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Abstract. We study the limit of fluctuations of the rescaled occupation time process of a branching
particle system in Rd, where the particles are subject to symmetric α-stable migration (0 < α ≤ 2),
critical binary branching, and general non-lattice lifetime distribution. We focus on two different
regimes: lifetime distributions having finite expectation, and Pareto-type lifetime distributions, i.e.
distributions belonging to the normal domain of attraction of a γ-stable law with γ ∈ (0, 1). In the
latter case we show that, for dimensions αγ < d < α(1 + γ), the fluctuations of the rescaled occu-
pation time converge weakly to a centered Gaussian process whose covariance function is explicitly
calculated, and we call it weighted sub-fractional Brownian motion. Moreover, in the case of lifetimes
with finite mean, we show that for α < d < 2α the fluctuation limit turns out to be the same as in
the case of exponentially distributed lifetimes studied by Bojdecki et al. (2004, 2006a,b). We also
investigate the maximal parameter range allowing existence of the weighted sub-fractional Brow-
nian motion and provide some of its fundamental properties, such as path continuity, long-range
dependence, self-similarity and the lack of Markov property.

1. Introduction

Our aim in this paper is to investigate the occupation time fluctuations of a population in Rd which
evolves as follows. During its lifetime S, any given individual independently develops a spherically
symmetric α-stable process with infinitesimal generator the fractional power ∆α := −(−∆)α/2 of
the Laplacian, 0 < α ≤ 2, and at the end of its life it either disappears, or is replaced at the site
where it died by two newborns, each event occurring with probability 1/2. The population starts
off from a Poisson random field having the Lebesgue measure Λ as its intensity. Along with the
usual independence assumptions in branching systems, we also assume that the particle lifetimes
have a general non-lattice distribution, and that any individual in the initial population has age 0.
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We focus on two different regimes for the distribution of S: either S has finite mean µ > 0 or S has
a distribution function F such that

F (0) = 0, F (x) < 1 for all x ≥ 0, and 1− F (t) ∼ 1

tγΓ(1− γ)
as t→ ∞, (1.1)

where 0 < γ < 1 and Γ denotes the usual Gamma function.
Let Z(t) be the counting measure in Rd whose atoms are the positions of particles alive at time

t, and let Z ≡ {Z(t), t ≥ 0}. Recall that the occupation time of the measure-valued process Z is
again a measure-valued process J ≡ {J(t), t ≥ 0} which is given by

⟨φ, J(t)⟩ :=
∫ t

0
⟨φ,Z(s)⟩ ds, t ≥ 0,

for all bounded measurable functions φ : Rd → R+, where the notation ⟨φ, ν⟩ means
∫
φdν.

Following Deuschel and Wang (1994) and Bojdecki et al. (2004), for each T > 0 we introduce the
rescaled occupation time process JT (t) := J(Tt) defined by

⟨φ, JT (t)⟩ =
∫ Tt

0
⟨φ,Z(s)⟩ds = T

∫ t

0
⟨φ,Z(Ts)⟩ ds, t ≥ 0,

and the rescaled occupation time fluctuation process {JT (t), t ≥ 0} given by

⟨φ,JT (t)⟩ :=
1

HT

(
⟨φ, JT (t)⟩ − E⟨φ, JT (t)⟩

)
, t ≥ 0,

where HT is a normalization factor such that HT → ∞ as T → ∞. It was shown in López-Mimbela
and Murillo-Salas (2009) that, due to criticality of the branching and invariance of Λ for the α-stable
semigroup, E⟨φ, JT (t)⟩ = Tt⟨φ,Λ⟩. Hence, the rescaled occupation time fluctuation process takes
the form

⟨φ,JT (t)⟩ :=
1

HT

(
⟨φ, JT (t)⟩ − Tt⟨φ,Λ⟩

)
, t ≥ 0. (1.2)

The Markovian case, i.e. the case of exponentially distributed particle lifetimes, has been thoroughly
investigated by T. Bojdecki, L. G. Gorostiza and A. Talarczyk in a series of seminal works, see
Bojdecki et al. (2007b, 2004, 2006a,b, 2008a). Among other results, they showed that when S
possesses an exponential distribution and α < d < 2α, the occupation time fluctuation process,
properly rescaled, converges weakly toward a Gaussian process in the space C([0, η],S ′(Rd)) of
continuous paths w : [0, η] → S ′(Rd) for any η > 0, where S ′(Rd) denotes the space of tempered
distributions, i.e. the strong dual of the space S(Rd) of rapidly decreasing smooth functions. The
limit process has a simple spatial structure whereas the temporal structure is characterized by that of
sub-fractional Brownian motion (sub-fBm), i.e. a continuous centered Gaussian process {ζt, t ≥ 0}
with covariance function

C(s, t) := sh + th − 1

2

[
(s+ t)h + |s− t|h

]
, s, t ≥ 0, (1.3)

with h = 3 − d/α (h ∈ (1, 2)); see Bojdecki et al. (2006a). According to Bojdecki et al. (2004),
sub-fBm exists for all h ∈ (0, 2). For h ̸= 1 this process does not have stationary independent
increments, but possesses the so-called long-range dependence property, and for h = 1 it reduces to
Brownian motion.

It is known (see e.g. Athreya and Ney (1972)) that the process Z fails to be Markovian if S
does not have an exponential distribution. There are relatively few publications on models related
to non-Markovian spatial branching systems. Laws of large numbers for the occupation times of
Z have been investigated in Murillo-Salas (2008) and López-Mimbela and Murillo-Salas (2009).
Diffusion limit-type approximations for branching systems with non-exponential particle lifetimes
were developed in Fleischmann et al. (2003) and Kaj and Sagitov (1998). Existence of a non-trivial
equilibrium distribution for such kind of models was studied in Vatutin and Wakolbinger (1999).
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Assume that F is a general absolutely continuous function obeying (1.1). In this paper we prove
that for dimensions satisfying αγ < d < α(1 + γ), the occupation time fluctuation limit exists and
is a centered Gaussian process whose covariance function has a simple spatial structure, but its
temporal structure is dictated, for the case d ̸= α, by a fractional noise with covariance function

Q(s, t) :=

(
d

α
− 1

)−1 ∫ s∧t

0
rγ−1

[
(s− r)2−d/α + (t− r)2−d/α − (t+ s− 2r)2−d/α

]
dr, s, t ≥ 0,

(1.4)
whereas for the case d = α, the limit is a centered Gaussian process whose covariance function has
a temporal structure determined by

K(s, t) :=

∫ s∧t

0
rγ−1

[
(s+ t− 2r) ln(s+ t− 2r)− (s− r) ln(s− r)− (t− r) ln(t− r)

]
dr;

see Theorem 2.1 below. The special but important case of particle lifetimes with finite mean is dealt
with in Theorem 2.2, where we show that for dimensions satisfying α < d < 2α the limit process
is centered Gaussian, with covariance function of the form (1.3). Hence, Theorem 2.2 extends
Theorem 2.2 in Bojdecki et al. (2006a) to the case of non-exponential particle lifetimes with finite
mean. Moreover, in this case the effect of the lifetime distribution becomes apparent only through
its mean.

To obtain these results we follow the method of proof used in Bojdecki et al. (2006a), i.e. the
space-time random field weak convergence approach developed in Bojdecki et al. (1986), combined
with the Feynman-Kac formula. However the adaptation to our case of such method is far from
being straightforward. Besides the lack of Markov property of Z, in our more general scenario the
use of a Feynman-Kac formula is much more involved than in Bojdecki et al. (2006a) due to the fact
that the renewal function associated to F is in general nonlinear, in contrast to the linear renewal
function of exponential lifetimes.

Notice that the function (1.4) is a special case of the function Qa,b given by

Qa,b(s, t) :=
1

1− b

∫ s∧t

0
ra
[
(s− r)b + (t− r)b − (t+ s− 2r)b

]
dr, s, t ≥ 0, a, b ∈ R, (1.5)

and that, for a = 0, (1.5) is the covariance function of the sub-fractional Brownian motion for
|b| < 1. Several other interesting cases arise as special instances of (1.5); see Remark 2.6 bellow.
This motivated our second goal in this paper, which is to determine suitable values of the parameters
a, b ∈ R for which Qa,b is a covariance function. It turns out that, if the parameters a, b are restricted
to the domains a > −1 and b ∈ [0, 2] with b ̸= 1, or a > −1 and −1 < b < 0 with a+ b+ 1 ≥ 0, the
function Qa,b is positive definite; see Theorem 2.5 below. A centered real-valued Gaussian process
with covariance function (1.5) will be called weighted sub-fractional Brownian motion, in analogy
to the weighted fractional Brownian motion introduced in Bojdecki et al. (2007b). We recall that
a weighted fractional Brownian motion is a centered Gaussian process η := {η(t), t ≥ 0} with
covariance function of the form

Ha,b(s, t) :=

∫ s∧t

0
ra
[
(s− r)b + (t− r)b

]
dr, s, t ≥ 0, (1.6)

for a > −1, −1 < b ≤ 1 and |b| ≤ 1+ a; see Bojdecki et al. (2007b, Thm. 2.1). In Theorem 2.10 we
show that any weighted sub-fractional Brownian motion {ς(t), t ≥ 0} possesses long memory (also
called long-range dependence), in the sense that

E
[
(ς(t+ T )− ς(s+ T ))(ς(v)− ς(r))

]
∼ T b−2 b

(a+ 1)(a+ 2)
(t− s)(va+2 − ra+2) as T → ∞.
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It is worth to mention that the weighted fractional Brownian motion η also exhibits the long-range
dependence property. In this case,

E
[
(η(t+ T )− η(s+ T ))(η(v)− η(r))

]
∼ T b−1 b

a+ 1
(t− s)(va+1 − ra+1) as T → ∞;

see Bojdecki et al. (2007b).
The rest of the paper is organized as follows. In Section 2 we state the main results in this paper.

In Section 3 we prove a recursive relation for the Laplace functional of the branching particle system
which we will need in the sequel, and that it might be of interest on its own right. Section 4 is
devoted to the proof of our main results.

2. Main results

Recall that we restrict ourselves to a particle system Z whose branching mechanism is critical
binary, as described in the previous section. In what follows, the symbol ⇒ denotes weak conver-
gence.

2.1. Fluctuation limit theorems.

Theorem 2.1. Let F be an absolutely continuous lifetime distribution function satisfying (1.1). Let
αγ < d < α(1 + γ) and HT = T (2+γ−d/α)/2. Then JT ⇒ J in C([0,Υ],S ′(Rd)) as T → ∞ for any
Υ > 0, where {J (t), t ≥ 0} is a centered Gaussian process whose covariance function is given in
the following way:

(i) For d ̸= α,

Cov(⟨φ,J (s)⟩, ⟨ψ,J (t)⟩) =

[
γ⟨φ, λ⟩⟨ψ, λ⟩

Γ(γ + 1)(2π)d(2− d
α)

∫
Rd

e−|y|αdy

]
Q(s, t), s, t ≥ 0,

where φ,ψ ∈ S(Rd) and

Q(s, t) =

(
d

α
− 1

)−1 ∫ s∧t

0
rγ−1

[
(s− r)2−d/α + (t− r)2−d/α − (t+ s− 2r)2−d/α

]
dr. (2.1)

(ii) For d = α,

Cov(⟨φ,J (s)⟩, ⟨ψ,J (t)⟩) =
[
γ⟨φ, λ⟩⟨ψ, λ⟩
Γ(γ + 1)(2π)d

∫
Rd

e−|y|αdy

]
K(s, t), s, t ≥ 0,

where φ,ψ ∈ S(Rd) and

K(s, t) :=

∫ s∧t

0
rγ−1

[
(s+ t− 2r) ln(s+ t− 2r) − (s− r) ln(s− r)− (t− r) ln(t− r)

]
dr.

Theorem 2.2. Let F be an absolutely continuous lifetime distribution function with finite mean
µ > 0. Let α < d < 2α and HT = T (3−d/α)/2. Then JT ⇒ J in C([0,Υ],S ′(Rd)) as T → ∞ for
any Υ > 0, where {J (t), t ≥ 0} i a centered Gaussian process with covariance function

Cov(⟨φ,J (s)⟩, ⟨ψ,J (t)⟩) = ⟨φ,Λ⟩⟨ψ,Λ⟩Γ(2− h)

2d−1πd/2µαΓ(d/2)h(h− 1)
C(s, t), s, t ≥ 0,

where h = 3− d/α, φ,ψ ∈ S(Rd) and C(s, t) is given by (1.3).

Remark 2.3. The case of “large” dimensions, i.e. d ≥ 2α for lifetimes with finite mean, and d ≥
γ(1+α) for heavy-tailed lifetimes, are part of an ongoing research project. Presently we can mention
that, in the case of finite mean, we get the same Theorem 2.2 of Bojdecki et al. (2006b). On the
other hand, for the case of d ≥ α(1 + γ) we get a very different behavior, compared to the finite
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mean case. In particular, for d = α(1 + γ) we have that the covariance function of the fluctuations
limit has a temporal structure of the form

C1Qγ(s, t) + C1(s ∧ t),
where C1 and C2 are positive constants and Qγ(s, t) = (s ∧ t)γ , for γ ∈ (0, 1). Whereas, for
d > α(1 + γ) we only have the Brownian part, as in the case of finite mean.

Remark 2.4. It is not too difficult to see that our arguments to prove Theorem 2.1 can be adapted
to the setting of the high density limit in Bojdecki et al. (2008b); see Section 4 below. In particular,
with H2

T = FTT
2+ γ

2
− d

α where FT
T→∞→ ∞ and limT→∞ F−1

T T γ−
d
α = 0, we can prove a result parallel

to Theorem 2.2 in Bojdecki et al. (2008b), for β = 1. Thus, under the assumption d ≤ αγ we will
have the same limit as in Theorem 2.1 (i). That is, the temporary structure of the occupation time
fluctuations has as its limit a weighted fractional Brownian motion with parameters a = γ − 1 and
b = 2− d

α ∈ (1, 2).

2.2. Weighted sub-fractional Brownian motion. In this section we give conditions on the parameters
a and b, under which the function Qa,b given in (1.5) is a covariance function. Moreover, when
Qa,b is a covariance we provide several properties of the associated centered Gaussian process. In
addition, we introduce the notion of weighted sub-fractional Brownian motion.

Theorem 2.5. For a, b > −1 with b ̸= 1, the function

Qa,b(w, z) :=
1

1− b

∫ z∧w

0
sa
[
(z − s)b + (w − s)b − (w + z − 2s)b

]
ds, w, z ≥ 0, (2.2)

is positive definite in the following cases:
(i) a > −1 and 0 ≤ b ≤ 2.
(ii) a > −1 and −1 < b < 0 with a+ b+ 1 ≥ 0.

Remark 2.6. Let us mention several known instances of Qa,b given in (2.2):
(a) Theorem 2.1 (i) yields that the function

(w, z) 7→
∫ z∧w

0
sa
[
(z − s)b + (w − s)b − (w + z − 2s)b

]
ds, w, z ≥ 0, (2.3)

with a = γ−1 and b = 2−d/α, appears as the temporal structure of the covariance function
of the rescaled occupation time fluctuation limit for a branching particle system in Rd with
α-stable motions and lifetimes having a Pareto tail distribution (1.1).

(b) In Bojdecki et al. (2008a) Bojdecki et al. investigated the limit fluctuations of a rescaled
occupation time process of a branching particle system with particles moving according to
d-dimensional α-stable motion, starting with an inhomogeneous Poisson population with
intensity measure dx/(1 + |x|γ), where γ > 0. In this case, for γ < d < α (hence d = 1)
and normalization T 1−(d+γ)/2α, the limit of the occupation time fluctuations is a Gaussian
process whose temporal structure is determined by the covariance function

Ca,b(w, z) :=

∫ z∧w

0
sa
[
(z − s)b + (w − s)b

]
ds, w, z ≥ 0, (2.4)

for a = −γ/α and b = 1 − d/α; see Bojdecki et al. (2008a, Thm. 2.2). Latter on, the
same authors proved that the maximal range of values of parameters a, b that makes (2.4)
a covariance function is a > −1, −1 < b ≤ 1 and |b| ≤ 1 + a. The authors named
the centered Gaussian process with covariance function (2.4), weighted fractional Brownian
motion with parameters a and b, see Bojdecki et al. (2007b). Notice that both, (2.3) and
(2.4), are weighted covariance kernels, corresponding respectively to weighted sub-fractional
Brownian motion, and weighted fractional Brownian motion.
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(c) From (2.2) it follows that

Q0,b(w, z) =
1

(b+ 1)(1− b)

(
wb+1 + zb+1 − 1

2

(
(w + z)b+1 + |w − z|b+1

))
, w, z ≥ 0. (2.5)

Thus, modulus a constant factor, (2.5) coincides with the covariance function (1.4) in Bo-
jdecki et al. (2007b), therefore (2.5) is a covariance function for −1 < b ≤ 3. In particular,
for |b| < 1 it is the covariance function of the sub-fractional Brownian motion.

The next result exhibits a range of parameters a and b for which the function Qa,b(·, ·) is not a
covariance function.

Lemma 2.7. The function Qa,b(·, ·) is not a covariance function in the following cases:
(i) a > −1 and −1 < b < 0, with a+ b+ 1 < 0;
(ii) a > −1 and b > a+ 3.

Remark 2.8. We were unable to determine whether (2.2) is positive definite for a > −1 and 2 <
b ≤ a+ 3. This case remains as a challenge for future work.

Definition 2.9. A centered, real-valued Gaussian process ζ = {ζt, t ≥ 0} with covariance function
(2.2), whose parameters a and b satisfy the conditions given in Theorem 2.5, will be called weighted
sub-fractional Brownian motion with parameters a and b.

Theorem 2.10. Let ζ be the weighted sub-fractional Brownian motion with parameters a and b.
(i) ζ is a self-similar process of index (a+ b+ 1)/2, i.e. for any c > 0,

(ζ(ct))t≥0
d
=
(
c(1+b+a)/2ζ(t)

)
t≥0

.

(ii) (a) Assume that −1 < a ≤ 0, b ∈ (0, 1)∪ (1, 2] and 0 < a+ b+1 ≤ 2. For any M > 0, there
exists a constant κ > 0 such that

E
[
(ζ(t)− ζ(s))2

]
≤ κ|t− s|b, 0 ≤ s, t < M, with 0 ≤ |t− s| ≤ 1. (2.6)

In particular, due to Kolmogorov’s continuity theorem, ζ possesses a continuous version
whose paths are a.s. locally-Hölder continuous with index δ, for any 0 < δ < b/2.

(b) Assume that −1 < b ≤ 0 and b+ a > 0. There exists a constant κ > 0 such that

E
[
(ζ(t)− ζ(s))2

]
≤ κ|t− s|b+1, 0 ≤ s, t <∞. (2.7)

In particular, ζ possesses a continuous version whose paths are a.s. locally-Hölder continuous
with index δ, for any 0 < δ < (b+ 1)/2.

(iii) For 0 ≤ r < v ≤ s < t there holds

Q(r, v, s, t) := E [(ζ(t)− ζ(s))(ζ(v)− ζ(r))]

= Qa,b(t, v)−Qa,b(t, r)−Qa,b(s, v) +Qa,b(s, r)

=
1

1− b

[∫ v

r
ua
(
(t− u)b − (s− u)b

)
du+

∫ r

0
ua
(
(t+ r − 2u)b − (s+ r − 2u)b

)
du

−
∫ v

0
ua
(
(t+ v − 2u)b − (s+ v − 2u)b

)
du

]
.

(iv) (Long-range dependence) For b ∈ (0, 1) ∪ (1, 2) or for −1 < b ≤ 0 with a + b + 1 ≥ 0 and
0 ≤ r < v ≤ s < t,

lim
T→∞

T 2−bQ(r, v, s+ T, t+ T ) =
b

(a+ 1)(a+ 2)
(t− s)(va+2 − ra+2). (2.8)

(v) ζ is not a Markov process.
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Theorem 2.11. Let {ζ(t), t ≥ 0} be the weighted subfractional Brownian motion with parameters
a and b.

(i) Let b ∈ (1, 2]. The finite dimensional distributions of the processes{
T−a+b−1

2 (ζ(t+ T )− ζ(T )), t ≥ 0
}

converge, as T → ∞, to those of the process
{
2b−2bB(a+ 1, b− 1)ξ(t), t ≥ 0

}
, where {ξ(t),

t ≥ 0} is a weighted fractional Brownian motion with covariance function H0,1(s, t) given in
(1.6), and B(x, y) is the Beta function.

(ii) Let b ∈ (−1, 1) with a + b + 1 > 0. The finite dimensional distributions of the processes{
T−a

2 (ζ(t+ T ) − ζ(T )), t ≥ 0
}

converge, as T → ∞, to those of
{

1
(1−b)(b+1)X(t), t ≥ 0

}
,

where {X(t), t ≥ 0} is a fractional Brownian motion with Hurst parameter (b+ 1)/2.

3. Laplace functional

In this section we will compute the Laplace functional of the occupation time process of Z in
a general setting, i.e., we only assume that the branching law is characterized by its probability
generating function h(s) =

∑∞
k=0 pks

k, |s| ≤ 1, and the particle lifetimes by a general distribution
function F with support in [0,∞). The symmetric α-stable motion in Rd will be denoted by ξ =
{ξt, t ≥ 0} and by T = {Tt, t ≥ 0} its semigroup.

By definition Zt(A) is the number of individuals living in A ∈ B(Rd) at time t ≥ 0, where B(Rd)
denotes the system of Borel set in Rd. Let {Sk, k ≥ 1} be a sequence of i.i.d. random variables
with common distribution function F , and let

Nt =
∞∑
k=1

1{Wk≤t} and U(t) =
∞∑
n=1

F ∗n(t), t ≥ 0,

be the respective renewal process and renewal function, where the random sequence {Wk, k ≥ 0}
is defined recursively by

W0 = 0, Wk+1 =Wk + Sk+1, k ≥ 0.

Define g(s) := h(1 − s) − (1 − s), |s| ≤ 1. Notice that in the case of critical binary branching
h(s) = s+ 1

2(1− s)2 and g(s) = 1
2s

2.
Now, for any nonnegative Ψ ∈ S(Rd+1), we define the function

vΨ(x, r, t) := Ex
[
1− e−

∫ t
0 ⟨Ψ(·,s+r),Zs⟩ ds

]
, x ∈ Rd, r, t ≥ 0, (3.1)

where Ex denotes the expectation operator in a population starting with one particle of age 0,
located at the position x ∈ Rd.

Proposition 3.1. The function vΨ(x, r, t) satisfies the integral equation

vΨ(x, r, t) = Ex
[
1− e−

∫ t
0 Ψ(ξs,r+s) ds

]
−
∫ t

0
Ex
[
e−

∫ u
0 Ψ(ξs,r+s) dsg

(
vΨ(ξu, r + u, t− u)

)]
dU(u).

(3.2)

Proof : Formula (3.2) obviously holds for t = 0. Let t > 0. By conditioning on the first branching
time we get,

1− vΨ(x, r, t)

= Ex
[
e−

∫ t
0 Ψ(ξs,r+s)ds1{S1>t}

]
+ Ex

[
e−

∫ S1
0 Ψ(ξs,r+s)dsh

(
1− vΨ

(
ξS1 , r + S1, t− S1

))
1{S1≤t}

]
,
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or equivalently,

vΨ(x, r, t) =Ex

[(
1− e−

∫ t
0 Ψ(ξs,r+s)ds

)
1{S1>t} +

(
1− e−

∫ S1
0 Ψ(ξs,r+s)ds

)
1{S1≤t}

− e−
∫ S1
0 Ψ(ξs,r+s)dsg(vΨ(ξS1 , r + S1, t− S1))1{S1≤t}

]

+ Ex

[
e−

∫ S1
0 Ψ(ξs,r+s)dsvΨ(ξS1 , r + S1, t− S1)1{S1≤t}

]
.

(3.3)

Next, we consider the event [S1 ≤ t] and write ξx = {ξxs , s ≥ 0} for a symmetric α-stable motion
starting in x ∈ Rd. Proceeding as above with r, t and x replaced respectively by r+ S1, t− S1 and
ξS1 , and designating EξS1

(·) the expected value starting with a particle at position ξS1 , given the
σ−algebra σ((ξs)0≤s≤S1 ∪ S1), we obtain

vΨ(ξ
x
S1
, r + S1, t− S1)1{S1≤t}

= EξS1

1− e
−

∫ t−S1
0 Ψ

(
ξ
ξxS1
u ,r+S1+u

)
du

 1{W1≤t<W2}


+EξS1

1− e
−

∫ S2
0 Ψ

(
ξ
ξxS1
u ,r+S1+u

)
du

 1{W2≤t}


+EξS1

[
− e

−
∫ S2
0 Ψ

(
ξ
ξxS1
u ,r+S1+u

)
du
g

(
vΨ

(
ξ
ξxS1
S2
, r + S1 + S2, t− S1 − S2

))
1{W2≤t}

]

+EξS1

[
e
−

∫ S2
0 Ψ

(
ξ
ξxS1
u ,r+S1+u

)
du
vΨ

(
ξ
ξxS1
S2
, r + S1 + S2, t− S1 − S2

)
1{W2≤t}

]
.

Hence, by the strong Markov property of {ξs, s ≥ 0},

Ex
[
e−

∫ S1
0 Ψ(ξxu,r+u)duvΨ(ξ

x
S1
, r + S1, t− S1)1{S1≤t}

]
= Ex

[
−e−

∫ S1+S2
0 Ψ(ξxu,r+u) dug(vΨ(ξ

x
S1+S2

, r + S1 + S2, t− S1 − S2))1{W2≤t}

]
+Ex

[(
e−

∫ S1
0 Ψ(ξxu,r+u)du − e

−
∫ S1
0 Ψ(ξxu,r+u)du−

∫ t−S1
0 Ψ(ξxS1+u,r+S1+u)du

)
1{W1≤t<W2}

]

+Ex
[(
e−

∫ S1
0 Ψ(ξxu,r+u)du − e

−
∫ S1
0 Ψ(ξxu,r+u)du−

∫ S2
0 Ψ(ξxS1+u,r+S1+u)du

)
1{W2≤t}

]

+Ex
[
e
−

∫ S1
0 Ψ(ξxu,r+u)du−

∫ S2
0 Ψ(ξxS1+u,r+S1+u)duvΨ(ξ

x
S1+S2

, r + S1 + S2, t− S1 − S2)1{W2≤t}

]
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= Ex
[
−e−

∫ S1+S2
0 Ψ(ξxu,r+u)dug(vΨ(ξ

x
S1+S2

, r + S1 + S2, t− S1 − S2))1{W2≤t}

]
+Ex

[(
e−

∫ S1
0 Ψ(ξxu,r+u)du − e−

∫ t
0 Ψ(ξxu,r+u)du

)
1{W1≤t<W2}

]
+Ex

[(
e−

∫ S1
0 Ψ(ξxu,r+u)du − e−

∫ S1+S2
0 Ψ(ξxu,r+u)du

)
1{W2≤t}

]
+Ex

[
e−

∫ S1+S2
0 Ψ(ξxu,r+u)duvΨ(ξ

x
S1+S2

, r + S1 + S2, t− S1 − S2)1{W2≤t}

]
= Ex

[
−e−

∫ S1+S2
0 Ψ(ξxu,r+u)dug(vΨ(ξ

x
S1+S2

, r + S1 + S2, t− S1 − S2))1{W2≤t}

]
+Ex

[(
1− e−

∫ t
0 Ψ(ξxu,r+u)du

)
1{W1≤t<W2}

]
+Ex

[(
1− e−

∫ S1+S2
0 Ψ(ξxu,r+u)du

)
1{W2≤t}

]
+Ex

[(
e−

∫ S1
0 Ψ(ξxu,r+u)du − 1

)
1{W1≤t}

]
+Ex

[
e−

∫ S1+S2
0 Ψ(ξxu,r+u)duvΨ(ξ

x
S1+S2

, r + S1 + S2, t− S1 − S2)1{W2≤t}

]
. (3.4)

Plugging (3.4) into (3.3) we get

vΨ(x, r, t) = Ex

[
− e

∫ S1
0 Ψ(ξxu,r+u)du)g(vΨ(ξ

x
S1
, r + S1, t− S1))1{W1≤t}

]

+ Ex

[(
1− e−

∫ S1
0 Ψ(ξxu,r+u)du

)
1{W1≤t}

]

+ Ex

[(
1− e−

∫ t
0 Ψ(ξxu,r+u)du

)
1{W1>t}

]

+ Ex

[
− e−

∫ S1+S2
0 Ψ(ξxu,r+u)dug(vΨ(ξ

x
S1+S2

, r + S1 + S2, t− S1 − S2))1{W2≤t}

]

+ Ex

[(
1− e−

∫ t
0 Ψ(ξxu,r+u)du

)
1{W1≤t<W2}

]

+ Ex

[(
1− e−

∫ S1+S2
0 Ψ(ξxu,r+u)du

)
1{W2≤t}

]

+ Ex

[(
e−

∫ S1
0 Ψ(ξxu,r+u)du − 1

)
1{W1≤t}

]

+ Ex

[
e−

∫ S1+S2
0 Ψ(ξxu,r+u)duvΨ(ξ

x
S1+S2

, r + S1 + S2, t− S1 − S2)1{W2≤t}

]
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= Ex

[(
1− e−

∫ t
0 Ψ(ξxu,r+u)du

)(
1{W1>t} + 1{W1≤t<W2}

)]

+ Ex

[
− e

∫ S1
0 Ψ(ξxu,r+u)du)g(vΨ(ξ

x
S1
, r + S1, t− S1))1{W1≤t}

]

+ Ex

[
− e−

∫ S1+S2
0 Ψ(ξxu,r+u)dug(vΨ(ξ

x
S1+S2

, r + S1 + S2, t− S1 − S2))1{W2≤t}

]

+ Ex

[(
1− e−

∫ S1+S2
0 Ψ(ξxu,r+u)du

)
1{W2≤t}

]

+ Ex

[
e−

∫ S1+S2
0 Ψ(ξxu,r+u)duvΨ(ξ

x
S1+S2

, r + S1 + S2, t− S1 − S2)1{W2≤t}

]

= Ex

[(
1− e−

∫ t
0 Ψ(ξs,r+s)ds

)
2∑
i=1

(
1{Wi−1≤t<Wi}

)

−
2∑
i=1

e−
∫Wi
0 Ψ(ξs,r+s)dsg(vΨ(ξWi , r +Wi, t−Wi))1{Wi≤t}

]

+ Ex

[(
1− e−

∫W2
0 Ψ(ξxu,r+u)du

)
1{W2≤t}

]

+ Ex

[
e−

∫W2
0 Ψ(ξxu,r+u)duvΨ(ξ

x
W2
, r +W2, t−W2)1{W2≤t}

]
.

By an iterative procedure and using that

Ex

[
e−

∫Wn
0 Ψ(ξs,r+s) dsvΨ(ξWn , r +Wn, t−Wn)1{Wn≤t} +

(
1− e−

∫Wn
0 Ψ(ξs,r+s) ds

)
1{Wn≤t}

]
≤ 2P (Wn ≤ t) → 0

as n→ ∞ for all t > 0, we get

vΨ(x, r, t)

= Ex

[(
1− e−

∫ t
0 Ψ(ξs,r+s) ds

) ∞∑
i=1

1{Wi−1≤t<Wi}

−
∞∑
i=1

e−
∫Wi
0 Ψ(ξs,r+s) dsg(vΨ(ξWi , r +Wi, t−Wi))1{Wi≤t}

]

= Ex
[(

1− e−
∫ t
0 Ψ(ξs,r+s) ds

)
−
∫ t

0
e−

∫ u
0 Ψ(ξs,r+s) dsg(vΨ(ξu, r + u, t− u))dN(u)

]
,

which is equivalent to

vΨ(x, r, t) = Ex
[
1− e−

∫ t
0 Ψ(ξs,r+s) ds −

∫ t

0
e−

∫ u
0 Ψ(ξs,r+s) dsg(vΨ(ξu, r + u, t− u)) dU(u)

]
,

where U(u) = Ex[Nu], u ≥ 0. □



Occupation time fluctuations 603

Remark 3.2. In the case of critical binary branching and exponential lifetimes with rate V > 0, i.e.,
g(s) = 1

2s
2 and dU(u) = V du, equation (3.2) reduces to

vΨ(x, r, t) = Ex
[
1− e−

∫ t
0 Ψ(ξs,r+s) ds

]
− V

∫ t

0
Ex
[
e−

∫ t−u
0 Ψ(ξs,r+s) ds

(
1

2
(vΨ(ξu, r + t− u, u))2

)]
du,

hence, from the Feynman-Kac formula we get

∂

∂t
vΨ(x, r, t) =

(
∆α +

∂

∂r

)
vΨ(x, r, t) + Ψ(x, r)(1− vΨ(x, r, t))−

V

2
(vΨ(x, r, t))

2

vΨ(x, r, 0) = 0,

which is equation (3.20) in Bojdecki et al. (2006a).

For any r ∈ R we set

f(x, r, t) := Ex
[
e−

∫ t
0 Ψ(ξxu,r+u) du

]
, x ∈ Rd, t ≥ 0. (3.5)

It follows from the Feynman-Kac formula that f solves in mild sense the partial differential equation

∂f

∂t
(x, r, t) =

(
∆α +

∂

∂r

)
f(x, r, t)−Ψ(x, r)f(x, r, t)

with initial value f(x, r, 0) = 1, i.e.

f(x, r, t) = 1−
∫ t

0
Tu [Ψ(·, r + u)f(·, r + u, t− u)] (x) du. (3.6)

We finish this section with the following result, which will be useful to prove convergence of the
finite-dimensional distributions in Theorem 2.1 and Theorem 2.2.

Lemma 3.3. If U is absolutely continuous with density function U , then the function vΨ(x, r, t) in
(3.2) can be written as

vΨ(x, r, t)

=

∫ t

0
Tu [Ψ(·, r + u)f(·, r + u, t− u)] (x)du−

∫ t

0
Tug(vΨ(·, r + u, t− u))(x) dU(u)

+

∫ t

0

∫ t−z

0
Tz
[
Ψ(·, r + z)E·

(
e−

∫ u
0 Ψ(ξ·s,r+z+s)dsg(vΨ(ξ

·
u, r + u+ z, t− z − u))

)]
(x)U(u+ z) du dz.

Proof : Let us define, for some fixed s ∈ R+ ,

k(x, r, σ) := Ex

[
e−

∫ σ
0 Ψ(ξxu,r+u) dug (vΨ(ξ

x
σ , r + σ, s))

]
. (3.7)

Notice that k(x, r, σ) also depends on the fixed parameter s but we omit such dependency. Using
again the Feynman-Kac formula we have

∂

∂σ
k(x, r, σ) =

(
∆α +

∂

∂r

)
k(x, r, σ)−Ψ(x, r)k(x, r, σ),

or

k(x, r, σ) = Tσg(vΨ(·, r + σ, s))(x)−
∫ σ

0
Tσ−w [Ψ(·, r + σ − w)k(·, r + σ − w,w)] (x) dw. (3.8)

Due to (3.5) and (3.7), equation (3.2) can be expressed as

vΨ(x, r, t) = 1− f(x, r, t)−
∫ t

0
k(x, r, t− v)U(t− v) dv. (3.9)
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From (3.6) and (3.8) we obtain

vΨ(x, r, t)

=

∫ t

0
Tu [Ψ(·, r + u)f(·, r + u, t− u)] (x) du−

∫ t

0
Tt−vg(vΨ(·, r + t− v, v))(x)U(t− v) dv

+

∫ t

0

∫ t−v

0
Tt−v−w [Ψ(·, r + t− v − w)k(·, r + t− v − w,w)] (x) dw U(t− v) dv (3.10)

with

k(x, r + t− v − w,w) = Ex
[
e−

∫ w
0 Ψ(ξxu,r+t−v−w+u) dug(vΨ(ξ

x
w, r + t− v − w + w, v)

]
, x ∈ Rd.

(3.11)
Using (3.11) and making the change of variables z = t − v − w, the double integral in (3.10)
transforms into∫ t

0

∫ t−v

0
Tz
[
Ψ(·, r + z)E·

(
e−

∫ t−v−z
0 Ψ(ξ·u,r+z+u) dug(vΨ(ξ

·
t−v−z, r + t− v, v)

)]
(x) dz U(t− v) dv.

Then, firstly applying Tonelli’s Theorem and then making the change of variables u = t− z − v, in
the double integral in (3.10) we get∫ t

0

∫ t−v

0
Tz
[
Ψ(·, r + z)E·

(
e−

∫ t−v−z
0 Ψ(ξ·u,r+z+u) dug(vΨ(ξ

·
t−v−z, r + t− v, v))

)]
(x) dz U(t− v) dv

=

∫ t

0

∫ t−z

0
Tz
[
Ψ(·, r + z)E·

(
e−

∫ t−v−z
0 Ψ(ξ·u,r+z+u) dug(vΨ(ξ

·
t−v−z, r + t− v, v))

)]
(x)U(t− v) dv dz

=

∫ t

0

∫ t−z

0
Tz
[
Ψ(·, r + z)E·

(
e−

∫ u
0 Ψ(ξ·s,r+z+s)dsg(vΨ(ξ

·
u, r + u+ z, t− z − u))

)]
(x)U(u+ z) du dz.

Finally, plugging the last identity into (3.10) we conclude the proof. □

4. Proofs of main results

As we mentioned in the first section, our proof of Theorem 2.1 and Theorem 2.2 will relay on
the space-time random field method developed in Bojdecki et al. (1986) and applied in Bojdecki
et al. (2006a) to treat the Markovian case. Briefly described, the space-time random field method
consists in the following. Let Υ > 0. For every stochastic process X ≡ {X(t), t ≥ 0} with paths in
the Skorokhod space D([0,Υ],S ′(Rd)) of càdlàg functions ω : [0,Υ] → S ′(Rd) let X̃ be the random
element of S ′(Rd+1) defined by

⟨Φ̃, X̃⟩ =
∫ Υ

0
⟨Φ̃(·, s), X(s)⟩ ds, Φ̃ ∈ S(Rd+1).

If X is a.s. continuous at Υ, then the law of X̃ determines that of X. Moreover, if a family
{XT , T ≥ 1} of S ′(Rd)-valued processes with paths in C([0,Υ],S ′(Rd)) is tight, and X̃T converges
in distribution in S′(Rd+1) as T → ∞, then XT ⇒ X in C([0,Υ],S ′(Rd)) as T → ∞ for some
S ′(Rd)-valued process X. Without loss of generality, in the sequel we will assume Υ = 1.

4.1. Proof of theorems 2.1 and 2.2.
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4.1.1. Tightness. We start by proving that the sequence {JT , T ≥ Mα,d,γ} is tight, for some
constant Mα,d,γ > 0. Recall that for 0 ≤ s ≤ t and ψ,φ ∈ S(Rd),

Cov(⟨φ,Z(s)⟩, ⟨ψ,Z(t)⟩) = ⟨φTt−sψ, λ⟩+
∫ s

0

∫
Rd

(Ts−rφ)(x)(Tt−rψ)(x) dx dU(r); (4.1)

see López-Mimbela and Murillo-Salas (2009). Let φ̂ be the Fourier transform φ̂(x) =
∫
Rd e

ix·yφ(y)dy,

x ∈ Rd, where x · y denotes the inner product in Rd. Using (4.1), Plancherel’s formula and the
identity T̂tφ(x) = e−t|x|

α
φ̂(x), we deduce that

Cov (⟨φ,Z(s)⟩⟨ψ,Z(t)⟩) = 1

(2π)d

∫
Rd

φ̂(y)ψ̂(y)

[
e−(t−s)|y|α +

∫ s

0
e−(t+s−2r)|y|αdU(r)

]
dy. (4.2)

Due to (4.2), for any ψ ∈ S(Rd),

E [⟨ψ,JT (t)⟩ − ⟨ψ,JT (s)⟩]2 =
T 2

H2
T

∫ t

s

∫ t

s
Cov(⟨ψ,Z(Tu)⟩, ⟨ψ,Z(Tv)⟩) du dv = I + II (4.3)

where

I = 2
T d/α−γ

(2π)d

∫ t

s

∫ v

s

∫
Rd

|ψ̂(y)|2e−T (v−u)|y|α dy du dv

and

II = 2
T d/α−γ

(2π)d

∫ t

s

∫ v

s

∫
Rd

|ψ̂(y)|2
∫ u

0
e−(Tv+Tu−2r)|y|αdU(r) dy du dv

= 2
T d/α−γ

(2π)d

∫ t

s

∫ v

s

∫
Rd

|ψ̂(y)|2
∫ u

0
e−T (v+u−2r)|y|αdU(Tr) dy du dv.

We first deal with the term I. For any s, t ∈ [0, 1] with s ≤ t,∫ t

s

∫ v

s
e−T (v−u)|y|

α
du dv =

1

T |y|α

∫ t

s
(1− e−T |y|

α(v−s)) dv =
1

T |y|α

∫ t−s

0
(1− e−Tv|y|

α
) dv

≤ 1

T |y|α

∫ t−s

0
(T |y|αv)δ dv =

T δ−1

δ + 1

1

|y|α(1−δ)
(t− s)δ+1,

where the inequality above follows from the relation 1 − e−x ≤ xδ, valid for x > 0 and 0 < δ ≤ 1.
Since by assumption αγ < d < α(1 + γ), choosing δ = 1 + γ − d/α we get δ ∈ (0, 1] and

I ≤ 2

(2π)dh

∫
Rd

|ψ̂(y)|2

|y|d−αγ
dy × (t− s)h, with h = 2 + γ − d/α, (4.4)

and the last integral is finite because d > αγ and ψ ∈ S(Rd).

Remark 4.1. Notice that assumption (1.1) implies the equivalence U(T ) ∼ T γ/Γ(1 + γ) as T → ∞
(see e.g. Bingham et al. (1987, (8.6.3)) or Anderson (1985, Thm. 2.2.2)), which in turn entails

U(Tr)

U(T )
→ rγ as T → ∞ for any r ∈ [0, 1].

Moreover,
∫ 1
0
dU(Ts)
U(T ) = 1 and for all 0 ≤ a < b ≤ 1,∫ b

a

dU(Ts)

U(T )
=
U(Tb)− U(Ta)

U(T )
→ bγ − aγ =

∫ b

a
γsγ−1 ds as T → ∞,

hence the measure ÛT defined on ([0, 1],B([0, 1])) by

ÛT ([0, u]) =

∫ u

0

dU(Ts)

U(T )
(4.5)
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weakly converges to the measure on ([0, 1],B([0, 1])) having density function γsγ−11(0,1)(s).

Before working the second term II, we prepare with a lemma.

Lemma 4.2. Let s, t ∈ [0, 1] with s ≤ t. There exist constants C > 0 and Mα,d,γ > 0 such that for
all T > Mα,d,γ,

∫ t

s

∫ v

s

∫ u

0
(v + u− 2r)−d/α d

U(Tr)

U(T )
du dv ≤ C

∫ t

s

∫ v

s

∫ u

0
(v + u− 2r)−d/αrγ−1dr du dv.

Proof : We give the proof for the case d ̸= α only; the case d = α can be worked in a similar way.
We have∫ t

s

∫ v

s

∫ u

0
(v + u− 2r)−d/αd

U(Tr)

U(T )
du dv =

∫ t

s

∫ t

r

∫ v

r
(v + u− 2r)−

d
α du dv d

U(Tr)

U(T )

+

∫ s

0

∫ t

s

∫ v

s
(v + u− 2r)−

d
α du dv d

U(Tr)

U(T )

=

∫ t

s

∫ t

r

(21−
d
α − 1)

1− d
α

(v − r)1−
d
α dv d

U(Tr)

U(T )
+

∫ s

0

∫ t

s

[
21−

d
α (v − r)1−

d
α − (v + s− 2r)1−

d
α

1− d
α

]

· dv dU(Tr)

U(T )

=

∫ t

0
ft,s(r) d

U(Tr)

U(T )
,

with

ft,s(r) :=
(21−

d
α − 1)(t− r)2−

d
α

(2− d
α)(1−

d
α)

1{s≤r≤t}

+
21−

d
α

(
(s− r)2−

d
α + (t− r)2−

d
α − 2

d
α
−1(t+ s− 2r)2−

d
α

)
(2− d

α)(1−
d
α)

1{0≤r<s}.

Due to the term (t + s − 2r)2−
d
α , the function ft,s is supported in the interval [0, 2]. Since the

function x 7→ x2−
d
α is bounded and uniformly continuous over the interval [0, 2], for any ϵ > 0 there

exists δ > 0 such that given x, y ∈ [0, 2],∣∣∣x2− d
α − y2−

d
α

∣∣∣ < ϵ whenever |x− y| < δ.

Now, given δ > 0 there exist k ∈ N and x0, x1, ..., xk ∈ R+ such that x0 = 0 < x1 < · · · < xk = 2

and |xi − xi−1| < δ
2 for i = 1, 2, ..., k. We set gt,s(r) :=

∑k
i=1 ft,s(xi−1)1[xi−1,xi)(r). Hence, for any

r ∈ [0, 2],

|ft,s(r)− gt,s(r)| ≤

∣∣∣(21− d
α − 1)

∣∣∣ ϵ∣∣(2− d
α)(1−

d
α)
∣∣1{s≤r≤t} + 21−

d
α

(
2ϵ+ 2

d
α
−1ϵ
)

∣∣(2− d
α)(1−

d
α

∣∣) 1{0≤r<s} ≤Mα,dϵ,
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for some positive constant Mα,d depending only on α and d. Moreover, we choose Mα,d so that
|ft,s(r)| ≤Mα,d for r ∈ [0, 2]. Therefore,∣∣∣∣∣

∫ t

0
ft,s(r)

dU(Tr)

U(T )
−
∫ t

0
ft,s(r)γr

γ−1dr

∣∣∣∣∣ ≤
∣∣∣∣∣
∫ t

0
ft,s(r)

dU(Tr)

U(T )
−
∫ t

0
gt,s(r)

dU(Tr)

U(T )

∣∣∣∣∣
+

∣∣∣∣∣
∫ t

0
gt,s(r)

dU(Tr)

U(T )
−
∫ t

0
gt,s(r)γr

γ−1dr

∣∣∣∣∣+
∣∣∣∣∣
∫ t

0
gt,s(r)γr

γ−1dr −
∫ t

0
ft,s(r)γr

γ−1dr

∣∣∣∣∣
≤ ϵMα,d

U(Tt)

U(T )
+Mα,d

k∑
i=1

∣∣∣∣∣U(Txi)− U(Txi−1)

U(T )
− (xγi − xγi−1)

∣∣∣∣∣1{xi≤t} + ϵMα,dt
γ (4.6)

On the other hand, since U(Tr)
U(T ) → rγ uniformly on [0, 1], there exists Mα,d,γ > 0 such that for

T > Mα,d,γ : ∣∣∣∣∣U(Txi)− U(Txi−1)

U(T )
− (xγi − xγi−1)

∣∣∣∣∣1{xi≤t} < ϵ

Mα,dk
for all i = 1, 2, ..., k.

Plugging this inequality into (4.6) yields the result. □ □

To bound from above in a useful way the second term II we proceed as follows. Given s, t ∈ [0, 1]

with s ≤ t, since ψ̂ is bounded we have

II ≤ Cψ
2T d/α−γ

(2π)d

∫ t

s

∫ v

s

∫
Rd

∫ u

0
e−T (v+u−2r)|y|αdU(Tr) dy du dv

= Cψ
2T d/α−γ

(2π)d

∫
Rd

e−|y|α dy

∫ t

s

∫ v

s

∫ u

0

(v + u− 2r)−d/α

T d/α
dU(Tr) du dv

= Cψ
2

(2π)d
U(T )

T γ

∫
Rd

e−|y|αdy

∫ t

s

∫ v

s

∫ u

0
(v + u− 2r)−d/αd

[
U(Tr)

U(T )

]
du dv,

where condition (1.1) implies that U(T ) ∼ T γ/Γ(1 + γ) as T → ∞. Therefore, from Lemma 4.2
and taking T ≥Mα,d,γ bigger if necessary, we deduce that

II ≤ C(ψ, α, γ)
2

(2π)d

∫ t

s

∫ v

s

∫ u

0
(v + u− 2r)−d/αrγ−1 dr du dv (4.7)

for some constant C(ψ, α, γ) > 0. For u < v, we have∫ u

0
(v + u− 2r)−d/αrγ−1 dr = 2−γ

∫ 2u

0
(u+ v − r)−

d
α rγ−1dr

= 2−γ(u+ v)γ−
d
α

∫ 2u
u+v

0
(1− r)−

d
α rγ−1dr. (4.8)

To deal with the last integral we work separately the two cases αγ < d < α and α ≤ d < α(1 + γ).
Case αγ < d < α. For the integral that appears in (4.8),∫ 2u

u+v

0
(1− r)−

d
α rγ−1 dr ≤

∫ 1

0
(1− r)−

d
α rγ−1 dr = B(1− d/α, γ) ≡ C <∞,

where B(p, q) denotes the beta function. It follows that∫ t

s

∫ v

s

∫ u

0
(v + u− 2r)−d/αrγ−1 dr du dv < 2−γC

∫ t

s

∫ v

s
(v + u)γ−d/αdu dv

= 2−γC

∫ t

s

[
(2v)1+γ−d/α − (v + s)1+γ−d/α

]
dv.



608 J.A. López-Mimbela, A. Murillo-Salas and J.H. Ramírez-González

Since condition αγ < d < α implies 0 < 1 + γ − d/α < 1, using Hölder continuity we get∫ t

s

[
(2v)1+γ−d/α − (v + s)1+γ−d/α

]
dv ≤ C1

∫ t

s
(v − s)1+γ−d/α dv =

C1

2 + γ − d/α
(t− s)2+γ−d/α.

We conclude that for sufficiently large T ,

II < C(ψ, d, α, γ)(t− s)h with h = 2 + γ − d/α. (4.9)

Case α ≤ d < α(1 + γ). Notice that

∫ 2u
u+v

0
(1− r)−

d
α rγ−1 dr


≤
∫ 1

2

0
(1− r)−

d
α rγ−1 dr, if 2u

v+u <
1
2 ,

=

∫ 1
2

0
(1− r)−

d
α rγ−1 dr +

∫ 2u
u+v

1
2

(1− r)−
d
α rγ−1 dr, if 2u

v+u ≥ 1
2 .

Now, since γ ∈ (0, 1) we have that
∫ 1

2
0 (1− r)−

d
α rγ−1 dr < ∞. For the case 2u

v+u ≥ 1
2 we notice that

rγ−1 ≤ 2−(γ−1) for all r ∈
[
1
2 ,

2u
v+u

]
. Thus, if α < d we obtain∫ 2u

u+v

1
2

(1− r)−
d
α rγ−1 dr ≤ 2−(γ−1)

∫ 2u
u+v

1
2

(1− r)−
d
α dr ≤ 2−(γ−1)

d/α− 1

(
v − u

v + u

)1−d/α
.

In fact, in the case we are dealing with, we have that γ − d/α < 1− d/α < 0. Therefore,∫ 2u
u+v

1
2

(1− r)−
d
α rγ−1 dr ≤ 2−(γ−1)

d/α− 1

(
v − u

v + u

)γ−d/α
.

If d = α,∫ 2u
u+v

1
2

(1− r)−
d
α rγ−1 dr ≤

(
1

2

)γ−1 ∫ 2u
u+v

1
2

(1− r)−1 dr ≤ −
(
1

2

)γ−1

ln

(
v − u

v + u

)

≤ C

(
1

2

)γ−1(v − u

v + u

)γ−d/α
,

for some constant C > 0, where the last equality follows from the boundedness of the function
x 7→ −(lnx)/xγ−1 on the interval [0, 12 ]. Therefore, from (4.7), (4.8) and the last estimates we get
that for T large enough, and for some positive constant C,

II ≤ C

∫ t

s

∫ v

s
(v − u)γ−d/α du dv ≤ C

h(h− 1)
(t− s)h, (4.10)

where h = 2 + γ − d/α. □
We are now ready to state and prove the following

Proposition 4.3. Let αγ < d < α(1+ γ) and H2
T = T 2+γ−d/α. There exists a constant Mα,d,γ > 0

such that the sequence of processes {JT , T ≥Mα,d,γ} is tight, where JT is defined in (1.2).

Proof : From (4.3), (4.4), (4.9) and (4.10) it follows that, for T large enough,

E
[
⟨ψ,JT (t)⟩ − ⟨ψ,JT (s)⟩

]2
≤ C|t− s|ρ, s, t ≥ 0, (4.11)

where ρ = 2 + γ − d/α > 1 because 1 + γ − d/α > 0 due to the assumption d < α(1 + γ).
From Billingsley (1968, Theorem 13.5) we get that for each ψ ∈ S(Rd) the sequence of processes
{⟨ψ,JT (t)⟩, T ≥Mα,d,γ} is tight for some Mα,d,γ sufficiently large. Using Mitoma’s theorem Mitoma
(1983, Theorem 3.1) we get the tightness of {JT , T ≥Mα,d,γ}. □
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4.1.2. Space-time method: convergence to a Gaussian process. From (1.2) we deduce that the space-
time random field associated to {JT , T ≥ 1} is given by

⟨Φ̃, J̃T ⟩ :=
T

HT

(∫ 1

0
⟨Ψ(·, s), Z(Ts)⟩ ds−

〈∫ 1

0
Ψ(·, s) ds,Λ

〉)
, Φ̃ ∈ S(Rd+1),

with Ψ(x, s) =
∫ 1
s Φ̃(x, t) dt. Since the initial population is a Poisson random field with intensity

the Lebesgue measure Λ,

E
[
e−⟨Φ̃,J̃T ⟩

]
= exp

{∫
Rd

∫ T

0
ΨT (x, s) ds dx+

∫
Rd

Ex
(
e−

∫ T
0 ⟨ΨT (·,s),Z(s)⟩ ds − 1

)
dx

}
= exp

{∫
Rd

∫ T

0
ΨT (x, s) ds dx−

∫
Rd

vΨT
(x, 0, T ) dx

}
, (4.12)

where vΨT
(x, 0, T ) is given in (3.1) and ΨT (x, s) = 1

HT
Ψ(x, sT ) = 1

HT

∫ 1
s
T
Φ̃(x, t) dt with HT =

T (2+γ−d/α)/2.

Proposition 4.4. Let Φ̃ be of the form Φ̃(x, t) = ϕ1(x)ϕ2(t), where ϕ1 ∈ S(Rd)+ and ϕ2 ∈ S(R)+.
If αγ < d < α(1 + γ), then

lim
T→∞

E
[
e−⟨Φ̃,J̃T ⟩

]
(4.13)

= exp

{
γ⟨ϕ1, λ⟩2

Γ(1 + γ)(2π)d

(∫
Rd

e−|z|α dz

)∫ 1

0

∫ v

0

∫ u

0
(u+ v − 2r)−d/αrγ−1 dr χ(u)χ(v) du dv

}
,

where χ(·) =
∫ 1
· ϕ2(s) ds.

Proof : The proof will be divided into four steps. Using Lemma 3.3, ((3.6)) and recalling that
g(s) = s2

2 , we have∫
Rd

∫ T

0
ΨT (x, s) ds dx−

∫
Rd

vΨT
(x, 0, T ) dx

=

∫
Rd

∫ T

0
ΨT (x, s) ds dx−

∫
Rd

∫ T

0
Tu (ΨT (·, u)f(·, u, T − u)) (x) du dx

+

∫
Rd

∫ T

0
Tu (g(vΨT

(·, u, T − u)) (x) dU(u) dx

−
∫
Rd

∫ T

0

∫ T−z

0
Tz
[
ΨT (·, z)E·

(
e−

∫ u
0 ΨT (ξ·s,z+s) dsg(vΨT

(ξ·u, u+ z, T − z − u))
)]

(x)U(u+ z)

· du dz dx

=

∫
Rd

∫ T

0
ΨT (x, s) ds dx−

∫ T

0

∫
Rd

ΨT (x, u)f(x, u, T − u) dx du+

∫ T

0

∫
Rd

g(vΨT
(x, u, T − u)

· dx dU(u)

−
∫
Rd

∫ T

0

∫ T−z

0
Tz
[
ΨT (·, z)E·

(
e−

∫ u
0 ΨT (ξ·s,z+s) dsg(vΨT

(ξ·u, u+ z, T − z − u))
)]

(x)U(u+ z)

· du dz dx,

where to get the second equality we have used that the Lebesgue measure is invariant for the α-stable
semigroup. Thus, we write∫

Rd

∫ T

0
ΨT (x, s) ds dx−

∫
Rd

vΨT
(x, 0, T ) dx ≡ I1(T ) + I2(T ) + I3(T ) + I4(T ),
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where

I1(T ) :=

∫
Rd

∫ T

0
ΨT (x, s) ds dx−

∫ T

0

∫
Rd

ΨT (x, u)h(x, u, T − u) dx du, (4.14)

I2(T ) :=

∫ T

0

∫
Rd

[
g(vΨT

(x, T − s, s))− 1

2

(∫ s

0
TuΨT (·, T + u− s)(x) du

)2
]
U(T − s) dx ds,(4.15)

I3(T ) :=
1

2

∫ T

0

∫
Rd

(∫ s

0
TuΨT (·, T + u− s)(x) du

)2

U(T − s) dx ds, (4.16)

I4(T ) := −
∫
Rd

∫ T

0

∫ T−r

0
Tr
[
ΨT (·, r)E·

(
e−

∫ u
0 ΨT (ξ·s,r+s)dsg(vΨT

(ξ·u, u+ r, T − r − u))
)]

(x)

· U(u+ r) du dr dx. (4.17)

We are going to show that
lim
T→∞

Ii(T ) = 0, i ∈ {1, 2, 4}, (4.18)

and

lim
T→∞

I3(T ) =
γ⟨λ, ϕ1⟩2

Γ(1 + γ)(2π)d

(∫
Rd

e−|z|α dz

)∫ 1

0

∫ v

0

∫ u

0
(u+ v − 2r)−d/αrγ−1 dr χ(u)χ(v) du dv;

(4.19)
here and below we set χ(t) :=

∫ 1
t ϕ2(s) ds and χT (t) := χ( tT ).

Step 1. Proof of (4.19). Performing suitable changes of variables, (4.16) can be re-written as

2I3(T ) =

∫ T

0

∫
Rd

(∫ T

s
Tu−sΨT (·, u)(x) du

)2

U(s) dx ds

=

∫ T

0

∫
Rd

∫ T

s

∫ T

s
Tu−sΨT (·, u)(x)Tv−sΨT (·, v)(x) du dv U(s) dx ds

=
1

H2
T

∫ T

0

∫ T

s

∫ T

s

∫
Rd

Tu−sϕ1(·)(x)Tv−sϕ1(·)(x) dxχT (u)χT (v) du dv U(s) ds.(4.20)

From Plancherel’s formula we have∫
Rd

Tu−sϕ1(·)(x)Tv−sϕ1(·)(x)dx =
1

(2π)d

∫
Rd

T̂u−sϕ1(x)T̂v−sϕ1(x)dx.

Moreover, T̂tϕ1(x) = e−t|x|
α
ϕ̂1(x). Thus, from (4.20) we get

2I3(T ) =
1

(2π)dH2
T

∫ T

0

∫ T

s

∫ T

s

∫
Rd

e−(u−s)|x|α ϕ̂1(x)e
−(v−s)|x|α ϕ̂1(x)χT (u)χT (v) dx du dv U(s) ds

=
1

(2π)dH2
T

∫ T

0

[∫ T

s

∫ T

s

∫
Rd

e−(u+v−2s)|x|α
∣∣∣ϕ̂1(x)∣∣∣2 χT (u)χT (v) dx du dv] U(s) ds.

After the change of variables s = Tr we obtain

2I3(T ) =
T

(2π)dH2
T

∫ 1

0

∫ T

Tr

∫ T

Tr

∫
Rd

e−(u+v−2Tr)|x|α
∣∣∣ϕ̂1(x)∣∣∣2 χT (u)χT (v) dx du dv U(Tr) dr

=
T 3

(2π)dH2
T

∫ 1

0

∫ 1

r

∫ 1

r

∫
Rd

e−(u+v−2r)T |x|α
∣∣∣ϕ̂1(x)∣∣∣2 χ(u)χ(v) dx du dv U(Tr) dr,
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where to get the last identity we again changed variables. Performing further the change of variables
z = ((u+ v − 2r)T )1/αx, the last expression is equivalent to

I3(T ) =
T 3−d/α

(2π)dH2
T

∫ 1

0

∫ 1

r

∫ 1

r

∫
Rd

e−|z|α
∣∣∣ϕ̂1 (((u+ v − 2r)T )−1/αz

)∣∣∣2
×(u+ v − 2r)−d/αχ(u)χ(v) dz du dv U(Tr) dr.

Since H2
T = T 2+γ−d/α, we obtain

I3(T ) =
1

(2π)d

∫ 1

0

∫ 1

r

∫ 1

r

∫
Rd

e−|z|α
∣∣∣ϕ̂1 (((u+ v − 2r)T )−1/αz

)∣∣∣2
×(u+ v − 2r)−d/αχ(u)χ(v) dz du dv d

[
U(Tr)

T γ

]
.

Hence, changing the order of integration, by the weak convergence of (4.5) and uniform convergence
of the integrand we get

lim
T→∞

I3(T ) =
|ϕ̂1(0)|2

(2π)d
γ

Γ(1 + γ)

(∫
Rd

e−|z|αdz

)∫ 1

0

∫ v

0

∫ u

0
(u+ v − 2r)−d/αrγ−1 dr χ(u)χ(v) du dv.

□
Step 2. Proof of (4.18) for i = 1. Using equation (3.6) we have that

I1(T ) =

∫
Rd

∫ T

0
ΨT (x, u)

∫ T−u

0
Ts (ΨT (·, u+ s)f(·, u+ s, T − u− s)) (x) ds du dx. (4.21)

Notice that f ≤ 1 because by assumption Ψ is nonnegative (see (3.5)). Therefore, letting c > 0 be
an upper bound for ϕ2,

I1(T ) ≤ c

H2
T

∫
Rd

∫ T

0

∫ T

0
ϕ1(x) (Tsϕ1) (x) ds du dx =

cT

H2
T

∫
Rd

∣∣∣ϕ̂1(x)∣∣∣2 ∫ T

0
e−s|x|

α
ds dx.

Then, clearly, for any δ ∈ [0, 1] we have∫ T

0
e−s|x|

α
ds ≤ T ∧

(
1

|x|α

)
≤ T 1−δ 1

|x|αδ
. (4.22)

If d > α we use (4.22) with δ = 1. If γα < d ≤ α we set δ = d
α − γ

2 to obtain that I1(T ) converges
to 0. □
Step 3. Proof of (4.18) for i = 4. By performing the change of variables v = T − r−u in (4.17)
we obtain

−I4(T ) =

∫
Rd

∫ T

0

∫ T−r

0
Tr
[
ΨT (·, r)E·

(
e−

∫ T−r−v
0 ΨT (ξs,r+s) dsg(vΨT

(ξ·T−r−v, T − v, v))
)]

(x)

· U(T − v) dv dr dx,

where, due to (3.9) and the fact that k ≥ 0,

vΨ(x, r, s) = 1− f(x, r, s)−
∫ s

0
k(x, r, s− v)U(s− v) dv ≤ 1− f(x, r, s)

=

∫ s

0
Tu [Ψ(·, r + s)f(·, r + s, s− u)] (x) du ≤

∫ s

0
Ts−uΨ(·, r + s− u)(x) du

since |f | ≤ 1 due to (3.5), where the second equality follows from (3.6). Hence,

vΨT
(x, T − v, v) ≤

∫ v

0
Tv−l [ΨT (·, T − l)] (x) dl =

∫ v

0
Tl [ΨT (·, T − v + l)] (x) dl. (4.23)
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Using that g(s) = s2

2 and the fact that ΨT ≥ 0, we get

−I4(T ) ≤ 1

2

∫
Rd

∫ T

0

∫ T−r

0
Tr
[
ΨT (·, r)TT−r−v

(∫ v

0
TlΨT (·, T − v + l) dl

)2]
(x)U(T − v) dv dr dx.

By self-similarity of the semigroup (Tt)t≥0, and changing the order of the integration with respect
to v and r we obtain

−I4(T ) ≤
C

H3
T

∫
Rd

∫ T

0

∫ T−r

0
TT−t−vϕ1(x)

(∫ T

0
Tlϕ1(x)dl

)2

U(t− v) dv dr dx

≤ C

H3
T

∫
Rd

(∫ T

0
Tlϕ1(x) dl

)2

dxU(T ).

We also have

sup
x

(∫ T

0
Tlϕ1(x) dl

)
≤ C1(α, ϕ1, d)FT ,

where

FT =


1, if d > α,
log(T ), if d = α,

T 1− d
α , if d < α.

Hence, for d > α we can estimate

−I4(T ) ≤
C1

H3
T

T γ
∫
Rd

(∫ T

0
Tlϕ1(x) dl

)2

dx =
C2

H3
T

T γT 2− d
α =

C2

HT
→ 0,

where Ci ≡ Ci(α, ϕ1, d, γ) > 0, i = 1, 2. In the same way, if d < α then

−I4(T ) ≤
C1

H3
T

T γT 2−2 d
α

∫
Rd

∫ T

0
Tlϕ1(x) dl dx = C2

T 3+γ−2 d
α

T 3+ 3
2
γ− 3

2
d
α

= C2T
− γ

2
− d

2α → 0.

A similar argument works for d = α. This finishes the proof of (4.18) for i = 4. □

Step 4. Proof of (4.18) for i = 2. This part can be proved in a similar way as in Bojdecki
et al. (2007a) p. 512-515. Notice that inequality (4.23) implies

(∫ s
0 TuΨT (·, T + u− s)(x)du

)2 −
(vΨT

(x, T − s, s))2 ≥ 0. Since g(s) = s2

2 , it follows that

0 ≤ −2I2(T ) =

∫ T

0

∫
Rd

[(∫ s

0
TuΨT (·, T + u− s)(x)du

)2

− (vΨT
(x, T − s, s))2

]
U(T − s) dx ds.

We will prove that, as T → ∞,∫ T

0

∫
Rd

[(∫ s

0
TuΨT (·, T + u− s)du

)2

− vΨT
(x, T − s, s)2

]
U(T − s) dx ds→ 0. (4.24)

Indeed, from (3.10) we obtain

−vΨT
(x, T − s, s)

≤ −
∫ s

0
TuΨT (·, T − s+ u)f(·, T − s+ u, s− u)(x) du+

1

2

∫ s

0
Tuv2ΨT

(x, T − s+ u, s− u) dU(u).
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Therefore,

0 ≤
∫ s

0
TuΨT (·, T + u− s)(x)du− vΨT

(x, T − s, s)

≤
∫ s

0
TuΨT (·, T − s+ u) (1− f(·, T − s+ u, s− u)(x)) du

+
1

2

∫ s

0
Tuv2ΨT

(x, T − s+ u, s− u) dU(u). (4.25)

Also, from (3.6) and (3.9),

1− f(·, T − s+ u, s− u) ≤
∫ s−u

0
TwΨT (·, T − s+ u+ w) dw (4.26)

and

v2ΨT
(·, T − s+ u, s− u) ≤

(∫ s−u

0
TwΨT (·, T − s+ u+ w)dw

)2

. (4.27)

Thereby,

1

2

∫ s

0
Tuv2ΨT

(x, T − s+ u, s− u)dU(u) ≤ 1

2

∫ s

0
Tu
(∫ s−u

0
TwΨT (x, T − s+ u+ w) dw

)2

dU(u).

(4.28)
From (4.25), (4.26), (4.27) and (4.28),

0 ≤
∫ s

0
TuΨT (·, T + u− s)(x) du− vΨT

(x, T − s, s)

≤
∫ s

0
Tu
(
ΨT (·, T + u− s)

∫ s−u

0
TwΨT (·, T − s+ u+ w)

)
(x) dw du

+
1

2

∫ s

0
Tu
(∫ s−u

0
TwΨT (x, T − s+ u+ w) dw

)2

dU(u). (4.29)

In addition, from (4.23)

0 ≤
(∫ s

0
TuΨT (, T + u− s)(x)du

)2

− v2ΨT
(x, T − s, s)

=

(∫ s

0
TuΨT (, T + u− s)(x)du− vΨT

(x, T − s, s)

)

·

(∫ s

0
TuΨT (, T + u− s)(x)du+ vΨT

(x, T − s, s)

)

≤ 2

∫ s

0
TuΨT (, T + u− s)(x) du

(∫ s

0
TuΨT (, T + u− s)(x)du− vΨT

(x, T − s, s)

)
where due to (4.29)

≤ 2

∫ s

0
TuΨT (, T + u− s)(x) du ·

∫ s

0
Tu
(
ΨT (·, T + u− s)

∫ s−u

0
TwΨT (·, T − s+ u+ w)

)
(x) dw du

+

∫ s

0
TuΨT (, T + u− s)(x) du ·

∫ s

0
Tu
(∫ s−u

0
TwΨT (x, T − s+ u+ w) dw

)2

dU(u).
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We define

R1(T ) =

∫
Rd

∫ T

0

(∫ s

0
Tu
(
ΨT (·, T + u− s)

∫ s−u

0
TwΨT (·, T − s+ w + u) dw

)
(x)du

)2

· U(T − s) ds dx,

R2(T ) =

∫
Rd

∫ T

0

(∫ s

0
Tu
(∫ s−u

0
TwΨT (·, T − s+ u+ w) dw

)2

dU(u)

)2

U(T − s) ds dx.

Then, by the Cauchy-Schwarz inequality applied to the measure
∫
Rd

∫ T
0 U(T − s) ds dx it follows

that ∫
Rd

∫ T

0

(∫ s

0
TuΨT (T + u− s)(x))2 − v2ΨT

(x, T − s, s)

)
U(T − s) ds dx

≤ C1

√
I(T )(

√
R1(T ) +

√
R2(T )).

We need to show that R1(T ) → 0 and R2(T ) → 0 as T → ∞. Indeed, for R1(T ),

R1(T ) ≤ C
T

H4
T

∫
Rd

∫ 1

0

(∫ Ts

0
Tu
(
ϕ1(·)

∫ Ts−u

0
Twϕ1(·) dw

)
(x) du

)2

U(T (1− s)) ds dx

≤ C
T 4U(T )

H4
T

∫
Rd

(∫ 1

0
TTu

(
ϕ1(·)

∫ 1

0
TTwϕ1(·) dw

)
(x) du

)2

dx.

Following similar arguments as in Bojdecki et al. (2007a, (3.30)-(3.33)), from here we can deduce
that limT→∞R1(T ) = 0.

We now work the term R2(T ). We define

r(x) =

∫ 1

0
pu(x) du, f1,T (x) =

∫ 1

0
pu,α(x)

U(Tu)
T γ−1

du, g1,T (x) = T
d
αϕ1(T

1
αx).

Here ∥f1,T ∥1 ≤ U(T )
T γ , which is bounded uniformly in T for T sufficiently large. Moreover, it can be

shown, as in Bojdecki et al. (2007a), that ∥g1,T ∥1 = ∥ϕ1∥1 <∞ and ∥r∥2 <∞. Making the change
of variables s′ = s

T gives

R2(T ) ≤ C
T

H4
T

∫
Rd

∫ 1

0

(∫ Ts

0
Tu
(∫ Ts−u

0
Twϕ1(·) dw

)2

(x)U(u)du

)2

U(T (1− s)) ds dx.

Making the change of variables u′ = u
T yields

R2(T ) ≤ C
T 2+1

H4
T

∫
Rd

∫ 1

0

∫ s

0
TTu

(∫ T (s−u)

0
Twϕ1(·) dw

)2

(x)U(Tu) du

2

U(T (1− s)) ds dx.

Making the change of variables w′ = w
T renders

R2(T ) ≤ C
T 2+1+(2)(2)

H4
T

∫
Rd

∫ 1

0

(∫ s

0
TTu

(∫ s−u

0
TTwϕ1(·) dw

)2

(x)U(Tu) du

)2

U(T (1− s)) ds dx

≤ C
T 2+1+(2)(2)

H4
T

U(T )

T

∫
Rd

[∫ 1

0
TTu

(∫ 1

0
TTwϕ1(·) dw

)2

(x)
U(Tu)
T γ−1

du

]2
dx.
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By self-similarity property of (Tu)u≥0 and making the changes of variables x′ = T− 1
αx, y′ = T− 1

α y,

and z′ = T− 1
α z,

R2(T ) ≤ CU(T )

T
d
α

∫
Rd

[∫
Rd

∫ 1

0
pu,α(x−y)

U(Tu)
T γ−1

du

(∫
Rd

∫ 1

0
pw,α(y−z) dwT

d
αϕ1(T

1
α z) dz

)2

dy

]2
dx

=
CU(T )

T
d
α

∥f1,T ∗ (r ∗ g1,T )2∥22,

and ∥f1,T ∥1 is bounded uniformly in T for T sufficiently large. Hence

R2(T ) ≤ C
U(T )

T
d
α

∥f1,T ∥21∥r ∗ g1,T ∥22 ≤ C
U(T )

T
d
α

∥f1,T ∥21∥r∥42∥g1,T ∥41,

where we have used Young’s inequality. Again, as ∥g1,T ∥1 = ∥ϕ1∥1 and αγ < d < α(1 + γ), we will
have U(T )

T
d
α

T→∞→ 0 and ∥r∥2 <∞. Therefore, limT→∞R2(T ) = 0.

We have proved that both R1(T ) and R2(T ) tend to 0 as T → ∞. This proves Step 4 and shows
that (4.18) holds. □

Lemma 4.5. Under the assumptions in Proposition 4.4, the limit (4.13) can be written as

lim
T→∞

E
[
e−⟨Ψ,J̃T ⟩

]

=


exp

(
γ⟨ϕ1,λ⟩2

Γ(γ+1)(2π)d(2− d
α
)

∫
Rd e

−|y|αdy
∫ 1
0

∫ 1
0 Q(w, z)ϕ2(w)ϕ2(z) dw dz

)
, if d ̸= α,

exp
(

γ⟨ϕ1,λ⟩2
2Γ(γ+1)(2π)d

∫
Rd e

−|y|αdy
∫ 1
0

∫ 1
0 K(w, z)ϕ2(w)ϕ2(z) dw dz

)
, if d = α,

(4.30)

where

Q(w, z) =

(
d

α
− 1

)−1 ∫ z∧w

0
sγ−1

[
(w ∧ z − s)2−

d
α + (w ∨ z − s)2−

d
α − (w + z − 2s)2−

d
α

]
ds

(4.31)
and

K(w, z) :=
1

2

∫ z∧w

0
sγ−1

[
(w + z − 2s) ln(w + z − 2s)− (w − s) ln(w − s)− (z − s) ln(z − s)

]
ds.

Proof : We first deal with the case d ̸= α. Recall that χ(u) =
∫ 1
u ϕ2(w) dw. Substituting this into

the triple integral in the right hand side of (4.13), by symmetry of the function (w, z) 7→ ϕ2(w)ϕ2(z)
and changing the order of integration we conclude that∫ 1

0

∫ u

0

∫ v

0
sγ−1(u+ v − 2s)−

d
αχ(u)χ(v) ds dv du =

1

2(2− d
α)

∫ 1

0

∫ 1

0
Q(w, z)ϕ2(w)ϕ2(z) dw dz,

(4.32)
where

Q(w, z) =

(
d

α
− 1

)−1 ∫ z∧w

0
sγ−1

[
(w − s)2−

d
α + (z − s)2−

d
α − (w + z − 2s)2−

d
α

]
ds.

For the case d = α, similarly as above we can show that∫ 1

0

∫ u

0

∫ v

0
sγ−1(u+ v − 2s)−

d
αχ(u)χ(v) ds dv du =

1

2

∫ 1

0

∫ 1

0
K(w, z)ϕ2(w)ϕ2(z) dw dz, (4.33)
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with

K(w, z) :=
1

2

∫ z∧w

0
sγ−1

[
(w + z − 2s) ln(w + z − 2s)− (w − s) ln(w − s)− (z − s) ln(z − s)

]
ds.

The proof is finished because the expressions (4.32) and (4.33) are equivalent to (4.13) for d ̸= α
and d = α respectively. □
Proof of Theorem 2.1. Proposition 4.3 gives the tightness and Proposition 4.4 identifies uniquely
any limit point of {JT , T ≥ 0} for non-negative test functions. For general test functions the proof
can be done as in Bojdecki et al. (2006a, page 9). For the sake of brevity we omit the details. □

Proof of Theorem 2.2. The proof of this result can be done following the same lines as the proof
of Theorem 2.1 but using the fact that, in the case of lifetimes with finite mean µ, the renewal
measure is such that

U(Tr)

T
→ r

µ
as T → ∞ for all r > 0.

Formally, this can be thought as putting γ = 1 in all the preceding computations. □

4.2. Proof of Theorem 2.5. Proof of (i). Note that, for b = 2

Qa,2(w, z) = 2

∫ z∧w

0
sa(z − s)(w − s) ds,

which is a positive definite function and it is finite if and only if a > −1. For the case b = 0 we
have that

Qa,0(w, z) =
1

a+ 1
(s ∧ t)a+1,

which, for a > −1, corresponds to the covariance function of a time-changed Brownian motion.
Let us consider the case of a > −1 and 0 < b < 2, with b ̸= 1. Observe that (2.2) can be written

as

Qa,b(w, z) =

∫ w∧z

0
saκb(w − s, z − s) ds,

where

κb(w, z) =
1

1− b

(
wb + zb − (w + z)b

)
,

which is a covariance function for b ∈ (0, 1) ∪ (1, 2), see (2.4) in Bojdecki et al. (2010) or (1.1)
(with K = 1) in Lei and Nualart (2009). Therefore, Qa,b is a covariance function for a > −1 and
b ∈ (0, 1) ∪ (1, 2). □
Proof of (ii). Consider a > −1 and −1 < b < 0 such that a + b + 1 ≥ 0. Note that (2.2) can be
written as

Qa,b(w, z) =
1

1− b
(Q1(w, z) +Q2(w, z)) , (4.34)

where

Q1(w, z) :=

∫ w∧z

0
ua(w ∧ z − u)bdu = (w ∧ z)a+b+1

∫ 1

0
ua(1− u)bdu, (4.35)

and

Q2(w, z) :=

∫ w∧z

0
ua
[
(w ∨ z − u)b − (w ∧ z + w ∨ z − 2u)b

]
du. (4.36)
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Note that,

Q2(w, z)

= −b
∫ w∧z

0

∫ w∧z−u

0
ua(w ∨ z − u+ r)b−1drdu

= −b
∫ w∧z

0

∫ (w−u)∧(z−u)

0
ua(w − u+ r)b−1 ∧ (z − u+ r)b−1drdu

= −b
∫ ∞

0

∫ ∞

0

∫ ∞

0
ua1[0,w](u)1[0,w−u](r)1[0,(w−u+r)b−1](v)1[0,z](u)1[0,z−u](r)1[0,(z−u+r)b−1](v)

· dv dr du,
thus Q2 also is positive definite. Clearly (4.35) is non-negative definite if a + b + 1 ≥ 0. Then,
from (4.34) it follows that Qa,b is a covariance function for a > −1 and −1 < b < 0 such that
a+ b+ 1 ≥ 0. □

4.3. Proof of Lemma 2.7. In order to prove Lemma 2.7 we notice that, for a > −1 and b > −1,

Qa,b(t, t) =
2− 2b

1− b
ta+b+1

∫ 1

0
ua(1− u)bdu ≡ 2− 2b

1− b
B(a+ 1, b+ 1)ta+b+1. (4.37)

The restrictions a > −1 and b > −1 are necessary for the integral above to be finite, and any a or
b out of this range is ruled out. Moreover, for 1 ≤ t,

Qa,b(1, t) =
ta+b+1

1− b

∫ 1/t

0
ua(1−u)bdu+ 1

1− b
B(a+1, b+1)− ta+1

1− b

∫ 1/t

0
ua(t+1−2tu)bdu, (4.38)

whereas for 1 ≥ t,

Qa,b(1, t) =
ta+b+1

1− b

∫ 1

0
ua(1− u)b du+

1

1− b

∫ t

0
ua
[
(1− u)b − (1 + t− 2u)b

]
du. (4.39)

Note that, for the case b > 0

Qa,b(w, z) = b

∫ w∧z

0

∫ w∨z

u

∫ w∧z

u
ua(r + v − 2u)b−2 dv dr du. (4.40)

Proof of (i). For a > −1 and −1 < b < 0, with a + b + 1 < 0, the function Qa,b(·, ·) is not a
covariance. In fact, from (4.37) we have that√

Qa,b(1, 1)Qa,b(t, t) =
2− 2b

1− b
B(a+ 1, b+ 1)t

a+b+1
2 .

On the other hand, for 0 < t < 1 we have that

Qa,b(1, t) =
ta+b+1

1− b

∫ 1

0
ua(1− u)b du+

1

1− b

∫ t

0
ua
[
(1− u)b − (1 + t− 2u)b

]
du (4.41)

≥ ta+b+1

1− b

∫ 1

0
ua(1− u)b du, (4.42)

where to get the inequality we have used that the function u 7→ (1 − u)b − (1 + t − 2u)b ≥ 0 since
−1 < b < 0. Therefore, whenever a+ b+ 1 < 0, as t ↓ 0, Qa,b(w, z) does not satisfy the inequality
covariance

Qa,b(1, t) ≤
√
Qa,b(1, 1)Qa,b(t, t). (4.43)

□
Proof of (ii). Take a > −1 and b > 2. Assume first b > a+ 3. From (4.37) we have that√

Qa,b(1, 1)Qa,b(t, t) =
2b − 2

(b− 1)
B(α+ 1, b+ 1)t

a+b+1
2 . (4.44)
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On the other hand, from (4.40) it follows that for t > 1,

Qa,b(1, t) = b

∫ 1

0

∫ t

u

∫ 1

u
ua(r + v − 2u)b−2 dv dr du

= btb−1

∫ 1

0

∫ 1

u
t

∫ 1

u
ua
(
r +

v

t
− 2

u

t

)b−2
dv dr du, (4.45)

which implies that,

lim
t→∞

Qa,b(1, t)

tb−1
= b

∫ 1

0
du

∫ 1

0
dr

∫ 1

u
dvuarb−2 =

b

b− 1

∫ 1

0
ua(1− u)du. (4.46)

Hence, as t ↑ ∞, from (4.46) the left-hand side of (4.43) is of order tb−1, whereas the right-hand
side of (4.43) is of order t

a+b+1
2 . Thus, Qa,b(·, ·) can not be a covariance function for a > −1 and

b > a+ 3, since b > a+ 3 implies that b− 1 > (a+ b+ 1)/2. □

4.4. Proof of Theorem 2.10 and Theorem 2.11.

4.4.1. Proof of Theorem 2.10. Since ζ is a Gaussian process, the proofs are based on properties of
its covariance function Qa,b given by (2.2).
Proof of (i). Let c be a positive constant and t ≥ 0. Then,

Qa,b(ct, ct) =
1

1− b

∫ ct

0
sa
(
(ct− s)b + (ct− s)b − (2ct− 2s)b

)
ds =

2− 2b

1− b

∫ ct

0
sa(ct− s)b ds

= cb+a+1Qa,b(t, t).

□
Proof of (ii). From (2.2) it follows easily that

E
[
(ζ(t)− ζ(s))2

]
=

1

1− b

[
2

∫ t

s
ua(t− u)b du+ 2

∫ s

0
ua(t+ s− 2u)b du

− 2b
(∫ t

0
ua(t− u)bdu+

∫ s

0
ua(s− u)bdu

)]
(4.47)

=
2b − 2

b− 1

∫ t

s
ua(t− u)b du

+
1

b− 1

∫ s

0
ua
[
2b(t− u)b + 2b(s− u)b − 2(t+ s− 2u)b

]
du. (4.48)

(a). Suppose that b ∈ (1, 2], −1 < a < 0 and 0 ≤ s < t ≤M with 0 < t− s ≤ 1, where M > 0 is a
constant. For this case we have in mind (4.48). For 0 ≤ u ≤ s we define

rt,s(u) = 2b(t− u)b + 2b(s− u)b − 2(t+ s− 2u)b,

hence
drt,s(u)

du
= −2bb(t− u)b−1 − 2bb(s− u)b−1 + 4b(t+ s− 2u)b−1.

Since 0 < b− 1 ≤ 1, the function u 7→ ub−1 is concave, which implies that rt,s is non decreasing and
rt,s(u) ≤ (2b − 2)(t− s)b for all u ∈ [0, s]. Therefore,

1

b− 1

∫ s

0
ua

[
2b(t− u)b + 2b(s− u)b − 2(t+ s− 2u)b

]
du ≤ ca,b(M)(t− s)b,
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where ca,b(M) = (2b−1−2)Ma+1

(b−1)(a+1) . On the other hand∫ t

s
ua(t− u)bdu ≤ (t− s)b

∫ t

s
uadu ≤ (t− s)b

(
ta+1 − sa+1

a+ 1

)
≤ ca(t− s)a+b+1,

where the last inequality is obtained using that t → ta+1 is (a + 1)-Hölder continuous and ca is a
positive constant. Since b < a+ b+ 1 and 0 < t− s ≤ 1, we have shown that

E
[
(ζ(t)− ζ(s))2

]
≤ κ|t− s|b, for some constant κ > 0.

Suppose now that 0 < b < 1. In this case,

E
[
(ζ(t)− ζ(s))2

]
=

2− 2b

1− b

∫ t

s
ua(t− u)bdu

+
1

1− b

∫ s

0
ua
[
2(t+ s− 2u)b − 2b(t− u)b − 2b(s− u)b

]
du,

(4.49)

with
2− 2b

1− b

∫ t

s
ua(t−u)b du ≤ 2− 2b

1− b
(t−s)b

∫ t

s
ua du =

2− 2b

1− b
(t−s)b

(
ta+1 − sa+1

a+ 1

)
≤ c′a,b(t−s)a+b+1,

where c′a,b > 0 is a constant. Using that 2(t+ s− 2u)b − 2b(t− u)b − 2b(s− u)b ≤ (2− 2b)(t− s)b

for 0 ≤ u ≤ s, we get that the second integral in (4.49) is bounded from above by

2− 2b

1− b
(t− s)b

∫ s

0
uadu =

2− 2b

1− b

sa+1

a+ 1
(t− s)b.

It follows that the process ζ is locally δ-Hölder continuous for 0 < δ < b/2.

(b). Let −1 < b ≤ 0 and a+ b > 0. In this case we work with (4.47). Notice that∫ t

s
ua(t− u)b du ≤ ta

∫ t

s
(t− u)b du =

ta

b+ 1
(t− s)b+1 ≤ Ca,b(t− s)b+1 (4.50)

and∫ s

0
ua(t+ s− 2u)bdu =

(
1

2

)a+1∫ 2s

0
ua(t+ s− u)b du =

(
1

2

)a+1

(t+ s)a+b+1

∫ 2s
t+s

0
ua(1− u)bdu

≤
(
1

2

)a+1

(t+ s)a+b+1B(a+ 1, b+ 1)

≤ 2b−1
(
ta+b+1 + sa+b+1

)
B(a+ 1, b+ 1) (4.51)

because the mapping t→ ta+b+1 is convex due to a+ b+ 1 > 1. Also∫ r

0
ua(r − u)b du = ra+b+1

∫ 1

0
ua(1− u)b du = ra+b+1B(a+ 1, b+ 1), r ∈ {s, t}. (4.52)

Plugging (4.50)-(4.52) into (4.47) yields

E
[
(ζ(t)− ζ(s))2

]
≤

2Ca,b
1− b

(t− s)b+1 ≤
2Ca,b
1− b

|t− s|b+1.

Thus, ζ is δ-Hölder continuous for any 0 < δ < (b+ 1)/2. □
Proof of (iii). Follows immediately from (2.2). □
Proof of (iv). Let us first show that

lim
T→∞

T 1−bQ(r, v, s+ T, t+ T ) = 0. (4.53)
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Using (iii), the equalities

T 1−b
(
(t+ T − u)b − (s+ T − u)b

b

)
= T 1−b

∫ t+T

s+T
(w − u)b−1 dw =

∫ t

s

(
w + T − u

T

)b−1

dw

and the bounded convergence theorem, we obtain

lim
T→∞

T 1−b
∫ v

r
ua
[
(t− u)b − (s− u)b

]
du =

b

a+ 1
(t− s)

(
va+1 − ra+1

)
.

Similarly we get

lim
T→∞

T 1−b
∫ r

0
ua
[
(t+ r − 2u)b − (s+ r − 2u)b

]
du =

b

a+ 1
(t− s)ra+1.

The limit (4.53) follows from

lim
T→∞

T 1−b
[∫ v

r
ua
(
(t− u)b − (s− u)b

)
du+

∫ r

0
ua
(
(t+ r − 2u)b − (s+ r − 2u)b

)
du

−
∫ v

0
ua
(
(t+ v − 2u)b − (s+ v − 2u)b

)
du

]
=

b

a+ 1
(t− s)

(
va+1 − ra+1 + ra+1 − va+1

)
= 0.

Now, observe that

lim
T→∞

T 2−bQ(r, v, s+ T, t+ T ) = lim
T→∞

T 1−bQ(r, v, s+ T, t+ T )

T−1
.

Due to (4.53) we can use L’Hospital’s theorem to calculate the last limit. Recall that,

(1− b)Q(r, v, s+ T, t+ T )

=

∫ v

r
ua
[
(T + t− u)b − (T + s− u)b

]
du

−
∫ v

0
ua
[
(T + t+ v − 2u)b − (T + s+ v − 2u)b

]
du

+

∫ r

0
ua
[
(T + t+ r − 2u)b − (T + s+ r − 2u)b

]
du

= b

∫ v

r
ua
∫ t

s
(T + h− u)b−1dhdu− b

∫ v

0
ua
∫ t

s
(T + h+ v − 2u)b−1 dh du

+b

∫ r

0
ua
∫ t

s
(T + h+ r − 2u)b−1 dh du.

Therefore,

(1− b)T 1−bQ(r, v, s+ T, t+ T )

= b

∫ v

r
ua
∫ t

s

(
1 +

h− u

T

)b−1

dh du− b

∫ v

0
ua
∫ t

s

(
1 +

h+ v − 2u

T

)b−1

dh du

+b

∫ r

0
ua
∫ t

s

(
1 +

h+ r − 2u

T

)b−1

dh du.
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Applying L’Hospital’s rule we have that

lim
T→∞

(1− b)T 2−bQ(r, v, s+ T, t+ T )

= lim
T→∞

[
−b(b− 1)

∫ v

r
ua
∫ t

s

(
1 +

h− u

T

)b−2

(h− u) dh du

]

+ lim
T→∞

[
b(b− 1)

∫ v

0
ua
∫ t

s

(
1 +

h+ v − 2u

T

)b−2

(h+ v − 2u) dh du

]

− lim
T→∞

[
b(b− 1)

∫ r

0
ua
∫ t

s

(
1 +

h+ r − 2u

T

)b−2

(h+ r − 2u) dh du

]
,

where

−b(b− 1)

∫ v

r
ua
∫ t

s

(
1 +

h− u

T

)b−2

(h− u) dh du

T→∞−−−−→ −b(b− 1)

∫ v

r
ua
∫ t

s
(h− u) dh du

= −b(b− 1)

[
t2 − s2

2

va+1 − ra+1

a+ 1
− (t− s)

va+2 − ra+2

a+ 2

]
.

Similarly, one can see that

b(b− 1)

∫ v

0
ua
∫ t

s

(
1 +

h+ v − 2u

T

)b−2

(h+ v − 2u) dh du

T→∞−−−−→ b(b− 1)

[
t2 − ss

2

va+1

a+ 1
− a(t− s)

va+2

(a+ 1)(a+ 2)

]
,

and

−b(b− 1)

∫ r

0
ua
∫ t

s

(
1 +

h+ r − 2u

T

)b−2

(h+ r − 2u) dh du

T→∞−−−−→ −b(b− 1)

[
t2 − ss

2

ra+1

a+ 1
− a(t− s)

ra+2

(a+ 1)(a+ 2)

]
.

Putting all these limits together we obtain (2.8). □
Proof of (v). The result follows using Kallenberg (2002, Proposition 13.7) (see also Feller (1966,
Section III.8)) and the fact that the function Qa,b given in (2.2) does not satisfy

Qa,b(s, t) =
Qa,b(s, r)Qa,b(r, t)

Qa,b(r, r)
, s ≤ r ≤ t.

□

4.4.2. Proof of Theorem 2.11. Since ζ is a Gaussian process, to prove the desired convergence it
suffices to show convergence of the covariance functions of the rescaled processes. Suppose that
0 < s ≤ t and b ∈ (0, 1) ∪ (1, 2]. It is not difficult to check that

E [(ζ(s+ T )− ζ(T ))(ζ(t+ T )− ζ(T ))]

= b

(∫ s+T

T

∫ t+T

r

∫ s+T

r
(u+ v − 2r)b−2ra du dv dr +

∫ T

0

∫ t+T

r

∫ s+T

r
(u+ v − 2r)b−2ra du dv dr

)
=: b(J1 + J2).
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Observe that

T−aJ1 =

∫ s

0

∫ t

r

∫ s

r
(u+v−2r)b−2

(
r + T

T

)a
du dv dr →

∫ s

0

∫ t

r

∫ s

r
(u+v−2r)b−2 du dv dr. (4.54)

The limit in (4.54) corresponds to the covariance of the subfractional Brownian motion with pa-
rameter b + 1, for b ∈ (0, 1) (Bojdecki et al. (2007b)). Moreover, it is the covariance of negative
subfractional Brownian motion if b ∈ (1, 2) (Bojdecki et al. (2007b)).
Proof of (i). If b ∈ (1, 2] then, for 0 < s ≤ t, we have

T−a−(b−1)J2 =

∫ t

0

∫ s

0
2b−2

∫ 1

0

(
u+ v

2T
+ 1− r

)b−2

ra dr du dv

T→∞→ 2b−2B(a+ 1, b− 1)st.

This, together with (4.54) implies that T−a−(b−1)b(J1 + J2)
T→∞→ 2b−2bB(a+ 1, b− 1)st as T → ∞,

which finishes the proof. □
Proof of (ii). If b ∈ (0, 1), a > −1 and a+ b+ 1 > 0 then

T−aJ2 =
1

2

∫ s

0

∫ t

0

∫ 2T

0
(u+ v + r)b−2

(
2T − r

2T

)a
dr du dv

=
1

2

∫ s

0

∫ t

0

∫ u+v+2T

u+v
rb−2

(
u+ v + 2T − r

2T

)a
dr du dv.

(4.55)

It is easy to show that

T−aJ2 →
1

2

∫ s

0

∫ t

0

∫ ∞

u+v
rb−2 dr du dv =

1

2(1− b)

∫ s

0

∫ t

0
(u+ v)b−1 du dv. (4.56)

Therefore,

T−ab(J1 + J2) →
1

2(b+ 1)(1− b)

(
tb+1 + sb+1 − (t− s)b+1

)
as T → ∞.
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The processes converge to a fractional Brownian motion with Hurst parameter H = b+1
2 . If −1 <

b ≤ 0, a > −1 and a+ b+ 1 > 0, then

E((ζ(s+ T )− ζ(T ))(ζ(t+ T )− ζ(T )))

=
1

1− b

[∫ s+T

0
ua
(
(T + t− u)b + (T + s− u)b − (2T + s+ t− 2u)b

)
du

+

∫ T

0
ua
(
(T − u)b + (T − u)b − (2T − 2u)b

)
du

−
∫ T

0
ua
(
(T + t− u)b + (T − u)b − (2T + t− 2u)b

)
du

−
∫ T

0
ua
(
(T + s− u)b + (T − u)b − (2T + s− 2u)b

)
du

]
=

1

1− b

[∫ T+s

T
ua
(
(T + t− u)b + (T + s− u)b

)
du−

∫ T+s

T
ua(2T + t+ s− 2u)b du

]
+

1

1− b

[∫ T

0
ua
(
(2T + s− 2u)b − (2T − 2u)b

)
du

−
∫ T

0
ua
(
(2T + t+ s− 2u)b − (2T + t− 2u)b

)
du

]
= H1 +H2. (4.57)

We are going to deal separately with each term in (4.57). Changing variables u− T → u we get

T−a
∫ T+s

T
ua
(
(T + t− u)b + (T + s− u)b

)
du =

∫ s

0

(
1 +

u

T

)a (
(t− u)b + (s− u)b

)
du

T→∞→
∫ s

0

(
(t− u)b + (s− u)b

)
du =

tb+1 + sb+1 − (t− s)b+1

b+ 1
, (4.58)

and

T−a
∫ T+s

T
ua(2T +s+t−2u)bdu =

∫ s

0
(1+

u

T
)a(s+t−2u)bdu

T→∞→ (s+ t)b+1 − (t− s)b+1

2(b+ 1)
. (4.59)

From (4.58) and (4.59) we deduce that

lim
T→∞

T−aH1 =
1

(1− b)(b+ 1)

(
sb+1 + tb+1 − 1

2

(
(t− s)b+1 + (s+ t)b+1

))
. (4.60)

The term H2 equals bJ2 above, and in this case we also obtain convergence (4.56). Thus, the
process

{
T−α/2(ζ(t+ T )− ζ(T )), t ≥ 0

}
converges as T → ∞ to a fractional Brownian motion

with parameter (b+ 1)/2. This concludes the proof. □
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