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Abstract. We introduce a random absorption barrier to a supercritical branching random walk with
an i.i.d. random environment {£,} indexed by time n, i.e., in each generation, only the individuals
born below the barrier can survive and reproduce. The barrier is set as x,, +an®, where a, o are two
constants and {x,} is a random walk determined by the random environment. We show that for
almost every £ := {L,}, the time-inhomogeneous branching random walk with barrier will become
extinct (resp., survive with positive probability) if a < % or a = %,a < a. (resp., a > %,a >0
or a = %,a > a.), where a. is a positive constant determined by the random environment. The
rates of extinction when a < %, a>0and a = %, a € (0,a.) are also obtained. These extend the
main results in Atdékon and Jaffuel (2011) and Jaffuel (2012) to the random environment case. The

influence of the random environment has been specified.

1. Introduction

1.1. Description of the model. Branching random walk on R with an i.i.d. random environment
in time is a natural extension of time-homogeneous branching random walk. It contains two levels
of randomness. The first randomness comes from the random environment. Each realization of
the random environment drives a time-inhomogeneous branching random walk, which is the second
stage of randomness. Compared with the time-homogeneous branching random walk, this model no
longer requires the particles in the different generations to have the same reproduction law, instead
allows the laws to vary from generation to generation according to the random environment. Some
relevant literature studying this model is listed in Section 1.3.

We describe the model as follows. Let (II, Fi1) be a measurable space and II C I = {m :
m is a probability measure on V'}, where V := N x R x R x --- . The random environment £ is

Received by the editors January 21st, 2023; accepted November 28th, 2023.
2010 Mathematics Subject Classification. 60J80.
Key words and phrases. Branching random walk, Random environment, Barrier, Survival probability, Small
deviation.
This work is supported by the Fundamental Research Funds for the Central Universities (NO.2232021D-30) and
the National Natural Science Foundation of China (NO.11971062).
39


http://alea.impa.br/english/index_v21.htm
https://doi.org/10.30757/ALEA.v21-03

40 You Lv and Wenming Hong

defined as an i.i.d. sequence of random variables {L1, Lo, -+, Ly, -}, where £; takes values in

(I, F11). Let v be the law of £, then we call the product space (IIV, ]:li?N, v) the environment space.
For any realization L := {Lq, Lo, -+- , Ly, -} of £, the time-inhomogeneous branching random
walk driven by the environment L is a process constructed as follows.

(1) At time 0, an initial particle ¢ in generation 0 is located at the origin.

(2) At time 1, the particle ¢ dies and gives birth to N(¢) children who form the first generation.
These children are located at (;(¢),1 < i < N(¢), where the distribution of the random vector
X(¢) .= (N(¢),C1(d),C2(¢),...) is Li. Note that the values (;(¢) for i > N(¢) do not play any role
in our model. We introduce them only for convenience. For example, we can take (;(¢) = 0 for any
i> N(¢).

(3) Similarly, at generation n+1, every particle u alive at generation n dies and gives birth to IV (u)
children. If we denote (;(u),1 < i < N(u) the displacement of the children with respect to their
parent u, then X (u) := (N(u), (1(u),(2(u),- ) is of distribution L,4;. We should emphasize that
conditionally on any given environment L, all particles in this system always behave independently.

Conditionally on £, we write (I, 7, P ) for the probability space under which the time-inhomog-
eneous branching random walk is defined. The probability P, is conventionally called a quenched
law. We define the probability P := v @ P, on the product space (IIV x T, .7-"1? N®& Fr) such that

for any F € FI?N, G € Fr, we have

P(F x G) :/ P(G) du(L). (1.1)
LeF

The marginal distribution of probability P on I' is usually called an annealed law. The quenched law

P, can be viewed as the conditional probability of P given L. Throughout this paper, we consider

the case F' = IIN. Hence without confusion we also denote the annealed law P and abbreviate

P(ITY x G) to P(G). Moreover, we write Ez and E for the corresponding expectation of P, and P

respectively.

We denote by T the (random) genealogical tree of the process. For a given particle u € T
we write V(u) € R for the position of u and |u| for the generation at which u is alive. Then
(T,V,P,,P) is called the branching random walk in the time-inhomogeneous random environment
L (BRWre). Especially, if there exists a ¢ € II such that P(£; = ¢) = 1 thus P(L; = ) =
1,vi € Nt := {1,2,---,n,---}, which is conventionally called the degenerate environment (or
constant environment), then the BRWre degenerates to the time-homogeneous branching random
walk (BRW). Of course, one can describe the model by point process; see Mallein and Mitos (2019).

1.2. The barrier problem of BRW. In this subsection, we will recall some progress for the barrier
problem of BRW, i.e., the constant environment situation, and we use P and E to denote the
probability and the corresponding expectation for the model without random environment (e.g.,
BRW, random walk) in the rest of the present paper.

In order to answer some questions about parallel simulations studied in Lubachevsky et al. (1989,
1991), the barrier problem of BRW was first introduced in Biggins et al. (1991). The conclusion in
Biggins et al. (1991) is closely related to the first order of the asymptotic behavior of

M, := min{V (u) : u € T, |u| = n},

i.e., the minimal displacement of the particles in the n—th generation. Hammersley (1974), Kingman
(1975) and Biggins (1976) showed that (under some mild assumptions,) there is a finite constant r
such that

lim — =7, as., (1.2)
n—oo N
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which is the first order of BRW. Addario-Berry and Reed (2009) and Hu and Shi (2009) considered
the second order of M,,. For example, Hu and Shi (2009) showed that
M. —

lim —n ro, in Probability, (1.3)

n—oo logn
where 7 is a nonzero finite constant. The weak convergence of M,, — rn — rglogn can be found in
Aidékon (2013).

We introduce some notation for a better understanding of the barrier problem. On the tree T we

define a partial order > such that u > v if v is an ancestor of u. We write u > v if u > v or u = v.
We define an infinite path us through T as a sequence of particles uqo := (u;,7 € N) such that

Vi e N, |u;| =1, ujr1 > ui, up = ¢ (the initial particle).

For any ¢ < |u|, we conventionally write u; for the ancestor of u in generation i. Let T,, := {u € T :
|u| = n} be the set of particles of generation n and T« the collection of all infinite paths through
T.

The so-called “barrier" is actually a function ¢ : N — R. For any v € T, u and all its descendants
will be removed when V' (u) > ¢(|ul). In other words, a particle in this system can survive only if all
its ancestors and itself were born below the barrier. When we impose a barrier on a BRW with a
supercritical underlying branching process (i.e., E(Z‘M:l 1) > 1), a natural question is to consider
whether the system still survives with positive probability. Define the event

So := {Fuoo = (ug,u1,uz, .. . Up,...) € Too,Vi € N,V (u;) < (i)},

then P(Sp) is the survival probability of BRW with barrier. In the light of (1.2) and (1.3), if the
barrier function is set as (i) := ri + ai®, a series of predecessors’ achievements is listed as follows.

Under some mild assumptions, Biggins et al. (1991) showed that P(Sp) > 0 when av = 1,a > 0
and P(Sp) =0 when a =1,a < 0.

As a refined version of the above Conclusion Jaffuel (2012) showed that P(Sy) > 0 when a =
%,a > ap and P(Sp) = 0 when o = 3,a < ag, where ag is a positive constant. Obviously, this
conclusion implies that P(Sp) = 0 if @ = 0.

Let Y, == #{u, |u] =n: Vi <n,V(u;) < (i)} be the size of the surviving population in the n-th
generation when we add the barrier ¢. Hence we have P(Sp) = nl;ngo P(Y,, > 0). Note that P(Sp) =0

when o = 1,a < 0. Aidékon and Jaffuel (2011) studied the extinction rate and showed that there
are two finite negative constants r1, ro (r2 depends on a) such that lim n~31og PV, >0)=mr
n—oo

when @ = 0 and lim n~'logP(), > 0) = ro when a = 1,a < 0.
n—oo

For the case a = 1,a > 0, Gantert et al. (2011) gave the asymptotic behavior of P(Sp) as a | 0.
They proved that liﬁ)l ValogP(Sy) = r3, where the constant rg € (—o0,0). Mallein (2017) obtained
a.

the same conclusion by an alternative proof. Both Gantert et al. (2011) and Mallein (2017) dealt
with the problem (the asymptotic behavior of P(Sp)) in a probabilistic approach-—combining a
measure change for the point process with a small deviation estimate for the associated random
walk. Under a special case (assuming that the branching law is binary branching and the random
walk steps are bounded), this problem can be solved in an analytical approach—characterizing the
survival probability as the solution of a non-linear convolution equation (see Bérard and Gouére
(2011)).

The results mentioned above are all under the assumption that the associated random walk
(derived from the celebrated many-to-one formula, see Shi (2015, Theorem1.1)) has finite variance.
If the variance is infinite but the associated random walk is in the domain of attraction of an a*-
stable law, o € (1,2), Liu and Zhang (2019) showed that there exists a constant af; depending on

a* such that P(Sp) > 0 when o = Q%H,a > afy and P(Sp) = 0 when o = Q%H,a < ap.
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We should explain that Biggins et al. (1991), Jaffuel (2012), Atdékon and Jaffuel (2011), Gantert
et al. (2011) and Liu and Zhang (2019) all suppose that » = 0, which is an assumption of the
so-called “boundary case". Our statement above is essentially consistent with the original results in
the boundary case according to the linear transformation in Gantert et al. (2011).

Kesten (1978), Derrida and Simon (2007); Simon and Derrida (2008), Harris and Harris (2007)
have studied the barrier problem of branching Brownian motion, which can be viewed as the con-
tinuous analog of BRW with barrier.

1.3. The minimal displacement of BRWre. Similar to the time-homogeneous case introduced in
Section 1.2, the asymptotic behavior of the minimal displacement of BRWre is the theoretical
basis for the barrier problem of BRWre. In this part, we list some conclusions about the minimal
displacement of BRWre. The model BRWre was first introduced in Biggins and Kyprianou (2004).
Recall the definition of M,, and the annealed law P. Huang and Liu (2014) proved that there is
a finite constant d such that lim % = d, P—a.s. Huang and Liu (2014) also obtained the large

n—oo
deviation principles for the counting measure about the population of the BRWre. Conclusions on

the central limit theorem of the BRWre can be found in Gao et al. (2014) and Gao and Liu (2016).
The moderate deviation principles and the LP convergence rate have been investigated in Wang and
Huang (2017).

What inspires our work most is the second order of the asymptotic behavior of M,, considered
in Mallein and Mitos (2019). They showed that there exists a random walk {x,}nen (the precise
expression of x,, is given in (2.12)) with i.i.d. increments under the annealed law P such that

Mn — Xn
logn
where ¢ is a finite constant and E(y;) = d. (1.41) shows that for BRWre, the trajectory of { M, },en
is around the random walk {xp}nen (but not {dn},en) with a logarithmic correction, which is
different from the corresponding behavior of BRW (see (1.3)). This fact provides a helpful guidance
on how to set a reasonable barrier in the random environment case.

Some other types of inhomogeneous branching random walks have been studied. For exam-
ple, Mallein (2015b) studied the maximal displacement of a branching random walk in time-
inhomogeneous but non-random environment. Baillon et al. (1993) considered a branching random
walk with the environment determined by the space instead of the time. Hu and Yoshida (2009),
as well as other authors, took interest in the branching random walk in a space-time random envi-
ronment.

— ¢, n — 00, in Probability P, (1.4)

1.4. Structure of this paper. The rest of the paper is organized as follows.

In Section 2, we introduce some notation, assumptions and the main results. Moreover, we give
an example satisfying our assumptions.

The many-to-one formula of time-inhomogeneous bivariate version is given in Section 3.

Section 4 is devoted to the small deviation principle of a random walk with time-inhomogeneous
random environment. This principle is a basic tool to solve the barrier problem of BRWre.

In Section 5, we give the proof of the propositions and example stated in Section 2.

At last, we prove the main theorems in Section 6 by all the preparations in Sections 3-5.

We comment that in the present paper we not only give the new results (in Section 2) and the proof
(in Sections 3-6), but also give a detail analysis and comprehensive interpretation in Sections 2 (the
proofs to support our analysis are given in Sections 4 and 5) on the setting of the assumptions on our
main results, including the origin, necessity, alternatives, substitutes, comparison, particularity of
these assumptions and an example to satisfy the assumptions. Since the assumptions look different
and more complicated than the corresponding assumptions for the barrier problem of BRW, we take
several pages to show that our assumptions are totally acceptable and reasonable.
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2. Basic assumptions and Main results

2.1. Notation and assumptions. First, we give some notation for the model BRWre. For every
n € NT, define the log-Laplace transform function
N(u)
kn(0) :=log Eg( Z 6_9@'(”)>, lul =n—1, 0 € 0,400).
i=1
Note that it is well-defined since conditionally on any realization L, of £,,, for each u in generation
n — 1, X(u) has the common law L,. Meanwhile we should note that for a fixed 6, k,(0) is a
random variable determined by the random environment £. (More precisely, it is determined by
L.) Therefore, {r,(0),n € N} is a sequence of i.i.d. random variables since {£,,,n € NT} is i.i.d.
Throughout the present paper, we assume that E(k,, (0)) < +oo for all § > 0, where s, (0) is
defined as max{0, —x,(0)}. Hence we can define « : [0, +00) — (—o0, +00] by

k(0) == E(k,(0)).

Now we introduce four basic assumptions in the present paper. The time-homogeneous versions of
Conditions 1 and 3 are classic assumptions which often appear in the papers on BRW (for example,
the assumptions (1.3), (2.2)-(2.4) in Gantert et al. (2011)). Conditions 2 and 4 are automatically
satisfied under Conditions 1 and 3 when the random environment degenerates.

Condition 1 Assume that (0) > 0, there exists 0 < ¥ < 0 such that k(0) < +oo and

k() = 9K (9). (2.1)
Condition 2 There exist constants Ay > 3, Ay > 2 such that
E(|k1(9) — 961 (9)*M) < +o0; (2.2)
_ A
of [Be(ZET I6(9) + m@)Peere@) ™ 2.3
NG —oc < +00. (2.3)
Eﬁ(Zi:I e Cz(¢))
Condition 3 Assume that we can find constants A3 > 6, Ay > 0 such that
E(|r1(9 + A)[*) + E(|m1(9)]*) < 400, E([log? E£(N(¢)™)]*) < +o0, (2.4)
where we agree log™ - := logmax(1,-), log™ - := |logmin(1,-)|.
Condition 4 Either
N(o) A5
s >2, w< -1, E( log™ Be( ) 1{z9<i(¢>+mw>e[x,m117N<¢>3|a:|})] ) <too (25)
i=1
or
N(9) As
El)‘/5 >4, ¢ < -1, E( log™ Eﬁ( Z 1{19Ci(¢)+n1(19)€[a:,:c1]}>] ) < 400 (2'6)
i=1
holds.

At least for the method we use, Conditions 1-4 are the almost tight version (i.e. it can not be
further weakened). Condition 1 is set to ensure that M, /n has a finite limit (all investigations about
the barrier problems are based on this behavior of M, /n in the time-homogeneous case) and the
underlying branching process in random environment is supercritical. A standard strategy to study
the barrier problems in the time-homogeneous case is to combine the small deviation principle of
random walk with the second moment method. In the present paper, the outline of the strategy
is as follows. Condition 3 is set for applying the second moment method and Conditions 2 and
4 for applying the small deviation principle given in Section 4, where Condition 4 is set specially
for applying the lower bound of the small deviation principle. Conditions 3 and 4 can be further



44 You Lv and Wenming Hong

weakened when the branching and displacement are independent of each other (see Remark 2.11).
Some propositions will be given for a better understanding of Conditions 1-4.

2.1.1. Some explanations of Conditions 1-4. In this section, for a better and intuitive understanding
of the above conditions, we give some properties and descriptions on the conditions.

Proposition 2.1. Condition 1 implies that P (£ (9) > 0) > 0, hence " () > 0.

For the time-homogeneous case, this proposition is obvious, while for the random environment
case it needs to be proved (see Section 5). Moreover, this proposition is an indispensable preparation
for the proof of the main results (Theorems 2.5 and 2.6). The following two propositions give some
sufficient conditions (which have a more intuitive description) for Conditions 2-3.

Proposition 2.2. If there exists Ag > % such that
E((sy" (9) + 3[s] (9)]2)™) < +oo, (2.7)

where Hgn)(ﬁ) = dndLy)]g:g, then (2.3) holds.
Furthermore, if there exist A7, Ag > 0 such that

E(er (02 —r1(0) 4 om(0Hhs)=m(9)) < 40, (2.8)
then (2.7) holds.
Proposition 2.3. If there exist Ag, A1g, A11 > 0, A2 > 6 such that

E(emw—xg)—mw) + elm (M 0)—m ()] 4 ,,{1(19)|A12) + E(N(¢)'TM11) < 400, (2.9)
then Conditions 2-3 hold.

Though (2.9) looks like more intuitive than Condition 2 and Condition 3, we should also note
that it is more restrictive than Conditions 2-3 since in (2.2), (2.3) and (2.4), we actually do not
need £1(9 — Ag) — K1 (9), |k1(9 + Ao) — k1(9)] and log™ E.(N(4) 1) to have finite exponential
moments. We remind that Mallein and Mitos (2019) (which considered the minimal displacement
of BRWre, see (1.4)) requires that 1 (90— Ag) — k1 (), |k1(9 + A1o) — 51(9)|, and log™ E£ (N ()1 1)
have finite exponential moments (see Mallein and Mitos (2019, (1.7)-(1.8))). More exactly, the main
results in the present paper do not need that the associated random walk {7, },en defined in (4.3)
has finite exponential moment while (1.4) needs that.

An explanation of Condition 4 is given in Remark 2.12, which shows that it is a necessary
condition in some extent and specially needed when we consider the barrier problem. (We point
out that Mallein and Mitos (2019) do not need this assumption since it does not involve the barrier
problem.)

A comparison between Conditions 1-4 and the corresponding assumptions for the barrier problem
of BRW is given in Remark 2.8, in which we can trace why we set these conditions in this way and
see some difficulties brought from the random environment.

Since the proofs of Propositions 2.2-2.3 will involve the many-to-one formula and the associated
random walk, which are introduced in Sections 3 and 4 respectively, we might as well put all the
proofs of the propositions after Section 4.

2.1.2. An example which satisfies Conditions 1-4. Recalling the definition of BRWre in Section 1
we see that the law of £; totally determines a BRWre. Denote X (m) := (N (m), (1(m), 2(m),...)
a random vector with distribution m € II (II has been defined in Section 1.1) taking values on
NXxRxRXxR---.Next we give an example in which the branching law and the displacement law
are independent of each other.
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Ezample 2.4. Let p(-) and o(-) be two functionals defined on II and o(m) > 0,Vm € II. For any
m € II, we assume that for any realization of N(m), ({;(m),i < N(m)) is a sequence of i.i.d. random
variables with a common normal distribution A/(p(m), 0?(m)), where o?(m) := (o(m))2. Here we
remind that the values of p(m) and o(m) are not affected by the realization of X (m). We assume
that there exist three constants 79 > 1,7 > 6,7 > 4 such that

E(logE.N) > 0, E{[log" E£(N™)]™ + [log™ (E£N)]™} < +o0, (2.10)

E(0°™) < +o0, E(67™) < +o0. (2.11)
where we write N(m),o(m) as N, o for simplicity. Then this example satisfies Conditions 1-4.

Note that in this example we have not any requirement on the random variable p(m).
The proof of this example also involves the many-to-one formula and the associated random walk
hence we also give the proof after Section 4.

2.2. Main results. First we introduce the barrier considered in the present paper. The enlightenment
about how to set the barrier function is from the main result in Mallein and Mitos (2019). Recall
that V' (u) presents the position of particle w. In Mallein and Mitos (2019), they showed that

min‘u|:n V(u) + 1971Kn

lim = ¢, in Probability P, (2.12)
n—+o00 logn
where ¢ is a finite constant and
Kn = E /ﬁ;i(ﬁ), K() = 0. (2.13)

=1

Hence we see for BRWre, the time-homogeneous random walk {971 K, },en gives the first order of
the asymptotic behavior of the minimal displacement. (Of course, this random walk is exactly the
{Xn }nen mentioned in (1.4)). Recall that the first order of the minimal displacement of a BRW is
rn (r is the one introduced in Section 1.2) and hence the barrier function in Atdékon and Jaffuel
(2011), Gantert et al. (2011) and Jaffuel (2012) is set as the form ¢(i) := ri + ai®. Through the
above analysis, in the present paper we set the barrier function o (i) := —971K; + ai®, where we
use the notation ¢, (i) but not ¢(i) since £ brings randomness to K,,. Hence we can see that the
setting of the barrier is an important difference between our main results and the achieved results
on the barrier problem of BRW. In the present paper, we set the random barrier ¢, (i) according
to the random environment while for BRW, the barrier ¢(7) is non-random because of the constant
environment. Moreover, the barrier ¢, (i) we set will become (i) when the random environment
is degenerate.
Before giving the main results, we need to introduce the function v with the definition
—log P(Vs<;Bs € [—3 + BWs, 5 + BW,]|W)

v(B) == tilgloo ; , a.s., (2.14)

where B, W are two independent standard Brownian motions and By = 0, Wy = 0. ~ has been
introduced in Lv (2019, Theorem 2.1). Lv (2019) showed that for any given realization of W (in

the sense of almost surely), 7 is a well-defined, positive, convex and even function with v(0) = %2
Moreover, +y is strictly increasing on [0, +00) and strictly decreasing on (—o0, 0].
Throughout this paper, we denote

oA = \/E((m(ﬁ) - 79/41(19))2), g = O /E(K!/(9)), V5 = o—gﬂ(zg). (2.15)

The following two theorems are the main results in the present paper.
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Theorem 2.5. (critical criterion) Let the barrier function be o, (i) := —9 ' K; + ai®, Vi € N.
Recall the definition of the infinite path uso and their collection To,. Define the event

S = {Fue = (u1,u, ... Up,...) € Too,Vi € N,V (u;) < (1)},

3/
which is the event that the system still survives after we add the barrier ¢,.. Denote a. := 3 2?9%’.

e Suppose that Conditions 1-4 hold, then the following two statements are true.
(la) If > %,a > 0, then P(S) > 0, P — as.
(1b) If a = 1,a > a, then P£(S) >0, P —as.

e Suppose that Conditions 1-2 hold, then the following two statements are true.
(le) If a = %,a < G, then Pp(S) =0, P —a.s.
(1d) Ifa < $,a € R, then P(S) =0, P —as.

Theorem 2.6. (extinction rate) Define
Yo =8{lu=n: Vi<n, V(u) <eri)},
which represents the number of the surviving particles in generation n after we add the barrier o .
Assume that Conditions 1-3 hold.
e If (2.5) holds with some \s > 1 or (2.6) holds, then we have the following (2a)-(2c).
(2a). Let o = %,a € (0,ac). Then
. logP,(Y, >0)
lim ——=————~=
n—00 In

where q is the unique solution in C[0,1] of the integral equation

= —1q¢(0), P —as., (2.16)

Vtel0,1], —0g(0) = datd — Iq(t) — 7o /O t(ﬁq(x))_Qda@ (2.17)

and satisfies
1
§(0) > 0, G(1) = 0, / (d(x))2dz < +o0. (2.18)
0

(2b). Let o € (0,3),a > 0. Then it is true that
logP,(Y, >0
i 8Pe0n>0) _ om p o (2.19)
n—00 In
(2¢). Define
Pr(n,e) :=Pr(Ful =n,Vi <n,V(u) < ci— 79_1Ki).

For any constant b > 0, we have

— 1 _2

7}1—{20%102% Pg(n,bn 3) < -3, P—as., (2.20)
lim — log Pr(n,bn3) > — /22, P - as (2.21)
o n1/3 gLrc\n, - 19()7 ey .

where xy, is the solution of 39%2" —x = 30Ub on (0, +00).
e [f Condition 4 holds, then we have the following (2d).
(2d). Let a = %, a > ac. For any given constant € > 0, there exists M € N large enough

such that
. log Yy
Pg( lim —— > bt} — 5) >0, P—as, (2.22)
k—+o0o M3

3o

where by is the mazimum b satisfying Ja = 9b + 25 .
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Remark 2.7. If the random environment degenerates to the time-homogeneous environment (i.e.,

the model BRWre degenerates to BRW), then Condition 1 implies that o4 = 0, and hence 7, =
2 2

0%7(0) == 2U 9 That is to say, our results are consistent with the corresponding conclusions about

BRW in Aidékon and Jaffuel (2011) and Jaffuel (2012).

Remark 2.8. Let us compare Conditions 1-4 and the corresponding assumptions for the barrier
problem of BRW in Jaffuel (2012). When the model BRWre degenerates to BRW, Condition 1 and
Condition 3 are the basic assumptions in Jaffuel (2012), which considers the barrier problem of
BRW. In our notation, the basic assumptions in Jaffuel (2012) can be stated as follows: there exist
constants 1, A\13, A14 > 0 such that

Iﬂ(ﬂ) — 19/1/1(19) =0, @1(19 + /\13) < 400, EL(N(¢)1+/\14) < 400, EL(N((b)) > 1. (2.23)

(Note that for a BRW, k1(z), ®1(z) := e®1®) E;(N(¢)) are all constants since there is only one
element in the state space of £.) Hence (2.23) is the degenerate version of the Condition 1 and
Condition 3 in the present paper.

Furthermore, if the random environment is degenerate, Condition 2 and Condition 4 will hold
automatically under Condition 1 and Condition 3. Let us check them one by one. The first equality
in (2.23) means that the left hand side of (2.2) is 0 thus (2.2) holds. We see ®(0) € (0, +00) since
®1(0) = E£(N(¢)) and E£(N(¢)'4) < +00. As @ is the log-Laplace transform of a measure on
R and the condition max{®1(0), ®1(J + \13)} < +00, we see that dnge(e) exists and is finite for any
n € N and 6 € (0,9 + Ai3), which means that (2.7) holds and thus (2.3) holds.

At last, we show that Condition 4 also holds when the random environment is degenerate.
The statement that “Condition 4 is not true” is equivalent to saying that for any given z < —1,
E.( vaz(fs) L{oc,(6)+r1(9)ea—17}) = 0, which means that the X given in Gantert et al. (2011, (2.10))
(i.e., the first step of the associated homogeneous random walk with respect to the branching random
walk) satisfies

E (X € [z,27Y]) =0, Vo < —1. (2.24)

However, Conditions 1-3 imply E.(X?) € (0,4+00) and E£(X7) = 0, which means that (2.24) can
not be true and hence Condition 4 holds naturally in a degenerate environment.

Remark 2.9. The impact from the random environment to the survival probability and the extinction

rate is reflected by the quantity c4. We should note that all the conclusions in Theorem 2.5 and

Theorem 2.6 reflect that the event {Y,, > 1} and S will happen with smaller probability when

o4 takes a larger value. As an example, here we compare the critical coefficient a. in the present
1

paper with the corresponding one (i.e. the critical coefficient of the 3 order of the barrier for

BRW, we denote it ag) in Jaffuel (2012). With the notation in the present paper, the value of
3 /22,92 .1/
ag is %W. On the other hand, according to the relationship v(3) > M which has

. 7 2(52 4 o2 3 33/31202 431202
been shown in Lv (2019), we have v, > M hence a, = 200 > 53 ?  Note that

Jé := 92E(x]()). Hence the term containing 0% can be seen as an extra increment of the critical
coefficient brought by the random environment.

Remark 2.10. (1) The upper bounds in Theorem 2.6 only need Conditions 1-2. In other words,
under Conditions 1-2, it is true that lim 2&P£0n>0) < —9G(0) in (2a), lim logPr(¥u>0) < _ 3/35,
Vn n—00 Vn

n—oo
in (2b) and h?n # log Pr(n,b) < —x3 in (2¢).
(2) Set (i) := —97LK; + 9(i), from the proof of (2b) we can see that (2.19) still holds if the
function v satisfies that lim maxisn ¥ _ () 4nqd ¥(i) > 0,Vi € N.

n—-+00 nt/3
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(3) We remind that the Propositions 3.2-3.6 in Jaffuel (2012) have shown that the integral equa-
tion (2.17) has an unique solution satisfying the boundary condition (2.18).

Remark 2.11. If N(¢) and ({;(¢),i < N(¢)) are independent of each other (i.e. the branching law
and the displacement law are independent), then the restriction E(|r1 (0 4+ A\g)|*?) + E(|r1(9)[*?) <
+o0 in Condition 3 is no longer needed. Moreover, we do not need Condition 4 but only require that
(2.6) holds with Af > 2,2 < —1. The explanations of this remark are given in the last paragraph in
the proofs of Corollaries 4.3 and 4.6.

Remark 2.12. We can see that Condition 4 is almost a necessary condition in some extent from the
following analysis. Now we give a new condition which is slightly weaker than Condition 4. The
new condition is that there exists a constant A5 > 2, ¢ > 0 such that

N(¢)
E(

log Ec( > 1{19@(¢>+m(19>§c})
i=1
(We should note that under the second assumption in Condition 3, Condition 4 implies (2.25).)
Then we can see that (2.25) is a necessary condition for some conclusions in Theorem 2.5 when the
distribution of £ is supported in only finite elements (denoted by my,--- ,my) in II.
The explanation is as follows. Note that for the finite environments case, the statement that
(2.25) is not satisfied is equivalent to saying that there exists a j < k such that

A5
) < +00. (2.25)

N(¢)

Ec( > L@ 0)<c)
i=1

L1 :mj> =0,

which means Pﬁ(miniSN@,) G(p) > -0 Ky + 97 e|Ly = mj) = 1. Then for the barrier function
(i) := =97 K; + ai® a > 0,a < 1 and an integer | large enough such that ¥~ 'cl > al®, we have

Pg(S) :Oifﬁi:mj, Vi < L. (2.26)

But P({£; = m;,Vi < l}) > 0 since we assume that £y only takes finite states with positive
probability. Hence (2.26) contradicts Theorem 2.5 (1b) and the a € (3, 1) part of Theorem 2.5 (1a).

3. The many-to-one formula of time-inhomogeneous bivariate version

The many-to-one formula (a kind of measure transformation named from changing all the paths
in the random genealogical tree to a random walk) is an essential tool in the study of the branching
random walks. It can be traced down to the early works of Peyricre (1974) and Kahane and Peyricre
(1976). We refer also to Biggins and Kyprianou (2004) for more variations of this result. The version
of time-inhomogeneous many-to-one formula has been first introduced in Mallein (2015a). On the
other hand, for the time-homogeneous case the bivariate version of many-to-one formula can be
found in Gantert et al. (2011). In this paper we need to establish a bivariate version of many-to-one
formula in a time-inhomogeneous random environment. Let 7, » be a random probability measure
on R x N such that for any x € R, A € N, we have

N(u —9¢(u
Bz (Inw=a) Sy L <oy "5 ™)

B (31 eva)

where 9 has been introduced in Condition 1. Hence we can see that the randomness of 7, ; comes
entirely from £,,. Moreover, since N(u) only takes values on N, we have

Tnc(R x ([0,+00) \N)) =0, P — a.s.

Tn,g((—oo,l’] x [0, 4]) = , Jul=n—1, (3.1)
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Under the quenched law P, we introduce a series of independent two-dimensional random vectors
{Xn, & tnen+ whose distributions are {7, £ },en+. Define

So:=0, Sy :=» X, Vn e N'. (3.2)
=1

Before we give the many-to-one formula to show the relationship between {(S,,&,),n € Nt} and
the BRWre, we still need the shift operator.

Since the typical realization of £ is a time-inhomogeneous environment, it is necessary to introduce
the shift operator ¥. Define

TL =L, TL:= (Lo, L3,...), Tp =T, Vk e NT,

hence T L = (Lg+1, Lit2,-..). We use P’Z to present the distribution of (T, V,Pg,,). Denote E’Z
the corresponding expectation of P’Z. (Obviously, P% and EOE are P, and E respectively.) Slightly
abusing notation we denote

Sp = ZXk—H' and {&n bnen = {{k4ntnen under P?' (3-3)
i=1

That is to say, in this scenario and (3.1), we have P — a.s.,

Pi(X1 < 2,6 < A) =P, (Xpy1 < 2,841 < A)

B —9¢;i(u)—~K 9
=E, (1{N(u)<A,U—k} Z l{gi(u)gx}e Ci(u)—kpyr ( ))

=1
N(9)
k —9¢; (P)—k )
=Ef (1iv<ay D Licosme 4@ mn ), (3.4)
=1

The following formula gives the relationship between {(Sy,&,),n € NT} and the BRWre.

Lemma 3.1. (Many-to-one) For any n € N*, k € N, a positive sequence {A;}ien+ and a
measurable function f:R™ — [0,+00), in the sense of P — a.s., we have

Ef| D f(V(w),1<i< n)l{N(ui_l)SAmSzSn}]
|ul=n
_ EIZ VS22 Nk+i(19)f(5i7 1<i< n)1{§¢<A¢,1<i<n}] . (3.5)

Borrowing the idea from the proof of Shi (2015, Theorem1.1), we also prove it by induction.
Proof of Lemma 3.1

We prove it by induction on n. For n = 1, if f has the form f(z) = e™"1,<43, (3.5) can be
deduced easily by (3.1) and (3.4). Hence (3.5) also holds when f is a non-negative measurable
function by the standard method.

We assume that (3.5) holds as n = j.

Now we consider n = j + 1. We should note that the ancestor ¢ of the particle system under
PE can also be viewed as a particle alive at the k-th generation under P,. For any non-negative
measurable function f defined on R/*!, we denote g, : R/ — [0, +-00) by

gx(y17y27"‘7yj) = f(xa55+y17$+3/2,7$+y])
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Recalling X (¢) := (N (), (1(9), (2(9), .. .), we have

E} Z F(V(u),1<i<j+ 1)1{N(ui1)<Ai,1<i<j+1}]
L |ul=5+1

ZEIZ E%( Z f(V(w),1<i<j+ 1)1{N(u¢_1)§Ai,1§i§j+l}‘X(¢)>]
L lul=7+1

k+1 . .
=B} | Lin<ay D E. ( > G (V(w) = V(v),1<i < ])1{N(ui1)<Ai+1,l<i<j}>]
i fol=1 ful=j

=B} [ Lin@<ay O Br

J
k1 ( 955+ 21 RFrp1gs (0)
e i=
L Jv|=1

Gy (Siy 1 < i < j)l{ﬁiSAthSiSj})]

:EIZ 1{£1§A1}67951+“k+1 (19)]3’2Jrl <

J+1
ﬁSjJrZ Ky, Z.(79) ) )
e = 9sy, (i1 <@ < J)l{§i<Ai+1,1<i<a’}>]

=B} |1 capye”™ Hen )

J+1
I(Sj1—S)+ 3 Ky,
x Bk (e A=Yt f(Si1<i<j+ 1)1{fi§Ai,2§i§j+1}‘Slagl)]

=Ek IS 1+ 1(9) (S —S1) 4220, Rkt £(§; 1 <4< j+1)

1{51-3Ai,1§z‘3j+1}] : (3.6)

It should be noted that the notation Sy, in EXT1(.) on the fifth line of (3.6) is to emphasize that
this is the S; under E’Z For the above equalities, the first one and the last one are due to the
smoothness of the conditional expectation. The second one and the penultimate one are obtained
by the Markov property of BRWre and {S;}ien respectively. Let the n in Lemma 3.1 be j (resp. n
be 1), we can get the third one (resp. the fourth one) by using (3.5). O

4. The small deviation principle for the associated random walk with random environ-
ment in time (RWre)

Lv and Hong (2023) considered the small deviation principle for RWre. In this section, we give
some corollaries of the main results in Lv and Hong (2023), which will be the essential tools for the
barrier problem of BRWre. For the case of time-homogeneous, it is a standard and effective way to
solve the barrier problem of BRW by applying some estimates on the so-called associated random
walk. Let us first give a short review on it.

The small deviation principle for the random walk {V},},en with i.i.d. random increments has
been given in Mogul'skii (1975). When V1 —V; has expectation 0 and variance 02 < +o00, Mogul’skit
showed that for two continuous functions g, h such that g(0) < 0 < h(0),g(s) < h(s),¥s € [0,1], a €
(0,1),z €R,

log P (i< Vi € [gi/n)n®, h(i/m)n°]|Vp = 7) _ —n’o> / 1

o (h(s)—g(s))
(The small deviation principle focuses on the probability that a stochastic process has fluctuations
below its natural scale. Therefore, we call (41.1) a small deviation principle according to the setting
a € (0, 3) and the central limit theorem. )

lim =
n—-+00 nl—2a 2

ds. (4.1)
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By the time-homogeneous many-to-one formula (see Shi (2015, Theorem 1.1)), we can construct
a bijection between a BRW and a random walk with i.i.d. increments (which is usually called the
associated random walk). Based on this relationship, Jaffuel (2012) and Aidékon and Jaffuel (2011)
have studied the barrier problems of BRW by applying (4.1).

In the present paper we consider the barrier problem of BRWre. We use the many-to-one formula
given in Lemma 3.1 to construct a corresponding associated random walk for BRWre. In the next
section, we will show that the corresponding associated random walk for BRWre is just the RWre
studied in Lv and Hong (2023).

4.1. The associated RWre and its small deviation principle. Let us give the definition of RWre. We
denote p := {un}pen+ an ii.d. sequence with values in the space of probability measures on R.
Conditioned to a realization of u, we sample {V,, },,en+ a sequence of independent random variables
such that for every n € NT, the law of V, is the realization of u,. Set

Vo=z€R, Voi=Vo+ Y Vi (4.2)
=1

We call {Vn}neN the random walk with time-inhomogeneous random environment 1, which is often
abbreviated as RWre in the rest of this paper'.

Note that the {S, }nen defined in (3.5) is a RWre with time-inhomogeneous random environment
L (More precisely, the random environment is the {7, 2 },en+ With A = 400 which is defined in
(3.1). Note that {7, £ },en+ is totally determined by £ hence we say “with random environment £").
That is to say, Lemma 3.1 constructs the relationship between BRWre and RWre. The studying of
small deviation principle for RWre is an important step to solve the barrier problem of BRWre.

Now we introduce the associated RWre. Recall (3.2) and (3.3) and define

T, := 98, + K, — K, under P%, (4.3)

where K,,, ¥ and S, have been defined in (2.1), (2.13) and Lemma 3.1. Obviously, it is a RWre
(with random environment Ty L). Next we will show under Conditions 1-2 in the present paper,
the {1, }nen defined in (4.3) satisfies all the basic assumptions in Lv and Hong (2023) (thus we can
apply the main result in Lv and Hong (2023) to {7}, }nen)-

Proposition 4.1. (i) If the BRWre satisfies Condition 1, then the associated RWre T satisfies
E[(Ty — E£T1)% > 0 and E(Ty) = 0.

(ii) If the BRWre satisfies Condition 2, then the associated RWre T satisfies E([Ez(T1)]) < +oo,
and E{[(T1 — E£T1)* M} < +o0.

In conclusion, if the BRWre satisfies Conditions 1-2, then the associated RWre T satisfies Lv and
Hong (2023, Assumptions (H1)-(H3)).

Proof of Proposition 4.1

(i) Recall that T, = 9S, + Kp, Xy, := Sy — Sp—1, Ky = Y i ki(9),k(9) = E(k1(9)) and
{kn(9)}nen is a sequence of i.i.d. random variables. By the many-to-one formula (Lemma 3.1), we
see

B (XX Glwe )

E (X, = =—k.(9), |lul =n—1. 4.4
R ), Il (1.4

n

INote that the process we consider in the present paper is not the classical random walk in random environment
which has been well-studied in Zeitouni (2004) and many other papers. For the classical random walks in random
environment, the random environment is either purely spatial or space-time. However, in our model, the random
environment is in time.



52 You Lv and Wenming Hong

Then it is not hard to see E(77) = 0 since

E(T, — Tpo1) =9E(X,) + E(K, — Kp_1) = VE(E£(Xy)) + E(kn(9))
= — VE(K,(9)) + E(kn(0)) = 0K (9) + £(0) = 0. (4.5)

Lemma 3.1 also tells that
2
e (SN 2(0)e 5@ B (L)) @) - [E (59 Glgpe 9]

oo (S )]
=E.(57) - (EcS1)*. (4.6)

K1(9) =

Then it is true that
E ((Ty — E£T1)?) = E£((9S1 — YE£S1)?) = 9?67 (99). (4.7)

Hence we get E((T1 — E£T1)?) = 9?x"(9) > 0 by the Proposition 2.1.
(ii) By Lemma 3.1 we also have

E T) = k1(9) — 91 (9). (4.8)
Hence E([E.T1]*) < +oo is equivalent to (2.2). Moreover, according to the many-to-one formula
we can see directly that E{[(T} — E£T1)*]M} < +o00 is equivalent to (2.3). O

We stress that from the definitions in (2.15) and the above proof, one can see that
04 = E[(ELT1)?] < 400, 0 = E[(T1 — E£T1)?] € (0, 400).

Recalling the notation v, := Ué’y(g—;‘) and applying the main result in Lv and Hong (2023) to
{T }nen we get the following result.

Theorem 4.2. (Luv and Hong (20253, Corollary 2)) Let g(s), h(s) be two continuous functions on
[0,1] and g(s) < h( ) for any s € [0,1]. We set g(0) < ag < by < h(0), g(1) < d < ¥ <
h(1) and Cyp, - fo s ]st Let {t,, } nen be a sequence of non- negatwe integers and t,, := tn+n
For any o € (/\ , 2) (for the present paper we only need the case a = hence we require Ay > 3 in
Condition 2,) under Conditions 1-2 we have

suplog P, (Vogz‘gnTtn—H; € [g(%)n“, h(%)na] ‘T;fn = :U)

lim *€&
n——+oo n172a

=—CynYo, P—as., (4.9)

inf o Pe(YosicaTh, i € g()n h(£)ne], Ty, € [a'ne,bn®)|T;, = )

z€lagn®,bon]

lim
n——+oo n1—2a

= —Ug.n%o, P - a.S., (410)

where {Tp }nen is the one in (1.3).

Therefore, if the random environment £ is degenerate (thus o4 = 0), then we can see that

Theorem 4.2 is consistent with the Mogul’skil estimate (4.1) since (0) = % (see (2.14)).

However, Theorem 4.2 still can not be applied directly to prove the main results in the present
paper. Hence we need the following three useful corollaries of Theorem 4.2.



On the barrier problem of BRWre 53

4.2. Some Corollaries of Theorem /.2. In the forthcoming three corollaries, we will see why we need
Condition 3 and Condition 4. In short, Condition 3 allows us to add some extra events in the lower
bound (4.10) and Condition 4 ensures that (4.10) holds even though by = h(0).

From now on, we always set o = % since in the present paper we only need the case o =

%. But we
point out that Corollaries 4.3-4.4 (resp. Corollary 4.6) holds also for « € (/\—11, %) (resp. « € ()%1, é]),

where \; is the one defined in Condition 2.

Corollary 4.3. {&,}nen has been introduced in Section 3. The setting of g, h, ag,bg,a’, b t,, t,
and Cgp, are the same as what we introduce in Theorem 4.2. Let v € (/\%, +00), where A3 is the one
introduced in Condition 8. Then under Conditions 1-8 we have

inf log P, <V0§i§" e {g(%)m(%)} Ti, = x)

) x€[agn®,bon] %E[a',b/], €1, +i<exp{n’}

lim 3
n—-+00 nta%

Corollary 4.4. Let I m,N e N0 <l <m < N,v € (/\%,—i-oo). Let g(s),h(s) be two continuous

functions on [0,1] such that g(s) < h(s),Vs € [0,1], g(I/N) < ap < by < h(l/N), g(m/N) < d' <

V' < h(m/N). For 0 < z1 < 2 < 1, define C)7 = I md& Under Conditions 1-3, we

have

= —CynY¥, P—as. (4.11)

suplog P (Vax<i<mi iy € 19(xip)s A5 Tk = @)

. FASIN L’m
kEI-‘,I-loo (Nk)l*QOz = —C];]}\l”)/o., P —as
v i<m La < h i s
inf logP, lk?jk k (i\/kl) €lo(w7) (N:j )] .
) z€[ag(Nk)e bo(Nk)*] v €la’ V], &i<exp{(Nk)"} L
kggloo (Nk)1—2e =—-C% 1 P—as

We should note that the above two corollaries both need the condition g(0) < ag < by < h(0). In
the next corollary we consider the case h(0) = by. The following lemma is a necessary preparation
for the next corollary.

Lemma 4.5. Let {X,}nen be a sequence of i.i.d. random variables and {t,}nen a sequence of
non-negative integers. Assume that there exists an € > 0 such that E(|X1]*1€) < 400, then

tn+n
. —1 _
ngriloon . tg HXZ E(X1), as. (4.12)
i=tn

Corollary 4.6. The setting of g, h, a/,b',t, and Cy ), are the same as what we introduce in Theorem
4.2. Suppose that h(s) > h(0),Vs € (0,1]. Under the Conditions 1-4, we have

log P ( “teo(3)0(2)]:

Ty

Ttn == h(O)nO‘
ndtn cla’ b, &, +i<exp{n’}
lim = —Cynvo, P —as. (4.13)

n—-+oo nl—2a

Especially, if t, = k,k € N, then (1.13) still holds under Conditions 1-4 even though the A5 described
in Condition 4 only satisfies A5 > 1.

4.3. The proofs of Corollaries 4.5-/.6 and Lemma 4.5.
Proof of Corollary 4.3
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The only gap between (4.10) and (4.11) is the term “&;, ; < €™ 7. We will cross the gap by using
Condition 3. With the help of (4.9), to prove (4.11) we only need to show

o T iy prd
lnf log P[, <V0<1<n no € [g(n)vh(n)] 5

T
zE€Jaon®,bon®] %G[a’,b’}, {tn+i§e”v

tn = $>
> —CynYo, P —as. (4.14)

lim

n—-+00
First, we consider the case that g(z) = a, h(z) = b,Vx € [0,1], where a < ag < by < b, a <a' <V <
b. The proof has the same spirit as the proof of the lower bound in Lv and Hong (2023, Theorem
2). Now we show the adjustments required in the proof of Lv and Hong (2023, Theorem 2). Choose
a”,b" satisfying @/ < a” < V" < V. Let D € N*, J:= |Dn*|, K := |%], ty) := tn + kJ. By
Markov property we have

= :L‘)

inf P, (thgigfn T; € [an®,bn®], Ty, € [a'n®,bn®], & <™
71’tn,k - x)

nl—?a

z€lagn®,bon]

>][ . if P (vig J T s € [an®, 0], T, € [a"n® b0, & < €

0 z€lagn®,bon]

X inf PE <Vi<t7n7t x ﬂn i c [anavbnaLEn c [a/na,b/na],& S env
z€[a" n b ne) - ™ ’

Ttn,K = JZ)

K-1
= H qn.k X 4n.end- (415)
k=0
To find the lower bound of ¢, 1, we note that

“]

. ViSJ T k+i€[ano‘,bn
qn,k > inf PC( T nye[a”no’,b”no‘}

z€lagn®,bon]

n,k+1

tn,k+1
T, :33) — > Pr&G>er)

=ty +1

Moreover, by the many-to-one formula, we have

N o) N s
Ec| 1nw)seny -21 e~ Vel Ez| 1nw)seny '21 e Vet
J= J=
) |

Pr(&>e") = N(u) - i (9
Ec( 5 e—ﬁ@-(u))

ul=1i—1.

Let vy := ﬁi—‘;, where the A4 has been introduced in Condition 3. By Holder’s inequality we get

({Nu)>en”}z Ul )

N(uw)
=E, (1{N(u)>e”v}N( le —v1 e~ UG (u )

j=1
N(u) 1 1—vy
( N(u) eV W) u )] . (4.16)

J=1

= Eﬁ(l{N( y>env 3N ()

The fact ﬁ > 1 implies that

_1

N(u) 1—vq N vy ﬁCj(u)
Z N(u)fmefl%j(u) Z ( T ) _ 67(19+)\4)Cj(u).
j=1 =
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Hence by Markov property and the above inequality we get
N(u)

Be (L wZ )

N(u)1+>\4 1 Ki(9+A1)\1—v
S{Eﬁ(l{N(u)xn”}W)] (e (9+ 4)) 1
< MUNTE L (N (1) 1M (eRi () 1o (4.17)

Choose v, € ( ,v) and define

fo = { max B (V)™M < ™ max{(1 - w0 + ) - w@)] <) (419

lul<n

Hence on the event fn, for n large enough, we have

Adn.k > inf

p (VigJ Ty, j+i€lan®,bn?],
zE€Jaon®,bon]

1" 2
Ttn,k+1e[a n®,b'"n%)

The analog argument can also be applied to g, eng, that is,

)\4'u1nv /\4v1nv

iElan®,bn®], _ %
Ttn,K =Tr)—ec 2 ‘= Aqnend — € 2

. Vi<tn—t Ty, po+i
> inf P, ="K K
In.end = z€[a’ ne b L T3, €la’n™,b'n®]

Therefore, Lv and Hong (2023, (3.13)) still holds even though we change the left hand side of Lv
and Hong (2023, (3.13)) from
n,k = $>

to Gnk Or Gnend- (The {S,}neny with random environment p in Lv and Hong (2023) and the

{T) }nen with random environment £ in the present paper satisfy the same assumptions.) Then

according to the method of the proof of Lv and Hong (2023, Theorem 2), we only need to show
lim 1; =1, P —as.

n—-+00 In

Note that {Ez(N(u)'t™) < e} = {max{E,(N(u)**),1} < e}, hence

St c [a//na 7b//na]

P (Vi< | Dn2a > Stn’k+i6[ana,bna},
m

n,k+1

P(I7) <n-n %% | E(llog" E£(N (w) A)]%) + Bk (9)*) + E(|r (0 + M)IA?’)} -

Note that Azvs > 2, then by Borel-Cantelli lemma we get lim 1; =1, P — a.s. Hence we have

I
n—-+oo N
lim 1 =1, P — a.s., where the event H,, is defined in Lv and Hong (2023, (3.19)) and we
n—+oo InNHn
have shown that hrJIrl 1yg, =1, P —as. in Lv and Hong (2023). We remind that on H,, therein,
n—-+0oo
Aqvn? _ Aqvn?

we have ming<g_1 g*n > 2 2 and @¥yeng > 2¢- 2. Combining with (4.15), we see

inf P, (thgiggn T; € [an®,bn”], T}, € [a'n® b'n®], & < e”v|Ttn = x)

z€Jagn®,bon]

>H(%Q S end: (4.19)

Following the steps 1-2 in the proof of Lv and Hong (2023, Theorem 2), we find the lower bounds
(expressed by two independent Brownian motions) of ¢ , and ¢ ;- That is, conditionally on

I, N Hy,, Lv and Hong (2023, (3.21)) still holds in our context. Then by the light of the step 3

in the proof of Lv and Hong (2023, Theorem 2) and the fact lim 1; nm, =1, P—as. verified
n—-+oo N

above, we get (4.11) in the case g(x) = a,h(z) = b,Vz € [0,1]. Finally, by the method used in
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Lv and Hong (2023, Corollary 2), we can let g, h be any continuous functions on [0, 1] as long as
g(0) < ap < by < h(0), g(1) <da <V <h(1).
Especially, if the branching and displacement are independent of each other, then

PE(&@ > n”) _ Er (1{N(u)>6"U}N(u))’ ‘U| —i—1,
E.(N(u))
which means that the proof still runs when we remove the second term in the definition of I,,. This
explains the statement on Condition 3 in Remark 2.11. O

Proof of Corollary 4.4
Define two continuous functions on [0, 1]

1) = () (e ) ™) = () (e ) )
Then the event . .
{nsicme g < o) ()]}

{Vismin (mi?il];k)a < [g<mkl—lk>h(mkz—lk)}}

Then we replace the time length n and the starting time ¢, in (4.9) and (4.11) by n := mk — Ik

can be rewritten as

and t,, := % = [k respectively. Then we can deduce that the limits in (4.9) and (4. 11) are both
c” h'ya(m l)172a. At last, by some standard calculations we get (T)l 2O‘CO ! = C”;”,;’, which
Completes the proof. O

Proof of Lemma 4.5

We know (4.12) can be obtained directly by Borel-Cantelli lemma if E(X}) < +oo. But usmg
the strong approximation method we only need the assumption E(X 2+6) < 400. Define X;
X; — E(X;). By Sakhanenko (2006, Theorem 1) we can construct a standard Brownian motion W
such that

2nE(X 1)

+ 3
Ve >0, neNT, (max (2+)>_T7

k<n

y -

where ag( is the variance of X; and C* is a positive absolute constant. Moreover, by the Csérgc’i and
Révész’s estimation Csorgd and R(\(v (1979, Lemma 1) we can find two constants cs, ¢, > 0 such

that P(W,,2 > y) < csexp{—2 —cy® } Vy > 0. Hence for any ¢ > 0 we can find constants ¢?,e > 0
such that

n n
IP’(‘ ;| > 25n) < ]P’(‘ X;| > 2en, |W, o2 | < ETL> +IF’<| o2 | > en) < c’s'n_l_g.
i=1 =
Note that P(|n~* ng‘nnﬂ X, — E(Xy)| > 2¢) = IP’( Xl > Zen). Hence we get (4.12) by

Borel-Cantelli lemma and the above inequalities.
Proof of Corollary 4.6

Here we mainly give the proof under (2.6), since it needs more techniques than we set (2.5) as
an assumption. With the help of (4.9), to prove Corollary 4.6 we only need to show

log P (55" atelo(£) (5], T,, = ho)ne)

Ty v
il ela! b], &b,y qi<e™

n1—2a

lim
n—-+4o0o

> —Cynyo, P —as. (4.20)
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According to the many-to-one formula, (2.6) is equivalent to saying
3x<y<uAg>¢E(wgpdxgﬂgyuy:mW)<+m. (4.21)

Choose a small enough constant ¢ > 0 such that g(0) —h(0) > x, then there exists a constant € > 0
such that g(0) + € — h(0) < xd. Denote d,, := [dn®|. By the continuity of g one can choose n large
enough such that g(s) < ¢g(0) + € for any s € |0, %“] Note that h(s) > h(0),s € (0,1], then for
any i € [0,0,] NN, we have

(g(i/n) — h(0))n® < xi < yi < (h(i/n) — h(0))n® (4.22)
and (h(d,/n) — h(0))n® > 0, where (4.22) can be derived from
(9(i/n) — h(0))n* < (g(0) + € — h(0))n® < xon® < xi, Vi € [0,d,] NN.
By Markov property, we have

P, <V0§i§n Tty?ojri € [9(%) ’h(%)] )

Ty v
:Ll;n E[alvb/]z £tn+i§en

Ttn = h(O)nO‘>

>Pr(Vo<i<s, Tta+i € [0, yi], & < e"'|T,, = 0)

en Dintigroiy_ iy
«  inf L(vgnglgn i e[g(£)—h(0),h(2) h(o)],‘ s :Z>

ZG[Zdnyyan] Tt,:;#e[(l/*h(o),b/*h(o)], é’tn+igenv
On

Z H PE(Ttn“‘m € [$7y]7§tn+m S en ‘En‘i‘m_l = 0)
m=1

o inf P [ Yosizn-s, “mHEELelg(Hn)—h(0). () ~h(0)),
L T Ty an
2€[26n,ybn) It e (o’ —h(0),b' —h(0)], Ebptonri<e™

T, .5, = z) : (4.23)

We observe that for any i < n — d,,
‘ 1 i+ 0y
n— 0p n

B 62 + 6pi — ndy,

524 ndy _ 0240,
(n—d0p)n )

“(n—0p)n T n—19,

By recalling 6,, :== [on®] and a € (0, %] one sees that +6: — 0. Moreover, note that g, h are

both continuous functions on [0, 1] hence they are bounded and uniformly continuous. Thus for any
given € > 0 and n large enough, from (4.24) we have

(4.24)

nCl{

(n—d,)" ( i ) (i—i—&n)’ 5
— <= /< 2,
igsnugn ’ e I\nZ On A 47 (n—6,)®
(n—6p)” i i+ 0n € (n—6p)” €
n( )= ()| < G and [Fn0) < a(0)| < 5
S [P (=) ()| < g end [P n) - ho)] < 5
From the above analysis, we can obtain
. Ttn+5n+i ity itdny_
log lnf P£ (Vz<n Tén G[g( n ) h(O),h( n ) vh(O)L j'vt s — Z)
Ze[xfsnvyén] tn+n E[a (0)7bl_h(0)]7 ftn+6n+i§en e
nl—?a
Ttn+5nj;i (0 h 1-2a
IOg inf P[( z<£ Sn (n—dn) +h(0)€[g (n 5n)+5 (5o 5n) 5] th s :z) (n—5n>
2€[x6n,y6n] s €la’ —h(0)+e b/ —h(0)—el, €5, +i<e™ e "
- (77, _ 5n)1—2a
> - Cngs,th’Ya- (4'25)

The last inequality holds because one can view n— M (resp., t,+0,) as the n (resp., t,,) in Corollary
4.4 and hence we can apply Corollary 4.4 to get the lower bound —Cyic p—c7o-
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Now we focus on the fourth line in (4.23). Denote
ﬁn,m = Pﬁ(ﬂn'f'm € [ZE, y]v&tn-‘rm < env’Ttn+m—1 = 0)7 ;:,m = Pﬁ(irtn-i-m € ['r,y”ﬂn—i-m—l = O)
Define T, := ﬂi;zl{?Pg({thrm > ') < ﬁ;;m}. Note that Bnm > 8}, — Pr(&,om > €"). Hence

we have Hf;;:l Brm > Hé" (Bh.m/2) on I'y, which means that

m=1

5 5
1 1 (Zn::l log /B:L,m - 671 log 2) 671
nl—2a log (Wl;ll ﬁnm) =z 5 pl—2a

Recalling o = 1/3 and applying Lemma 4.5 we get

lim
n—00 nl—2o

On
log ( H ,Bn,m> > 6 E(logP.(Ty € [z,y]|To =0)) — dlog2, on I',.

m=1

Then the above inequality holds almost surely if we can show lim,_, 11, — 1 almost surely.
According to the Borel-Cantelli lemma it is enough to show 37> P(T'%) < +o00. From (4.16)—(4.17)
we see

Pr(r im > ") < e MU R L (N (1) H8) 21 gl e1 (A (1=00) —pup 1 ()
where |u| = t, +m — 1. Therefore, for n large enough we have
PP, (&yem > €") > B )
<P (1 (D] + I (9 4 Aa)| + 1 Tog® Be(N(w) 9) + | Tog | > SAsuan”).
According to the Markov inequality, Condition 3 and (4.21) ensure that

lm ™A P (2P (&, m > €") > B ) < +oo.

n—-4o00

The relationship A3 > 6 and Aj > 4 allow us to choose v € ( L %) Then we have

4
3 min(A3,Af

+00 +o00
STP(IE) < 6, PEPL(E 1 > ") > Bly) < +oo,

n=1 n=1

which completes the proof under Conditions 1-3 and (2.6).
If the assumptions of this corollary include (2.5) but not (2.6), then we do not need to construct
I',, because

é
1 n
Jz < —1, lim ———log ( | | Bmm) > E(logPr(T) € [z,27Y,& < |z]||Th = 0)) > —o0
n—oo 1
m=1

can be obtained directly by applying Lemma 4.5. Moreover, we can even use the law of large number
directly instead of Lemma 4.5 when ¢,, does not depend on n. That is why we only require A5 > 1
in Theorem 2.6 (2a)-(2c).

In addition, by some standard calculations we get Bnm = B, P&, +m < e™’) when the
branching and displacement are independent of each other. In this case we redefine I';, as

Mo (2P (Eppm < ™) > 1},

hence we only need Ay > 2 to support the proof. ]
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5. Proofs of Propositions and Example

Proof of Proposition 2.1
Recall the notation ®; = €. Note that for any constant a, A; € R,n € N, by Cauchy-Schwarz
inequality we have

(ZA2 aA)(ZeaA) (iAlzeMAi_i_ S (a2 4 At

i=1 i=1 1<i<j<n
n
> ( Z AZePati 4 Z 2A¢Aje“(Ai+Af)>
i=1 1<i<j<n

_<§;Aie“‘4i>2. (5.1)

By the Holder inequality and (5.1) we get

<(ZC _’9Ci(¢)1/2<]v§(¢je Sl )1/2>r
N(e) 2
2<Ec‘ Z Ci(¢)€0<i(¢)‘>

> (@) (9)]2 (5.2)

7 (9) @1 (9

Note that
CE (XN (9)e ") EL (DN e 6@ — B (SN G(g)e49))

B (T e’

Hence by (5.2) we know 7 (9) > 0,P — a.s.

We call the environment L a constant jumping environment if we can find a constant ¢(L) such
that P,(¢i(¢) = ¢(L),Vi < N(¢)|L = L) = 1, where we write ¢(L) but not ¢ since different
environments L may correspond to different constants.

Now we use the proof by contradiction to show that x{(9)|z=r > 0 when L is not a constant
jumping environment.

We suppose that /() = 0, which means that the three “ > 7 in (5.2) are all “ = ”. By the
Hoélder’s inequality, we know that the first “ > 7 can be “ =" only if there exists a constant b > 0
(b may depend on the realization of £) such that

N(¢)
( Z (6 —(9@ ) _ b( Z 69@(45)), P, —as. (5.3)

=1

According to (5.1), the second inequality in (5.2) holds only if for any n > 1, on the event {N(¢) = n}
we have

C1(d) = Ca(d) = -+ = Cu(@)(:= by,), where b, is a constant. (5.4)
Combining (5.3) with (5.4) we deduce that
bn:\/l;or —\/I;, Vn > 1.

Note that for any random variable Y, |[EY| = E|Y| only if Y is non-negative or non-positive.
Therefore, from the third inequality in (5.2) we deduce that

by = Vb, ¥n>1or b, = —Vb, ¥n > 1,
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which means that we can find a constant ¢(L) (—v/b or v/b) such that
Pr=r(Gi(¢) = ¢(L), Vi < N(¢)) = 1.

This contradicts the assumption that L is not a constant jumping environment. So far we have
shown that Y (9)|z=r > 0 when L is not a constant jumping environment.
Next, we use proof by contradiction again to show P(x](¢) > 0) > 0. We suppose that P (s () >
0) = 0, which is equivalent to saying P(x}(¢¥) = 0) = 1. According to the above conclusion, it
means that in the sense of P — a.s., for any realization L of £ we can find a constant ¢(L) such that
Pr_1(¢i(¢) = ¢(L),Vi < N(¢)) = 1. In this case, it is easy to see
—c(L)e " OEL(N(9))

k1(0) = —9c(L) +log E£(N(¢)) and £} (9) = OB (N (9) = —c(L).

Recall that in Condition 1 we have assumed that k() — 9x'() = 0. Hence we have
0 = k(¥) — Uk (V) = E(r1(9) — 91 (9)) = E(log E£(N(¢))) = £(0).
But this contradicts the assumption x(0) > 0 in Condition 1. Hence we get P(x}(¢) >0) > 0. O

Proof of Proposition 2.2

First we show (2.7) = (2.3).

By the many-to-one formula, (2.3) is equal to E((Ez|T) — E£T1|*)M) < +oo. By Jensen’s
inequality we see that if there exists A¢ > 3 such that E((E(Ty — E£T1)*)*) < +oo, then
E((Ez(Th — E£T1)*?)*) < +o0 since Ay > 2,\; > 3. Moreover, using the many-to-one formula
again we get

Ec ( S 1Gi0) + K’l(ﬂ)|4eﬂ9@(¢))
E. ( SN e—ﬂcz-(qs)) '

E:((Th —ETh)*) =

Now we only need to show
N J— .
Es (SN 1G(6) + my (9)|*e 76 (0)
Er (XN e06(9))

which will completes this proof.
Let ®; := €. Obviously, Eg(zgfb) (M (p)e V6(9)) = (—1)”@(n). Moreover, we can see

= w{" (0) + 3[+] ()%, (5.5)

) = 10y, B = (K1) + w)®1, B = ()% + 364 + 67D,

oY = () + 6(k))2K) + 4k 6P + 3(1)2 + k(M) By

Then we get (5.5) by direct calculation.

Secondly, we show (2.8) = (2.7).

Without loss of generality we take A\g = 2 and hence we only need to show that E(S$ + (k})8) <
+00.

Note that there exists a ¢; such that |z| < cle%x + clef%sx,Va: € R. Therefore,

Ee (L 1G(o)le 7))
B (3 6—1941-(@)

By the convexity of k1 we see k(0 — ﬁ) — k1) < k1 (0—(i+ 1)%) - /@1(19—1'%) and k1 (0 + %) -
k1(¥) < k(0 + (i + 1)%) — k(Y + Z)‘87). Note that (a + b)® < 27(a® + b%),Va,b € R. Hence

E((x))?) < 0127E(6n1(9*>\7)*m(ﬂ) + €H1(9+/\8)*H1(19)) < 400.

< e O =R @) 4 o om0 =R (9)

k1] <
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The way to show E(S) < +oc is similar. We can also find a ¢ > 0 such that 28 < cp(e’® +
e~27%) Yz € R. By the many-to-one formula we see

E£(6A751 + 6—>\851) — f1(0=A7)=r1(0) 4 or1(6+As) =K1 (D)

So far we have shown E(S$ + (k})%) < +o0. O
Proof of Proposition 2.3

It is obvious by Jensen’s inequality and Proposition 2.2.
Proof of Example 2.4

In this proof, N(m), u(m) and o?(m) are always abbreviated by N, u and o respectively. Hence
we should note that N, u, o are random variables under the annealed law P. By the statement of
this example we see k1(z) = logEzN — zp + 32202, Vo € R hence &) (z) = oz — p, ](z) = o>
Note that (2.10) implies (xk(0) =)E(logEzN) € (0,00) and (2.11) implies E(¢?) > 0. Taking
9= %, we have Ur'(9) — k() = 0, which means that Condition 1 holds.

Obviously, (2.10) and (2.11) imply that (2.2) holds. Note that K§4)($) = 0, hence (2.3) also holds
by Proposition 2.2 and (2.11). Thus the example satisfies Condition 2. Condition 3 holds because
of Remark 2.11 and (2.10).

At last, we verify Condition 4. From Remark 2.11 and (4.21) we see it is enough to verify

s > 2, E(|logPL(Th € [-2,—1]|Ty = 0)]) < +o0. (5.6)
By the many-to-one formula we see that for any A € R,
1
log B (N EeT)Y —i) (9 — M) — k1(9) + MK, (9) = §A219202, P — a.s.

That is to say, under Pz, Ty — ET} has the normal distribution A(0,9%02). Hence we have

-E T1-1 1 42
P (T €[-2,1 :/ e 2022z, 5.7
mer2= [ 6.7

which means that

1 1})?
log P(T; € (-2, ~1))| < [log(v2ror) + BT BT 4 2, 1))
Note that EzTy = k1 (9) — 9k} () = log EgN — 39?02, thus

| log ELN| + 2\2

+ BRI TSN
Jo

We remind that in this example ExN and o are independent of each other and E(|logo|?) < 400

for any z € R because of (2.11). Therefore, (2.10) and (2.11) ensure the truth of (5.6) when we

choose A5 € (2, min{3, Z}). O

1
[log P(Th € [-2,—1])| < |log(v2mdo)| + (5190—

6. Proof of Theorems

Let us sort out the relationship between Theorem 2.5 and Theorem 2.6. It is obvious that (2a),
(2b), and (2d) imply (1c), (1d) and (1b) respectively. Moreover, based on the small deviation
principle for RWre (Corollaries 4.3-4.6), the proofs of (2a), (2b) and (2c) will be very similar to
the proofs of Jaffuel (2012, Proposition 1.5), Atdékon and Jaffuel (2011, Theorem 1.2) and Gantert
et al. (2011, Lemma 4.6) respectively. Hence we omit these three proofs and only give the proofs of
(1a), (1b) and (2d). The main task in this section is to show (1b). As long as we get (1b), (la) is
not hard to show by combining (1b) and (2¢). In addition, during our proof of (1b), we can find we
have even shown (2d). We borrow some ideas from the proof of Jaffuel (2012, Proposition 1.4) to
prove (1b), but there are some differences in details. (The main differences appear in (6.20)-(6.22)
and (6.24). For the convenience of reading and a better understanding, we give the complete proof
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of (1b).) We point out that even though the following long proof has some similarities with the
proof in Jaffuel (2012), it is far from all the efforts to the main theorems. The preparation in Section
4 and Proposition 2.1, which are the new difficulties as we deal with the random environment, are
also necessary to prove the main theorems.
Proofs of Theorem 2.5 (1b)

In this proof we let M € Nt |k € N and the barrier function

(pg(’i) = —19_1KZ‘ + ai%.

First we should emphasize again that the ¢,(i) is a random variable depending on the random
environment £ because {Kj}nen is a random walk under P. To simplify the presentation, we
sometimes omit “P — a.s.” after some equalities or inequalities without causing confusion. As the
model of BRWre with barrier, in the i-th generation, any individual born above the barrier ¢, (i) is
removed and consequently does not reproduce. We only care about the surviving particles in this
system, i.e., the particle z satisfying V(z;) < ¢,(i),Vi < |z|. We pick a surviving individual z in
generation M* and consider Uy (z), which represents the number of surviving descendants of z in
generation M*t1. We see that under this barrier the rightmost position of the surviving particle in
the M*-th generation is no larger than —9~ K ;. 4+ aM 5. Therefore, we can find a naturally lower
bound of U (z) by considering, instead of z, a virtual individual Z in the same generation M* but

positioned on the barrier at V(2) := —9 ' K« —|—aM§ > V/(z). Since the number and displacements
of the descendants of Z are exactly the same as those of z, the descendants of Z are more likely to
cross the barrier and thus be killed, which means that U (z) > Uy(2). Let ry, := €*", k € N*, where
vE ()\%, %) and A3 is the one introduced in Condition 3. Further, we define

s k_ . k+1) V(u; —b)il/3 971 K;,ai' /3 -9~ K],
Zp = ﬁ{“ € Tagterny,u > 21 VMP < i < D Viwellomti g =0 (el | }

where the notation f, 7, N(:),> have been defined in Section 1 and b € (0,a). The exact value
of constant b will be given later. It is obvious that Zj;, < Ui(Z). Hence for any k € N, we have
Zp < Uk(Z) < Uk(2), P —as.
Recall the definition Y,, := #{u € T,,Vi < n,V(u;) < ais — Y~ 1K;} in Theorem 2.6 and define
Pn,[l ::Pﬁ(V1 <k<n, YMk > UEE(Zkfl,b))a (6.1)

where the constant n € (0,1). Then by Markov property and the definition of P, ; we have

Py
% ::PL(Vl <k<n+1,Yyx> UEg(Zk_lyb”Vl <k<nYyr > nEL(Zk—Lb))
[(EL(Zn—1,)] '
>1— [ PeUa(z") <nEL(Znp))
=1
>1 = Pr(Znp < NBL(Znyp)) B Enr0)]) (6.2)

where {z(i),i =1,2,..., [nEs(Zy-1p)] } represents |nEz(Z,—1p)] different surviving individuals in
the MP*-th generation. Denote

Ak:,[: = Pg(Zk,b > UEL(Z]“))), (6.3)
then we have
n—1
Pn,ﬁ ZPLﬁ H(l — (1 — Ak,7£)|-nE£(Zk—1,b)J)
k=1
n—1
>Pir H(l — e_LUEﬁ(Zkfl,b)JAk,L). (6.4)

k=1
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Moreover, it is not hard to see

P:(S)> lim P,r. (6.5)

n—-+o0o

Note that for any n € (0,1), by the facts Yar > Zyp and Zpp > 0 we can see
PI,L = Pﬁ(YM > UEL(ZO,b)) > Pﬁ(ZQJ) > UEL(ZO,b)) > 0, P —as. (6.6)

Therefore, if we can show

“+oo
ZG*LTIEL(Zkfl,b)JAk,C < 400, P —a.s., (6.7)
k=1

which will imply [[}25(1 — e~ lB2e(Zk-10)J4k2) > 0 P — a.s., then combining with (6.4)-(6.6) we
see

+o0
> i > _ B (Ze—1,p)] Ak, _
Pr(S)> lim Pup>Pie ’}:[1(1 e ) >0, P—as., (6.8)

which is exactly the conclusion in Theorem 2.1 (1b).
Hence in the rest part of this proof we only need to show (6.7). That is to say we want to find
the lower bound of Ay ». By the Paley-Zygmund inequality, we have

2 [Bc(Zip))?

— > > (1—
Apr =Pr(Zyp > nEr(Zyyp)) > (1 —1) Bo(72,)

, P—as. (6.9)
According to (6.9), first we try to get the upper bound of Ez(Z2,) by using the second moment

method. Recalling the important information we set for the particle 2 : |Z| = M*, V(2) = aM §—
VLK k. Define

@ZZ{UGT:

u>Z, |u|<MFHL VMF <i<|u|, N(u;_1)<ry }
1 1
V(ui)€[(a—b)i3 -0~ 1K, ai3 —97'K;] )’

thus Zp also has the representation Z; := E\u|=M’“+1 1(uco}- For any particle v, denote

Zlg(@) = 1{1}69} < Z 1{u6®}> . (6'1())

|u|=M*+1 u>v

Let w be a child of v, i.e., wy,—1 = v and set Zp(O,w) := E{w"lw’\zlvlﬂ W svt zZ¥'(0),

which stands for the number of the surviving descendants of v in generation M**! who are not the
descendants of w. Through the definitions above, for any particle u in generation M**1!, Zyp can
also be expressed as

MEFI_1

Lip = 1{u€®} + Z ZZj(@,uj_;,_l).
j=M*
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On the other hand, note that Z/?,b = Zk,b(2|u|:Mk+1 1{u€@}) = Z|u|:Mk+1 Zypl{ucoy, hence we
have

Zio—Zro= Y liucoy(Zrp — Liucoy)

|u|=MF+1
Mkt1_1
Z Z Lieor 2, (0, ujs1)
lu|=Mk+1  j=Mk
M1
YD Lweer 4y (0, uj40). (6.11)
j:Mk |u|:Mk+1

m_ @

We observe that for any two particles u®, u(® in generation M**+! with u;t =u (1) )

1fu =u

Jj +1 7 Y5+l
(i.e., they have a common ancestor in the (j 4+ 1)-th generation), then
e
0y (2)
Zy, 9 (@,uJH) =7, ” (@,uJ_H)
Hence we have
Y. lueeyZ©up) = D, Y lueerZy (9,uj41)
u|=Dpk+1 [w/|=j+1 |u|=MF*+1,
wjp1=1u’
u’.
> (Zrew) X lucel)
v/ |=j+1 lul=MFk+T
ujp1=u’
= Y (zrewnze). (6.12)
[w/|=5+1
Combining (6.12) with (6.11) we obtain
Mk+1_1 ME+1
H
~Zuw=3 Y (Zewzre)= 3 Y (aemnze) 6B
j=MF W |=j+1 J=Mk1|v|=5

where o represents the parent of v (i.e., = U\u\—1)~

Now let us find the upper bound of 37, _; (Z,?(@,'U)Z};(@)). Define the o—algebra F; :=
o(X(u), |u| < 7). Then for any j € [M* + 1, M*+1], we have

DA SFACIAICRONES oF (E,c( > Zz(@)Z;?(@,v)\ij

|v|=4 |v[=4

:E£<ZEL[ > [Z;;<e>zz’<@>])fj}), (6.14)

|v|=j v'=bro(v)

where bro(v) := {v' : [V/]| = |v|,1;"v|_1 = Vjy|-1,v" # v} and v' # v represents that v is different
from v. That is to say, the set contains all siblings of v. Note that §bro(v) is Fj-measurable because
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of |v| = j. Therefore, we have

Be| Y [z,:<@>zz’<e>ﬂfj]= > Ec|Zi(0)7 (0)1F]
v/ €bro(v) v/ €bro(v)
= > E|z(0)1F]B| 7 (0)17]
v/ €bro(v)
“Ec[zO\F] Y Ez@©IF] (613

v’ €bro(v)

where the second equality is because conditionally on F;, Z}(0) and Z}'(0) are independent of
each other. From (6.14) and (6.15) we see

E[,< PIRHCVANC) v)) - Ec{ > (Befzi@)n] Y Ee [ZE’(@)IJ-}])}-

vl=3 v[=j v'=bro(v)

We see that if v ¢ ©, then E, [Z” ’]:} =0 by (6.10). If v € O, the set bro(v) has at most r — 1

elements because of the definition of ®. Moreover, E, [Z}; (@)‘fj} only depends on v’, hence we

have
E ( §|:] 70027 (© v)) SEL{ h; (Be|Z2(©)17] (e~ 1) P Ec [zg(@)})}
=(rp — 1) V(v/)i%ﬁv,‘:j E; {Zﬁl(@)] Ec{ % <Ez: {Z,?(@)H}} ) }
~(ry 1) sw  Eg|Z{(0)|Ec(Zyy). (6.16)
V(v")ER,|v|=j

The last equality is due to the smoothness of conditional expectation and the fact Z, = Y. Z7(0).
lv|=3
Taking expectations to both sides of (6.13) and then substituting it into (6.16), we get

Mk+1
Ee(Z2,) <EclZen)(1+ (e —1) Y. swp  Be[70(9)]).
j:Mk+1 [v'|=3,V (v)ER

Combining with (6.9), we get

Er(Zp))? 1—n)?Ec(Z
Ak,LZ(l—n)2[EEL((Zk2’b))] > M,SH m)"Be () P —as. (6.17)
BT -1 Y swgver Be |7 (0)]
j=Mk41

Next we begin to find the upper bound of sup E, [Z,g/(@)]. By (6.10) we know
[v']=4,V (v)€R

sup [Z}C’I(G))} = sup [Z}C’/(@)] .
[v'|=3,V (v')ER [o|=7,0" €O,V (v')ER
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According to the above definition I; := [(a— b)j% —971K;, aj% —971K;], we see that v/ € © means
V(v') € I; and hence

sup E. {Z};/(@)} = sup E.
[v'|=j, V(v)€R [v'|=34, V(v')€I;

> 1{ue®}]

=o', Jul=MH+

< E 1 . 1
oy - Z_: [HSMIHLj, V(g ) 401 Ky €l(a—b)(i+9)3, a(i+j)§]}] (6.18)
V(UI)EIJ ‘uluzjjall)c+1
By the definition of the shifted expectation EJL (see Section 3), we have
sup Eﬁ[ 1. . : L S ]
' |=4,V (v')€EL; Ujl)”%MkJrl {Fi<Mk+1—j, V(u;1i)€[(a—b)(i+))3 =91 Kiy;, a(i+))3 -9~ 1 Kiy;]}
J
_EEP G Z 1{ViSMk+1fj, V(o) 4971 K g €l—y+(a—b) (i+) 3, fy+a(i+j)%]}>
! [v|=MFE+1—j
— J ME+L_
sup BN Bl ar e}, —state )
z€[(a=b)j3, aj3]
k+1 1
SeﬂaMT—ﬂ(a—b)]g % ij (619)

where Hj := SUP_ i)y, asd] Pi—:(vi<Mk+1_j,fL' +L4 e (a-b)i +j)% a(i —|—j)%]> The second
1nequahty above is due to the many-to-one formula (3.5) and the fact that y + 971Ky € [(a —
b)j3, aji].

Now we divide the time axis dy := M**' — M* into M? — M segments equally. Let K (M) :=
M? — M — 1 and ¢ := M¥ + [M*! for | € [0, K(M)] N N. By Markov property we see that
if j1 < jo < M*!, then

- T; PN T |
Hy<  swp P (Vigpga+ o € lla=b)(i+5)3,a(i+51)3]) x Hy, < Hy,.
w€[(a=b)j,"*, agy]

That is to say, {H; }jS ak+1 18 an increasing random sequence of j. We have mentioned above that
the choice of b satisfying b € (0,a). Combining with (6.19), we have

Mk+1
log< Y. sup - Eg [Z};'(@)D

j=Mk+4+1 V(v')ER

(M
]Og< Z) Clil eﬁaM%—ﬁ(a—b)j% % H])
=0 j=c+1
< lim
k—4o0 d1/3
k
K(M)
10g< Z ME-1 ﬁaMT —¥(a— b)cl Hcl+1)
< I =0
_k—1>1—|1—1<>o d1/3
k
k41 1
— vYaM 3 —9Y(a—0b)c} — logH,
= max m = - (a=b) + lim 28 Tan | (6.20)
1€[0,K (M)] | k—+oo dk/3 k—+o0 d}i/3
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Note that when M is fixed, K (M) is finite and does not depend on k, which means that the last
1/3
equality in (6.20). Denote g,,(x) := (:L‘ + ﬁ) . By the notation ¢; := M* 4+ IM*~1 we have

k41 1
lim ﬁaMi;/z(afb)cﬁ = dag,, (1) — ¥ (a—b)g,, (ﬁ) By Corollary 4.4, we see
k

k——+o0

I log HCl+1 370- l + 1
kllffoo d]1€/3 = 022 (QM(l) — 9y (m)), P —a.s.
1
By the concavity of g,, (z), we know for any [ € [0, K (M)], gM( L ) gM(M21 ) < (M21—M)§ _
g]@fl(/?)). Hence it is true that
Mk+1
1°g< >, sup =y Eg [Z}é (@)]>
T J=MF+1 V(v')eR
lim 173
< - —Ya1o — i —
< ey [(ﬁa 7)oV = e =0 - 5 low (5 —7) + S
o 3 9,,(0)
< . _ ‘ '
= velo] [(79“ )9 () + (G = 9@ =) g, () + P17 (6.21)

We observe that the equation 32752 —1Y(a—b) = 0 about b has two solutions in (0, a) since a > a. :=

3V0%0 35?97". We might as well write them as by and by (b1 < b2). Choose b € (b1, b2) and note that g,, is
an increasing function with g,, (1) = M'/3g,.(0), then we get

- 3o 3% 91 (0)
G(M) " seb [(19@ — g om (@) + (192192 ~ - b))gM(x) " Ml/g]
3o 3o
:K% - ﬁ;b2>M1/3 * 19;/b2 + 90— dat 1/3} (0). (0:22)

Recall that rj, = e*”, v € ()\%, 1). Hence when b € (by, ba), we have

log (1 + (e — 1) Mgl sup |v/|=; Er [Z};,(@)D

— J=MF4+1 V()€ R

lim

k——+o0 d]1€/3

Mk+1
log ((ms—1) S sup vy Ec[2Y(0)])

— logl j=MkF+1  V(v')eR
= lim 3 vV lim 73

k—-+oco d k——+o0 dk
<G(M). (6.23)

In the light of (6.17), it is time to estimate the lower bound of E(Z). Recall ¢g := M*, V(Z) =
1
ac§ — 97 K., and dy := M**! — M*. For any € € (0,b), by the definition of Zj;, (3.3) and (3.5)
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we can see

EcZ;p —EL< Z 1{u€®}>

ful=1k+1

:Ej})( >

1 1 ‘V(UO) = O)
|u\:dk {Vigdk,N(ui_1)Srk,V(ui)+19*1KCO+i+V(2)€[(a—b)(i+co)3, a(i+co)§]}

:ECEO eldr 1 1 1 1 ‘Tg =0
{0<i<dy, & <ry,T;€[9(a—b)(i+co) 3 —dacy ,Va(i+co) 3 —dacg |}

1

1 1
k41 V0<i<dy,T; € [ﬁ(afb) (i+co) 3 Wa(itco)3
Zeﬁ(a—s)M 3 —dacg P%) (

k+1 k+1
&i<rg, Ta, € [ﬁ(afe)MT,ﬂaMT}

1
Ty = ac3> . (6.24)

Applying the Corollary 4.6 “, we obtain
. logEc(Zyp) M \3 1 \i 7% (! 1 \-3
lim —8ZEERD) S (g — ( ) - 19( ) . / ( ) dz.
et P (@=I\3r—1) 31 e Jy P ar—1) ¢

Letting € | 0, we get

lim log BL(Zks) Z(Qﬁ _ 3% ) (gr(1) — g (0))

o T
37,
:(aﬁ - bw‘;)(Ml/?’ —1)gu(0), P — as. (6.25)
From the above discussion and the fact ai — b‘%’g > 0 we can see lim Eg(Z;;) = +oo, P —a.s.,

k—4o0

which means that [nEz(Zkp)| > 2Ez(Zy ) for large enough k. Then (6.25) tells us

lim log LWEE(Zk—l,b)J 1 ( 9 3"}/0

- 22

M3 —1)gp(0), P —as.

Recall the definition of Ay, in (6.3). Combining (6.25) with (6.23) we get

log (mEﬁ(Zkfl,b)JAkﬁ)

I f
k—l%oo dllg/s
3o 1
Z<(M9 - W) (1- W)QM(O) - G(M)
37, 2
- [(ﬁa T #) - W}gM(O). (6.26)

Note that ¢a > 527—19"2 + 9b for b € (b1, b2). We choose a large enough constant M such that (19@ —
b — %) — ﬁ > 0, which means

log ([7Ez(Zk-1,)]Ak,c)
ko too i,

>0, P—a.s.

Thus (6.7) holds. Recalling the analysis at the beginning of this proof we finally get (6.8). So far
we have shown P,(S) > 0, P — a.s. when the barrier function with parameter o = % and a > ac.
O

2Note that we can not utilize Corollary 4.4 here for the reason of T = ¥a(0 + co)%, which is located on the

boundary but not the interior of the interval (¢(a — b)i'/?, ﬂacé/?’). That is why we need Condition 4 in Section 2.
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Proof of Theorem 2.6 (2d)
By reviewing the above proof again, we can even get Theorem 2.6 (2d). According to (6.5), we
get Pr(S) > 0, P — a.s. by proving lirf P, >0, P —a.s. By the definition of P, » we see
n—-+0oo

lim P, =P, (Vk e N, t{u € Ty, ¥i < M,V (w;) < ais — 97 K;} > nEE(Zk_l,b)>

n—-+o0o

=P, (Vk eN,Yym > WEL(Zk—l,b))- (6.27)

According to (6.25) and the fact a1 — 5271;’2 > bl, we obtain lim log]i‘lf# > bﬁ(gM(l) —gM(O)).
k—+o0 k

Hence we have gp(1) — 1, ga(0) — 0, djf/fl

can find a large enough M such that lim W%*”’)) > by —e, P —a.s. Note that b € (b1, bs),

k—4o00

— 1 as M — +oo. It means that for any ¢ > 0, we

then by (6.27) we have

log Y
Pe( lim S
k—4o0 MF/

> b2?9—5> > lim P,,>0, P—as,

n—-+o0o

which is the conclusion in (2.22). O

At last, we turn to Theorem 2.5 (1a).
The proof of Theorem 2.5 (1a)

Let ac+ be a constant such that a.+ > a.. Define j, := (ac+)éni — ain, n € NT. Since the
case in Theorem 2.5 (1la) is @ > 1/3, we have jiap 1= max,en+ jn < +00. Choose k large enough
such that kas > Jmaz, Which ensures that a(n + k)¢ > acyn'/3,¥n € N*t. Note that o > 1/3,
hence it is true that inf,cy+ (a(n + k)® — aeyn'/?) > 0. we can find a_ > 0 small enough such
that a(n + k)® > a_k + ac..n'/3,¥n € Nt and a_ < min{ak® ', a}. In this way we can ensure
that ai® > a_i for 1 <i < k and ai® > a_k + a4 (i — k)'/? for i > k. By Markov property we see

P.(S) =P,(3u € To, Vi € N,V () < ai® — 971 K;)
>P(3u € T, Vi < k,V(w) <a_i—97'K;)
xPk(Qu e T2, Vi e N, V(1) < aeyit? + 07 (Kpys — Ki)|V(2) = 0)
:=U; X Uy,
where TZ represents an infinite path in 77 and 77 the genealogical tree with ancestor z. Theorem

2.5 (1b) tells us Uz > 0,P — a.s. and Theorem 2.6 (2c) means that U; > 0, P — a.s. Hence we
have P,(S) > 0, P — aus. O
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