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Abstract. In this article, we introduce a random (directed) graph model for the simultaneous
forwards and backwards description of a rather broad class of Cannings models with a seed bank
mechanism. This provides a simple tool to establish a sampling duality in the finite population size,
and obtain a path-wise embedding of the forward frequency process and the backward ancestral
process. Further, it allows the derivation of limit theorems that generalize celebrated results by
Mohle to models with seed banks, and where it can be seen how the effect of seed banks affects the
genealogies. The explicit graphical construction is a new tool to understand the subtle interplay of
seed banks, reproduction and genetic drift in population genetics.

1. Introduction

Cannings models and their modifications, along with their multiple merger genealogies are a major
topic in mathematical population genetics Sagitov (1999); Mohle and Sagitov (2001); Schweinsberg
(2003); Birkner et al. (2018); Freund (2020); Gonzélez Casanova et al. (2022a); Siri-Jégousse and
Wences (2022). Also, in the last decade, the study of dormancy (also called seed bank effect)
received significant attention Kaj et al. (2001); Blath et al. (2013, 2016, 2020). One of the unifying
themes in both modeling areas is that they arise from extensions of the Wright-Fisher model, and
that classical evolutionary forces such as genetic drift and selection are affected in important ways.
While the theory of Cannings models is now robust, the study of models with dormancy is still work

Received by the editors October 11th, 2022; accepted June 27th, 2023.

2020 Mathematics Subject Classification. 92D10, 60F05, 60G10, 60J05, 60J90, 92D25.

Key words and phrases. Seed bank, Moment duality, Weak convergence, Mixing time.

Adrian Gonzalez Casanova has been partially supported by grants UNAM-PAPIIT IN101722 and CONACYT
Ciencia Basica A1-S-14615 2019-2023. Lizbeth Pefialoza would like to thank the Universidad del Mar for the support
through project 2IIMA2301. Arno Siri-Jégousse has been partially supported by UNAM-PAPIIT grant IN104722.

1165


http://alea.impa.br/english/index_v20.htm
https://doi.org/10.30757/ALEA.v20-43

1166 Adrian Gonzalez Casanova, Lizbeth Pefialoza and Arno Siri-Jégousse

in progress. The main goal of this paper is to stabilize a framework in which seed banks can be
combined with Cannings models, and to generalize the known limiting results for models without
dormancy to Cannings models with seed bank.

An important tool in population genetics is the moment duality for Markov processes. This
technique establishes a mathematical relation between forward and backward in time processes. The
celebrated duality between the Wright-Fisher diffusion and the Kingman coalescent was gradually
generalized to a wide class of neutral population genetics models, including some finite size discrete
populations such as Cannings-type models Gonzalez Casanova and Spano (2018). In this situation,
the duality leads to asymptotic results for both forward frequency and genealogical processes. In
the context of dormancy, duality was established for the seed bank diffusion, which arises as a limit
in models with geometric seed bank Blath et al. (2016). However, for discrete seed bank models,
the duality relation is the first open gap that this article aims to close.

There are two main models for dormancy phenomena.

e Kaj et al. The model defined in Kaj et al. (2001) is based on the Wright-Fisher model
with additional multi-generational jumps of (bounded) size, the system has been extended
to geometric jump sizes of bounded expected range in Koopmann et al. (2017) (which also
provide some insight into the forward in time frequency diffusion), to the general finite
expectation case in Blath et al. (2013), and even to unbounded (heavy-tailed) jump sizes in
Blath et al. (2015).

e Blath et al. A second modeling frame is given by an external seed bank in terms of a “second
island” (in the spirit of Wright’s island model), effectively leading to geometric jump sizes
on the evolutionary scale. Here, forward and backward limits have been constructed, giving
rise to the seed bank diffusion and the seed bank coalescent Blath et al. (2016) (see more
analysis and generalization in Gonzilez Casanova et al. (2022b); Blath et al. (2020) and an
interesting connection with metapopulations in Lambert and Ma, 2015).

Both modeling frames (generational jumps and second island) have their advantages and dis-
advantages. For the Wright-Fisher model with multi-generational jumps, one typically loses the
Markov property. For the island version, one retains the Markov property but then needs to in-
vestigate two-dimensional frequency processes, which in the limit are harder to analyze than one-
dimensional diffusions, since e.g. the Feller theory is missing (this can in part be replaced by recent
theory for polynomial diffusions Blath et al.,; 2019). Interestingly, it turns out that for the limiting
frequency processes, both approaches can be two sides of the same medal.

In none of the above approaches, more general reproductive mechanisms, such as based on Can-
nings models, have been analyzed. This paper’s second aim is to close this gap. We present an
extended framework for the simultaneous construction of seed bank models with general multi-
generational jump distributions and Cannings-type reproductive laws satisfying a paintbox con-
struction. We are also able to obtain forward and backward convergence results (extending Ka]
et al. (2001), Koopmann et al. (2017) and Blath et al.; 2013) and to provide an explicit sampling
duality, which is valid already in the finite individual models.

More precisely, we show that if a sequence of Cannings models (with no seed bank effect) is in
the universality class of the Kingman coalescent, meaning that its ancestral process converges in
the evolutionary scale to the Kingman coalescent, then the ancestry of the same sequence with a
seed bank effect will converge to the Kingman coalescent delayed by a constant 32, where 8 < oo
is the expected number of generations that separates an individual from its ancestor. This extends
the results of Kaj et al. (2001) and Blath et al. (2013). Convergence of the frequency process to the
solution of the Wight-Fisher diffusion with the same delay is also proved. We go further and study
how sequences of seed bank models with divergent expectations can make sequences of Cannings
models that originally were not in the Kingman class, converge to the Kingman coalescent. This
is achieved using the mixing time of some auxiliary Markov chains introduced in Kaj et al. (2001).
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If instead of considering Cannings processes in the Kingman class we consider that their genealogy
converges to a Z-coalescent, we show that their seed bank modification converges to a Z°-coalescent.
Heuristically, the transformation & — Z° consists in dividing by /3 all the non-dust boxes in a =
paintbox event to obtain a =° paintbox event. Similar asymptotics are shown for the forward
process. All those results are extended for models in the presence of mutations.

Note that the interplay of general reproduction and seed banks with other evolutionary forces
can be subtle, and we provide a framework for its analysis (also regarding the real-time embedding
of coalescent-based estimates, see e.g. Blath et al., 2020).

The paper is organized as follows. In section 2 we construct a random graph that allows us to
embed the ancestry and the frequency processes of both Cannings and dormancy models simultane-
ously and study the duality relation of the processes forward and backward in time. Furthermore,
we analyze the scaling limits of the ancestral process in presence of skewed reproduction mecha-
nisms and dormancy. We give conditions for convergence to the Kingman coalescent and study
scenarios beyond this universality class, where we can describe how seed bank phenomena reduce
the typical size coalescence events when combining seed banks with Cannings models that would, in
absence of the seed bank component, converge to a A- or a =- coalescent. Section 3 uses the moment
duality to formally prove convergence of the frequency process to a Wright-Fisher diffusion. This
intuitively clear result was missing in the literature, probably since the lack of Markov property for
the frequency process makes usual techniques fail. In section 4 we study a variant of the seed bank
random graph where mutations are added and we extend the results obtained in sections 2 and 3.

2. A random graph version of the model of Kaj, Krone and Lascoux

Consider a discrete-time haploid population of constant size N > 1 at each generation. The
vertex set VN = Z x [N] represents the whole population. For each individual v € V¥, denote by
g(v) its generation and by £(v) its label so that v = (g(v), £(v)). We denote the g-th generation of
the population by VgN :={v € V¥ :g(v) = g}. Set a probability measure W on the exchangeable
probability measures on [N]. Let {W}'}4ez be a sequence of independent W -distributed random
variables with WgN ={wnN }vevgN. Each variable W}V gives the reproductive weight of the individual
v in the population graph. This multinomial setting can be extended to some more general Cannings
models (as in Mohle and Sagitov, 2001) or non-exchangeable reproductive success (as in Siri-Jégousse
and Wences, 2022). Also, consider a sequence {my}ny>1 of integers and set a probability measure
p on [my]. Let {JN},cpn be a collection of independent p/¥-distributed random variables. The
variable J2 says how many generations ago an individual v’s mother is living. Finally, set a
collection of random variables in [N], {UN},cy~ such that UY is the label of the mother of v. Its
conditional distribution is

P(U, = k|TY = j. AWy Yeer) = Wi —jn-
Definition 2.1. (The seed bank random di-graph) Consider the random set of directed edges
EN = {(v,(g(v) = JN,UNY), for allv e VV}.
The seed bank random di-graph with parameters N, WY and p" is given by GV := (V| EN).

Two classical examples are
e the Kaj, Krone and Lascoux (KKL) seed bank graph Kaj et al. (2001), in this case u has
finite support [m], i.e. my = m, and WV = S(1/N,...,1/N)-
e the Cannings model with parameter W Cannings (1974, 1975); Mdhle and Sagitov (2001),
in this case pV = 4.
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FiGURE 2.1. In this case N = 8 and my = 2. The gray circles represent the
members of Sy = {v1, va, v3,v4, v5} Where, for example, vo = (0,4) and vs = (-1, 3).
The light gray circles represent the ancestors of the sample. AS = (4,1), A = (2,2),
A5 = (3,0), A5 = (1,1), A = (1,0), A5 = (1,0).

For every u,v € VI we denote by d(u,v) the distance of v and v in the graph G, i.e. the
number of vertices in a path from w to v or from v to u. Now let us define the ancestral process
associated with this graph.

Definition 2.2 (The ancestral process). Fix a generation go and Sgo consisting in a sample of
individuals living between generation go and go —mpy + 1, i.e. Sg, C U V go+1—i- Forevery g >0,
let .Aév be the set composed by the most recent ancestors of the 1nd1v1duals of Sy, that live at a
generation gg — ¢’ for some ¢’ > g, that is

={veuy ngJ(Y g Ju € Sgy such that §(u,v) < 6(u,v Nfor all v’ € Ug/_ng](Y p

Deﬁne, for all ¢ € [my],
AéV’L_|ANm go—g+1— Z|

and AN (AN ! .,Af,v’mN ). We call {Ag }g>0 the ancestral process. In the sequel, we consider
the 1n1t1al conﬁguration Sgo(n), for n = (n1,...,Nmy ), such that n; > 0 individuals are uniformly
sampled (with repetition) from generation gg + 1 —i. We denote the law of the ancestral process of
this sample by P5. See Figure 2.1 for an illustration.

For simplicity, we suppose that sup{i > 1 : n; > 0} does not depend on N. This model was
introduced, for reproductions as in the Wright-Fisher model, by Kaj et al. (2001) directly, in the
sense that they construct a random graph only implicitly. Our construction permits to provide a
transparent relation between the ancestral process and the forward frequency process defined in
section 3. Observe that {flév }g>0 is a Markov chain. We start our results by formalizing the remark
on p. 290 in Kaj et al. (2001). This illustrative result is established when the Cannings model
is in the domain of attraction of the Kingman coalescent, although it can be easily generalized to
any type of reproduction law. Here we use the classical notations ¢y (resp. dy) that denote the
probability that two (resp. three) given individuals choose the same parent in a Cannings model.
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Those notations will be helpful all along the paper. Recall, e.g. from Mdohle and Sagitov (2001), that
the genealogies of a Cannings model fall into the domain of attraction of the Kingman coalescent
when ¢y — 0 and dy = o(cy) while multiple merger coalescents arise when dy and cy are of the
same order.

Proposition 2.3 (Reformulation of Theorem 1 in Kaj et al., 2001). Suppose that
en = NE[(WN)?] = 0 and dy = NE[(W)?] = o(cy).

Let M(n) be a multinomial random variable with parameters n and {p™ (i)}:2N. Also, for any

= (n1,...,nmy) € [N]™, let Z() = (n2, ..., My, 0)+M(n1). Then, the transitions of { A} ¢>0
can be written in terms of M and Z as follows.

o Po(AY = Z(R) = 1 = X232, en[(3)a™ (0)? + 1 (nanisa] + olen)

o Pr(AY = Z(n) — e;) = en|[(5)nN (0)* + N (D)mania] + o(en)
where e; is the vector with the i-th coordinate equal to 1 and the others equal to 0, for all i > 1.

Proof: We need to make two observations. First note that all the randomness in the transitions
of the chain {Aév}gzo lies in what happens to the first coordinate. If for some g > 0, Aév =

(0,m2,...,Mm,) it is easy to see that Aévﬂ = (n2,...,Mmy,0) almost surely. On the other hand,
if ny > 0, the individuals that are in .Aév N Vg]:_g cannot belong to Aé\;l. Then, each of these

individuals, if denoted by v, must be replaced by an individual which lives J»¥ generations in the
past, that is

P, (AY = ;) = p™ (i)
Further, if ny > 1, one needs to find n; new ancestors, but some of them could be the same due to

some coalescence. The complete picture is as follows. For ¢ > 2 and j,k > 0, and by denoting eq
for the null vector,

20 () (k) ifi—1#j#k
(M%(J’))Q(l—@v) fi—1#j,j=Fk
7 2p7 (i = Dp” (k) (1 — en) ifi—1=jj#k
Poe, e, AN:ei_ +ei+ep) = . . . . . (21
pertell AT = Gt b6 ) = 0N (DN (G) 4 (V) Dew -1 45 k=0 @ P
(1" (i = 1))*(en — dn) ifi—1=jk=0
(uN (i —1))%dy ifj=k=0
The proof follows easily after these observations. O

We now construct a less natural backward process which will be very useful when establishing its
moment duality with the forward process in section 3. We start by defining it in a graphical and

intuitive way. More formal definitions will follow all along the section.
Definition 2.4 (The window process). Fix a generation go, and Sy, C U4 Vg](Y i

ical tree of the sample Sy, define the variable B_(],V 1 as the number of edges arriving to generation
go — ¢ (plus the number of individuals of Sy, living at this generation). For any ¢ € {2,my}, let

In the genealog-

B;V " be the number of edges crossing generation gyg — ¢ and arriving to generation go—g—i+1 (plus
the number of individuals of Sy, living at this generation). Then, let Bév = (Bév’l, cee Bév’mN).
We call {Bév }g>0 the window process. As for the ancestral process, we denote by Py the law of the

window process generated from the initial sample Sg, (7).

_In Figure 2.1, the values of the window process are Bj = (4,1), B} = (2,3), B} = (5,0),
B§ = (2,1), B§ = (2,0), B§ = (1,0). The window process and the ancestral process only differ in
the time where we acknowledge a coalescence event. In the window process coalescence events only
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occur in the first coordinate, while in the ancestral process coalescence events may take place at
every entry (see Figure 2.1).

The following equivalent (in law) definition of the window process allows us to compare it with
the ancestral process. Let C™V(n) be the number of ancestors after one generation of a sample of
n individuals in a Cannings model with weights distributed as WY. As in Proposition 2.3, let
M (n) be a multinomial random variable with parameters n and {u™ (¢)}I2Y. Given BN =n =
(n1,...,nmy) € [N]™N,

BN (N2, ..., My 5 0) + M(CN (ny)).
in distribution. It is left to the reader to show that indeed both definitions are equivalent.

The process {Bév }g>0 can be expressed in terms of a particle system. Fix N, N and WY, Let
YgN = (Rév ,Lév ) define a Markov chain with state space Z; x [N] and transition probabilities,
conditional on the weights WgN ,

IED(YYgN = (Zv k)HW;V}gaY;]JXl = (17])) = W(Jg\]fo—g+1—i7k)MN(i)
for every i > 1, k € [N], and
P(YN (4, k)HWN}gaYNl =(i+1,74) = W(];IO—QJC)
for every ¢ > 1 and k € [N].

Proposition 2.5. Set n = > n; to be the total size of the initial sample. For every g > 0, consider
n (conditional on {W}},) independent realizations of Y, that we call Y = (RY LYY for
1<j5<n. Let oVt = 00 and

oI =inf{g>1: YN’j = YN’j/ = (1,k), for some j' < j such that oN7' > g,k € [N]}.

For alli>1, set ZJ 1 {RN] = BNZ. Then, the i-th component By N of the random vector Bév
15 equal in distribution to ijl {RN,g_Z}l{O.N,J>g}, for all g > 0.
Ni— >

Proof: The proof consists in observing that gg —RN 7 g+1 is equal in distribution to the generation
of the most recent ancestor, living at a generation gy — ¢’ for some ¢’ > g, of a fixed individual in
the initial sample Sg,. So we couple these two processes. At the particular times in which Ry AR |
(and thus a coalescence event can occur in the window process) we take Ly 7 to be the label of the
closest ancestor. Then o™ corresponds to the generation at which individual j’s ancestral lineage
is involved into a coalescence event with the ancestral lineage of an individual of lower level. Under
this coupling,

n
N7‘ — . .
By '= Z 1{R£,V*]:z'}1{0N*729}
=1
almost surely. O

At this point it could seem unnecessary that the process L jumps at every time since it looks like
it only has a role when R is reaching 1. However this independent construction of R and L will be
important in the proof of Theorem 2.6. The chain {YgN }g>0 provides a very convenient coupling to
the ancestral and the window processes, mainly because {Rév }g>0 has an invariant measure given
by
P(J, > i)

E[JY]
To see this, just observe that the chain has two types of behaviors. Using the notation P;(-) =
P(-|RY = 7), we have

(1) Deterministic transitions: if j > 1, then P;(RY =j —1) =1

VN (i) = (2.2)



Seed bank Cannings graphs 1171

(2) Random transitions: for j > 1, P1(RY = j) = P(JYN = j) = 1N (5).
Then,

in(RN = )N (j) =P (RY = )™ (i + 1) + Py(RY = i)v™ (1)

CPIY =i4+1)  PJY =4)
TOEUN R
=N (3).

Our way to compare two Markov chains consists in applying coupling concepts developed in
Levin and Peres (2017). Let us first recall the definition of mixing time (see page 55 of Levin
and Peres, 2017). We denote d™(g) = max;cpn,y] ||Pj(RéV € -) — vNV()||rv and the mixing time
v = inf{g > 0 : d¥(g) < 1/4}. We allow 7y = 0, because this is true in the important case
P(JN =1) = 1, which is the case without seed bank.

The main theorem of Kaj et al. (2001) (proved for ¥ with finite support and extended to finite
expectation in Blath et al.; 2013) consists in showing that the L; norm of the ancestral process
converges weakly to the block counting process of the Kingman coalescent under a constant time

change. Here we extend this result to the window process and to some more general Cannings’
mechanism.

Theorem 2.6 (Convergence of the window process I: Kingman limit). Consider a seed bank di-
graph with parameters N,WYN and pN. Suppose that By = E[Jév] < 0o. Let Ty be the mizing time
of {RY }g>0, ey = NE[(W])?] and dy = NE[(W.X)3]. Assume that ™ (1) > 0 and that

en/B3 =0, Neryey — 0, (1/9DNB% =0 and dy/(Byen) — 0. (2.3)

for some € > 0. Then, let {BN}Nzl be the sequence of window processes with parameters N and
uN and starting condition Bév =n for all N € Z; big enough. Then,

Jim {[Bjysz o [0 = {Ni iz (2.4)

in the finite dimension sense, where {NtK}tzo stands for the block counting process of a Kingman
coalescent.

Furthermore, suppose that v converges to a measure v as N — co. Let VHE be a (conditional)
multinomial random variable with parameters NX and v. For any fived time t > 0, in distribution,

Jim Bgﬁ% Jen) = VO (2.5)

Note that when Sy — 8 < oo the third condition of Theorem 2.6 is automatically fulfilled. On
the other side, when Sy — oo, then the fourth condition is always fulfilled because dy/cy < 1.
The latter reflects the fact that a stronger seed bank effect (in the sense that the expected number
of generations separating an individual from its ancestor tends to infinity) makes impossible the
existence of multiple mergers. Theorem 2.8 below discusses the interplay between seed banks and
random genetic drift. Note also that the second condition implies that 7y < oo for all but finitely
many N, meaning that the support of pV is finite for all but at most finitely many N. In general,
a process with finite mixing time can have an infinite support. In our case, a particle that starts in
k takes k deterministic steps before jumping to a random location. This enforces that the support
is a lower bound for the mixing time.

Remark 2.7. The arguments that we use in the proof of the theorem establish a convergence result
in the finite dimension sense for (2.4). However this result can be strengthened into a convergence
in distribution thanks to classical limit theorems, see for example Theorem 17.25 in Kallenberg
(2021). This will also be the case in the forthcoming Theorems 2.8, 3.4, 4.7, 4.9 and 4.10.
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Recall from the seminal work of Schweinsberg (2001) that E-coalescents are characterized by
a measure on A, the infinite simplex on [0,1]. Every realization of this measure = describes the
coalescence rule at every jump time of the process. Let Fg : A — A be such that for A C A,
F3(A) = {y/B,y € A}. To any finite measure Z over A, we associate a finite measure =P defined
by the rule

=P(A) := E(Fy/5(A) N A)

1
g

for any borelian A C —A, or equivalently

=P (F3(B)) = E(B)

for any borelian B on A. Observe that Z° associates no weight on mass partitions 4 = (y1, 2, ... )
such that > y; > 1/8. It is also remarkable that the seed bank effect sends the class of A-coalescents
into itself. As an example, the Beta(2 — «, ) coalescent with the characteristic measure, restricted
to (0,1), 2(A4) = [, mml_“(l — 2)®!dz turns to a coalescent with measure, now restricted

to (0.1/8), 2X(4) = [ rg=ayr@®’ (5 — )" de.

Theorem 2.8 (Convergence of the window process II: = limit). Consider a seed bank di-graph with
parameters N,WYN and pN. Suppose that By = E[J{,V] — B < co. Assume that the ancestral process
of a Cannings model driven by WY, that we denote by {Cév}gzo 1s such that

]\}gnm{cﬁ/cNJ}tzo) = {N; }ezo (2.6)
where { N7 }y>o stands for the block counting process of a Z-coalescent. Then
. = =8
A}gﬂm{\Bﬁ/cNJ [fezo = {NF™ }izo (2.7)

in the finite dimension sense.

Furthermore, suppose that vV converges to a measure v as N — oco. Let Vt= be a (conditional)
multinomial random vartable with parameters NtEB and v. For any fized time t > 0, in distribution,
. N _ ytEf

Note that the rates of the ZP-coalescent converge to those of the Kingman coalescent when

8 — oo, converting the Kingman coalescent to a limit model when § becomes large. This intuitively
coincides with the hypothesis on § in Theorem 2.6.

Remark 2.9. The site frequency spectrum (SFS) provides a convenient way to visualize the trans-
formations induced by the mapping =° of Theorem 2.8 to the shape of the coalescent. The SFS is a
vector proportional to the branch lengths (Lq, ..., L,—1) of the coalescent tree, where L; stands for
the length of the lineages with exactly ¢ leaves in the original sample of size n. In Figure 2.2 we see
how the branch lengths are increased in a non linear way in the case of the Bolthausen-Sznitman co-
alescent. Note that when the genealogies are in the domain of attraction of the Kingman coalescent
(Theorem 2.6), every coordinate of the SF'S will be multiplied by the constant §.

Proof of Theorem 2.6: The proof consists in coupling the window process {Bév }g>0 to a process
vyhich is "always in stationarity". If we suppose that {Bév }g>0 starts a.s. with one lineage, i.e.
Bév = ¢}, for some k, it is straightforward that it has a stationary distribution 7V given by 7V (e;) =
vV (i). Now, let Xév I = (Eév 9, LYY where {Eév I} >0 is a sequence of independent vV-distributed
random variables. Let

oM =inf{g>1 :Xév’j = X;V’j/ = (1,k), for some j' < j such that ¢™7' > g, k € [N]}.



Seed bank Cannings graphs 1173

— beta=1 — beta=1
~ — beta=2 — beta=2
beta=3 beta=3

log mean SFS
1 0
L L
SFS/SFS(BS)
2
L

FIGURE 2.2. Expected SFS of the Z-coalescent where Z is the uniform measure
on (0,1) (Bolthausen-Sznitman coalescent) and 8 = 1,2,3. The initial sample size
is n = 20. The values are obtained thanks to computational methods based on
phase-type theory Hobolth et al. (2019). An exact formula for 8 = 1 can be found
in Kersting et al. (2021). Left: Expected SFS in logarithmic scale. Right: Expected
SFS divided by the expected SFS of the Bolthausen-Sznitman coalescent.

Hence, inspired by the coupling of Proposition 2.5, we define an artificial window process by
>N N,1 N
Zg = (Zg7 ’...,Zg ’mN)
where, as n = >_ n;,
n
N" P— . .
Zy" = Z 1{E§V’Jzi}1{2Nvﬂzg}'
j=1
The process {|Z)|}4>0 is Markovian.

We now proceed in two steps to prove (2.4). First, we calculate the generator of {\Zév |}g>0 in
order to discover its scaling limit. Let f : Z, — R be a bounded function. Then

GNf(n) =E[f(12]) = f(n)] = P(Z'| = n— 1)[f(n —1) = f(n)] + OP( 2| = n — 2))

- <Z> en(WN (1)?[f(n = 1) = f(n)] + O(dn (¥ (1))°)

_ ;]21\; [(Z)[f(n— 1) — f(n)] +O(5]C\l,]ZN>] '

So we conclude that

ngnoo{lifé;vt/m }ez0 = {N }ix0 (2.9)

in the finite dimension sense.

Second, let us couple {|Zf\,g’12\,t/c1vj‘}t20 and {|Bi\é?\;t/CNJ |}+>0 to show that the same limit holds

for the rescaled window process. The coupling consists in constructing for every ¢ > 1 the random
variable (ﬁg’l, . ,ﬁf)\f’m’v ) as the optimal coupling (defined in Remark 4.8, of Levin and Peres,
2017) of (Rf,\f’l, ...,Rf,\f’mN), which depends on the initial condition n € [N]™~, and the station-
ary distribution (vV)®™~  where the times {p;};>1 correspond to the times where the processes

{|Zi\ﬁf]2\,t/c;vj‘}t20 and {|Bf\[/;]2\;t/CNJ|}tZO can jump. More precisely, if we denote for any p,q € [n],
N.pg

p. " = inf{g > piv_’pl’q LY = LY (with p)"? = 0), then p; = inf{g > pi_1 : g = piv’p’q for
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some p,q € [n] with p # ¢, and some k € Z,} (with po=0). Note that we do not precise the
dependence on NNV in the notation. In our case, the probability that the coupling is successful

o N1 N, _ (pN1 N,
p= Lt PN BN = (R R)
=1— sup Pa((R)',...,RI™)# (R, ... RY™))
ne[N)™N
=1—_sup [Pa((Ry",..., Bpy™) =) = ()™ Oy
ne[N]™N
where P stands for the law of {Rév’l, . ,Rév’mN}gzo (or {Eév’l, e ,Eév’mN}gzo) starting at the

state n € [N]™N and where Proposition 4.7 in Levin and Peres (2017) is used for the last equality.
To prove that py — 1 when NV — oo, take € > 0 such that N*rycy — 0. The condition pN(1) >0
implies that, for any 7 > 1, the processes {Rév’l}gzo are irreducible. So, by equation (4.29) in Levin
and Peres (2017) and the definition of 7, we have
N1 N, e
1B (R s ByIi) = ) = ™)™ () |py < (14N (2.10)

Then observe that, stochastically, p; > I'N where I'V is a geometric random variable with parameter
n?cn > (g) cn (think of a Cannings model without dormancy) and thus

P(p1 < Nery) < P(IY < Nery) =1 — (1 = nPen)V™V — 0.

This implies that py > 1 —7(1/4)NE(1 +0(1)). )
Let TN = inf{i > 1 : |Zé\if| = 1}. Observe that if |Z{¥| = n (we will use the notation P,),
stochastically

N <> Gl (2.11)
i=1

where the GZN ’s are independent geometric random variables with parameter 5&2 (the probability
that two particles in stationarity reach state 1). We finish the proof of (2.4) noting that the
trajectories of both processes are identical with overwhelming probability

7 > N n_GN
(5P 1235, e )| = 1Bl s = ©) = Blp ] 2 Blpy =+

_ PNBN "
1—(1-By")pNn

= (1-B%+py'0%) "

Since py > 1 — (1/4)N°(1 +0(1)) and (1/4)V° 8% — 0, we have that the quantity above converges
to 1 when N — oo.
Finally, let us prove (2.5). Let ¢ > 0 fixed, and suppose that v converges to a measure v. By,

equation (2.9) we have that limy_co ]Zﬁﬂz /CNJ’ = N/°. Then, observe that Z2 has a multinomial
N

distribution with parameters \Zév | and vV. Thus, in distribution,

. 7N _ K
I&E}nOOZUB]QV/CNJ_V . (2.12)

On the other hand, by (2.4), we have that

. 5N _ K
J\/lgnoo ’Bltﬁ?v/clv“ =N
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For t > 0 fixed, let us couple Z and BY to show that the limit (2.12) is the
[tB% /en ] [tB% /e ]

same for BLt 82 en As we did before, the coupling consists in constructing the random variable

N,1 N . . N1 N, .
(ELtB?V/CNJ’ ... ’BLtB?VJZCNJ) as the optimal coupling of (RLtﬁ?v/CNJ’ ... ’RLtB?V]/VCNJ)’ which depends

on the initial condition 7 € [N]™~. The probability that the coupling is successful is

N N1 N,my _ /pNL1 N,my
ON ‘= ﬁe[lll\fl]me Pn((ELt/BJQv/CNy ce. 7ELt/3]2V/CNJ) = (RLtB]Qv/CNJ PR RLWJQV/CNJ))

_ _ _ N,l N,’VTZN N,l N,?’TLN

=1 ﬁe?]lvl]]?"N Pn((ﬂltﬁ?v/cl\ly cee ,ELtﬁ]QV/CNJ) 7é <R|_t/3]2\,/cNJ’ cee ’R\_tﬂ%v/CNJ))

=1 ﬁe?]l\ll]l’)”’“‘N |P7 (( Lt52 Jen ] RUBN/CNJ) ) =) ()l
Take € > 0 such that N°7ycy — 0, and observe that S5 > 0. This implies that

P(|t6%/cn] < Ne7n) = 0 as N — oc. (2.13)

By, (2.10) and (2.13), we have that oy — 1. This gives (2.5). O

Remark 2.10. Consider two processes, {ﬂff }g>0 and {Rév }g>0, the first one starting with one particle
in stationarity and the second one starting with one particle in state one. If we consider their
Doebling coupling (which consists in letting them evolve according to their respective laws and in
merging their paths when they meet for the first time, see Levin and Peres (2017), Chapter 5), their
coupling time, T?, is less than two with probability

mN—l myn— 1
N+ Y WMo+ <o Z (2 M (my)).
i=1

As the process {Ré\] }g>0 visits the state one approximately every Sy steps we conclude that P(TN >
NEB]QV) — 0 when N — oo. Since 7y < inf{t > 0;P(TY > t) < 1/4}, we obtain that my < 7y <
N¢ 512\, for N large enough. Note that my is always a lower bound for 7y since the mixing time is
at least the time for one particle starting at my to reach the origin. Then hypotheses of Theorem
2.6 can be relaxed to the following

en/BY =0, my/(N°B%) = o<1, N% Bkeny —0, (1/49)V 8% =0 and dy/(Bnen) — 0
with the advantage that they are easier to verify.

Proof of Theorem 2.8: The proof of (2.7) is similar to that of (2.4) in Theorem 2.6. First observe
that (2.6) implies that ¢y — 0. Assuming furthermore that Sy — 8 < 0o, we get that cN/B]QV — 0,
(1/4)N° B3, — 0 and Ne7ycn — 0 (since the mixing time is of order 1 in this case). These are the
three first conditions of (2.3), necessary to mimic the proof of Theorem 2.6.

In the present case, let I; denote the indicator of the event that lev’i = lev’j for some j € [i —1].
Note that {Cg/ch }>0 has generator

CNf(n) = c§'Elf(n = > L) —
i=1

which by hypothesis converges to the generator of the block counting process of a =-coalescent.
Finally note that, using the same notation, the generator of the artificial (in stationarity) block
counting process {Zg/cNJ}tZO is

CNf(n) = ey'BIf (n =) Ll pvi_yy) = f(n)).
i=1
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As 1 (RVi=1} is a Bernoulli random variable with parameter tending to A~' and independent of I,
4y =
we conclude that

. = =8
ngnoo{\Bﬁ/cNJ\}tzo ={N; h=0.
The rest of the proof is identical to that of Theorem 2.6. O

Remark 2.11. The window process can also be defined in terms of a modification of the partition-
valued ancestral process. This more formal (and more complicated) definition follows the historical
approach of Kaj et al. (2001); Blath et al. (2013). Fix a generation go, and Sg, C UmNVO_H i
For g > 1, consider the equivalence relation on S, that we denote by ~, such that u ~g v if and
only if they have a common ancestor at a generation between gy — g + 1 and gg. Let 71'0 = 7 be
the trivial partition made of the isolated elements of Sy, (singletons) and let 7, be the partition
induced by ~, in the sample Sy,. Let Bév be the set composed by the closest ancestors, living at a
generation gg — ¢’ for some g’ > g, of each of the blocks in 7,. Then, for 1 < i < my, we define

Bg];VZ : ‘BN 0 g+1 z’

We illustrate this definition by the realization pictured in Figure 2.1.
In this case mp = m = ma = {{v1},{va},{vs}, {va},{vs}}. Observe that even if some indi-
viduals reach their common ancestor at generation -2, they remain isolated in mwo. Then 73 =

{{v1,ve}, {vs,va}, {vs}}, ma = {{v1,v9,v3,v4},{vs}}, 5 = {{v1,v2,v3,v4,v5}}. Hence, BS =
{v1,v2,v3,v4,v5} and, when movmg some generations backwards, we get B} = {vs, (—1,5), (—2,4),
(=2,7),(=2,7)} and BS = {(-2,3),(—2,4),(-2,4),(-2,7), (-2 7)} Observe that in BS the ances-
tors (—2,4) and (—2,7) appear twice. Also B§ = {(-3, 7), (=3, 7), (—4,6)}, B§ = {(—4,6),(—4,6)},
B = {(25.5)}. T

Finally, note that the coupled variables Y7 = (R, L)) define the process that models the
distance between g and the position of the ancestor of the j-th block induced by ~

3. The forward frequency process

In this section we introduce the forward frequency process associated to the seed bank graph, we
establish duality results with the ancestral and window processes introduced in the previous section,
and we establish some scaling limits results thanks to these tools.

Definition 3.1 (The frequency process). Fix a generation gg and an initial sample
Sgo C UV,

that we call the type A individuals. Hence, U;"Y Vg0 41— \Sg, is the set of type a individuals. For
g >0, set (omitting again the dependence to Sgo)

Xév’i = |{v eV 0+g+1 ; 1 v is not connected to u for some u € UmNVO+1 i\Sgo H-

Then, define the process of the neutral frequency of type A individuals {X év tg>0, by
XN (XN 1 XN,mN)
Xy .

Set a vector T = (x1,...,ZTmy) € ([N]/N)™~. In the sequel, we suppose that the forward frequency
process starts from a fraction x; of generation 0, a fraction xo of generation —1, and so on... We
denote this sample by So(z) = U™y Uiﬂ (1—1,k)} and we denote the law of the frequency process
starting from this configuration by P3z.

Again for simplicity, we suppose that sup{i > 1: z; > 0} does not depend on N.
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FIGURE 3.3. In this case N = &8, my = 3 and Z = (%,%,0). The gray circles
represent the members of So(z) = {v1,ve,v3,v4,v5,v6,v7,v8} Where, for example,
v3 = (—1,3) and vg = (0,2). The light gray circles represent the sample’s offspring.

It is useful to observe that Xév * = X;\Jfr’ilﬂ for i <mp.

Proposition 3.2. Fur the parameters N, N and WY of the seed bank di-graph. The processes
{Xév}gzo and {Aév}gzo are sampling duals: for every g > 0, we have

E;z[h°(7, )_(év)] = Eﬁ[ho([lé\[, z)]
where hO(n, z) := Py (AN C Sp(7)).

Proof: Suppose that the ancestral process starts at generation g + 1 from the sample Sy11(n), as
in Definition 2.2. Also suppose that the frequency process starts at generation 0 from the sample
So(Z), as in Definition 3.1. Introduce the functions

hd(n, x) == Pa(AY,, C So(z)). (3.1)
We can write h9(7n, Z) in terms of the forward process by conditioning as follows.
W)= Y, KA pP(X] =7)
ge([N]/N)™N

= E@[ho(ﬁ, X';V)].
At this point it should be clear that we can also condition according to the backward process.

W(n,z)= Y h(m,z)Ps(A) =m)

n € [N]™ and g > 1,
Eq[h° (A, 7)) = Ea[h°(n, X)].
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O

The sampling duality provides a relation between the forward and the ancestral processes. How-
ever, in this case the relation is not a moment duality. It is possible to write explicitly this sampling
duality and to use it, but we will rather use the less natural window process which has the advantage
of being precisely the moment dual of the forward process.

Proposition 3.3. Fiz the parameters N, N and VYN of the seed bank di-graph. The window
process {Bév}gzo and the forward frequency process {Xév}gzo are moment duals.

Proof: We will construct a sampling duality that is exactly moment duality i.e duality with respect
to the function H : Z"Y x [0, 1]™~ — [0, 1],

H i (3.2)

Fix n € [N]™ and z € ([N]/N)™~, and set the samples So(n) and Sp(z) as in Definition 2.2 and
Definition 3.1 (with go = 0). Observe that So(n) = {v = (1 —-14,Uj;),i=1,...,mn,j =1,...,n;}
where the Uj;’s form a family of independent uniformly distributed random variables with values
in [N]. Then, we have

& |

myN mn; mnN ng
h(i, ) = P(So(n) € So(@)) = [ [] (1 — 4, U4) € So()) = [[ [[ =i = H (.2
i=1j5=1 i=1j=1

Now we prove sampling duality with respect to this function. As in the proof of Proposition 3.2,
condition on X2 to obtain that Pz (BY C So(z)) = Ez[h(n, X2)] and condition on BY to obtain
that P (BY CS0(2)) = Eal[h(BY, 7). O

Now we are able to state an analogue of Theorem 2.6 for the dual process, using the moment
duality.

Theorem 3.4 (Convergence of the forward frequency process). Assume that my < m < oo for all
N € Zy. Fix (WN}ns1 and {uN}n>1 (and the associated stationary distribution v ) such that
either the assumptions of Theorem 2.6 hold or the assumptions of Theorem 2.8 hold.  Suppose
that v converges to a measure v on [m] as N — oo. Let {X™}n>1 be the sequence of frequency
processes with parameters N, W™ and ™ and starting condition X = (|[Nz1]/N,...,|Nam|/N)
for some T € [0,1]™

i) Under the assumptions of Theorem 2.0,

lim {X7

Jim X g e v Hz0 = {Xi}e=0

in the finite dimension sense, where X; is a vector with m identical coordinates X; such that Xo =
zo =y o v(i)z; a.s., and {Xt}t>0 is the Wright-Fisher diffusion (dual of {NJX }i>0).

ii) Under the assumptzons of Theorem 2.8,
Jim (X dezo = {Xihizo

in the finite dimension sense, where X; is a vector with m identical coordinates X; such that Xo =
zo =y it v(i)z; a.s., and {X;}e>o is the moment dual of {NtEB H>o-

Remark 3.5. It is surprising at first that the components of the limit are identical. However,
this becomes intuitive when observing that the support of 4~ vanishes on the limiting time scale.
Theorem 3.4 uses the more restrictive assumption that the support for {u’v }n>1 is bounded. This
seems to be more than a technical assumption, because it is hard to believe that an asymptotically
infinite dimensional sequence of processes would converge to an infinite dimensional process with
all entries being equal (even if the support of x4 vanishes on the limiting time scale). A natural
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question is, what is the limit in this more general scenario? An interesting framework to study this
question, in which there are results in the literature, is taking v := p such that u({j : j > i}) ~ i
see Blath et al. (2013). If @ > 1, Theorem 3.4 should essentially apply, but the convergence should
hold only for finitely (but arbitrarily big) many dimensions simultaneously. If o € (0,1/2) the limit,
if it exists, should be related to fractional Brownian motion (see Hammond and Sheffield (2013)
and Igelbrink and Wakolbinger, 2023). The frequency process in the case a € (0,1/2) is believed
to exist and was named by Blath and Spano the Fractional Wright Fisher Diffusion. If one takes
pN = 1/N&; + Geo(1/N) a modification of Theorem 3.4 leads to a criterion for convergence to
=-seed bank diffusions, this is current work of the authors. The seed bank diffusion was introduced
in Blath et al. (2016) and can be thought of as a delayed stochastic differential equation Blath et al.
(2019) (see also Blath et al.; 2023).

Proof: We only write the details for case i), case i) follows identically. The proof is a consequence
of Proposition 3.3, Theorem 2.6 and the moment problem. Let us abuse the notation and write
)_(év =z for every N.

First, let us clarify the role of zy. Recall that the process {X;}+>0 is a martingale. In particular,

its expectation remains constant. We claim that for every i € [m], imy_o0 Ez[X EZ;Q Jen J] xg. To
see this we use duality and convergence to stationarity of a single dual particle.
m m
_ LtB Jend | — (i) —
Jim Ea[X[5 o )= Jim E, H " 2 wav(i) = o, (3:3)

The first equality comes from duality. For the second equality, recall that in both Theorem 2.6 and

Theorem 2.8 we suppose that ﬁ%\, /en — oo and thus that the process is in stationarity in the limit.

The third equality follows from the fact that there is only one positive entry of the unitary vector

Bg 82 fen| and that the position of the entry with the one is v-distributed in the limit.
NOW let us study the limiting behavior of one coordinate. Let n > 1.

: N,1 ny __ 1e SN
Mim Ba (X5 e )" = leéo Eg[H(n.e1, X y52 /o))

= En-el [ (Vt’Kﬂ i‘)]

= B[z ]
= ECCO [Xf]

The third equality follows from (2.5) and in the fourth equality we used the same argument as for
(3.3). This proves that all the moments of X i 612 Jen]

diffusion.
Finally, we check that in the limit all the coordinates of X% 162 /e

do this we will calculate the square of the difference of two arbitrary coordinates. Let i,j € [m)].

converge to the moments of the Wright-Fisher

v must take the same value. To
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With the same arguments as before,

Jim Ba((X[5 - X)) = Jim Bal(X () o )+ Bal(X ] )]
2B (X XD ]
= lim [BalH(2ei, X[gp o))+ BalH (25, X{Vge o)
—2E;z[H (e; + e, Xﬁﬁ?\,/c]\;j)]}
= lim [Bac, [H(Blys o) 2)] + Eac, [H(BlY s ) 2)]

_ B
~2Ee, e, [H(Blyz o) 2)]]

= B, [H(VYE, 2)] + B, [H(VHE, 7)]
- 2E€i+6j [H(Vt7Kv j)]

= 0.

This ends the proof.

4. Extended seed bank di-graph with mutations

It shall be interesting to study a variant of the model where mutations are added. There is a
classical duality relation between the Wright-Fisher diffusion with mutations

dXt = (Ul(]. - Xt) — Uth)dt + vV Xt(]. - Xt)dBt (41)

and the block counting process of a Kingman coalescent with freezing, where every lineage can
disappear at rate u; + ug. This relation was established in Etheridge and Griffiths (2009) (see also
sriffiths and Spano (2010) and the seminal work of Ethier and Griffiths, 1993) and was generalized
in Etheridge et al. (2010) to A-coalescents with freezing.

These works motivate that we modify the seed bank di-graph to include mutations (Definition
4.1). In order to observe genealogies with freezing in the model we consider that mutations come
from a separate source and not from a reproduction event. This will let us establish a duality
relation even in the finite population case (Proposition 4.5) between a modification of the window
process and a modification of the forward frequency process, and hence, a duality relation in the
limit generalizing known results (Theorem 4.10). The limit genealogical processes obtained in this
relation are described in Theorems 4.7 and 4.9. They are general coalescents but with a freezing
component. We give a formal description of them that is more convenient for our setting than the
common definition in Definition 4.6. Most of the proofs of this section are very similar to those
of Sections 2 and 3. We emphasize the modifications and the intuitions in the proof of Theorem
4.7 and enunciate the other results without the proofs, leaving them to the reader. For sake of
simplicity, most of the notations of this section will be identical to those of the previous ones when
the objects describe the same concepts, although their definitions are slightly modified.

Definition 4.1 (The extended seed bank random di—graph). Set N, ,u]_v and W as in Definition 2.1,
the vertex set V¥, and also the random variables {W}' } ez, where WY = {W}¥ }veVgN, {INYpevn

and {U”LJ)V}’UGVN‘ Fix two more parameters uy 1,un2 > 0 such that unyg:=1—-un1—un2 > 0, and
let {K)},cvn be a sequence of independent random variables with state space {0,1,2} such that
P(KY =) = uy;. Consider the extended vertex set V¥ U {A;} U {As} and the random function
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F:VN = VNU{A;}U{As} defined by the rule

_JN UMY i KN —
F(”):{X]i(v) T ii%ﬁ—?e{m}. (42)

Let EN be the set of directed edges
N = {{v,F(v)}, forallve VV}.

The extended seed bank random di-graph with parameters N, u, WY and u N,1,UpN,2 is given by
GN = (VN U{A1}U{As}, EN).

In this extended version of the graph, we can define a modification of the original window process.

Definition 4.2 (The window process with mutations). Fix a generation go, and Sg, C U;"Y VQJXH i
The window process with mutations is the chain {BY, D)} 450 where { BY } 4> is the window process

introduced in Definition 2.4 (but associated to the extended di-graph) and {D)}4> is the process
counting the cumulate number of lineages connecting with Ay or As under the rule F, that is

= |{(v,v") € EN, g(v) > go — g,v is an ancestor of some individual of Sy, and v € {A1, Ag}}|
We denote by Py the law of the window process starting from Sy, (72) and with D} = 0.

Ezample 4.3. Modify Figure 2.1 such that individual (—2,7) is connected to Aj. The window
process with mutations has the following values: {B§, D} = {(4,1),0}, {B}, D} = {(2,3),0},
{BS,Dg} = {(570)’0}7 {B87D§} = {(17 1), 1}, {BivDi} = {(27())7 1}7 {B§7D§} = {(170), 1}'

The state Ay can be seen as the source of type a mutations and the state A, as the source of
type A mutations. So we can slightly modify Definition 3.1 to obtain the new forward frequency
process.

Definition 4.4 (The frequency process with mutations). Fix a generation gg and an initial sample

Sgo C UN Vg](YH _,;, that we call the type A individuals. Hence, U} 1Vg]3[+1 :\Sg, 1s the set of type

a 1nd1V1duals For g > 0, set (omitting again the dependence to Sy,)
XN = |{v € VN, y41_; - v is not connected to Ay nor to u for some u € UPY VY \Sgy}.

Then, define the process of the neutral frequency of type A individuals {X év L ON }g>0, where
oN = uNyl/(uNJ + UN,Q) and
N N1 N,
X = (X " ey XY,
Set a vector T = (1,...,Tmy) € ([N]/N)™V. In the sequel, we suppose that the forward frequency
process starts from a fraction z; of generation 0, a fraction xo of generation —1, and so on. We

denote this sample by So(z) = U4 Ug,gz 1{(1—1i,k)} and we denote the law of the frequency process
starting from this configuration by P;.

We obtain a duality result, which is the analogue of the moment duality obtained in Proposition
3.3, and that can easily be proved adapting the proofs of Section 3. It is inspired by Etheridge and
Griffiths (2009) and Griffiths and Spano6 (2010).

Proposition 4.5. Fiz N, u¥, WY and uy1,unz2. The window process {BéV,DéV}gZO and the
frequency process with mutations {Xév, GN}QZO are moment duals, in the sense that for any g > 0,

mN , N N g
E; | [Ty | =Ea | 0™ T2 |-
=1 =1
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Let us recall the concept of coalescent with freezing. Usually this model describes an exchangeable
coalescent where, apart from participating to merging events, lineages can disappear (or freeze) at
a constant rate, independent of each other. It appears in general population models with mutations
in Etheridge et al. (2010). Its Kingman version is also crucial in the infinite alleles model, where
Ewens’ sampling formula is established Ewens (1972), but also to provide asymptotics to the seed
bank (or peripatric) coalescent Gonzalez Casanova et al. (2022D).

As could be anticipated from Definition 4.2, we will modify a bit this object keeping track of the
whole genealogy and of the frozen lineages separately. We only need to consider its block counting
process for our purpose

Definition 4.6 (The block counting process of a coalescent with freezing). The block counting
process of a =-coalescent with freezing parameter u is the process {MZ, D };>0 where MF counts
the number of (remaining) blocks at time ¢ and D; counts the cumulate number of frozen blocks
until time ¢. This process jumps from (n,m) to (n —k, m) when a coalescent event occurs (for some
k € [n—1]) and to (n —1,m + 1) when a freezing event occurs. In the special case of a Kingman
coalescent with freezing, we use the notation { M, D;};>o.

We obtain the following analogue of Theorem 2.6.

Theorem 4.7 (Convergence of the window process I: Kingman limit). Consider an extended seed
bank di-graph with parameters N,y , WY and un,1, uN,2. Assume that conditions of Theorem 2.0
hold, plus the following
un,18N un 28N
uNo — U0, — —— U, — —— — U3,
CN CN
where uy € (0,1] and uy,ug > 0. Consider the window process with mutations starting at Bév =n
and DY =0 for all N € Z, big enough. Then,
_ K
A 1B e, o1 b Dl enad o 20 = M5, Dedezo (4.3)

in the finite dimension sense, where { M} , Di}i>0 is the block counting process of a Kingman coa-
lescent with freezing parameter (uy + uz)/ug.

Before proving this result, we need to modify the coupling particle system introduced in section
. Let YN (RN LN) define a Markov chain with state space (N x [N])U{A1, Ay} and transition

probablhtles, conditional on the weights WgN ,
IP)(Yth = (i’ k)’{W;\f}g’Yngxl = (17])) = W(];Io—g—&-l—i,k)/’LN(i)uN,O
for every i > 1, k € [N],
P(Y,Y = A{W, 3, VoY = (1,4)) = uni
for i € {1,2}, and
POGY = (W Yl = (4 1,9) = WG
for every ¢ > 1 and k € [N]. We enunciate the coupling result without proof.

Proposition 4.8. Set n = > n; to be the total size of the initial sample. For every g > 0, consider
n (conditional on {W;V}g) independent realizations of YgN, that we call YgN’j = (Rév’j,Lf}V’j) for
1<j<n, and set

ANI = inf{g>1: YgN’j € {A1,Aq}}.

Recall {UN’J'}T-”:1 from Proposition 2.5. Foralli > 1, set >
Ny

i1 {RNJ }fBNZ. Then, the i-th com-

ponent By of the random vector Bév 1s equal in distribution to ijl {RN,]ii}l{UN,]>g}1{,yN,J >g}s
= > >

for all g >0 and Dév is equal in distribution to Y 7 _, D i1 LNz Lo Nisky -
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We are now ready to prove Theorem 4.7.

Proof of Theorem /.7: As in the proof of Theorem 2.6, recall the invariant measure vV defined in

(2.2), define Xév J= (Eév o ,Lév’j ) where {Eév J}450 is a sequence of independent vV-distributed

random variables, and let g/V:!

= oo and for 2 < j < n,
oM =inf{g>1 :Xév’j = Xév’j/ = (1,k), for some j/ < j such that o™¥7' > g,k € [N]}.
To couple the variables (" );?:1, observe that each of them can be associated to a geometric r.v.

of parameter uy,1 +up,2. More precisely, let (GN1 .., GN™) be a family of independent geometric
r.v.s of parameter un,1 + upy,2. Then we define

g
M =14 inf{g 2 1) 1 vy, =GN,
k=0

Hence, we define an artificial window process with mutations {Zév s év }g>0 where
>N N1 N,
ZN = (zN1,... ZNmy

has coordinates given by

n
Zg [ 1{Eé\7J:Z‘}1{£N,J2g}1{1]\7’]29}
Jj=1

and
g

n
LY =30 Lymimiylignazy-
k=1 j=1

The process {\Zév|, Iév}gzo is Markovian.
First, we calculate the generator of {(|Zév l, IéV )}g>0 in order to discover its scaling limit. Let
f:Zy x Z, — R? be a bounded function. Then

G f(n,m) = E[F(1Z], 1) = f(n,m)]

= P((IZ']. 1Y) = (n = Lm))[f(n = 1,m) = f(n,m)]
+P(ZV] 1Y) = (0= Lm 4+ D) (= L+ 1) = f(n,m)]
+O(B(Z| =n—2))

= (5 )en 0¥ Wuwo?1sn = 1,m) = fo,0)
+ m/N(l) (UN71 + qug) [f(n—=1,m+1)— f(n,m)]
+0 (™ (Vunp)® + (N (1) (s + )’ + en (0 (1) o (s + un2)
enu n

=22 (5) 7= 1) = o)

un1BN | un20N
+n 5 T 5
CNUNo  CNUnQ

d c Uu Uu 2 ¢ U U
L0 N UN@*-g< N,1/3N_+ NﬂﬂN) _Fg< NJBN_% NgﬁN) .
Bnen By \CNUNO  CNUN, By CN CN

So we conclude that

) [f(n_17m+1) _f(nam)]

(20553 jen, 11 1182, ey, o 3120 = MG Didio, (44)
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the block counting process of a Kingman coalescent with freezing parameter (u1 + u2)/ ul.
To see that {|BY J\,DN ?voJ}tzo = {M[, D}>0, we couple {|Zf¥/3%v/cm|}t20

183 Jenuy o)1 7183, Jenu

and {|B i\tf,@Q Jen ) |}+>0 mimicking the proof of Theorem 2.6 to show that the same limit is true for the
2 >

rescaled window process (since un,o — up with no scaling, we can suppose that uyo = 1). In this
case, we still denote, for any p, ¢ € [n], pfcv’p’q = inf{g > pfc\f_,pl,q : Lév’p = Lé,v’q} (with pév’p’q =0), but
now the potential jump times are p; = inf{g > p;—1 : g = pﬁp’q for some p, q € [n] and some k € Z,
or g = GNJ for some j € [n]} (with pg=0). Recall that (GN1,... GN"™)is a family of independent
geometric 1.v.s of parameter uy 1 + uy,2. The probability that the coupling is successful is

— : N,1 N,m . N1 Nom
PN = ﬁe[lj{/l}me Pﬁ((ﬂﬁl Yoo ,Eﬁl N) = (Rﬁl . ’Rﬁl N))

=1— sup Pﬁ((ﬂg’l, . ,Eg;mN) %+ (Rg’l, .. ,Rg’mN))

nE[N]™N
N1 N,
=1— sup |Pa((R5",..., By"™) =) = (™)™ ()lrv
ne[N|™N
where P stands for the law of {Rév’l, cee Rév’mN tg>0 (or {Eév’l, . ,Eév’mN }g>0) starting at the

state n € [N]™N and where Proposition 4.7 in Levin and Peres (2017) is used for the last equality. To
prove that py — 1 when N — oo, take ¢ > 0 such that N*7ycy — 0 (and thus 7y N (un,1+un2) —
0) . The condition pV(1) > 0 implies that, for any i > 1, the processes {Rév’z}gzo are irreducible.
So, by Theorem 4.9 in Levin and Peres (2017), we have

Pa (R Ry =) = ()™ Ollrv < (/N
Then observe that, stochastically, p; > I'V where I'V is a geometric random variable of parameter
neyn + n(un1 +unz2) and thus P(p; < Néry) < P(T'N < Néry) — 0.
Let TN =inf{i >1:|Z F],\[ | = 1}. The jump times are reduced compared to those of the proof of
Theorem 2.6, so the inequality (2.11) still holds and we obtain (4.3) with similar arguments O

A multiple merger version of this result is also obtained. Note that in this case the hypothesis
that Sy — 8 < oo involves that uno — 1.

Theorem 4.9 (Convergence of the window process II: = limit). Fiz {u"}nyen such that By =
E[JN] — B < oo and fix the distribution WY . Assume that the ancestral process of a Cannings
model driven by W, that we denote by {CN}g>¢ is such that

A {Cfijey }z0 = {NF =0

where { N7 }i>0 stands for the block counting process of a Z-coalescent. Assume that
UNL s UN,2
Bnen " Bnen

where uy,us > 0. Consider the window process with mutations starting at B(J)V =n and D(J)V =0 for
all N € Zy big enough. Then,

. _ =8
A}flooﬂBﬁ/cNJ |, D} jen 1 yiz0 = {M, Di}ezo. (4.5)

— U9,

in the finite dimension sense, where {MtEB, Dy}t is the block counting process of a EP-coalescent
with freezing parameter uy + us.

Finally we obtain a convergence result for the frequency processes. Because of the two coordinate
notation of the block counting process of a coalescent with freezing, its moment dual is now written
as {Xt, 9t}t20
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Theorem 4.10 (Convergence of the forward frequency process). Assume that my < m < oo
for all N € Zy. Fiz {WN}In>1, {#"N}n>1 (and the associated stationary distribution v™) and
upn,1,uN,2 such that either the assumptions of Theorem /.7 hold or the assumptions of Theorem /.9
hold.  Suppose that v converges to a measure v on [m] as N — oo. Let {X~,0N}n>1 be the
sequence of frequency processes with parameters N, W™, iV and un,1,un,2 and starting condition
X = (|Nz1]/N,...,|[Nzm|/N) for some z € [0,1]™. i) Under that assumptions of Theorem /.7,
A (X2 ey 20 = (Xidizo

in the finite dimension sense, where X; is a vector with m identical coordinates X; such that Xo =
zo =Yt v(i)xi a.s., and {X¢,u1/(u1 + u2) }i>0 is the moment dual of { M, Di}i>o.

it) Under the assumptions of Theorem /.9,

Jim {X Ven 320 = {Xe}izo

in the finite dimension sense, where X; is a vector with m identical coordinates X; such that Xo =
zo =yt v(i)z; a.s., and { Xy, ui/(ui + u2)}e>o is moment dual of {Mfﬁ, Di}i>o.
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