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Abstract. We solve the secretary problem in the case that the ranked items arrive in a statistically
biased order rather than in uniformly random order. The bias is given by the left-to-right minimum
exponentially tilted distribution with parameter ¢ € (0,00). That is, for o € S, the probability of

o is proportional to ¢™%n (?) where the left-to-right minimum statistic LR,, is defined by
LR, (o) =|{j €[n] :0j =min{o; : 1 <i < j}}|, 0 € S,.

For ¢ € (0, 1), higher ranked items tend to arrive earlier than in the case of the uniform distribution,
and for g € (1,00), they tend to arrive later, where the highest ranked item is denoted by 1 and the
lowest ranked item is denoted by n. In the classical problem, the asymptotically optimal strategy
is to reject the first M) items, where M} ~ %, and then to select the first item ranked higher than
any of the first M items (if such an item exists). This yields e~! as the limiting probability of
success. With the above bias on arrivals, and for the parameter ¢ = ¢, depending on n, we calculate
the asymptotic behavior of the optimal strategy M and the corresponding limiting probability of
success, for all regimes of {g, }°° ;. In particular, if the leading order asymptotic behavior of {g, }7 ,
is at least @, and if also its order is no more than o(n), then the limiting probability of success
when using an asymptotically optimal strategy is e !; otherwise, this limiting probability of success

is greater than e~!. Also, the limiting fraction of numbers, lim,, ;s %, that are summarily rejected
by an asymptotically optimal strategy lies in (0, 1) if and only if lim, e g, € (0, 00).

1. Introduction and Statement of Results

In a recent paper Pinsky (2022b) we analyzed the secretary problem in the case that the order
of arrival is biased by a Mallows distribution. The family of Mallows distributions is obtained by
exponential tilting via the inversion statistic, which introduces a bias whereby smaller numbers tend
to appear earlier and larger numbers tend to appear later (if the parameter ¢ € (0,1)) or vice versa
(if the parameter ¢ > 1) than in the uniform case. In this paper we study the secretary problem
with a different bias, obtained by exponential tilting via the left-to-right minimum statistic. This

Received by the editors July 11th, 2023; accepted November 13th, 2023.

2010 Mathematics Subject Classification. 60G40, 60C05.

Key words and phrases. secretary problem, optimal stopping, left-to-right minimum, random permutation.
1631


http://alea.impa.br/english/index_v20.htm
https://doi.org/10.30757/ALEA.v20-62
https://pinsky.net.technion.ac.il/

1632 Ross G. Pinsky

latter tilting also creates a bias whereby smaller numbers tend to appear earlier and larger numbers
tend to appear later (if the parameter ¢ € (0,1)) or vice versa (if the parameter ¢ > 1) than in
the uniform case. It turns out that the secretary problem with bias via the left-to-right minimum
statistic yields a richer array of behavior than in the case of the Mallows distribution, and the
proofs of the results require a considerably more delicate analysis than in the case of the Mallows
distribution.

Recall the classical secretary problem: For n € N, a set of n ranked items is revealed, one item at
a time, to an observer whose objective is to select the item with the highest rank. The order of the
items is completely random; that is, each of the n! permutations of the ranks is equally likely. At
each stage, the observer only knows the relative ranks of the items that have arrived thus far, and
must either select the current item, in which case the process terminates, or reject it and continue
to the next item. If the observer rejects the first n — 1 items, then the nth and final item to arrive
must be accepted. Denote by S(n, M,), for M,, € {0,1,--- ,n—1}, the strategy whereby one rejects
the first M, items and then selects the first later arriving item that is ranked higher than any of
the first M, items (if such an item exists). As is very well known, asymptotically as n — oo, the
optimal strategies S(n, M;) are those for which M} ~ 2, and the corresponding limiting probability
of successfully selecting the item of highest rank is e~.

Over the years, the secretary problem has been generalized in many directions. For the secretary
problem in its classical setup, but with items arriving in a non-uniform order, see Gilbert and
Mosteller (1966); Pfeifer (1989); Kesselheim et al. (2015) as well as Pinsky (2( )21)) See Gnedin and
Derbazi (2022) and Gnedin and Krengel (19?))) for some variations of the classical setup with items
arriving in non-uniform order. See Bruss (2000) for a different approach to the secretary problem.
See Ferguson (1989); Freeman (1983) for a history of the problem and some natural variations and
generalizations.

We now define the distribution obtained by exponential tilting via the left-to-right minimum
statistic. For a permutation o € S,,, a number j € [n] satisfying 0; = min{o; : 1 < ¢ < j} is called a
left-to-right minimum for o; note that a left-to-right minimum denotes the location of a minimum
and not the value of a minimum. (For example, for the permutation 326145 € Sg, the positions
1,2 and 4 constitute left-to-right minima. The identity permutation in S, has just one left-to-right
minimum, while its reverse has n left-to-right minima.) The left-to-right minimum statistic LR, is
defined by

LR, (o) =|{j €[n] :0;j =min{o; : 1 <i < j}}|, 0 € 5,.
For each ¢ > 0, define the left-to-right minimum exponentially tilted distribution P * on S, by

PRy = D g
n g s
where
¢ i=qlqg+1)---(g+n—1) (1.1)
is the raising factorial. The fact that ¢(™ is the correct normalization constant follows from the

constructions in section 2.
Before presenting our results on the secretary problem, we present a simple result concerning the
R75an

behavior of the expectation of the left-to-right minimum statistic under Pk for various regimes

of {‘In}%ozl

Proposition 1.1.

ELR R — 1 4 Z (1.2)

]+Qn

Furthermore,
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i. Let ¢, = o(—). Then

logn

lim ELR LR =1.

n—oo

ii. Let limy, o gnlogn = ¢ € (0,00). Then
lim ELR LR =1+ c.

n—oo
iii. Let limy, o0 qn logn = 0o and g, = O(1). Then
ELRSm [ R ~ g, logn.
iv. Let ¢, — o0 and g, = o(n). Then
n+qn
1+qn
In particular, if ¢, ~ cn®, with ¢ > 0 and o € (0,1), then
B LR ~ (1 — a)n®logn.

v. Let qn ~ cn, with ¢ > 0. Then

By LR, ~ gnlog

1+¢

ELEan LR ~ ¢(log

ey {0, if ¢ — 0

K3 1, if ¢ = oo.

n.

In particular, c(log

vi. Letlimy oo & = co. Then
ELRSan [ R~ .

For any permutation, the right-most location of a left-to-right minimum is the location at which
the number 1 appears. In light of this, it is intuitive from the definition of the distribution and
from Proposition 1.1 that when ¢ € (0, 1) there is a tendency for the number 1 to appear early and
when ¢ > 1 there is a tendency for the number 1 to appear late. In fact, for ¢ < j, an exponentially
tilted distribution via the left-to-right minimum statistic has a greater effect on the placement of
the number ¢ than on the placement of the number j, and in particular, it has the greatest effect on

the placement of the number 1. This tendency can be understood much more explicitly from the

first of two constructions of Pg; R™3an

distributed as PE™ ¥ is built location by location, starting with the nth and final location, and
moving backward one location at a time. The probability that any number j is placed in the final
location is the same for all j € [n] — {1}, but is ¢ times as much for j = 1. Using induction,
let m € {1,---,n — 2}, and assume now that the locations n,n — 1,--- ,n — m + 1 have already
been filled, say by numbers {ix}_, _, . ;. Then every number in [n] — {ix}}_, _, ., except for the
smallest one of them, has the same probability of appearing in location n — m, while the smallest
of them has ¢ times as much probability to appear there. In the final step, location 1 is filled by
the one remaining number.

In light of the discussion in the above paragraph, as we turn now to the secretary problem, our
convention will be that the number 1 represents the highest ranking. Thus, for ¢ € (0,1), there is a
tendency for the highest ranked item to arrive earlier than in the case of the uniform distribution,
while for ¢ > 1, their is a tendency for it to arrive later.

If the order of arrival of the items is biased via the left-to-right minimum exponentially tilted
distribution P * with parameter ¢ > 0, let PZ(S(n, M,)) denote the probability of successfully
selecting the item of highest rank when employing the strategy S(n, M,,), which was defined in the
second paragraph of the paper. The following theorem gives the exact formula for Pi(S(n, M,)),
for any n, q, M,,.

given in section 2. In that construction, a random permutation
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Theorem 1.2. Forn € N and q¢ > 0,

q%(%m) Z?:_]%Jn %’ M, e {17 N 1};
PZ(S(n, Mn)) = (n—1)! ZJT;I"_ 0
I g 0
It follows from a result of Bruss (2000) that there exists an optimal strategy and it is of the
form S(n, M), for some M. See Remark 1.4 after Theorem 1.3 for more on this. The following
theorem determines the asymptotically optimal strategies S(n, M;") and the corresponding limiting
probability of success, for all regimes of {¢,}5 ;.

(1.3)

Theorem 1.3. i. Let g, = 0(@). Then the asymptotically optimal strategy is S(n, M), where
M} = 0. (That is, the optimal strategy is to choose the first item.) The corresponding limiting
probability of success is

lim PI(S(n,M,)) = 1.

n—o0

. Let qn ~ @, with ¢ € (0,1). Then the asymptotically optimal strategy is S(n, M), where

M} = 0. (That is, the optimal strategy is to choose the first item.) The corresponding limiting
probability of success is

lim PI(S(n,M))) =e “.

n—oo

wi. Let g, ~ @. Then the asymptotically optimal strategies are S(n, M), where M} satisfies
lﬁg]\ff = 0. (In particular, one can choose M} = k, for all n € N, where k € Z* is

arbitrary.) The corresponding limiting probability of success is

lim PA(S(n, M) = e L.

limy, 00

w. Let qn satisfy limpsooqn = 0 and lim, 00 gnlogn > 1. Then the asymptotically optimal

strategies are S(n, M), where gy log ML;; ~ 1. (If gn ~ gn With ¢ > 1, then limy, o0 log M, _ -1

logn c’

and in particular, one can choose M) ~ nl_%.) The corresponding limiting probability of success is
lim P4(S(n, M})) =e L.
n—oo

v. Let limy, o0 gn, = q € (0,00). Then the asymptotically optimal strategies are S(n, M), where
My~ ne”.
The corresponding limiting probability of success is
nh_}nolo PIUS(n, M) = e L.

vi. Let g, — o0 and q, = o(n). Then the asymptotically optimal strategies is S(n, M), where
n
n— M~ —.
" g
(In particular, if ¢, ~ cn®, with a € (0,1), then n — M} ~
probability of success is

nlfa

—.) The corresponding limiting

lim PA(S(n, My)) = e L.

vii. Let qn ~ cn, with ¢ € (0,1). Then the asymptotically optimal strategy is S(n, M), where

1 1
My =n—L, ifzgc<ﬁ, where 2 < L € N. (1.4)
The corresponding limiting probability of success is
. N cL 1 1
nh_)rgl@P,‘{(S(n,Mn)) = T ar if T <c< 1 where 2 < L € N. (1.5)
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In particular,

lim P4(S(n, M})) > e L.

n—oo
vits. Let ¢, ~ cn, with ¢ > 1. Then the asymptotically optimal strategy is S(n, M), where M) =
n—1. (That is, the optimal strategy is to choose the last item.) The corresponding limiting probability
of success is

c
: " )

Aim Pr(S(n, My) = -

ir. Let limy, oo & = co. Then the asymptotically optimal strategy is S(n, M), where M}y =n — 1.

(That is, the optimal strategy is to choose the last item.) The corresponding limiting probability of

success s

lim PL(S(n,M))) = 1.

n—oQ

Remark 1.4. The fact that the optimal asymptotic probability of success is always at least é can
be explained by a result of Bruss (2000). For n € N, let {Ij}?zl be a sequence of independent
indicator functions, which are observed sequentially. The observer’s objective is to stop at the last
k for which I}, = 1. Let p; denote the probability that I; = 1. One of the results of that paper is
that there exists an optimal strategy and it is of the following form: let the first M observations
go by without choosing them, and then choose the first subsequent observation that is a “one” (if
such an observation exists), where M € {0,--- ,n—1}. It is also shown that an optimal strategy as
n — oo yields an optimal limiting probability of at least %, for all choices of {p; }?11 This result of
Bruss can be applied to the classical secretary problem. Indeed, let I be equal to 1 or 0 according
to whether or not the kth item is the highest ranked item among the first k items. It is easy
to check that the {I;}}_, are independent under the uniform distribution. It turns out that this
R-iq

(

independence also holds under the distributions Pg{ as well as under the Mallows distributions

mentioned above). The proof of this independence for P,I; Rd g given in section 2.

Remark 1.5. Note that if the leading order asymptotic behavior of {g, }°2 ; is at least @, and if also
its order is no more than o(n), then the limiting probability of success when using an asymptotically
optimal strategy is e~!; otherwise, this limiting probability of success is greater than e~!. Note also
that the limiting fraction of numbers, lim,,_, MT;, that are summarily rejected by an asymptotically
optimal strategy lies in (0, 1) if and only if lim,_,~ ¢, € (0, 00).

Remark 1.6. Note the following asymmetry with respect to the cases where an optimal strategy is
M} =k, for fixed k € N, and the cases where the optimal strategy is M)y =n — L, for 2 < L € N.
For k € N, the strategy M, = k is optimal when ¢, ~ @, in which case the limiting probability
of success is e~1. However, for such gy, this strategy M = k is not the unique optimal strategy.
On the other hand, for 2 < L € N, the strategy M, = n — L is optimal when ¢, ~ cn, where
% <c< ﬁ This strategy is the unique optimal strategy for such ¢,, and the limiting probability

cL -1
{+e)r >e .

Remark 1.7. As noted in the introduction, the secretary problem with bias via a Mallows distribution
was analyzed in Pinsky (2022h). The Mallows distributions Py are obtained by exponential
tilting via the inversion statistic I,,, which is defined by I,,(0) = >_1<; ;< loj<ais for o € Sy,

of success is

Thus, P}LVI all‘q(a) is proportional to ¢™(@). There are a variety of ways to see that tilting via the
inversion statistic has a stronger effect than tilting via the left-to-right minimum statistic. In terms
of the secretary problem, this can be seen from the fact that the limiting probability of success with
left-to-right minimum tilting is e™! as long as {g,}°; behaves like o(n) and is at least as large
as loén’ However, as seen in Pinsky (2022b), for constant ¢, = g # 1, the limiting probability of

success is larger than e™!.
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The number s(n, j) of permutations of S,, with exactly j left-to-right minima coincides with the
number of permutations of S,, with exactly j cycles. The numbers {s(n,j)} are called the unsigned
Stirling numbers of the first kind. A proof of this equivalence can be given by showing that the two
quantities above satisfy the same difference equation and the same boundary conditions. An alter-
native proof is via the explicit bijection provided by Foata’s Transition Lemma Bona (2012). This
bijection maps permutations with j cycles to permutations with j left-to-right minima. (Actually,
using the definition of canonical cycle notation as presented in Bona (2012), permutations with j
cycles are mapped to permutations with j left-to-right-maxima, but one can easily adjust the defi-
nition of canonical cycle notation so that permutations with j cycles are mapped to permutations
with j left-to-right minima.)

The well-known Ewings sampling distributions are the family of distributions on S,, obtained by
exponential tilting via the cycle statistic. That is, the probability of any o € S,, is proportional
to ¢®¥°n(9) where cyc, (o) denotes the number of cycles in o. It then follows that the distribu-

tion Pr™ 7 is the push-forward distribution obtained from the Ewings sampling distribution with
parameter ¢ via the bijection from the Transition Lemma.
In order to prove Proposition 1.1 and Theorem 1.3, it will be essential to have a so-called online

construction of a random permutation distributed as P,I; R734  Quch an online construction for the
Ewens sampling distributions can be obtained by a minor tweaking of the classical Feller construction
that builds a uniformly random permutation cycle by cycle Arratia et al. (2003); Pinsky (2014).
However, combining this construction with the push forward defined above does not yield a useful
tool for proving Proposition 1.1 and Theorem 1.2. In section 2 we give two useful online constructions
of a random permutation distributed according to a left-to-right minimum exponentially tilted
distribution. The first one will be used to prove Proposition 1.1 and Theorem 1.2, and the second
one will be used to establish the independence noted in Remark 1.4 after Theorem 1.3.

We prove Proposition 1.1 in section 3. We prove Theorem 1.2 in section 4, and then use it to
prove Theorem 1.3 in section 5.

2. On-line constructions of left-to-right minimum exponentially tilted distributions

We describe two online methods for constructing a random permutation I distributed as

PT% R5a 0 pix g > 0. The first construction builds the permutation location by location, starting
with the right-most location. For each m € N, define the distribution p(™ on [m] by

—L - i=1;
pz(m) = Jafm=1 B (2.1)
arm—1> 2—2,"' ,m.

Fix n € N. To construct the random permutation II(™ = Hg") Hén) e H%n), distributed as Pﬁ Ri;q,
make n independent samples, one from each of the distributions {p™}™ _,. For m € [n], de-

note by K, the number obtained in sampling from p(™. Define H%n) = Kp. Now inductively,
if H,(@n),l'[gl_)l,--- ,H,E:il have already been defined, let Hv(ﬁ) = U, (Km), where ¥, is the in-

creasing bijection from [m] to [n] — {H,(Cn)}zzm +1- Thus, for example, if n = 8 and we sample
ks = 2,k7 =6,k = 1, k5 =4, kg = 2, k3 = 2,k = 1, k1 = 1, then II(® = 83546172. By construc-

tion, the random permutation II(™ has a left-to-right minimum at location m if and only if &, = 1.
LR,,

Thus, from (2.1), for any o € S,,, the probability that II") = ¢ is equal to QTZ)(U), where ¢ is as
in (1.1).

The above construction of a random permutation is a minor adaptation of the so-called p-shifted
construction of a random permutation. See, for example, Pitman and Tang (2019) and Pinsky
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(2022a). From Proposition 1.7 and Remark 3 following it in Pinsky (2022a), it follows that a p-
shifted random permutation can also be constructed in a useful alternative fashion. This leads to
the second construction of a random permutation II™) with a left-to-right minimum exponentially
tilted distribution. Let {Y;,}°_5 be a sequence of independent random variables with
0,

! (2.2)

q
Pahzj%={ﬁ74’ 1 m

rm—1>J
Consider now a horizontal line on which to place the numbers in [n]. We begin by placing down
the number 1. Then inductively, if we have already placed down the numbers 1,2, --- ,m — 1, the
number m gets placed down in the position for which there are Y,,, numbers to its left. For example,
forn =8 ifYo =1, Y3 =0, Y, =1, Y5 =1, Ys = 3, Y7 =5, Yg = 0, then we obtain the
permutation TI®) = 83546172. By the construction, for m € [n] — {1}, the location of m in the
random permutation II™ will be a left-to-right minimum for the random permutation II(™ if and

only if Y;,, = 0. Also, the location of m =1 is a left-to-right minimum. Thus, from (2.2), it follows
qLR; (o)—1 qLR,_L (o)

that for any o € Sy, the probability that II™ = & is equal to D@ = g
We use this second construction now to prove the independence noted in Remark 1.4 after The-
orem 1.3. We want to prove that for any n € N, the events {o € S,, : 0, = min(oy, -+ ,0m)},m =

1,---,n, are independent under Py % (The event {o € Sp : opm = min(o1, - ,0m)} is the
event that m is a left-to-right minimum for ¢.) It is easy to show that the number of left-to-right
minima in a permutation coincides with that of its inverse; that is, LR, (¢) = LR, (c7!), o € S,.
From this fact along with the definition of the exponentially tilted measure, it follows that if o is
distributed according to Pk R_;q, then 0! is also distributed according to A Consequently,

to prove the independence of the above events under PJ{ Ri;q, it suffices to prove the independence

of the events {o € S, : 0! = min(o7',---,0,,))},m = 1,---,n, under PMR74 The event
{o0€8,:0,; =min(o;!, -+ ,0,;1)} is the event that in the permutation o, the number m appears
to the left of the numbers 1,--- ,m — 1. Thus, from the second construction, this event is the event

{Y,, = 0}. This completes the proof since the {Y;,}I'_; are independent.

3. Proof of Proposition 1.1

We use the first online construction in section 2 and employ the notation from there. Under the

distribution PTI; Ri;q, a left-to-right minimum occurs at position j if and only if x; = 0, which occurs

with probability j:l} rwrt Therefore

n n—1

B Ry =y I gy I 3.1
; D D 2 (3.1)

j=1
which gives (1.2). We have

n n—1

1 n=l - q 1
—— < de <) ——,
7+ an 1 T+ qn j:1]+Qn

from which it follows that

-1 — -1
+Qn< .QH Sqnlogn +Qn+ n  dn ' (32)
— J+n I+ aqn I4+gn n+gn

] n
qn lOg ———
n 10g 1 =

Parts (i)-(v) follow almost immediately from (3.1) and (3.2). Part (vi) follows from (3.1) and (3.2)
and the fact that log % = log(1 + I"Jr_qi) ~ o, for g, as in part (vi).
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4. Proof of Theorem 1.2

Let 0 = 0102 --- 0, € S, represent the rankings of the n items that arrive one by one. That is, o;
is the ranking of the jth item to arrive. Recall that our convention is that the number 1 represents
the highest ranking. First consider the case M, = 0. The strategy S(n,0) will select the highest
ranked item if and only if o1 = 1. We use the first online construction in section 2, and employ the

notation from there. The event {01 = 1} occurs if and only if k; # 1, for [ = 2,--- ,n. Thus
o1
PLR™q =1) = | I - -
n (01 ) e I—1+gq

This gives (1.3) for the case M, = 0.
From now on, assume that M, > 1. Then the strategy S(n,M,) will select the highest rank-

ing item if and only if for some j € {M, + 1,---,n}, one has ¢; = 1 and min(oy,---,0j-1) =
min(oy,---,0n,). SO
n
PLS(n, My,)) = Z PR 9(g; = 1, min(oy,- - ,0j_1) = min(oy, - ,001,))- (4.1)
j=Mp+1

We continue to use the first online construction in section 2, and to employ the notation from there.
The event {o; = 1} occurs if and only if x; # 1, for I = j +1,--- ,n and k; = 1, while the event

min(oq,--- ,0j-1) = min(oy, -+ ,0on,) occurs if and only if ; # 1, for i = M,,+1,--- ,j—1. Thus,
PM4(g; = 1, min(oy, -+ ,0j-1) = min(o1, -+ ,00,))
n i—1
(I D) T A5
Pl SRRl S KIS vl R el (4.2)
qg(n—1)! 1
G D)0 - DT — 150
Now (1.3) follows from (4.1) and (4.2). O

5. Proof of Theorem 1.3

To prove the theorem, we perform an asymptotic analysis on (1.3) with ¢ = ¢,,. We begin with
the estimates that are needed to analyze the cases (v)-(ix), in which {g,}32 is bounded away from
zero. In these cases, it is easy to see that M, = 0 is not optimal, so we assume that M, > 1.
Then we prove cases (v)-(ix) of the theorem. After that we prove some additional estimates that
are needed for the cases (i)-(iv), in which lim,_,~ g, = 0. And then we prove cases (i)-(iv) of the
theorem.

Using the well-known fact that

n

1 1
Z - =logn + v+ O(—), where v is the Euler-Mascheroni constant,
=17 "
we have
n—1 n 1
—=log— 4+ 0O(—). 5.1
> og 31 +O0(31) (5.1)
Jj=Mn
We write
- l
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Using the Taylor expansion
1 1
log(l+2z) =z — §mx2, for z > —1, where ¢, is between 0 and z, (5.3)

and using (5.1) for the final equality, we have

n

g [[ H%: S log( in—l)

I=M,+1 I=Mp,+1
~ a1 1 (ga—1) 5.4
= 2 (gt ) o
I=Mp,+1
— (0 — ool ot
= (gn — 1) log Mn+0( A )+ O0((gn — 1) (Mn n)),
where ¢q, ; € (0,4). From (5.2) and (5.4), we have
o = (=) exp (O ) +O0((an — 1) (577 =) ). (5.5)
M,,! l:J\l/ln(l + qn) n < M, M, n )
From (1.3), (5.1) and (5.5), we have
P (S(n, My))
_ . (M n — 1 ,, 11 (5.6)
-—QnC;;Q UOgA4 *‘O( ))GXP<CK M, )+‘7«Qn—-1)(ﬁzg—;{n)-
Using the inequality 1 — z < e~ %, for x > 0, we also have
n I n an — 1 n 1
I ———=1] 0-——)<exp(= (-1 >, 7). (5.7)
I=My,+1 l=1+4dan I=Mpn+1 [=1+m I+ Mp+1 b= 1+ 4n

From (5.1), it follows that

1 M,
Z ﬁ>CxC>O if hmq—<c<ooand lim —* <z, for z € (0,1). (5.8)
- dn

n—oo nn n—oo n
I=Mp+1
From (1.3), (5.1), (5.7) and (5.8), we have

M, n 1

Pin(S(n, My)) < qn—"(log — + O(—)) exp(—Cy c(qn — 1)), where Cy . > 0,

n M, M, (5.9)
) )
if lim & <e¢<ooand lim —" <z, for x € (0,1).
n—oo N n—oo N

We now use the above results to prove parts (v)-(ix). We begin with part (v). It is easy to see that
without loss of generality we can assume that g,, = ¢ is independent of n. If lim,, o MT =z € [0,1],

then from (5.6),

lim PL(S(n,M,)) =

n—oo

—qx?logz, if x € (0,1];
0,if z = 0.

The function —gz?log x, for z € (0,1], attains its maximum value e~ ! at x = 67%. This completes

the proof of part (v).

We now prove part (vi), where we assume that ¢, — 0o and ¢, = o(n). It follows from (5.9) that
if lim,,—y00 % < 1, then limy, o0 P (S(n, My,)) = 0. Thus, we assume that lim,, oo 4 =& =1 and
write

M, =n —y,, where 1 <y, = o(n). (5.10)
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Then from (5.6), we have

Pi(S(n, My)) = qn(1 — y;")q”(log(l + = In_y 4 o(l))eo(l) _

vy —Yn n (5.11)
1 — INNGn (I 1 0(1).
gn(1 = "2)™ (2% +o(1))e
From (5.11), it follows that
lim PI(S(n, My)) = ze ™%, if lim 29" = 2 € [0, 00). (5.12)
n—o0 n—oo N

The function ze™? attains its maximum value of e~! at z = 1. This completes the proof of part
(vi).

We now turn to parts (vii) and (Viii) together, where ¢, ~ cn, for some ¢ > 0. In this case too it
follows from (5.9) that if lim,, o n" < 1, then lim,, oo PA"(S(n, M,)) = 0. Thus, we may assume
that M, satisfies (5.10). Then from (5.7), we have

. l
H ——— < e % for some a > 0. (5.13)
I=M,+1

And from (1.3), (5.1) and (5.13), we have

PLS(n, M,)) < qn%(log Mln + O(A;n))e_ay" ~ cn(yn + o(1))e” . (5.14)
From (5.14), it follows that lim, . Pi(S(n, My,)) = 0, if lim,_,o ¥ = co. Thus, we may assume
now that
M,=n—1L, LeN. (5.15)
From (1.3), we then have
cL

(1+0o)F

One has (1frI;)L > (fiLc;rLlll if and only if ¢ > % This shows that if ¢ € (0, 1), then the optimal
5). It also

strategy is with M as in (1.4), and the limiting probability of success is as in (1
shows that if ¢ > 1, then the optimal strategy is with M, = n — 1 and the limiting probability of
success is 17;. This completes the proof of parts (vii) and (viii), except for the claim in (vii) that
limy, 00 Pa(S(n, M})) > e L.

We now prove this last claim. One can show that for ﬁxed 2 < L € N, the expression on the right
hand side of (1.5), considered as a function of ¢ € [+ attains its maximum value at the right

PUS(n, My)) ~ en(l + c)_L(%) - (5.16)

]
L L I
hand endpoint, where it is equal to (1 4+ 727)~ (L=1) The claim is proved by noting that (1 + %)”
increases to e as n — oo.
Finally, we turn to part (ix). The proof of this part follows from part (vi) of Proposition 1.1.
We now turn to the additional estimates needed to treat the cases in which lim,_ ., ¢, = 0. From
(1.3), for M =0,

- n—1
log P (S Z log Z )= > +0(qy)
[+ aqn = = I+ qn (5.17)
= —gnlogn + O(Qn)v if h_>m qn = 0.
For fixed M € N, we have
n n—1
I —1+gn M + q, qn
= 14+ =). 1
[ e Mo 1 o 19

I=M+1 I=M+1
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Also, using a Taylor expansion and (5.1), we have

n—1 q n—1 q n—1 1 q2 n—1 Co 1
log H (1+ )= Z log(1 + Tn) =qn 77 ?n Z 5
I=M+1 I=M+1 I=M+1 I=M+1 (5.19)

where cg, ; € (0,1). From (5.2), (5.18) and (5.19), we have
n! 1 nl=dn
M! ;L;J\l/[(l + qn) M
From (1.3), (5.1) and (5.20), we have

M nl—an
P (S(n. M) ~ ga =

if lim g, =0, for M € N.
n—oo

, if le gn =0, for M € N. (5.20)

logn
)

1
(logn) ~ qn(ﬁ)q" logn = (gn logn)e (5.21)

From (5.6), we have

M, n . _g log -0
Pin(S(n, My,)) ~ 20V g —— = log —)e I8 M |
(S, M) ~ n(% 2" og T = (anlog 1 )e 5o
if ¢, is bounded and lim M, = oco.
n—oo
We now prove parts (i)-(iv). We begin with part (i), where g, = o(@). From (5.17), (5.21) and
(5.22), and the fact that the function ze™* attains its maximum at x = 1, it follows that the optimal
strategy is S(n, M¥), with M;* = 0, and the limiting probability of success is 1. (Alternatively, part

(i) follows from part (i) of Proposition 1.1.)

We now turn to part (ii), where g, ~ Togn With ¢ € (0,1). If we choose M, = M to be fixed,
then by (5.21),
P (S(n,M)) ~ ce” . (5.23)
If we choose M, such that lim,_, M, = oo, then from (5.22),
log My, (1 loaMn
Pir(S(n, M)) ~ (1 — Wnn)e 1= Togn®) (5.24)

If ¢ € (0,1), the function H.(x) = ¢(1 — x)e~“1=?) attains its maximum over z € [0,1] at = = 0,
where it is equal to ce €. Thus, from (5.24),

lim sup P (S(n, My,)) < ce”“. (5.25)
n—oo
On the other hand, from (5.17),
ILm P (S(n,0)) =e ¢ (5.26)

From (5.23), (5.25) and (5.20), if follows that the optimal strategy is S(n, M,)), with M} = 0, and

the limiting probability of success is e €.

We now turn to part (iii), where g, ~ @. The analysis above for part (ii) goes through just

as well when ¢ = 1. Thus, from the previous paragraph we conclude that the optimal strategies
S(n, M) are those with lim,,_, 1?%;;‘1" = 0, and the limiting probability of success is e™.
We now turn to part (iv), where lim,, 0 ¢, = 0 and lim, o g, logn > 1. From (5.17), (5.21)

and (5.22), and the fact that the function ze™ attains its maximum at x = 1, it follows that that

optimal strategies are S(n, M), where g, log Min ~ 1, and the limiting probability of success is e .

O
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