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Abstract. We study a d-dimensional random walk with exponentially distributed increments con-
ditioned so that the components stay ordered (in the sense of Doob). We find explicitly a positive
harmonic function h for the killed process and then construct an ordered process using Doob’s
h-transform. Since these random walks are not nearest-neighbour, the harmonic function is not
the Vandermonde determinant. The ordered process is related to the departure process of M/M/1
queues in tandem. We find asymptotics for the tail probabilities of the time until the components
in exponential random walks become disordered and a local limit theorem. We find the distribution
of the processes of smallest and largest particles as Fredholm determinants.

1. Introduction

Random walks in Weyl chambers have many connections. In random matrix theory, the eigen-
values of a Brownian motion on the space of complex Hermitian matrices evolve as a non-colliding
system of Brownian motions called Dyson Brownian motion, while certain non-colliding random
walks are related to orthogonal polynomial ensembles, König (2005). The analysis of many inter-
acting particle systems in the Kardar-Parisi-Zhang (KPZ) universality class involves the construction
of processes on Gelfand-Tsetlin patterns where the bottom layer is a process in a Weyl chamber,
eg. Borodin et al. (2007); Johansson (2000); Warren (2007). Furthermore there are connections to
tandem queueing networks Glynn and Whitt (1991); O’Connell and Yor (2002) which we discuss in
Appendix B.2. A variety of physical phenomena are modelled by ordered random walks in Fisher
(1984).

Nearest-neighbour d-dimensional random walks with zero mean which are conditioned so that
the components stay ordered for all time (in the sense of Doob) are well understood. The Karlin-
McGregor formula gives the transition density in the form of a determinant and the Vandermonde
determinant is a harmonic function for the random walk killed when the components become disor-
dered. There has been recent progress when the jumps are no longer nearest-neighbour based around
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using Brownian approximations, for example Denisov and Wachtel (2010); Eichelsbacher and König
(2008). This has led to generalisations to different Weyl chambers, random walks in cones Denisov
and Wachtel (2015) and integrated random walks. In general, the harmonic functions are more
complicated and explicit calculations are not possible.

In the analysis of last passage percolation an important role is played by an h-transform of a
d-dimensional random walk with exponential increments killed when it fails to interlace with its
position at the previous time step. This is the output process of applying the Robinson-Schensted-
Knuth (RSK) correspondence to last passage percolation with exponential data. The largest particle
in the h-transformed process satisfies a number of process-level identities with sequences of last
passage percolation times Johansson (2000), the sequence of departure times from the last queue
in a tandem queueing network (see Appendix B.2) and the largest eigenvalues of a sequence of
minors of the Laguerre Unitary Ensemble Borodin and Péché (2008); Dieker and Warren (2009).
This process is a random walk conditioned to satisfy an interlacing rather than ordering condition.
When started from zero there is an exact coupling that relates the two types of conditioning (see
O’Connell (2003) or Section 2.3 and Appendix B.1). For general starting positions the relationship
is more complicated.

In this paper, we analyse certain stopping times and h-transforms of d-dimensional random walks
with exponential increments. This connects the example above, arising in the study of last passage
percolation, with the general theory of ordered random walks. Moreover, this provides an example
of an ordered random walk where the increment distribution is not nearest-neighbour but where
explicit calculations are still possible.

Let (Xij)i≥1,1≤j≤d be independent exponential random variables with rates λj > 0. Let W d =

{(x1, . . . , xd) ∈ Rd : x1 ≤ x2 ≤ . . . ≤ xd} denote the Weyl chamber. We define a d-dimensional
random walk (S(n))n≥0 = (S1(n), . . . , Sd(n))n≥0 started from S(0) = x0 = (x0

1, . . . , x
0
d) ∈ W d by

Sj(n) = x0
j+
∑n

i=1Xij for n ≥ 1 and j = 1, . . . , d. Vectors a = (a1, . . . , ad) and b = (b1, . . . , bd) ∈W d

interlace written as a ≺ b if a1 ≤ b1 ≤ . . . ≤ ad ≤ bd. We can define two stopping times:

ρ := inf{n ≥ 1 : S(n− 1) ⊀ S(n)}

τ := inf{n ≥ 1 : S(n) /∈W d}.

In the case λ1 > . . . > λd, it is easy to construct (S(n))n≥0 conditioned on {ρ =∞} or {τ =∞} as
these events have non-zero probability of occurring. For equal rates λ1 = . . . = λd = 1, a natural
approach is to construct Doob h-transforms which requires finding strictly positive functions h on
int(W d) and h on W d such that

Ex[h(S(1))1{ρ>1}] = h(x), x ∈ int(W d)

Ex[h(S(1))1{τ>1}] = h(x), x ∈W d.

The reason that we define h and h on int(W d) and W d respectively is due to their interpretation
as Doob h-transforms, see Appendix A. A solution is given for distinct rates by h(x1, . . . , xd) =

e
∑d
i=1 λixidet(e−λixj )di,j=1 which is strictly positive on int(W d) if λ1 > . . . > λd and for equal rates

by h(x) = ∆(x) where

∆(x) =
∏

1≤i<j≤d
(xj − xi)

denotes the Vandermonde determinant throughout the paper. This corresponds to the fact that the
output process of the RSK correspondence applied to exponential data is an honest Markov chain,
for example see O’Connell (2003). Our first result is that a harmonic function for (S(n))n≥0 killed
when τ occurs can be given as follows.
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In the case λ1 = . . . = λd = λ > 0, let η1 := 0 and for j = 2, . . . , d let ηj be a sequence of
independent Gamma(j − 1, λ) random variables. We define

h(x1, . . . , xd) = E[∆(x1 + η1, . . . , xd + ηd)], x = (x1, . . . , xd) ∈W d.

For distinct λ1, . . . , λd and x = (x1, . . . , xd) ∈W d, we define

h(x1, . . . , xd) = e
∑d
i=1 λixidet(λi−ji e−λixj )di,j=1.

We will only specify the dependency on the rates as h(λ1,...,λd) when they differ from the rates used
in the exponential random variables.

Theorem 1.1. In the case λ1 = . . . = λd = λ > 0 and λ1 > . . . > λd then h defined above is a
solution to Ex[h(S(1))1{τ>1}] = h(x) satisfying h(x) > 0 for all x ∈W d.

In the case of equal drifts, this can be compared to the less explicit but more general formula for
such a harmonic function from Denisov and Wachtel (2010); Eichelsbacher and König (2008),

h(x) = ∆(x)− Ex(∆(S(τ))).

The disadvantage of this formula is that Ex(∆(S(τ))) is unknown. In Denisov and Wachtel (2010);
Eichelsbacher and König (2008) it was shown from such a formula that h(x) ∼ ∆(x) as xi+1−xi →∞
for each i = 1, . . . , d − 1 and this is sufficient to prove weak convergence of ordered random walks
to Dyson Brownian motion with d fixed. Nevertheless there are interesting questions about ordered
random walks which require a more detailed understanding of h. One example is where d is allowed
to grow with n, a problem of significant interest in understanding universality within the KPZ class.
The new formula in Theorem 1.1 is helpful in such questions, for example it leads to a Fredholm
determinant formula in Theorem 1.4 that could be used to understand process-level asymptotic
behaviour in various regimes.

The tail asymptotics of P(τ > n) and P(ρ > n) are given in terms of these harmonic functions as
follows. For sequences (an)n≥1 and (bn)n≥1 we write a(n) ∼ b(n) if a(n)/b(n) → 1 as n → ∞. We
define

ĥ(x1, . . . , xd) = h(−xd, . . . ,−x1), x ∈W d.

Theorem 1.2.
(i) If λ1 > . . . > λd then

Px(τ =∞) = h(x), x ∈W d.

(ii) If λ1 = . . . = λd = λ > 0 then uniformly for x ∈ W d and x ∈ int(W d) respectively with
xd − x1 = o(

√
n),

Px(τ > n) ∼ Xλd(d−1)/2h(x)n−d(d−1)/4, n→∞

Px(ρ > n) ∼ Xλd(d−1)/2∆(x)n−d(d−1)/4, n→∞
with

X =

∏d
j=1 Γ(j/2)

πd/2
∏d−1
j=1 j!

.

(iii) Suppose λ1 < . . . < λd and let λ̄ =
∑d

j=1 λj/d and λ∗ = (
∏d
i=1 λi)

1/d. Uniformly for x ∈ W d

and x ∈ int(W d) respectively with xd − x1 = o(
√
n)

Px(τ > n) ∼ Kλn
−αe−γne

∑d
i=1(λi−λ̄)xih(λ̄,...,λ̄)(x), n→∞

Px(ρ > n) ∼ Cλn−αe−γne
∑d
i=1(λi−λ̄)xi∆(x), n→∞

where γ = d log(λ̄/λ∗) ≥ 0 and α = (d−1)(d+1)
2 and the constant factors Kλ and Cλ are defined

in Equations (4.13) and (4.14).



1214 Denis Denisov and Will FitzGerald

With equal drifts, tail asymptotics have been considered in Denisov and Wachtel (2010); Eichels-
bacher and König (2008) and in works which require some smoothness on the cone Denisov and
Wachtel (2021). The theorem above extends existing results in various ways: considering different
drifts, ρ along with τ and uniformity in the starting positions. We also prove local limit theorems
in Section 4 and believe that our arguments could be extended to give some information about
next order terms in the asymptotic expansion. For completeness, it is known O’Connell (2003) that
Px(ρ =∞) = h(x) for x ∈ int(W d).

A step in the proof of its own interest is that we find an explicit transition density for the random
walk killed at τ in the form of a determinant. This is not a consequence of the Karlin-McGregor
formula since the jumps are not nearest-neighbour and the functions appearing in the matrix have
a dependency on the rows and columns in the matrix.

Proposition 1.3. For x, z ∈W d,

Px(S(n) ∈ dz, τ > n) =

d∏
j=1

λnj e
−

∑d
j=1 λj(zj−xj)det(qn+i−j(zj − xi))di,j=1dz

where qn(x) = 1
(n−1)!x

n−11{x>0} for n ≥ 1 and qn ≡ 0 for n ≤ 0.

In the proof of Theorem 1.2, case (i) can be analysed directly. For case (ii) we use a formula-
tion for the exit probability as a Pfaffian. The use of Pfaffians in this context is related to their
appearance in plane partitions Stembridge (1990), exit times from finite reflection groups Doumerc
and O’Connell (2005) and coalescing and annihilating particle systems FitzGerald et al. (2022);
Tribe and Zaboronski (2011). For case (iii) we first prove a local limit theorem in the case of equal
rates in Theorem 4.4 and then apply a change of measure. We believe that it is possible to obtain
tail asymptotics for all cases (λ1, . . . , λd) ∈ Rd by combining the methods used here with those in
Puchała and Rolski (2008). This would require introducing the notion of a stable partition and we
do not pursue this here.

In the case λ1 > . . . > λd and λ1 = . . . = λd = λ we define an ordered exponential random walk
(Z(n))n≥0 = (Z1(n), . . . , Zd(n))n≥0 as a Doob h-transform of (S(n))n≥0 killed when τ occurs using
the harmonic function from Theorem 1.1. We give a description of this construction in Appendix A.

When an ordered exponential random walk is started from zero then the largest particle satisfies
several process level identities. We summarise some identities and their proofs in Appendix B. One
example involves last passage percolation times. Let (eij)i≥1,1≤j≤d be an independent collection of
exponential random variables with rates λj > 0. We define last passage percolation times for n ≥ 1
and 1 ≤ k ≤ d by L(0, k) = 0 and

L(n, k) = max
π∈Π(n,k)

∑
(i,j)∈π

eij

where Π(n, k) is the collection of up-right paths from the point (1, 1) to the point (n, k). Then

(Zd(n))n≥0
d
= (L(n, d))n≥0. (1.1)

The proofs of various identities of a similar form to (1.1) often involve the construction of a process
on a Gelfand-Tsetlin pattern where the bottom layer is a process satisfying an interlacing condition.
In Appendix B we show that there are also natural processes on Gelfand-Tsetlin patterns where the
bottom layer satisfies an ordering condition.

When (Z(n))n≥0 is not started from zero the identity (1.1) no longer holds. Our next result
shows that for general initial conditions the distribution of the processes of the largest and smallest
particles can be described by a Fredholm determinant. Let fn be the probability density function
of a Gamma(n, 1) random variable.
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Theorem 1.4. Let Z1(0) = x1, . . . , Zd(0) = xd and λ1 = . . . = λd = 1. Let A be an invertible
matrix with entries given for k, l = 1, . . . , d by

Akl =

∫ ∞
xk

fn−d+k(z − xk)zl−1dz = E((xk + ηn−d+k)
l−1)

where ηj ∼ Gamma(j − 1, 1). If n1 ≥ d− 1, the largest particle satisfies

Px(Zd(n1) ≤ ξ1, . . . , Zd(nm) ≤ ξm) = det(I − χ̄ξKχ̄ξ)l2({n1,...nk}×N

where χ̄ξ(nj , y) = 1{y>ξj} and the extended kernel K is given by

K(ni, y;nj , z) = −fnj−ni(z − y)1{i<j}

+
d∑

k,l=1

∫ ∞
y

fnm−ni(u− y)uk−1du(A−1)lkfnj−d+l(z − xl).

Let B be an invertible matrix with entries given for k, l = 1, . . . , d by

Bkl =

∫ ∞
xk

fn−1+k(z − xk)zl−1dz = E((xk + ηn−1+k)
l−1).

If nm − nm−1 ≥ d− 1 then the smallest particle satisfies

Px(Z1(n1) ≥ ξ1, . . . , Z1(nm) ≥ ξm) = det(I − χξKχξ)l2({n1,...nk}×N

where χξ(nj , y) = 1{y<ξj} and the extended kernel K is given by

K(ni, y;nj , z) = −fnj−ni(z − y)1{i<j}

+

d∑
k,l=1

∫ ∞
y

fnm−ni(u− y)uk−1du(B−1)lkfnj−1+l(z − xl).

The distribution of the conditioned process can be expressed in terms of the harmonic function
in Theorem 1.1 and the transition density in Proposition 1.3. However, the usual route to obtain a
Fredholm determinant by the Eynard-Mehta theorem does not apply since neither are in the right
form as determinants. The main idea to circumvent this difficulty is that the harmonic function in
Theorem 1.1 and transition density in Proposition 1.3 both have expressions as determinants where
the functions appearing in the matrix satisfy derivative and integral relations. This is more remi-
niscent of the study of interacting particle systems with local interactions in the KPZ universality
class, eg. Borodin and Ferrari (2014); Schütz (1997); Warren (2007) and it is surprising to see this
idea appear in ordered random walks.

The rest of the paper is structured as follows. In Section 2 we prove Theorem 1.1 along with
further properties of the harmonic function. In Section 3 we give an expression for the transition
density of exponential random walks killed when τ occurs and prove uniform bounds. In Section 4
we prove Theorem 1.2 along with local limit theorems. In Section 5 we prove Theorem 1.4. In
Appendix A we give a brief recap on Doob h-transforms. In Appendix B we consider the connections
between ordered exponential random walks, last passage percolation, tandem queueing networks and
push-block dynamics.
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2. Harmonic functions

2.1. Proof of Theorem 1.1. Suppose that h solves Ex[h(S(1))1{τ>1}] = h(x). The defining equation
for h can be written as

h(x) =

(
d∏
j=1

λj

)∫ ∞
0

dad

∫ xd−xd−1+ad

0
dad−1 . . .

∫ x2−x1+a2

0
da1

×
(
e−

∑d
i=1 λiaih(x1 + a1, . . . , xd + ad)

)
.

After a substitution b1 = x1 + a1, . . . , bd = xd + ad then h solves

h(x) =

(
d∏
j=1

λj

)∫ ∞
xd

dbd

∫ bd

xd−1

dbd−1 · · ·
∫ b2

x1

db1e
∑d
i=1 λi(xi−bi)h(b1, . . . , bd).

Letting g(x1, . . . , xd) := e−
∑d
i=1 λixih(x1, . . . , xd) we can rewrite this as

g(x) =

(
d∏
j=1

λj

)∫ ∞
xd

dbd

∫ bd

xd−1

dbd−1 · · ·
∫ b2

x1

db1g(b1, . . . , bd). (2.1)

Differentiating with respect to x1, x2, . . . , xd we obtain that g satisfies the differential equation

gx1x2...xd = (−1)d
(

d∏
j=1

λj

)
g(x1, . . . , xd) (2.2)

along with the boundary conditions

gxd(x) = 0, xd = xd−1 (2.3)
gxd−1

(x) = 0, xd−1 = xd−2

. . .

gx2(x) = 0, x2 = x1.

We can also formulate the above as the following equation for h:(
λ1I −

∂

∂x1

)
· · ·
(
λdI −

∂

∂xd

)
h(x) =

(
d∏
j=1

λj

)
h(x) (2.4)

with boundary conditions

λdh(x) = hxd(x), xd = xd−1 (2.5)
λd−1h(x) = hxd−1

(x), xd−1 = xd−2

. . .

λ2h(x) = hx2(x), x2 = x1.

Direct substitution shows that if g or h satisfies the partial differential equations and boundary
condition above then they solve (2.1).

Proof of Theorem 1.1: Let λ1 > . . . > λd. By differentiating the Leibniz formula for the determi-
nant, g(x) = det(λi−ji e−λixj )di,j=1 solves

gx1x2...xd = (−1)d

(
d∏
j=1

λj

)
g.
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To show the boundary condition (2.3) note that for j ≥ 2 the j-th and (j− 1)-th columns of gxj are
equal up to a sign on {xj = xj−1}. This proves Theorem 1.1 for distinct rates apart from the strict
positivity which we defer to Lemma 2.3. This expresses h as an expectation over a strictly positive
random variable.

Consider now the case of equal rates λ1 = . . . = λd = λ > 0. We set λ = 1 and can recover the
general case by scaling. Our plan is to verify (2.4) and boundary conditions (2.3).

To verify (2.4) let L =

(
I − ∂

∂x1

)
· · ·
(
I − ∂

∂xd

)
and apply I − ∂

∂xj
to the corresponding row to

obtain that

L∆(x) =

∣∣∣∣∣∣∣
1 x1 − 1 · · · xd−2

1 − (d− 2)xd−3
1 xd−1

1 − (d− 1)xd−2
1

...
...

. . .
...

...
1 xd − 1 · · · xd−2

d − (d− 2)xd−3
d xd−1

d − (d− 1)xd−2
d

∣∣∣∣∣∣∣
After applying column operations the right hand side equals ∆(x). Hence,

Lh1(x) = LE[∆(x1 + η1, . . . , xd + ηd)] = E[L∆(x1 + η1, . . . , xd + ηd)]

= E[∆(x1 + η1, . . . , xd + ηd)] = h1(x).

This part of the argument works for any choice of ηj and we choose independent random variables
ηj ∼ Gamma(j − 1, 1) to satisfy the boundary conditions.

We show the formulation in (2.3). It is convenient to rewrite the expectations over Gamma
random variables as integrals. For j ≥ 2

E[(xj + ηj)
i−1] =

1

(j − 2)!

∫ ∞
xj

ui−1(u− xj)j−2e−u+xjdu

= (−1)j−1exjφ
(1−j)
i (xj). (2.6)

Therefore
g(x1, . . . , xd) = det((−1)j−1φ

(1−j)
i (xj))

d
i,j=1 (2.7)

where the exchange of the determinant and expectation uses the independence of the ηj . For j ≥ 2

gxj (x) = 0, xj = xj−1

since two columns in the matrix are equal and hence the determinant is zero. Therefore (2.3) holds.
Again we defer the positivity of h to Lemma 2.3. �

2.2. Alternative representations for the harmonic function. With equal rates λ1 = . . . = λd = 1
we have three different representations for a strictly positive harmonic function on W d satisfying
h(x) = Ex[h(S(n)); τ > n]. For i ≥ 1 let φi(x) = xi−1e−x and for j ≥ 1 let φ(j)

i be the j-th derivative
of φi and φ

(−j)
i (x) = (−1)j

∫∞
x

(u−x)j−1

(j−1)! φi(u)du. Here, note that this notation is consistent, that is
d
dxφ

(−j)
i (x) = φ

(1−j)
i (x). For x ∈W d,

h1(x) = Ex[∆(x1 + η1, . . . , xd + ηd)]

h2(x) = e
∑d
j=1 xjdet((−1)d−jφ

(d−j)
i (xj))

d
i,j=1

h3(x) = ∆(x)− Ex[∆(S(τ))] = lim
n→∞

Ex[∆(S(n)); τ > n].

The two expressions for h3 are equal, see Denisov and Wachtel (2010).

Lemma 2.1. h1(x) = h2(x) for all x ∈W d.
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Proof : From (2.6) we have

h1(x) = e
∑d
j=1 xjdet((−1)j−1φ

(1−j)
i (xj))

d
i,j=1, x ∈W d.

Reformulating Lh = h as gx1x2...xd = (−1)dg(x1, . . . , xd) we obtain that

gxd−1
1 xd−1

2 ...xd−1
d

= g(x1, . . . , xd).

Recall the expression for g in (2.7) and bring the derivatives in xj into the j-th column of the matrix
(as well as redistributing negative signs) to obtain

e
∑d
j=1 xjdet((−1)d−jφ

(d−j)
i (xj))

d
i,j=1 = e

∑d
j=1 xjdet((−1)j−1φ

(1−j)
i (xj))

d
i,j=1.

Therefore h1 = h2. �

It can be shown that h1 = h3. This relates our work to the general work on ordered random
walks in Denisov and Wachtel (2010); Eichelsbacher and König (2008) and cones in Denisov and
Wachtel (2015). We omit a direct proof since it is not needed in our arguments and there are some
tedious details in the proof. Instead the fact that h1 = h3 can be observed once Theorem 1.2 is
established by comparing with Theorem 1 in Denisov and Wachtel (2010).

We briefly remark that much of the above also holds for ordered random walks with geometric
increments. For j = 1, . . . , d, let Xj ∼ Geom(1 − qj) with the convention P(Xj = k) = (1 − qj)qkj
for k ∈ N0. In this case, the corresponding harmonic function in Theorem 1.1 is given for distinct
rates by

d∏
j=1

q
−xj
j det

((
qi

1− qi

)j−1

q
xj
i

)d
i,j=1

.

2.3. Coupling between ordered and interlaced random walks. Let (eij : 1 ≤ i < j ≤ d) be an
independent collection of exponential random variables such that eij has rate λj > 0 for all 1 ≤ i <
j ≤ d. Let (V i

j : 0 ≤ i < j ≤ d) be defined inductively by V 0
j := 0 and V i

j = V i−1
j + eij . Let A

denote the event that xj + V i
j ≤ xj+1 + V i

j+1 for all 1 ≤ i < j < d. Let Ψ = (0, V 1
2 , . . . , V

d−1
d ).

We now define two different random walks from the same independent family of exponen-
tial random variables (Xij)i≥1,1≤j≤d with rates λj > 0. Define a random walk (S(n))n≥0 =
(S1(n), . . . ,Sd(n))n≥0 starting from the random initial condition S(0) = x + Ψ for 1 ≤ j ≤ d
and k ≥ 1 by

Sj(k) = Sj(k − 1) +Xkj .

Secondly define a random walk (S(n))n≥0 = (S1(n), . . . , Sd(n))n≥0 by Sj(0) = xj for j = 1, . . . , d,

Sj(i) = xj + V i
j for 1 ≤ i < j ≤ d

Sj(k) = Sj(k − 1) +Xk−j+1,j for 1 ≤ j ≤ d, k ≥ j.
These random walks are related by

Sj(k) = Sj(k + j − 1).

For any 1 ≤ j ≤ d− 1 the condition that

Sj(k) ≤ Sj+1(k − 1)

is equivalent to the condition that

Sj(k + j − 1) ≤ Sj+1(k + j − 1).

Therefore the event that (S(n))n≥0 started from x1 ≤ . . . ≤ xd is ordered for all time is equivalent
to the event that A holds and (S(n))n≥0 started from the random initial condition x+ Ψ interlaces
for all time. Recall that A is an ordering condition associated to the definition of Ψ. It is possible to
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S1(1)

S1(2) S2(1)

S1(3) S2(2) S3(1)

S1(4) S2(3) S3(2)

≤ ≤

≤ ≤

≤≤

≤ ≤

x3 + V 2
3

x3 + V 1
3x2 + V 1

2

Figure 2.1. An ordered random walk represented as an interlaced random walk
with a random initial condition. The columns correspond to particles in both pro-
cesses. A fixed row gives the fixed time positions of the ordered random walk and
time increases upwards.

define other variants of these couplings which become particularly simple in the case when xj = 0
for all j = 1, . . . , d, see Appendix B.

We now apply this idea to the representation of P(τ > n) and P(S(n) ∈ dy, τ > n) which will be
used in Section 4.

Let (γij : i+j ≤ d) be an independent collection of exponential random variables such that γij has
rate λj > 0. Let (U ij : i+j ≤ d) be defined inductively by U0

j := 0 and U ij = U i−1
j +γij . Let B denote

the event that zj − U ij ≤ zj+1 − U ij+1 for all i + j < d. Let Φ = (Ud−1
1 , . . . , U1

d−1, 0). If we reverse
signs then the series of inequalities become −zj+1 +U ij+1 ≤ −zj +U ij . These inequalities correspond
to the event A with the choices that xj = −zd+1−j along with V i

j = U id+1−j and Ψj = Φd+1−j for
j = 1, . . . , d.

Lemma 2.2.
(i) For n ≥ d,

Px(S(n) ∈ dz, τ > n) = Ex[Px+Ψ(S(n− d+ 1) + Φ ∈ dz, ρ > n− d+ 1);A,B]

(ii) For n ≥ d,

Ex[Px+Ψ(ρ > n);A] ≤ Px(τ > n) ≤ Ex[Px+Ψ(ρ > n− d+ 1);A]

Proof : Part (i) follows directly from the coupling described in this Section. Ψ is a random initial
condition associated with the ordering condition A. We then run an exponential random walk for
time n− d− 1 where the ordering condition has been shifted into an interlacing condition. At the
end we need to add on a random variable Φ in order to recover the particle positions at a fixed time
in the original random walk. The event B is an ordering condition associated to Φ.

Part (ii) is similar. Instead of adding on Φ, we impose the interlacing condition for either n or
n− d+ 1 steps to give lower and upper bounds. �

2.4. Relations between harmonic functions. To use the coupling in Section 2.3 we need the following
relationships between harmonic functions.

Lemma 2.3.
(i) If λ1 = . . . = λd = 1 then E[∆(x+ Ψ);A] = h(x) for x ∈W d.
(ii) If λ1, . . . , λd are distinct then

E
[
e
∑d
j=1 λj(xj+Ψj)det(e−λi(xj+Ψj))di,j=1;A

]
= h(λ1,...,λd)(x), x ∈W d.



1220 Denis Denisov and Will FitzGerald

(iii) For simplicity set λ̄ = 1. Then for x ∈W d,
d∏
j=1

λ1−j
j E

[
e
∑d
i=1(λi−1)(xi+Ψi)∆(x+ Ψ);A

]
= e

∑d
i=1(λi−1)xih(x).

Proof : We start by proving (i). We can remove the indicator functions appearing in the expectation
on the left hand side of (i) using the following argument based on row operations in the determinant.
Define a sequence of sets (Jk)

d(d−1)/2
k=0 by J0 = {(i, j) : 1 ≤ i < j ≤ d} and inductively defining

Jk = Jk−1\{(r, s)} where (r, s) is the maximal element in Jk under an ordering in which (i, j) > (k, l)
if either i > k or if i = k and j > l. Thus Jd(d−1)/2 = ∅. Let D(Ψ) = det((xi + Ψi)

j−1)di,j=1. Then

E
[
D(Ψ)

∏
(i,j)∈Jk−1

1{xj+V ij ≤xj+1+V ij+1}
]

= E
[
D(Ψ)

∏
(i,j)∈Jk

1{xj+V ij ≤xj+1+V ij+1}
]

− E
[
D(Ψ)1{xs+V rs >xs+1+V rs+1}

∏
(i,j)∈Jk

1{xj+V ij ≤xj+1+V ij+1}
]
. (2.8)

By construction, there is no indicator function in the product over Jk involving any of the random
variables V r

s , . . . , V
s−1
s , V r

s+1, . . . , V
s
s+1. On the event, xs + V r

s > xs+1 + V r
s+1 using lack of memory

xs + Ψs
d
= xs+1 + V r

s+1 + ζ
(1)
s−r where ζ(1)

s−r ∼ Gamma(s − r, 1). By definition, xs+1 + Ψs+1
d
=

xs+1 + V r
s+1 + ζ

(2)
s−r where ζ(2)

s−r ∼ Gamma(s − r, 1). Both ζ
(1)
s−r and ζ

(2)
s−r are independent of all

other random variables and after taking expectations the s-th and (s + 1)-th rows agree and the
final term in (2.8) vanishes. This means we can successively remove all of the indicator functions
from E[∆(x + Ψ);A]. Once the indicator functions have been removed Ψj ∼ Gamma(j − 1, 1) are
independent random variables so that

E[∆(x+ Ψ);A] = E[∆(x+ Ψ)] = h(x).

For part (ii) we can remove the indicator function on A by a similar argument. Equation (2.8)
holds with D(Ψ) = e

∑d
i=1 λi(xi+Ψi)det(e−λi(xj+Ψj))di,j=1. By a similar argument, on the event {xs +

V r
s > xs+1 + V r

s+1},

xs + Ψs
d
= xs+1 + V r

s+1 + ζ(1)

xs+1 + Ψs+1
d
= xs+1 + V r

s+1 + ζ(2)

where ζ(1) ∼ Gamma(s− r, λs) and ζ(2) ∼ Gamma(s− r, λs+1) are independent of all other random
variables. Therefore the (i, s) and (i, s+ 1) entries in the matrix defining the determinant

E
[
D(Ψ)1{xs+V rs >xs+1+V rs+1}

∏
(i,j)∈Jk

1{xj+V ij ≤xj+1+V ij+1}
]

(2.9)

are given by

e(λs−λi)(xs+1+V rs+1+ζ(1)),

e(λs+1−λi)(xs+1+V rs+1+ζ(2)).

The random variables ζ(1) and ζ(2) are independent of the remaining random variables and we can
find the expectations

E(e(λs−λi)ζ(1)) = λs−rs λr−si

E(e(λs+1−λi)ζ(2)) = λs−rs+1λ
r−s
i .

We now take the factors λs−rs eλs(xs+1+V rs+1) and λs−rs+1e
λs+1(xs+1+V rs+1) which only depend on the index

of the column outside of the determinant as prefactors. After doing this the s-th and (s + 1)-th
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column both have (i, s) and (i, s+ 1) entry given by λr−si e−λi(xs+1+V rs+1). Therefore (2.9) vanishes.
This means the indicator function on A can be removed after which we can compute

E
[
e
∑d
i=1 λi(xi+Ψi)det(e−λi(xj+Ψj))di,j=1

]
= e

∑d
i=1 λixidet

(
e−λixjE[e(λj−λi)Ψj ]

)d
i,j=1

= e
∑d
i=1 λixidet

(
e−λixj

(
λj
λi

)j−1)d
i,j=1

= e
∑d
i=1 λixidet

(
e−λixjλi−ji

)d
i,j=1

= h(x).

Part (iii) follows from the fact that
∏d
j=1 λ

1−j
j e

∑d
i=1(λi−1)Ψi can be viewed as a change of measure

after which the V i
j all have rates λ̄ = 1. Therefore the proof follows as in part (i). �

2.5. Further properties of h.

Lemma 2.4. For all x ∈W d

lim
λ1,...,λd→1

h(λ1,...,λd)(x)

∆(λd, . . . , λ1)
=

h(x)∏d−1
j=1 j!

. (2.10)

Proof : We have

h(λ1,...,λd)(x) =

(
d∏
i=1

λi−di

)
e
∑d
i=1 λixidet

(
(−1)d−j

( d
dx

)d−j
e−λixj

)d
i,j=1

.

We fix x and view h(λ1,...,λd)(x) as a function in the λi. A standard fact is that for functions
ϕ1, . . . , ϕd which are differentiable d− 1 times at −λ we have

lim
λ1,...,λd→λ

det(ϕi(−λj))di,j=1

∆(λd, . . . , λ1)
=

det(ϕ
(j−1)
i (−λ))di,j=1∏d−1

j=1 j!
. (2.11)

Commuting the derivatives in xj and λj in the determinant gives

lim
λ1,...,λd→1

h(λ1,...,λd)(x)

∆(λd, . . . , λ1)
=
e
∑d
j=1 xj∏d−1
j=1 j!

det((−1)d−jφ
(d−j)
i (xj))

d
i,j=1. �

Lemma 2.4 is useful for proving convergence of h-transformed processes. It is not clear how it
could be used in Theorem 1.2, for example to deduce part (ii) from part (i), since this would require
commuting limits.

3. Transition densities and uniform bounds

Although the Karlin-McGregor formula does not apply in this setting, the condition x ≺ z and
hence the transition density of S(n) killed at ρ can be expressed in terms of a determinant. Let

qn(x) =
1

(n− 1)!
xn−11{x>0} for n ≥ 1 and qn ≡ 0 for n ≤ 0.



1222 Denis Denisov and Will FitzGerald

Then for x, z ∈ int(W d),

G̃n(x, z)dz := Px(S(n) ∈ dz; ρ > n)

=

(
d∏
j=1

λnj

)
e−

∑d
j=1 λj(zj−xj)det(qn(zj − xi))di,j=1dz. (3.1)

Let fn denote the probability density function of a Gamma(n, 1) random variable for n ≥ 0 and
fn = 0 for n < 0. In the case where λ1 = . . . = λd = 1 an alternative expression for the transition
density is

G̃n(x, z) = det(fn(zj − xi))di,j=1. (3.2)

Equation (3.1) is closely related to some of the arguments used in Borodin et al. (2007). It can be
proven by starting with the case n = 1 and then applying the Andréief (or Cauchy-Binet) identity:
for a Borel measure ν and functions fi, gi ∈ L2(R, ν) for 1 ≤ i ≤ d,∫

W d

det(fi(xj))di,j=1det(gi(xj))
d
i,j=1

d∏
i=1

ν(dxi) = det
(∫

R
fi(x)gj(x)ν(dx)

)d
i,j=1

.

Proposition 1.3 states that the transition density can also be written as a determinant when ρ is
replaced by τ . For all n ≥ 1 define

Gn(x, z)dz := Px(S(n) ∈ dz, τ > n), x, z ∈W d.

Wemay specify the dependency on the rates usingG(λ1,...,λd)
n and G̃(λ1,...,λd)

n .We observe the following
integral and derivative relations which will be useful in proving Theorem 1.4: for all k, n ≥ 1

dk

dxk
qn(x) = qn−k(x), x > 0, (3.3)∫ x

0

(x− u)k−1

(k − 1)!
qn(u)du = qn+k(x), x > 0. (3.4)

Define independent random variables χd = 0 and χj ∼ Gamma(d− j, 1) for j = 1, . . . , d− 1 and
η1 = 0 and ηj ∼ Gamma(j − 1, 1) for j = 2, . . . , d. An alternative form for the transition density in
Proposition 1.3 with n ≥ d and x, z ∈W d is

Gn(x, z) =
d∏
j=1

λnj e
−

∑d
j=1(λj−1)(zj−xj)E

[
det(fn−d+1(zj − χj − xi − ηi))di,j=1

]
.

To prove the alternative form will follow from Proposition 1.3 note first that

Efn(t− ηm) =

∫ t

0
dzfm−1(z)fn(t− z) = fn+m−1(t). (3.5)

We can rewrite first

Gn(x, z) =

d∏
j=1

λnj e
−

∑d
j=1(λj−1)(zj−xj)det(fn+i−j(zj − xi))di,j=1.

Then, using (3.5) two times one can see that

fn+i−j(zj − xi) = Efn+1−j(zj − xi − ηi) = Efn−d+1(zj − χj − xi − ηi).



Ordered exponential random walks 1223

Therefore,

Gn(x, z) =
d∏
j=1

λnj e
−

∑d
j=1(λj−1)(zj−xj)det(Efn−d+1(zj − χj − xi − ηi))di,j=1

=
d∏
j=1

λnj e
−

∑d
j=1(λj−1)(zj−xj)E[det(fn−d+1(zj − χj − xi − ηi))di,j=1].

When λ1 = . . . = λd = 1 we obtain the following connection between G and G̃

Gn(x, z) = E[det(fn−d+1(zj − χj − xi − ηi))di,j=1]

= E[G̃n−d+1(x+ (η1, . . . , ηd), z − (χ1, . . . , χd)], (3.6)

where we have also made use of (3.2).
To prove Proposition 1.3 we need the following Lemma.

Lemma 3.1. For any x, z ∈W d and any n,m ≥ 1,∫
W d

det(qn+i−j(yj − xi))di,j=1det(qm+i−j(zj − yi))di,j=1dy1 . . . dyd

= det(qn+m+i−j(zj − xi))di,j=1.

Proof : The qn satisfy derivative and integral relations (3.3) and (3.4). Therefore this is Lemma 5
(ii) of FitzGerald and Warren (2020). �

Proof of Proposition 1.3: The one-step transition density for ordered exponential random walks is
given for x, y ∈W d by

G1(x, y) =
d∏
i=1

λie
−

∑d
i=1 λi(yi−xi)det(q1+i−j(yj − xi))di,j=1

since the matrix is lower triangular. This is simply rewriting the transition density of independent
random walks with the ordering condition then imposed by constraining that y ∈W d. The advan-
tage of this rewriting is that we can apply Lemma 3.1 to conveniently integrate over y ∈ W d and
find the two-step transition density

G2(x, z) =

∫
W d

(
d∏
i=1

λ2
i

)
e−

∑d
i=1 λi(zi−xi)det(q1+i−j(yj − xi))di,j=1

· det(q1+i−j(zj − yi))di,j=1dy1 . . . dyd

=

(
d∏
i=1

λ2
i

)
e−

∑d
i=1 λi(zi−xi)det(q2+i−j(zj − xi))di,j=1.

The statement can then be proved inductively by using Lemma 3.1. �

Alternative proof of Proposition 1.3: We now give an alternative proof for n ≥ d. This argument is
inspired by the proof of the LGV lemma, see e.g. Theorem 1 in Gessel and Viennot (1989). We
will give this proof for λ1 = · · · = λd = 1. The general case can be treated by using the change of
measure. In this case one can rewrite the proposed transition density as

det(fn+i−j(zj − xi))di,j=1, x, z ∈W d. (3.7)

We will now construct an auxillary model. Here we have d random walks Ŝi(n) starting at xi at
time d − i and arriving at zi at time n + d − i, which correspond to (Si(k))nk=0 starting at xi and



1224 Denis Denisov and Will FitzGerald

•

•

•
•A
•O

•B

•

xi′

xi

zπ(i′)

zπ(i)

Figure 3.2. Construction of one-to-one correspondence in the alternative proof of
Proposition 1.3.

arriving at zi. We let Ŝi(k) = ∂ for some fictitious state ∂ when k < d − i or k > n + d − i. We
denote the corresponding probability measure with Px.

More generally for a permutation π ∈ Sd we consider a random walk Ŝi(n) that starts at xi at
time d− i and arrives at zπ(i) at time n+ d− π(i), which has n+ i− π(i) steps and has the same
distribution as (Si(k))

n+i−π(i)
k=0 starting at xi and arriving at zπ(i).

Let τ̂ be the following stopping time

τ̂ := min{k ≥ 1: Ŝi(k) > Ŝi+1(k − 1) for some i = 1, . . . , d− 1},

where as usual τ̂ =∞ if the minimum is taken over the empty set. Then

Px(S(n) ∈ dz, τ > n) = Px(Ŝi(n+ d− i) ∈ dzi, i = 1, . . . , d, τ̂ =∞)

=
∑
π∈Sd

sgn(π)Px(Ŝi(n+ d− π(i)) ∈ dzπ(i), i = 1, . . . , d, τ̂ =∞).

The second equality holds since z ∈W d and hence all probabilities are equal to zero unless π is the
identity permutation. Note also that by the construction of Ŝ(n)

Gn(x, z)dz =
∑
π∈Sd

sgn(π)Px(Ŝi(n+ d− π(i)) ∈ dzπ(i), i = 1, . . . , d).

Hence, we are left to prove that∑
π∈Sd

sgn(π)Px(Ŝi(n+ d− π(i)) ∈ dzπ(i), i = 1, . . . , d, τ̂ <∞) = 0. (3.8)

On the event τ̂ < ∞ we have two cases: one case when the edges of (Ŝ(n)) have non-empty
intersections, see Figure 3.2, and the second case when the last value of a path exceeds the last
value of another path.

We will consider the first case carefully; the second case can be considered similarly. On the event

{Ŝi(n+ d− π(i)) ∈ dzπ(i), i = 1, . . . , d, τ̂ <∞}

let i be the smallest integer for which (Ŝi) has a non-empty intersection with another path. Let A
be the first vertex, where this intersection happens and i′ > i be the smallest number corresponding
to the path (Ŝi′), which intersected (Ŝi). Denote as O the second vertex corresponding to the path
i′ and as B the second vertex corresponding to the path i, see Figure 3.2.
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Then |AB| is an overshoot of random walk, which has exponential distribution in view of the
memoryless property of the exponential distribution and is independent of anything else. |OA| also
has an exponential distribution independent of anything else. Hence we can swap the trajectories
of the paths i and i′ after point A without affecting the distribution. This gives a one-to-one
correspondence between π and π′ with i and i′ permuted. As sgn(π) = −sgn(π′) this implies (3.8).

�

Proposition 3.2. Let λ1 = · · · = λd = 1. Let x = (x1, . . . , xd) ∈W d.

(i) There exists a constant Cd such that for n ≥ 2d,

Px(τ > n) ≤ Cd
h(x)

nd(d−1)/4
(3.9)

Px(ρ > n) ≤ Cd
∆(x)

nd(d−1)/4
. (3.10)

(ii) In addition, let z = (z1, . . . , zd) ∈ W d. There exists a constant Cd that does not depend on x
and z such that for n ≥ 2d,

Gn+d(x, z) ≤
Cd

nd2/2
h(x)ĥ(z), (3.11)

G̃n(x, z) ≤ Cd

nd2/2
∆(x)∆(−z). (3.12)

We prove this by a sequence of Lemmas and start with part (ii). In view of (3.6) to estimate
Gn(x, z) it is sufficient to estimate G̃n(x, z). Let

ϕ(θ) :=
λ

λ− iθ

be the characteristic function of Γ(1, λ) distribution. We have the following representation for
G̃n(x, y).

Lemma 3.3. Let λ1 = · · · = λd = λ. For any x, y ∈W d,

G̃n(x, y) =

(
1

2π

)d ∫
W d

det

(
e−iθjyk

)d
j,k=1

det

(
eiθjxk

)d
j,k=1

d∏
k=1

(ϕ(θk))
ndθk.

Proof : Using the inversion formula for characteristic functions we obtain

G̃n(x, y) =

(
1

2π

)d ∫
Rd

det
(
e−iθj(yk−xj)

)d
j,k=1

d∏
j=1

(ϕ(θj))
ndθj .

Using the standard properties of the determinant we can write

G̃n(x, y) =

(
1

2π

)d ∫
Rd

det
(
e−iθjyk

)d
j,k=1

ei
∑d
j=1 θjxj

d∏
k=1

(ϕ(θk))
ndθk.
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Next we split the d-dimensional cube to obtain that G̃n(x, y) equals(
1

2π

)d∑
σ

∫
θσ(1)<...<θσ(d)

det
(
e−iθjyk

)d
j,k=1

e
∑d
j=1 iθjxj

d∏
k=1

(ϕ(θk))
ndθk

=

(
1

2π

)d∑
σ

∫
θ1<...<θd

det
(
e−iθσ(j)yk

)d
j,k=1

ei
∑d
j=1 θσ(j)xj

d∏
k=1

(ϕ(θk))
ndθk

=

(
1

2π

)d∑
σ

(−1)σ
∫
θ1<...<θd

det
(
e−iθjyk

)d
j,k=1

ei
∑d
j=1 θσ(j)xj

d∏
k=1

(ϕ(θk))
ndθk

=

(
1

2π

)d ∫
θ1<...<θd

det
(
e−iθjyk

)d
j,k=1

det
(
eiθjxk

)d
j,k=1

d∏
k=1

(ϕ(θk))
ndθk. �

Lemma 3.4. For any real x1, . . . , xd and θ1 < . . . < θd we have∣∣∣∣det

(
e−iθjxk

)d
j,k=1

∣∣∣∣ ≤ Cd∆(θ)∆(x).

Proof : The proof follows by observing that combination of formulae (3.2) and (3.4) in Shatashvili
(1993) gives a representation as a product of Vandermonde determinant ∆(iθ) and an integral
over the Gelfand-Tsetlin polytope. Then noting that the integrand is bounded we arrive at the
conclusion. �

Lemma 3.5. Let λ1 = · · · = λd = 1. There exists a constant Cd such that

G̃n(x, y) ≤ Cd
∆(x)∆(y)

nd2/2
, x, y ∈W d, n ≥ 2d.

Proof : Combining Lemma 3.3 and Lemma 3.4 we obtain that

G̃n(x, y) ≤ Cd∆(x)∆(y)

∫
θ1<...<θd

∆(θ)2
d∏
j=1

|ϕ(θj)|ndθj

= Cd
∆(x)∆(y)

nd2/2

∫
θ1<...<θd

∆(θ)2
d∏
j=1

∣∣∣∣ϕ( θj√
n

)∣∣∣∣ndθj
= Cd

∆(x)∆(y)

nd2/2

∫
θ1<...<θd

∆(θ)2
d∏
j=1

1

(1 + θ2
j/n)n/2

dθj .

Here and in the rest of the proof Cd denotes constants which might change from line to line. Analysis
of the integral shows that it is uniformly bounded. Indeed, first note that

∆(θ) ≤ Cd
( d∏
j=1

max(|θj |, 1)

)d−1

.

Then, the integral is bounded by∫
θ1<...<θd

∆(θ)2
d∏
j=1

1

(1 + θ2
j/n)n/2

dθj ≤ Cd
∫ d∏

j=1

max(|θj |, 1)2d−2

(1 + θ2
j/n)n/2

dθj

= Cd

(∫ ∞
−∞

max(|θ|, 1)2d−2

(1 + θ2/n)n/2
dθ

)d
≤ 2dCd

(
1 +

∫ ∞
1

θ2d−2

(1 + θ2/n)n/2
dθ

)d
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Next we make use of the inequality ln(1 + t) ≥ t− t2, t > −1
2 to obtain∫ √n/2

1

θ2d−2

(1 + θ2/n)n/2
dθ ≤

∫ √n/2
1

θ2d−2 exp

(
− n

2
ln

(
1 +

θ2

n

))
dθ

≤
∫ √n/2

1
θ2d−2 exp

(
− θ2

2
+
θ4

2n

)
dθ ≤

∫ ∞
1

θ2d−2 exp

(
− θ2

4

)
dθ

Next, we estimate the remaining part of the integral∫ ∞
√
n/2

θ2d−2

(1 + θ2/n)n/2
dθ = nd−1/2

∫ ∞
√

1/2

θ2d−2

(1 + θ2)n/2
dθ.

We can further estimate

nd−1/2

∫ ∞
√

1/2

θ2d−2

(1 + θ2)n/2
dθ ≤ nd−1/2

(3/2)n/2−d+1/4

∫ ∞
√

1/2

θ2d−2

(1 + θ2)d−1/4
dθ

≤ nd−1/2

(3/2)n/2−d+1/4

∫ ∞
√

1/2

dθ

θ3/2
,

which is uniformly (in n) bounded. �

Proof of Proposition 3.2 (ii): The required uniform bound for G̃n(x, y) is contained in Lemma 3.5.
Then using (3.6) we obtain

Gn+d−1(x, z) ≤ Cd

nd2/2
E∆(x1 + η1, . . . , xd + ηd)E∆(z1 − χ1, . . . , zd − χd).

This proves (3.11) by using that

E[∆(z1 − χ1, . . . , zd − χd)] = E[∆(−zd + χd, . . . ,−z1 + χ1)]

= h(−zd, . . . ,−z1) = ĥ(z). �

Lemma 3.6. Let λ1 = · · · = λd = 1.
(i) Then, for x, y ∈W d and n ≥ 2d,

G̃n(x, y) ≤ Cde
− |

∑d
i=1(yi−xi)−dn|√

n
∆(x)∆(y)

nd2/2

Gn(x, y) ≤ Cde
− |

∑d
i=1(yi−xi)−dn|√

n
h(x)ĥ(y)

nd2/2
.

(ii) If, in addition, maxj(yj − yj−1) ≤ n1/2 and maxj(xj − xj−1) ≤ n1/2 then

G̃n(x, y) ≤ Cde
−d |y1−x1−n|√

n
∆(x)∆(y)

nd2/2

Gn(x, y) ≤ Cde
−d |y1−x1−n|√

n
h(x)ĥ(y)

nd2/2
.

Proof : Fix λ > 0. We will start with the change of measure. Let f (λ)
n be the density of the Γ(n, λ)

distribution and let G̃(λ)
n (x, y) = det(f

(λ)
n (yj − xi))di,j=1. We have, for λ > −1,

G̃n(x, y) = det(f (1)
n (yj − xi))di,j=1

= det(eλ(yj−xi)(1 + λ)−nf (1+λ)
n (yj − xi))di,j=1

= eλ
∑d
i=1(yi−xi)−dn ln(1+λ)G̃(1+λ)

n (x, y).
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Now make use of the inequality ln(1 + λ) ≥ λ− λ2, λ > −1
2 to obtain

eλ
∑d
i=1(yi−xi)−dn ln(1+λ) ≤ eλ

∑d
i=1(yi−xi)−λdn++ndλ

2

2 ≤ Cde
− |

∑d
i=1(yi−xi)−dn|√

n

after we put λ = − 1√
n
when

∑d
i=1(yi − xi) > dn and λ = 1√

n
when

∑d
i=1(yi − xi) ≤ dn.

Using this bound and the uniform bound for G̃(1+λ)
n (x, y) from Lemma 3.5 we arrive at the

conclusion. The same argument holds for Gn.
To check the second statement it is sufficient to note that

d∑
i=1

|yi − xi − n| ≤ d|y1 − x1 − n|+
d∑
i=2

|(yi − y1)− (xi − x1)|

≤ d|y1 − x1 − n|+
d∑
i=2

(|yi − y1|+ |xi − x1|)

≤ d|y1 − x1 − n|+ 2
√
n

d∑
i=2

(i− 1)

= d|y1 − x1 − n|+ d(d− 1)
√
n.

The rest of the proof can be done in exactly the same way. �

Proof of Proposition 3.2 (i): We will proceed by induction. For d = 2 we can argue similarly
to Lemma 25 in Denisov et al. (2018) or use directly the exact formula for Px(ρ > n) given in
Lemma 4.1.

Assume now that the statement (3.10) holds for values of j ≤ d and prove it for d+ 1. We first
consider the case maxj(xj − xj−1) ≤ n1/2. By the total probability formula

Px(ρ > n) =

∫
W d

Px(ρ > [n/2], S[n/2] ∈ dy)Py(ρ > n− [n/2])

≤
∫
W d∩{maxj(yj−yj−1)≤

√
n}
Px(ρ > [n/2], S[n/2] ∈ dy)Py(ρ > n− [n/2])

+
d∑
j=2

∫
W d∩{(yj−yj−1)>

√
n}
Px(ρ > [n/2], S[n/2] ∈ dy)Py(ρ > n− [n/2])

=: P1 +

d∑
j=2

Pj .

We will split the first probability in 2 parts, P1 ≤ P11 + P12, where

P11 :=

∫
W d∩{maxj(yj−yj−1)≤

√
n,|y1−x1−n|≤

√
n}
Px(ρ > [n/2], S[n/2] ∈ dy)Py(ρ > n− [n/2])

P12 :=

∫
W d∩{maxj(yj−yj−1)≤

√
n,|y1−x1−n|>

√
n}
Px(ρ > [n/2], S[n/2] ∈ dy)Py(ρ > n− [n/2])
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For the first probability it follows from the definition (3.1) of G̃n(x, z) and the uniform bound in
Lemma 3.5,

P11 ≤
∫
W d∩{maxj(yj−yj−1)≤

√
n,|y1−x1−n|≤

√
n}
dyG̃[n/2](x, y)

≤ C∆(x)

nd2/2

∫
W d∩{maxj(yj−yj−1)≤

√
n,|y1−x1−n|≤

√
n}
dy∆(y)

≤ C∆(x)

nd2/2

∫
W d∩{maxj(yj−yj−1)≤

√
n,|y1−x1−n|≤

√
n}
dy

∏
1≤k<l≤d

((l − k)n1/2)

≤ C∆(x)

nd2/2
n
d(d−1)

4

∫
W d∩{maxj(yj−yj−1)≤

√
n},|y1−x1−n|≤

√
n}
dy ≤ 2C∆(x)

n
d(d−1)

4

since

∫
W d∩{maxj(yj−yj−1)≤

√
n},|y1−x1−n|≤

√
n
dy

≤
∫ x1+n+

√
n

x1+n−
√
n

∫ y1+
√
n

y1

. . .

∫ yd−1+
√
n

yd−1

dyd . . . dy2dy1 ≤ 2nd/2.

To analyse P12 we apply Lemma 3.6 to obtain

P12 ≤
C∆(x)

n
d2

2

∫
W d∩{maxj(yj−yj−1)≤

√
n,|y1−x1−n|>

√
n}
dye
−d |y1−x1−n|√

[n/2] ∆(y)

≤ C∆(x)

n
d(d−1)

4

since

∫
W d∩{maxj(yj−yj−1)≤

√
n},y1−x1−n>

√
n

e
−d |y1−x1−n|√

[n/2] dy

≤
∫ ∞
x1+n+

√
n

∫ y1+
√
n

y1

. . .

∫ yd−1+
√
n

yd−1

e
−d |y1−x1−n|√

[n/2] dyd . . . dy2dy1

≤ n(d−1)/2

∫ ∞
x1+n+

√
n

e
−d y1−x1−n√

[n/2] dy1 = n(d−1)/2

∫ ∞
√
n

e
−d y1√

[n/2]dy1 ≤ nd/2

and, symmetrically,

∫
W d∩{maxj(yj−yj−1)≤

√
n},y1−x1−n<−

√
n

e
−d |y1−x1−n|√

[n/2] dy ≤ nd/2.

To show the bound for other terms we analyse more carefully Pd, as it is notationally easier.
Denote y[i,j] = (yi, . . . , yj) and ρk the stopping time ρ corresponding to the Weyl Chamber W k. We
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have, using induction and the Chebyshev inequality,

Pd ≤
∫
W d∩{(yd−yd−1)>

√
n}
Px(ρ > [n/2], S[n/2] ∈ dy)Py[1,...,d−1]

(ρd−1 > n− [n/2])

≤ C
∫
W d∩{(yd−yd−1)>

√
n}
Px(ρ > [n/2], S[n/2] ∈ dy)

∆(y[1,...,d−1])

n
(d−1)(d−2)

4

≤ C
∫
W d∩{(yd−yd−1)>

√
n}
Px(ρ > [n/2], S[n/2] ∈ dy)

∆(y[1,...,d−1])

n
(d−1)(d−2)

4

∏d−1
j=1(yd − yj)
n(d−1)/2

≤ C
∫
W d

Px(ρ > [n/2], S[n/2] ∈ dy)
∆(y)

n
d(d−1)

4

= C
Ex[∆(S[n/2]); ρ > [n/2]]

n
d(d−1)

4

= C
∆(x)

n
d(d−1)

4

,

where we used the harmonicity of ∆ at the last step. Other terms Pj are analysed similarly using
the bound

Py(ρd−1 > n− [n/2]) ≤ P(y[1,j−1])(ρj−1 > n− [n/2])P(y[j,...,d](ρd−j+1 > n− [n/2]).

We are left to consider the case maxj(xj − xj−1) > n1/2. Here, we can proceed similarly to the
above. Suppose that (xd − xd−1) >

√
n. Then, by the induction assumption,

Px(ρd > n) ≤ Px[1,...,d−1]
(ρd−1 > n) ≤ C

∆(x[1,...,d−1])

n
(d−1)(d−2)

4

≤ C ∆(x)

n
d(d−1)

4

.

The other cases can be considered similarly. The proof of the uniform bound for τ can be done in
a similar way or proved using the coupling between interlaced and ordered random walks discussed
in subsection 2.3. �

4. Tail asymptotics

4.1. Proof of Theorem 1.2 for λ1 > . . . > λd. By integrating the formula from Proposition 1.3,

Px(τ > n) =

∫
W d

(
d∏
j=1

λnj

)
e−

∑d
j=1 λj(yj−xj)det(qn+i−j(yj − xi))di,j=1dy1 . . . dyd.

Change variables λjyj = n+
√
nzj for each j = 1, . . . , d and apply Stirling’s formula to obtain the

large n asymptotics,

Px(τ > n)

∼ (2π)−d/2
∫
Rd

det
(
λj−ij e−

√
nzj (1 + zj/

√
n− xiλj/n)n−1+i−j)d

i,j=1
e
∑d
i=1 λixidz1 . . . dzd

∼ (2π)−d/2e
∑d
i=1 λixidet(λj−ij e−xiλj )di,j=1

∫
Rd
e−

∑d
j=1 z

2
j /2dz1 . . . dzd

= e
∑d
i=1 λixidet(λj−ij e−xiλj )di,j=1

= h(x).

4.2. Tail asymptotics for equal rates. We set λ1 = . . . = λd = 1 and the general case can be
recovered by scaling. We first consider the case d = 2. For x = (x1, x2) ∈W 2 and n ≥ 1 let

px1,x2(n) = (−1)n
∞∑
k=1

(−1)k+1

(
k/2− 1

n

)
(x2 − x1)k

k!
. (4.1)



Ordered exponential random walks 1231

We extend the definition to all of R2 by antisymmetry px1,x2(n) = −px2,x1(n).

Lemma 4.1. For x = (x1, x2) ∈W 2 and n ≥ 1,

Px(ρ > n+ 1) = px1,x2(n). (4.2)

Moreover, for any fixed N ≥ 1 and C > 0, uniformly in x ∈W 2 with x2− x1 ≤ C
√
n, the following

asymptotic expansion is valid,∣∣∣∣∣Px(ρ > n+ 1)− (−1)n
N−1∑
k=0

(
k − 1/2

n

)
(x2 − x1)2k+1

(2k + 1)!

∣∣∣∣∣ ≤ C0

(
(x2 − x1)2N+1

nN+1/2

)
for some C0 <∞.

Proof : For s : 0 < s < 1 consider the following sequence (sne−
√

1−s(S2(n−1)−S1(n)))n≥1, which forms
a martingale with respect to the filtration Fn = σ(S2(0), . . . , S2(n − 1), S1(1), . . . , S1(n)). In this
case

ρ = inf{n ≥ 1: S1(n) > S2(n− 1)}
and ρ is a stopping time with respect to Fn. An application of the optional stopping theorem gives

Ex[sρe−
√

1−s(S2(ρ−1)−S1(ρ)] = sEx[e−
√

1−s(x2−S1(1))].

To justify the use of the optional stopping theorem note that S2(n− 1)− S1(n) ≥ 0 for n < ρ and
S1(ρ)− S2(ρ− 1) has an exponential distribution with parameter 1 by the memoryless property of
the exponential distribution. Hence, for s : 0 < s < 1,

0 ≤ sρ∧ne−
√

1−s(S2(ρ∧n−1)−S1(ρ∧n)) ≤ e−
√

1−s(S2(ρ−1)−S1(ρ)),

which is an integrable random variable.
Using again the lack of memory of the exponential distribution we note that the overshoot S1(ρ)−

S2(ρ− 1) has exponential distribution with parameter 1 and is independent of ρ. Therefore

Ex[sρ] = se−
√

1−s(x2−x1).

Then
∞∑
n=0

snPx(ρ > n+ 1) =
1− Exsρ−1

1− s
=
∞∑
k=1

(−1)k+1(1− s)k/2−1 (x2 − x1)k

k!
.

Applying the binomial theorem,
∞∑
n=0

snPx(ρ > n+ 1) =

∞∑
k=1

(−1)k+1
∞∑
n=0

(
k/2− 1

n

)
(−1)nsn

(x2 − x1)k

k!

=

∞∑
n=0

(−1)nsn
∞∑
k=1

(−1)k+1

(
k/2− 1

n

)
(x2 − x1)k

k!
.

Equating powers of s gives (4.2).
To obtain the asymptotic expansion note first the representation

px1,x2(n) = (−1)n
∞∑
j=0

(
j − 1/2

n

)
(x2 − x1)2j+1

(2j + 1)!
− (−1)n

∞∑
j=n+1

(
j − 1

n

)
(x2 − x1)2j

(2j)!
.

Using the Stirling approximation we can estimate the second series and obtain the required bound.
�
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The first step in the analysis for general d is an expression for P(ρ > n) as a Pfaffian. Let
A = (aij)

2m
i,j=1 be a 2m× 2m antisymmetric matrix. Let Π2m be the set of partitions of {1, . . . , 2m}

with the property that σ(2i− 1) < σ(2i) for each i = 1, . . . ,m and σ(1) < σ(3) < . . . < σ(2m− 1).
Define the Pfaffian of A to be

pf(A) =
∑

σ∈Π2m

sgn(σ)

m∏
i=1

aσ(2i−1),σ(2i).

Lemma 4.2. For all x ∈W d and n, d ≥ 1

Px(ρ > n) =

{
pf(pxi,xj (n− 1))di,j=1 if d is even,∑d

l=1(−1)l+1pf(pxi,xj (n− 1))i,j∈[d−1]\{l} if d is odd.

Proof : We first suppose that d is even. The transition density in (3.1) can be integrated to give

Px(ρ > n) =

∫
W d

det(fn(yj − xi))di,j=1dy1 . . . dyd.

This can be expressed as a Pfaffian by using de Bruijn’s integral formula de Bruijn (1955). The
(i, j) entry in the Pfaffian is given for i < j and xj > xi by∫

R2

sgn(yj − yi)fn(yi − xi)fn(yj − xj)dyidyj = 2P(xi,xj)(S2(n) > S1(n))− 1.

We have for xi < xj ,

P(xi,xj)(ρ ≤ n) = P(xi,xj)(S2(n) < S1(n), ρ ≤ n) + P(xi,xj)(S2(n) > S1(n), ρ ≤ n)

= P(xi,xj)(S2(n) < S1(n)) + P(xi,xj)(S2(n) > S1(n), ρ ≤ n). (4.3)

On the event {ρ ≤ n} the paths of S1 and S2 can be interchanged after the first time they intersect.
For 0 ≤ k ≤ n,

Ŝ1(k) = S1(k)1k<ρ + S2(k)1k≥ρ

Ŝ2(k) = S2(k)1k<ρ + S1(k)1k≥ρ.

Then (S1, S2) has the same distribution as (Ŝ1, Ŝ2) using the definition of ρ and lack of memory of
exponentials. Moreover {S2(n) > S1(n)} is equivalent to {Ŝ2(n) < Ŝ1(n)} on {ρ ≤ n}. Using this
in the second term of (4.3) gives

P(xi,xj)(ρ ≤ n) = 2P(xi,xj)(S2(n) < S1(n)).

This allows the entries in the Pfaffian to be rewritten in the stated form. For odd d, a version
of the de Bruijn integration formula still holds de Bruijn (1955) and gives the stated formula.
Alternatively, we can add in an extra component to our random walk with starting position xd+1,
apply a Laplace expansion and let xd+1 →∞. �

Lemma 4.3. For any k ≥ 0 and any N ≥ 1 there are coefficients (a
(k)
j )j≥0 such that

(−1)n
(
k − 1/2

n

)
=

N−1∑
j=0

a
(k)
j (n+ 1)−k−1/2−j +O((n+ 1)−N−1/2).

Furthermore for any k ≥ 0,

a
(k)
0 =

(−1)kΓ(k + 1/2)

π
.
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Proof : This is a consequence of an asymptotic expansion of a ratio of Gamma functions in Tricomi
and Erdélyi (1951). The last paragraph in Tricomi and Erdélyi (1951) gives the statement with the
coefficient a(k)

0 = 1/Γ(−k + 1/2). This is equivalent to the expression for a(k)
0 in the statement of

the Lemma after using Euler’s reflection formula

Γ(−k + 1/2)Γ(k + 1/2) = (−1)kπ. �

Combining Lemma 4.1 with Lemma 4.3 gives that for any N there exist coefficients (a
(k)
j : j, k =

0, . . . , N) such that as n→∞,

P(x1,x2)(ρ > n) = qx1,x2(n) +O

(
1 + (x2 − x1)2N+1

nN+1/2

)
(4.4)

where for any (y, z) ∈ R2

qy,z(n) = (−1)n
N−1∑
k=0

N−1∑
j=0

a
(k)
j n−k−1/2−j (z − y)2k+1

(2k + 1)!
.

Proof of Theorem 1.2 part (ii): We first suppose that d is even and let l = d/2. Let [N ] =
{0, . . . , N}. We use (4.4), Lemma 4.2, antisymmetry of qx,y and the fact that qx,y(n) is bounded
for |y − x| ≤

√
n to obtain that

Px(ρ > n) = pf(qxi,xj (n))di,j=1 +O
(
(1 + (xd − x1)2N+1)n−N−1/2

)
. (4.5)

For all x ∈ Rd let
F (x) = pf(qxi,xj (n))di,j=1.

This definition requires that qx,y = −qy,x. We first show F is an antisymmetric polynomial in
(x1, . . . , xd). For each 1 ≤ k < l ≤ d let Dkl denote the permutation matrix corresponding to the
transposition of xk and xl. Let Qx = (qxi,xj (n))di,j=1 and xkl be given by the vector x with the k-th
and l-th co-ordinates transposed. We use a conjugation formula for Pfaffians: for d× d matrices A
and B such that A is antisymmetric then pf(BABT ) = pf(A)det(B). Then

F (x) = pf(Qx)

= pf(DklQxDkl)det(D)−1

= (−1)pf(Qxkl)

= (−1)F (xkl).

Arguments of this form can be extended to general reflection groups, see Lemma 7.5 of Doumerc
and O’Connell (2005). Therefore the Vandermonde determinant divides the first term on the right
hand side of (4.5). Without loss of generality set x1 := 0. As we have assumed xd − x1 = o(n1/2)

we can now assume x2, . . . , xd = o(n1/2). The relationship between the xi and n means that for
x2, . . . , xd = o(n1/2),

Px(ρ > n) = (X + o(1))∆(x)n−d(d−1)/4, n→∞.

At this stage X in unknown and we will determine its value later.
In the case when d is odd,

P(x1,...,xd)(ρ > n) =
d∑
l=1

(−1)l+1P(x1,...,xl−1,xl+1,...,xd)(ρ > n). (4.6)

We focus on showing this is an antisymmetric polynomial in x1, . . . , xd+1. The rest of the argument
is same as the case when d is even. Let xr denote x with the r-th co-ordinate deleted and xklr
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denote x with the k-th and l-th co-ordinates transposed before then deleting the r-th co-ordinate.
For x ∈ Rd let

F (x) =
d∑
r=1

(−1)r+1pf(qxi,xj (n))i,j∈[d]\{r}.

Then

F (x) =
d∑
r=1

(−1)r+1pf(Qxr)

=
∑
r 6=k,l

(−1)r+1pf(DklQxrDkl)det(D)−1 + (−1)k+1pf(Qxk) + (−1)l+1pf(Qxl)

=
∑
r 6=k,l

(−1)rpf(Qxklr ) + (−1)kpf(Qxklk
) + (−1)lpf(Qxkll

)

= (−1)F (xkl).

The equality between lines 2 and 3 uses the conjugation formula to re-order the rows and column
in the Pfaffian.

We now consider the tail asymptotics for the ordering condition. We use part (ii) of Lemma 2.2,
the above asymptotics for ρ then part (i) of Lemma 2.3 to obtain that as n → ∞, uniformly for
x ∈W d with xd − x1 = o(

√
n),

Px(τ > n) ∼ Ex[Px+Ψ(ρ > n);A] ∼ XEx[∆(x+ Ψ);A]n−d(d−1)/4

= Xh(x)n−d(d−1)/4.

The constant X does not depend on the increment distribution Denisov and Wachtel (2010) and
therefore agrees with the constant computed in the case of nearest-neighbour random walks, in
particular (1.2) and (1.3) of Puchała and Rolski (2005). The constant X could also be found
directly by analysing particular coefficients. �

4.3. Proof of Theorem 1.2 for λ1 < . . . < λd. Let γ = d log(λ̄/λ∗) where λ∗ = (
∏d
i=1 λi)

1/d. By
Proposition 1.3,

Px(τ > n) =

∫
W d

G(λ1,...,λd)
n (x, z)dz.

We first change variables zj → n/λ̄+ zj and then apply a change of measure

Px(τ > n) =

∫
W d

G(λ1,...,λd)
n (x, n/λ̄+ z)dz

=

∫
W d

d∏
j=1

(
λj

λ̄

)n
e−

∑d
i=1(λi−λ̄)(n/λ̄+zi−xi)G(λ̄,...,λ̄)

n (x, n/λ̄+ z)dz

= e−γn
∫
W d

e−
∑d
i=1(λi−λ̄)(zi−xi)G(λ̄,...,λ̄)

n (x, n/λ̄+ z)dz. (4.7)

We first consider the pointwise limit of the transition density.

Theorem 4.4. Let λ1 = . . . = λd = 1. For all x, z ∈ int(W d) and x, z ∈W d respectively, uniformly
in xd − x1 = o(

√
n), x1 = o(

√
n), zd − z1 = o(

√
n) and z1 = O(

√
n),

G̃n(x, n+ z) ∼ χ∆(x)∆(z)n−d
2/2e−

1
2n

∑d
j=1 z

2
j , n→∞,

Gn(x, n+ z) ∼ χh(x)ĥ(z)n−d
2/2e−

1
2n

∑d
j=1 z

2
j , n→∞

where χ = (2π)−d/2
(∏d−1

j=1 j!
)−1

.
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Proof of Theorem 4.4: The transition density can be expressed for x, z ∈W d and n+z1 ≥ x1, . . . , n+
zd ≥ x1 as

G̃n(x, n+ z) = e−
∑d
j=1(n+zj−xj)det

(
(n+ zj − xi)n−1

(n− 1)!

)d
i,j=1

=
nnde−nd

(n!)d
e−

∑d
j=1(zj−xj)det

(
e(n−1) log(1+

zj−xi
n

)

)d
i,j=1

.

Let LM = −
∑M

j=1(−1)jxj/j. We truncate the Taylor series of the logarithm to obtain that for any
α > 0 we can choose M large enough such that

G̃n(x, n+ z) =
nnde−nd

(n!)d
det(e(n−1)LM (zj/n−xi/n)−(zj−xi)))di,j=1 +O(n−α)

The terms which only depend on the index of either the row or the column can be brought outside
of the determinant as prefactors. Therefore since z1, . . . , zd = O(n1/2) and x1, . . . , xd = o(n1/2)

G̃n(x, n+ z) =
nnde−nd

(n!)d
e−

1
2n

∑d
j=1 z

2
j+o(1)det

(
e
xizj
n

(1+O(n−1/2))

)d
i,j=1

+O(n−α).

It is known that for z1, . . . , zd = O(n1/2) and x1, . . . , xd = o(n1/2)

det

(
e
xizj
n

(1+O(n−1/2))

)d
i,j=1

∼ 1∏d−1
j=1 j!

n−d(d−1)/2∆(x)∆(z), n→∞.

For example, this follows from Equation 3.4 in Shatashvili (1993) and noting that the integral in
that equation converges to 1. Therefore

G̃n(x, n+ z) ∼ χ∆(x)∆(z)n−d
2/2e−

1
2n

∑d
j=1 z

2
j , n→∞. (4.8)

We can then extend to the ordered case using the coupling from Section 2.3. Lemma 2.2 part (i)
states that

Gn(x, n+ z) = E[G̃n−d−1(x+ Ψ, n+ z − Φ);A,B]

where Ψ,Φ, A,B are all defined in Section 2.3. Therefore from (4.8) and interchanging the limit
and expectations using Lemma 3.6

Gn(x, n+ z) ∼ χn−d2/2e−
1
2n

∑d
j=1 z

2
jE[∆(x+ Ψ)∆(z − Φ);A,B]. (4.9)

As remarked in (and using notation from) Section 2.3 the definition of Φ and event B correspond
to the definition of Ψ and event A with the choices that xj = −zd+1−j along with V i

j = U id+1−j and
Ψj = Φd+1−j for j = 1, . . . , d. Therefore Lemma 2.3 shows that

E[∆(z1 − Φ1, . . . , zd − Φd);B] = E[∆(−zd + Φd, . . . ,−z1 + Φ1;A]

= h(−zd, . . . ,−z1)

= ĥ(z1, . . . , zd). (4.10)

Lemma 2.3 can also be applied to simplify E[∆(x+ Ψ);A] = h(x). Therefore (4.9) simplifies to

Gn(x, n+ z) ∼ χn−d2/2e−
1
2n

∑d
j=1 z

2
j h(x)ĥ(z), n→∞. �

Proof of Theorem 1.2 part (iii): Recall (4.7),

Px(τ > n) = e−γn
∫
W d

e−
∑d
i=1(λi−λ̄)(zi−xi)G(λ̄,...,λ̄)

n (x, n/λ̄+ z)dz. (4.11)
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We change variables r1 = z2 − z1, . . . , rd−1 = zd − zd−1 and θ = 1√
nd

∑d
j=1 zj . Use that

d∑
i=1

zi(λ̄− λi) =
1

d

∑
1≤i<j≤d

(zj − zi)(λi − λj)

=
1

d

∑
1≤i<j≤d

(ri + ri+1 + . . .+ rj−1)(λi − λj). (4.12)

Let r = (r1, . . . , rd−1) and define

H(r) = E
( ∏

1≤i<j≤d
(ri + . . .+ rj−1 + ηd−i+1 − ηd−j+1)

)
.

In a similar way to (4.10),

ĥ(z1, . . . , zd) = E[
∏

1≤i<j≤d
(zj − ηd−j+1 − zi + ηd−i+1)]

= E[
∏

1≤i<j≤d
(ri + ri+1 + . . .+ rj−1 + ηd−i+1 − ηd−j+1)].

We use Lemma 3.6 to justify interchanging limits in (4.11) after the change of variables above. First
note that (4.12) gives exponential decay in r1, . . . , rd−1 for r1 > 0, . . . , rd−1 > 0 and dominates the
polynomial factors in Lemma 3.6. Then note that the second statement in part (i) of Lemma 3.6
gives the required decay in θ. After interchanging limits we then use the asymptotics in Theorem 4.4.
Note that 1

n

∑d
j=1 z

2
j = dθ2 + o(1). Therefore

P(τ > n) ∼ χn−d2/2+1/2e−γne
∑d
i=1(λi−λ̄)xih(x)∫ ∞

−∞
dθ

∫ ∞
0

dξ1 . . .

∫ ∞
0

dξd−1e
1
d

∑
1≤i<j≤d(ri+ri+1+...+rj−1)(λi−λj)H(r)e−dθ

2/2.

After performing the integral in θ we have the stated asymptotics for τ with

cd = (2π)−d/2+1/2
(d−1∏
j=1

j!
)−1

d−1/2

and

Kλ = cd

∫ ∞
0

dr1 . . .

∫ ∞
0

drd−1e
1
d

∑
1≤i<j≤d(ri+ri+1+...+rj−1)(λi−λj)H(r). (4.13)

Let

H̃(r) =
∏

1≤i<j≤d
(ri + . . .+ rj−1).

The same argument also gives the stated tail asymptotics for ρ with constant factor

Cλ = cd

∫ ∞
0

dr1 . . .

∫ ∞
0

drd−1e
1
d

∑
1≤i<j≤d(ri+ri+1+...+rj−1)(λi−λj)H̃(r). (4.14)

�
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5. The smallest and largest particles

In this section our aim is to find the distribution of the smallest and largest particles when
(Z(n))n≥0 has general starting positions. Suppose that λ1 = . . . = λd = 1 and let x = (x1, . . . , xd)
and z = (z1, . . . , zd). Then applying the h-transform from Theorem 1.1 to Proposition 1.3 gives

Px(Z(n) ∈ dz) = e−
∑d
j=1(zj−xj)det(qn+i−j(zj − xi))di,j=1

h(z)

h(x)
dz, x, z ∈W d.

Proof of Theorem 1.4: For any a ∈ R let Ia = {x1 ≤ . . . ≤ xd ≤ a} and Ia = {a ≤ x1 ≤ . . . ≤ xd}.
We will use the representation h2 for the harmonic function from Section 2. All of the matrices
defined in the determinants in this proof are indexed by i, j = 1, . . . , d and we omit this from the
notation.

Proposition 1.3 and Theorem 1.1 give that

Px(Zd(n1) ≤ ξ1, . . . , Zd(nm) ≤ ξm)

=
e
∑
i λix

0
i

h(x0)

∫
Iξ1

. . .

∫
Iξm

det(qn1+i−j(x
1
j − x0

i ))det(qn2−n1+i−j(x
2
j − x1

i ))

. . . det(qnm−nm−1+i−j(x
m
j − xm−1

i ))det((−1)d−jφ
(d−j)
i (xmj ))

m∏
k=1

d∏
j=1

dxkj

where x0 := x. The main problem which prevents us immediately applying the Eynard-Mehta theo-
rem is the dependence on i and j in the functions such as qn2−n1+i−j appearing in the determinants.
We use the integral and derivative relations (3.3) and (3.4) to remove this dependency on i and j.

We start with smooth approximations q(ε)
k of the functions appearing above before passing to a

limit. We integrate by parts for k = 1, . . . ,m in the order xk1, xk2, . . . , xkd−1 then xk1, . . . , xkd−2 and
so on until finally xk1. This ensures that there are no boundary conditions due to the determinants
having equal rows or columns at each boundary as in Lemma 2 of FitzGerald and Warren (2020).
The limit as ε → 0 can then be taken in a similar way to Lemma 5 from FitzGerald and Warren
(2020). We give more details in Section 5.1. The condition n1 ≥ d − 1 is needed to justify taking
this limit. Therefore

Px(Zd(n1) ≤ ξ1, . . . , Zd(nm) ≤ ξm)

=
e
∑
i λix

0
i

h(x0)

∫
Iξ1

. . .

∫
Iξm

det(qn1+i−d(x
1
j − x0

i ))det(qn2−n1(x2
j − x1

i ))

. . . det(qnm−nm−1(xmj − xm−1
i ))det(φi(xmj ))

m∏
k=1

d∏
j=1

dxkj .

Rewriting in terms of fn we have

Px(Zd(n1) ≤ ξ1, . . . , Zd(nm) ≤ ξm)

=
1

h(x0)

∫
Iξ1

. . .

∫
Iξm

det(fn1−d+i(x
1
j − x0

i ))det(fn2−n1(x2
j − x1

i ))

. . . det(fnm−nm−1(xmj − xm−1
i ))∆(xm)

m∏
k=1

d∏
j=1

dxkj .

From the Eynard-Mehta theorem the right hand side is given by a Fredholm determinant with the
stated extended kernel eg. Johansson (2006); Tracy and Widom (2007). The fact that A is an
invertible matrix can be seen as follows. For each j = 1, . . . , d define independent random variables



1238 Denis Denisov and Will FitzGerald

ξ
(j)
n−d ∼ Gamma(n− d, 1). Then

det(A) = E[det((xk + ηn−d+k)
l−1)dk,l=1]

= E(η)E(ξ)∆(x1 + η1 + ξ
(1)
n−d, . . . , xd + ηd + ξ

(d)
n−d).

The Vandermonde determinant is harmonic for an increment with distribution (ξ
(1)
n−d, . . . , ξ

(d)
n−d) by

Corollary 2.2 of König et al. (2002). Therefore det(A) = h(x) > 0.
For the distribution of the smallest particle the same argument shows that

Px(Z1(n1) ≥ ξ1, . . . , Z1(nm) ≥ ξm)

=
e
∑
i λix

0
i

h(x0)

∫
Iξ1

. . .

∫
Iξm

det(qn1+i−j(x
1
j − x0

i ))det(qn2−n1+i−j(x
2
j − x1

i ))

. . . det(qnm−nm−1+i−j(x
m
j − xm−1

i ))det((−1)d−jφ
(d−j)
i (xmj ))

m∏
k=1

d∏
j=1

dxkj .

Again we start with a smooth approximation, apply an integration by parts and then take a
limit. This time we need to integrate by parts for k = 1, . . . ,m in the order xkd, x

k
d−1, . . . , x

k
1,

xkd, . . . , x
k
2, . . . , x

k
d which ensures there are no boundary conditions. This requires the condition

nm − nm−1 ≥ d− 1, see Section 5.1. Therefore

Px(Z1(n1) ≥ ξ1, . . . , Z1(nm) ≥ ξm)

=
e
∑
i λix

0
i

h(x0)

∫
Iξ1

. . .

∫
Iξm

det(qn1+i−1(x1
j − x0

i ))det(qn2−n1(x2
j − x1

i ))

. . . det(qnm−nm−1(xmj − xm−1
i ))det(φ(d−1)

i (xmj ))
m∏
k=1

d∏
j=1

dxkj .

We use the reduction that det(φ(d−1)
i (zj)) = e−

∑d
j=1 zj∆(z). Therefore

Px(Z1(n1) ≥ ξ1, . . . , Z1(nm) ≥ ξm)

=
1

h(x0)

∫
Iξ1

. . .

∫
Iξm

det(fn1−1+i(x
1
j − x0

i ))det(fn2−n1(x2
j − x1

i ))

. . . det(fnm−nm−1(xmj − xm−1
i ))∆(xm)

m∏
k=1

d∏
j=1

dxkj .

The stated formula now follows from the Eynard-Mehta theorem. The argument used for A also
shows that B is invertible. �

5.1. Integration by parts. Let q(ε)
n be the smooth approximations defined in the proof of Theorem 1.4.

As discussed in the proof of Theorem 1.4 we can establish for this smooth approximation that∫
Iξ1

det(q
(ε)
n1+i−j(yj − xi))det(q

(ε)
n2−n1+i−j(zj − yi))dy1 . . . dyd

=

∫
Iξ1

det(q
(ε)
n1+i−d(yj − xi))det(q

(ε)
n2−n1+d−j(zj − yi))dy1 . . . dyd. (5.1)

We now take a limit in ε of both sides of the equation. This follows as in Lemma 5 of FitzGerald
and Warren (2020) except with the following additional complication when taking the limit of the
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right hand side. A term in the Laplace expansion of the right hand side of (5.1) corresponding to
permutations σ and ρ is∫

Iξ1

d∏
i=1

q
(ε)
n1+σ(i)−d(yi − xσ(i))q

(ε)
n2−n1+i−ρ(i)(zρ(i) − yi)dy1 . . . dyd.

If σ is the identity then
∏d
i=1 q

(ε)
n1+i−d(yi − xi) is bounded uniformly in ε for 0 ≤ xi ≤ yi if and only

if n1 ≥ d−1. This is the reason for the condition n1 ≥ d−1. Once this is imposed the limit in ε can
be taken as in Lemma 5 of FitzGerald and Warren (2020). By the same method, we can establish
that ∫

Iξ2
det(qn2−n1+d−j(yj − xi))det(qn3−n2+i−j(zj − yi))dy1 . . . dyd

=

∫
Iξ2

det(qn2−n1(yj − xi))det(qn3−n2+d−j(zj − yi))dy1 . . . dyd.

In this case there is no need for a constraint on n2 − n1. Finally we pass to the limit in∫
Iξm

det(q
(ε)
nm−nm−1+d−j(x

m
j − xm−1

i ))det(φ(d−j)
i (xmj ))dxm1 . . . dxmd

=

∫
Iξm

det(q
(ε)
nm−nm−1

(xmj − xm−1
i ))det(φi(xmj ))dxm1 . . . dxmd

which is straightforward since every function is smooth. The justification for the smallest particles
is similar except we start with the xmj and end with the x1

j . The condition n1 ≥ d − 1 is replaced
by the condition nm − nm−1 ≥ d− 1.
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Appendix A. Doob h-transforms for ordering and interlacing

The harmonic function in Theorem 1.1 and tail asymptotics in Theorem 1.2 give two ways of defin-
ing an exponential random walk conditioned to stay ordered. Suppose first either that λ1 > . . . > λd
or that all rates are equal. Recall the function h from Theorem 1.1 satisfies Ex(h(S(1))1τ>1) = h(x)
and h(x) > 0 for all x ∈ W d. We can define (Z(n))n≥0 = (Z1(n), . . . , Zd(n))n≥0 as a change of
measure of (S(n))n≥0 using the harmonic function h. For bounded measurable f ,

Ex[f(Z(k) : 0 ≤ k ≤ n)] = Ex
[
h(S(n))

h(x)
f(S(k) : 0 ≤ k ≤ n)1{τ>n}

]
.

This defines a transformed process which is a Markov chain on W d with transition densities

Px(Z(n) ∈ dz) =
h(z)

h(x)
Px(S(n) ∈ dz, τ > n), x, z ∈W d.

We refer to (Z(n))n≥0 as a (Doob) h-transform.
In the case λ1 < . . . < λd we still have Ex[h(S(1))1τ>1] = h(x) but now h(x) < 0 on W d. Hence

we can use (−h) to define a Doob h-transform. The transition densities of the h-transformed process
are given by using the definition of h, Proposition 1.3 and cancelling the terms in λi which can be
brought outside of the determinant as prefactors. This gives

d∏
j=1

λnj
det(λ−ji e−λizj )di,j=1

det(λ−ji e−λixj )di,j=1

det(qn+i−j(zj − xi))di,j=1.
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This is invariant under permutations of the λi. Thus the h-transformed process in the case λ1 <
. . . < λd agrees with the case λ1 > . . . > λd.

Alternatively we can define (Ẑ(n))n≥0 = (Ẑ1(n), . . . , Ẑd(n))n≥0 by conditioning on {τ > m} and
then taking the limit m→∞. For bounded measurable f ,

Ex[f(Ẑ(k) : k ≤ n)] = lim
m→∞

Ex
[
f(S(k) : k ≤ n)1{τ>n}

PS(n)(τ > m− n)

Px(τ > m)

]
.

Theorem 1.2 gives the asymptotics of the ratio on the right hand side. In the case when either
λ1 > . . . > λd or all rates are equal, then this definition of (Ẑ(n))n≥0 coincides with the definition
of (Z(n))n≥0 as an h-transform.

If λ1 < . . . < λd then using part (iii) of Theorem 1.2,

Pz(τ > m− n)

Px(τ > m)
∼ eγn e

∑d
i=1(λi−λ̄)zih(λ̄)(z)

e
∑d
i=1(λi−λ̄)xih(λ̄)(x)

, m→∞.

Therefore (Ẑ(n)n≥0 has transition densities

eγn
e
∑d
i=1(λi−λ̄)zih(λ̄)(z)

e
∑d
i=1(λi−λ̄)xih(λ̄)(x)

d∏
j=1

λnj e
−

∑d
j=1 λj(zj−xj)det(qn+i−j(zj − xi))di,j=1

=
h(λ̄)(z)

h(λ̄)(x)
λ̄nde−

∑d
j=1 λ̄(zj−xj)det(qn+i−j(zj − xi))di,j=1.

This agrees with a Doob h-transform of an exponential random walk with equal rates all given by λ̄
and using h(λ̄) as the harmonic function. Thus the definitions of (Z(n))n≥0 and (Ẑ(n))n≥0 do not
coincide in the case λ1 < . . . < λd. This has been observed for one-dimensional random walks, see
Bertoin and Doney (1994).

All of the above has an analogue where ordering is replaced by interlacing. The only difference
comes from the fact that h has been defined on all of W d while h has been defined only on int(W d).
Suppose either that λ1 > . . . > λd or that all rates are equal. We define an interlaced exponential
random walk as an h-transform (Y (n))n≥0 = (Y1(n), . . . , Yd(n))n≥0 satisfying for x ∈ int(W d) and
bounded measurable f that

Ex[f(Y (k) : 0 ≤ k ≤ n)] = Ex
[
h(S(n))

h(x)
f(S(k) : 0 ≤ k ≤ n)1{ρ>n}

]
.

This defines a Markov chain on int(W d). The reason that h has been defined on int(W d) is that if
the starting points coincide then almost surely the interlacing condition will not be satisfied even
after a single step. This corresponds to the fact that h(x) → 0 as x → ∂W d. It is therefore not
immediately obvious how to start (Y (n))n≥0 from the boundary of W d. We will focus on the case
where Y (0) ≡ 0.

For x ∈ int(W d) the transition densities of Y are given by

Px(Y (n) ∈ dz) =
h(z)

h(x)

d∏
j=1

λnj e
−

∑d
j=1 λj(zj−xj)det(qn(zj − xi))di,j=1dz

=
det(e−λizj )di,j=1

det(e−λixj )di,j=1

d∏
j=1

λnj det(qn(zj − xi))di,j=1dz.

For n ≥ d take a limit as x→ 0 using (2.11) to find

lim
x→0

Px(Y (n) ∈ dz) =

∏d
j=1 λ

n
j

∏d
j=1 z

n−d
j ∆(z)det(e−λizj )di,j=1∏d

j=1(n− j)!∆(λ)
dz.
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S1(1) = 0

S1(2) = 0 S2(2) = S2(1)

S1(3) = S1(1) S2(3) = S2(2)

S1(4) = S1(2)

≤

≤≤

≤ ≤

≤ ≤

S3(2) = S3(2)

S3(1) = S3(1)S2(1) = 0

0 0 0

Figure B.3. The coupling between ordered and interlaced processes used in Section B.1.

The condition that n ≥ d ensures differentiability of the functions inside the matrix in order to
apply (2.11). This defines an entrance law for the interlaced random walk (Y (n))n≥d started from
zero.

Appendix B. Connections to other models

Ordered exponential random walks can be connected to a variety of other models. All of these
connections rely on the initial condition being zero.

B.1. Last passage percolation. In Section 2.3 we defined a coupling that represents an ordered ran-
dom walk as an interlaced random walk started from a random initial condition. There is a variant
of this coupling that we only use in this subsection where we instead represent an interlaced random
walk as an ordered random walk started from a random initial condition. We consider this only
started from zero.

From the same independent collection of exponential random variables (Xij)i≥1,1≤j≤d with rates
λj > 0 we define

Sj(0) = 0, 1 ≤ j ≤ d,
Sj(k) = Sj(k − 1) +Xkj , k ≥ 1, 1 ≤ j ≤ d,

and

Sj(k) = 0, 0 ≤ k ≤ d− j, 1 ≤ j ≤ d,
Sj(k) = Sj(k − 1) +Xk−d+j,j , k ≥ d− j + 1, 1 ≤ j ≤ d.

We have, see Figure B.3 for an illustration,

Sj(k) = Sj(k + d− j), 1 ≤ j ≤ d, k ≥ 0.

In the case where the rates are ordered as λ1 > . . . > λd then the event of positive probability that⋂
i≥1

⋂d
j=2{Sj−1(i) ≤ Sj(i)} occurs if and only if the event

⋂
i≥1{S(i−1) ≺ S(i)} occurs. Therefore

the conditional laws also agree. This means that for all d, n ≥ 1, if Y1(0) = . . . = Yd(0) = 0 and
Z1(0) = . . . = Zd(0) = 0 we have

(Z1(n), Z2(n), . . . , Zd(n))n≥d
d
= (Y1(n+ d− 1), Y2(n+ d− 2), . . . , Yd(n))n≥d. (B.1)

This has been observed in O’Connell (2003) and is related to a bijection between Young tableaux
and reverse plane partitions. The restriction n ≥ d could be removed by modifying the definition
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of the entrance law for Y in Appendix A. In the case of equal rates we use that,

lim
λ1,...,λd→1

h(λ1,...,λd)(x)

∆(λ)
=

h(x)∏d−1
j=1 j!

, lim
λ1,...,λd→1

h(λ1,...,λd)(x)

∆(λ)
=

h(x)∏d−1
j=1 j!

.

For h this is Lemma 2.4. It can be proven in a similar way for h using (2.11). This can be used
to prove weak convergence of the Doob h-transforms as λ1, . . . , λd → 1. Therefore (B.1) also holds
with λ1 = . . . = λd = 1.

Equation (B.1) connects ordered exponential random walks to last passage percolation. It was
shown in Johansson (2000) for equal rates that the output process of applying the Robinson-
Schensted-Knuth (RSK) correspondence to last passage percolation is given by the process (Y (n))n≥0.
In particular,

(Yd(n))n≥d
d
= (L(n, d))n≥d. (B.2)

For general rates, see for example Dieker and Warren (2009). This can be combined with (B.1) to
give

(Zd(n))n≥d
d
= (L(n, d))n≥d.

The restriction n ≥ d is unnecessary and is removed in the next subsection.

B.2. Queueing theory. Suppose that λ1 > . . . > λd > 0 and let (N1(t), . . . , Nd(t))t≥0 be independent
Poisson point processes where Nj has rate λd−j+1 for j = 1, . . . , d. Let (M1(t), . . . ,Md(t))t≥0 denote
(N1(t), . . . , Nd(t))t≥0 conditoned on the event that N1(t) ≤ . . . ≤ Nd(t) for all t ≥ 0.

O’Connell and Yor (2002) proved a representation for (M1(t))t≥0 in terms of a queueing network.
Consider a series of (d − 1) tandem queues. Customers arrive at rate λd at the first queue which
has exponentially distributed services with rate λd−1. After departing from the first queue they
immediately join the second queue which has service rate λd−2. This continues until the customer
departs from the (d− 1)-th queue and exits the system. It was shown in O’Connell and Yor (2002)
that M1(t) counts the number of customers who have departed from the (d− 1)-th queue by time t.

By reversing the role of space and time, it is possible to give queueing interpretations to ordered
exponential random walks. For j = 1, . . . , d define

Sj(n) = inf{t ≥ 0 : Nd−j+1(t) ≥ n}, n ≥ 0.

Then S1, . . . , Sd are independent random walks with exponential increments with rates λ1, . . . , λd
started from S1(0) = . . . = Sd(0) = 0. Moreover, the event {N1(t) ≤ . . . ≤ Nd(t) for all t ≥ 0} is the
same as the event that {S1(n) ≤ . . . ≤ Sd(n) for all n ≥ 0}. Let Zj(n) = inf{t ≥ 0 : Md−j+1(t) ≥
n}. Then (Z1(n), . . . , Zd(n))n≥0 started from Z1(0) = . . . = Zd(0) = 0 is equal in distribution to the
times at which jumps occur in Poisson point processes conditioned not to collide. In particular, the
queueing interpretation of (M1(t))t≥0 gives a queueing interpretation of (Zd(n))n≥0 as the process
in n of the departure times of the n-th customer from the (d− 1)-th queue in the series of tandem
queues defined above.

This queueing interpretation of (Zd(n))n≥0 can then be further connected with last passage
percolation and Equation (1.1). It is known that departure times from tandem queueing networks
satisfy the same recursion equation as last passage percolation. For k ≥ 0 let D(k, 1) denote the
k-th arrival time at the first queue and D(k, j + 1) denote the k-th departure from the j-th queue
for j = 1, . . . , d− 1. The structure of the queueing network means that

D(k, j) = max(D(k, j − 1), D(k − 1, j)) + ekj , k ≥ 0, j = 1, . . . , d.

Note that last passage percolation times satisfy the same equation.
Therefore we can observe that

(Zd(n))n≥0
d
= (D(n, d))n≥0

in two different ways:
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(i) Apply the result of O’Connell and Yor (2002) and reverse the role of space and time as described
in this subsection.

(ii) Apply the connection between interlaced and exponential random walks in Equation (B.1), the
result of Johansson (2000) stated in (B.2) and then the above connection between last passage
percolation and departure times in queues. This argument adds in an extra constraint n ≥ d
but more careful arguments of this type could remove this.

The case of equal rates can then be established by taking limits as in Section B.1.

B.3. Push-block dynamics. Processes on Gelfand-Tsetlin patterns where particles attempt to make
independent geometrically distributed jumps while experiencing pushing and blocking interactions
have been constructed in Borodin and Ferrari (2014) and Section 2.2 of Warren and Windridge
(2009). Both involve particles being blocked by the positions of other particles at the previous time
step. The bottom layer evolves as an interlaced exponential random walk. The example below does
not immediately appear to fit into the general framework in Borodin and Ferrari (2014).

Suppose that λ1 ≥ . . . ≥ λd > 0. We will consider processes on Gelfand-Tsetlin patterns taking
values in the state space

Kd = {xkj ∈ R : 1 ≤ j ≤ k ≤ d with xk−1
j−1 ≤ x

k
j ≤ xk−1

j }

with the conventions that xk0 := −∞ and xkk+1 =∞.
We start by defining a process considered in Section 2.1 of Warren and Windridge (2009) taking

values in Kd and denoted by (Mk
j (t) : 1 ≤ j ≤ k ≤ d, t ≥ 0) started from Mk

j (0) = 0. Each particle
Mk
j attempts a nearest-neighbour jump to the right at rate λd−k+1 that may be subject to two

possible interactions. Suppose the particle with position Mk
j (t−) before the possible jump attempts

to jump at time t.

• Blocking. If Mk
j (t−) = Mk−1

j (t−) then any rightward jump is suppressed so that Mk
j (t) =

Mk
j (t−).

• Pushing. If Mk
j (t−) = Mk+1

j+1 (t−) and Mk
j (t) = Mk

j (t−) + 1 then this pushes the particle in
level k + 1 so that Mk+1

j+1 (t) = Mk+1
j+1 (t−) + 1. This jump may then cause further jumps in

levels k + 2, ..., d.
An argument involving intertwinings shows, for example in Theorem 2.1 of Warren and Windridge
(2009), that (Md

1 (t), . . . ,Md
d (t))t≥0 is a collection of Poisson point process with rates λd ≤ . . . ≤ λ1

conditioned to satisfy Md
1 (t) ≤ . . . ≤Md

d (t) for all t ≥ 0 using the harmonic function h.
We now construct a second process on Kd with push-block interactions by reversing the role of

space and time. For 1 ≤ j ≤ k ≤ d let

Zkj (n) = inf{t ≥ 0 : Mk
k−j+1(t) ≥ n}, n ≥ 0. (B.3)

This defines a discrete-time process on Kd denoted by (Zkj (n) : 1 ≤ j ≤ k ≤ d, n ∈ N0) and started
from Zkj (0) = 0. We first describe the dynamics on this array before then justifying that this
dynamics arises from (B.3).

At time n we update each layer starting with Z1
1 , then Z2

1 , Z
2
2 , and so on until Zd1 , . . . , Zdd . Let

(ekj (n) : 1 ≤ j ≤ k ≤ d, n ≥ 0) be independent exponential random variables with rate λk. Suppose
we have updated the positions of Z1

1 , Z
2
1 , Z

2
2 , . . . , Z

k−1
1 , . . . , Zk−1

k−1 . Then for j = 1, . . . , k each Zkj
attempts an independent jump according to an exponential random variable with rate λk subject
to two types of interaction:

• Pushing. If Zk−1
j−1 (n) > Zkj (n− 1) then Zkj is pushed to position Zk−1

j−1 (n) before performing
its exponential jump.
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• Blocking. The proposed exponential jump from this pushed position takes value given by
max(Zk−1

j−1 (n), Zkj (n−1))+ekj (n). If this exceeds Zk−1
j (n) then the overshoot is blocked and

we set Zkj (n) = Zk−1
j (n).

Therefore the combination of pushing and blocking interactions involves setting

Zkj (n) = min(Zk−1
j (n),max(Zk−1

j−1 (n), Zkj (n− 1)) + ekj (n)). (B.4)

We now explain how these interactions are a consequence of the push-block interactions in the
definition of the Mk

j and the definition of the Zkj in terms of Mk
j given in (B.3).

Suppose first that inf{t ≥ 0 : Mk
k−j+1(t) ≥ n} is attained without occurring due to a push by

Mk−1
k−j . This jump in the particle labelled Mk

k−j+1 to site n becomes possible after both Mk
k−j+1 has

reached site n− 1 and Mk−1
k−j+1 has reached site n (so that the jump is not blocked). Thus the jump

becomes possible at the time given by the maximum of Zkj (n− 1) = inf{t ≥ 0 : Mk
k−j+1(t) ≥ n− 1}

and Zk−1
j−1 (n) = inf{t ≥ 0 : Mk−1

k−j+1(t) ≥ n}. The jump then occurs after a waiting time given by an
exponential random variable denoted ekj (n) that is independent of all other random variables. The
other option is that Mk−1

k−j jumps to site n and pushes Mk
k−j+1. This occurs at time Zk−1

j (n). The
minimum over these two possibilities gives the first time that Mk

k−j+1 jumps to site n. Therefore

Zkj (n) = min(Zk−1
j (n),max(Zk−1

j−1 (n), Zkj (n− 1)) + ekj (n)).

This agrees with (B.4).
Suppose that λd > . . . > λ1. As the (Md

1 (t), . . . ,Md
d (t))t≥0 are Poisson point process with

rates λ1 < . . . < λd conditioned on the event that {Md
1 (t) ≤ . . . ≤ Md

d (t) for all t ≥ 0} then
(Zd1 (n), . . . , Zdd (n))n≥0 are exponential random walks with rates λd > . . . > λ1 conditioned on the
event that {Zd1 (n) ≤ . . . Zdd (n) for all n ≥ 0}. The two interpretations of (Zdd (n))n≥0 as either the
top particle in an ordered exponential random walk or as the top particle in a system with pushing
interactions give another proof of Equation (1.1). The case of equal rates can be established by
taking limits as in Section B.1. The point of this Section is that the underlying dynamics on
the Gelfand Tsetlin pattern involves a bottom layer evolving as an ordered rather than interlaced
exponential random walk.

References

Bertoin, J. and Doney, R. A. On conditioning a random walk to stay nonnegative. Ann. Probab.,
22 (4), 2152–2167 (1994). MR1331218.

Borodin, A. and Ferrari, P. L. Anisotropic growth of random surfaces in 2 + 1 dimensions. Comm.
Math. Phys., 325 (2), 603–684 (2014). MR3148098.

Borodin, A., Ferrari, P. L., Prähofer, M., and Sasamoto, T. Fluctuation properties of the TASEP
with periodic initial configuration. J. Stat. Phys., 129 (5-6), 1055–1080 (2007). MR2363389.

Borodin, A. and Péché, S. Airy kernel with two sets of parameters in directed percolation and
random matrix theory. J. Stat. Phys., 132 (2), 275–290 (2008). MR2415103.

de Bruijn, N. G. On some multiple integrals involving determinants. J. Indian Math. Soc. (N.S.),
19, 133–151 (1956) (1955). MR79647.

Denisov, D., Sakhanenko, A., and Wachtel, V. First-passage times for random walks with noniden-
tically distributed increments. Ann. Probab., 46 (6), 3313–3350 (2018). MR3857857.

Denisov, D. and Wachtel, V. Conditional limit theorems for ordered random walks. Electron. J.
Probab., 15, no. 11, 292–322 (2010). MR2609589.

Denisov, D. and Wachtel, V. Random walks in cones. Ann. Probab., 43 (3), 992–1044 (2015).
MR3342657.

http://www.ams.org/mathscinet-getitem?mr=MR1331218
http://www.ams.org/mathscinet-getitem?mr=MR3148098
http://www.ams.org/mathscinet-getitem?mr=MR2363389
http://www.ams.org/mathscinet-getitem?mr=MR2415103
http://www.ams.org/mathscinet-getitem?mr=MR79647
http://www.ams.org/mathscinet-getitem?mr=MR3857857
http://www.ams.org/mathscinet-getitem?mr=MR2609589
http://www.ams.org/mathscinet-getitem?mr=MR3342657


Ordered exponential random walks 1245

Denisov, D. and Wachtel, V. Random walks in cones revisited. ArXiv Mathematics e-prints (2021).
arXiv: 2112.10244.

Dieker, A. B. and Warren, J. On the largest-eigenvalue process for generalized Wishart random
matrices. ALEA Lat. Am. J. Probab. Math. Stat., 6, 369–376 (2009). MR2557876.

Doumerc, Y. and O’Connell, N. Exit problems associated with finite reflection groups. Probab.
Theory Related Fields, 132 (4), 501–538 (2005). MR2198200.

Eichelsbacher, P. and König, W. Ordered random walks. Electron. J. Probab., 13, no. 46, 1307–1336
(2008). MR2430709.

Fisher, M. E. Walks, walls, wetting, and melting. J. Statist. Phys., 34 (5-6), 667–729 (1984).
MR751710.

FitzGerald, W., Tribe, R., and Zaboronski, O. Asymptotic expansions for a class of Fredholm
Pfaffians and interacting particle systems. Ann. Probab., 50 (6), 2409–2474 (2022). MR4499280.

FitzGerald, W. and Warren, J. Point-to-line last passage percolation and the invariant measure
of a system of reflecting Brownian motions. Probab. Theory Related Fields, 178 (1-2), 121–171
(2020). MR4146536.

Gessel, I. M. and Viennot, X. Determinants, paths, and plane partitions (1989). Available
at https://www.researchgate.net/publication/2802126_Determinants_Paths_and_Plane_
Partitions.

Glynn, P. W. and Whitt, W. Departures from many queues in series. Ann. Appl. Probab., 1 (4),
546–572 (1991). MR1129774.

Johansson, K. Shape fluctuations and random matrices. Comm. Math. Phys., 209 (2), 437–476
(2000). MR1737991.

Johansson, K. Random matrices and determinantal processes. In Mathematical statistical physics,
pp. 1–55. Elsevier B. V., Amsterdam (2006). MR2581882.

König, W. Orthogonal polynomial ensembles in probability theory. Probab. Surv., 2, 385–447 (2005).
MR2203677.

König, W., O’Connell, N., and Roch, S. Non-colliding random walks, tandem queues, and discrete
orthogonal polynomial ensembles. Electron. J. Probab., 7, no. 5, 24 (2002). MR1887625.

O’Connell, N. Conditioned random walks and the RSK correspondence. J. Phys. A, 36 (12),
3049–3066 (2003). MR1986407.

O’Connell, N. and Yor, M. A representation for non-colliding random walks. Electron. Comm.
Probab., 7, 1–12 (2002). MR1887169.

Puchała, Z. and Rolski, T. The exact asymptotic of the time to collision. Electron. J. Probab., 10,
no. 40, 1359–1380 (2005). MR2183005.

Puchała, Z. and Rolski, T. The exact asymptotic of the collision time tail distribution for indepen-
dent Brownian particles with different drifts. Probab. Theory Related Fields, 142 (3-4), 595–617
(2008). MR2438702.

Schütz, G. M. Exact solution of the master equation for the asymmetric exclusion process. J.
Statist. Phys., 88 (1-2), 427–445 (1997). MR1468391.

Shatashvili, S. L. Correlation functions in the Itzykson-Zuber model. Comm. Math. Phys., 154 (2),
421–432 (1993). MR1224086.

Stembridge, J. R. Nonintersecting paths, Pfaffians, and plane partitions. Adv. Math., 83 (1), 96–131
(1990). MR1069389.

Tracy, C. A. and Widom, H. Nonintersecting Brownian excursions. Ann. Appl. Probab., 17 (3),
953–979 (2007). MR2326237.

Tribe, R. and Zaboronski, O. Pfaffian formulae for one dimensional coalescing and annihilating
systems. Electron. J. Probab., 16, no. 76, 2080–2103 (2011). MR2851057.

Tricomi, F. G. and Erdélyi, A. The asymptotic expansion of a ratio of gamma functions. Pacific J.
Math., 1, 133–142 (1951). MR43948.

http://arxiv.org/abs/2112.10244
http://www.ams.org/mathscinet-getitem?mr=MR2557876
http://www.ams.org/mathscinet-getitem?mr=MR2198200
http://www.ams.org/mathscinet-getitem?mr=MR2430709
http://www.ams.org/mathscinet-getitem?mr=MR751710
http://www.ams.org/mathscinet-getitem?mr=MR4499280
http://www.ams.org/mathscinet-getitem?mr=MR4146536
https://www.researchgate.net/publication/2802126_Determinants_Paths_and_Plane_Partitions
https://www.researchgate.net/publication/2802126_Determinants_Paths_and_Plane_Partitions
http://www.ams.org/mathscinet-getitem?mr=MR1129774
http://www.ams.org/mathscinet-getitem?mr=MR1737991
http://www.ams.org/mathscinet-getitem?mr=MR2581882
http://www.ams.org/mathscinet-getitem?mr=MR2203677
http://www.ams.org/mathscinet-getitem?mr=MR1887625
http://www.ams.org/mathscinet-getitem?mr=MR1986407
http://www.ams.org/mathscinet-getitem?mr=MR1887169
http://www.ams.org/mathscinet-getitem?mr=MR2183005
http://www.ams.org/mathscinet-getitem?mr=MR2438702
http://www.ams.org/mathscinet-getitem?mr=MR1468391
http://www.ams.org/mathscinet-getitem?mr=MR1224086
http://www.ams.org/mathscinet-getitem?mr=MR1069389
http://www.ams.org/mathscinet-getitem?mr=MR2326237
http://www.ams.org/mathscinet-getitem?mr=MR2851057
http://www.ams.org/mathscinet-getitem?mr=MR43948


1246 Denis Denisov and Will FitzGerald

Warren, J. Dyson’s Brownian motions, intertwining and interlacing. Electron. J. Probab., 12, no.
19, 573–590 (2007). MR2299928.

Warren, J. and Windridge, P. Some examples of dynamics for Gelfand-Tsetlin patterns. Electron.
J. Probab., 14, no. 59, 1745–1769 (2009). MR2535012.

http://www.ams.org/mathscinet-getitem?mr=MR2299928
http://www.ams.org/mathscinet-getitem?mr=MR2535012

	1. Introduction
	2. Harmonic functions
	2.1. Proof of Theorem 1.1
	2.2. Alternative representations for the harmonic function
	2.3. Coupling between ordered and interlaced random walks
	2.4. Relations between harmonic functions
	2.5. Further properties of h.

	3. Transition densities and uniform bounds
	4. Tail asymptotics
	4.1. Proof of Theorem 1.2 for lambda 1 > ... > lambda d.
	4.2. Tail asymptotics for equal rates.
	4.3. Proof of Theorem 1.2 for lambda 1 < ... < lambda d.

	5. The smallest and largest particles
	5.1. Integration by parts

	Acknowledgments
	Appendix A. Doob h-transforms for ordering and interlacing
	Appendix B. Connections to other models
	B.1. Last passage percolation
	B.2. Queueing theory
	B.3. Push-block dynamics

	References

