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Abstract. For moving average processes with random coefficients and heavy-tailed innovations that
are weakly dependent in the sense of strong mixing and local dependence condition D’ we study
joint functional convergence of partial sums and maxima. Under the assumption that all partial
sums of the series of coefficients are a.s. bounded between zero and the sum of the series we derive
a functional limit theorem in the space of R%-valued cadlag functions on [0, 1] with the Skorokhod
weak My topology.

1. Introduction

It is known that the joint partial sums and maxima processes constructed from i.i.d. regularly
varying random variables with the tail index a € (0,2) converge weakly in the space D([0, 1], R?)
of R?-valued cadlag functions on [0, 1] with the Skorokhod .J; topology, with the limit consisting of
a stable Lévy process and an extremal process, see Chow and Teugels (1979) and Resnick (1986).

The joint functional convergence holds also in the weakly dependent case. Anderson and Turkman
(1991, 1995) studied weak convergence of the joint partial sums and maxima processes in the case
when the underlying random variables are strongly mixing, and in the heavy-tailed case, under
Leadbetter’s D and D’ dependence conditions familiar from extreme value theory. Conditions D
and D’ are quite restrictive, since they exclude m-dependent sequences.

Recently, Krizmanic¢ (2020) showed that for a regularly varying sequence of dependent random
variables with index « € (0,2), for which clusters of high-threshold excesses can be broken down
into asymptotically independent blocks, the joint stochastic processes of partial sums and max-
ima converge in the space D([0, 1], R?) endowed with the Skorokhod weak Mj topology under the
condition that all extremes within each cluster of big values have the same sign. This topology is
weaker than the more commonly used Skorokhod J; topology, the latter being appropriate when
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there is no clustering of extremes. This result extends the functional limit theorem obtained by
Krizmani¢ (2018b) in the special case of linear processes with i.i.d. regularly varying innovations
and all (deterministic) coefficients of the same sign. Even when these coefficients are not of the
same sign, but all partial sums of the series of coefficients are bounded between zero and the sum
of the series, joint functional convergence still holds, but with respect to the weaker Skorokhod M
topology, see Krizmanic¢ (2018a).

In this paper we study joint functional convergence of partial sums and maxima for linear or
moving averages processes with weakly dependent innovations and random coefficients. In proving
the joint functional convergence for these processes we will rely on already established marginal
functional convergence for partial sums when the innovations are weakly dependent in the sense of
strong mixing and local dependence condition D’ (see Krizmani¢, 2022a) and for partial maxima of
linear processes with i.i.d. innovations (see Krizmanic, 2022b).

We proceed by stating the problem precisely. Let (Z;);cz be a strictly stationary sequence of
regularly varying random variables with index of regular variation o € (0,2). This means that

P(|Z] > z) =2 °L(z), x>0, (1.1)

where L is a slowly varying function at oo. Let (a,) be a sequence of positive real numbers such
that

nP(|Z1| > an) — 1, (1.2)
as n — oo. Then regular variation of Z; can be expressed in terms of vague convergence of measures
on E =R\ {0}:

nPa'Z; €)% pu(-) as n — oo, (1.3)
where p is a measure on [E given by
p(dz) = (pLo,c)(®) + 7 1(_oo0)(x)) alz|~* 1 de, (1.4)
with
. P(Z;>x) P(Z; < —x)
=1 =1 1.
PEM bz M TTEL Rz ) (15)

We study the moving average process with random coefficients, defined by
oo
X; = ZCjZi—ja 1 €7, (16)
j=0

where (C});>0 is a sequence of random variables independent of (Z;) such that the above series is
a.s. convergent. One well-known sufficient condition for that is

oo
ZE|C’]-\‘S < 00 for some § < a, 0 <6 < 1. (1.7)
=0

The moment condition (1.7), stationarity of the sequence (Z;) and E|Z;|? < oo for every 3 € (0, )
(which follows from the regular variation property and Karamata’s theorem) imply the a.s. conver-
gence of the series in (1.6), since

o0 o0
E|X,° <) E|GI°E|Zi;|° = E|Z1|° Y E|C}]° < oc.
j=0 Jj=0
Condition (1.7) implies also the a.s. convergence of the series Z?io C;. Another condition that
assures the a.s. convergence of the series in the definition of moving average processes with
E(Z1) =0, if a € (1,2),
Z1 is symmetric, if =1,
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and a.s. bounded coefficients can be deduced from the results in Astrauskas (1983):
oo
cho-‘L(cj_l) < 00,
3=0

where (c;) is a sequence of positive real numbers such that |C;| < ¢; a.s. for all j (c.f. Balan et al.,
2016).

If the innovations Z;’s are independent, Krizmani¢ (2019) derived a (marginal) functional limit
theorem for the partial sum stochastic process

[nt]
1
n = X’ia 9 1 ’ 1
V() o ;:1 t €[0,1] (1.8)

in the space D([0, 1], R) of real-valued right continuous functions on [0, 1] with left limits, endowed
with the Skorohod M> topology, under some usual regularity conditions and the assumption that
all partial sums of the series C' = »"°, C; are a.s. bounded between zero and the sum of the series,

ie.
0§ZC,~/ZC’Z'§1 a.s. for every s =0,1,2.... (1.9)
=0 =0

More precisely,

Vo (+) i>C~'V() as n — oo, (1.10)
in D([0,1],R) endowed with the My topology, where V' is an a—stable Lévy process with character-
istic triple (0, u,b), with p as in (1.4),

b 0, a=1,
| -, a€(0,1)U(L,2),
and C is a random variable, independent of V', such that C L C. When the sequence of coefficients
(C;) is deterministic, relation (1.10) reduces to

Vn(-)gCV(-) as n — oo
(see Proposition 3.2 in Krizmani¢, 2019). Simplifying notation, we sometimes omit brackets and
write V), 4 OV. This functional convergence, as shown by Avram and Taqqu (1992), can not be
strengthened to the Skorokhod J; convergence on D([0,1],R), and it also fails in the M; topology
even for finite order moving averages with coefficients of both signs (but if all coefficients are
nonnegative then the M; convergence actually holds).
Further, (marginal) functional convergence of partial maxima processes in the i.i.d. case was

obtained in Krizmani¢ (2022h), i.e. under some standard moment conditions on the sequence of
coefficients (C;) it holds that

Mn()gM() as n — 0o, (1.11)
in D([0,1],R) endowed with the Skorokhod M topology, where
[nt]
1 1
7\/Xi’ tE[*,l},
M,(t)={ iz " (1.12)
X1 1
DR te |:0) 7>7
an, n

is the corresponding partial maximum process and M = COWD v cOwWR | where WU is an
extremal process with exponent measure p(dz) = par=*"'dz for > 0, W® is an extremal
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process with exponent measure j— (dz) = rax=*1dz for z > 0, and (C(l), C®?) is a two dimensional
random vector, independent of (W), W) such that (C) 0(2)) (C4,C-), with

Cy =max{C; v0:j>0} and  C_ =max{-C;VO0:j>0}. (1.13)

Recently, in Krizmani¢ (2022a) functional convergence in (1.10) was extended to the case when

the innovations Z; are weakly dependent, in the sense that (Z;) is a strongly mixing sequence which
satisfies the local dependence condition D’ as is given in Davis (1983):

Sp(lal,, 12
hm limsup n — >, >z ] =0 for all x > 0. (1.14)
k—00 n—oo im1 an an

For instance, a process which is an instantaneous function of a stationary Gaussian process with
covariance function r, behaving like 7, logn — 0 as n — oo satisfies condition (1.14) (see Davis,
1983). Other examples of time series that satisfy (1.14), related to stochastic volatility models and
ARMAX processes, can be found in Davis and Mikosch (2009) and Ferreira and Canto e Castro
(2008). This condition, together with the strong mixing property, assures that, as in the i.i.d. case,
the extremes of the sequence (Z;) are isolated. Recall here that a sequence (&) is strongly mixing
if a(n) — 0 as n — oo, where

a(n) =sup{|P(ANB) —P(A)P(B)|: Ac F° _,B € F*}

and .7-",1C =o({& : k <i<I}) for —oo < k <1 < oo. For some related results on limit theory for
moving averages with random coefficients we refer to Hult and Samorodnitsky (2008) and Kulik
(2006).

Our aim in this paper is to join the convergence relations (1.10) and (1.11) into a single one,
or more precisely, to find sufficient conditions on moving average processes with weakly depen-
dent innovations and random coefficients such that, with respect to some Skorokhod topology on
D([0, 1], R?)

L,(-):= (Vn(),Mn())i>(CV(),M()) as n — oo. (1.15)
Note that if we prove (1.15) then it will follow directly that the functional convergence of partial
maxima processes in (1.11) holds also in the case when the innovations are weakly dependent.

The main results of this paper deal with establishing relation (1.15) for finite order moving
averages in Theorem 4.1, and then in the general case for infinite order moving average processes
in Theorem 5.1. For Z; we assume the already mentioned standard regularity conditions:

EZ =0, if ac(1,2), (1.16)
Zy is symmetric, if a=1. (1.17)

In the case a € [1,2) we will need to assume the following condition to deal with small jumps:

i:( {Z|<}—E< {\z|< }>>‘>e]:0 (1.18)

for all e > 0. This condition holds if the sequence (Z;) is p-mixing at a certain rate (see Lemma 4.8
in Tyran-Kaminska, 2010a). In case a € (0,1) it is a simple consequence of regular variation and
Karamata’s theorem. Similar conditions are standardly used in the limit theory for partial sums,
see Avram and Taqqu (1992); Basrak et al. (2012); Durrett and Resnick (1978); Tyran-Kamirnska
(2010a). For infinite order moving averages, beside condition (1.7) we will require also some other
moment conditions, which will be specified latter in Section 5.

Since the stochastic processes V;,, and M,, converge (separately) in the space D([0, 1], R) equipped
with the Ms topology, for the convergence in relation (1.15) we will use the weak M, topology. Since
for partial maxima processes, functional convergence actually holds in the stronger M; topology,
it is possible to obtain also a joint convergence of L,, in the My topology on the first coordinate

limlimsup P | max
ul0 n—oco 1<k<n
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and in the M; topology on the second coordinate, see Remark 4.3 below. In general, functional M;
convergence of partial sum processes fails to hold, as for instance, in the case of moving averages
with i.i.d. heavy-tailed innovations Z; and deterministic coefficients Cy =1, C; = —1, C5 = 1 and
C;=0fori>3:

Xi=2,—Zi_1+ Z;_a, 1 € 7.

This shows that in general functional convergence of L,, does not hold in the (weak) M; topology.

The paper is organized as follows. In Section 2 we recall definitions of weak and strong Skorohod
My and M topologies. In Section 3 we introduce some basic notions about joint regular variation
and point processes, and obtain some auxiliary results that will be used in Section 4 in establishing
the limiting relation (1.15) for finite order moving average processes with weakly dependent inno-
vations and random coefficients. Then in Section 5 we extend this result to infinite order moving
average processes.

2. Skorokhod M; and M, topologies

We start with the definition of the Skorokhod weak M topology in a general space D([0, 1], RY)
of R%valued cadlag functions on [0, 1]. It is standardly defined using completed graphs and their
parametric representations.

For x € D([0,1],RY) the completed (thick) graph of z is the set

Gr={(t,2) €[0,1] x R : 2 € [[x(t—), =(t)]]},

where z(t—) is the left limit of x at ¢ and [[a,b]] is the product segment, i.e. [[a,b]] = [a1,b1] X
[ag,ba] ... X [ag,bg] for a = (ay,as,...,aq),b = (by,ba,...,bg) € RE We define an order on the
graph G, by saying that (t1,21) < (t2, 22) if either (i) t1 < to or (ii) t1 = t2 and |z;(t1—) — 21| <
|zj(ta—) — 295] for all j = 1,2,...,d. The relation < induces only a partial order on the graph
G. A weak My parametric representation of the graph G is a continuous function (r,u) mapping
[0,1] into G, such that r is nondecreasing with 7(0) = 0, (1) = 1 and u(1) = z(1) (r is the
time component and u the spatial component). Denote by IT2(z) the set of weak My parametric
representations of the graph G,. For z1, 25 € D([0,1],R?) define

. ¢ (riyus) € 2 ()i = 1,2},

dw (21, 22) = Inf{|lr1 — ralljo,y V [[ur — vzl

where |z[|jo 1] = sup{||z(#)| : t € [0,1]} for z: [0,1] — R¥, with |- || denoting the max-norm on R*.

Now we define the weak Mj topology sequentially by saying that a sequence (z,,), converges to z

in D([0,1],R%) in the weak Skorokhod My (or shortly W Ms) topology if dy, (2, ) — 0 as n — oo.
If we replace above the graph G, with the completed (thin) graph

Iy ={(t,2) €[0,1] x R?: z = Xz(t—) + (1 — X)x(t) for some X € [0,1]},

and a weak My parametric representation with a strong My parametric representation (i.e. a
continuous function (r,u) mapping [0, 1] onto I'; such that r is nondecreasing), then we obtain the
standard (or strong) My topology. This topology is stronger than the weak M topology, but they
coincide if d = 1.

Note that in My parametric representations (r,u) we required that only the time component r
is nondecreasing. If we also require that the spatial component v is nondecreasing, then we obtain
M parametric representations and (weak and strong) Skorokhod M; topologies, which are stronger
than the corresponding M, topologies.

Often the following characterization of the Ms topology with the Hausdorff metric on the spaces
of graphs is useful. For 1,z € D([0,1],R%), the M> distance between z1 and x is given by

d = inf d(a,b) |V inf d(a,b
M (21, 2) (asetlirjl o (a, )) (;g;r; o (a, )>,
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where d is the metric induced by the maximum norm on R%*!. The metric dyy, induces the strong
M topology. The weak Ms topology on D([0, 1], R%) coincides with the (product) topology induced
by the metric

dy" (1, 22) = jmax dan (15, 725) (2.1)
for 2; = (zi1,...,2iq) € D([0,1],R%), i = 1,2. For detailed discussion of the strong and weak Mo
topologies we refer to Whitt (2002), sections 12.10-12.11. Denote by D4([0,1],R?) the subspace
of functions = in D([0,1],R%) for which the coordinate functions z; are non-decreasing for all i =
1,...,d. For simplicity of notation let D* = D([0,1],R?) and D{ = D4([0, 1], R%).

Similar to relation (2.1) for the weak My topology, the weak M; topology on D? coincides with

the topology induced by the metric

dy" (a1, 22) = jmax dar, (215, 225) (2.2)
for x; = (z41,...,%q) € D, i = 1,2 (see Whitt, 2002, Theorem 12.5.2). Here dj;, denotes the M
metric on D', defined by

0,1 : (15, u;) € M (y),0 = 1,2}

for 41,42 € D', where ITM (y) is the set of M; parametric representations of the completed graph
I'y, i.e. continuous nondecreasing functions (r,w) mapping [0, 1] onto I'y.

In the next section we will use the following three lemmas. The first one is about preservation of
weak M convergence of stochastic processes under transformations that add certain cadlag functions
to the first components of the underlying processes. This results is a simple consequence of My
continuity of addition, the continuous mapping theorem and Slutsky’s theorem. It can be proven
similarly as Lemma 1 in Krizmani¢ Krizmani¢ (2018a) (for the My convergence). The remaining
two lemmas deal with M7 continuity of multiplication and maximum of two cadlag functions. The
first one is based on Theorem 13.3.2 in Whitt (2002), and the second one follows easily from the
fact that for monotone functions M; convergence is equivalent to point-wise convergence in a dense
subset of [0, 1] including 0 and 1 (cf. Whitt, 2002, Corollary 12.5.1). Denote by Disc(z) the set of
discontinuity points of z € D!,

dan, (Y1, y2) = inf{|lr1 — ralljo1) V [lur — ue|

Lemma 2.1. Let (A, B,,Cy), n=0,1,2,..., be stochastic processes in D> such that, as n — 00,

(An;B'rUCTL) i> (A07B07CO) (23)

in D3 with the weak M, topology. Suppose x,, n = 0,1,2,..., are elements of D' with xy being
continuous, such that, as n — oo,

Tn(t) = zo(t)
uniformly in t. Then
(Ap + n, Bn, Cn) % (Ao + w0, By, Co)
in D with the weak M, topology.

Lemma 2.2. Suppose that x, — x and y, — y in D' with the M topology. If for each t €
Disc(x)NDisc(y), x(t), x(t—), y(t) and y(t—) are all nonnegative and [z(t)—x(t—)][y(t)—y(t—)] > 0,
then xpyn, — zy in D' with the My topology, where (zy)(t) = x(t)y(t) for t € [0,1].

Lemma 2.3. The function h: D% — D% defined by h(x,y) =z Vy, where
(@vy)t)==z@)vVy), tel0,1],

1s continuous when D% 1s endowed with the weak My topology and D% 1s endowed with the standard
M topology.
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3. Joint regular variation, point processes and sum-maximum functional

We say that a strictly stationary sequence of random variables (&,)nez is (jointly) regularly
varying with index « > 0 if for any nonnegative integer k the k-dimensional random vector & =
(&1,...,&;) is multivariate regularly varying with index «, i.e. there exists a random vector © on
the unit sphere S¥=! = {2 € R¥ : ||z|| = 1} such that for every u > 0, as x — oo,

P(Ell > uz, /€l € ) w,  —a ,
Bl > 2) —u “P(O© € ), (3.1)

where the arrow ”—” denotes the weak convergence of finite measures. There is a convenient
characterization of joint regular variation due to Basrak and Segers (2009): it is necessary and
sufficient that there exists a process (Y, )nez with P(|Yy| > y) = y~* for y > 1 such that, as x — oo,

(@ &alnez] 60] > 2) = (Yalnez. (3.2)
where "5 denotes convergence of finite-dimensional distributions. The process (Y;,) is called the
tail process of ().

Let (Z;)iez be a strictly stationary and strongly mixing sequence of regularly varying random
variables with index a € (0,2), such that the local dependence condition D’ and conditions (1.16)
and (1.17) hold. If a € [1,2), also suppose that condition (1.18) holds. Condition D’ and strong
mixing imply that (Z;) is jointly regularly varying with the tail process (Y;) being the same as in
the i.i.d. case, that is, Y; = 0 for i # 0, and Yj as described above (Basrak et al., 2012, Example
4.1). This in particular means that (Y;) has no two values of the opposite sign.

Define the time-space point processes

n
No = 8(i/n zifa) forallneN,
i=1
with a, as in (1.2). The point process convergence for the sequence (NNV,) on the space [0,1] x E
was obtained by Basrak and Tafro (2016) under joint regular variation and the following two weak
dependence conditions.

Condition 3.1. There exists a sequence of positive integers (r,) such that r, — oo and r,/n — 0
as n — oo and such that for every nonnegative continuous function f on [0,1] x E with compact
support, denoting k, = [n/r, |, as n — oo,

" (i 7 o o (ke Zi
E - - — — _ = . .
ot G ) Il 2o ()i oo o9
i=1 k=1 =1
Condition 3.2. There exists a sequence of positive integers (r,,) such that r,, — oo and r,/n — 0

as n — oo and such that for every u > 0,

lim lim SupP( max |Z;| > uay

m—0 n_o00 m<|i|<rp

|Zo| > uan> = 0. (3.4)

Condition 3.1 is implied by the strong mixing property (see Krizmanic, 2010, 2016). Condition 3.2
follows from condition D’, for the latter implies

= Z Zi
lim n P<‘0’>u,‘2’>u>20 for all u > 0,

n—oo 4 A, A,
=1

for any sequence of positive integers (r,) such that r, — oo and r,/n — 0 as n — oo. Therefore,
in our case, by Theorem 3.1 in Basrak and Tafro (2016), as n — oo,

N i> N = Z Z 5(Ti7Pﬂh’j) (3:5)
g
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in [0,1] x E, where Y 2, 67, p,) is a Poisson process on [0,1] x (0,00) with intensity measure
Leb x v where v(dz) = 0oz~ 1 (g o) () dz with 6 being the extremal index of the sequence (Z;),
and (Z(;il dn;;)i is an ii.d. sequence of point processes in E independent of »_; §(7; p,) and with
common distribution equal to the distribution of } (52_ /() Where L(Y) = Supjey, DN’}\ and } -, 5171_
is distributed as (3_;cy
extremes of the sequence (Z;) are isolated, i.e. § = 1 (see Leadbetter and Rootzén, 1988, page 439,
and Leadbetter et al., 1983, Theorem 3.4.1). Taking into account the form of the tail process (Y;)
it holds that N =}, (1, pine) With |1i0] = 1. Further, by (1.5) and (3.2) we obtain

P(nio=1) = P(Yp >0)=P(¥p>1) = lim P(z7'Zy > 1||Zo| > x)

dy; | sup;<_1 [Yi| < 1). Condition D’ and strong mixing imply that the

— lim P(Zo > l‘) B
T e P(Zo > )
and similarly P(n,0 = —1) = r. Hence, denoting Q; = 10, the limiting point process in relation
(3.5) reduces to
N = Zé(TivpiQi)’ (3.6)
i

with P(Q; = 1) = p and P(Q; = —1) = r. Since the sequence (Q);) is independent of the Poisson
process Y 2, d(t;,p;), an application of Proposition 5.2 and Proposition 5.3 in Resnick (2007) yields
that NV is a Poisson process with intensity measure Leb x v/ where

V(dz) = {ElQf1{q,>031(0,00) () + E[(=Q1)*1{qu<0j]L(~o0,0)(2) }arlz[ 7>  dz
= (PL(0,00) (@) + T1(— oo 9)())arlz| 7 da

= p(dz).
Fix 0 < u < oo and define the sum-maximum functional
™) M,([0,1] x E) — D' x D?
by
¢(U)<Z5(ti,mi)>(t) = (Zfﬂz Luclml<oct V 1Zil Lm0y \/ ’xi|1{$i<0})a t€0,1]
i t; <t t; <t t; <t

(with the convention V() = 0), where the space M,,(]0, 1] x E) of Radon point measures on [0, 1] x E
is equipped with the vague topology (see Resnick, 1987, Chapter 3). Let A = Aj N Ay, where

Ay = {n € My([0,1] x E) : n({0,1} x E) = 0 = 5([0, 1] x {£o00, +u})},

Ay = {n € My([0,1] x E) : n({t} x (u,00]) - n({t} x [—o0,—u)) = 0 forallt e [0,1]}.
Observe that the elements of Ay have the property that atoms in [0, 1] x E, with the same time

coordinate are all on the same side of the time axis, where E, = {z € E : |z| > u}.

Lemma 3.3. The mazimum functional ®®): M,([0,1] x E) — D' x D% is continuous on the set A
when D' x D% 1s endowed with the weak My topology.

Proof: Take an arbitrary n € A and suppose that 5, — 7 as n — 0o in M,,([0, 1] x E). We need to
show that ®®(n,,) — () in D! x D% according to the weak M; topology. By Theorem 12.5.2
in Whitt (2002), it suffices to prove that, as n — oo,

ay" () (), @) (1) = max. dag, (8] (1), [ (m)) = 0.

— 54y
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Following, with small modifications, the lines in the proof of Lemma 3.2 in Basrak et al. (2012) we
obtain dpz, (@gu)(nn), q)gu) (n)) — 0 as n — oo. Since Proposition 3.1 in Krizmani¢ (2022b) implies

max dag, (8] (1), @ () 0 as n > ox,

)

we conclude that &™) is continuous at 7. g

In the next result we show that a particular stochastic process En, constructed carefully from the

sequence (Z;), converges to the limiting process in relation (1.15) in D! x D% with the weak M
topology. Later, as our main result, we will show that the M, distance between processes L, and
L,, is asymptotically negligible (as n tends to infinity), which will imply the desired convergence in
(1.15).
Proposition 3.4. Let (Z;)icz be a strictly stationary and strongly mizing sequence of regularly
varying random variables satisfying (1.1) and (1.5) with o € (0,2), such that the local dependence
condition D' and conditions (1.16) and (1.17) hold. If a € [1,2), also suppose that condition (1.18)
holds. Let (C;)i>0 be a sequence of random variables independent of (Z;) such that the series defying
the linear process

X; = ZCjZi_j’ 1 € 7,
=0

s a.s. convergent. Let

Va(t) == . ©oand My(t) = \/ az (Ciliz>0p + C-lizi<oy),  t€0,1],
i=1 " i=1 "
with C =322, C;, and Cy and C_ defined in (1.13). Then, as n — 0o,

La() = (Va(-): Ma(+)) & (COV(-),cOMD () v c@ M@ (1))

in D! x D% with the weak My topology, where V is an a—stable Lévy process with characteristic triple
(0, i1, b), with p as in (1.4),

b 0, a=1,
_{ (p—r)12, ac(0,1)U(1,2),

1—a?

MDD and M@ are extremal processes with exponent measures pax ®

10,00 (®) dz and
rax*afll(ovoo) (z) dz respectively, with p and r defined in (1.5), and (C©,CM,C®) is a random
vector, independent of (V, MM, M®), such that (C©), 1), C?)) 4 (C,Cq,C2).

Before the proof of the proposition recall here some basic facts on Lévy processes and extremal
processes. The distribution of a Lévy process V' is characterized by its characteristic triple (i.e. the
characteristic triple of the infinitely divisible distribution of V(1)). The characteristic function of
V(1) and the characteristic triple (a, p,c) are related in the following way:

. 1 ,
E[e”?V (V] = exp<—2az2 +icz + /R(ewz —1—izaly () p(dx))
for z € R, where a > 0, ¢ € R are constants, and p is a measure on R satisfying
p({0) =0  and /(W A1) pld) < oo.
R

We refer to Sato (1999) for a textbook treatment of Lévy processes. The distribution of an nonneg-
ative extremal process W is characterized by its exponent measure p in the following way:

P(W(t) < z) = e 1)
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for ¢ > 0 and = > 0, where p is a measure on (0,00) satisfying p(d,00) < oo for any § > 0 (see
Resnick, 2007, page 161). If p is a null measure, we suppose W is a zero process.

Proof of Proposition 53./: Take an arbltrary 0 < u < 1, and consider

dW(N,)(-) = < Z {IZ\> . \/ |Z| \/ ’f’j‘l{ZKO})-

i/n<- i/n<- i/n<-

Since the limiting point process N is a Poisson process, it is almost surely contained in the set A
(see Resnick, 2007, page 221). Therefore, since by Lemma 3.3 the sum-maximum functional ®(*) is
contlnuous on the set A, the continuous mapping theorem applied to the convergence in (3.5) yields

O (N,) 4 plu )(N) in D' x D% under the weak M; topology, i.e.
ln-|
Z;
(S V )

d
— <Z PQilyposup V 1PQillipqs0p ’PiQiH{PZ-QKD})' (3.7)
T<-

Since P; > 0 and |Q;| = 1 for all ¢, the limiting process in (3.7) reduces to
(Z PQil{p>uy, \/ Piliq>0y \/ Pil{Qi<o}>-
T;<- T;<- T;<-

Relation (1.3) implies, as n — oo,

LntJ E ( Zl LntJ

1 ‘Zl'<1}>

Z
znP (—1 € dx)
u<|z|<1 Qn

— t/u<x|§1 xp(dr) (3.8)

for every t € [0, 1], and this convergence is uniform in ¢. Therefore an application of Lemma 2.1 to
(3.7) and (3.8) yields, as n — oo,

ey, In-
L(-) = ( > le{ LN \/ {zi<0})

: n a
=1 n i=1

d u
— L( ( Z PQzl{p Su} () \/ Pl{Q >0} \/ Pl{Q <0}> (3.9)

i< i<

in D' x D% under the weak M; topology, where

A
(u) — 1 (u) —
b, _E(an {u <|zl\<1}> and b —/u<|x§1 zp(dx).

Since N =3, d(1,p,0,) 18 a Poisson process with intensity measure Leb x p, by the It6 repre-
sentation of a Lévy process (see Resnick, 2007, pages 150-157; and Sato, 1999, Theorem 14.3 and
Theorem 19.2), there exists an a-stable Lévy process V() (- ) with characteristic triple (0, u, 0) such
that

sup [LWN) —vOt) =0
te(0,1]



Joint functional convergence for moving averages 1257

u)

almost surely as u — 0, where LW is the first component of the process Lf Since uniform

convergence implies Skorohod M; convergence, we get
dpr, (LY V) =0 (3.10)

almost surely as u — 0. Let

LO) = (V(O V) Pilgisop \/ Pl{Qz<0}>

<. <.
Then from (3.10) we obtain
dg/ll(L(“),L(O)) 50

almost surely as u — 0. Since almost sure convergence implies convergence in distribution, we have,
as u — 0,

LWy 4 O (3.11)
in D! x D2 endowed with the weak M, topology. By Proposition 5.2 and Proposition 5.3 in Resnick

(2007), the process
> TP igy50))
i

is a Poisson process with intensity measure Leb X vy, where

v1(de) = E[(1{g,20))"J0a~ "1 g 00y (7) da = paa=~11 g o) () o
Therefore the process

MY =\ Plgso
;<

is an extremal process with exponent measure vy (see Resnick, 2007, page 161). Similarly, the

process
Z 5(TivPi1{Q1 <0})

i
is a Poisson process with intensity measure Leb X vo, where

—a—1

vo(dz) = E[(l{QKO})O‘}aaf”*l1(0700) (x)dx = rax L(0,00) () da,

and thus the process

M®A () =\ Plig.<o
ns

is an extremal process with exponent measure vs.
Let

Ln-]

[n-]
0= (X 0 () V

=1

-]
|

’Zi |Zz
Liz;>0} \/ " Liz,<o0y |-
i=1 "

If we show that
lim lim sup P(dM1 (L0 L) > ) =0

u—=0 oo
for every € > 0, from (3.9) and (3.11) by a generalization of Slutsky’s theorem (see Theorem 3.5 in
Resnick, 2007) it will follow that L( ) 410 asn 00, in D! x D2 with the weak M; topology.
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Recalling the definitions, the fact that the metric dM1 is bounded above by the uniform metric (see
Theorem 12.10.3 in Whitt, 2002), and using statlonarlty and Markov’s inequality we obtain

P( (LY, L) > ¢) < P<smpHL§MnLgNon>e>

t€[0,1]
[nt]
Z A
o |3 sy~ 0P )| >
k
:P[l%cagn Z(an {|Z\§}_ ( {|zlw< }>>‘>e}
Therefore we have to show
k
iii)r%)liﬁsolipp [1r§nka§xn Z( {|z ey} T ( {|z1\< }))’ > e]. (3.12)

For o € [1,2) this relation is simply condition (1.18). In the case a € (0,1), let
k

2 (e (0>

Using stationarity and Chebyshev’s inequality we get the bound

I(u,n,e) < elE[Zn: Ziy e} ( Lz, })H <E<|Zl| {l21<u})

i=1
2 P(|Z E(|Z11 ,
= B p( 2] > a) - DOZL> wan) Bz e
€ P(1Z1| > an) wan, P(|Z1] > uay)
Since the random variable Z; is regularly varying with index «, it holds that
lim P(|Z1] > uay,) _
n—oo P(|Z1| > ap)

I(u,n,e) =P { max
1<k<n

—

By Karamata’s theorem

iy P04 z<eny) @
n—oo uan P(|Z1| > ua,) 1—«

)

and therefore taking into account relation (1.2), we get

: 11—«
llyrlri}solépl(u,n, €) <u o)
Since in this case 1 — a > 0, letting ©u — 0 we obtain
lim lim sup I (u, n,€) = 0.
u—0 psco
Hence we conclude
LOY L O agn— oo, (3.13)

in D' x D% with the weak M; topology.
By Karamata’s theorem, as n — oo,

Z1 (6% .
”E(al{\ZﬂSan}) —)(p—T‘)l_Q, if a€ (0,1),

Zl (6% .
nE(al{\Zlban}) = (p— T‘)ﬁ, if a€(1,2),
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with p and 7 as in (1.5). Therefore conditions (1.16) and (1.17), and Lemma 2.1, applied to the
convergence in (3.13), yield

()LL) asn—oo (3.14)
in D! x D% with the weak M, topology, where
ln-] [n-] [n-]
. Zi |Zi] |Zi]
Ly(-) = <Z P \/ a Liz;>0} \/ Tl{ZKO}
i=1 " =1 " i=1 "

and L := (V, MM, M®), with

VO (1), a=1,
V(t) =
VOO + -1  ae(0,1)U(L,2),

being an a—stable Lévy process with characteristic triple (0, 4, 0) if @« = 1 and (0, u, (p—7r)a/(1—a))
if € (0,1) U (1,2). Note that in case a« = 1 it holds that L} = Lo (since Z is symmetric).

It is known that D' equipped with the Skorokhod J; topology is a Polish space, i.e. metrizable
as a complete separable metric space (see Billingsley, 1968, Section 14), and therefore the same
holds for the M; topology, since it is topologically complete (see Whitt, 2002, Section 12.8) and
separability remains preserved in the weaker topology. Since the space D% is a closed subspace of
D' (cf. Whitt, 2002, Lemma 13.2.3), it is also Polish. Further, the space D! x D% equipped with the
weak M topology is separable as a direct product of three separable topological spaces. It is also
topologically complete since the product metric alzj,\/[1 inherits the completeness of the component
metrics. Hence D' x D% with the weak M topology is also a Polish space. This allows us to apply
Corollary 5.18 in Kallenberg (1997) to conclude that there exists a random vector (C'(©), ¢() (),
independent of (V, M®) M®)), such that

(CcO, c® c®) 4 (C,Cy,Co). (3.15)

This, relation (3.14), the fact that (C,Cy,C_) is independent of L}, and Theorem 3.29 in Kallen-
berg Kallenberg (1997), imply that, as n — oo,

(B, B', B2, L:}, 12, 13) 4 (B©, B, B® v, MM, M) (3.16)

n X X X with the product M; topology, where " is the it component of L}
in D' x D} x D' x D} with th duct M 1 here L' is the i-th f LY
(i=1,2,3), B(t) = C, B'(t) = Cy, B3(t) = C_, BO(t) = ¢, BO(t) = CM and B@(t) = C?
for t € [0,1].

Let g: D! x D% x D! x D% — D' x D% be a function defined by

9(z) = (x124, T2T5, T3T6), x=(x1,...,26) € D' x D x D' x D3.

Denote by 51,273 the set of all functions in D! x D% x D' x D% for which the first three component
functions have no discontinuity points, that is

Dio3={(z1,...,26) € D' x D} x D' x D? : Disc(z;) = 0, i = 1,2,3}.

By Lemma 2.2 the function ¢ is continuous on the set 5172,3 in the weak M; topology, and hence
Disc(g) € Df 5 3. Denoting D1 = {u € D% : Disc(u) = (0} we obtain

P[(BY, BW B® v, MM M) e Disc(q)] < P(BY,BY, B v, MM M) e 15;7273]

IN

P{B® e Dy u{BY e D§Y U {B® e D§}] =0,
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where the last equality holds since BO_ B and B® have no discontinuity points. This allows us

to apply the continuous mapping theorem to relation (3.16) yielding g(B°, B, B2, L*', L2, L*3) 4
g(BO B B@ v, MM M®?) as n — oo, that is

n-J Ln-

|
CZ; C.|Z;
<Zl - \_/1 J;’ ’1 (250} \/ 1{Z<0}>
& OV (), cOMD (), c@p@ () (3.17)

in D! x D% with the weak M; topology.
Lemma 2.3 implies the function f: D! x D% — D' x D%, defined by

is continuous when D! x D% and D' x D% are endowed with the weak M topology. Therefore from
(3.17), by an application of the continuous mapping theorem, we obtain, as n — oo,

[n-]

[n-] [n-]

CcZ; Ci\Z; C_\Z; d
(Z ROy ‘1{Z>0}v\/ ; ‘1{zi<0})+<c<0>v<->,c<1>M<”<->vc<2>M<2><->>,
i=1 " =1

that is, L,, 4 (COV,cOMD v @A) in D' x D% with the weak M7 topology, which completes
the proof. ]

4. Finite order moving average processes

Fix ¢ € N and let Cy, (1, ..., C, be random variables satisfying
s q
0§ZQ~ ZC’i <1 as. for every s =0,1,...,q. (4.1)
In this case C', C4+ and C_ reduce to

C = ch, Cy —Omax(C V0) and C_ = max(~C;V0).
=0 ==

Condition (4.1) implies that C, >>7 (C; and Y !  C; are a.s. of the same sign for every s =
0,1,...,¢q. If the C;’s are all nonnegative or all nonpositive, then condition (4.1) is trivially satisfied.
Recall that L,, = (V,,, M,,), where

[nt]

ZX,, te0,1],

[nt]

\/XZ, te El}

X1 1
) te |:O7i>7
Qp, n

are the partial sum and partial maxima processes constructed from moving average processes

and

M, (t) =

q
X; = ZCjZi*j’ 1€ Z,

with the normalizing sequence (ay,) as in (1.2).
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Theorem 4.1. Let (Z;);ez be a strictly stationary and strongly mizing sequence of reqularly varying
random variables satisfying (1.1) and (1.5) with o € (0,2), such that the local dependence condition
D' and conditions (1.16) and (1.17) hold. If « € [1,2), also suppose that condition (1.18) holds.
Let Cy,...,Cq be random variables, independent of (Z;), such that condition (4.1) holds. Then, as
n — oo,

Lo() % (cOV(),cOMO () v c@p@ ()

in D! x D% with the weak Mo topology, where V is an a—stable Lévy process with characteristic triple
(0, i1, b), with p as in (1.4),

) 0, a=1,
a (p—r)ﬁ, (OBS (Oal)U(LZ)a

M® and M@ are extremal processes with exponent measures pax_o‘_ll(opo) (x)dx and
ra:n_o‘_ll(()’oo)(m) dx respectively, with p and r defined in (1.5), and (C©,CM, C®?)) is a random
vector, independent of (V, M), M®@)), such that (C©,CcM), C®?) 4 (C,Cy,C-).

Proof: By Proposition 3.4, L, = (V;,, M,,) 4 (COV,cOWMD v A M®P)) as n — oo, in D' x D%
with the weak M; topology, where

N nt] vy N 7
Valt)=>_ - ©and  Mu(t) =\/ al (Cilizisoy + C-lizicoy),  t€0,1].
i=1 " i=1 "

Since M7 convergence implies Ms convergence, we have

Lo() = (Va(-), My (+)) 5 (COV(-), cCOMD () v e M) (1)) (4.2)

in D! x D% with the weak My topology as well.
If we show that

lim P[d32(Ly, L,) > 6] =0

n—oo
for any 0 > 0, then from (4.2) by an application of Slutsky’s theorem (see Theorem 3.4 in Resnick,
2007) it will follow that L, LN (COV,cOMD v CA M) as n — oo, in D! x D% with the weak
M> topology. By the definition of the metric dévj? in (2.1) it suffices to show that

lim Pldas, (Vi Vi) > 6] =0 (4.3)
and
lim Plda, (M, M) > 6] = 0. (4.4)

Relation (4.3) was established in the proof of Theorem 2.1 in Krizmani¢ (2022a). As for relation
(4.4), it holds in a special case when the innovations Z; are i.i.d. (see the proof of Theorem 3.3 in
Krizmanic¢, 2022b). It remains to show that it also holds in the weak dependence case, i.e. when
the independence property is replaced by the local dependence condition D’ in (1.14). Krizmanic
(2022b) showed that

{da,(My, M,,) > 6} € Hyq U Hp0 U Hy 3, (4.5)
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where

«|Z, 5
H,, = {El6{—q,...,q}U{n—q—i—l,...,n}suchthatC| ! > }

an, 4(g+1)

H,, = {Elkre{l,...,n} and 3l € {k—q,...,k+ q} \ {k} such that

and
an Mg+ D) T a4, T Ag+ 1)

Gzl 3 alzl 3 }

H . - {Elke{l,...,n}, Sie {1, ..} \{ks... . k+q}, 3L €{0,....q}

C.| Z)| 0
3 h th
and 37 € {0,...,q} \ {1} such that an, ~ 4(g+1)
CulZj_1,| Y |2l ’
d
@ Ag+1) M e T agr)

with C, := C4 vV C_, and the independence property was used there only in establishing

lim P(H,2) =0 and lim P(H,3)=0.

n—oo n—oo

Now we are going to show the last two limiting relations still hold under condition D’. For an
arbitrary M > 0 it holds that

noe |zk| 6 alal o
K

P(Hn2N{C, < M}) = ;l;q T e TGl *§M>

14k

q
| Zo| 0 | Z;] 4
2 P _
n; (an T Alq )M a4y~ Alg )M

on an/’fj (’ZO 0 |Zi| S 0 >
an ~ 4q+1)M’ a, = 4lqg+1)M

for all positive integers k such that k& < n/q. By letting n — oo, and then & — oo, we see that
condition D’ yields that P(H, 2 N {C < M}) — 0 as n — oco. Hence

IN

IN

limsup P(Hy,2) < limsupP(H,2 N {C\x > M}) < P(Cy > M),

n—oo n—oo
and letting M — oo we conclude

lim P(H,2) = 0. (4.6)

n—oo

Note that

Hn,3 g {386{1_Q7"'an} andasle{s_Qa"'vs_‘_Q}\{s}

Gz 6 Gzl }

such that
R e T A(g T 1) an  Ag+1)
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which implies

s+q
C|Z| ) Cy|Zs, | )
P(H, 3N {C. < M}) = Z > ( ST e gy M
s=1—q s1=s—q

S17£S

q
‘Z0| d |Zl| 0
< 9n = (1 = 1 P 4(g+ 1M
< 2n—(1—q)+ ];:1: (an T Aq+ DM an g+ DM

IA

[n/k]
o] g |1 Zi g >
4 , >
" Z < Qnp (q + 1)M Qnp 4((] + 1)M

for arbitrary M > 0, n > ¢ and positive integers k such that & < n/q. Hence, similar as in (4.6),
we obtain

lim P(H,3) =0. (4.7)
n—oo
Further, by stationarity and the regular variation property it holds that

. . | Z1] J
« < < —
limsup P(H, 1 N{Cx < M}) < (3¢+1)limsupP ( o > 1 Wi 0

n—00 n—00 qg+1

for arbitrary M > 0, and this, as before, implies
lim P(H, ) =0. (4.8)
n—oo
Now, from (4.5)—(4.8) we obtain (4.4), and therefore finally conclude that L, 4 (CcOV,cMpM) v
c )M(Q)) as n — 0o, in D! x D% with the weak Ms topology. O

Remark 4.2. From the proof of Proposition 3.4 it follows that the components of the limiting
process (C’(O)V, cOMM 0(2)M(2)) can be expressed as functionals of the limiting point process
N =3, 0(1,p,q,) from relation (3.6), that is

V(t) = lim FQ;1 “ / x dx)Jr p—r
(8) = lim < Sy L) R
where the limit holds almost surely uniformly on [0, 1], and

M) =\ Plgso, M) =\ Plig.<o
T; <t T; <t

«
— al{a;ﬁl}v

Remark 4.3. Theorem 4.1 establishes functional convergence of the joint stochastic process L, of
partial sums and maxima in the space D! x D% endowed with the weak My topology induced by
the metric dé\@ given in (2.1). Since for the second coordinate of Ly, i.e. the partial maxima process
M, functional convergence holds also in the stronger M; topology, it is possible to obtain a sort of
joint convergence of L,, in the M> topology on the first coordinate and in the M; topology on the
second coordinate.

Precisely, by Remark 12.8.1 in Whitt (2002) the following metric is a complete metric topologically
equivalent to djy,:

dﬁll (xl, xQ) = dM2 (.’,12'1, 'x?) + )\(@(1’1, ~),@(l‘2, ))a

where A is the Lévy metric on a space of distributions

AMF, Fy) =inf{e >0: Fa(x —¢€) —e < Fi(z) < Fa(x +€) + ¢ for all z}

5. 2) w(z,e*),  z<0,
W(x,z) =
w(z, 1), z >0,

and
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with w(z, p) = supg<;<; w(x, t, p) and

w(z,t,p) = sup || (t2) — [z(t1), z(t3)]]
OV (t—p)<t1<ta<tz<(t+p)Al
where p > 0 and ||z — AJ| denotes the distance between a point z and a subset A C R. Since ]\7”
and M,, are nondecreasing, for t; < to < t3 it holds that || M, (t2) — [My,(t1), My(t3)]|| = 0, which
implies w(M,,p) = 0 for all p > 0, and similarly w(M,, p) = 0. Therefore A\(M,,, M,) = 0, and
d?\ll (M’VLJ Mn) = dM2 (MTL7 Mn)
Now from (4.4) we obtain

lim P[d}, (My, My) > 8] =0

n—oo

for any & > 0, which allows us to conclude that L, converges in distribution to (COV,C(M () v
C(Q)M(z)) in the topology induced by the metric

dp*((L', y) = ma'X{sz (xlv yl)v d?wl ($27 y2)}

for x = (z1,22),y = (y1,92) € D?, that is, in the M topology on the first coordinate and in the
M topology on the second coordinate.

Remark 4.4. In the case of deterministic coefficients of the same sign, functional convergence of L,
in Theorem 4.1 can be obtained also by an application of Theorem 3.4 in Krizmanic¢ (2020) with
some appropriate modifications due to different centering and normalizing sequences used. In this
case the convergence actually holds in the weak M; topology.

5. Infinite order moving average processes

When dealing with infinite order moving averages the standard idea is to approximate them by
a sequence of finite order moving averages, for which the weak convergence holds, and to show that
the error of approximation is negligible in the limit. In our case, we will approximate them by
finite order moving averages for which Theorem 4.1 holds, and then we will show that the error of
approximation is negligible with respect to the uniform metric.

Theorem 5.1. Let (X;) be a moving average process defined by
oo

X; = ZC]‘ZZ‘_]', 1 €7,
§=0

where (Z;)iez is a strictly stationary and strongly mizing sequence of regularly varying random
variables satisfying (1.1) and (1.5) with o € (0,2), such that the local dependence condition D' and
conditions (1.16) and (1.17) hold. Let (C;)i>0 be a sequence of random wvariables,independent of
(Zy), satisfying conditions (1.7) and (1.9). If a € (0,1) suppose further

o0
ZE\C@-W < 00 for some 7y € (o, 1), (5.1)
=0

while if a € [1,2) suppose condition (1.18) holds,

1 l
— > Ziil(zi_j <an)

limsupsup E [ max
In 52

n—oo j>0 1<Ii<n

T
] < 0o for some r >1, (5.2)

and

> EIC| < 0. (5.3)
=0
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Then, as n — 00,
d
Ln() S OV, WMy ve@ @) (5.4)
in D! x D% with the weak Moy topology, where V is an a—stable Lévy process with characteristic triple
(0, u,b), with p as in (1.4),

. 0, a=1,
a (p_r)ﬁ7 (ORS (0,1)U(1,2),
MDD and M@  are extremal processes with exponent measures pox” 11(0700)@) dxr and
rox”* Mg o0y () dz respectively, with p and r defined in (1.5), and (c© cW @) is a ran-

dom, vector, independent of (V, MM, M®), such that (C©, 1) C(?) 4 (C,Cy,C-), where C =
320 Ci and Cy,C_ as defined in (1.13).

Proof: For g € N define

o—

q—1
qu = ZCjZi—j + Cqu_q, 1€,
=0
where C7 =32 Cj, and let
[nt] q q [nt] q
X X X
qu(t) = Z ?Z and Mn’q(t) = 711[071/@ (t) + \/ 711[1/n,1] (t), te [0, 1].
=1 " " =1 "

Condition (1.9) implies that coefficients Cy, ..., Cy—1,C? satisfy condition (4.1), and hence an ap-
plication of Theorem 4.1 to the finite order moving average process (X/); yields that

Lig(+) = (Vag( ), Mag(-) S LI()  asn— oo, (5.5)

in D! x D% with the weak My topology, with L? = (COV, C’él)M(l) v CéQ)M@)), where V' is an a—

stable Lévy process and M (1), M@ are extremal processes as in Theorem 4.1, and (C’(O), Cél), 0(52))

is a random vector, independent of (V, M) M®)) such that (C(O),C(gl),C’(gQ)) 4 (C,C14,C_ ),
with
Ciqg=max{C;V0:5=0,...,¢— 1}V (C?V0)
and
C_g=max{-C;V0:5=0,...,¢q— 1}V (=C?V0).
Since » 72 |Cj| < 0o a.s. (which follows from condition (1.7)), it is straightforward to obtain
Cig—Cy and C_,— C_

almost surely as ¢ — co. Therefore

||(B7B+,(I’B q) - (BvBJraB*)H[O,l} —0

almost surely as ¢ — oo, where B(t) = C, By 4(t) = Cy 4, B_4(t) = C_4, By(t) = Cy and
B_(t) = C_ for t € [0, 1]. Since uniform convergence implies Skorokhod M; convergence, it follows
that di‘,/ll((B, B, ,,B_,),(B,By,B_)) = 0 almost surely as ¢ — oo, and hence, since almost sure

convergence implies convergence in distribution, we have
(B,By4,B_,) % (B,B{,B_)  asq— o,

in D! x D% with the weak M; topology. An application of Theorem 3.29 and Corollary 5.18 in
Kallenberg (1997) yields

(3(0)7351)7352)’ V,M(l),M@)) LA (B(O),B(l),B(2),V, M(l),M(Q)) (5.6)
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in D' x D% x Db x D% with the product M; topology, where B () = ), Bél)(t) = (51)?
BéQ)(t) = C§2), BW () = cM and BA(t) = € for t € [0,1], and (C©,cM C?) is a random
vector, independent of (V, M), M®), such that (C© M), Cc®) 4 (C,Cy,Co).
Now, as in the proof of Proposition 3.4, an application of the continuous mapping theorem to the
convergence relation in (5.6), with the function g given by
g9(z) = (2124, T2T5, T3T6), x=(x1,...,26) € D' x D% x Db x D%,

yields
d
9(3(0)7351)7352)’{/,M(l)’M(Q)) LN g(B(O),B(l),B(Q),V, M(l)’M(Q))’
as ¢ — 0o, that is

L4 — (C(O), Cél)M(l) V. CCSQ)M@)) LN - (C’(O)V, 0.3 ViIORV: 0(2)M(2)) (5.7)

in D! x D% with the weak M, topology, and then also with the weak My topology.
If we show that for every e > 0
lim lim sup P[d)?(Ln, Ly q) > €] =0, (5.8)
¢—0 p—oo

7

then from relations (5.5) and (5.7) by a generalization of Slutsky’s theorem (Resnick, 2007, Theorem
3.5) it will follow that Ly () 4 L(-) in D' x D% with the weak Ms topology. By the definition of
the metric dévj? it suffices to show that

lim limsup P{dag, (Vi, Vig) > €] =0 (5.9)

=0 p—soo

and
lim lim sup P{das, (M, M, 4) > €] = 0. (5.10)

q—0 pooco

Since the metric dpz, is bounded above by the uniform metric,
Pl (M, My q) > €] <P < sup | My (t) — My q(t)| > 6),
te(0,1]
and hence by using the same arguments as in the proof of Theorem 3.4 Krizmanic¢ (2022h), conditions
(1.7), (5.1) and (5.3) imply
lim limsup P ( sup | My (t) — My q(t)| > e) =0,
40 n—oo te[0,1]
and hence relation (5.10) holds. Note that
X=X
Pldy, (Vi, Vig) > € <P < sup |V (t) — Vig(t)| > €> <P (Z % S €>_
te[0,1] =1 n

In the case o € (0,1) by repeating the arguments from the proof of Theorem 3.4 in Krizmanic¢
(2022b), from conditions (1.7) and (5.1) we obtain
n
X; — X4

lim limsupP(Z| ! 1| >e>:0,

q—=0 pooco im1 an
and relation (5.9) holds.

In the case a € [1,2) define ij = aﬁlzjl{lelgan} and Z;,j = a;lel{‘Zjban} for j € Z and
n € N. Let
Tl e, -0 ifj=q
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and observe that

| nt] [nt] oo Int] ~o

CRUED Sl O ST B 3) SIS 3) Bl
2 Jj=q

=1 i=1 j=q i=1 j=q

Therefore

Plda, Vi, Vng) > €] < P ( sup |Vi(t) — Vi q(t)] > e)
te(0,1]

Yy 6z |>5) +r (s ST 0

< P max
1<i<n
1=1 j=q =1 j=q

=: 1 + Is. (511)

Now following the arguments from the proof of Theorem 3.1 in Krizmani¢ (2022a) we obtain, by
Hoélder’s and Markov’s inequalities and the fact that the sequence (C;);>o is independent of (Z;),

< ~A
n<e(3100)+ %EIC\ s mpx Z )

with r as in (5.2). Since >222 |5]| <2372, |G|, condition (5.2) implies that there exists a positive
constant Dy such that for all ¢ € N it holds that

limsup I; < Dy ZE[C’ I (5.12)
n—oo
i=q
In order to estimate o we consider separately the cases a € (1,2) and o = 1. Assume first

€ (1,2). Applying Markov’s inequality, the fact that the sequence (Cj)i>o is independent of (Z;)
and the stationarity of the sequence (Z;) we obtain

12 S <Z ZC n,i—j > ( "1 J>
=1"j=¢
< EGHZEICI E(12111021/a.)) (5.13)

Since by Karamata’s theorem

«
lim 7E(|Z1|1{|Z1|>an}) — 1,

n—00 (y,

from (5.13) we conclude that there exists a positive constant Do such that

lim sup o < DQZE]C\ (5.14)

n—00
Jj=q

Now assume a = 1. Markov’s inequality implies

12<7 (Z

i=1

L))

ZC
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with ¢ as in relation (1.7). Since § < 1, a double application of the triangle inequality | Y :°; a;|® <

(
Yooy lail® with s € (0, 1] ylelds
n oo 0
e

(C ) is independent of (Z;) and the stationarity of (Z;) we obtain

CiZi 1412, 1>an}

nz j
=1

Using again the fact that

I < iE<|Z1\ 1{|Z1|>an}) ZE\C °.

Jj=q
From this, since by Karamata’s theorem
1
Jin SE(14 7 00) = 75

it follows that there exists a positive constant D3 such that

limsup I < D3 ZE]C 1°.

n—00
Jj=q

This together with (5.11), (5.12) and (5.14) shows that

lim sup Pldas, (Vi, Ving) > €] < D1 ZE!C | + (D3 + D3) ZE!C‘ °,

n—00
J=q Jj=q

0, ifa=1,
o { 1, ifac(1,2).
Finally, the dominated convergence theorem and conditions (1.7) and (5.3) imply relation (5.9) for
a € [1,2). Therefore we conclude that L, (-) 4 L(-) in D! x D% with the weak Mj topology. [0

where

Remark 5.2. Condition (5.2) holds with 7 = 2 when the sequence (Z;) is an ii.d. or p-mixing
sequence with > "2, p(2") < oo, where

p(n) = sup{jcorr(f, )| : f € L*(F1), g € LA(FS,), k= 1,2,...}
(see Tyran-Kaminska, 2010b).
In the case when the sequence of coefficients (C}) is deterministic, conditions (5.1) and (5.3) can
be dropped since they are implied by (1.7), but this in general does not hold when the coefficients
are random (see Remark 3.1 in Krizmanic, 2022a).
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