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Abstract. In this note we prove that the asymptotic variance of the nodal length of complex-valued
monochromatic random waves restricted to an increasing domain in R? is linear in the volume of
the domain. Put together with previous results this shows that a Central Limit Theorem holds true
for 3-dimensional monochromatic random waves. We compare with the variance of the nodal length
of the real-valued 2-dimensional monochromatic random waves where a faster divergence rate is
observed, this fact is connected with Berry’s cancellation phenomenon. Moreover, we show that a
concentration phenomenon takes place.

1. Introduction

During the last decade an impressive effort has been dedicated to understanding the behavior
of geometric functionals of random waves in the high energy limit. Motivation often comes from
Quantum Chaos as it is concerned with the behavior of Laplace eigenfunctions as the frequency or
the energy level (equivalently, the eigenvalue) tends to infinity. For a general picture of the field,
see the seminal papers Berry (2002); Berry and Dennis (2000), the recent reviews Wigman (2022);
Marinucei (2021); Vidotto (2022) and the background section in Krishnapur et al. (2013, S.1.6) for
an example of an early stage discussion on this topic.

Some instances of geometric functionals are the length of nodal (i.e: zero) curves, the number of
critical points and the number of connected components of the zero sets, see e.g. Berry and Dennis
(2000). Within this general framework, we focus our attention on the nodal length of complex-
valued random waves defined on R3 and compare it to the well studied case of the nodal length of
real-valued random waves defined on R2. The analogy between these two cases is apparent when
looking at the covariance functions, the analytic expressions and the expansions of the nodal lengths.
Indeed, since we use real analytic methods we can think the former random waves as R%-valued.
See sections 4, 5 and 6.
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A central family of random fields (either real or complex-valued, defined on R%, d > 3), rep-
resenting monochromatic waves, is the so-called Berry’s Random Wave Model (RWM for short).
Berry (1977) conjectured that the RWM can serve as a model for deterministic ’generic’ Laplace
eigenfunctions on manifolds with negative curvature in the high energy regime. Furthermore, the
RWM can be thought of as a universal model since it can be proved that, in some local sense, it
is the limit of other important Laplace random eigenfunctions models as Random Spherical Har-
monics (RSH) (Wigman, 2010, Eq.(1.8)-(1.9)) or Arithmetic Random Waves (ARW) defined in the
flat torus (Krishnapur et al., 2013, S1.6.1). See also Canzani and Hanin (2020) and Gass (2023)
for the case of Riemannian manifolds and Romaniega and Sartori (2022) for some deterministic
related constructions. For a discussion on these approximations, see section 1.6. in Krishnapur
et al. (2013).

The complex (resp. real)-valued RWM can be defined as the complex (resp. real)-valued centered
stationary isotropic Gaussian random field 1 defined on R? having covariance function

— I(lr —y
r(o9) = (@)t = e 4, (1)
where ¢4 is a normalizing constant, | - | stands for the Euclidean norm in R? and .Jy is the Bessel
function of the first kind with index A = %. Alternatively, the RWM can be defined by stating

that its spectral measure is uniform on the unit sphere. In the real case, the conjugation in (1.1)
shall be omitted.

More generally, set i (z) = ¢ (kz) : k > 1. Note that » = ;. Then, it is well known that for
k > 1, 1y, is a solution of the Helmholtz equation

A(z) + k2 (z) =0, = € R,

which explains the terminologies frequency, energy or eigenvalue used to refer to k?. See section
1.1. in Nourdin et al. (2019).

It is worth mentioning that the study of the nodal sets of i on growing domains is equivalent
to the study of the nodal sets of v, restricted to a fixed domain in the high energy limit, i.e: as
k — o0, see remark 3.6. in Dalmao et al. (2021) and remark 1.3 in Nourdin et al. (2019). In this
note we choose to work on the former framework because our natural domain is the non-compact
manifold R3. See the discussion in section 3 below.

The nodal sets of these models were deeply studied in the last years, though the major part
of the literature focuses on the real-valued 2-dimensional case. The papers Nourdin et al. (2019)
(concerning real and complex-valued 2 dimensional RWM) and Dalmao et al. (2021) (concerning
complex-valued 3-dimensional RWM) are key for our work. See also the recent works Peccati and
Vidotto (2020), Notarnicola et al. (2023) dealing with functional convergence on the 2-dimensional
case and the reviews Marinucci (2021); Vidotto (2022); Wigman (2022).

In the real-valued 2-dimensional case the RWM soon showed a surprising behavior concerning
the high energy limit of the variance of their nodal length (i.e: the length of their zero curves) :
it diverges far more slowly than anticipated (similar results hold true for some related models as
RSH and ARW). More precisely, while the expectation and the variance of the nodal length were
expected to be of the same order as k — oo, rephrasing equations (1.7)-(1.8) in Nourdin et al.
(2019), it happens that

Var(Ly(B)) ~ log(E[Lk(B)]), as k — oo,

where B is a fixed domain in R? and £;(B) is the nodal length associated to v restricted to B.
This fact was first predicted by Berry (2002) where he expressed that this behavior is due to 'an
obscure cancellation phenomenon’.

The first rigorous confirmations of the so called Berry’s cancellation arrived in Wigman (2010) in
the case of RSH, in Marinucci et al. (2016) for ARW in the flat torus and in Nourdin et al. (2019)
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for the planar RWM. One important feature of the last reference is that it was the first one to deal
with non-compact manifolds, which is also the case we are interested in.

The early results, obtained using Rice formulas, did not allow a clear understanding of the
cancellation phenomenon, see e.g. Berry (2002); Wigman (2010); Krishnapur et al. (2013). The use
of Wiener Chaos techniques, see e.g. Marinucci et al. (2016); Nourdin et al. (2019); Dalmao et al.
(2019), provided a precise explanation of the cancellation phenomenon in terms of the Wiener (a.k.a.
chaotic or Hermite) expansion of the nodal length which combines in a subtle manner geometric
and probabilistic aspects. Roughly speaking, the nodal length restricted to a Borel set B, L(B) say,
can be expanded in the L?-sense in the form

L(B) =) Ixy(B),
q=0

where the components Iy,(B) are orthogonal random variables. In particular, Io(B) equals the
expectation of £(B) and the rest of the terms are combinations of integrals involving polynomials
on the underlying process and its derivative. It was observed that the second component I5(B)
vanishes due to geometric reasons reflected in the coefficients of the expansion, see Notarnicola
(2021) for a general treatment of this issue. The cancellation of the coefficients in the second term
in the expansion avoids the integrals appearing in the computation of the variance of Iz(B) to
produce higher rates of divergence, as those which do take place in the case of non-zero levels, see
e.g. Marinucci et al. (2016). See section 3 below.

In Dalmao et al. (2021) complex-valued 3-dimensional Berry’s general model in growing domains
was considered. In particular, for monochromatic random waves (verifying (1.1) with d = 3 or,
equivalently, verifying (2.2) below) it was shown that the variance of the second component in the
Wiener expansion vanishes asymptotically and that the variance of £(B) grows at most linearly in
the volume vol(B) as the underlying domain B 1 R3. Nevertheless, no lower bound was pursued.
Consequently, the possibility of having a strictly lower order variance remained open. In view of the
behavior of the variance in the real-valued 2-dimensional case, the question about the true order of
the variance arises.

In the present note, we establish that the variance of the nodal length of the complex-valued
3-dimensional RWM is linear (with a strictly positive coefficient) in the volume of the growing
domain, which coincides with the order of the expectation. This behavior differs from the observed
one in the real valued 2-dimensional case Nourdin et al. (2019) where the variance diverges faster
than the expectation,

E[L(B)] ~ area(B); Var(L(B)) ~ area(B)log(area(B)), as B T R%

A rough explanation may be as follows. In both cases the second component Var(Is(B)) vanishes due
to geometric reasons as said above. The key difference between these cases lies in the integrability
of the covariance functions which is a fact of probabilistic nature (short vs. long memory, say). In
the 2-dimensional case r(z,y) = caJo(Jx — y|) belongs to LS(R?) but not to L*(R?) while in the
3-dimensional case 7(z,y) = Jy2(|lz — yl)/|z — y|*/? belongs to L*(R3). Grosso modo, see lemma
9 in Dalmao et al. (2021), once normalized by the area or volume, according to the dimension, the
variance of Io,(B) is written as an integral of the 2¢-th power of r (actually, the product of 2¢ factors
chosen from r and its derivatives). Thus, the normalized variance of I4(B) diverges in dimension 2
while the rest of the variances (i.e: those of Iz, (B) : ¢ > 3 in 2d, those of I5;(B) : ¢ > 2 in 3d), once
normalized, converge. Observe that it follows that the variance is of lower order than the square
of the expectation as B increases, implying the concentration of the probability. See section 3 for
some details.

To prove our result, we carry on a careful analysis of the variance of the fourth component of the
Wiener expansion of £(B) which involves a few dozen terms. We need to compute explicitly each
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coefficient in the expansion and to find the asymptotic of the involved integrals. Since we look for
a lower bound for the variance, we can omit a convenient number of nonnegative terms.

Let us fix some notation: cs denotes an unimportant constant whose value may change from one
line to another, ar ~ br means that limp_, ‘g—]’; =cwithec > 0and ag ~ bgr when limpg_, g—}; =1,
we write ar 2 br when there exists By ~ br such that ap > Bj.

2. Problem setting and main result

Define the 3-dimensional monochromatic random wave model (RWM) as the complex-valued
centered stationary isotropic Gaussian random field

Y(x) :=¢&(x) +in(x), =€ R3, (2.1)

such that its real and imaginary parts £, n are centered independent Gaussian random fields with
covariance function
r(x) := sinc(|z|), (2.2)
where sinc stands for the cardinal sine function sinc(-) = sin) and |- | is the Euclidean norm in R3.
Observe that this coincides with (2.2) for d = 3.
For any bounded domain B in R?, we introduce the nodal curve Z(B) and the nodal length £(B)
by

Z(B):={xz € B : |¢(z)| =0},
L(B) := length(Z(B)).

In Dalmao et al. (2021) it was proved that E[£(B)] = z=vol(B) (Corollary 2 with A = 1), that
Var(£(B)) = O(vol(B)) as B 1 R? and that a Central Limit Theorem takes place (proposition 10).
Since the limit variance was not known to be positive, the limit law could be degenerated.

The main result of the present note is contained in the next theorem.

Theorem 2.1. Let 1) be defined as in (2.1)-(2.2). Consider Br the centered ball of radius R in R3,
then there exists a constant ¢ > 0 such that

o Var(£(BR)

R—o0 VO](BR)

Observe that in Dalmao et al. (2021) the underlying domain was Q,, = [—n,n]? as n — oo while
here we use Br as R — oco. We choose the latter for simplicity of exposition, but one can easily
adapt the computation of the expectation and the variance from Br to @), and conversely. Observe
that Nourdin et al. (2019) considers general convex domains. It may be instructive to read section
2.4 in Wigman (2022). When dealing with the asymptotic distribution of the nodal length, the case
of )y, is simpler.

3. Comparison with the real-valued 2-dimensional case

We begin with a common feature of both cases. As said above, in both cases, the second com-
ponent in the Wiener expansion vanishes. This cancellation avoids having a higher order of the
variances since the covariance functions are not in L?.

Regarding the growing domain regime, that is, the setting of this paper. In view of the results in
Dalmao et al. (2021), theorem 2.1 implies that the variance, and the expectation, of the nodal length
are exactly of the same order as the volume of Br. Recall that in the real-valued 2-dimensional
case the ratio variance/expectation was of the order of log(area(B)) as the domain B 1 R2.
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This fact is connected to another important difference with the real-valued 2-dimensional case.
Here, each component of the Wiener expansion of £(B) plays a role in the asymptotic variance,
that is, there is no dominating term as in the real-valued 2-dimensional case. This is due to the
fact that the covariance function belongs to L*(R?) implying that all the integrals involved in the
computation of the variance are convergent. To show this point, consider one of the terms involved
in the variance of the sixth component of the expansion.

2m3 R3
[ re—udady [ ] (= al)Pdedy ~ T
BrxBgr Bgr JBgr

which is of the order of the volume of Bgr. See section 6 for the computation of this sort of integrals.
In the real-valued 2-dimensional case the analogous integral was still convergent but negligible
w.r.t. to the variance of I;(B) since the covariance was in L°(R?) \ L*(R?). The existence of
a single dominant chaotic component makes it possible to get quantitative central limit theorems
using well-known bounds for the (e.g.: Kolmogorov, Wasserstein) distance between the distributions
of r.v.s lying in a fixed chaotic component. We are not pursuing this kind of results in the present
case where an infinite number of components contribute to the limit.

Now, let us consider the high energy framework on a fixed domain. We follow remark 1.3. in
Nourdin et al. (2019). Recall that for & > 1, we defined ¢, (z) = ¥ (kz). Besides, we can relate
the nodal lengths Ly (B) of ¢y, and L(B) of ¥ by using their integral representation (see (2.23) in
Nourdin et al. (2019))

Li(B) = [950(¢k(x))\v¢k(x)\dx = llc/ks So(V(y))[Vep(y)|dy = 5("?]{7‘3).

Here, as usual, we use Jy as a shorthand notation for an approximation of the unity. To translate
the former integral into the latter, we used the change of variables y = kz and denoted k- B = {kb :
b € B}. Hence, for fixed B, as k — oo, we have

E[L(k- B
By (B)] = S0 BN o
Var|L(k - B
Var[Ly(B)] = aur[]{(:2)] ~cs k.
We see, as above, that the ratio variance / square of the expectation tends to zero in the high

energy limit and, thus, there is concentration of the probability in the sense that % converges

in probability to 1 as k — oco. This ratio is ~ 1/k% in the complex-valued 3-dimensional case and
~ log(k)/k? in the real-valued 2-dimensional one.

4. Preliminaries

The departure point of the proof of theorem (2.1) is the Wiener expansion of £(Bg) which we
borrow from proposition 2 in Dalmao et al. (2021). With this expansion at hand, we bound the
variance from below by that of one specific term (the fourth one) and compute it explicitly until we
are sure of its positivity.

Hermite polynomials : The building blocks of the Wiener expansion are Hermite polynomials
which we define recursively by Hy(xz) = 1, Hi(z) = z for x € R and for n > 2 by

H,(z)=xzH,—1(x) — (n—1)H,—2(x), z€R.

We need also the multi-dimensional Hermite polynomials :

Ho(y) = [[ Ho:(wi), @ = (ci)i € N and y = (yi)i € R™.
=1
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It is well known, see e.g. section 8.1. in Peccati and Taqqu (2011), that Hermite polynomials form a
complete orthogonal system of L?(¢,,(dy)) being ¢,, the standard normal density function in R™.
Hence, for f € L?(¢(dy)), we can write in the L2-sense

f(y) = Z Z faﬁa(y)7 y € Rmv
¢=0 aeN™ |a|=q
with |a] = > a; and
fa=— | F@)Haly)ém(dy).

o! Rm

with a! =[]~ ai!. We refer to fo as the a-th Hermite coefficient of f.

Wiener expansion of £(Bg) : Let us introduce the Wiener expansion of the nodal length. Denote

g’(z‘) = (&1(x), & (x), &3(x)) for the gradient of £(x) and 1/ () = (1 (x), n2(x), n3(x)) for that of n(z).
et

Y(x) = (&), (@), V3E' (x), V31l (2)),

which is a standard normal random vector in R® for each # € R3. Finally, we need the formal
Hermite coefficients of the Delta function Kratz and Leon (1997, Eq.5)

1
a2

Therefore, proposition 7 in Dalmao et al. (2021) states that

bo = H,(0), acN. (4.1)

) 5(3330;(%(31?)] _ %Z Too(B), (4.2)
q>1

LyBr) = Y ca /B Ha(Y (2))de,

aeNS,| |a|=2¢
in the L?-sense. The coefficients ¢, are defined by
Ca = baybayQas,... a5);
with a(q,,... ag) the Hermite coefficient of f(y) = det H(y) := det(yy")"/?, y € RS.

Expectations of products of Hermite polynomials : It is well known that for jointly Gaussian
X, Y
E[Hp(X)Hy(XY)] = bpgp'E[XYTP, (4.3)
where 0,4 is Kronecker’s delta.
For future use we recall a few more useful formulas, see e.g. Nourdin et al. (2019, Eq.6.76). Let
X1, X9, X3, X4 be standard normal r.v. with E(X;X5) = E(X35X,) = 0, then
E[Ho(X1)Ha(X2)Ho(X3)Ho(X4)] = 4E[ X1 X3]2E[ X0 X4]? + 4E[X; X4 ]2 E[ X2 X3)?
+ 16E[X1X3]E[X1X4]E[XQXg]E[X2X4]7
E[Ho(X1)Ha(X2)Hy(X3)] = 24E[ X1 X3]2E[ X0 X3]?; (4.4)
E[X1 X2 X3Xy] = E[X1 X3]E[ X2 Xy] + E[X; X4|E[ X2 X3].



A note on 3d-monochromatic random waves and cancellation 1097

5. Proof of theorem 2.1

Now, we can proceed to the proof of the main result.

Lower bound for the variance : Since the components Io,(Bg) : ¢ > 1 are orthogonal, we get
1 1
Var(L(Bg)) = - ¥ _ Var(Iy(Br)) > 5 Var(1i(Br)).

Sq:1

Thus, we reduce our attention to the fourth component I,(Bg).

Fourth component : We can give the explicit expression of I4(Bg). From (1.2) we get

I4(BR):bgb4a0 5 H4(§(a:))da:+bob4a0 . H4(?7(.73))d.73

3
+b3ag | Ha(E(x))Ha(n(x))da + ) biase, | Ha(&(x))dx
Br k=1 Br

3 3
+ byaae, / Hy(7g(w))dz + ) bobsase, [ Ha(&(x))Ha(Ek(w))dx
k=1 Br k=1 Br
3
+ Y bobsase, | Ha(n(z))Ha(ik(z))dz
k=1 Br

3
# 3 /B H(€(e) Hal(a)

3
+ Zbobgazek H2(77(~T))H2(§k(x))dx
k=1 Br

+ Zbga%iwej/ Hy(&(x))Ha(&j(x))d
i Br
+ 3 Basesa, [ Haw) Hany(o)ds
i Br
43 Basen, [ Halla)) Halny(o)d
i Br
Here & = /3£ and 7 = v/3n, and {e1,e,...,e6} is the canonical basis in R®. Equation (4.1)
gives

1 1 1
by = — by = ——.
V2T 227 8v2m
The next lemma, whose proof is presented in section 6, provides the explicit values of the relevant
Hermite coefficients of det™(-).

by =

Lemma 5.1. The first Hermite coefficients of det™(-) are :

1 r.. .
35 eit2e; = 5 (17 ]); Gae, = —5-

Using the explicit values of the coefficients we have

ap = 1; age, =

2 - I4(BR) = A + Ay + Az,
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with
A= RIGES iAmH2 Hon) [ i)
5 3
- Hy (1)
gk 17/ BR )
1< 1<
6;/ Hy (&) Hs( fk)—ﬁg BRHQ( )Ha (1)
1 3
—*Z ﬁk)—gz Ha(n)Ha (&)
k 17 Br
@—Z m&m@+2 | Ha(7) Ha(7))
i#j i#j R
+Z m&%m
i#]

It follows that

3
Var (27 - I4(BR)) = Z Cov(A;, Aj).
ij=1
This is a long computation. This partition, which may seem strange at first sight, will allow us to
avoid considering quite a lot of terms.

Now, we state the equivalences for the variances and covariances of these terms, except for the
variance of Ao and Az which are certainly non negative and turn out to be innecssary.
Denote Ay = Z?:l Aq;. Then, as £ and 7 are independent processes we have:
Var(A;) = 2Var(Aj1) + Var(A413) + 2Var(A14) + 4Cov(A11, A14)
473 R3 4362
3 35
Similarly, denote As = Z?Zl Ag; and Az = Z?:l As;. Then,

COV(1417 AQ) = 2COV(14117 AQl) + 2COV(A13, Agg) + 2COV(A14, A21)

~

33
> AR %
~ 3 3
COV(Al, Ag) = 2COV(A11, A31) + COV(A13, A33) + QCOV(AM, A31)
3p3
> _ 4m° R’ 1184
~ 3105

and
COV(AQ, Ag) = 2COV(A21, Agl) + QCOV(A23, A33)
3 PR3
> _ 4m° R° 824
~ 3 525

Therefore, since Var(As) > 0 and Var(As) > 0, we have

47 R3 7691
3 350°

Var ([4<BR)) Z
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The result follows. The proofs of these relations are presented in section 6.

6. Ancillary computations

In this section we include part of the long and sometimes tedious computations involved in
the asymptotic variance of I;(Bg). The omitted computations are analogous to those which are
presented here.

6.1. The coefficients. We prove Lemma 5.1. Note that det’(y) = |y A y|. Here, A is the standard
wedge product in R3. Assume that Z; = (Z11, Z12, Z13) and Zy = (Za1, Zo2, Za3) are independent
standard Gaussian r.v. in R3.

a0 = E(|Z1 A Zo|) = E(vol{aZy + bZs: 0 < a,b < 1}) = \/irif};) . \@ré:z{)z) _.

Here we used the notation and results of Azals and Wschebor (2009, p.305) for the expected volume
of a random paralellepiped.

Since the distribution of (Z;, Z3) is invariant under permutations of its coordinates, we deduce
that age, : k =1,...,6 coincide. Besides, as Ha(z) = 22 — 1,

1
A2e; = E(‘Zl A\ ZQ’HQ(le)) = gE(’Zl A\ ZQHZl‘Q) —agp.

To connect the latter expectation with ag we use spherical coordinates, writing z; = pu with p > 0
and u € S2.

E(Z1 A 22|21 %) =/
R

_ > 2 2
= [ oataz) [ lunzslau [ * o potap).

Here we have a p? from the Jacobian, another p? from the squared norm and the final p from the
wedge product. In the same way, we get

w= [l nnlo(@on) = [ odz) [ funsld [T 2.

. 21 A z2]|21|*d3(d21) 3 (d2o)
R

Hence, denoting my, := fooo pk¢(dp) and using the recurrence mg,1 = kmy_1, we have

m
E(|Zy A Zo|| Z1%) = —2ag = 4. (6.1)
m3
Thus,
1 ms 1 1
= ag—ap=-4—-1==.
B = 3m 0T 0T 3 3

Again, for i # j, all the age,t2¢; coincide. Besides,
(e, 1204 = B(|Z1 A Zo|Ha(Z11)Ha(Z21)) = B(|Z1 A Z2| 231 Z3,) — age, — aze, — ao.
Here we used that Ha(x)Hs(y) = 22y? — Ha(x) — Ha(y) — 1. Thus

1
E(|Z1 A 25|23, Z3)) = §E(121 A Zo|| Z1|?| Za )

1 * 5 9 * 5 9 1m§ 16
= lur Augldurduy [ pipip1d(dpr) [ papzp2d(dpz) = g —5a0 = (6.2)
9 9 9
S2% 52 0 0 m3
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where we used spherical coordinates in both z; and z5 and the fact that permuting the indexes does
not changes the expectation. Thus

1m2 2 1
QA2e1+2e4 = §m7§610 T3 1= 9
Finally, a4, : K =1,...,6 coincide. Besides,

e, = B(|1Z1 A Zo|Hy(Z1)) = E(|Z1 A Zo|(Z} — 627 + 3))
= “E(|Zy A Zo||Z0|*) — 2B(|Zy A Zo|Z3, Z3)) — 2B(|Zy A Zo|| Z1|?) + 3ag

Here we used that |(a1, a2, a3)[* = af + a3 + aj + 2(a3a3 + a2a3 + a3d?).
The second and third terms have been computed in (6.1) and (6.2). We look at the first one.

E(|Z1 A Zo|| Z1| )-/f |21 A za]| 21| p3(dz1) 3 (dzo)

= [ ontden) [ lunsaldn [ 5t potdn) = "oy =2,

Therefore,
1 my 1m§ ms b
QAge, = ——ag — 2——=a9 — 2—ag + 3ag = ——=.
ey, 3 ms 0 9 m2 0 s 0 0 9

6.2. The wariances and covariances of A;;. We use Gradshteyn and Ryzhik (2015) and
Wolfram|Alpha to compute the radial integrals (i.e: those w.r.t. p).

Recall that Bpg is the ball of radius R centered at 0 and set Br(z) = Br + z. Also recall that

r(u) = sinc(u) = M,
u
sind’ (u) = cos(u)  sinc(u) _ ucos(u) 2— sm(u);
u u U
. . 2sinc(u)  2cos(u)
17 __ B
sinc” (u) sinc(u) + ” -
Besides, denoting ro(z,y) = 87;9(23;) (and using similar notations for y), we have
rro(2,y) = sinc’(\a: —y|) Ay, rokx(z,y) = —sinc’(\a: —y|) Ay, (6.3)
with
|z =yl
Besides,
sinc’(|x — _ T — )2 sine(lz —
k(T y) = [M — sinc”(|z — y)) (2 ka) _ (lz —yl)
=: A|lx — y) A — B(lx — y)), (6.4)
with
Alu) = sinc’(u) sine”(u) = u? sin(u) — 3Sin§u) + 3u cos(u)
u u
sind’(u)  wcos(u) — sin(u)
B(p) = = : (6.5)

i u3
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For k # k'

, sinc'(|z — y|) 1 (e — 2w ) (26 — Yg)
ot = i o sl

— Az — y)) MDAy (6.6)

To deal with the integrals of the angular parts Ay we consider spherical coordinates in 0B,(x):

—y1 = psin(f) cos(y),
z2 —y2 = psin(f)sin(p),
x3—ys = pcos(f).

In the sequel we use sistematically (4.3) and (4.4).

(1) We consider Var(A;) in detail. We have.
e Var(Aj;) = Var(App) ~ 47 RB 2, Var(Asz) ~ 4W§R . Indeed, using (4.4) we get

Var(Au) = g [ B HE p)wdy = [ rlle = dady.
Var(is) = g5 [ B(H(E) Ha(€ ) E(Han(a) Ha(n(o)dedy
:% BRXBRT(|x—y|)4dxdy.

To compute this kind of integral we begin using the area formula as in the first display
in the proof of proposition 5.1 in Nourdin et al. (2019). We have

2R
/ r(z — y))*dzdy = / ip / du / r(|z — yl)*dy,
BrXxXBpgr 0 Br 6Bp(x)ﬂBR

where 0B, (x) is the sphere of radius p centered at z. Following Nourdin et al. (2019,
eq.(5.64)) we split this integral.

R
[ e gbidady= [“ap [ [ (e gty
BRXBR 0 Bpr 6Bp(.7?)
R
v r(Jz — yl)dy
0 BR_Bpr 8Bp(:ﬂ)mBR
2R
+/ dp/ d:c/ r(lz —yl)'dy.
R Br 8BR({L‘)QBR

Consider the first integral. Note that for y € 0B,(x) we have |z — y| = p. Hence,

R R
/0 W [ o /8 e = /0 vol( Br_)area(9B,(x))r(p)*dp

16m2 (R sin 1672 R p \3sin(p)*
— (R p)3 2 ( ) P 3 R3/ (1 . E) (2)
0 p

p*
1672 R /OO sin(2p)4 dp = 247T3R3‘
o P 3

dp
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Consider the second integral.

r 4 1672 (7 3 3\ 2 4
dp dx r(lz —yl)dy < —— (R° = (R—p)°)pr(p)dp
0 BR\Bpr 6Bp($)ﬁBR 0

1672 (7 ’
< 6; / (3R — 31; +p) sin(p) dp = O(R?log(R)) = o(R?).
0

Similarly, for the third integral we have

2R 2R
/ dp/ da:/ r(|lz —y|)idy < / vol(Bg)area(dB,(z))r(p)*dp
R Br dBRr(z)NBr R

16 2R3 2R _; 4 16 2R3 2R 1 8 2R2
< / Sm(f) dp < == / Sdp =" oY,
3 R P 3 R P 3

In conclusion

/ r(|z — yl)*dedy =
BRXBR

as claimed.

413 R3
3 bl

83 R3

+ O(R*log(R)) ~ 2

e Cov(Ajy, A1g) = Cov(Ayg, Ajs) ~ 7@%. Indeed,
5 _
Covlitin, A == 3~ [ BUHAE() Ha(E(y)ddy.

Recall that & (z) = v/3& ().

/ E(H, (6 (x)) Ha (6 (1)) dedy = 9 - 4 / rok(z, y)*dzdy
BrXBpr BrXxXBpgr

2R
:9-4!/ dp/ dx/ rok(x, y)dy.
0 Br aBp(m)ﬂBR

Recall that rog(z,y) was computed in (6.3). We split the integral as before, the domi-
nant term is

3 R
S [ dn | rotemiay
0 Br_, 9B, ()

k=1

3 R
= Z/ VOI(BRP)SiHC/(p)4p2dp/ A} sin(0)dfdp
k=170 [0,7]x[0,27]

The radial part is similar to the previous one.

R 3 R
4
/ vol(Bg_,)sinc’(p)*p*dp = i / 11— E]gsinc'(p)4p2dp
0 3 Jo R
ATR3 [ ., 4o 4TR3 Tr
~ 51 d = —_—
3 /0 sinc’(p)"p dp = —— 5
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The angular part equals 127” Indeed,

3

> / A% sin(0)dfdy
b—1 [0,7] x[0,27]

_ / [0 (6) cos® () -+ sin® (6) sin’ () + cos™(6) sin(0)| dbdg
[0,7]x[0,27]

16 3= + 16 3= + 22 127
15 4 15 4 ) )

In the sequel we omit the explicit computations of the angular parts since they are
analogous. (The remainder term behaves as in the previous case). In conclusion

3

- 4TR3 Tm 12 4wR3 1512
S [ B Hiw)dody ~ 9- 0 RIS
k=1 BRXBR
Multiplying by —% the result follows.
e Var(Ayy) = Var(A;s) = 2. Indeed,
25 < i} _
Var(du) = 57 D E(Ha (6 () Ha(Ek (y)))dady.
kk'=1" BrxBr

We begin with the diagonal terms.

/ E(Ha (6 () Ha(Euly)))dedy = 81 - 41 / i (2, ) dedy.
BrxBgr BrXBpgr

Recall that 7y is given by (6.4) and (6.5). Thus,

4rR3 R
/ (2, y) dady ~ / [1- p]g/ k() dydp
BrxBg 3 Jo R JoB,(2)

ATR3 [
~—2 / / rik(2, y) dydp.
0 0B, (x)

The fourth power gives rise to several terms that we treat separately. For the first one,
using spherical coordinates as before, we have

3 00 o)
S Ae -l adedy = [ A | Al sin(0)dody
/o JoB,(x) 0 [0,7]x[0,27]

1w 12r 1lx?

T 140 9 105
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Moving to the next terms, with similar arguments we have

3
* T 127 6772
A(p)* AR B(p)dydp = ——— = -
;/0 /839(95) 70 7 245
3
- o7 127 82
Az — y)?ALB(|x — y||)?dady = —— == = 2
;/0 /fﬂBp«c) T 315 5 525

3
o0 177 120 1772
A(NA2B(0)3dudp — —— 220 _ 210
;/ﬂ /wpx) (D AEB(p)dydp = ooon == = 1=

/ / oy 177 6872
o= AT o835 = asan

Gathering all together.
3
So [ (&) () dady
k=1 BRXBR
A7 R3 11172 62 82 1772 6872
4— 46— —4
3 105 245 + 6525 945 + 32835
43R 361  4w°R® 233928
3 3675 3 1225 °
We move to the case k # k.
/ E(H4(&k(x))Ha (& (y)))dady = 81 - 4!/ i (2, y) dady.
BRXBR

BRXBR

~ 81 - 4!

=81-4!

Recall that rgpr, k # K, is given by (6.6).

7TR3
2. / riw (2,y) dady ~ / / T (2, ) dydp
k' Y BrXBR Py 8B,(x)

4 3
i / Alp)pPdp- > / o ALAY sin(0)dody
k£k! 0,7]x T

_ AnRP1ln 24n _ 4m°R® 22
3 140105 3 1225
Thus, multiplying this last result by 81 - 4! and summing it to the diagonal terms:

3 q
_ _ 473 R3 1233928 42768
E(Hy(&r(x))Hy (& (y)))dzdy = +
/BRxBR (Ha (8 (@) Ha(& (1)) 3 1225 1225}

kk'=1

47 R3 39528
3 175

Multiplying by 25/81 we get the result.
(2) Let us consider Cov(A1, Az). There are many terms which vanish since £ and 7 are inde-
pendent random fields.
Cov(Aj1, A2z) = Cov(Aq1, Aag) = Cov(Aje, Agg) = Cov(Ajg, Agg) = Cov(Ais, A2)
= Cov(Aj3, A2q) = Cov(Ay, Aza) = Cov(A1yg, Az3) = Cov(Aig, Agy)
= Cov(Ajs, Ag1) = Cov(Ajs, Azz) = Cov(Ays, Aag) = 0.
We treat the rest of them.
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L] COV(AH, Agl) = COV(Alg, A22) 47r3R Indeed

3
> / B[ (E) (e Ho(Guly) ey
3

=3-4! ;/BRXBR r(x, y)ka(ac,y)Qdmdy
3
=34l kzl /BRxBR sinc(p)?sinc’(p)2Adzdy ~ 3 - 4!

ATR? 7 43 R3

Multiplying by —1/48 we get the result.

e Cov(Aj3, Agz) = Cov(Ays, Agg) ~ —4W3R3 . Indeed,

3
3 / E[Ha (€ (x)) Ha (€ ()| E[Ha (1(y)) Ha 7 () dacly
k=1 BrXxBgr
3
=3. 4;1 /BRXBR r(x, y)2r0k(az, y)zdxdy ~3-4

3 3

A7 R3 72 B 47T3R34

We used the computations in Cov(Aj1, Ag1). Multiplying by —1/24 we get the result.
L] COV(A14, Agl) = COV(A15,A22) > 0. We have

3

S [ B Hae ) ol (o) dody

kK =1

5

COV(A14,A21) = a

5—427 ar Ny / rro(2,y) i (2, y) dady > 0.
k=17 BrxBr
Thus, we can omit it.

(3) We move to Cov(Ai, Az). Again there are several vanishing terms.

Cov(Ai1, Az2) = Cov(A11, Asz) = Cov(Aig, Az1) = Cov(A12, Ass)
= Cov(Ai3, Ag1) = Cov(Ai3, Agy) = Cov(Ai4, Asz)
= COV(A14,A33) = COV(A15,A31) = COV(A15, A33) = 0.

We look at the rest of the terms.
L] COV(AH,Agl) = COV<A12,A32) Z 0. Indeed,
Cov(An, A1) = Z / (2)) Ha(& (y)) Ha (€ (y))] dady
72 BRXBR

9 4'2/ roi(z,y) ’l“()]($ y)2dxdy > 0.

’L;é] BrXxBgr
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® COV(A13,A33) > 0. we have,

% Z /BRxBR E[Hs(&(x))Ha(&i(y)) | E[Ha (1(2)) Ha(7;(y))] dady

" 9 42/

1/75] BRXBR

COV(Alg, A33) =

roi(z,y) T’[)j (x, y) dzdy > 0.

e Cov(Ajy, As1) = Cov(Ays, Asg) ~ —4”ZR3 %. We have,

3
S5 [ B G0 s )

=81 4|ZZ/

k=1 Z;ﬁ_] BRXBR
We begin with the case k # i,k #£ j, i # j, we write k # i # j for short

> /BRXBRW(:B y)?rig(x,y)dady = Y /

kit ] ki’ BRXBR

Ti (2, y)*rij (2, y)2dedy

Az — y|) ' ARA Addady

_ 4AnRP 1lm24n  4AmORS 22
3 3675

3 140 315
Now, we consider the case k =i # j, (k = j # i is equal)

/ Tk (2, )21 (2, y) 2dody
k#] BRXBR

k#j
The first integral

>,

2 Jin 3 021 3 135

/ (A(lz = y1)* A% = B(lz — yl))* A(lz — y|)? AR A dwdy.
. BRXBR

ATR3 11 43 R3 22
Allz - y)) 4A6A2d:cdy TR’ 117 81 ™R

The radial part is as in the previous case. The second integral

ATR? 7w 247 AmPR3 12
/ A(lz — y)*B(|z — y|) ApAldady ~ T
BRXBR

ki

3 703, 3 1225
The third integral is
A7R3 27 87 4Am3R3 16
2A2A2

— —y2A2AZ2dady ~ — = —.
Z/BX Alle —ul)*Blle —yl)*AfAjdrdy ~ == 72 3 1575
ki Br*Br
Thus,

>y

k— 11#] BrXxBpr

E[Ha (& () Ha(&i(y) Ha(&5(y))] dzdy

4m3 R3 22 12 16
{ +2(z2 — 2 +
3 3675 735 1225 1575
The result follows multiplying by —5/81.

~ 81 -4l

)} 47 R3 15984
3 175
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(4) Finally, we consider Cov(Asg, A3). We have

COV(AQl, Agg) = COV(AQl, A33) = COV(AQQ, Agl) = COV(AQQ, Agg)
= COV(AQg, Agl) = COV(AQg,AgQ) = COV(A24,A31) = COV(A24, A32) = 0.

Besides, we have.

° COV(AQl,Agl) = COV(A22>A32) = _4W?:’3R3 %

>y () Ha6(0) HalEs(0)) HalEs )] dardy

k=1 i#j BRXBR

=27 422/ r0i (7, y)*ri; (7, y) dody

k=1 i#j BrxBgr

+ 27 422/ roj(z,y) 2rpi(x, y)?dedy

k= lz;éj BrxBr

1+ 27. 162 / roi(z, y)roj (z, Y)rei(z, y)re; (z, y)dedy
k=1 ’L#] BRXBR

We begin with the first two integrals (their sum over k,i # j coincide). Consider k # i,
k # j (and i # j), we write i # k # j for short.

Z/ roj(z,y)*rei(x, y) *dedy
i#hetj Y Prx DR
=Y [ sl y)PAle - y)PATATA dody
’L;ﬁk?ﬁ] BRXBR
47rR3 23187  4m3R3 46

3 42035 3 3675

Now, take k = j # 1.

Z/ rok(, y)*rai(z, y)>dady
Z#k BRXBR
4mR3 237 24 4mPR3 46

2 2A2A4
- —y))2A AZAL dzdy ~ omstm _mv
-3 [ sindlle =yl A(e — yPadatasay ~ TETREE - SO

Finally, take k =i # j.
Z/ TOj(x,y)zrkk(:U,y)zd:ndy
j#k / BrXBR
=3 [ e = oA~ o)~ Bl — o) Sy

j#k / Br*BrR

47rR3 {23% 247 o7 8t 2w ) %] 473 R3 698

3 142035 ‘425 105 3 3675
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We move to the third integral. Take k #£ i, k # j and ¢ # j. Write ¢ # k # j for short.

Z/ roi(x, y)roj (2, y)rki(z, y)ri; (z, y)dedy
i#h#j © PR* PR
ATR? 7w 87 AmPR3 2

= sinc/(|z — y|)*AZA2A2 dady ~ 207 il
%;gj /BRxBR Y 3 6035 3 75

Finally, take k = j # i (the case k =i # j yields the same value).

Z/ roi(x, ) ok (T, Y)rri (T, y)rie(x, y)dedy
BRXBR

ik
=30 [ sind(la — Al - yD(A(e ~ yDAE - Blle — y))AIA dady
”L;ﬁk BRXBR
_ArR? [%lzzll B 181} _ 4m°R? 2
3 142035 4251 3 3675
Gathering all together
S| E[Ha(e(e) Haléi0) Hal () Hal& ()| dody
k} 1 '67&] BRXBR
43 R3 46 46 698 2 2 473 R3 652
—97.4 2 4 p 27 4—
3 { (3675 * 1995 +3675) + (75 3675” 3 3675

Multiplying by —1/54 we get the result.

. COV(Aza,A33) Cov(Agq, Azg) ~ — 4B 316

/BXB (o (€(2)) Ha (& (y)) | E[Ha (i (2)) Ha (il ()| ey

k= 17,75j

413 R3 158
:27.42 / roi(, ) i () ddy = 27 - 4=
k=1 izj Y BrxBr

Multiplying by —1/54 we get the result. This integral coincides with the first two terms
in COV(AQl, Agl).
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