) we have that
W(E) = B(BE) =P (g~ o (B)) = (r(B)).

Moreover, from Remark 2.13 we know that 7 (H (H)) is the Cameron-Martin space over R?, which
is known to have v-measure zero, see Gross (1967) for more details. Therefore we can conclude that

p(H (H)) < p (v~ (H (H))) = v (z (H (H))) = 0.
O

3.2. Support of the Wiener measure. The goal of this section is to prove that H (H) C S, which
will follow from Theorem 3.6. Moreover, in Proposition 3.10 we show that H (H) = Wy (H).

Theorem 3.6. Let ¢ = (n(¢), p3) =€ H, (H). For § > 0 let us denote by Es 4 the event

s = { juax 1B~ n(0) O <5 .

0<t<1

Then for any e >0
lim P (max pld(t) tgy) > ¢ E5,¢> =0,

6—0 0<i<1

where p s a homogeneous norm on H.

Proof: By (2.7) it is enough to prove it for the homogeneous norm given by (2.8). For ¢ € H), (H)
we have that

max [¢(t) " ge|* < max [By — m(6)(t)|ge

0<t<1 0<t<1
1 rt . t / 2
T max | /0 w (Bs — (¢)(s),dBs — w(¢)'(s)ds) + /0 w (Bs — m(¢)(s),m(¢)'(s)) ds
< (g 131 - w0102
1 [t . t / 2
+(}2?<X1 2/0 w (Bs — m(¢)(s), dBs — m(¢)'(s)ds) +/O w (Bs — m(¢)(s), m(¢) (s)) ds > )

Therefore on the event Ej 4 we have that

—-1 2 2
< —_
Orgtag(l |6(t) " ge|” < ongltagxl Bt — 7(0) (1) | g2

1

¢ / K /
2/0 w (Bs — m(¢)(s), dBs — m(¢) (s)ds) +/0 w (Bs — m(¢)(s), m(¢) (s)) ds

+ max
0<t<1

< 6% + max
0<t<1

+ max
0<t<1

/ w (Bs — m(6)(s), 7(6) (5)) ds ! / w (Ba — m(6)(s), dBy — ()’ (s)ds)
0 0

< 02 +6Cy + max

0<t<1 ’

; /0 w (By — 7(9)(s), dB, — (@)’ (s)ds)
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where Cy := fo |9} (s)] + |ph(s)|ds. It then follows that

1
P (s 100) 0l > < s

<P<max

0<i<1

;/0 w (Bs — m(¢)(s),dBs — m(¢)(s)ds)| > &* — 6Cy — 67 | EM)) .

Note that this last expression only depends on the process By — 7(¢)(t). Since ¢ = (n(¢), ¢3) €
H, (H), by Remark 2.13 we know that 7(¢) belongs to the Cameron-Martin space over R?. There-
fore from the Cameron-Martin-Girsanov Theorem there exists a probability measure Q% such that
the process st := By + 7(¢)(t) is a Brownian motion under Q?. More precisely there exists an
exponential martingale £% such that

Q%(A) =E [5¢1A} VA€ F,
where £¢ = exp( fo ), dBg)g2ds — 5 fo | (¢) () [32ds ) Note that
d(B, — w(6)(1)) = dB, - w(¢)/(t)dt, and
dB, = dBY — n(¢) (t)dt,

that is, the law of By — 7(¢)(t) under P is the same as the law of B; under Q?. Therefore we can
write

P(Esg) =P (max | Bt — m(9)(t) |2 < 5)

0<t<1
- @* (s e <) =E[*15] = 18] P15,

where we set Es := {maxo<t<1 |Bt|gz < 0}. Similarly we have that

;/0 w (Bs —(¢)(s),dBs — ﬂ((ﬁ)l(s)ds)

—E |&9|F5 5 NV Es| P (Fiy N Ey)

>e? —§Cy — 02, EM)

0<t<1

P (max

where F) (i 6= {max0<t<1 fo (Bs,dBy) } Therefore it follows that

1
P (Ogl% [O(t) gt > € !Em)

<P <max

0<t<1

[ (B w005 B, ~n(6) ()
0
P (5,01 5) B €017, 0 5

=T PEEEE L el B x

> e — (5C¢ — 2 ’E(;,d))

E {E‘i’\F(i(ﬁﬂEg}

EEIE] )

We will show later in the paper, see Lemma 3.9, that for any ¢ > 0 and any ¢ € H), (H) we have
that
E [5¢|F§¢HE5}

lim 67| 5 = 1. (3.10)
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In light of 3.9 and 3.10, the proof will be completed once we show that
lim P (F§ , | Es) :=
lim P (F5, | )

1 t
limIP’(max / w (Bs, dBs)
5§—0 0<t<1|2 Jg

2 52 _
> e 5C¢ ) ‘ gg?g}{l ’Bt’RZ < 6) 0.

The process A; := % fg w (Bs, dBs) is a square integrable martingale with zero mean, and therefore
there exists a one dimensional Brownian motion b; such that

1 t
b‘r(t) = 2/0 w (Bs,dBs),

where 7(t) = %fg B1(s)? + Ba(s)?ds. Moreover it is known that b; is independent of B; Ikeda and
Watanabe (1989, Chapter 6 p. 470). Hence we have that

2 52
P (012?5(1|bT(t)| >e? —06Cy — 67, 52?<)<I|Bt|R2 < 5)

<P ( max |b] > e® — 5Cy — 67|, [fnax | Bt|g2 < 5>

0<t< 162
2 2 g2
=P (032§62|bt| >e” =060y — 9 ) —IP’<012§1<><1|bt| > 2(5—C¢—5)> ,
which goes to zero as § goes to zero. ([l

Corollary 3.7. H(H) C S,,.

Proof: Let us first prove that for any ¢ € H, (H) and € > 0 we have that p (B<(¢)) > 0, where
. -1
Bu(0) = {7 € W (). g o010 < <}

Indeed, for any ¢ € Hy, (H) and € > 0 we have that

0<t<1

(B6)) = P (g € Bulo) = F (s 1666 o <)

> 71

> P (o 1060 < 21 B ) P (s
where Ej 4 = {maxo<i<1 | Bt — m(¢)(t)|gz < 0} . From Theorem (3.6) there exists a dy such that for
every ¢ € (0,dp)

_ 1
P (s 00 <2 B ) > 5.

0<i<1
for any € > 0. Combining everything together we have that
1 0o
(B00) > 5P ((sup B~ m(@)O < 7 ).
2 \oxt<1 2

and the latter is positive since 7(¢) is in the Cameron-Martin space over R2. Therefore, if O is any
open set in Wy (H) with x(O) = 0 then O C H, (H)“, and hence

JOo c H, (), thatis, S,:=[)F > H,(H),

O open F closed
1(0)=0 u(F=1

and since S, is closed, we have that S, O H, (H) = H (H). O




Support Hypoelliptic Heisenberg group 709

The proof of Theorem 3.6 will be completed once we show (3.10). Before proceeding to the proof
of (3.10), we need the following lemma whose proof can be found in Tkeda and Watanabe (1989,
p. 536-537).

Lemma 3.8 (pp. 536-537 in Tkeda and Watanabe (1989)). Let Iy, ..., I, be n random variables on
a probability space (Q, F,P). Let {As},c5-1 be a family of events in F and ay, ..., a, be n numbers.
If for every real number ¢ and every 1 <i<n

limsup E [exp(c ;) |As] < exp(cay),

6—0
%E%E [exp (; Ii> |As| = exp (; ai) .

Lemma 3.9. Let Es5 and F§¢ be given as in the proof of Theorem 5.0. Then

then

E[5¢|Fg¢mE(s}

li =1.
550 E[E° ]| By
Proof: Let us first prove that
lim E [5¢|E} = exp —1/1 (6 (5)|22ds (3.11)
5—0 o 2 R ’ '
Since £ = exp ( fo ), dBs)g2ds — 5 fo [T (¢) () [32ds ), by Lemma 3.8 and the definition

of Ej, it is enough to show that for any real number cand :=1,2

limsupE [exp (—c/ #:(s)dB;( >
0—0

For ¢ € H, (H) we can write fol Pi(s)dBi(s) = ¢L(1 fo ®!(s)B;(s)ds, and hence on the event
E5 we have that

max | Bt|g2 < (5}

o (e [ ¢;<s>dB@-<s>> < exp (—chy).

for some finite constant k4 only depending on ¢. Therefore we have that

1
limsup E [exp (—c/ gb;(s)dBi(s)>
6—0 0

In a similar way it can be shown that

. : e
(%1_%1[*] [€¢ | F§5 40 E5] = exp (—2/0 ’7T(¢)/(S)’]§2d8) ,

and the proof is completed. O

max |By|ge < 5] [lim sup 6_6k¢5|E5:| <1
6—0

0\\

The following Proposition completes the proof of Theorem 2.14.
Proposition 3.10. We have that H (H) = W, (H).

Proof: Any element in Wy (H) can be approximated with piecewise linear curves in the uniform
topology. It is then enough to prove that for any piecewise linear curve £ there exists a sequence

of horizontal finite energy curves {gbg} N such that dyy, ) (qﬁ%, §> — 0. Let us first explain the
ne

geometric construction through the following example. Consider the curve t — £(t) = (0,0,t) € H
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for ¢t € [0,1], which is the prototype of a non-horizontal curve. Let us define a family of finite energy
horizontal curves ¢,, by

buls) = <i cos (n?s) , L sin (n2s) ,5> .

Geometrically, the curves ¢,, are helics that shrink around the £ as n goes to infinity. Indeed,

2 2\ 2
dWo(H) (¢n7§)4 = 02?31 ((Z cos (n2$)) + <:L sin (n25)> )

o (s [ o won ) i)

2

2 2 2
= max < cos (n2s)> + ( sin (77,28)) — 0,
0<s<1 n n

as n goes to infinity. Now, let £(t) = (a1t, ast, ast) be a linear curve in H, where aj, as, ag € R.
Then set

qbn(s) = <a13 + %cos (n2a35) ,a98 + %sin (n2a33) ,
S
ass — 423 cos (ngags) + “us sin (n2a35) + l / 2a9 cos (n2a3u) — a1 sin (nQagu) du> .
n 2n n Jo

It is easy to check that for any n € N, ¢,, is a finite energy horizontal curve such that

(én'€)(s)
2 1 1 [°
= <— cos (712&38) , ——sin (n2a38) , — / a1 sin (nzagu) — 2a9 cos (nQagu) du> ,
n n n Jo
which implies that dyy, @) (#n, &) — 0 as n goes to infinity. O
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