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Abstract. In this paper, we study the asymptotic distribution of some U-statistics whose entries are
functions of empirical moments computed from non-overlapping consecutive blocks of an underlying
weakly dependent process. The length of these blocks converges to infinity, and thus we consider
U-statistics of triangular arrays. We establish asymptotic normality of such U-statistics. The results
can be used to construct tests for changes of higher order moments.

1. Introduction

Given some real-valued data Y7,...,Y, and a symmetric measurable function A : R™ — R, we
define the U-statistic with kernel h as
1
Uy == Up(h) = 7~ > hYi,...,Yi).
(m) 1<i1<i2<...<tm<n

U-statistics play an important role in nonparametric statistics, as many sample statistics can be
expressed in this way, at least asymptotically. Well-known examples include the sample variance,
Gini’s mean difference, the Cramér-von Mises test statistic and the y2-test statistic for goodness of
fit. For details and further examples see e.g. Serfling (1980) and Dehling (2006). U-statistics have
been introduced independently by Halmos (1946) and Hoeffding (1948). Halmos (1946) showed that
for i.i.d. data, U, (h) is an unbiased estimator of the parameter § = E [h (Y7,...,Y,,)], and that it is
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minimum variance unbiased in nonparametric models. Hoeffding (1948) proved that, again for i.i.d.
data and for square integrable kernels, the U-statistic is asymptotically normal. More precisely,

Vi (Un(h) = E[h (Y1,...,Ym)]) — N(0,m?~?)

in distribution, where 77 := Var (E [h(Y7,...,Yn)|Y2,...,Ys]). In the so-called degenerate case
7}% = 0, a different normalization is required to get a non-trivial limit, which will be a non-normal
distribution; see Serfling (1980) for further details. Most of the results for i.i.d. data can be extended
to weakly dependent stationary processes (Y;),~; see e.g. Dehling (2006) for a survey.

In this paper, we study the asymptotic distribution of certain U-statistics whose entries are local
summary statistics of an underlying weakly dependent process (X;),.,. More precisely, we consider

local statistics g(é Zteij X, i ZteBn,j XZ,..., in ZteBn,j X{“), 1 < j < by, which can be
expressed as a function of the first m empirical moments of the consecutive non-overlapping blocks

for 1 < j < b,. We assume the block length ¢,, to converge to infinity. Given an appropriate scaling
factor /£, and certain regularity assumptions on g: R”™ — R, we will show that the statistics

= Vae( X X 3 xR YA (12)

" teB, t€Bn,; " teB,,;

are each asymptotically normal. We are then interested in U-statistics of the type

> h (W W) (1.3)
1<j#k<bn,

Such U-statistics arise naturally in nonparametric tests for the constancy of parameters of the
underlying process (X;)iez. Schmidt, Wornowizki, Fried, and Dehling (2021) test for the constancy
of the variance by analysing Gini’s mean difference of the logarithmic local sample variances, i.e.
they choose h(z,y) = |x—y| and Wy ; = /f,log(; Zii"(j_l)enH(Xt -~ Zil:&(bj—l)én-ﬂ X,)2).
Schmidt (20231) tests for changes in the mean by considering Gini’s mean difference of the local
sample means W, ; = \/LETL ZtEBnJ’ X¢. In both works, the behaviour of the test statistic under the
hypothesis is determined by deriving a central limit theorem for U,. The setup considered in the
present paper allows for testing for constancy of higher order characteristics of the distribution of
X, such as the skewness or kurtosis; see Example 2.2 below.

Note that the entries of Uy from (1.3) stem from a triangular array (Wn.;),< <, > and that
under certain regularity assumptions made in this paper, they each converge to a normal law
as £, — oo. Moreover, assuming the number b, of blocks to converge to infinity as well, there
additionally holds (under appropriate assumptions) a central limit theorem for the U-statistic itself.
The limit distribution of U, is hence determined by the double asymptotics of the U-statistic and
its entries. It is the goal of this paper to investigate more systematically such structures and to find
minimal conditions that guarantee asymptotic normality of the resulting U-statistics of type (1.3).

2. Main results

We are interested in U-statistics of triangular arrays of the form (1.3), where h: R? — R denotes
a symmetric kernel function. We will henceforth always assume that the kernel fulfils

[h(z,y)| < C(1+ ||+ [y]) (2.1)
for all z,y € R and some constant C'. For the results under dependence later on, we will require
the stronger assumption of Lipschitz-continuity.

Our first result is a central limit theorem for U,, given the triangular array (W, j)1<j<t,n>1 is
row-wise i.i.d. with a very mild assumption on the distribution of the random variables W, ;.
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Theorem 2.1. Let (W”7j>1<j<bn n>1 e a row-wise i.i.d. triangular array such that b, — oo as
n — oo. Assume that (2.1) holds, that 2 := Cov (h (W1, Wna),h (Whya, Wn3)) > 0, and that the
sequence (ng / %21)7» LS uniformly integrable. Then the following convergence in distribution holds

Vb, 1
Tn bn (bn - 1)

> h (W, W) = E [ (W1, Wao)] | = N (0,4). (2.2)
1<j#k<bn

A related result was obtained in Lowe and Terveer (2021) for incomplete U-statistics of indepen-
dent data.

The above theorem lays the groundwork for the more specific problems we investigate in this
paper. As opposed to Theorem 1, the triangular array (W, j)i<j<t,n>1 we consider from now
on is in general not row-wise independent as the underlying process (X¢),., is weakly dependent.
More specifically, we assume the stationary sequence (X;)icz to be expressible as a functional of an
i.i.d. process. Thus, we can write X; := f ((at u)uEZ) where f: R — R is measurable and (Ew)uez
is ii.d. In order to quantify the dependence, let (g},),c; be an independent copy of (e4),c; and
define

0i (Xt)yez) = HXO - Xg’i

Ny (2.3)

where X" = f ((5*_;) ) and e, = ¢} if v =i and €," = ¢, otherwise. We thus measure the
UEZ

contribution of &; to X by looking at the difference between X, and a coupled version X" for
which ¢; is replaced by an independent copy. This weak dependence concept was introduced by
Wu (2005) under the term physical dependence measure and is now frequently used in statistical
applications (see, e.g., El Machkouri (2014), Liu, Xiao, and Wu (2013), Wu (2008) and Wu (2011)).

In the following, the triangular array (W, ;)i<j<b,n>1 is assumed to be of the form (1.2). Example
2.2 presents some problems that are covered by this structure.

Example 2.2.

(1) Schmidt et al. (2021) propose a test for constancy of the variance based on the test statistic

Uv,=————— Z \/ﬁn‘ log si’j - logsi,k ,
bn(bn - 1) 1<
<J,k<bn
where s2 . : ZteBw( + — i ZreBn’j X.)2. In our setting, this corresponds to m = 2,

g(a;l,xg) log(ze — 22) and h (z,y) = |x — y|.

(2) Considering higher moments, one can construct a test for the constancy of the skewness
or the kurtosis in a similar fashion to (1) by considering Gini’s mean difference (that is,
h(z,y) = |z —y|) of the blockwise estimates 4y, 7 = 1,...,bp, or Rpj, j = 1,...,bp,
respectively. Note that an empirical version of the skewness is given by

1 1 3
Tn ZteBn,j (Xt Tl ZreBn,j XT)
) 9\ 3/2
(é ZtEBn,j (Xt T, ZreBn,j XT) )
3
1 1 1 1
T ZteBn,j XE B 3(E ZteBn,j Xt2> (E ZteBn,j Xt) +2 (E EteBn,j Xt)
3/2
(£ Siep,, X2 = (£ Tien,, X))

which is covered in our setting via the function

Tn,j =

Y

T3 — 3xr1T2 + 23;‘;’
)3/2

9(131,1'27%3) -
(w2 — 27
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An empirical version of the kurtosis is given by
1 1 4
~ ln ZtEBnJ (Xt 7, TEB»,L’J’ XT)

v (é > teB,, (Xi—+ ZreBm X )2>2
(2 -G ) (@3 —<zm@2ﬁ>

tEBn,j n tEBn,j

ol (S ) s )

n,j

tEB

which corresponds to the function

T4 — 4dx123 + 656%362 — 31;‘11
(w2 — a7)?

g(x1, 22,23, 24) =

We now state a central limit theorem for U-statistics of this more concrete type of triangular
array (1.2). The question of the central limit theorem for U-statistics whose entries are Bernoulli
shifts has been addressed in Hsing and Wu (2004) and Giraudo (2021), but these results do not
treat the case of arrays.

Theorem 2.3. Assume that the following conditions are satisfied.

(1) The function h is Lipschitz-continuous.

(2) E[X?™] < oo and
22125 (( ) Z> < 0. (2.4)

1€Z k=1
(3) The function g satisfies g (vg) = 0, where vy = (IE [Xk]) | € R™. There exists an a >
0 such that g is differentiable at each point of [, ( [Xk} —2a,E [Xﬂ + 2a) and the
gradient of g is bounded on [[}-, (E [Xﬂ —2a,E [Xﬂ + 2a).
(4) The sequences (by),~, and (), ~, go to infinity asn goes to infinity. Moreover, the sequence
(bn/Ly) goes to 0 as n goes to infinity.
Letn: R™ — [0, 1] be a smooth function withn (z) = 1 if || — volly < a and n(x) = 0 if [|[x — vol|, >
2a, and define

m

() ._

teBn ® k=1

If

ZCOV <Za o (vo) g,za—xk(vo) Xf) > 0, (2.5)
k=1

teZ
the following convergence in distribution holds

1 ) 1)
Voo | Un — O IS];%E (W wm)] | = N (0.49%), (2.6)

where
~? := Cov (h (O’N, O'N/) Jh (UN', UN”))

for independent standard normally distributed random variables N, N' and N”.

Remark 2.4. Note that the partial derivatives in (2.5) arise as a consequence of the delta method.
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In the examples below, we provide some classes of processes (X;)¢ez that fulfil the above condition
(2.4). For more details, we refer to Section 3.4.

Example 2.5. Let X; be a Holder continuous function of a linear process as considered, for instance,
in Ho and Hsing (1997) and Wu (2006). More precisely, define X; as

Xt =@ E ai€t—j5 |
JEZ

where ¢p: R — R is y-Hoélder continuous for some v € (0, 1], (aj)jeZ is a sequence of real numbers

such that Y., 5% [a;|” < oo and (e4),ez is an i.i.d. sequence such that E []50\27”7} < 00. Then
(Xt).ez satisfies condition (2.4).
Ezample 2.6. Assume X; can be written as a function of a Gaussian linear process: Let X; = ¢(Y})
with
Y; = Z ajet—j,
JEZ
where ¢ : R — R, (€4),¢7 is an ii.d. sequence, g9 has a standard normal distribution and a; € R

for all j € Z with E]EZ laj| < oo as well as ZjeZ a? = 1. Such processes were considered, e.g., in
Nualart (2009). Given that ¢ (Yp) € L2 and E [ (Yy)] = 0, the following expansion holds:

(V) = Zcq (p) Hy (),
q=1

where the ¢-th Hermite polynomial is defined by
z2\ d4 z?
Hy(z) = (—1)%exp (2> Toq &XP (—2)

¢ () = ql,E [ (Yo) Hy (Y0)).

o0
Since ¢ (Yp) € L2, the series 3 ¢! (¢q (¢))? converges. Then condition (2.4) is met if 3 j2 |a;| < oo

and

and q=1 =
iim)cq (‘Pk_E [QOk(Yo)])’ < 00.
k=1 q=1

Example 2.7. Let (X),., be a Volterra process, i.e. let
Xe= ) ajgejeg,
3,3’ €L,G#)’
where (g4),¢c7 is 1.i.d. centred, E [5(2)] < oo and Zj7j/ez’j¢j, aij, < 00. Such processes and extensions
to Volterra series are considered in Rugh (1981) and Priestley (1988). If E [e3™] < oo as well as

> (2 rad) <o,
JEZ €L, #]
then (X;),., satisfies condition (2.4).

It would be more natural to centre Uy, in (2.6) by 321 sp<p, B[R (Wh j, Wy )| rather than by
the truncated version » ;- k<t E [h (W(n) Wé"k) )} However, the conditions of Theorem 2.3 do

n?] )

not guarantee that E[|h (W), ;, W, 1,)|] exists, as the following example shows.
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Ezample 2.8. Consider the case m = 2, g (x1,x2) = logx1l,,~0 and h (z,y) = |z — y| with i.i.d.
observations (Xi)iez. Since Wy, 1 and Wy, o are consequently likewise independent and identically
distributed, finiteness of E [|IW,, 1 — W, 2] is equivalent to the finiteness of E [|W,, 1]]. Now, it suffices
to find an i.i.d. sequence (X;),c; such that E [X}] < oo and

E[bg( zxt)]_oo.

By choosing the distribution of X; as
P (X12 = exp (—exp (exp (k)))) = P

for k > 1, it follows

1)
1 n
1 —E:XZ 1
> (Z” t=1 t)

>3 log< ZGXP — exp (exp (k)))>
k>1

= Z exp (eXp k) 1mfil{xf:exp(— exp(exp(kz)))} :
k>1

N2y { X2=exp(— exp(exp(k))) }

Taking expectations and using independence leads to

log ( ZXt> ] > Zexp (exp(k)) 27Fn = 0.

E>1
By imposing additional assumptions on the function g, the dependence coefficients as well as the
sequences (by),,~; and (£y),,~, we are able to replace the centring term in (2.6) computed from the

Wr(lnj)’s by an expression that does not require truncation.

Proposition 2.9. Assume that the assumptions of Theorem 2.3 hold. If additionally all the second

order partial derivatives of g at vy exist and if there exists a k € (0,1) such that b, /fL™% — 0 and
1

Y oicr Dot ]z’|5Jri i ((Xf)tez) < 00, then the following convergence in distribution holds

Vb (U —E [h(Z4, Z})]) — N (0,47%),

where
m én

e e S w3 (5 -2 )

t=1

and Z] is an independent copy of Z,.

Remark 2.10. The above proposition introduces a centring term which is easier to handle than the
original one in Theorem 2.3. However, if we want to use U, as a test statistic for testing for a constant
value of the parameter g (E [X;] ,E [X?],...,E[X;"]), we need to be able to explicitly calculate the
centring term. This is achieved by the following corollary, where we show that, for the important
example when h(z,y) = |z — y|, we can replace E[|Z,, — Z/|] by ¢ E[[N — N'|] = 20/y/7. The
remaining parameter o can be estimated by standard procedures for estimating long-run variances.

Corollary 2.11. Suppose that the time series (Xt),c, can be written as a one-sided Bernoulli shift,
that is, Xy = f ((5t—u)u>0>- We assume moreover that there exists a 2 < p < 3 such that
(1) E[|XP™] < o0 and

ZZ ( < (XF) teZ) +i%/26;9 ((th)tez)> < o0, (2.7)

120 k=1
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where 8 p((Xt)ez) = HXO — Xg’i o and
(2) VBnln "' (log £,)P"% + /by [ ln — 0.
Denote 1
U, = ——— Wi — Wkl
b= 1) 2, [
1<j#k<bn

where Wy, j is defined as in (1.2). Then the following convergence in distribution holds

Vb (U, — \2/(;) — N(0,47%),

where o and v are defined as in Theorem 2.5.

3. Proofs

3.1. Proof of Theorem 2.1. We use the Hoeffding decomposition of the kernel function h and define
0, :=E [h (Wn,lv Wn,2)] ,
hlm(l‘) =E [h(l‘) Wn,?)] - ena
h2,n (x, y) =h ($7y) - hl,n (.CU) - hl,n (y) - en
At the level of the U-statistic, we then obtain

1
U(n) —E[U(n)] = b 1) > h(Way, W) = On
AT 1<j#k<bn
2 & 1
:E Z hl,n (Wn,j) + m Z h2,n (Wn,ja Wn,k) .
j=1 1<j#k<bn
In the following, we will prove the convergence in distribution
2
hin (Wni)— N(0,4), 3.1
\/E%; 1n (W) (0,4) (3.1)
and the convergence in probability
1
3/2 Z h’27n (W’ﬂ,jv Wn,k) — 07 (32)

bn' " 1<jtk<b,

where 72 = Cov (h (Wn1,Wn2),h(Wy2,W,3)). The assertion then follows by an application of
Slutzky’s Lemma.

Starting with (3.1), we will apply Lindeberg’s central limit theorem to the triangular array
Yo =hinWy;)/ ('yn\/a) . Note that by construction, the Y;, ;’s are identically distributed with
E Y, 1] = 0. Moreover, it holds Var (Y,, 1) = 1/b,, since by independence

Var (hl,n (Wn,l)) = Var (E [h (Wn,h Wn’Q) ’ Wn,l])
= E |E (A (Wa,1, W) | Waal?| = (EIE[B(Wa1, Wa) | W)

—AEwmwmmuMwmwmam—@mmammﬂf

=E [h (Wn,lu Wn,2) -h (WTL,17 Wn,S)] - (E [h (Wn,la Wn,Z)])Z
= Cov (h (W1, Wna) , h (W2, W 3)) = 77
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It thus remains to verify the Lindeberg condition, that is, to show that for all € > 0,

br,

D E [Yf,jl{lyn,jba}] — 0.

j=1
Since the random variables Y, ;,1 < j < by, are identically distributed, Lindeberg’s condition
reduces to

h%,n (W’ml)

| 0.
g {"”*"(W’“ ) >em}

bn,
P [Yﬁjl{m,n»}} = bE [V 11y, 0] = E
j=1

1
n

Observe that by property (2.1) of the kernel function h, we have |h;, (z)] < 3CE[|W),1|] + C |z|
and hence h7,, (x) < 18C?E [W7 ] 4+ 2C%2?, from which it follows that

h? (W, w32
Amt 7/ (2 n1) < 18C? + 20277;1.
Y Y

Consequently, the uniform integrability of the sequence (h%n (Wha) /7,%)n> L follows from that of
the sequence (Wg,l/ﬁ)nx’
It remains to verify (3‘_2). Since E [hgﬁn (Whjs Wak) hon (ij/, Wn,k/)} =0if {j,k} # {j/,K'},

we obtain

and thus Lindeberg’s condition is met.

2
1

3/2
b 1< b

2 (b — 1)
Z hom Whj, Wak) = VQTE (73, (W1, Wi 2)] - (3.3)

By the properties of the kernel function h and the definition of ho,, there exists a constant
C independent of n, x and y such that |hgy (2,y)] < C(1+ |z|+ |y| +E[|[Wy1]]) and hence
E [h3,, (Wn,1, Wn2)] < C'E [W2 ] for a constant C' independent of n. Combining this with (3.3),

we get that
2

! 20
£ ?)/T Z hQ,n (Wn,j7 Wn,k) S bf supE [

bn " Yn 1< 7k, n n>1

Wi
A
and the uniform integrability of (Wﬁl /'y%)n> | guarantees the finiteness of the above supremum.

This concludes the proof of (3.2) and that of Theorem 2.1.

3.2. Sketch of proof for Theorem 2.3. This section outlines the proof ideas for Theorem 2.3, while
all details can be found in the next section. First, we reduce the problem to the case where in U,

the term W, ; is replaced by WT(LZ) =, (g-7n) ((i ZteBn,j Xf):;l). We thus define

1
vm .- - E : w7

" bn(bn_l) : h< g’ n,k)'
1<j#k<bn

The next lemma shows that we can replace U, in the central limit theorem by U,(Ln).
Lemma 3.1. Let the assumptions of Theorem 2.5 hold. Then P <Un % Uﬁn)) — 0. In particular,
<\/E (Un - UT(Ln)))n>1 converges in probability to zero.

It thus suffices to I;rove the convergence in distribution

m_ 1 () 1y (n)
Voo [ U8 =T 1<]§<bnE [h (Wn?j , an{)} — N (0,492). (3.4)
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(77)’

To do so, we use a second approximation step and replace the W""’s by

m
M e 1 k M
Wé,j)iz o (g-m) A Z E[Xt ‘fﬁ—M} )
n teBn,; k=1
where .7:]\]} =0 (ey, M <u<N) for M\,N € Z with M < N. The random variables X; are thus
replaced by random variables depending only on those g4, with |t — u| < M. Note that this way,
the entries of the U-statistic become almost independent (up to some small overlap in consecutive

blocks). We define

1
My . . - hW()W().
Un by, (b, — 1) Z ( g )
1<j#k<by,
We can now decompose the expression on the left hand side of (3.4) for each fixed M > 1 via
Vou (UM —E [U]) + R, (3.5)
where the remainder term is given by the telescoping sum
_ (N+1) N+1 (N+1) N+1
Russi= o 3 30 (n (Wi W) < [ (W w )]

N>M 1<j#k<bn
N N N
= (n(wd i) == [ (3w )
The following three lemmas show that the first term in (3.5) converges to the desired normal

distribution, while the continuity of g - n will guarantee that the remainder term R, ps becomes
asymptotically negligible.

Lemma 3.2. Let the assumptions of Theorem 2.3 hold. Then, there exists an Mo € Z such that for
all fivzed M > My, the sequence (\/E( M) _ IIE[U,SZ\/‘[)]))TL>l converges in distribution to a centred
normally distributed random variable with variance

47%/[ := 4 Cov (h (UMN, GMN/) Jh (UMN, UMN")) ,

where N, N' and N" are three independent standard normal random variables and
M+1 m ag
3 (B[R et 2|53 oo

The central ingredient in the proof of Lemma 3.2 is Theorem 2.1. To meet its conditions, we

approximate UT(LM) by yet another U-statistic, which has independent entries (details are given in
the next section).

Lemma 3.3. Let the assumptions of Theorem 2.5 hold. Then the sequence (4%2\4)
44% = 4Cov (h(oN,oN') ,h (o N',aN")).
Lemma 3.4. Let the assumptions of Theorem 2.3 hold. Then, for each € > 0, it holds

M>1 converges to

hm limsup P(|R,, p| > €) = 0.

M—00 pn—oo

In the final step, we apply Theorem 4.2 of Billingsley (1968). This theorem states that for
stochastic processes (Yinn),, no1> (Ya)n>1> (Zm)m>1, and a random variable Z, satisfying

Yinn — Zn, in distribution, as n — oo, for each m,
Zym — Z in distribution, as m — oo,

lim limsupP (}Y’ mn‘ > 5) =0, for all € > 0,

m—00 pn_syoo
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we may conclude that ¥,) — Z in distribution. A combination of Lemmas 3.2, 3.3 and 3.4 thus
yields the desired convergence in (3.4) and thus finishes the proof.

3.3. Proof details.

Proof of Lemma 3.1: We start by noting the following inclusions
bn, ) bn, m
k
[varv@}c U{m 2w cUUL| - 3 xF] & [xE]| > 20/m
j=1 j=1k=1 " t€Bn,;

Hence, using the fact that for each k, the random variables (i > en, ; X —E [X}] ) ,i=1,... by,
have the same distribution, and by an application of Chebychev’s inequality, we obtain

P(U,, # UM 2€ ZVar(\/>ZXt>.

By Lemma A.1, it holds Var (\/%TL thl Xf) < (Xiep dil(XF )tez)) and thus, we have P(U,, #

Uﬁ")) < Cby, /Ly, which converges to zero by assumption. O

Proof of Lemma 3.2: Let M > 1 be fixed. We intend to approximate U,SM) once more to obtain a
U-statistic U7SM) with independent entries. Thus, we define

Gln—M—1 m
M) 1 k| 4+ M
Wn,j =\l (9-m) ‘. Z E [Xt | ]:t—M]
t=(j—1)ln+M+1 k1

for j =1,...,b,, assuming that n is large enough such that 2M < £,. Due to the shortening of the
blocks B,, ; by M observations on each side, the W( )’s are independent. Next, we define

. 1
My . - ( (M) (M))
UM . O Z h(Woi! W)
1<j#k<bn
Since the function g - 7 is Lipschitz-continuous, it holds
o) o) m 1 G-Dln+M m 1 3ln
M) (M k|| zt+M k|| pt+M
WD _ ‘SCZ\/T B [|xF|| 7] +OY o X B [|xF| |7
k=1 V" t=(j-1)ln+1 k=1 V" t=jtn—M
Taking expectations, we obtain
o -w) <ot
w, <C
Bl S <oz

since E [X]"] < oo by assumption. Thus, for the U-statistic, we have

o (v - e[e]) - (70 -2 2]

B g (g - (70, ) |

b (bn = 1) 1<j#k<bn " "
<C\/boE HW (M) W,Ef‘f)u gC’M\/\/z::,

where the last but one inequality follows by the Lipschitz-continuity of the kernel A and the sta-
tionarity of the Wéf\]{[)’s and of the Wéf\;[)’s.
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In the following, it hence suffices to prove that /b, <(77(ZM) —E [ﬁéM)} ) converges in distribution

to a centred normal random variable Nj; with variance 47]2\/[. We first show that

n,1 > n,1

(M) (M T (M) (M
R = Cov (0 (W, WE) n (WD, WE)) = a3,
and afterwards the convergence in distribution

Vo

o (ﬁ,gw _E [@(LMW ) 5 N(0,4),

which combined yield the assertion.
We start by verifying 7%4,” — 73, by means of Lemma A.6. To apply Lemma A.G, we have to

check that the sequence ((W(M))Q)n>1 is uniformly integrable. By the assumptions on g and 7, the

n,l
gradient of g - n is uniformly bounded over R™, such that

— ) 9 1 ln—M—1 m
() =t (e (5 35wt 122])
o= Ma1 k=1

</ 02 % 1 ! k t+ M k i
<tct3S (17wt ian] -e[x))
k=1

" ot=M+1

and uniform integrability follows from Lemma A.2. We additionally have to show that Wéf\{[) —

N (O, 012\4) in distribution to apply Lemma A.6. To do so, we will use the differentiability of g - at
vo and the fact that (¢g-7n) (vp) = 0 in order to write

m

(900 +2) = Y ag’® () +2 (2),

k=1

m
where € (2) / ||z||; = 0 as ||2]|, — 0. Setting z = <é fzﬁi;l (E [Xf | fff]\]‘ﬂ —E [X}] ))k o we
thus obtain -

w0 - LSS 0 ) e x| ] - m [x])
" Vi, M+l k=1 Tk
1 Ln—M—1 m
i (17 @[] -2 )
" t=M+1 k=1

By the central limit theorem (see Lemma A.3 in the appendix), the first of the above terms converges
to a centred normal distribution with variance 0%4. Moreover, due to the properties of the function
€ and the strong law of large numbers, the second of the above terms converges in probability to 0.
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Indeed,

™ t=M+1
(i e [ A e ), )
VI (St [k ] e x))

> (ZM (B [xF | 72| -E[xY] >)27

k=1 ™ \t=M+1

A (O SNCIREE B )>’”

which is a product of the form A,B,,, where (4,),~; converges in probability to 0 and (By),,~; is
tight. We hence have Wy{[) — N (0, 012\/[) in distribution and Lemma A .G implies 7]2\4 n = 7]2\4.

Turning towards showing \/E(a(lM) - E[ﬁ(ZM)])/'yM,n — N(0,4) in distribution, we have to
check the assumptions of Theorem 2.1 and therefore have to prove the uniform integrability of
((Wg\l/[)/fme)Q)nZl. The uniform integrability of ((W(M))2)n>1 has already been shown above.

n,1
Moreover, since we will show in the proof of Lemma 3.3 below that ’y%/[ — 42 > 0, there exists an
My such that for all M > My, it holds 7]2\4 > 0. Since for fixed M > M, we have shown above that
'y%ml — 7%4, there exists an ng ys such that 7%4,71 > 7]2\4 /2> 0 for all n > ng pr. Hence, the sequence

('75/1271)”2"0, v 1s bounded and ((WN/S\{[) /'YM,n)Q)nZnQ v 1s uniformly integrable, such that Theorem
2.1 yields the desired convergence. g

Proof of Lemma 5.5: It suffices to prove that 712\4 — ~2. Since h is Lipschitz-continuous, the map-
ping x + Cov (h(xN,zN"),h(xN,zN")) is continuous, where N, N’ and N” denote three in-
dependent standard normal random variables. Therefore, we only need to check that 0%/1 — 02,

where

2M 41
o3 = Z Cov (E

t=—2M-1

and

By construction, 012\/[ = > ez Cov (E [ZZLZI % (vo) X(lf ]-"f/[M B [ZZLZI % (vo) Xf‘fff%}) and
a small calculation shows

|03y — o]
= ZCOV (Zag(vo) (X(If —E [Xé“ | fyM} )7279 (vo) (Xf —E [Xf | fﬁ_lj\ﬂ )) ‘ :
teZ k=1 Tk k=1 Tk
Note that
UL

Z&((ka(vo) (Xf—E[Xf’ffr]J\\ﬂ)) )
i€Z k=1 tez

<399 () 51.((;(5 ~ B [xHF] ) ) <259 () 5,((XF) ).
icZ k=1 7Tk teL iz k=1 7Tk
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which is finite by assumption (2.4). We can thus apply Lemma A.2 from the appendix to the above
sum of covariances and obtain

o=t 2| (552 o (- 2 ] )

t=1 k=1
<(Zo((Z ke (e -n ), )

where the last inequality follows by Lemma A.1. We have already shown above that the last
expression is finite. Moreover, for each fixed i, it holds by the martingale convergence theorem that

(£ (s -slrz)) ) o

and by dominated convergence, it thus follows ‘012\4 — 02‘ — 0. ([l
Proof of Lemma 5./: Due to Chebychev’s inequality, it suffices to prove
lim li R =0.
piim Lim sup | R, pr
By the definition of R,, s, the above equality holds if the sum )+, an converges, where

ay = igrl) %/2 Z (h (WS}IH)’ WT%H)) _E [h (Wr(ﬁﬂ)’ WSZH))}

no || 1<i#k<bn
- (0 (i i) - [n (w0,

Splitting the supremum up into those cases of n for which ¢, > 2(N + 1) and those for which
ly, < 2(N + 1), we have to prove the convergence of ZNZI an,1 and ZNZI an,2, where

R B (e B ACERAT )

)

n?j ’ n?] ) 2

(i wiR) -E (3 wR)]))

a3 (W) <m (W)

n=12(N+1)>ln by " |1 < jZh<b,
(i) - e (w3 wa)),

We bound ay,; by an application of Lemma A.5 from the appendix to obtain

an1 <C sup HWT(:\{H) - WflA{)H .
n>1,2(N4+1)<by, 2

In order to bound ap2, we notice that by assumption, b, < £, < 2(N + 1) < CN for n large
enough. Consequently, by the Lipschitz-continuity of h,

anz < 2 sup Vbn
n>12(N+1)>4,

W,E/{*”—Wé?” <2 swp WHW,E/XH)—WL/PH .
’ w2 n>12(N+1)>6y, ’ w2
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Using the Lipschitz-continuity of ¢g - n and Lemma A.1, we derive that
ot wit], <o B e (el i) e ot 2] )
nl ||y, = 2 i t t—N-1 ez

The above summands are 0 for |i| > N + 2, while for |i| < N + 2, we get by similar arguments as
in the proof of Lemma A.4 that

(B[ im] —e b A ) < v ((0F), ) o (), ,)-

We thus obtain the bounds

an,1 < CNi (6n1( <th)tez) +0_n-1( (th>

)

p tez
and
<CON¥2Y (on i ((XF) oona((xF) ).
ova < OV S v () ) 0o (38), )
The convergence of 3y~ an,1 and Y-y~ an,2 then follows from assumption (2.4). O

Proof of Proposition 2.9: The proof is divided into two parts. First, we show that

lim /by | 3 ( [h(WT(L"]),W("))]—E[h(Z s 7o, )]) —0,

e bn (b —1) | 2,

where

k: teBn j
and afterwards that
1
lim vV bn m Z E [h (ija Zn,k)] —E [h (Zn7 Z;L)] =0.
e n(bn = 1),

The assertion then follows from Theorem 2.3.
Starting with the first part, due to the Lipschitz-continuity of h and stationarity, it suffices to

show that
lim v/6,E Hwﬁf ~ Zua|| = 0.

n—oo ’
By the assumptions imposed on g and 7, there exists a constant C' such that for each z = (z;)7-, €

R™ . it holds
- Z ;i (vo) (Zk -E [Xﬂ)

With the choice z = ( D teBn Xi ) , this yields

< Cllz = wolly-

2

o [

}<CWZE % y (Xf—E[XfD

n tEBn 1

Lemma A1 from the appendix now implies that /b, E HVV(77 Zn

to 0 by assumption.

} < Cy/bp/ly, which converges
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Turning towards the second part, we define

Ay = \/}ésxi (w0) Y (E[XF|o(eulu—t < )] ~E[x}])

t€By,
and
/ R L S ag k . I o k
An,j T \/E ; oxy, (UO) t;ij <E [Xt | o (51“ |u t’ < En):| E [X1:|> )
where

By i={k€Zy,(j—Vln+1+0y <k<jly—0}.

Note that by construction, the sequence of random variables <A;L ) - is independent. Moreover,

the following decomposition holds

\/a % Z E[h (Zn,jaZn,k)] —-E [h (Z”’Z;’L)]

n (bn —1) 1<j#k<bn

S\/E% Z E Hh (ijv Zn,k) —h (A/ k) H

_ n,jr 4 in
n (bn = 1) 1<j#k<bn

o | Y (B[ (A 4] ~E (20 2)])|.

n(bn = 1) 1<j#k<bn

By the Lipschitz-continuity of A combined with stationarity, we can bound the first of the above
terms by

CVOE[| Zng — AL 1 |] < CVORE (| Zng — Anal] + CVORE [|Ang — ALy ] -

An application of Lemma A.4 from the appendix yields

VO E[|Zn1 — Anal] SC\/@ifﬁ Z 0i ((th)tez>

k=1 &|i|>es

SC\/MEZ/Qi Z gz/2+1/25i((Xt’“>t€Z)

k—u~|'|>z~
<OVBGe S S e g xt)._)-
k=1 i:|i|> 5

which tends to zero by the assumptions on the dependence coefficients and since b, = o(¢£,7%). By
Lemma A1,

VO [[An1 =

K

Emj ZE[Xk|J (eus u— 1] < £)]

" k=1 2
< z 0723 6B [XE | o (2 lu = t] < )] ez)
np=1 €L
b m
_C 5/2 5

which likewise tends to zero.
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For the second of the above terms, we once more use the Lipschitz-continuity of h and stationarity
in order to obtain the upper bound v/b,E HA;%1 —Zy } , whose convergence has already been shown
above since Z,, = Zy, 1. O

Proof of Corollary 2.11: It holds
E(|Z, - Z],
Vo (€[], - Z4]) = o= |V = 8'[)) = V2o by (F1Z 2l g vy

=v/b,E HZn—Z;LHM%—f f(ZI]—EHNH). (3.6)

Var(Z,) 2Var(Zy,)

For the first of these terms, it suffices to show that /b, ) \/ Var(Z,) — a’ — 0 since E[|Z,, — Z]|] can

be bounded by a constant independent of n due to Lemma A.1 and since for Var(Z,) — o2 > 0,
it holds Var(Z,) > ¢2/2 for all n large enough. Proceeding as in the proof of Proposition 2 in
El Machkouri, Volny, and Wu (2013), we derive that for a centered time series (Y;),., such that

Y,=f ((5t,u)u20), one has

1 N
Var <\/N Z: Yt> — ) Cov (Yp, Vy)

teZ

<Y Y (i) g (i) +zz S (Vi) s () - (30

J:liI>N i€Z i€Z

This follows from the following arguments. First, we expand Var (Zi\i Y/ VN > in terms of

Cov (Yo, Y;) via a use of stationarity. Then we write

Cov (Yo, Yy) = Y _E[P, Y1), (3.8)
iE€EZ

where P; (Y) :=E[Y | 0 (ey,u <i)] —E[Y | 0 (ey,u < i —1)]. Finally, we use the fact that
[E[P; (Yo) Ps (Yo)]| < (|17 (Yo)llg [P (Yo)ll
due to the Cauchy-Schwarz inequality and Theorem 1 in Wu (2005). Letting N = ¢,, YV} =

Yoy 8xk (vo) (th -E [Xﬂ) and a; = maxj<g<m 0 ((Xk)tez>7 we infer that for some constant
C' independent of n,

Vbn |Var(Z,) — %] < CfZ . Z (( ) z) Oii ((th>tez> tizi

k=11:>0 5=1
POV 3 (), ) 0 (), ) 1
k=1i>0 j=,+1 " te te
Denote A := Zi>0 a;. Then elementary computations give

Z’!L

ZZﬁ aiGi—j Z>J Z Zazaz —j = Z Zakﬂak

>0 j=1 7,>j j=1 k>0

<Z ‘ Zak+JA<AZ J '_5/22 k+5)° aj+kSC/\/Zn

j=1"" k>0 k>0
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and
Z Z -Gy Z>j: Z Z - AiGi—j < Z Z AiQi—j
i>0 j=C,+1 b i>0n+1 j=ln+1 tn i>0n+1 b j=ln+1
. i—fp—1
= Z agi Z ap < A Z a2—<C’€ 5/2,
i>0n+1 i>0,+1
Consequently,
Vb [Var(Z,) — 0| < C\/by/ln,
Var (Z,) — a‘ — 0 follows from
1
bu |/ Var (Za) = | = Voo |Var(Zy) = 0*| ——x—.
ar (Z,) —o \/>‘ ar(Zy) ‘ Ver (Z) o

For the second term of (3.6), we can apply Corollary 2.6 in Jirak (2016) to obtain the bound

Von (H‘M ) HNH> < C\/bnt P2 (log £,)P/?

2Var(Zy,)

provided the assumptions stated in Corollary 2.11 hold. Indeed, Z,, — Z/ can be expressed as

L,
(i)

where (7,),c7 is an independent copy of (ey),c5 and

¢ ((l’uayu u€Z+> i 879 ( <(x“)uez+> - ((yu)uez+>) ’
=1

T — 7!, =

3.4. Verification of Examples.

-

Details of Example 2.5: Since ¢ is y-Holder continuous, there exists a constant C' such that for each
z,y €R, |p(z) —p(y)| < Clz —y|". In particular, |¢ (z)] < C|z|” + ¢ (0)| and it follows that

k—

o (2) — " ()| = e (2 Z o (y) !
7=0

<max {C, e (O oo (@) = I D (1 [27) (1 + [y)" 7

e
—_

<.
Il
o

< C'a =y  (1+ J2" + |y



1528 Herold Dehling, Davide Giraudo and Sara K. Schmidt

For a fixed 7, we thus have

5 (4),c0) = (Go) o)

jez )
¥ 7\ k-1

<’ |CL71'|'Y ’61‘ — 5;‘7 1+ Z aje—j +a—;&| + Z a;e—; + a,isg

JELjF—i JELjF—1i )

k—1
<C'|la—i|” |ei — ;" (1 + la—ies|” + |a—ici]”) H2
¥ v\ k—1

+C’ |CL7¢|’y ’62‘ — 5;‘7 1+ Z aje—j| + Z ;€ _j

JEL,jF#—i JEL,jF#—1i )

<C"(||ieol™ ]| + |10l ®| - Wleol"My ) la=al™ + € la—al lleol I
(k=1)y

+C' o lala—l" ||| D aje—j )
JELjF—i
2
where the second inequality follows by a combination of the triangle inequality for v € (0, 1] and

the c,-inequality, and the third one is due to the independence of ZjeZ j#—i @jE—; and (i, €}).
Recall that we have to check that ), i%6; ((th)tez) < oo for each k = 1,...,m. By our

assumptions, we have E [|50|2m7} < oo and Y., i |a;|” < oo, such that it remains to show

2y(k-1)
E )Zjez,jyé—i a;e_; ] < 00. In case 2y (k — 1) < 1, we can simply employ
[ 2(k—1)y
2(k—1 2(k—1
Ell 3 oy < Yl TVE [leo*7]
€L jA—i JELj#0

which is finite by assumption. If 2y (k — 1) € (1, 2], then the Von Bahr-Esseen inequality gives (up
to a constant) the same upper bound. If 2y (k — 1) > 2, Rosenthal’s inequality yields

2(k—1)y (k—1)
E Z ajsi_j S C Z |(1j|2(k71)’yE |:|50|2(k71)’q +C Z a?IE [8%]
JEL,jF£—1i JEZ,j#0 JEZ,j#0
U

Details of Example 2.6: This is a consequence of the estimation of the physical dependence measure
in Example 3 on pages 5967-5968 of Biermé and Durieu (2014) applied separately to each function
<pk for 1 <k <m. O

Details of Example 2.7: In order to give a bound on &;((X[)scz) for a fixed i and a k € {1,...,m},
we decompose X as follows: Set Xy = ¢;Y; + Z;, where

Yi= ) asigeyt Y aj-ie

€L # JEL j#—i

Zi = E Q5 51€—E_j/.

]7]’627]7&]/7]7&_1/7j/7é_1/
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Thus,

k
N k
xs- () =2 (5) (vt - @) vizt)
=0

and since the term with index 0 vanishes, we derive that
k wi\* 5k ENA R )
xt- (55)] < 2 () et - @z,
2 =1

k k

k - k ¢ ¢ ¢

<23 () bl e, < 235 (§) et itz
/=1 /=1

where the second inequality is due to the independence of (g;,¢}) and (Y, Z;), and the third inequal-
ity follows from an application of Holder’s inequality with conjugate exponents k/¢ and k/ (k — ¢)
for £ < k — 1. Following the arguments given on pages 2376-2377 in Zhang, Reding, and Peligrad
(2020), we obtain

>

1Zlg<C | S @y <C
]7]’€Z\{_Z}1J¢]/ ‘77.7/627]#]/

such that ||Z;||5, can be bounded independently of i. Moreover, an application of Rosenthal’s
inequality yields

0i((XF)ez) = ‘

a3 i lleoll o

Willw<C [ >0 a2 [ 3 (a2, +a2) leolly

j:j/GZJ#j/ jEZ,j#—i

Thus, d; ((Xf)tez) < C\/Ejez#i (a%m + aiﬂ) and the result follows. O

A. Appendix

A1, Auziliary results for functionals of i.i.d. sequences. This appendix collects some auxiliary re-
sults for functionals of i.i.d. sequences, which we require for our proofs. We consider sequences
(X1)4ey, of the form Xy := f ((e4—u),ez), Where f: RZ — R is measurable, (g,),c5 i an i.id. se-
quence and E [X;] = 0. Denote 73 := 0 (4, M < u < N). To quantify the dependence, let (£},), .7
denote an independent copy of (ey), 7 and define

)

0i (Xt)yez) = HXo - Xy

where X" = f ((s"_@) eZ) and e," = ¢} if v =7 and &, = ¢, otherwise.
U

We start by presenting a bound on the partial sum of (X;),.,, which is a special case of Propo-
sition 1 in El Machkouri et al. (2013).

Lemma A.1. The following inequality holds for all N € Z. :

N
S X VYN 6 ((Xi)ez) -
t=1

2 =
Lemma A.2. Suppose that > ;. 6;((X¢);ez ) < 00. Then the sequence (%(Zi\; Xt)2)N>1 is
uniformly integrable. Moreover, the series ), , |Cov (Xo, X¢)| converges and -

2
1
Jim =R (th> = Cov (Xo, X1).

teZ
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Proof: The convergence of the series is established in Proposition 2 of El Machkouri et al. (2013).
It remains to check the uniform integrability of (% ( Zi\i 1 Xt)Q)
in L', we only have to check that

N
lim sup E <ZX¢> 14| =0.

(5—>OA[P>( A)<é N

N>1- Since the sequence is bounded

To do so, let Xt(M) =E [Xt | fff%} Then

2
sup ]E (ZXt> 14

AP(A)

N 2 B 2

<2 sup E 1<ZX§M)> 14| +2E 1(2 (Xt—Xt(M)>>
aray<s | N\ N\

and using Lemma A.1, we obtain

_ v 5
1
sup ]E (g Xt> 14 <2 sup E N(E Xt(M)> 14
t=1

A:P(A) AP(A)<S
2
M
+2 (Z o (X~ B x| ftt+MDtez>> .
1€EZ
Employing the uniform integrability of ( L (Zt 1 X )2) N> for any fixed M, we derive that
2
lim sup sup E — X 14| <2 0 ((X —E [X ]:th]) ) .
50 AP(A) (Z t) (é AN e P tez
Since 6; ((Xt -E [Xt | ffj%D Z) < 20; ((Xt)tez)v we conclude by an application of the domi-
te
nated convergence theorem. O

There moreover holds a central limit theorem for (X3),., (see Theorem 1 in El Machkouri et al.
(2013)):
Lemma A.3. Suppose that ), , 6; ((Xt)teZ) < 00. Then the following convergence in distribution
holds

1 n
— ) X; = N(0,0%),
iy

where
o? = Z Cov (X, Xy) .

teZ

We also require an estimate on the L2-norm of partial sums of (Xt —E {Xt | ]:fj]\]‘ﬂ )t>1 for some
MeZ,.

Lemma A.4. It holds

i(Xt—IE [Xt | ffj]{‘ﬂ)

t=1

SUM+3)VN D 6 (Xe)yez) -

2 i:|i|>M
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Proof: Lemma A.1 applied to X; — E _Xt \ Fff]]\\j ] yields

S (x- e 7)) VA (v [xm]) ).
t=1 2 i€Z

For [i| > M + 1, we use §; ((Xt —-E _Xt | fffMD

Z) < 6 ((Xt)4ez), whereas for |i| < M, we
te

employ o; (X, ~E [ X, | F3f]) ) <2][X0—E [Xo | F24]], , thus obtaining

Iy

‘ZN: (Xt—IE[Xt IHM H (A1)

22U+ DVF X0 -E[X% | P41 +VE Y 6 ((Kies).

i€Z:)i|>M+1

In the following, we derive an upper bound for the first of the above terms. By the martingale
convergence theorem, it holds

0Bl 243 3 el 7] -E [ 7L

Moreover,
[ o1 7L~ B [0 | 7L
< HE [Xo | FL] —E [Xff’z | F—z]

<0i (Xt)ez) +0-i (Xt)eez) »

where the second inequality follows from

E [Xgﬂ' | ]-‘1_} —E [Xg’i | }'Sl} =E [Xo | 7'

LrlElt ) e oA,

combined with ‘ '
E[Xo | Fily| =B [X5 | 7oL, | =B (x5 1 77
By the comparison of the ¢!- and ¢?>-norm, we thus have
HXO - [XO | F ]Hz Z 0; ((Xt)teZ) :
i:i|>M+1

Inserting the above bound into (A.1) concludes the proof. n

A.2. A moment inequality for U-statistics.

Lemma A.5. Let (gu),cz be an i.i.d. sequence. Let M > 0 and £ > 2M be integers. Define the

random vectors V; by V; = (su),fjj]%ﬂ”M Let h: R? — R be a Lipschitz-continuous function, let

f1, fo: REE2M R be measurable functions and let Ux be defined by

Uv:= Y (h(fi(Vy), i (V&) = b (f2(V)), fo (V&)
1<j<k<N
Then the following inequality holds
N7 Un —E[UN]lly < Cllfr (Vo) = f2 (V)lla »

where C' is a constant depending only on h.
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Proof: The difficulty here lies in the fact that the vectors Vj, j > 1, are not independent. Denote

Hjp = h(fi(V5), fr (Vi) = h (f2(V}), f2 (V) -
We will prove the inequality

|Ux —E[UNlll, < CN*?sup | Hogll,

from which the assertion then follows by the Lipschitz-continuity of h. To verify the above inequality,
we will distinguish between the cases where N is even and those where N is odd. Let us first consider
even values of N, in which case we can write 2N instead of N. Denote by F} the o-algebra generated
by the random variables V} for K < k. Then it holds

ON k-1 2N k-1
Vs =B [Uanllly = | DD (Hjk —E[Hji | Faal) + > > (E[Hj | Froo] — E[H;x))
k=2 j=1 k=2 j5=1 2
N 2i-1 N-1 2
< Z Z (Hj2i —E[Hjo; | Foi—2])|| + Z j2i41 — E[Hjoi1 | Fait1-2))
=1 j=1 9 i=1 j=1 )
2N k-2 2N
+IDD (B[Hjk | Fro] —E[Hji))|| + (E[He-1,k | Fr—2] — E[Hg—1,])
k=2 j=1 =2 9

2

For the first two terms, we additionally define d; := Z?;l (Hj2i —E[Hjo | Fai—2]) and d} :=
232;1 (Hj72i+1 _]E[Hj,%—&-l | Fait1—2]), such that the sequences (di“FQi)iZl and (d;,ng_;,_l)iZl are
martingale differences. For the third term, we use the independence between Vi and Fir_o to
get that E[Hj | Fr—o] = E[H; 1 | V}], and we have to bound the moments of a two-dependent
identically distributed centred sequence. For the fourth term, we simply use the triangle inequality.

By orthogonality of (d;);, and orthogonality of (d}) i>1» it follows

2\ 1/2
N ||2i—1
1Uan —E [Uan]lly < | D |1 (Hj2i — E[Hji | Faivo))
i=1 || j=1 )
2\ 1/2
N—1]| 2i
+ Z Z j2i+1 — E[Hj2i1 | Faiy1-2])
=1 |[j=1
2
2N k—
+ ZZ [Hj1 | Vi) =E[Hj1])|| + 4N sup [ Hogll,
k=2 : 2 -
The first of the above terms can be further bounded via
2\ 1/2 2\ 1/2
N ||2i—1 2i—1
Z Z Hjoi = E[Hj 2 | Fai-s)) Z > CH; 25 = B [H s | Faiva])ll
=1 || j=1 9 =1 7j=1
2i—1 1/2 1/2
24 2 HHmuz (Z 167 sup\|H0ku2> < AN sup | Hol,-
=1 =

The second term can be treated analogously. In order to bound the third term, we switch the sums
over j and k to obtain
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2N k-2
> (E[Hj 1 | Vj] - E[Hj 1))
k=2 j=1 )
IN—2
=Y. @N—j+1)(E[H; 1| V] —E[H; 1))
j=1
N-1 ’
< (2N — 21+ 1) (E [HQi,—l ‘ VQZ] —E [H27;7_1])
v :
+ (2N — (20 — 1)+ 1) (E [Hai—1,—1 | Vai—1] — E[H2i—1,-1])
i—1 2
N-1
=\| > (2N = 2i+1)*|Y(E [Ho,-1 | Vo] — E[Ho,1])I5
i—1
N-1
[ Y @N = (20— 1) + 1D)?|[(E[Ho1 | Vo] — E [Ho,-1)ll5
i—1

<CN32sup || Hogll, -
k>1

This proves ||Usy — E [Uan]|ly < CN3/2sup~; || Ho |- In order to show the corresponding inequal-
ity for the index 2NV + 1 instead of 2N, we note that Usy11 — E [Uan41] differs from Uy — E [Uay]
only by the term fol (Hja2n+1 — E[Hjan+1]), whose L?-norm is smaller than 4N supys |[Hog|,-
This ends the proof of Lemma A.5. ([l

A.3. Tools for the proof of Lemma 3.2.

Lemma A.6. Let (Yn)n21 be a sequence of random variables such that (Ynz) is uniformly inte-

n>1
grable and Y, — N (0,0?%) in distribution with o > 0. Let Y, and Y, be independent copies of Yy
and let h: R? — R be a Lipschitz-continuous function. Then

lim Cov (h (Yy,Y,),h (Y, Y,))) = Cov (h(N,N') ,h (N,N")),

n—oo

where N, N', N" are independent N (0, 0?)-distributed random variables.

Proof: By independence, the sequence of random vectors (Y,,Y,,Y,”) converges in distribution

to (N, N’,N"). By Skorohod’s representation theorem, there exist a probability space (€, F, ]f”),

sequences of random variables (Z,),~1, (Z},),,>1 and (Z)),~; and random variables Z, Z" and Z”,
each defined on €, such that for all n > 1, the vectors (Y,,Y!,Y”) and (Z,,Z',Z") have the
same distribution, (Z, Z’, Z") has the same distribution as (N, N’, N”), and the sequence (Z,),,>,
(respectively (Z%), -, and (Z),-,) converges to Z (respectively Z' and Z") almost surely. Note

that for each fixed n, it holds
Cov (h (Y, Yy) . h (Y, Y,))) = Cov (h (Zn, Z}) ,h (Zn, Z7,))

as well as

Cov (h (N,N'),h (N,N")) = Cov (h(2,2") ,h (Z,2")).
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Due to the elementary fact that Cov (U, Vy,) — Cov (U, V) if U,, — U and V,, — V in L2, it hence
suffices to show

I (Z0.2) - n(2.2), >0

Since h is Lipschitz-continuous and the sequence (ZﬁL +(Z) + 22+ (2 )2> . is uniformly inte-
n_

grable, the sequence <(h (Zn, Zl) — h(Z, Z’))2> . is uniformly integrable as well. By the continu-
n

ity of h, the sequence ((h (Zn, Z)) — h(Z, Z’))2> ,, converges to 0 almost surely. Combined, this

yields the desired L2-convergence and finishes the f)roof. O
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