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Abstract. This paper is devoted to an invariance principle for Kemperman’s model of oscillating
random walk on Z. This result appears as an extension of the invariance principal theorem for
classical random walks on Z or reflected random walks on Ng. Relying on some natural Markov
sub-process which takes into account the oscillation of the random walks between Z~ and ZT, we
first construct an aperiodic sequence of renewal operators acting on a suitable Banach space and
then apply a powerful theorem proved by S. Gouézel.

1. Model and setting

1.1. Introduction. Consider two independent sequences of i.i.d. discrete random variables (5”)n>1
and (ﬂz)n>1’ defined on a probability space (Q, F, P) and with respective distributions p and p'.
For any fixed « € [0, 1], the oscillating random walk X(*) = (XT(IO‘)

Xéa) = x, where x € Z is fixed, and for n > 0,

)nzo is defined recursively by:

X3 4 o i XY < 1,
X =8 if X\ =0, (1.1)
X e it x>,

where 7,41 := Bpy1&ns1 + (1 — Bn+1)§f;+1 and (B”)n>1 is a sequence of i.i.d. Bernoulli random
variables (independent of (&,), ., and (¢,), -,) with P[B; =1] = a=1—-P[B; = (].

When we want to emphasize the dependence in p and g/ of this oscillating process, we denote it
by X (u, ).

This spatially non-homogeneous random walk was first introduced by Kemperman (1974) to
model discrete-time diffusions in one dimensional space with three different media Z* and Z~ and
a barrier {0}. Whenever the process X(®(u, /) stays on the negative half line, its excursion is
directed by the jumps &, until it reaches the positive half line; then, it continues being directed by
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the jumps £/, until returning in the negative half line and so on. After each visit of the origin, the
increment is governed by the distribution of 7,, which is a convex combination of yu and y'. Our
considering system is referred to as a special case when the barrier is degenerated as a single point;
in general context, it may be any determined interval [a,b] N Z which passes through the origin,
see Kim and Lotov (2004) for instance. Another interesting variant has been studied by Madras
and Tanny (1994) dealing with an oscillating random walk with a moving barrier at some constant
speed. Although this basically leads to differences in its long-term behaviour compared to (1.1), we
may be able to trace this model back to (1.1) by using some appropriate translations for its random
increments.

In the present paper, we prove an invariant principle for x(<) (1, ') towards the skew Brownian
motion (BY) +=0 O R with parameter v € [0, 1]. The diffusion (BY) 4~ 18 obtained from the standard
Brownian process by independently altering the signs of the excursions away from 0, each excursion
being positive with probability v and negative with probability 1 — . By Revuz and Yor (1999),
its heat kernel is given by: for any x,y € R and t > 0,

pi(x,y) == pe(z,y) + (2 — 1) sign(y) p¢(0, =] + |y|),

where p(x,y) = ﬁe—(r—y)%% is the transition density of the Brownian motion.

Throughout this paper, we suppose that the following general assumptions always hold:
H1 (§n)n>1 and (fg)n>1 are independent sequences of i.i.d. Z-valued random variables, with finite

variances o2 and 0’2, respectively.

H2 Both distributions p and p' are centered (i.e. E[&,] = E[¢],] =0).

H3 Both distributions p and i’ are strongly aperiodic on Z, i.e. their supports are not included in
b+ aZ for anya>1 and b€ {0,...,a—1}.

H4 There exists § > 0 such that E[(&7)310] + E[(&,)3T] < +oo, where & = max {0,&,} and
&, ==max {0, -, }.

Let us emphasize that, under hypotheses H1, H2 and H3, the oscillating random walk X (@) ig
irreducible and null recurrent on Z; this property is not stated in Vo (2023) and we will detail the
argument later (see Proposition 3.2).

We denote by S = (S,) (resp. S" = (S},),~,) the random walk defined by Sy = 0 and

n>1 =

Sp=E&4...+& forn>1 (resp. Sp=0and S}, =& +...+&, for n >1). Let (£;),., be the
sequence of strictly ascending ladder epochs associated with S and defined recursively by £y = 0
and, for i > 0,

liyq = 1nf{k‘ >l | Sy > ng}

(with the convention inf() = +o00). We also consider the sequence of descending ladder epochs
(£5) ;5 of S', defined as follows:

lo=0, and { ,:=inf{k>{¢|S, <Sy}, foranyi>0.

Under hypothesis H2, it holds P[limsup S,, = +o00] = P[liminf S;, = —o0] = 1; hence, all the ran-

n—+o0 n—+00
dom variables ¢; and ] are P-a.s. finite. In addition, both sequences (€i+1—€,~)i>0 and (SZZ.Jrl —Sgi)i>0
contain i.i.d. random elements with distributions of ¢; and Sy, , respectively; the same property holds
for ( ;H—E;)izo and ( égﬂ — 2;)1'20' Consequently, processes (Ei)izo’ (Sgi)izo, (6;)120 and ( 2;)1.20
are all random walks with i.i.d. increments.
We denote pi4 the distribution of Sy, and U, its potential defined by Uy := )" - (p4)*". Simi-

larly 4/ denotes the distribution of S’,l and UL =37 - o(pl)™

In particular, the oscillating random walk X'(®) visits Z~ and Z7T infinitely often; in order to
control the excursions inside each of these these two half lines, it is natural to consider the following
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stopping times 75(—x), 75’ (z) with > 1, associated with S and S’ respectively and defined by
79(—x) := inf {n>1]|-2+5,>0}, and 75 (2) := inf {n>1]z+5, <0}.

In the sequel, we focus on the “ascending renewal function” h, of S and the “descending renewal
function” A/, of S” defined by

Up0,2] => P[S;, <a] ifz>0,

ha(x) = i>0
0 otherwise,
and
" [~2,00 =) P[S, = —a] ifz>0,
hy(x) == >0 '
0 otherwise.

We denote by h, the function z ha(—2), it appears in the definition of the parameter v below.

Both functions h, and h/, are increasing and satisfy hq(z) = O(z) and hl(z) = O(x). They
appear crucially in the quantitative estimates of the fluctuations of S and S’; see Subsection 2.1 for
precise statements.

Let us end this paragraph devoted to the presentation of quantities that play an important role
in the rest of the paper.

e By classical results on 1-dimensional random walks (Feller; 1971), under hypotheses H1 and

E[Sfl] and ¢ — E[_Szﬁ]
ov?2 o'\ 2w
e Under hypotheses H1, H2 and H3, the “crossing sub-process” Xéa) which corresponds to the

sign changes of the process X(® is well defined (see Section 3.1) and it is positive recurrent on its
unique irreducible class. We denote by v its unique invariant probability measure on Z.

H2, both constants ¢ = are finite.

1.2. Main result. From now on, we fix o € [0,1] and consider the continuous and linearly
interpolated version (Xfﬁ)) of X(®_ defined by: for any n > 1 and ¢t € (0, 1],

n

X =3 () + (= ) X T ) (0

i=1
where
Eipr if X0 < -1
J[nt]-i—l = Nnt]+1 if X[(;g =
(@)
gfnt}—l—l if X[nt} > 1
We also set
xl
O.\n/tﬁ if Xnt S 07
x@m(t) =
(a

The main result of this paper is the following:

Theorem 1.1. Assume that hypotheses H1-H4 are satisfied. Then, as n — 400, the nor-

malized stochastic process {X(a’”) (t),t € [0, 1]}n>1 converges weakly in the space of continuous

function C([0,1]) to the skew Brownian motion W, := {W,(t),t € [0,1]} with parameter v =
dv(h})

cv(hq) + cv(hl)
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Let us clarify the value of the parameter v in two peculiar cases of (1.1).
e When g = 4/, the chain X(® is an ordinary random walk on Z directed by the unique type of
jumps (5”)n>1 and the limit diffusion W, is the Brownian motion. In this case, the parameter 7

equals % since the sequences of ladder heights (Sgi)i>1 and ( — Sé’.)z‘>1 coincide.

e When p(z) = p/(—z) for any z € Z, the random walk X(® is the so-called “anti-symmetric
random walk” (or “reflected random walk” as usual), which appears in several works, see for instance
Essifi and Peigné (2015) and Peigné and Woess (2006). By setting &, = —¢/,, the behaviour of the
chain X(®) on positive and negative half lines, respectively, are mirror images of each other. Hence,
we may “glue” them together to get an unifying Markov chain on Z* U {0} receiving {0} as its
reflecting boundary. Accordingly, v = 1 in this case and it matches perfectly with the result in Ngo
and Peigné (2021), which states that the normalized reflected random walk (constructed as above)
converges weakly in C([0, 1]) towards the absolute value of the standard Brownian motion.

e Notice that the limit process W, does not depend on « € [0, 1]. Henceforth, we fix a and set
X(@ = X in order to simplify the notations.

1.3. Notations. We set Z := ZTUZ~ U {0} and D the closed unit ball in C. Given two positive real
sequences a = (ap)nen and b = (b, )nen, We write as usual

® a, ~ b, if le an /by =1,
® a, ~ b, if le (an —bp) =0,
e a, = O(by) if limsup a, /b, < +oo (we also write a < b),

n—oo
e a, =o(by) if lim a,/b, =0,
n—0o0 1
e a=xbif a<b < a, or equivalently — b, < a,, < ¢ b, for some constant ¢ > 1.
c

The paper is organized as follows. In Section 2, we recall some important estimates in the theory
of fluctuations of random walks; we introduce in particular the renewal functions associated with
1-dimensional random walks and relative conditional limit theorems. These helpful tools appear in
Section 4 to compute the multi-dimensional distribution of the limit process. The center of gravity
of the paper is Section 3 where we adapt the approach used in Ngo and Peigné (2021) in the case of
the reflected random walk (with proper adjustments to derive Corollary 3.6 and to determine the
parameter 7 later on).

2. Auxiliary results for random walks

In this section, we present some classical results on fluctuations of random walk on Z.

2.1. Asymptotic estimates for fluctuations of a random walk. The following statement summarizes
classical results on fluctuations of random walks which are used below at various places (for instance,
B[] and

oV 2

see Proposition 11 in Doney (2012), Theorem A in Kozlov (1977) et al). Recall that ¢ =
P
o'\/2r

Lemma 2.1. (Asymptotic property) Under assumptions H1- H3, for any z,y > 1, it holds, as
n — 0o,

a) P[TS(—x) > n] ~ 2c hf/(g)7 and P[TS/(J,’) > n] ~ 2 h%/(g);

b) P[r5(—x) >n,—x+ Sy = —y] ~ —— ha(z) ha(y)

o2 n3/2 ’

and P (x) > n,x + S} = y] ~ L= Ml W),

NG n3/2 )
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where hg (resp. hl ) is the descending (resp. ascending) renewal function associated with the
random walk S (resp. S').

¢) P[rS(—z) =n] ~c }:3(/962), and P[r¥(z) =n] ~¢ ]:1:13(/2);

Lemma 2.2. (Upper bound) For any n > 1, it holds

S(_ 14z S’ 14z,

a) P[r°(—x) > n] = R and P[r° (z) >n] =2 Nk
b) PrS(—2) > n,—x + S, = —y] = L)1),

and Pl (2) > n,xz+ 8, =y] < %W;

c) P[TS(—x) =n| < 1%/%, and P[Tsl(a:) =n| < %
As a direct consequence of b) in Lemmas 2.1 and 2.2, for any > 1 and w > 0,
14+
Plr¥(—z) =n,—z 4 S, = w] < 37 Z zu(z). (2.1)
n z>w—+1

Indeed, for any n > 1,
Plro(—x) =n, —x + S, = w|

= Z P[TS(_J;) =n,—% + Sn—l =Y,y + 5"1 = 'LU]
y=1

= Z P[TS(—l') >n—1,-x+S1=—y,~y+ & =
y>1

:ZP )>n—1,—xz+S,—1 = —ylply + w)
y>1

1+ 2
< —m 2 (+yuy+w)
" y>1

= Z zp(z) < 400

z>w—+1

Notice also that, more precisely it holds

Pr¥(—a) =n,—a + Sp = w] ~ u(y + w).

h
— ) " ha(y)
o/ 2mn3/? =

2.2. Conditional limit theorems. It is worth remarking some necessary limit theorems which are very
helpful for us to control the fluctuations of excursions between two consecutive crossing times and
contribute significantly to reduce the complexity when dealing with multidimensional distribution

of these excursions. Now, assume that E[£]] = 0 and E[(£])?] < +oo and let (S(t)),, be the

continuous time process constructed from the sequence (S,’l)n>0 by using the linear interpolation
between the values at integer points. -
B z + 5 w
By Lemma 2.3 in Afanasyev et al. (2005), for > 1, the rescaled process ( ’f t €0, 1]>
conditioning on the event [r%(z) > n] converges weakly on C([0,1],R) towards the Brownian

meander. In other words, for any bounded Lipschitz continuous function v : R — R and any
€ (0,1] and = > 1,

nﬂTmE{ < fﬂ }> 175 (2) > [m]] :% 0+001/1(u)uexp (—;i)du. (2.2)
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Let us also state the Caravena-Chaumont’s result about random bridges conditioned to stay
positive in the discrete case. Roughly speaking, as n — +oo, for any starting point x > 1 and any
ending point y > 1, the random bridge of the random walk .S, starting at z, ending at y at time n
and conditioned to stay positive until time n, after a linear interpolation and a diffusive rescaling,
converges in distribution on C([0,1],R) towards the normalized Brownian excursion £7:

!
((w%) |75 (2) > [nt],s;=y> L&Y, asn — +oo.
t€[0,1]

More precisely, for any z,y > 1,0 < s < t < 1 and any bounded Lipschitz continuous function
P :R—=R,

lim E G A /
i E o) 7@ > (ot S}y =]
+oo 2 2
_/ 20 (uV/'t) exp( “ ) “ du. (2.3)
0 2 o 88 (t=9)%

3. Crossing times and renewal theory

In order to analyse the asymptotic behavior of the process X, we decompose X, as a sum of
successive excursions in Z~ or ZT. It is therefore interesting to introduce the sequence C = (C’k) £>0

of “crossing times”, i.e. times at which the process X changes its sign: more precisely, Cy = 0 and,
for any k£ > 0,

inf{n > Cy, | X¢, + (o1 +- - + &) > 0} if Xy, < -1,
Cr+1 if Xo, =0, (3.1)
inf{n > Cy, | Xc, + (§5, 01+ + &) < =1} if X > 1

Cry1:=

Under hypothesis H2, the random times C}, are P-a.s. finite and form a sequence of finite stopping

times with respect to the canonical filtration (o(&,&),) | & < n)n>1.

3.1. On the crossing sub-process Xc. We denote X¢ = (Xck) the crossing sub-process of

X, which plays an important role in this paper.

k>0

Lemma 3.1. The sub-process Xc is a time-homogeneous Markov chain on Z with transition kernel

C= (C(x,y))x,yez given by

72/‘ (y —x—t)UL(t) ifx < =1 andy >0,
:0
C(z,y) = + (1 —a)p(y) ifr=0andy€Z, (3.2)

Wy—z—1t) U (t) ifr>1andy<O0.

Mo._
NS

t=—x+1

Proof: The Markov property is obvious from the above definition.
Now, we compute C(z,y) for any x < —1 and y > 0 (other cases are similar) as follows. Noticing

that the first crossing time C7 belongs P-a.s. to the set {Zk | k> 1} and that the sequence (ka)k>1
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is increasing, we may write

k>1
—x—1
- Z Z P{S&cq = t] P[Sek Sep =y —x— t]
k>1 t=0
—z—1
- Z PlSy, =y —x—1 ZP[S& = t]
=0 i>0
—z—1
= Z poy(y — o —t) U (t)
t=0

O

When H2 holds, the crossing sub-process X¢ is well defined and it is irreducible, aperiodic and
positive recurrent on its unique essential class Z¢(Xpo). Notice that this essential class can be a
proper subset of Z; it occurs for instance when the support of p is bounded from above or the
one of ' is bounded from below. Nevertheless, it admits a unique invariant probability measure v
supported by Zc(Xp). Also in Vo (2023), the explicit expression of v is only known when « € {0,1}
and the support of u (resp. p') is included in Z* (resp. in Z7). However, the existence of v is
enough for our purpose regardless of its exact formula.

Furthermore, by Theorem 2.2 in Vo (2023), under hypothesis H3, the oscillating random walk X’
is irreducible on Z. It is also important to notice the following property.

Proposition 3.2. Under hypotheses H1- H3, the oscillating random walk is null recurrent. In
other words, setting tg := {k >1| X, = 0} then it holds

Polto < +o0] =1  and Ep[tg] = +oo.
Proof: We may choose g,y > 1 s.t. u(—xz9) > 0, 1/'(yo) > 0 and write for any n > 1,

Po[to > n] > Polto > n,& = —xo] + Polto > n, &1 = o
> ap(—zo)P[ly >n — 1]+ (1 — )/ (yo)P[¢} > n —1].

Hence Eglto] > aja(~20)(1 + E[f1]) + (1 — a)p/(30)(1 + E[64]) = +oc. 0

Another point to insist on here is that any excursion between two consecutive crossing times is
uniquely governed by S or S’; thus, all the results obtained in the previous section can be applied.
The decomposition technique that exploits this fact is classical and extremely efficient in controlling
the varying excursions over time of Markov processes; for example, we use it in the last section to
estimate the convergence of finite dimensional distribution. As a direct application, we can prove
that the strong law of large numbers still holds for the chain X.

Lemma 3.3. Assume that E[|&,|] + E[|€],|] < 400 and E[§,] = E[¢]] = 0. Then, it holds

X
lim =2 =0 P-a.s.
n—+oo N

Proof: We decompose X, as X, = Xp1(x,>1) + Xnlix,<—1}-
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Let us estimate the first term. For any n > 1, there exists a random integer k(n) > 0 such that
Crn) < n < Clp)4+1; notice that the condition X, > 1 yields XCk<n) > 1. Hence, we get

_ Xl Xow + 50— Sy

0

n n
max{Xo, {cy,,, n S %%
n no Cimy n

Crny |

max{meCk(n)} N 577’1 N ‘S/Ckm)

n n

By the strong law of large numbers, the different terms on the right-hand side above converges

Xnlixn>1)
n

P-a.s. to 0; so does . The second term is treated in the same way. O

3.2. On aperiodic renewal sequences of operators. Let (Z®N, (P(2))*N, X, (P.) ez, 9) be the canon-
ical space, i.e. the space of trajectories associated with the Markov chain X. For any x € Z, we
probability measure P, is the conditional probability with respect to the event [ Xy = z], we denote
by E, the corresponding conditional expectation. The operator @ is the classical shift transformation
defined by 6((zy)k>0) = ($k+1)k20 for any (mk’)kzo e Z8N,

In this section, we study the behavior as n — 400 of the sequence

—+00
Hy(z,y) =Y Pa[Cr=n, X, =],
k=1

for any z,y € Z. Since the position at time Cj may vary, so that the excursions of X between two
successive crossing times are not independent, it thus motivates us to take into account the long-
term behaviours of these quantities and express them in terms of operators related to the crossing
sub-process X¢. For this purpose, we apply a general renewal theorem due to Gouézel (2011). This
theorem relies on the decomposition of the operator C using a sequence of operators (C”)n>1 acting
on some Banach space and that are not so difficult to deal with. a

It is natural in our context to deal with the operators C,, = (Cn(m,y))x yez: M > 1, defined by:
for any z,y € Z and any n > 1, 7

Cn(x,y) :=P,[Ch =n, X, =]

The relation C(z,y) = ), Cn(x,y) is obvious since C(z,y) = P,[C1 < +00, X¢c, = y]. We
also pay attention to the case z = 0, that is C1(0,y) = Po[X1 = y] = au(y) + (1 — a)p/(y) and
Cn(0,y) =0if n > 2.

For a function ¢ : Z — C, we formally set

Cnip(z) := Z Cn(z,y)0(y) = Ex[p(Xn),C1 =n] if x € Z\ {0},
yeZ: xy<0

and C1p(0) = >°, 7 C1(0,y)¢(y) = Eolp(X1)] and Cpp(0) = 0 if n > 2. The quantity Chip(z) is
well defined for instance when ¢ € L*°(Z). Other Banach spaces can be considered; under moment
assumptions, we describe below the action of the C,, on a bigger Banach space Bs, more suitable to
the situation as explained a little further on.
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Notice that Cp,(z,y) = Cnlgy(z) for any x,y € Z, which yields, by induction,

+o0o
Hn(x7y) = Z PLE[Ck‘ = n7X7'L = y]
k=1

+o0
=> > PiCi=j1,Co—Ci=ja,...,Ch — Choy = g, Xn =
k=1 ji+-tjk=n

+oo

k=1j1+...+jr=n

As announced above, we apply a result of S. Gouézel, stated in a general framework Gouézel
2011), on aperiodic renewal sequence of operators, i.e. the sequence (C, of operators acting on
P q P q 51 of op g

a Banach space (B, |- |g) and satisfying the following conditions:

e the operators C,,n > 1, act on B and Z ICnllp < 400 (where || - |5 denotes the norm on the
n>1
space L£(B) of continuous operators on (B, |- [));
e the operator C(z Z 2"C,,, defined for any z € D, satisfies
n>1
R1- C(1) has a simple eigenvalue at 1 (with corresponding eigenprojector II) and the rest of its
spectrum is contained in a disk of radius < 1;

R2- for any complex number z € D\ {1}, the spectral radius of C(z) is < 1;
R3- for any n > 1, the real number r, defined by IIC,II = r,II is > 0.

Condition R2 implies that, for any z € D\ {1}, the operator I — C(z) is invertible on B and

(I-C(z)™ =D c)F E:(E:Qﬂ)kZEIHMW

k>0 k>0 N j>1 n>0

o
with Hg = I and H,, = Z Z Cj, -..Cj,. The above identity, called the renewal equation,
k=1j1+...+jk=n
is of fundamental importance to understand the asymptotic of H, in the non-commutative setting;
in particular, the equality (3.3) yields Hy(x,y) = Hnlgy () so that the asymptotic behaviour of
(Hp(, y)) | is related to that of (H")n>1'
By (w(m(‘z(l (2011), if the sequence (Cy,)

n)n>1
f(n
. ol <0 L)ﬁ,

R5(€,8). > rj~—2,

i>n
where C' > 0, § € (0, 1) and ¢ is a slowly varying function, then the sequence (nl_ﬁé(n)Hn)
converges in (L'(B), [ - HB) to the operator dgll, with dg = %sin B
In the next subsection, we introduce some Banach space B = Bs in order to be able to apply this
general result.

satisfies the following additional assumptions

n>1

3.3. Spectral property of the transition matriz C = (C(:n, y))w yez: The operator C acts on the space

L*>°(Z) of bounded functions on Z. By the following lemma, it satisfies some strong spectral property
on this space.
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Lemma 3.4. Assume H1- H3 hold. Then, the infinite matriz C satisfies the Doeblin condition
and therefore, it is a quasi-compact operator on L>(Z), the space of bounded functions on Z. Fur-
thermore, the eigenvalue 1 is simple, with associated eigenvector 1, and the rest of the spectrum is
included in a disk of radius < 1.

Proof: Under the above assumptions, the positive random variable Sy, has finite first moment;
hence, by the renewal theorem,

A U ) = Erg 5

The above convergence readily implies § := ianJr Up(z) > 0.
ze
Consequently, by (3.2), for any z < —1 and y > 0,
Cl@,y) =z pr(y + DU (—z = 1) = dypq(y +1).

In the same vein, one gets C(z,y) > ¢y’ (y—1) for any z > 1 and y < 0 with ¢’ :=inf,c,- U'_(z) >
0. Hence, it is easy to show that there exists a probability measure m and &g > 0 s.t. for any = € Z,

C(x,.) > dom(.),

which immediately implies the quasi-compactness of C. The control of the peripheral spectrum

readily follows. U
Thanks to this lemma, we could believe that hypothesis R1 is satisfied by the sequence (C”)n>1
acting on L>°(Z) since C(1) = C. Unfortunately, it holds Z IChllcc = +o00. Indeed, it holds
n>1
ICnlloo = sup P,[C1 = n]; now, if we assume for instance = < 1, it holds P,[Cy = n] = P[r%(x) = n]
ze”Z
with
(i) P[r®(z) =n]=0(1/n),
and

(#5) liminf nP[75(z,) = n] > 0 when z, =< \/n .
n—-+00

(see Lemma 5 and Theorem (B) in Eppel” (1979)). Consequently [|Cp oo < 1/7.

Thus, we have to choose another Banach space Bs. By (3.1), it is clear that Cy11 = 75(X¢,)
when X¢, < —1 and Cyyq = 79/(X¢,) when X, > 1. Consequently, the behaviour as n — +oo
of the k"™ -term P, [Ck = n, X, = y] of the sum X, (x,y) is closely related to the distributions of 7g
and Tg; in particular, by Lemma 2.1, its dependence on y is expressed in terms of hq(y) and h/;(y).
This explains why we have to choose a Banach space on which the action of C has “nice” spectral
properties - as compacity or quasi-compacity - and also does contain these functions h, and h;. The
fact that they are both sublinear leads us to examine the action of C on the space Bs of complex
valued functions on Z defined by

_ 1. . — |/ ()]
Bs = {f.Z—)C. | f|B; '_iglﬂx!l“ <—|—oo}
with 6 > 0.

By Lemma 2.2 and the fact that hq(x) = O(x), hl(x) = O(x), the functions hq, h);, h, : z —
VnP[r%(=z) > n] and W, : z — /nP[r¥ (z) > n] do belong to Bs for any § > 0; furthermore,
applying Lemma 2.1, the sequence (hn)n>0 (resp. (h;l)n>0) converges to 2ch, (resp. 2¢'h);) in By if
d > 0. This last property is of interest in applying Gouézel’s renewal theorem and for this reason,
we assume from now on ¢ > 0.

Furthermore, the map C acts on By as a compact operator whose spectrum can be controlled as
follows.
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Proposition 3.5. Assume that hypotheses H1—- H4 hold. Then,
(i) The map C acts on Bs and C(Bs) C L>(Z).

(it) C is a compact operator on Bs with spectral radius pp, = 1 and with the unique and simple
dominant eigenvalue 1.
(iii) The rest of the spectrum of C on Bs is contained in a disk of radius < 1.

Consequently, the operator C on Bs may be decomposed as
C=I1+0Q

where

e Il is the eigenprojector from Bs to C1 corresponding to the eigenvalue 1 and II(¢) = v(¢)1,
where v is the unique C-invariant probability measure on Z;

e the spectral radius of Q on Bs is < 1;

o IIQ=QII=0.

Proof: 1) Note that U'_(t) = ZP[S&L =t =P[En >0:5), =1t <1. Forany ¢ € Bs and

n>0
x > 1, we have

0
Co)| <> > W y—z—1t)|ey)

y<0t=—z+1

< lplss D (14 y["0) ! (—o0,y — 1)
y<0

S CEARE EAR)]

which is finite if E[(¢/7)3T] < 400 (see Chow and Lai (1979)). Other cases can be estimated
in the same way and yield

Coles < 1ol < il EIIS] + ENS 1) < o (3.4)

ii) By (3.4), the operator C acts continuously from Bj into L°°(Z); since the inclusion map i :
L*>°(Z) — Bs is compact, the operator C is also compact on Bs.
Let us now compute the spectral radius pg; of C. The fact that C is a stochastic matrix
yields pgs; > 1. To prove pg; < 1, it suffices to show that C has bounded powers on Bs. For
anyn > 1and z € Z,

C(x)| <> €™, y)ICow)] < ICeloe Y C™ (@, y) = |CP]oo-
yeZ yeZ

Together with (3.4), it implies
n n 1
|C @‘35 < |C 90|oo < |CQ0|OO < ‘g0|36 <EHS’2/1] + 2E[|Séfl|2+§]>

n / 1 1248 1 nyl/n
Hence ||C"||5; < E[|S, ,1] + EHS/1| | for any n > 1 and pp, = nEToo IC™"l5, < 1.

Let us now control the peripheral spectrum of C. Let § € R and ¢ € Bs such that Cyp = e?4).
Obviously, the function v is bounded and || < C|t|. Consequently, || — [?] is non-negative
and super-harmonic (i.e. C(|¢|co — |[¥|) < |¥|oo — [¥]|) on the unique irreducible class Z¢(Xp)
of X. According to the classical theory of denumerable Markov chains, it is thus constant on
Zc(Xo) which follows that |¢| is constant on Z¢(Xy).
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Without loss of generality, we may assume |¢)(z)| = 1 for any 2 € Za(Xo), i.e. 1(zx) = €@
for some ¢(x) € R. We may rewrite the equality Ct¢» = 1) as

Va € Ie(Xo) Z Clz,y)ePW)—9(@) = ¢if
yEI(j(X())

Note that C(z,y) > 0 for all 2,y € Zc(Xp); by convexity, one readily gets e = e (¢)—¢() for
such points z,y. Taking z = y € Zc(Xp), we thus obtain ¢ = 1.

In particular, the function % is harmonic on Z¢ (X)), hence constant on this set, by Liouwville’s
theorem. Furthermore, for any = € Z, it holds C(z,y) > 0 <= y € Zc(Xp) ; consequently, for
any fixed yo € Zc(Xp) and any = € Z,

P(a)=Co(zx) = Y Clz,y)d(y) = v(yo).
y€Zc(Xo)

Therefore, the function ¢ is constant on Z.
iii) This is a direct consequence of (ii).

O

3.4. A renewal limit theorem for the sequence of crossing times. The main goal of this part is to
prove the following statement.

Proposition 3.6. The sequence (\/H’Hn)n>1 converges in (L(Bs), ||-|18,) to the operator ¢~ 11 with
c=27 (cy(ha) + c'u(hfj)). In particular, for any x,y € Z,

v(y)
lim x i '
n—-+o0 Vit (.y) = 2m (CV(ha) + C,V(hfi))

This is a consequence of the fact that (C”)n>1 is an aperiodic renewal sequence of operators on
Bs satisfying R4 and R5 ( with 8 = 1/2 and £ constant).

The fact that all the C,,n > 1, act on Bs and >, ||Cs]lB, < +0o0 is a consequence of the
following lemma.

Lemma 3.7. Under hypotheses H1- H4, for any n > 1, the operator C,, acts on Bs and

1
lealles =015 ).

Proof: By (2.1), for any > 1 and ¢ € By,

Cagp(—2)| < Y P4[Ch =n; Xy = w] [p(w))]

w>0
= Z P[r®(—z) = n,—z + S, = w] [p(w)|
w>0
1
<2 (3 o) lotw)
w>0 N z>w+l
gﬁﬁw& +M”( )-
w>0

N~

<> P Pulz) =ElE )3”]

z>1
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Similarly,
1+z _
Cad(@)] 2 [0l El(E7)* )]
Moreover, |C1¢(0)| < |¢|g; and C,,¢(0) = 0 for all n > 2. This completes the proof. O

Condition R1 coincides with the statement of Proposition 3.5. Similarly, R2 and R3 correspond

to assertions i) and i) of the next proposition. Consequently, (C”)n>1 is an aperiodic renewal

sequence of operators.

Proposition 3.8. Suppose that H1- H4 are satisfied. Then the sequence (C”)n>1 holds the follow-
g properties -

i) The spectral radius pps(z) of C(z) is strictly less than 1 for z € D\ {1},

ii) For any n > 1, it holds TIC,II = r,IT with

rn =1 (Cpl) = Z v(x)Pz[Ch1 =n] > 0.

iii) Zr] )\j—ﬁc V() asn — +00.

j>n

Proof: i) The argument is close to the one used to prove Proposition 3.5. For any z € D\ {1},
the operator C(z) is compact on Bs with spectral radius pp,(z) < 1. We now prove pp,(z) # 1
by contraposition. Suppose pg,(z) = 1; in other words, there exist # € R and ¢ € B; such that
C(2)p = e?yp. Since C is bounded from Bs into L>(Z) and 0 < |¢| < C|g|, the function |¢| is
C- superharmonic, bounded and thus constant on its essential class Zc(Xo).

Without loss of generality, we can suppose that |p(z)| = 1 for any = € Zc(Xp); equivalently,
o(x) = (@) for some function ¢ : Zc(Xy) — R. For any z € Zc(Xy), we get

C(z)p(x) = ) = Z Z e CW=2@p_[C) = n; X, = y] = €,

n>1yeZc(Xo)

with Z Z P.[C1 = n; X,, = y] = 1. By convexity, it readily holds z"e/(¢W)—¢() — (i
n>1yeZc(Xo)
for all z,y € Zc(Xo) and n > 1. By taking 2 = y, we obtain 2" = €' for all n > 1; consequently
z = 1, contradiction.
i1) For any ¢ € Bs and n > 1,

11C, ¢ = v/(¢)IL(Cp 1D v(2)P.[Ch = n] = r,TI(¢)

zeZ

with r, = Z v(z)P,[Cy =n] > 0.
zeZ
i47) On the one hand, by Proposition 3.5, the eigenprojector IT acts on Bs; thus, since ha € Bs, it
holds v(he) < 4+00. On the other hand, the support Z¢(Xg) of v intersects Z~ and the support
of h, equals Z~; hence v(hy) > 0. Similarly 0 < v(h)) < +oc.
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Now, let us write

Y ori=> Y v(@)P.[Cr =)

i>n j>nzxzeZ
=) v(@)P.[Cy > n]
reZ
= > v(@)P[r¥(z) > n] + > v(@)P[r¥(z) > n] (since P[Cy = 1] = 1)
r<—1 z>1

L 2c S Vh (—a 2c V() — c v(hy) + ¢ v(h)
\/ﬁxg_:l ( )ha( )+\/ﬁxz>:1 ( )hd( ) 2 \/’ﬁ :

0

Finally, combining Lemma 3.7 and Proposition 3.8 7ii), we see that conditions R4 and R5 are
satisfied with ¢ = const = 2(c v(ha) + ¢ v(h})) and 8 =1/2.

Consequently, by Gouézel (2011), the sequence (y/nHy), -, converges in (L(Bs),|| - ||s;) to the
operator ¢~ 'II with ¢ = 27 (cv(hy) + ¢v(h};)). Formally, one may write

H V [ns|Hns) — c I

— 0, as n — 4oo.

Bs
4. Proof of Theorem 1.1

For m > 1, let {gpi R—=R|i=1,... ,m} be a sequence of bounded and Lipschitz contin-
uous functions with corresponding Lipschitz coefficients Lip(y;). Assume that the time sequence
{ti}1 <j<m 18 strictly increasing with values in (0,1] and to = 0. In this part, we prove that

nglfoo E. [1:[ ©i <X(") (tﬂ)] = /Rm }:[1 (pi(ui)pzi_ti_l (ui_l, uz) duy . ..du, (4.1)

with Uug = 0.
Without loss of generality, we assume o0 = ¢’ and z > 1 to reduce unnecessary complexity
associated with subcases.

4.1. Convergence of the one dimensional distributions m = 1.
X
We first notice that E,[p1 (X (t1))] ~ E, [gpl (Mﬂ since

ovn
(n) Xinty) , Xinty]
Exlp1 (X (t1))] — Exz |41 o/ < Lip(p1) By ~ovn
Ell€pnty)+11] + Ellnpey+11] + ElE] 44 ]
o\/n ’

X
which tends to 0 as n — +o0o0. Now, we can decompose E, [cpl< Wl])] as
ov/n

Xinty] KXinty] Xinty]
E: o1 o/ s Xinty) = 0] +Ex |1 o/ s Xfnty) > 0] +Ez |1 o n s Xnty) < 0] -

Aop(n) At (n) A= (n)

x @) (t1)

< Lip(e1)

The term Ag(n) tends to 0 as n — +oo since (X”)n>0 is null recurrent. It remains to control the

two other terms.
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e Estimate of AT (n)

[nt1]—1

X
AT (n) ~ Z ZZE;,;[Qﬂ(U[\%}),CZ_kI,Xkl =4,y + &1 >0,

ki=1 £>1y>1

Y F &g e € >0]

[ntl]—l

= Z Z E [901 (y * Eklﬂ;\_/% -t g[ntﬂ > ’ TS’(y) > [nty] — k1:|

k=1 y>1
(pr[@ = k1, X, = y])
>1
[nt1]—1 /
Y+ Stk :
=3 SH <w,y>E[¢l(%)mS (4) > [ta] - kz}
k=1 y>1

For any 0 < s1 <t; and n > 1, let f,, be the function defined by

Y + S/n —|ns 4
Fulon) =0 3 Hi 908 i (20 ) 1 4) > o] - ]
y>1
if0<s; < [n%} and fn(s1) =0 if % < s1 < t1. Hence,
t1

A = | fn(sl)dsl—i—O(\/lﬁ).

The convergence of the term A™(n) as n — +0co is a consequence of the two following properties:
e for any n > 1,

1+ |z

s1(t1 — s1)

| fu(s1)] < e L'([0, t1)). (4.2)

o for any s; € [0, 1],

. B v +00 _22
nl{l}rloo fn(s1) = m/o @1(2Vt — s1)zexp <2>dz
o ) _—
= 7T/0 @1 (u)u Sl(tll_ 81;3 du (set u = zv/t1 — s1). (4.3)

Indeed, applying the Lebesgue dominated convergence theorem, we obtain
400 t1 2
. y 1 —u
lim AT (n :/ uu( ——————eX ()ds )du
Jm AT (n) = ), ©1(u) Y Plag —a )
+oco 1 2 +00 1 0,2
= Z/o p1(u)u Ll exp (2?1) /0 7 exp <2Zs> ds]du (set s:=s1(t1 —s1)7")

~~

o
+oo 2 exp < — u2/2t1)
= /0 ¢1(u) Nor du. (4.4)
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Similarly,

0 2exp <—u2/2t1>

Jim 4 = (1= [ e ——y—

Combining (4.4) and (4.5), we thus obtain

du. (4.5)

2 exp(—u?/2t;)

Jim Efor (X)) = [ o pl, 0udu = [ 1) 22 2,

where @1(u) = yp1(u)1(0400)(u) + (1 7)@1(@1(—00,0) (u).
It thus remains to establish (4.2) and (4.3). The first natural idea is to set

y —"_ STL ns !
) = V[ () 1) > o] - ]
and to remark that f,(s1) = /M) (¢n) () With ¢, € Bs. One can easily check that (¢n), -,

converges point-wise to some function 1 € B but it is much more complicated to prove that this
convergence holds in Bs. This can be done when 6 > 1 with a strong moment assumption (namely
moments of order > 4 for i) by using a recent result in Grama et al. (2018); unfortunately, such
a result does not exist for the Brownian meander, which is useful in the sequel for convergence of
multidimensional distributions. This forces us to propose another strategy that we now present.
For this purpose, for any n > 1 and any fixed 0 < s; < t1, we decompose fy,(s1) as fn(s1) =

ZyZl an(y)bn(y), where

an(y) = nHpg, (2,y) P[r¥ (y) > [nt1] — [ns1]],

bo(s) = E o (W) 75 > o]~ s

and apply the following classical lemma with V = ZT:

Lemma 4.1. Let V be denumerable and ( (U))veV’ (b (U))v be real sequences satisfying
(i) an(v) >0 for anyn >1,v €V and lim Zan( = A,

n—-+00 v
v
(ii) for any € > 0, there exists a finite set V. C'V s.t. sup Z an(v) < e.
n>1
vgVe
(m) hm bp(v) =b for anyv € V and sup |by(v)| < +o0.
n>1,0eV

Then  lim Z an(v)by(v) = Ab.

Proof: Let us fix n > 0. We want to find an integer n, > 1 such that for any n > n,,

> an(v)bn( Ab' <. (4.6)

veV

As a consequence of assumptions (i) and (7i7), for any € > 0, there exists n, > 1 such that for any
n>n.and v eV,

Zan(v) - A‘ <e and |by(v) —b| <e.

veV



1449

A functional limit theorem for lattice oscillating random walks

> an(v) —A‘

Hence, together with the assumption (ii), we obtain

<> an()|bn(v) = bl + Y an(v)ba(v) — | + ||

> an(v)bn(v) — Ab
veV v Ve vEVe veV
< (s 40w S ant () e+ e
n>1,veV n>1 v gV eV

<Cie < Cq (for all n>1)

for some positive constants C, Cy. This immediately yields (4.6) by taking e = ———— and
p 1, Ca y vields (1.6) by B =G Tt

O

Ny = Ne.
Let us check that these conditions are satisfied by the families (an(y))y>l, (bn(y))y>1 defined

above.
Condition (7). The sum Z an(y) may be written as

y=>1
e ) \/mH[nsﬂ( /[nt1]*[n51])(x)'

Z an(y) = \/ﬁ

y21
On the one hand, the sequence (\/[71(5:1]’;’{[”51})n>1 converges in (C(Ba), [ - ||85) to the operator
converges in Bs to 2¢'h!,. Hence

/[nt1]—[n51])n21

(4.7)

1
2 (cv(ha)+¢/v(h})
Y

condition (7) holds with
A 1 vc’v(hfi) _ '
s1(t1 — s1) W(cy(ha) + c’u(h&)) m/$1(t1 — s1)

)H; furthermore, the sequence (h

Condition (i7). Fix € > 0. We want to find y. > 1 s.t. Z an(y) < € for any n > 1. By Lemma
Y=Ye
2.2, there exists a constant Cp > 0 s.t. 0 < hj(y) < Co(1 +y) for any y,k > 1; hence, for y > ¥,
1+6 14 yl+o

5

ogh;(y)gcb(l#/ . ) <20,
Y Y2

belongs to Bs and [hj 1y, 4 ooflss < % for any k > 1. By

Consequently the function hzl[yﬁ Foo|
(1.7), it follows
0< Y an(y) = supv/[ns1][ i85, SUD Mg, sy Liye,+ool|Bs -
Y>ye n>1 n>1
+ 1
- =
We conclude choosing y. large enough.
2
—u
xp <)
2ty —
(th = 51) du.

+o00
Condition (i77). By (4.3), it holds with b = / ©1(u) ;
0 1= 951

4.2. Convergence of the multidimensional distributions. We first consider the case m = 2.
We fix 0 < t; < to and for n > 1 given, let kK = k¢, be the first crossing time after time [nt;]

defined by
k= min {k > [nt1] : Xpp, ) X <0}
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As in the case m = 1, it holds
X X
(n) (n) ~ [nt1] [nt2]
Exp1 (XY (t1)) 2 (X (12))] = Eo [901 < —~ >g02< o~ )],

and the right hand side term may be decomposed as Ag(n) + AT (n) + A3 (n), where

= (25 (22) 5]

[ntg]
Xnt Xnt
AT (n) = Z E[ ( iﬁ) ( [\fﬂ) (k= kg]l[iX[ml]>0]:|a

ko= [?’Ltl]+1

and

A () = By 201, (Rl 1
s (n) = Eo 1| 0 o2 7 \f L o) L Xy >0 |

As previously, the term Ag(n) tends to 0 since (X,,),>0 is null recurrent.
e Estimate of AT (n)
ntl] 1 nt2
X X
=Y Y SRy yela(E)a(GE)asn
k1=1 ko=[nt1]+1£>1 y=1 221 w<0
Xy =9y + &1 > 00y + &g+ &y >0,

Y+t =20+ &0+ +§,’€2:w]

n 1 n

G s ()
1 9 ?

k1=1 ko=[nt1]+1£>1 y>1 2>1 w<0 O-\/'E U\/ﬁ

CZ:klkal :y)y“i_é]/{;l_,'_l >0’_."y+§l/€1+1+”‘+€l/€2_2 >0’

y+ffcl+1+~-+§l/@—1:Z]P[f;m =w — 2]

[nt1]—1 [nta] S’ /
=Y Y Y Y e[ (T ) s kb

k1=1 y>1 ko=[nt1]+1 22>1

X
/ — Dntol k2 V| e
Y+ Sy k1= Z] ZEw [@2( o/ )]u (w—2).

w<0

For any (s1,s2) € [0,%1] x [t1,t2] and n > 1, let g,, be the function defined by

y + S,n 1|—|ns /
n(o1,52) = 13 Hp o) Y fon (1) ) > ] = ]~ 1

y=>1 z21

Y+ S[Insg —[nsi]—1 = :| Z Ew |: < ”t2\]/ﬁ[”32]>:| ﬂ,(w - Z)
w<0

< 59 < Wﬂ , and 0 otherwise. Hence,

[ [t
= gn(s1, s2)ds1dsa + O<>
0 t1 bez \/ﬁ

if0<s < [nm and [ntﬂ
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The convergence of the term Af (n) as n — 400 is a consequence of the two following properties
whose proofs are postponed at the end of the present subsection:
o for any n > 1,

1+ |z

PN EETNE € L'([0,t1] x [t1,ta2]); (4.8)

|gn(s1,82)] =
o for any (s1,s2) € [0,11] x [t1, 2],
2

—u

5 (t1=s1)(sa—t1)

02
i /+oo /+oo 2 2(t2 52)6 s59—51 dud (4 9)
im gp(s1,s2) udv. .
n—-+00 " \/81 tl — 81 82 — tl)g(tQ - 32)

Indeed, applying the Lebesgue dominated convergence theorem, we obtain
lim Af(n)

n—-+o0o

2
v 2
~ 400  p+oo t1 ezl y? exp (2 (H*Slq;L(Sz*tl) )
= 2/ / (/ -2 1 d51d52>dudv
™ Jo Jow 1 v/s1(t1 — s1)3(s2 — t1)3(t2 — s2)
2 2

—u’s —

2
2 t +oo  ptoo t2 2t1 (sg—t1) e 2(ta—s2)
= 1 v / / (v)|u |< ¢ ¢ d52>dudu
2 o/ (t2 — s2)(s2 — 11)3
_u2t2+v2t1+2\uv|t1

5o(v)e 2=t dudv

vy —+00 —+00
m/tl(tQ—tl)/o /oo e1(u)ez

which can be rewritten as

2 oo 400 W2 (utv)?
lim Af / / o1(u)pa(v)e e 2t2-1) dudv
i Af () = - ﬁ e (v)
S]] Y / “H T dud (4.10)
1 2 e l1e 270 auav, .
/1 (t2 — tl (W)

too

by using the classical integral / —exp ( — A1z — Az)dm =\ /ie_QV MA2 for any A\; > 0 and
0 \/5 X )\1

Ao > 0.

The same argument holds for the term A; (n) and yields

ﬁ _ (u+v)2
Je e 202t dudv

lim Aj(n)=

nrteo T/ tl t2 = t1 / / Pru)p2(v
— +oo 1/.2 (u—U)Q
-y / / (v)e *1e 202-t) dudv. (4.11)
T/ ti(ta — t1
e Estimate of A5 (n)

nt1

Z Y E, |:¢1<X[nt1]>¢2<f[:}%]>,cz:kka:y7

k=1 ¢>1y>1

Y+ &1 >0 Y+ Gy o F €y > 0 Y G e+ Gy >O]

nt1

Z ZHkUCZ/ [ <W>@2(W>,T§l(m>[ntz]—k}

k=1 y>1
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For any n > 1, let g, : 7 — gn(r) be the real function defined on [0, ¢1] by

Y+ Shty)fnr) Y+ Sty ]\ g
gu(r) :=nyz>lﬂ[nr]<x,y>E[sol< Pl ) g (L) 5ty o]

if0<r< ["tl] andgn(r):0if%§r§t1.
In the same way as above, we set

an(y) = nHp (2, y)P[r (y) > [nt] — [nr]]

and

buy) = E[@(W)@(W) |75 (4) > [nta] — [

Sequences (an(y))y21 and (bn(y))y21 satisfy assumptions of Lemma 4.1. Indeed, the limit of
>_>1an(y) is given by (4.7) and condition (i7) of this lemma has been checked previously. Fur-
thermore, by Theorem 3.2 in Bolthausen (1976) and Theorems 2.23 and 3.4 in Iglehart (1974), it

holds
Y+ Sty )] /[nta] — [nr]
i by )_nETooE[ < ta] — 7] \/ﬁ >
Y+ Suty) ] /2] —
(o ) 17 > ol = ]

ue2(t1 T)

1 /+°<> +oo VBT

27r(t2 — tl) 0 0 tl — T‘)3
_ (u— v)2 7(u+'u)2
X | e 202—t1) — e2(t2—t1) | dudv.

©
5
2
C

It immediately yields

lim Aj(n) =

t1 “+o0o
n—+0o0 7T\/27T tg—tl / (\/271' t2—t1 / / )
/ _ —u2 (u— v)2 —(u v)2
X Bk ue201-r) (e_ 2(t2~t1) — e2<t2—t1>)dudv> dr
\/7“ (to —r)(t; —1)3

/+oo /+oo w2  (u—wv)? —(utv)2
p1(u)pa(v)e En <e 22—t —e2<f2t1)>dudv. (4.12)

ﬂm

Analogously, one gets

(u—v)2 (utv)?

e 2(ta—t1) — eM)dud’U (4.13)

lim A5 (n) =

s [ st
n——+00 T tl 2_t1

Combining (4.10), (4.11), (4.12) and (4.13), we conclude

. [ (X000 = [ [ i), 00 ).

n—+

Proof of properties (4.8) and (4.9)
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Following the same strategy as in the one dimensional case, we decompose gy, (s1, $2) as gn(s1, $2) =

ZZZ% Yy, z,w)by (y, z, w), where

y>12>1 w<0

an(y, z,w) = n2H[n51](x,y)P[7-S’(y) > [nsg] — [ns1] — 1,y + S[/nsz}—[nsl}ﬂ = 2] p(w — 2)

and

by 2.0) £ | o () |8 00 S ] — sl — 1y 4 S _
n(y, 2z, w) =E|p1 o/ Ty nsz| — N1 YT Olnsy]—[nsi]-1 — #

X —|ns
x Ey [@2 <[n;2\]/ﬁ[ 2] )] .

Properties (4.8) and (4.9) are direct consequences of Lemma 4.1, applied to the families
(an(y, 2, w))y 1o and (bn(y, 2, w))y > 1w<os 1 thus suffices to check that conditions (7), (i7) and
(iii) of this lemma are satisfied in this new situation.

Condition (7). The sum Z Z Z an(y, z, w) may be written as
y>12>1 w<0

1+o(n
ZZ Z an(y, z,w) = —\/ [n51]Hns, ) (b nSZ [nsﬂ)(:c), (4.14)
y>12>1 w<0 Vsi(s2 — s1)°

where we set b} (y) = k%/2P[r% (y) = k].
As previously, the sequence (\/[ns1]Hpns,]), -, converges in (L(Bs), || - [|55) to the operator
) >
27T(Cl/(ila)+c/l/(h:1)
Hence condition (7) holds with

)H; furthermore, the sequence (b’

[ns2]_[n81])n21 converges in Bs to the function Al

1 dv(h}) 0%

A= - .
s1(s2 — s1)3 27r(c1/(ha) + c’u(h&)) 21/ s1(s2 — $1)3

Condition (44). Fix e > 0 and y. > 1. As above hj 1, |, the function bj 1y, . ) belongs to B
and |by 1y, oo)lBs < % for some constant C7 > 0. By (4.14), it follows

0< Z yvz ’U) \% nsl Hn81] b[nSQ —[ns1] [ye,—i-oo))( )

Y2Ye,z221,w<0

= ilili ” \% [nsl]H[nsﬂngé iliﬁ) ’b/[nSQ]f[nsﬂl[yeHrOO)‘Bé :

<+00 <

She

This last right hand side term is < e for sufficiently large ..

Furthermore, 0 < a,(y, z,w) < (1+y)(14+2) ' (w—z) for any fixed y, z, w and any n > 1; hence, for
any 0 < y < ¥, it holds Z an(y, z,w) < eif t is large enough since ) ., zp/(] — 00, —2]) < 4o0.
2 w|>t B

This completes the argument.
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Condition (4i7). On the one hand, by (2.3), for any y,z > 1,

Y+ S/n —[ns /
i€ n () 1) > s ] = L+ S =]
/2

+oo
_ / 2@1<u'm>exp< T ) "
0

t1—s1)3 (s2—t1)3
$2—581 52—S1 \/271'(1 1) = 1)3

(s2—s1)3 (s2—s1)

+o00o _u2
o du.
/ u) exp <2(t151)(52t1)> (t1*31)3(52*t1)

S$2—S81 (82—81)3

On the other hand, the one dimensional case m = 1 studied above yields, for any w < 0,

—?
2exp ()
X p—
lim Ew |:¢2<Wﬂ_w):| :/¢2<U) 2(t2 52) dv
R

n—-+o0o O'\/’?l 27T(t2 — 82)

with @2(v) = 792(v)1(0,400) (V) + (1 = 7)92(v)1(—s0,0) (V).
Case m >3

The proof is done by induction on m. The strategy essentially stems from the case m = 2, reusing
the random time k = k¢, defined above as the key point to control the fluctuations of the trajectory
of the chain.

Suppose now that (4.1) is true up to the dimension m > 2, we then need to prove that it remains
true for the dimension m + 1. Indeed, we first have the following approximation and decomposition

Eﬁ:[ 60| ~ & TT o (K82)] = ooy + 50 + B0

i=1
with
m—+1
Xint,]
BO(n) _E$|:1:Il(pz<o_ n)vx[ntl] 0:|7
m  [ntj4a] m+1 X[ .
+ L ni;
B (n) := Z Z Ez[ H @i(O_\/ﬁ>1[n:k2]1[iX[ml]>0]:|
3=1 ko=[nt;]+1 i=1
and

m—+1
Xnt
Bj (n) = Em[ H ©i <O_[\/J>1[n>[ntm+1]]1[iX[ml]>0}:|

=1

Again, the term By(n) vanishes at infinity due to the null-recurrence of the chain. Let us now focus
in particular on the two terms B; (n) and By (n); the other terms follow exactly the same lines.
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e Estimate of B (n)

£ 3 sy sealfla () aon

5141 k=1 £>1y>12>1w<0 i=1

Xk1 :yvy—i_gkl-i-l >07"'>y+£k1+1+"'+£22—2>Oa

Y+&at  +&, 1 =2+ a0+ +&, :w]

£ srsselfa () 1 ()

ntj J+1£>1 y>1 2>1 w<0 i1=1 io=j+1

Cézkl,Xkl :y,y—i-f;/ﬂ_,_l >0,...,y+§;€1+1+...+§;€2_2>O,

y+§;€1+1+...+f§€2_1—z]P[&Z—w—z]

m [nt1]—1 [ntj41] [t Ik
n
I S S S o) O e I
J=1 k=1 y=1 ko=[nt;]+1 z>1 i

) m+1 X[ntiz}—kQ
y + Sk2—k;1—1 = Z:| X Z Ew|: H Pio (0‘\/’ﬁ>:|

w<0 i2=j+1
x Pl (y) > ko — k1 — Ly + Sp,_g, 1 = 2] 4/ (w — 2).
The first expectation is treated by Corollary 2.5 in Caravenna and Chaumont (2013) while the

second expectation is obviously derived from the induction hypothesis.
e Estimate of By (n)

[ntl] 1

=Y YV E [ ( W”) Co=hXp=y.y+& >0,...,

k=1 ¢>1y>1 i=1 O-\/>
y+§;+1+...+§fnt1]>0,...,y+§;€+1+...+§fmm+l]>0]

[ntl],l m+1 [t

S Y Hiley)E [H%( ) |1(0) > ntus] - ]

k=1 y>1

/

x P[r%(y) > [ntpmia] — K,

which is again a direct application of Corollary 2.5 in Caravenna and Chaumont (2013).

4.3. Tightness of the sequence {X (”)}n>1, Let us recall the modulus of continuity of a function
f:[0,T] — R is defined by -

wr(0) :==sup {|f(t) — f(s)| : t,s € [0, T]s.t. |t —s| < &}

By Theorems 7.1 and 7.3 in Billingsley (1999), we have to show that the following conditions hold:
(i) For every n > 0, there exist a > 0 and n, > 1 such that

PIX™(0) >a] <n, VYn>n,.
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(ii) For every € > 0 and 1 > 0, there exist 6 € (0,1) and ne, > 1 such that
P[WX(”) (5) 2 6] S 7, vn Z ne,n-

Proof: Condition (i) is obviously satisfied since Xy = x.
Let us now check the condition (ii). Set I, 5 := {(i,j) e N|1<i< j<nand|i— j| <né} and
note that we have

7
w(0) < —r i — S, LS. 4.1
xS o (s 1S- S+ w185 (4.15)

i)j)eln,d (i)j)eln,d
We suggest the following figure as a useful illustration of this bound.

Position X0 () Position
:‘\
| X"(s) X™(r)
I rin
! . " X (1) N :
|
i Ve Mo AN | l
| - S | | ) | |
T
5 it Time 5 W U L Time
. \ 1 f _ ( ) 1 ' PR _
[XE(1) — XT(s)] € — ( Shurs] — Shg)| + 2 sup :f) X (1) — X(s)| < ( Siar) = Stus)] + 250D [£; )
a’yn U i<nd y a'\/n i<nd
1
1
b —=sup ]
TN i<ns
Position ) Pasition .
X()(s) X®)(s)
I i XMy
I‘wl I ;
I | [
P ' t I " A i
T T T T ;
s \/ i Time 5 i T2 L Time
V | !
|
X"(t)

' i i | , , ,
l _ < gt 2 sup |¢* |_\”"(f‘] X"(8)| < — ( - S|+ 2sup € )
W of a'yfn\ i<nd

t

|X () — X0 (s)| <

r

min{e, o'}y /n

. [ - - r
b= sup €] sup([&. €]
TN i<nd i<nd

FIGURE 4.1. Fluctuation of the normalized oscillating random walk on the time
interval [s,t] with its first and last crossing times r; and 79, respectively.

Moreover, by Billingsley (1999) (see Chapter 7) one also gets

lim lim P

1 . . 1
lim lim [O\/ﬁ(i sup |Si—Sj|Ze] = lim lim P[i sup |S; — Sj| > €| =0. (4.16)

Delns 0=0n=too Lo'v/n (i jyer,,
The condition (ii) immediately follows by (4.15) and (4.16). Hence, we conclude that the sequence
{xm} | is tight. O
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