T =
ALEA, Lat. Am. J. Probab. Math. Stat. 20, 1587-1614 (2023) ﬂgbj&%
DOI: 10.30757/ALEA .v20-60 /591" )

Uniformly and strongly consistent estimation for the ran-
dom Hurst function of a multifractional process

Antoine Ayache and Florent Bouly
Univ. Lille, CNRS, UMR 8524 - Laboratoire Paul Painlevé, F-59000 Lille, France

E-mail address: antoine.ayache@univ-lille.fr

Univ. Lille, CNRS, UMR 8524 - Laboratoire Paul Painlevé, F-59000 Lille, France
E-mail address: f.bouly7@gmail.com

Abstract. Multifractional processes are extensions of Fractional Brownian Motion obtained by
replacing its constant Hurst parameter by a deterministic or a random function H(-), called the
Hurst function, which allows one to prescribe the local roughness of sample paths at each point.
For that reason statistical estimation of H(-) is an important issue. Many articles have dealt with
this issue in the case where H(-) is deterministic. However, statistical estimation of H(-) when it is
random remains an open problem. The main goal of our present article is to propose, under a weak
local Holder regularity condition on H(-), a solution for this problem in the framework of Moving
Average Multifractional Process with Random Exponent (MAMPRE), denoted by X. From the data
consisting in a discrete realization of X on the interval [0, 1], we construct a continuous piecewise
linear random function which almost surely converges to H(-) for the uniform norm, when the size
of the discretization mesh goes to zero; we also provide an almost sure estimate of the uniform rate
of convergence and we explain how it can be optimized. Such kind of strong consistency result in
uniform norm is rather unusual in literature on statistical estimation of functions.

1. Introduction and background

All the stochastic processes considered in the present article are defined on the same probability
space denoted by (Q2,F,P). It is endowed with a complete filtration (Fs)ser, and {B(s)}ser is a
standard Brownian Motion with respect to this filtration. Fractional Brownian Motion (FBM) of
constant Hurst parameter H € (0, 1), denoted by { Br () }1er, is a very classical centred self-similar
Gaussian process with stationary increments, whose (sample) paths are, on each compact interval,
Hoélder continuous functions of any order strictly less than H. This process was first introduced by
Kolmogorov (1940) related with his studies on turbulence, and was later made known to a large
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audience thanks to the seminal article Mandelbrot and Van Ness (1968). It can be defined, for all
t € R, through the non-anticipative moving average Wiener integral:

Bult) = [ (-5~ (o)) anls), (1)

—00

with the usual convention that, for each (y,b) € R?, one has

b if

yi = { g, 7elsey. -0 (1.2)
One refers to the two well-known books Embrechts and Maejima (2002); Samorodnitsky and Taqqu
(1994) for a detailed presentation of FBM and many other related topics. FBM is a widespread
model in signal processing (see e.g. Doukhan et al. (2003)). Unfortunately, in many situations, it
does not fit very well to modeling of erratic real-life signals since it lacks flexibility. An important
drawback of the FBM model comes from the fact that local roughness of its paths is not allowed
to change from point to point. More precisely, for a generic stochastic process Y = {Y(¢) }1er with
continuous and nowhere differentiable paths, their roughness in a neighborhood of any arbitrary
fixed point 7 € R is usually measured through ay(7) and ay(7), the pointwise Holder exponent
and local Holder exponent of Y at 7, defined, for all w € Q, as:

Y(t -Y
ay (T,w) := sup {a €[0,1] : lirfljup Y ’T;)_ 7_|a(T’w)‘ < —|—oo} (1.3)
and
Y t/ _ Y "
ay (t,w) :=supa € [0,1]: limsup Yt w) (~t w)l < 400 p . (1.4)
(#,4)—(r,7) ¢ — e

For a given w € ), the closer to zero are ay (7,w) and ay (7,w), the rougher is the path t — Y (¢, w)
in the vicinity of 7. In the case of FBM {Bpy(t)}+cr, path roughness remains the same everywhere
because one has (see for instance Xiao (1997))

P(VT €R, ap,(r) =ap,(t)=H) =1. (1.5)

In order to overcome the latter limitation of FBM, multifractional processes have started to be
constructed and studied since the mid 1990s. One refers to the recent book Ayache (2019) for a
detailed presentation of such processes and their connections to wavelet methods. The paradigmatic
example of them is the Classical Multifractional Brownian Motion (CMBM) which was introduced
independently in the two pioneering articles Benassi et al. (1997); Peltier and Lévy Véhel (1995).
CMBM is a Gaussian process with non-stationary increments and continuous paths. It is obtained
by replacing the constant Hurst parameter H in a stochastic integral representation of FBM (as for
instance the moving average representation (1.1)) by a deterministic continuous function t — H(t),
with values in an arbitrary compact interval [H, H| C (0,1), which depends on the time variable
t, that is the index of the process. The latter function is called the Hurst function. Under a local
Holder condition on it, the articles Benassi et al. (1997); Peltier and Lévy Véhel (1995) have shown
that this deterministic function can be used for prescribing local path roughness of CMBM paths
which is thus allowed to change from point to point in a deterministic way. Namely, for any point
7 € R at which the local Holder exponent a(7) of the function t — H(t) satisfies the inequality

H(r) <ap(r), (1.6)

one has, almost surely,
acmpm(T) = domsm(T) = H(T), (1.7)
where acypm(7) and acvpwm(7) are the pointwise Holder exponent and the local Holder exponent

of the CMBM at 7. Even if the Gaussian CMBM is a more flexible model than FBM, it still has
some limitations; a major one of them is that the two exponents acypm(7) and acvpwm(7) are
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deterministic quantities since the Hurst function ¢ — H (t) itself is deterministic. The difficulty for
overcoming the latter limitation of the CMBM comes from the fact that one can not replace the Hurst
parameter H in (1.1), or in another stochastic integral representation of FBM, by a random variable
H(t) without imposing to it to be (stochastically) independent of the Brownian Motion {B(s)}ser
generating the stochastic integral. Indeed, when this very restrictive independence condition is
dropped, then the stochastic integral, in which H is substituted by H(t), is no longer well-defined.
Therefore, the two articles Ayache and Taqqu (2005); Ayache et al. (2007) have proposed to use a
random wavelet series representation of FBM, instead of a stochastic integral representation of it,
in order to be allowed to make this substitution. The multifractional process with random Hurst
function obtained in this way is called, in the present article, the Wavelet Multifractional Process
with Random Exponent (WMPRE). It is a non-Gaussian process which generally has non-stationary
increments and continuous paths. Thanks to wavelet methods, the paper Ayache and Taqqu (2005)
has shown that, under the condition (1.6), the two fundamental equalities (1.7), relating H(-) to local
path roughness, can be extended to the WMPRE. Moreover, the latter result has been significantly
strengthened in the paper Ayache et al. (2007) in which it has been established that these two
fundamental equalities are even valid on a universal event of probability 1 not depending on 7, and
for a much more general class of multifractional processes.

It is worth mentioning that several articles (see for instance Bianchi et al. (2012, 2013); Bianchi
and Pianese (2014)) have pointed out that multifractional processes with random Hurst functions are
good candidates for modeling of financial time series. Indeed, they allow to replicate main stylized
facts (non-Gaussianity, volatility clustering and so on) of such time series. Moreover, analysis of
evolution over time of their random pointwise and local Hélder exponents can provide explanations
for trading mechanisms over financial markets. For instance, at a given time one or the other of
these two exponents can be viewed as a weight that investors assign to past prices when taking their
trading decisions.

As we have already mentioned, there are significant difficulties in constructing and studying
multifractional processes with random Hurst functions. Even if the WMPRE, constructed a long
time ago in Ayache and Taqqu (2005), is a first breakthrough in this area, it is not at all clear how this
process can be represented via Itd integral and how [t6 calculus can be applied in its framework.
In the last few years, another type of non-Gaussian multifractional process with random Hurst
function having a natural representation via It6 intergral was introduced in Ayache et al. (2018).
It generally has non-stationary increments and continuous paths. It is called the Moving Average
Multifractional Process with Random Exponent (MAMPRE) in the present article. In contrast with
the WMPRE for which the random Hurst function depends on the time variable ¢, in the case of
the MAMPRE this function depends on the integration variable s. Indeed, the MAMPRE, denoted
by {X(t)}+er, is obtained by substituting to the constant Hurst parameter H in (1.1) a stochastic
process {H(s)}secr with continuous paths, indexed by the integration variable s, which is adapted
to the filtration (Fs)ser and satisfies

0<H<H(s)<H<1, foralls€eR, (1.8)

for some deterministic constants H and H belonging to the open interval (0, 1). More formally, the
MAMPRE {X (t)}+er is defined, for all ¢ € R, as the It6 integral:

t
X(t) = / ((t — s)HO)-1/2 _ (—s)f“)‘l“) dB(s). (1.9)
—00
Recently, in the article Loboda et al. (2021), under a very weak global regularity condition on paths
of the process {H(s)}ser, for all 7 € R, the two fundamental equalities (1.7), relating H(-) to local
path roughness, have been extended to MAMPRE. A short time later, the article Ayache and Bouly
(2022) has shown that they are even valid on a universal event of probability 1 not depending on
T, as soon as paths of { H(s)}ser are, on each compact interval, Holder continuous functions of any
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arbitrarily small deterministic order v > 0. Notice that in contrast with the condition (1.6) there
is no need to impose to 7 to be greater than H (7).

As we have already emphasized, local roughness of paths of a multifractional process is governed
by its deterministic or random Hurst function H(-). Therefore, statistical estimation of values of
H(-) is an important issue both from a practical point of view and from a theoretical one. Many
articles have dealt with this issue in the case where H(-) is deterministic (see e.g. Shen and Hsing
(2020); Dang (2020); Lebovits and Podolskij (2017); Ayache and Hamonier (2017, 2015); Bardet
and Surgailis (2013); Lopes et al. (2011); Le Guével (2013); Coeurjolly (2005, 2006); Lacaux (2004);
Ayache and Lévy Véhel (2004); Benassi et al. (2000, 1998)). However, statistical estimation of H(-)
when it is random remains an open problem. A major new difficulty in it, in comparison to the
frameworks with H(-) being deterministic, is that little information is available on finite-dimensional
distributions of multifractional process with random exponent. Another serious new difficulty in this
problem comes from the fact that the randomness of the Hurst function H(-) makes the dependence
structure of the associated multifractional process to be significantly more complex to study than
those with deterministic Hurst function. The main goal of the present article is to propose a solution
for this problem in the framework of the MAMPRE { X (¢) };er, defined through (1.9), under a weak
local Holder regularity condition on paths of the stochastic process {H(s)}ser-

Let us now describe in a more precise way the main contribution of the present article. Similarly
to the previous literature on statistical estimation of H(-), we assume that, on the interval [0, 1],
the discrete realization: {X(k/N) : k € {0,...,N}} of the MAMPRE {X (t)};cr is available for
all integer IV large enough; notice that our main result can be extended without great difficulty to
the general case where the interval [0, 1] is replaced by any other compact interval with non-empty
interior. Also, we suppose that, for some deterministic constants v € (0,1] and p € (0, +00) paths
of {H(s)}scr satisfy, on the interval [—1, 1], the Holder regularity condition of order ~:

|H(s') — H(s")| < p|s' = §"[", forall (s,5") € [-1,1]%. (1.10)

Then, we construct from generalized quadratic variations associated with { X (k/N): k € {0,...,N}}
and {X(k/(QN)) : k € {0,...,QN}}, the integer @ > 2 being arbitrary and fixed, a continuous

piecewise linear random function on [0,1], denoted by H ~(+), which provides a uniformly and
strongly consistent estimator of the whole random Hurst function H(-) on [0,1]. More precisely
we show that, when N goes to +oo, the uniform norm sup,cp |H(s) — ﬁN(S)‘ converges almost
surely to zero at the same rate as a power function. It is noteworthy that such kind of strong
consistency result in uniform norm is rather unusual in literature on statistical estimation of func-
tions. Let us also emphasize that, when v the deterministic order of Holder regularity on [—1, 1]
of the random Hurst function H(-) is assumed to be known, the uniform rate of convergence of its

estimator H ~n(+) can be optimized so that it almost becomes N _ﬁ, which is rather reminiscent
of the minimax asymptotic lower bound for the risk of estimating a deterministic smooth Hurst
function in the Gaussian framework of Classical Multifractional Brownian Motion (CMBM); the
latter lower bound is provided by Theorem 3.1 of the recent article Shen and Hsing (2020).

Remark 1.1. It might seem restrictive to impose that the positive constant p, in the Holder regularity
condition (1.10), be deterministic. In fact, thanks to a localization procedure via stopping times
(see for instance Section 4.4.1 in Jacod and Protter (2012)) which is explained in the setting of
MAMPRE in Section 3 of Loboda et al. (2021), our main result (Theorem 2.2) remains valid when
p is an almost surely finite random variable. Moreover, a careful inspection of the proof of this same
theorem shows that it also remains valid when the interval [—1, 1] in (1.10) is replaced by any other
compact interval of the form [—b, 1], where b is a fixed arbitrarily small positive real number.

The remaining of our article is organized as follows. In Section 2, the construction via generalized
quadratic variations of X of the estimator Hy(-) is precisely explained, our main result is stated,
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and H ~n(+) is tested on some simulated data. In Section 3, it is shown that generalized quadratic
variations of X can be simplified since some parts of them are negligible for our purpose. The
goal of Section 4 is to precisely determine their asymptotic behavior when N goes to +o0o. At last,
Section 5 is devoted to complete the proof of our main result.

2. Statement of the main result and simulations

The main lines of this section are the following. First, we define the estimator Hy(-) of the
random Hurst function H(-) of the MAMPRE {X (¢)}4cr introduced in (1.9). Then, we state our
main result and comment on it. Namely, under the hypothesis that v is known, we explain how
the almost sure uniform rate of convergence for the estimator Hy(-), provided by our main result,

can be optimized so that it almost becomes N 2711; recall that each realization of the random
Hurst function H(-) is assumed to satisfy on the interval [—1,1] a Holder regularity condition of
0l

deterministic order v € (0,1] (see (1.10)), also recall that the rate N~ 27+1 is rather reminiscent
of the minimax asymptotic lower bound for the risk of estimating a deterministic smooth Hurst
function in the Gaussian framework of Classical Multifractional Brownian Motion (CMBM) (see
Theorem 3.1 in the recent article Shen and Hsing (2020)). Finally, at the end of the section we
provide some simulations for demonstrating the performance of the estimator H N ().

The estimator H ~(+) of the random Hurst function of the MAMPRE, that we will soon construct,
will be defined in a rather similar way as the estimator of the deterministic Hurst function of the
Linear Multifractional Stable Motion (LMSM) studied in Ayache and Hamonier (2017). Yet, since
there are big differences between MAMPRE and LMSM, the strategy we will employ for proving
the main result of the present article will to a large extent be different from the one previously used
in Ayache and Hamonier (2017). We mention in passing that the big differences between MAMPRE
and LMSM stem, among others, from the fact that MAMPRE is defined via It6 integral and has a
random Hurst function depending on the integration variable s, while LMSM is defined via stable
stochastic integral and has a deterministic Hurst function depending on the time variable ¢ (that
is the same index as the LMSM itself). Thus, little information is available on finite-dimensional
distributions of MAMPRE, while it is known that those of LMSM are classical stable distributions
whose characteristic functions have "nice" explicit forms.

In order to precisely define the estimator Hy(-), first we need to introduce several notations.
From now till the end of our article, the integer L > 2 is arbitrary and fixed. The deterministic
coefficients ag, ay, .. .,ar, are defined, for every [ € {0,...,L}, as:

ap = (—1) <€> = (—1)L—l“(LL!_l)! : (2.1)

Observe that one can derive from (2.1) that the finite sequence of real numbers (a;)o<;<r, has exactly
L vanishing first moments; that is, for all ¢ € {0,...,L — 1}, one has

L L
Zlqal =0 (with the convention 0" = 1), while ZlLal # 0. (2.2)
1=0 =0

For each integer N large enough, the estimator {H N(8)}seo,1) for paths of the stochastic process

{H (5)}se[o,1) 18 built from generalized quadratic variations of the MAMPRE X (see (1.9)) associated
with its generalized increments dy, 0 < k < N — L, defined, for all k € {0,...,N — L}, as:

L

dN,k ::ZalX«k-i-l)/N). (2.3)
=0
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For any compact interval, with non-empty interior, I C [0, 1], the generalized quadratic variation of
X on [ is denoted by Vy(I) and defined as the empirical mean:

V() = un(DT D ldngl®, (2.4)
kevn (1)
where the finite set of indices
vn(I) == {kE{O,...,N—L}:k/NGI}, (2.5)

and |vn ()| is the cardinality of v (). Observe that |vx(I)| does not really depend on the position
of I but mainly on A(I), the Lebesgue measure of this interval. Indeed, it can easily be seen that
one has

NXI)—-L-1<|vn(I)| < NX{T) + 1; (2.6)
thus, as soon as N > 2(L + 1)A\(I)~!, one gets that
NXI)/2 < |un(I)] < TNA()/6. (2.7)

We mention in passing that a long time ago (see for instance the two seminal papers Taqqu (1975);
Dobrushin and Major (1979)), it was shown that standardized quadratic variations of Fractional
Brownian Motion (FBM) with Hurst parameter larger than 3/4 fail to have asymptotic normal
distributions. Later, in order to recover asymptotic normality of standardized quadratic variations
of such FBM and related Gaussian processes with stationary increments, the article Istas and Lang
(1997) proposed to replace the usual increments in them by generalized increments of the type (2.3).
In our present framework, defining the estimator {Hy(s)} se[0,1] Via generalized increments, instead
of usual increments, will allow us to derive its strong consistency for the uniform norm, and to
significantly improve its almost sure rate of convergence for this norm.

Before giving a formal definition of the estimator {ﬁ N(8)}seo,1), let us explain, in a few sentences,
its way of construction. Let (Oy)n be an arbitrary sequence of positive real numbers in the interval
(0,1/2] which converges to zero at a convenient rate (see (2.10) and (2.11)), when N goes to +oc.
For all N, the integer |f,']| > 2 denotes the integer part of 65'. We split the interval [0, 1] into
a finite sequence (Zn,n)o<,, <165 of |#5'] adjacent compact subintervals with the same length 6y,

except the last one 7, 03 -1 = [([05'] — 1)0n,1] having a length lying between Oy and 20y.
Then, for any fixed integer Q@ > 2, the estimator {ﬁN(S)}SE[O,l] = {ITI]?[ ox () }sefo,1] is obtained as

the linear interpolation between the LQR,lJ + 1 random points whose coordinates are the following:

0B (@x ). (105~ Don LTy o) (LA (T ) (29
where, for all n € {0,..., [0y"] — 1},
Ty . Vi (I ,n)
H]%(INm) := min {max {long (M) ,()} ) 1} . (2.9)

Notice that, for every x € (0,+00), loggz(z) := log(x)/log(Q?), with the convention that log is

the Napierian logarithm. Also notice that it might be possible to define ﬁ]?, (IN,n) as I;TJ?, (IN’n) =

log 2 (%), yet the definition (2.9) offers the advantage that ﬁ]c\gf (INm) always belongs to

the interval [0, 1]. At last, notice that the ordinate of the last point in (2.8) is assumed to be the
same as that of the point which is just before it. This weak assumption comes from the fact that the
set of the indices ¢ of MAMPRE has been restricted to the interval [0, 1]; it does not significantly
alter the results on the estimation of H(-) on this interval.

Let us now define the estimator Hy(-) = ﬁf\?, o, () in a formal and very precise way.
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Definition 2.1. The integer L > 2 is the same as in (2.2). The positive integer Ny is fixed and
large enough. Let (On)n>n, be an arbitrary sequence of positive real numbers belonging to the
interval (0,1/2] and satisfying, for all integer N > Np,

Oy < KN F (2.10)
and
Oy > KN >2(L+1)N1, (2.11)
where k > 0, u € (0,1), K > 0 and i’ € [u,1) are four constants not depending on N. For each
n e {0, cel, L@R,lj — 1}, we denote by Zy ,, the compact subinterval of [0,1] defined as:

INn = [nOn,(n+ 1)0x] when n < 105'] — 1, and IN,LQ;,lJfl = [(w&lj —1)bn,1].  (2.12)

Observe that it follows from (2.7) and (2.12) that, for all integers @ € N, N > Ny and n €
{0,...105"] — 1}, the cardinality |vgn(Znn)| of the set of indices von (Znn) (see (2.5) and (2.4))
satisfies

QN@N/2 < ’VQN(IN,n)‘ < 7QN9N/3, (2.13)
which in particular implies that von(Zn ) is non-empty. At last, for all fixed integer @@ > 2 and
for every integer N > Ny, we denote by {ﬁf\gfﬂN(s)}Se[m] the stochastic process with continuous
piecewise linear paths, defined as:

< — g9
HN79N (8) - HN(IN,I_egflj—l)’ fOl“ all S € IN’[QXTI]_17 (214)

and, for every n € {0,...,[05'] — 2} and s € Iy, as:

HR o (s) = (1= 03" (s = nOn)) HZ (Inn) + 03" (5 — nOn)HY (I nr1) (2.15)
where f-\lg (Zn,n) is defined through (2.9) for all n € {0, ..., 05 — 1}
Let us now state the main result of our article.

Theorem 2.2. Assume that the conditions (1.8), (1.10), (2.10) and (2.11) hold, and that the
exponent p € (0,1) in (2.10) satisfies the further condition:
H_%<1—M, (2.16)
L—-—H
where the arbitrary fized integer L > 2 is as in (2.2). Let [ be an arbitrary positive real number
such that

5<min{7u, 211 — ), (1—,;)(L—F)+ﬁ—ﬁ}. (2.17)
Then, one has almost surely, for all fixed integer QQ > 2,

lim N? sup ’H(s) - fNI]%’QN (s)‘

N%m{ s } =0. (2.18)

We point out that a major ingredient of the proof of Theorem 2.2 is the important Burkholder-
Davis-Gundy inequality (see for instance Mao (2008); Protter (2005)) as formulated in the following
proposition:

Proposition 2.3. Let p € [1,400] be arbitrary and fixed. There is a universal deterministic finite
constant a(p) for which the following result holds: for any (Fs)ser-adapted stochastic process f =

{f(s)}ser satisfying almost surely fj;o |f(s)|?ds < +o0, one has

2| [ rwane) < a<p>E(( /- !f(S)\2d8>p/2) , 219

where fj;o f(s)dB(s) denotes the Ité integral of f on R.
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Let us now explain how the almost sure uniform rate of convergence for the estimator f]ﬁ 9N(')’
provided by Theorem 2.2, can be optimized.

Remark 2.4. Observe that, in view of (2.10) and (2.11), a natural choice for the sequence (On5)n>nN,
in Definition 2.1 is

Oy =27'N"#, forall N > Ny, (2.20)
where the exponent p € (0, 1) is arbitrary and satisfies the condition
H-H
— <1 (2.21)
L-H-21

which is a bit stronger than the condition (2.16). Notice that, for the choice (2.20) for the sequence
(ON)N>N,, one can take in (2.11) ' = p. Then using the latter equality and (2.21), it turns out
that the expression in the right-hand side of the inequality (2.17) reduces to

min {fyu, 27'1— ), 1 —p)(L—H)+H - ﬁ} = min {*y,u, 2711 — ,u)} . (2.22)

Moreover, when v € (0, 1], the deterministic order of Holder regularity on the interval [—1, 1] of the
random Hurst function H(-) (see (1.10)), is known, then the quantity in the right-hand side of the
(2.22) can be maximized by taking u such that yu = 271(1 — i), that is

1
= . 2.23
Al (2.23)
Thus, we can derive from (2.22) and (2.23) that
i 2 =), Q=)L -+ =T} = 2. 2.24
min {yp, 271 (1= ), (0= p)(L~H) + H i (2.24)

Notice that, when p is chosen as in (2.23), then the condition (2.21) is fulfilled when the integer L,
associated with the generalized increments dy ) (see (2.3)), is such that

5y +1
2y
In conclusion, under the hypotheses that v is known and L satisfies (2.25), the sequence (0x)n>n,
in Definition 2.1 can be chosen as in (2.20) with u given by (2.23). Then, in view of (2.17) and
(2.24), it follows from (2.18) that, for all fixed integer @ > 2, the almost sure uniform rate of
convergence of the estimator }NIJ?I,GN(') is arbitrarily close to IV _ﬁ, which is rather reminiscent
of the minimax asymptotic lower bound for the risk of estimating a deterministic smooth Hurst

function in the Gaussian framework of Classical Multifractional Brownian Motion (CMBM); the
latter lower bound is provided by Theorem 3.1 of the recent article Shen and Hsing (2020).

L>

(2.25)

Before ending the present section, let us give some simulations for illustrating Theorem 2.2 and
Remark 2.4. We mention in passing that a full numerical study of the estimator Hﬁ O (+) requires
in itself another article and will be done elsewhere. We denote by v the mﬁnltely dlﬁerentlable
strictly increasing deterministic function from R into the interval (0.1,0.9) c [0.1,0.9] C (0,1),
defined, for all x € R, as ¥(x) := 0.8(7 !arctan(z)) + 0.5) + 0.1. We denote by {Bg.as5(s)}s,
{Bos5(s)}s and {Boso(s)}s three FBMs (see (1.1)) which are adapted to the filtration (Fs)s and
whose Hurst parameters are respectively equal to 0.25, 0.55 and 0.80. The three random Hurst
functions H'(s) := 9(Bo.as(s)), H?(s) := ¥(Boss(s)) and H3(s) := ¥ (Bgso(s)), for which the
orders of Holder regularity on the interval [—1, 1] can be considered to be 1 = 0.24, 79 = 0.54 and
v3 = 0.79, have been successively simulated on the interval [0, 1] in the first column of Figure 2.1
given below. The corresponding three MAMPRESs have been simulated on the same interval in the
second column, by using a simulation method, relying on the Haar wavelet basis, which is rather
similar to that introduced in Ayache et al. (2018); we mention in passing that the three FBMs
generating the random Hurst functions H*, i € {1,2, 3}, have been simulated by the same method.
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FIGURE 2.1. Some simulations

The estimated versions H i i€ {1,2,3}, of these three random Hurst functions, via the statistical
estimator introduced in Definition 2.1 with N = 2!4  have been simulated on the interval [0, 1] in

the third column. In view of Remark 2.4, for obtaining each H ¢ we have taken Oy = 27'N _Wlﬂ
and L; the lowest integer, greater than 2, such that (2.25) holds with v = ~;.

In view of the simulations the statistical estimator of random Hurst functions, introduced in
Definition 2.1, seems to work fairly well. Indeed, the simulations show that it allows to reconstruct
random Hurst functions in a rather precise way, even when they are very erratic, as for instance the
random Hurst function H(s).

3. Negligible parts of generalized quadratic variations of X

Remark 3.1. From now till the end of the article we always assume that the four conditions (1.8),
(1.10), (2.10) and (2.11) hold, without always mentioning it explicitly in the statements of the
intermediate results which will allow us to prove Theorem 2.2.

In view of (2.9), (2.14) and (2.15), for proving Theorem 2.2 it is useful to study, for any fixed
positive integer (), asymptotic behavior of the generalized quadratic variations Von(Znn), n €
{O, R LO;J — 1}, when N goes to +o0o. A first difficulty in this matter is that the domains of
integration of the Ito integrals representing the generalized increments dy j are unbounded intervals.
Indeed, one can derive from (1.9), (2.3), (2.2), (1.2) and easy computations, that, for all k£ €
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{0,...,N — L},
N=1(k+L)
dy g = / N-HE-YD &(Ns —k, H(s)) dB(s), (3.1)
where @ is the real-valued deterministic function defined, for all (u,v) € R x (0,1), as:
L
D(u,v) := Zal(l — u)i_l/Q. (3.2)
=0

Roughly speaking, our first goal will be to show that dyj can be expressed as the sum of an Ito
integral over a well-chosen bounded interval and another term which is negligible in some sense.
From now till the end of our article, we set

0:=1—p, (3.3)

where p € (0,1) is as in (2.10) and satisfies the condition (2.16). For every integer N > Ny, where
Ny is as in Definition 2.1, the positive integer ey = en(d) is defined as:

en = |[N?|. (3.4)
Then we can derive from (3.1) that, for all k € {0,..., N — L},
g =dfy+diy, (3.5)
where
. N—Y(k+L)
Aoy = / N-HE=VD §(Ns —k, H(s)) dB(s) (3.6)
N-1(k—en+L)
and
. N~ (k—en+L)
df j, = / N-HE-VD §(Ns — k, H(s)) dB(s). (3.7)

Definition 3.2. For any integers Q > 1, N > Ny and n € {0,..., w]f,lj — 1}, the generalized
quadratic variations VéSN (Znn) and VéSN (Zn ) are defined as:
Von(@nn) = lvon@na)l ™ Y ddwsl? (3.8)
kEVQN(IN,n)

and
Von@na) = von @)l ™ Y lddnal® (3.9)
kevon(Inn)
Basically, the following lemma shows that the generalized quadratic variations Iu/ch(INm), n €

{O, cee LGFJ — 1}, are negligible when N goes to +00. In other words, when N goes to 400, the
asymptotic behavior of the generalized quadratic variations Von(Zn ) is similar to that of the "less

complicated" generalized quadratic variations ‘7Q5N (Inn)-

Lemma 3.3. Let H, H, L and § be as in (1.5), (2.2) and (5.3). One has almost surely
lim sup {Nﬁ max ‘u/ésN(INm)} =0, forallQeNand <25(L—H)+2H. (3.10)
N—+o00 0<n<|05"]
For proving Lemma 3.3, one needs the following lemma whose proof will be given in the sequel.
Lemma 3.4. Let ¢ be the same constant as in (5.10). For all real number p € [1,400) and integers

Q>1and N > (SL)I/‘s + Ny, the following inequality is satisfied:

E(|dS v |2 < 2P a(2p) N —2p(O(L—H)+H) 3.11
oging%\)f{fL (| QN,k‘ )_C a(2p) ) ( )

where a(2p) is the same constant only depending on p as in Proposition 2.5.
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Proof of Lemma 3.3: Let @ € N and b a fixed real number such that

B<b<25(L—H)+2H, (3.12)
where [ is as in (3.10). Let p € [1,4+00) be fixed and such that
p(26(L — H) +2H —b) > 2. (3.13)

Using (3.9), Markov inequality, the fact that z +— |z|P is a convex function on R, (3.11) and (2.11),
one gets that

o5 ]-1
0 g s 1)< 8 ()
105t —1 lo5']-1
< NPP Z E(‘VCgN(IN,n)‘p) < NP Z ‘VQN(IN,n)rl Z E(‘ng\hk‘%)
n=0 n=0 kevon(Inn)
< 0[O} NPT ) < o 15T 2 D) (3.14)

where ¢; > 0 is a constant not depending on N and . Next, combining (3.13) and (3.14), one
obtains that

+oo
3 P(Nb max  Viy(Inn) > 1) < 400.

N—No 0<n<|0y"]
Thus, it results from the Borel-Cantelli Lemma that one has, almost surely,
sup {Nb max f/é;N(IN,n)} < 400. (3.15)
N>Ng 0<n<|0y"]
Finally, (3.12) and (3.15) imply that (3.10) holds. O

Let us now focus on the proof of Lemma 3.4. It mainly relies on Proposition 2.3 and the following
proposition.

Proposition 3.5. One has
c:= sup{(l + L+ \u|)L+1/2_H |®(u,v)| : (u,v) € (o0, —2L] X [ﬂ,ﬁ]} < 400 (3.16)
and

/ (1+L+ |u‘)L+1/2—ﬁ

¢ log (1+ L+ |u)

|(0u®)(u,v)| : (u,v) € (—o0,—2L] x [H,H] y < +oo. (3.17)

The short proof of Proposition 3.5 is rather similar to that of Proposition 3.1 in Ayache and
Hamonier (2017); we give it for the sake of completeness.

Proof of Proposition 5.5: Combining (3.2) and (1.2) one gets, for all (u,v) € (—o0,—L) x (0,1),
that

L
®(u,v) = |u|*~/? Z arf(lu™t,v) (3.18)
1=0
and
L L
(8,®)(u,v) = |u[""Y? log(|ul) Z arf(lu™, v) + |u['~1/2 Z a1(0uf)(lu™1t,v), (3.19)
1=0 1=0

where f is the C* function on (—1,1) x (—2,2) defined, for all (y,v) € (—1,1) x (—2,2), as
f(y,v) = (1 —y)"~Y/2. Then noticing that when u belongs to (—co, —2L] one equivalently has that
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z =u"! belongs to [ —27'L71,0) C (— L', L™"), one can easily derive from (3.18), (3.19) and
Lemma 3.6 below that (3.16) and (3.17) are satisfied. O

Lemma 3.6. Assume that yo and vy are two arbitrary and fized positive real numbers. Let ¢ be
an arbitrary real-valued C™° function on (—yo,y0) X (—vo,v0) and let g be the C*° function on
(f L_lyo,L_lyo) X (—vp,vg) defined, for all (z,v) € (f L_lyo,L_lyo) X (—wg,vp), as:

L
g(z0) = 3 apllz,v).
=0

Then, one has, for every (z,v) € [— 2_1L_1y0,2_1L_1y0] X [— 2_11)0,2_11)0],
|9(2,0)] < ez,
where ¢ is the finite constant defined as
c:= (L) tsup {|(8£g)(z,v)| D (z,0) € [ — 271 Ly, 2_1L_1y0] X [ — 27wy, 2_11}0] }

Proof of Lemma 3.0: Assume that v € (—vg,vg) is arbitrary and fixed. Applying Taylor formula to
the function z — g(z,v) it follows, for all z € [— 2171y, 2*1L*1yg], that

— (0% v L v
g(Z,U) — (Z (azg)(ov )Zq) + (82 gz(!ev )ZL, (320)

where 0 € (— 271 L1y, 2_1L_1y0). Next, observe that, for each z € (— L1y, L_lyo) and g € N,
one has

L
(029)(2,0) = > 1%ay(9%p)(12,v)
=0
Therefore, one gets that
L
(079)(0, ) = (D) (0,v)( Y ).
=0

Then, in view of (2.2), it turns out that (9%g)(0,v) = 0, for all ¢ € {0, ..., L—1}. Finally, combining
the latter equality with (3.20), one obtains the lemma. ([l

We are now ready to prove Lemma 3.4.

Proof of Lemma 3./: Using (3.7), (2.19), (1.8), (3.16) and (3.4) one gets, for all integers @ > 1,
N > (3L)Y% + Ny and k € {0,...,N — L}, that

(QN)~!(k—eqN+L)
») < otz ( |

—00

E(jdS s (QN) 2O [§(QNs — k, H(s)) | ds)p>

(QN)~!(k—eqn+L) =
< ¢ q(2p) N~ 2H (QN/ (1+L+Fk- QNS)QH_M_1 ds)p

< P a(2p) N2 (1 + equ)PH—L) < 2 o (2p) N2POUH-L)=H)
which proves that (3.11) holds. O

Roughly speaking, so far we have shown that, when N goes to +o00, the asymptotic behavior of
Von(Zn,yn) is similar to that of VQ‘SN(IN,H) defined in (3.8). There is still a difficulty in the study
of the latter behavior. Basically, it comes from the H(s) which figures in (3.6). It is convenient to
replace H(s) by a well-chosen random variable not depending on s. This is the main motivation
behind the following definition.
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Definition 3.7. Let § € (0,1) be as (3.3). For every integers N > Ny and n € {0,..., |05'] — 1},
one sets

(N i=nlN — N-0=9) — gy — N~ ; (3.21)

moreover, for each () € N, the generalized quadratic variations vgN(INW) and VgN(IN,n) are
defined as:

. - .
Von(@nm) = on @na)l™h Y2 ldgn sl (3.22)
kevgn(Inn)

and

=0 _ 0,
Von@nm) = von(Tna)l ™! Z ldonil? (3.23)
kevgn (In,n)

where, for all k € von(Znn),
qom o (H (Cnn)=1/2)
AN g r—/ (QN)~HNn ®(QNs —k,H((n,y)) dB(s) (3.24)
(QN)~!(k—eqn+L)
and
Eé,n L J‘S _ ggm
QNk -— “QN,k QN,k

(QN)~*(k+L) (H(s)-1/2)
- /(QNW , (@vr D(QNs— k, H(s) (3.25)

—(QN)"H) /) §(QNs — k, H((Nn))>dB(s).

Basically, the following lemma shows that the generalized quadratic variations Vg NINn), n €
{O, el w;]lj — 1}, are negligible when N goes to +00. In other words, when N goes to +o0, the
asymptotic behavior of VéSN(IN,n) (and consequently that of Von(Zn,)) is similar to that of the

"less complicated" generalized quadratic variation VésN(INm).

Lemma 3.8. Let ~y, p and § be as in (1.10), (2.10) and (5.3). One has almost surely

lim sup {Nﬂ max  N2H(Cvn) vgNaN,n)} =0, foralQeN and < 2ypu. (3.26)
N—+o0 0<n< |0y

In order to show that Lemma 3.8 holds, one needs the following lemma.

Lemma 3.9. For any fivzed Q € N and p € [1,400), there exists a finite constant ¢(Q, p) such that,
for all integer N > Ny, one has

e max  E(INTEWTE ) <eQplog NN (320
n N 14 s

Proof of Lemma 5.9: The integers Q € N, N > Ny, n € {0, e wﬁlj — 1} and k € von(In,y) are
arbitrary and fixed. It follows from (3.25), (2.19), the inequality (QN)~2H(~n) < 1, the inequality

|z + y|2 < 2(|$\2 + |y|2), for all (z,y) € R?, (3.28)
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and the convexity on R of the function z + 2P that

(|5 3 )

(QN)~ ' (k+L)
< a(2p)E<(QN ‘(QN)(H (Cxn)=HE) §(QNs — k, H(s))
(

QN)~1(k—eqn+L)

—®(QNs — k, H(Cy)) ’2 ds>p>

< 22 1a(2p) (E((AGN,)7) + E((BSR 7)) (3.29)

where
. @N) (kL)
Agny = QN |(QN)H ) =HE) _ 12 |&(QNs — k, H(s))[*ds  (3.30)
(QN)~(k—eqn+L)
and
S (@N)~!(k+L) 2
B& . = QN ‘(I)(QNS — k, H(s)) — ®(QNs — k, H({N,n))‘ ds.  (3.31)
(QN)~1(k—eqn+L)
Next, using the mean value Theorem, (1.10), (3.21), the fact that (QN)1k € Zn, (see (2.5) and
(2.12)), (3.4) and (2.10), for all s € [(QN) "' (k —egn + L), (QN)"'(k + L)], one gets that

(QN)HE=HE) 1] < crpexp (c1p(log QN)N ) (log QN )N~
< exp (c2(Q)p) (log N)N ™, (3.32)
where the deterministic finite constants ¢; and c2(Q) are defined as: ¢; := (2k + L + 2)7 and

2(Q) = c1(2log(3 + Q) + supy>y, (log QN)N 7). Next, putting together (3.30), (3.32), the
change of variable u = QNs — k, (3.16) and (3.2), one obtains that

L
ANy < exp (262(Q)p) (log N)2N 2 / | (u, H(QN) " (u + k)| du

< csexp (22(Q)p) (log N)2N 2, (3.33)
where the deterministic finite constant
o, [T 2H—2L—1 L & H-1/2 H-1/2y)\?
s :64/ (14 L+ |ul) du—l—/ (Sl =) = w)T2)) du, (330
—00 —2L 1=0

¢4 being the constant ¢ in (3.16). Next, notice that in view of (3.4) one can assume without any
restriction that N is big enough so that L —egn < L — ey < —2L. Then, it follows from (3.31),
the change of variable u = QNs — k and (3.2) that

on L _ 2
Bk = [ [0 H@0 s ) — 0o HCw) [

—2L

:/L [ (u, H(QN) ™ (-4 F))) — ®(u, H (G )| s
.
L L
/ (Zal w)H@N @) =112 _ S gy () ) H(Govn)- 1/2)2 du
- =0 =0

L L

p+1 2
/ S (1 — ) H@N T )12 5 al(l_u)H«N,n)—l/z) du.

I=p+1 I=p+1
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Thus, one can derive from the mean value Theorem, (1.10), (3.21), the fact that (QN)"'k € Iy p,
(3.4), (2.10), (3.17) and (1.8) that

Boj, < csp? NTHH (3.35)
where the deterministic finite constant
—9I, _
cs = 2 c%/ (1+L+ ]u\)QH*ZL*l log? (1 + L + |u]) du
— o0
0 - H H 2
+c%/ . ( \al|((l — u)ffl/2 +(—u) *1/2) ‘ log(l — u)’) du
—2L "o

~

-1

o1, L -
s Z/ ( > al (0= wHE2 4 (1= w)"=12) [ log (1 — U)DQ du,

l=p+1

hS]

¢6 = (2k + 2)7 and ¢;7 being the constant ¢’ in (3.17). Finally, putting together (3.29), (3.33) and
(3.35), one obtains (3.27). O

We are now ready to prove Lemma 3.8.

Proof of Lemma 3.8: Let @ € N and b be a fixed real number such that
B <b<2yu, (3.36)
where [ is as in (3.26). Let p € [1,4+00) be fixed and such that
p(2yu—b) > 2. (3.37)

Using (3.23), Markov inequality, the fact that z — |z|P is a convex function on R, (3.27) and (2.11),
one gets that

lox']-1
P(Nb T, N2HEND T (Tn ) > 1) < 7;) P(NWH(CM)V%N(IN,”) > 1)
loy']-1
< NP Z E(’NQH(CN’")VCZN(IN,”)VD)
n=0
lon']-1
< NPb Z |VQN(IN,n)|_1 Z E(‘NH(CN,n)EgKAk’Zp)
n=0 kevgn(Inn)
< 103" | (log N)2P NP2 < ¢ (log N)2P N1=PZim=b) (3.38)

where ¢; > 0 is a constant not depending on N. Next, combining (3.37) and (3.38), one obtains
that

400 5

3 ]P’(Nb max N2V (Ty,) > 1) < +00.

N=Np 0<n<|0y']

Thus, it results from the Borel-Cantelli Lemma that one has, almost surely,

sup {Nb max NQH(CN’")V]%(IM”)} < 400. (3.39)
N>No 0<n<|0y"]

Finally, (3.36) and (3.39) imply that (3.26) holds. O
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4. Asymptotic behavior of generalized quadratic variation of X

The main goal of the present section is to prove the following lemma.

Lemma 4.1. Let H, H, v, L, pi, ¢/, 6 and 8 be as in (1.8), (1.10), (2.2), (2.10), (2.16), (2.11),
(5.3) and (2.17). Then, one has almost surely, for all Q € N,

Von (Znn) - B
E(‘/}Q(SN(INJL)}?Q\MJ 1‘} 0 (4.1)

where Von(Inn), XA/&V(ZNW) and Cnn are defined through (2.4), (5.22) and (3.21). Notice that
E( |?<Nm) is the conditional expectation operator with respect to the sigma-algebra Fey, . .

lim sup N?  max
N—+00 0<n<|0y"]

The proof of Lemma 4.1, which will be given at the end of the present section, relies on Lemma
3.3, Lemma 3.8, and the following crucial lemma.

Lemma 4.2. Let ¢/ and § be as in (2.11) and (5.3). One has almost surely
‘AQfN (IN,n)

IE(‘A/c,zéj\f (Znn) ’?CN,n

In order to show that Lemma 4.2 holds, one needs some preliminary results.

Lemma 4.3. For all integers Q € N, N > Ny and n € {O,...,LHX,IJ — 1}, and for each finite
sequence (Zk)kEVQN(IN ) of real numbers, one has, almost surely,

E(exp (z Z 2k ngk) ?CN,n> (4.3)

kevgn (In,n)
2
ds) ,

1
=exp| — 2_1/
CN,n
where (N is an in (3.21), and

Dony = [(QN)"H(k —eqn + L), (QN) ' (k + L)] . (4.4)
Notice that (/.3) means that, for each n € {0,...,|0x5"] — 1}, conditionally to the sigma-algebra

Fenns the random wvector (dgzk)k@QN(ZN ) has a centred Gaussian distribution with covariance

lim sup NBO=1) max
N—+00 0<n<|0y"]

)—1'} =0, forall@QeNandp <1/2. (4.2)

Do arlpgy ()(QN)T )T §(QNs — b H (Cnn)
kevon(Inn)

. 70, 70
matriz (E(dQ]T\L,k, deT\Lﬂk”|§4N,n))k’,k”euQN(ZN,n) such that, for every k', k" € von(Znn),
E(C’l\é,n C’i\&,n

QN, k' “"QN k" ?CN,n)
= (QN)'—2H(CN.n) (4.5)

1
x / 1y 0 (8) 1Dy 1 ()B(QN's — K, H(Cn ) @(QNs — K", H(Cn,n)) s

CN,n

Proof of Lemma /.3: First observe that one can derive from (3.24), (2.5), (2.12), (3.21) and (4.4)
that, for all integers @ € N, N > Ny and n € {0,..., LO;,lj — 1}, and for each finite sequence
(Zk)keuQN(INm) of real numbers, one has

S wddy, (4.6)
kevon (Inn)

:/:< > anDQN,k<s><QN>—<H<<N7n>‘”2>@(QNS—’“H“N’")))dB(S)'

k:ElIQN(ZN’n)
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The main idea of the proof of this lemma consists in the observation that the Brownian motion
B in (4.6) can be replaced by the Brownian motion Wy, = {Wnn(2)}eer, = {B(x + (nn) —
B(CN,n) }eer, which is independent of the sigma-algebra J¢, . Therefore Wy, is independent of the
integrand in (4.6), denoted by K, which is F¢  -measurable. Having made this observation the
proof becomes classical: it can be done in a standard way by approximating the integrand Ky, =

{KN,n(S)}se[cN,ml] by a sequence (ng n)JeN ({K]JV (s )}SG[CN,ml})jeN of elementary processes of

the form:
q—1
S) - Z Apll[tp,tp+1)(3)
p=0

where the random variables A,, 0 < p < g, are F¢n ,-measurable, and the finite sequence (tp)o<p<q
is a subdivision of the interval [(y p, 1]. O

Roughly speaking, the following lemma shows that IE(‘Afch (Znn) |?<N7n) behaves in the same way
as (QN)_2H(<N,7L)

Lemma 4.4. One has almost surely, for all integers Q@ € N, N > Ny and n € {0,..., LG;,IJ — 1},
that

2
‘ du (4.7)

% L
E(VEn(Inn)|Fen,) = (QN)~2H( CNn)/

‘@ (s H(Cym))
L—egn

and consequently that
d(QN)HeN) <E(Vn (Inm)|Fey,) < ¢ (QN) 2N, (4.8)

where ¢ and ' are two finite, deterministic and strictly positive constants not depending on 8, Q,
N and n.

Proof of Lemma /./: One can derive from (4.5), (4.4) and the change of variable u = (QN)s — k
that one has almost surely, for integers Q@ € N, N > Ny, n € {0,..., |0y — 1} and k € von(Zn.n),
that
L 2
B( 3 Plev,) = @) [7 au 1(Gw)| du. (19)
—eon
Thus combining (3.22) and (4.9) one obtains (4.7). Then notice that (3.2), (1.2), (2.1), (3.4), (3.16)
and (1.8) entail that

L 2 L
/ ’@(u, H(CN,H))‘ du > / (L — w)2H ) =1 gy > ¢/ (4.10)
L—egnN L—1
and
L 2 L 2
/ (cp(u,H(gN,n))‘ du < / )@(U,H(gN,n))‘ du < ¢ (4.11)
L—egn —00
where the strictly positive constant ¢/ := (2H)~! and the constant ¢” is equal to the constant c3
defined in (3.34). Finally, putting together (4.7), (4.10) and (4.11) one gets (4.8). O

Remark 4.5. The integers @ € N, N > Ny and n € {0,...,[0x5"] — 1} are arbitrary and fixed.
One denotes by G a Gaussian Hilbert space on R spanned by a centred real-valued Gaussian vector
(Gr)revon (Ty.,) Whose distribution is equal to the conditional distribution of the random vector
(cfgz w)kevon (Ix.,) With respect to the sigma-algebra F¢ . (see Lemma 4.3) for some given arbitrary
value of the random variable H((n ). Then, for the same given value of H((n ), the conditional
distribution with respect to F¢, . of the random variable VQ‘SN(IN,H) - E(VéSN(IN,n”?CMn) (see
(3.22)) is equal to the distribution of the random vari:%ble lvon(Inn)| ™t ZkGVQN(IN,n) (1Gkl* -
E(]Gk[?)). Since the latter random variable belongs to P2(G) the second order chaos associated to
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G (see Definition 2.1 on page 17 in Janson (1997)), one knows from Theorem 5.10 on page 62 in
Janson (1997) that, for any fixed ¢ € N, there exists a universal deterministic finite constant ¢(q),
only depending on ¢, such that

E<’|VQN(IN,n)|_1 > (|G’“|2_E(|Gk|2))’2q>

kGVQN(INm)

q
2
<<q) <E<"VQN(IN,11)|_1 Y. (G2 —E(IGHQ))‘ >>
keVQN(IN,n)
Therefore, one has
—~ 2q
E(\v&v(m) ~ E(Vdn T n)|Fe,) a"cN,n> (4.12)

9 q

Also, notice that one can derive from Theorem 3.9 on page 26 in Janson (1997) that
2
1E((\Gm2 —E(|Gw*) (1Gy* — E(!Gk/lP))) = 2(E(GpGyr))”,  for all ', k" € von(Inn),

which implies that

o) 3, -3, 35,
]E<<‘d@zr\l/,k/‘2 - E(‘dQ]T\L/,k’F‘?CN,n)) (|dQ17z7,k” |2 - E(|dQ]:L7,k”|2 ’§CN,n)> ‘gCN,n>
~ ~ 2
= 2(E (A w0 Ao 1 Tn,) )+ for all K, K" € von (T n). (4.13)

Lemma 4.6. There exists a finite deterministic constant ¢ such that, for all integers () € N,
N > No, n€{0,...,[05'] — 1} and k¥, k" € von(Zn ), one has

T6n  Jon - " —(L-H
E(d5 1 dme r| Few)| < € (QN) =2 G (141 — 7))~

(4.14)
Proof of Lemma /.0: The integers Q@ € N, N > Ny, n € {0,..., LH;,IJ — 1} and K, k" € vn(Zn )
are arbitrary; moreover one can assume without any restriction that &” > k’. One can derive from
(4.5) and the change of variable QNs — k' that

70,n 7o,n
IE(dQN,k’ dQN,k” ’ffczv,n)‘ (4.15)

< (QN)~2HCnm) /R ‘@(u, H(Cnp))®(u+ K — K, H(CN,n))‘ du .

One denotes by c¢; the finite deterministic constant c3 defined in (3.34) which does not depend on
Q, N, n, H((ny), ¥ and k”. Using (4.15), the Cauchy-Scharwz inequality, (3.2) and (1.2), one gets
that

L
Ton  7o,n — "
‘E(dN,k/ dN,k//|3r<N,n)} < (QN) 2w, )/

—00

1%, H(Cnn)) \2 du < ¢y (QN)2HEvn) (4.16)
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and
6, 5,
‘E(deLk’ def,ku ‘S:CN,n) ‘

L
< (@) 216) [ o (u, H Qo) (a4 K = K, H(Gva) | du

L
= (QN)2H(xn) ( /2 e @ (u, H(CNn)) @ (u+ K — K", H(CNn)) ] du

2L (K — k")
_|_/ ’@(u, H(C(npn))®(u+ K — kK, H(CNn))‘ du>

—0o0

L 2
< Ve (QN) 2 Cnn) <\/ / O (u+k — K, H(gN,n))‘ du (4.17)
271(]6/7]{/.//)
2_1(k”—k‘”) 2
+ / ’@(u, H((Nm))‘ du | .
Next observe that, under the condition that
K — k' < -4L, (4.18)

one clearly has 27! (k' — k") < —2L, and thus one can derive from (3.16) that

21 (K — k") 2
/ [ (u, H(Cwn)| du (4.19)

—0o0

271(k1_k//) o o
< cg/ 1+ L—u) " au<es(1+ L+ — 1)

—00

where ¢y is the finite deterministic constant ¢ in (3.16) and c3 := 22(L*F)*1(L — H) 2. Also,
observe that under the condition (4.18), for all uw € [271(k" — k"), L], one has u + k' — k" < —3L,
and thus one can derive from (3.16) that

L

L 2 __
/ Bu+ K — K HGx)| du<d [ (1 L—u k)
2—1(k./_k.//) e
2 — —
< Q(LCiI_I)(l + K — k‘/) —2(L—H) < 63(1 iy k/) —2(L—H) . (4'20)

Finally setting ¢ := ¢1(4L)-~H 42, /eez , it follows from (4.16), (4.17), (4.19) and (4.20) that (1.14)
is satisfied. O

We are now ready to prove Lemma 4.2.
Proof of Lemma J.2: Let b be a fixed real number such that
f<b<1/2, (4.21)
where 3 is as in (4.2). Let ¢ € N be fixed and big enough so that

q(1 — )1 —20) >/ +1, (4.22)
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where p/ € (0,1) is as in (2.11). Using Markov inequality one obtains, for all integers @ € N and

N > Ny, that
, Van (I
P(Nb(l_“) max — oy Evan) - 1’ > 1)
0§n<\_9;71J E<VC§N(IN7H)‘3:CN,7;)
ox"1=1 V9 (Z
< Z <Nb1“ _ Qv dnn) —1‘>1>
E(VQ(;N(INyn) ‘g:CN,n)
[0x ] ) 2q
< N2ab(1=i) Z E(’ VonEnn) -1 ) : (4.23)
= \E(Viy@vn)|Fer.,)
Moreover, the expectations in (4.23) can be expressed, for all n € {0,..., w;,lj — 1}, as:
Tnm 2q
E(‘ _ Q ( N, ) 1 )
E(Vdn (Zvn)|[Tc, )
=5 —2q ~ ~ 2q
- (E( QN<IN,n>\:&N,,L)) Vg (Znn) = B (W (Tvn) [T, (4.24)
56 (5 56 2q

[\

On the other hand, it follows from (3.22), (4.13), (4.14) and the inequality L — H > 1 that, for all
integers Q@ € N, N > Ny and n € {0, ..., Lé?;,lj — 1}, one has

2
‘ch,n>

@)Y B( (185l - B P
k' k"evgon(Inm)

E <“76§N(ZN,71) - E(‘A/cgN(IN,n) ‘?gN’n)

(185 = BT P15, e )

_ ~ ~ 2
=2uov@vall T Y (BN AN |Ten))
k/,kHEVQN(IN,n)

_9 B —2(L-H
< 23 v (Tng)| HQN) ") N (1 K - k) TR
k:’JC”GVQN(IN’n)
-1 _
< el (Z,n) |~ (QN)~HH ) (4.25)
+00 .
where ¢; denotes the constant ¢ in (4.14) and ¢g := 46% Zj_2(L_H) < 400. Next, putting together
j=1

(4.24), the first inequality in (4.8), (4.12), (4.25), the first inequality in (2.13) and (2.11), one gets,
for all integers @ € N, N > Ny and n € {0,..., [0y | — 1}, that

E(\ A%SN(IN,n) .
E(‘/Q&N(IN,n)l?CN,n)

2q
) < cslvgn (Inn)| ? < ea N1 (4.26)
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where c3 and ¢4 are two deterministic finite constants not depending on ), N and n. Then, one
can derive from (4.23), (4.26) and (2.11) that, for all integers @ € N and N > Np,

Von@na) 1' . 1)
E(Vn INn Tex,n)

S04]\[2(15(17/1’)9 Ly—a=n) < “A N —q(1—p)(1-2b) (4.27)
I{

P N (=) max
0<n<|03"]

Thus, it follows from (4.22) and (4.27) that

Vgn () - 1‘ > 1) < fo0.
]E(VéSN(IN,n)’g:CN,n)

Then the Borel-Cantelli Lemma entails that one has almost surely

+o0
Z P(Nb(l“l) max

—1
N=No 0<n<|0y |

VQ(SN (IN,n)
E(Vn (v ) T,

sup NPO=#) max
N>No 0<n<|0y"]

) 1‘}<+oo. (4.28)
Finally, combining (4.21) and (4.28) one gets (4.2). O

We are now ready to prove Lemma 4.1.

Proof of Lemma /.1: First observe that, for all integers ) € N and N > Ny, one has

max Yon(En) - 1‘
0<n< LHX;lJ E (‘7QéN (IN,n) ‘EFCN,H>

0<n<[0y"] \ (VQN (ZN.n) \9 CNym VQN IN" ‘?CN )
(s G 1\)

0S7’L<|_9;;1J E(VQJN(IN,TLMEFCNJL)
INn
+2  max ,\VQN( ) N 1"
0<n< LQ&IJ E (VQ(SN (IN,TZ) ‘StCN,n>

Thus, in order to prove that (4.1) holds, it is enough to show that, almost surely,

limsup{ N® max
N—+00 0<n<|0y"]

Von(Znn) . _
E(‘/}CﬁsN(IN’n)}?CN’n) 1‘} 0. (4.29)

Let us point out that throughout this proof 8 denotes an arbitrary fixed positive real number satis-
fying (2.17). Next observe that (2.4), (3.5), (3.25), (3.9), (3.22), (3.23) and the triangle inequality
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imply, for all integers @ € N, N > Ny and n € {0,..., w;,lj — 1}, that

Vv(Inn) Vv@na) Von(Inn)
E(Vn@nallTen)  \ E(Von@n)Ter)  \ E(Vdn@vn)|Fen..)
< Von(Znn)
T\ E(Van @) [T )
§ Von(Inn) Vin(Inn) Von(Inn)
< — + = + —
\ (Vv @nn)lFenn)  \ E(Vn@vn)Ter,)  \ E(Von@vnlTex.,)

and consequently that

T
max — VQN( N’n) — 1'
0<n< w]?rlj E(VQJN (IN,TL) ‘S:CN;@)
V3 (T Vin (@
< max % al _1'+ 1 o iyt
0<n<|0y!] E(VéSN(INJL)‘?CN,n) 0<n<|0y] E(VgN(IN,n)‘ch,n)
Von(Znn)
+ max — QNIZNn
0<n<|6y"] E(VgN (ZNn) \fch,n)
‘/}6 I n 7 ~;
<  max - QN( Non) —1' + e NPT max VQ‘SN(IN,n)
0<n<|0y'] 1\| E (Vé;N (Znn) ‘?Cw,n) 0sn<lOy']
+c1  max NQH(CNW)VgN(IN,n), (4.30)
0<n<|6y"]

where ¢; is a deterministic finite constant not depending on N. Notice that the last inequality
in (4.30) results from (4.8) and (1.8). It clearly follows from (2.17), (2.16), Lemma 3.3, (3.3) and
Lemma 3.8 that one has almost surely

lim sup {NB+H max XV/Q‘SN(IN,H)} =0
N—+o0 0<n<|0,]

and

lim sup {Nﬁ max \/NQH(CN,TL)V%N(IN’”)} —0.
N—+o0 0<n<|0y"]

Thus, in view of (4.30), in order to show that (4.29) holds, it is enough to prove that

lim sup {N A max

V.2 (TN
v Inn) —1‘ ~0. (4.31)
N—+o0 0<n<|0y"] )

E(Vay (@vn) T,

Combining (2.17) with Lemma 4.2 and the inequality |/z — 1] < |z — 1], for every z € R4, one gets
(4.31). O
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5. Final steps of the proof of Theorem 2.2

Lemma 5.1. Let H, v, L, u and § be as in (1.8), (1.10), (2.2), (2.10) and (3.5). Let B be an
arbitrary real number satisfying

O<ﬂ<min{fy,u, 2(1—u)(L—F)}. (5.1)
Then, one has almost surely, for alli € {0,1} and Q € N,
E(VI(Tynve)|F
(/\;\7( ]\/v7 z(N7 ))‘ CN,TLi(N,S)) _ Q2H(S) } _ 07 (52)
E (VQN (IN,ni(N,s)) |?<N,ni(N,.S))
105's] if s € [0,(105"] — 1)0n),
no(N,s) = (5.3)
105" =1 if s € [(105"] — 1)0n, 1],

limsup { N° sup
N—+o0 s€[0,1]

where, for every s € [0,1],

and
105's] +1 ifse [0, (05 —1on),
ni(N,s) := (5.4)

05'] =1 if s e [(104'] = Dow.1].

Proof of Lemma 5.1: One can derive from (41.7) and (1.8), that one has almost surely, for each real
number s € [0,1] and integers i € {0,1}, @ € N and N > Ny, that

’ E(‘/}]\é(IN,m(N,s)) ‘:TCN,ni(N,S)>
E(‘A/ésN(INni(Ns) }?anl(M)

— | Q2N myv0) fL eN‘CI)(“ H(CNny(v,5)) ’ du QM)
fL eQN ‘(I)<u H(gNm Ns ’ du

_ Q2H (s)

fL eQN }q> U, H Can(NS) du

<Uin(s)+Vin(s), 5.5
where
Uin(s) := Q2 | QX HCvniv.s)=H(9) _ e Ji- en | @ (s H (Cn g (v,5)) )| du 5.6
| JE o 120 H (G )
and
Vin(s) = 02 fL eN|(I>(U H(CN i (v,5)) )\Qdu .
fL eoN |<I>(u H( CNn,(Ns)))} du
2
QQH fL eoN }‘1> u, H(Cn py(N,5)) )‘Qdu .
)|
(1.

8), (1.10), (3.21), (5.3), (5.4)

Next observe that, one can derive from the mean value Theorem,
and (2.10) that

|Q2(H(CN,ni(N,s))_H(S)) _ 1|
< 2(10g Q) exp (2(10g Q)H ) [ H(Cxu(v,s) — H(s)|
< p(2k+1)7 log(QYQTT N (5.8)
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Moreover, it easily follows (3.4) that

Jie 1200 HCxmns) | du 65:9)
ff—EQN ‘q)(u’ H(CN:nz(st))) |2 du B

Thus, combining (5.6), (5.8) and (5.9), one gets, for all N > Ny, that

sup Ui n(s) < p(26 +1)7 log(QQ)Q4ﬁN_7“ : (5.10)
s€[0,1]

Next observe that, similarly to (4.10), it can be shown that, for all real number s € [0, 1] and
integers i € {0,1}, @ € N and N > Ny, one has

L
/[\/ “I’(’U,, H(CN,ni(N,s))) }2 du > (2F)_1 :

—eQnN

Thus, one can derive from (5.7) that, for all real number s € [0,1] and integers i € {0,1}, Q@ € N
and N > Ny,

L—en

Vin(s) < QHQZH/ |® (v, H(Cnona () ‘2 du . (5.11)

—00

Notice that there is no restriction to assume that N > (3L)"/%4 Ny which implies that L—ey < —2L.
Then, using (3.16), one gets that

L—BN 2
/ |® (u, H(CNpa(v,s))) | du

—00

L—epn — 2 _
< cf/ (1+L—uw) ™ du< Q(LCIH)N%(LH) : (5.12)

where ¢; denotes the finite deterministic constant ¢ in (3.16) which does not depend on N and
CNmi(N,s)- Then combining (5.11) and (5.12), one obtains, for all integers i € {0,1} and N >
(3L)'% 4 Ny, that

= 2 _
sup Vin(s) < QHQM L ___ N—20(-H) (5.13)
s€(0,1] 2(L—H)

Finally, putting together (5.1), (5.5), (5.10), (5.13) and (3.3), it follows that (5.2) holds. O

Lemma 5.2. Let B be an arbitrary real number satisfying the condition (2.17). Then, one has
almost surely, for all i € {0,1} and Q € N,

VN ("z’-]\ﬂ’rl,Z (N,S) )
Von (I, (N,s))

lim sup {Nﬁ sup — Q1)

N—+o0 s€[0,1]

} —0, (5.14)

where no(N, s) and ni1(N, s) are as in (5.3) and (5.4).
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Proof of Lemma 5.2: First observe that, for each real number s € [0,1] and integers i € {0,1},
@ € Nand N > Ny, one has

' VN(ZNni(N,s)) Q2 ()

Von (Znn(N,s))
i i i -1 s
= ’RN(S)SQ,N(S) (ZQ,N(S)) - QQH( )
s i i —1 Rl (S) S
< Q¥ Riy(s)(Zow(s) ™ - 1‘ + ZiN () n(s) = Q1
< Q| Rig(s) — 1] + @7 1 o =1]+ 3 st - @
=~ ZZ Q N Q N( ) QvN ’
(5.15)
where
Riy(s) := Vv @ m(v,) (5.16)
E(V]\?(ZN,NZ(N,S)) ’:}’CN,ni(N,5)>
( INmNs) “TCNn,(Ns)>
SQ o (5.17)
E( (INnZ(Ns) |?CNnZ(Ns))
and
i Ve N(I ni(N,s )
Zon(s) = R (5.18)

B (T T T

Recall that § := 1 — p (see (3.3)) and that p satisfies (2.16). Next notice that one knows from
(2.17), (5.16), (5.18) and Lemma 4.1 that, one has almost surely, for all i € {0,1} and @ € N,

sup ‘RN - 1‘ =o(N~ 5) (5.19)
s€[0,1]
and
sup ‘Z}V(s) - 1‘ = O(N_ﬁ) . (5.20)
s€[0,1]

Moreover, it results from (5.19) that, almost surely,

sup sup Ry (s) < 400, (5.21)
N=>No s€0,1]

and it follows from (5.20) that, almost surely,

1r[%)f1} Z%(s) >1/2, for all N big enough. (5.22)
se

On the other hand, one knows from (2.17), (5.17) and Lemma 5.1 that, one has almost surely, for
alli€{0,1} and Q € N,

sup |S%(s) — Q2HE) (N_ﬁ) . (5.23)
s€[0,1]
Finally, putting together (5.15) and (5.19) to (5.23) one obtains (5.14). O

We are now in position to complete the proof of Theorem 2.2.
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End of the proof of Theorem 2.2: One can derive from (2.14), (2.15), (2.9), (5.3), (5.4) and (1.8)
that, for all integers QQ > 2 and N > Ny, one has

sup |H(s) — fNI]%ﬁN (s)|

s€[0,1]
1
VN(INTL'(N 5))
< sup |logpe (Q*1®)) —log 2( — > . (5.24
;55[071] @ ( ) Q VQN(IN,ni(N,S)) )

Next observe that one knows from (5.14) and (1.8) that, one has almost surely, for all N large
enough,
. VN(ZNni(N,s))
s€[0,1] VQN(IN,ni(N,s))
Thus, one can derive (5.24) and the mean value Theorem that one has almost surely, for all N large
enough,

>27QM

sup |H(s) — ﬁﬁﬁN (s)]|

s€[0,1]
2Q2 oH VN(ZNni(N,s))
< —— sup |Q2H(s) — T . 5.25
log(QQ) ZZ_; s€(0,1] VQN (IN,ni(N,s)) ( )
Then, (5.25) and Lemma 5.2 imply that (2.18) holds. O
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