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Abstract. We introduce a general class of mean-field-like spin systems with random couplings that
comprises both the Ising model on inhomogeneous dense random graphs and the randomly diluted
Hopfield model. We are interested in quantitative estimates of metastability in large volumes at fixed
temperatures when these systems evolve according to a Glauber dynamics, i.e. where spins flip with
Metropolis transition probabilities at inverse temperature 5. We identify conditions ensuring that
with high probability the system behaves like the corresponding system where the random couplings
are replaced by their averages. More precisely, we prove that the metastability of the former system
is implied with high probability by the metastability of the latter. Moreover, we consider relevant
metastable hitting times of the two systems and find the asymptotic tail behaviour and the moments
of their ratio. This work provides an extension of the results known for the Ising model on the
Erdés—Rényi random graph. The proofs use the potential-theoretic approach to metastability in
combination with concentration inequalities.
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1. Introduction

Over the last decade there has been increasing interest in metastability under Glauber dynamics
of the Ising model with random interactions, in particular, of the Ising model on random graphs.
Dommers (2017) considered the case of random regular graphs, Dommers et al. (2017) the configu-
ration model, in both cases in finite volume and at low temperature. Mossel and Sly (2009, 2013)
computed mixing times on sparse Frd&s-Rényi random graphs and on random regular graphs, in
both cases in finite volume and at high temperature. Recently, Can et al. (2021) analysed mixing
times on random regular graphs, in large volumes and at fixed temperature.

Metastability under Glauber dynamics of the Ising model on dense random graphs has so far
only been studied for the Erdgs-Rényi random graph with fixed edge retention probability, by den
Hollander and Jovanovski (2021) and by Bovier et al. (2021). In both papers, mean metastable
exit times of the random model are compared to those of the standard Curie-Weiss model, in
large volumes and at fixed temperature. In den Hollander and Jovanovski (2021) the pathwise
approach to metastability (see Olivieri and Vares, 2005) was used to prove that mean metastable
exit times are asymptotically equal to those of the Curie-Weiss model, multiplied by a random
prefactor of polynomial order in the size of the system. The prefactor estimate was improved in
Bovier et al. (2021) by using the potential-theoretic approach to metastability (see Bovier and den
Hollander, 2015), at the expense of losing generality in the initial distribution. Recently, Bovier
et al. (2022) studied metastability under Glauber dynamics of the Ising model on the complete graph
with random independent couplings in large volumes and at fixed temperature. In that model, the
product structure of the couplings allows for lumping of states, and for combining the potential-
theoretic approach with coarse-graining techniques, to obtain sharp estimates on mean metastable
exit times.

The present paper extends the results for the Erdés—Rényi random graph to inhomogeneous dense
random graphs and to more general random interactions. We compare the metastable behaviour
of a class of spin systems whose Hamiltonian has random and conditionally independent coupling
coefficients, called quenched model, with the corresponding annealed model in which the coupling
coefficients are replaced by their conditional mean. More precisely, we prove that metastability of
the annealed model implies, in large volumes and at fixed temperature, almost sure metastability of
the quenched model with respect to the metastable sets of the annealed model. Moreover, assuming
metastability of the annealed model, we consider the ratio between the mean hitting times of the
quenched model and the annealed model, and estimate both its tail behaviour and its moments,
again in large volumes and at fixed temperature.

As in Bovier et al. (2021), we follow the potential-theoretic approach to metastability, which
allows us to estimate mean metastable exit times by estimating capacities and weighted sums of
the equilibrium potential called harmonic sums. Estimates on the former can be obtained with the
help of well-known variational principles, while estimates on the latter are more involved. See, for
instance, Bianchi et al. (2009) and Bovier et al. (2021), where long and model-dependent computa-
tions were needed to prove that the relevant contribution of the harmonic sum is localised around the
starting metastable set. Schlichting and Slowik (2019), using an alternative definition of metastable
sets, prove that localisation of the harmonic sum around the starting metastable set holds in large
generality. Their work allows us to derive results for a large class of models. A second novelty of
the present paper compared to Bovier et al. (2021) concerns the techniques that are used to prove
concentration results. In Bovier et al. (2021), Talagrand’s concentration inequality was used, while
here we use McDiarmid’s concentration inequality.
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2. Model, results and methods

This section is structured as follows. In Section 2.1, we introduce the model. In Section 2.2, we
define metastability, introduce relevant quantities, and state our main results. In Section 2.3, we
summarise our strategy and methods, and give an outline of the rest of the paper.

2.1. The model. Let (Q,F,P) be an abstract probability space. Let G C F be a sub-o-algebra
of F and J = (J;j)i<i<j<co be a triangular array of real random variables that are conditionally
independent given G and uniformly bounded, i.e., there exists a kj € (0,00) such that |J;;| < kj P-
a.s. forall 1 <i < j < co. We write Pg[-] to denote a regular conditional distribution for J given G
which exists because J is a sequence of real random variables; see Chow and Teicher (1997, p. 218).
Write E to denote the expectation with respect to P, and Eg and Varg to denote expectation and
variance with respect to Pg.
Given 2 < N € N, consider the Ising Hamiltonian with random couplings of the form

N N
1
HN(U) = _N Z JijUin — hZJi, (S SN, (2.1)
ij=1 i=1
1<j

with A € R the magnetic field and Sy = {—1,1}" the set of spin configurations. The corresponding
Gibbs measure on Sy is denoted by

pn(o) = Zy" e PN () o€ Sy, (2.2)

with f € (0,00) the inverse temperature and Zy the normalizing partition function. The spin
configurations evolve in time as a discrete-time Markov chain (X (t))en, with state space Sy and
Glauber-Metropolis transition probabilities given by

%exp(—B[HN(U')—HN(U)]+), if o ~ 0o,
pN(a,a’) = 1—27#0]9]\/(0,17), if o =0, 0,0’ € Sy, (2.3)
0, otherwise,

where o ~ ¢’ means that ¢’ is obtained from o by a flip of a single spin. The associated (discrete)
generator Ly acts on bounded functions f : Sy — R as

(Lnf)(o) = 3 pnle.d)(J(e') ~ J(), o€ Sn.
o/'eSN
Note that the stochastic process (X n())ten, is irreducible and reversible with respect to the Gibbs
measure fiy. We denote by P the law of the Markov chain (Xy(t))sen, with initial distribution
v. The corresponding expectation is denoted by E]VV . If the initial distribution is concentrated on
a single configuration ¢ € Sy, then we write Pf,v and Ef,v , respectively. For a non-empty subset
A C Sy, let 7'“]4\[ be the first return time to A, i.e.,

N =74 (SN ()ier,) = inf{t € N: Sy (t) € A}.

Our main objective is to compare the evolution of the model with Hamiltonian Hy and the model
with Hamiltonian Hy defined by

N N
~ 1
Hy(o) =Eg[Hn(0)] = N Z Eg|[Jij]oioj — hZJi, oe€S8y, P-as.
i,7=1 =1
1<j
Throughout the paper, we use the superscript ~ to denote quantities that refer to the model defined
in terms of Hy. For instance, ((Xn(t))ten,, PY: 0 € Sy) denotes the discrete-time Markov chain
with transitions probabilities (pn (0, 0"))s oesy, Which is reversible with respect to jin, where both
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the transition probabilities and the Gibbs measure are defined as in (2.1) and (2.2), but with Hy
replaced by Hy. For lack of better names and with abuse of terminology, we refer to the models
defined in terms of Hy and H ~ as the quenched model and the annealed model, respectively.

In the sequel, we provide a list of motivating examples for which the results stated later hold.
For this purpose, consider two sequences

(Aij)1<i<j<oos (Pij)1<i<j<oos

of triangular arrays with |A4;;] < ky and P;; € (0,1) for 4,5 € N with ¢ < j, and let G =
o(Aij, Pij: 1 <1< j<oo) be the o-algebra generated by these sequences. Moreover, let

(Uij)1<i<j<oo
be a triangular array of i.i.d. random variables distributed uniformly in (0, 1). Define
Jij = AijBij, Bz‘j = l{UijSPz'j}? 1<i<j <o0.

Note that (J;;)1<i<j<oo and (Bjj)1<i<j<oo are triangular arrays of conditionally independent random
variables given G. In particular, B;; are Bernoulli random variables with mean F;;.

Example 2.1 (Ising model on the Erdés-Rényi random graph). By choosing A;; := 1 and P;; =
p € (0,1] for 1 <i < j < oo, G becomes the set {),Q2} and Hy in (2.1) becomes the Hamiltonian
of the Ising model on the Erdés—Rényi random graph with edge retention probability p, known as
the randomly diluted Curie-Weiss model. Its metastable behaviour was studied in den Hollander
and Jovanovski (2021) and Bovier et al. (2021). In this case the annealed model is the Curie-Weiss
model.

Example 2.2 (Ising model on inhomogeneous random graphs). By taking A;; :=1for1 <1i < j < oo,
Hy in (2.1) becomes the Hamiltonian of the Ising model on an inhomogeneous random graph, in
which an edge (ij) is present with probability P;;. Of particular interest is the case P;; = V;V; with
(Vi)ien a sequence of i.i.d. random variables with support in (0, 1), known as the Ising model on the
Chung-Lu random graph, see Chung and Lu (2002). The metastable behaviour of the corresponding
annealed model was studied in Bovier et al. (2022) for the case where the random variables V; have
finite support.

Ezample 2.3 (Randomly diluted Hopfield model). Given n € N random patterns &', ..., €7, with
¢k = (F)ieny and €F € [—1,1] for 1 < k <, set A;j = >}, ffﬁj?. By taking P;; = p € (0,1) for
1<i<j<oo, Hy in (2.1) becomes the Hamiltonian of a Hopfield model in which the interaction
coefficients are randomly diluted by i.i.d. Bernoulli random variables with mean p. See Bovier and
Gayrard (1998) for a review on the Hopfield model. The metastable behaviour of the annealed
model, i.e., the undiluted Hopfield model, was studied by an der Heiden (2007) in a restricted
(8, h)-regime. We plan to address the metastable behaviour in a more general (/3,h)-regime in a
future paper.

2.2. Metastability and main results. Before stating our main results, we recall the definition of
metastable Markov chains and metastable sets put forward in Schlichting and Slowik (2019, Defini-
tion 1.1).

Definition 2.4 (py-metastability). For py > 0and 2 < K € N, let {M; n,..., Mg n} be a set of
subsets of Sy such that M; y "My =0 for all 1 < # j < K. The Markov process (Xn(t))sen,
is called py-metastable with respect to {M n,..., Mg N} when

, N N N
maxje{lwwK} P,uN|Mj,N |:TMN\MJ-7N < TM]',N}

mlansN\MN PMN‘X |:TMN < TX:|
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where My = Ufil M; n and, for a non-empty set X C Sy, pn|X denotes the Gibbs measure pn
conditioned on the set X.

Remark 2.5. The advantage of this definition compared to the one given in Bovier and den Hollander
(2015, Definition 8.2) is twofold: it allows for direct control of ¢P(uy)-norms of functions, and does
not depend on the cardinality of the state space. For a more detailed comparison of the two
definitions of metastability we refer to Schlichting and Slowik (2019, Remark 1.2).

For fixed 2 < K € N and k; > 0, define

Qmeta(N) = {w: I{MinN, ..., Mg n}(w) non-empty disjoint subsets of Sy s.t.
(S (t))reny (w) is e ¥V metastable w.r.t. {Myy,... ,./\/lKN}(w)}, (2.5)

i.e., the event that the Markov chain (f)N(t))teNO is py-metastable with respect to some given
collection of mutually disjoint subsets {M; n,..., Mg n}, where we abbreviate

pn = e K1l (2.6)

Remark 2.6. Note that both ﬁmeta(N) and {M n,..., Mg n} - playing the role of metastable sets
— are G-measurable, because they are defined in terms of the annealed Hamiltonian Hy .

In our main results we impose the following assumption on the annealed model.

Assumption 2.7 (Metastability of the annealed model). For some (8, k) € (0, 00) xR, the following
holds for the Markov chain (Xx(¢)):en, of the annealed model. There exist 2 < K € N and k1 > 0
such that,

P[lim inf Qmeta(zv)} =1,
N—o0

where Queta(N) is defined in (2.5) and depends on K and k;.

Remark 2.8. Assertion of Assumption 2.7 can be rephrased as follows: P-a.s., there exists a finite
random variable Ny € N and a sequence ({Mj n,..., Mg n})N>nN, of K non-empty mutually

disjoint subsets of Sy (possibly depending on w) such that for any N > Ny the process (EN(t))teNo
is py = e~ " N_metastable with respect to {Min,.... Mgn}.

Remark 2.9. Let us illustrate in the case of Example 2.1 how to identify candidates of metastable

sets. It is well know (cf. Bovier, 2006, Section 3.5) that, for any 8 € (0,00) and h € R,

. 1 = . o
WS BN 108 = o Pl

where F, 5.5 [—1,1] = R denotes the free energy per vertex of the annealed model given by

~ 1 1/1—=x l—-z 1+=x 1+ x
F, =2z — = 1 1 :
3.h(x) 2:r hx + 5( 5 og 5 + 5 og 5 )

In particular, for any 8 > . = 1 and h € (—h.(5), he(5)), where the critical strength of the
magnetic field is given by

he(B) == /1= B2 — 215 log(B(1 + 1= 1/B)2),

the free energy ﬁﬁ,h admits two local minima mi,mg € (—1,1). For N € N, let m; y and mg y
be the closest point in {—1,—1+ 2/N,...,1 —2/N,1} to m; and mg, respectively. Define the
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sets My n, Mz n C Sy as the (set-valued) pre-image of the empirical magnetization Sy 3 o —
my(o) =+ ZZ]\LI 0, 1.e.,

Min = mfvl(ml,N) and Mo N = erl(mzN)-
By using arguments similar to those given in Schlichting and Slowik (2019, Lemma 4.1), it follows

that {M; n, Mz n} forms a pair of metastable sets in the sense of Definition 2.4.

For fixed N € N, given the metastable sets {Mi n,..., Mg n}, we can decompose the state
space Sy into the domains of attraction with to respect the dynamics of the annealed ‘model. More
precisely, by following Schlichting and Slowik (2019, Definition 1.4), within the event Qpeta(/N) the
metastable sets {M n,..., Mg n} give rise to a metastable partition {Si n,...,Sk n} of the state
space Sy such that

M N €SN CVinN, ie{l,...,K}.
The local valley V; ny around the metastable set M; y is defined as
— .BN[_.N N SN[ _N N
Vin = M; nU {a e M§: P, [TMLN < TMN\Mi,N] > I?QZ;(PU |:TMj’N < TMN\Mj,Ni| },
where we recall that My = Ufil M; N

Our first theorem says that, subject to Assumption 2.7, (Xxn(¢))ien, also exhibits metastable
behaviour in the sense of Definition 2.4.

Theorem 2.10 (Metastability). Suppose that (8, h) € (0,00) X R satisfies Assumption 2.7. Then,
for any co € (0,k1), the event
Qeta(N) = {w € Qmeta(N): (SN (8))sen, (w) is €N -metastable w.r.t. {Min,... ,./\/lKJv}(w)}
(2.7)
satisfies
}P’[lim inf Qmeta(N)} =1. (2.8)
N—o0

Label the metastable sets My n,..., Mg n in such a way that they are ordered decreasingly
according to their weights under the Gibbs measure of the annealed model, i.e., for all N € N, on
the event Qeta(N),

in[Min] > an[Man] > ... > in [Mgn], P-a.s.
Fix i € {2,..., K} such that there exists a ks € (0, 00) satisfying

ﬁN[Sj,N] < e_kQNﬁN[Si,N]v P-as., \V/] € {Z+ 17'-')K}7 N eN, (29)
and set, for any N € N, P-a.s. on the event flmeta(N),
i—1
.AN = ./\/li,N, BN = U ./\/lij. (2.10)
j=1

Note that By is the union of all metastable sets with weight not smaller than the weight of Ay .
Furthermore, note that, since for i = K the condition in (2.9), to which we will also refer as the
non-degeneracy condition, is void, the existence of such an index ¢ is always guaranteed. However,
if the condition holds for further 7, one has more freedom in the choice of the set Ay, making our
results more general.

Remark 2.11. The non-degeneracy condition in (2.9) can be relaxed by replacing e 2% with some

o satisfying e %2V < §y < e=VN for some sufficiently large ¢ € (0,00). The technical reasons can
be found in the proofs in Section 5.
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Before proceeding, we define, for N € N and non-empty disjoint sets A, B C Sy, the so-called
last-exit biased distribution on A for the transition from A to B by

un (o) Pffv [Tév < ’7’%]
Yocann(0)Pg [ < TH]
This distribution plays an essential role in the potential-theoretic approach to metastability, as can
be seen in (2.15) below.

We are now ready to state our second theorem, in which we compare the mean hitting time of By
for the Markov chain (Xn(t))sen, starting from the set Ay according to the distribution v4, gy
with the corresponding quantity for the Markov chain (f] N (t))ten,- Under the regular conditional
distribution Pg, we obtain for the ratio of these metastable hitting times estimates both on its tail
behaviour and on its moments.

oe A

vap(o) = I/_%B(O') =

Theorem 2.12. Suppose that (5,h) € (0,00) x R satisfies Assumption 2.7. Set

g ZN
t,j=1
i<j
(i) Fort e Ny, P-a.s.,
E’]/\;\ B [TéVN] 2 2 /(28k 1)?
lim Pgle imoN < —ANEN - N o oHiF2an | 5 g et/ (28R, (2.12)
N—300 N (75 ]
UAy By L' BN

(it) For any ¢ > 1 and c € (0,00), let

) Bg[EY, . []7] @)

. e’ __c_ 4qa _c
= 1) <SG g e ) e

Then, for any q > 1 there exists ¢; € (0,00) such that

P

N—oo

lim inf Qq7cl(N)] =1. (2.14)

Remark 2.13. (a) Since the random variables (J;;j)1<i<j<oo are assumed to be uniformly bounded,
it follows that any = O(1).

(b) The non-degeneracy condition (2.9) embedded in the definition (2.10) of Ay ensures that, if
i < K, the metastable sets M; n, j € {i+1,..., K}, are not relevant for the analysis of the
crossing times from Ay to By.

(c) The choice of the initial configuration being drawn from the (quenched) last-exit biased dis-
tribution plays an important role in the potential-theoretic approach to metastability. Indeed,
under this particular initial distribution supported on (the inner boundary of) the set Ay the
mean hitting time, E, [TéVN], of the set By can be represented in terms of two analytic quanti-
ties: the harmonic function, ha, 5., and the capacity, capy(An, Bn), see (2.15). If Ay and
By are metastable sets, one expects that the function o — E, [TéVN] is almost constant on
the set Apy. Such regularity statement has been proven for certain spin systems by means of
coupling methods, cf. Bianchi et al. (2012); Martinelli et al. (1990); Martinelli and Scoppola
(1988). The construction of a suitable coupling in the present setting, while expected to be
possible, requires some highly non-trivial adaptation of the previously used strategies, due to
the random interaction, that goes beyond the scope of the present paper.

Remark 2.14. (a) The results still hold true for different reversible, single spin update dynamics.
However, the Glauber dynamics with Metropolis transition rate is a standard choice.
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(b) The assertions of both Theorem 2.10 and 2.12 are still valid beyond the regime of uniformly
bounded random variables. The forthcoming paper Dubbeldam et al. (2024-+) studies the
Potts model with random interactions assuming that (J;;)i<i<j<oo are i.i.d. unbounded random
variables with finite exponential moments.

2.3. Methods and outline.

2.3.1. Key notions from the potential-theoretic approach to metastability. To prove Theorems 2.10
and 2.12, we crucially rely on potential theory, which allows us to express probabilistic objects
of interest in terms of solutions of certain boundary value problems. It is well-known (see e.g.
Bovier and den Hollander, 2015, Corollary 7.11) that, for any N € N and any non-empty disjoint
A, B C Sy, the mean hitting time of B starting from the last-exit biased distribution V%’B on A is
given by

vas '8 capy (A, B)’ '
where ||hY} 5|,y denotes the ¢!(pn)-norm of the equilibrium potential h%B of the pair (A, B), i.e
the function h% 5+ SN — [0,1] that is the unique solution of the boundary value problem

{ (Lnf)(o) = 0, oeSy\(AUB),
flo) = 14(0), o€AUB.

Note that the equilibrium potential has a natural interpretation in terms of hitting probabilities,
namely, hf}(’lg(a) =PY[rY < 1§], for all 0 € Sy \ (AU B). The capacity capy (A, B) of the pair
(A, B) is defined by

capy (A, B) = > pn (o) PY [ <X = pun(o)(~Lnhi 5)(0). (2.16)
geA geA

From this definition it is clear that

PMN\A [7‘5 < A] CaZNN([.j]B>7 (2.17)

where un|A denotes the Gibbs measure py conditioned on the set A.

Capacities can be expressed in terms of variational principles that are very useful to obtain upper
und lower bounds (see Bovier and den Hollander (2015, Section 7.3) for more details). Upper bounds
are obtained by using the Dirichlet principle, which states that

capy (A, B) = inf{En(f): f € H 5} (2.18)
Here, H%B denotes the set of all functions from Sy to R that are equal to 1 on A and 0 on B, and
1 2
EN() = {fi=Influx =5 D 1v(0)px(o.0')(f(0) = f(o"))
o,0'€ESN

is the Dirichlet form. We recall that the transition probabilities py are defined in (2.3).
Lower bounds are obtained via the Thomson principle, which states that

1 . -1
capy (A, B) = Sup{m: pE U%B} = (mf{DN(go): pE Uﬁ{g}) ,

where L{% 5 is the space of all unit antisymmetric AB-flows ¢ : Sy x Sy — R, and

2
Da()=g 3 A7)

~.
2 ety pun (o) pn(o,0’)

O'NO'/
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2.3.2. Strategy of proofs. The proof of Theorem 2.10 relies on Definition 2.4 and on (2.17), together
with an application of the Dirichlet principle in combination with a comparison of the quenched
Hamiltonian Hy and the annealed Hamiltonian H n on a particular event of high probability.

We prove Theorem 2.12(i) by combining concentration inequalities for the logarithm of the mean
hitting time EY [TéVN} of the quenched model with bounds on the distance between the (con-

VAN,Byn B
ditional on G) mean of that logarithm and the logarithm of the mean hitting time EZ’ [%év ]
Apn,By L' BN

of the annealed model. Estimates of the latter type, comparing conditional means with average
means, will be called annealed estimates. The results in Theorem 2.12(ii) are annealed estimates
as well. In view of (2.15), estimates on the mean hitting time EfyAN‘ - [TéVN], or on its logarithm,
will follow once we have separately proven corresponding estimates for both Zy capy(An, By) and
Zn I3, 5 -

Let us emphasis that we use a conditional version of McDiarmid’s bounded differences inequal-
ity (see Proposition A.l below) in order to prove concentration inequalities for the quantities
log[Zn capy(An, By)] and log[ZNHh%NﬁN || uy]- This strategy for proving concentration is different
from the one used in Bovier et al. (2021), where Talagrand’s concentration inequality was used. The
advantage of McDiarmid over Talagrand is twofold. First, McDiarmid’s inequality provides exact
constants. Second, it does not require convexity of the map J — log(Z N capy (An, B N)), which is
crucial because we do not know how to prove convexity.

Estimates on capacities for Theorem 2.12 are proven by using the Dirichlet principle and the

Thomson principle, and do not require any assumption on metastability. Finding estimates on the
equilibrium potential, however, is more involved. We use a result that is similar to Schlichting and
Slowik (2019, Theorem 1.7) (Proposition 5.2 below), for which the non-degeneracy assumption in
(2.9) is required, together with the same comparison of the Hamiltonians Hx and H ~ that is used
in the proof of Theorem 2.10, both holding with high probability. We emphasise that the constants
appearing in our statements may depend on the parameters of the model.
2.3.3. Outline. The remainder of the paper is organised as follows. In Section 3 we provide the
proof of Theorem 2.10 on metastability of the quenched model. In Section 4 we provide estimates
on capacities. Section 5 is devoted to stating and proving estimates on weighted sums of the
equilibrium potential, called harmonic sums. In Section 6 we prove Theorem 2.12 by using the
results of the previous sections. Appendix A contains the conditional version of the McDiarmid’s
inequality that is used in the paper.

3. Metastability

Before proving Theorem 2.10, we provide in Lemma 3.1 a comparison of the quenched Hamiltonian
Hp and the annealed Hamiltonian Hp. This lemma will be used both in the proof of Theorem 2.10
below and in Section 5, where we deal with estimates on the equilibrium potential.

Given a positive real sequence (an)yen, let

=(an) = {gég};!HN(a) — Hy(0)| < aN} cQ,  NeN\{1}, (3.1)

denote the event that, uniformly in o € Sy, Hp differs from ﬁN by at most ay. On the event Z(ay)

we have control on the difference between the quantities determining (Xn(%))sen, and (= N(t))ten,-
Moreover, for suitably chosen sequences (an)nen, the event Z(an)® turns out to be negligible in
the limit as N — oo.

Lemma 3.1. For a positive real sequence (ay)nen, set by = a3, /k% — (N +1)log2. Then, P-a.s.,

Pg[E(an)] <e ™ Al, VN eN\ ({1} (3.2)
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Proof: Fix 2 < N € N. Clearly, it suffices to prove (3.2) in case by > 0. Notice that the
map J — Hpy(o) satisfies a bounded difference as (A.1) with constant 2k;/N uniformly in o €
Sy, because Hy (o) depends linearly on the random coupling (Ji;)i<i<j<n and we assumed in
Section 2.1 that the |J;;| < ky P-a.s. for all 1 <14 < j < oo. Since in addition the triangular array
J = (Jij)1<i<j<oco 1s assumed to be conditionally independent given G, we can apply McDiarmid’s
concentration inequality (Proposition A.1) with v = k%(N —1)/(2N), together with a union bound,
to get that, P-a.s.,

}P’g[max‘HN(a)—ﬁIN(aﬂ > aN] < Z PQUHN(O') —I:‘:TN(O')} ZCLN}

ceSN oESN
2
ay N
(- 7)

where the additional factor 2 comes from the absolute value. Since (N —1)/N <1, (3.2) follows. O

é 2N+1

Proof of Theorem 2.10: We will prove that

P |lim sup Qmeta(N)c] =0,

N—oo

which is equivalent to (2.8). First note that, by the choice of puy and py in (2.2) and (2.3),

1 /
Znun(o)pn(o,0’) = Ne_ﬁ(HN(U)VHN(U ), o~o €8y.

An elementary computation yields that, on the event Z(ay),
Hy(o)V Hy(0") —an < Hy(0) V Hy(o') < Hy(0) V Hy(0') + an, o,0" € Sn.
Thus, by a comparison of Dirichlet forms it follows that
ZNEN(f)e PN < ZNEn(f) < ZnEn(f) e,
for any f: Sy — R. In view of the Dirichlet principle (2.18), we deduce that, on the event E(ay),
e Pan < ZNNSEE)N(X’J}) <efaw £ X Y C Sy disjoint. (3.3)
Zncapy(X,))

Moreover, for any 2 < N € N, on the event Z(ay),

VA X
e Pan < #N[] < efon, 0+ X C Sy. (3.4)
Znpn [X]

It follows from (2.17), (3.3) and (3.4) that, on the event Z(ay),

N N _ N
PuNIX[TJ/ <7y ] < o2Ban
€ )

—28an e
e < = < 0 #X,Y C Sy disjoint. (3.5)
N [zN _ =N
PMN\X[Ty <7y]
Thus, on the event Z(an) N Qmeta(V),
N N N PN 4pa . N N N
jegl,%.),{K} P M x [TMN\Mj,N < TM%N] < T N XC«I;‘?\II{IMN Plx [TMN < TX] (3.6)

Now set ay = kj\/Nki + (N +1)log2 for 2 < N € N, and note that, with this choice of ay,
Lemma 3.1 implies that

P[E(an)‘] =E[Pg[E(an)]] <e™™ =N NeN\ {1} (3.7)
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Recall that ¢ is the constant in the definition of Qpeta (V) in (2.7), in Theorem 2.10. By choosing
N(k1,co,8,ky) € N in such a way that ¢g < k1 — 48an/N for all N > N(ki,co, 3, k), it follows
from (3.6) that Z(an) N Cmeta(N) C Qeta(N) for all N > N(ky, o, 8, ks). In particular,

Qmeta(N)c - E(GN)C U ﬁmeta(]\[)ca N > N(kla €o, 57 kJ) (38>

Therefore, using continuity of the probability measure, we get

(3.8) _
P {lim sup Qmeta(N)c] < P[lim sup (E(aN)C U Qmeta(N)C)}

N—oo N—o0

< g (2], S| 4P|, Fosatr] )

=P [lim sup E(aN)C] + P [lim sup ﬁmeta(N)c} .
N—o0 N—oo

Since, by (3.7), > N_1 P[E(aN)C] < 00, an application of the Borel Cantelli Lemma and Assump-

tion 2.7 yields that

P |lim sup Qmeta(N)c] <P [lim sup E(aN)C] +P [lim sup ﬁmeta(N)c} =0.

N—o0 N—oo N—oo

4. Capacity estimates

In this section we provide general estimates on the capacity of the quenched model compared
to the annealed model. These estimates are general because we do not require any assumption on
metastability, and the sets involved in the estimates are general disjoint subsets of the configuration
space.

In Section 4.1 we prove concentration for the logarithm of the capacities by using the Dirichlet
principle and McDiarmid’s concentration inequality. In Section 4.2 we first estimate the conditional
mean of Zyun and py in terms of the corresponding quantities of the annealed model Zyfn and
Py in Lemma 4.2, and afterwards prove annealed capacity estimates by using both the Dirichlet
and the Thomson principle, together with Lemma 4.2. The latter is crucial also in the proof of
annealed estimates of HhﬁNﬁN || iy in Section 5.3.

All formulas in this Section 4 are intended to hold P-a.s. In order to lighten notation, we refrain
from repeating that.

4.1. Concentration of quenched capacities.

Proposition 4.1. Let 2 < N € N, and consider two non-empty disjoint subsets X,Y C Sn. Then,
for any t € Ny,

Pg [‘log(ZN capy (X,Y)) — Eg[log(Zy capy (X, V))]| > t} < 2e /(BRI (4.1)

Proof: First, recall that the triangular array (Ji;j)i<i<j<oo is assumed to be conditionally inde-
pendent given G. Hence, in view of McDiarmid’s concentration inequality (Proposition A.1), the
assertion in (4.1) is immediate once we show that, for any 2 < N € N, the mapping

(Jijh<icjen — Fn((Jijh<icjen) = log(Zn capy (X, D))
satisfies a bounded difference estimate. More precisely, it is sufficient to show that, for any 1 < k <
I<N,

28k
N b

|Fn ((Jijh<i<jsn) = FN ((Th<icjen)| < (4.2)
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where J; == J;; for all 1 <4 < j < N such that (4, j) # (k,[), and Jy, is a conditionally independent
copy of Ji; given G. In the sequel, we write H]{,, Z]{,, 51{7 and cap]{,(X,y) to emphasise the
dependence on the random coupling J = (J;;)1<i<j<n-

We proceed by following the same line of argument that led to (3.3) in the proof of Theorem 2.10.
By

=Tl _ 2k

Hi (o) — HY; 4.
|Hy(0) — Hy ()] N SN o € SN, (4.3)
an elementary computation yields that, for any o, 0’ € Sy,

2ky 2ky

1Y (o) v HY (o) = 52 < H (o) v B (o') < HY (o) v HF (o) + 52
Thus, by a comparison of Dirichlet forms, we obtain, for any f : Sy — R,
ZREX (f)e NIV < ZREN () < ZHE (f) eI,
In view of the Dirichlet principle (2.18), we deduce that
Z§ capf (X, ) e ?RIIN < 75 cap (X, V) < ZF capfr (X, ) 2PN,
which yields (4.2). O

4.2. Annealed capacity estimates.

Notation 1. For any three sequences (an)n>0, (bN)N>0, (cN)N>0 and N € N, the notation ay =
by + O(cn) means that there exists a C' € (0,00) independent of w and N such that

—CCN S anN — bN S CCN.

Before proving annealed capacity estimates, we prove the following lemma which is used both in
the current section and for proving further annealed estimates in Section 5.3.

Lemma 4.2. For 2 < N € N the following hold:
(i) For any o € Sy,
(ii) For any 0,0’ € Sy with o ~ o',

Eg eiﬁ(HNw)vHN(a/))} = HBUIN@VHN () gon (1 4 O(N—1/2)), (4.5)

where ayn is defined in (2.11) and An(o) .= Hy (o) — Hy(0), o € Sy.

Proof: (i) Denote by R > t + A;(t) := logEg [exp(¢(J;; — Eg[J;;]))] the conditional log-moment
generating function given G. By a Taylor expansion up to the third order, we get that, for any
teR,
t2 t3 1
Aj(t) = = Varg [J5] + 2/ (1 - 0)2AY/(6t)do.
0

Since the random variables are assumed to be uniformly bounded, i.e., |J;;| < kj, an elementary

computation exploiting Cramér’s measure yields that, [AJ](?)] < 6k3. Hence

t2
| Aj(t) — gVarg[Jin < K3t
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Since the triangular array (J;;)1<i<j<oo is conditionally independent given G, we have

N 2 3
log g [e=723®] —an| < 3 |y (Reria) — FONT vy 1,]] < LR
ij=1

i<j

which concludes the proof of (4.4). In particular, for any o € Sy,
HBHN (@) ran o= (8RN < | [eiBHN(U)} < oEBHN (o) tan o(Bk1)/2N (4.6)
(ii) Because the proofs of (4.5) for £4 are similar, we give a detailed proof for +/ only. Since the

conditional expectation of the maximum of two random variables is bounded from below by the
maximum of their conditional expectations, it is immediate from (4.6) that, for any 0,0’ € Sy,

~ ~ 3
Eg eﬂ(HN(a)vHN(a'))] > BN (@VEN() gan (1 B (527%) )

Thus, we are left with proving the desired upper bound. For this purpose, we define, for o € Sy
and k € {1,...,N},

HN( = —Uk< ZJkJU] + = ZJkuz+h>
z<k

]>k

and set Hﬁk(a) = Hy(c) — H% (). Denoting by o* € Sy the configuration that is obtained from
o by flipping the spin at site k € {1,..., N}, we get Hﬁk(a) = Hﬁk(ak) and H (o) = —HE (o).
Since for any o € Sy the random variables Hﬁk (o) and H% (o) are conditionally independent given
g, it follows that

Eg eﬂ(HNw)vHN(ok))} — Eg [eaﬂﬁ’“m] Eg [eﬂH}%(o) Y eﬂH}%(o"')]_ (4.7)

In order to estimate the second term, note that for any two non-negative random variables X,Y
with finite second moment, we have

E[X VY] =E[X]VE[Y] + %(E[\X — Y] - [E[X] - IE[YH)

< E[X]VE[Y] + %(E[\X —E[X]|] +E[|Y - E[YH])

1
< E[X] VE[Y] + 5 (v/Var[X] + v/Var[Y]),
where we use the triangular inequality and Jensen’s inequality. Hence,
Eg [eﬂH}% (0) v BHY (ak)}

< Eg [eﬁ’m@(o)} v Eg [eﬁﬂmaw] 4 ;<\/Varg [eﬁHﬁf (a)} 4 \/Varg [eﬁHﬁ(ak)} >

Varg[e£f(0)]  Eg|ex2UK()Eoliy ()]

<
Eg [eiﬁH]’%(a)] 2 = Eg { oEBHE (0)~Eg [Hl’i,(a)})}

Since,

2

exp <Z] —k+1 Ak]( akaj) + Zf 11 Alk(ﬁﬁalak))

eXp (2 Z] k+1 Ak]( Uka]) +2 Zf 11 Azk( k)>
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and |A;j(t)| < k%t2, which follows from a Taylor expansion of A;;(t) up to second order together
with the estimate [A7;(?)] < 2k%, we obtain that

Eg [eﬂH}%(a) v eﬁH]’“V(a")} < (Eg [e,BHJIif(U)} v Eg [eﬁH]’i,(a’“)]> (1 RYA-C2a 1), (4.8)

Combining (4.8), (4.7) and (4.6), we see that there exists a ¢ = ¢(, k) such that for all 2 < N € N,

B(HN(o)VHN (0%))| < BHN(0)VHN (o)) jan _c
Eg[e }_e e <1+\/N).

This concludes the proof of (4.5). O
We are ready to prove the annealed capacity estimates.

Proposition 4.3. Let 2 < N € N, and let X,Y C Sy be two non-empty and disjoint.
(i) Then,

_ 1
B [l05(Zx capy (X, )] ~ log(Zncaby (¥, )| = ax +0( ). (4.9)
(i) For any q € [1,00) there exists a c3 € (0,00) such that
1/q
Eg [(ZN capy(X,Y )q]
—an(1_ 4 aN =l
e (1 \/ﬁ) < _ < et (1 n m) (4.10)

—_ C3 Cc3
e aN(l— ) < _ §eq°‘N(1+—), 411
VN I (4.11)

where ay 1s defined in (2.11).

Proof: Fix N 3 N > 2 and consider two non-empty disjoint subsets X, C Sy. Recall from
Section 2.3 the definition of the Dirichlet form En(f) for functions f € Hx y and the Dirichlet form
Dn () for unit flows ¢ € Uy, y. In view of Lemma 4.2(ii) we have that

Eg[ZnEN(f)] = ZnEn(f)e™ (1 + O(N71/?)) VfeHxyy, (4.12)
Eg[Z5'Dn(9)] = Zy'Dn(p) e (1 4+ O(NY/2)) Vo€ Uyy. '

(i) The claim in (4.9) is an immediate consequence of the Dirichlet principle and the Thomson
principle combined with Jensen’s inequality. Indeed, in view of (4.12) there exists a ¢ = ¢(8, k)
such that

Eg[log(Zn capy (X, Y))] < inf logEg[ZnEn(S)]

feHxy
< inf log(ZNgN(f)) +OJN+CN_1/2
fe€Hxy
= log(Zn capy(X,V)) +an +cN~V2 (4.13)

Likewise, we obtain that

Eg[log(Zn capy(X,D))] = — inf logEg[Zy' Dn(p)]
peUx y

> inf log(Zo'D —ay —cN71/2
2~ lnf 0g(Zy'Dn(p)) —an —c¢

=log(Zy capy(X,Y)) — an — cN~YV2, (4.14)
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(i1) Since the proofs of (4.10) and (4.11) are similar, we present the proof for (4.11) only. To get
the lower bound, note that by Jensen’s inequality it is immediate that

1/q 1

> :
~ Eg[Zy capy (X, V)]

Hence, analogously to (4.13), by applying the Dirichlet principle and (4.12) we obtain that there
exists a ¢ = ¢(B, k) such that

o (2 canx(@.3) ] " > B[ (2 cany(.) ]

1 e N
> =
Eg[Zn capy (X, V)] ~ Zycapy(X,Y)
To get the upper bound, note that, analogously to (4.14), by the Thomson principle we have that

1/q

(1 — cNfl/Q).

— Ve . _
Eg [(ZN capy(X,))) q] < infyeyy , Eg [(ZNle(SO))q}
By Minkowski’s inequality and an application of (4.5) with § replaced by B¢, we find that for any
q € [1,00) there exists a ¢ = (¢, 8, k) such that, for all ¢ € Ux y,

1/

Eg [(ZK,IDN(QD))q} ! < Z&lﬁN(SD) eION (1 + C/N_l/Q).

Therefore, again applying the Thomson principle, we obtain

_.11/q edN
Eq|(Z X, 1 < —
g[( v capn( y)) ] - Zncapy(X,D)

and by setting c3 := ¢V ¢/ we conclude the proof. g

(1 + C/N_1/2),

5. Equilibrium potential estimates

This section contains all our results concerning the ¢'(uy)-norm of the equilibrium potential
hﬁNuBN7 which we call the harmonic sum. Before proving concentration estimates in Section 5.2
and annealed estimates in Section 5.3, we provide some preliminary estimate in Section 5.1. We
emphasise that throughout this section, contrary to Section 4, metastability plays an essential role.

5.1. Preliminary estimates. As mentioned above, for estimates on the harmonic sum we restrict to
the event Z(ay), which is defined in (3.1) and used in Section 3 to prove Theorem 2.10. This event
has high probability for suitably chosen sequences (an)nyen (recall Lemma 3.1). We use two facts:
on E(ay) we can control the quenched Gibbs measure py in terms of the annealed Gibbs measure
an (recall (3.4)), and the harmonic sum localises on the metastable valley of Ay. We state and
prove the last result in Proposition 5.2.

Notation 2. For any two random variables X, Y depending on N € N, writing “X =Y holds P-a.s.
on the event Qpeta(N)” means that

]]-ﬁmeta(N)X = ﬂ'ﬁmeta(N)Yy P-a.s..

We stress that all formulas in Section 5 hold P-a.s. Moreover, formulas involving the quantities
Sj N, M N, AN, By, for fixed j € {1,..., K} and N € N, hold P-a.s. on the event Quea(/N) unless

differently specified, because those quantities are not defined in ﬁmeta(N )€.
Furthermore, recall that the sets Ay and By are defined, in terms of the fixed index i €
{2,..., K}, in (2.10).

Remark 5.1. By G-measurability of Qeta(IN) (see Remark 2.6) we are allowed to compute expec-
tations and probabilities conditioned to G on the event Qpeta (V).
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Proposition 5.2. Suppose that (an)nen @S a non-negative sequence that is sublinear in N. Then

there exists a C € (0,k1 A ky) such that P-a.s. on the event E(an) N Qmeta(N), for N sufficiently
large depending on (an)nen, B, ki1, k2,

113 syl = 1v[Siv] [1 + O(e™“M)]. (5.1)

Remark 5.3. Proposition 5.2 holds true also for ay = ¢V, with ¢ > 0, in case ¢f is sufficiently small
compared to k1 and ks. We do not use this result.

Remark 5.4. Although Proposition 5.2 is similar to Schlichting and Slowik (2019, Theorem 1.7), it
is not an immediate consequence of the latter. Indeed, in (5.1) both ||h%N73N|| uy and py refer to
the quenched Markov chain (X (%)):en,, but S; n is a set of the metastable partition of the annealed
Markov chain (3 ~N(t))ten,, while in Schlichting and Slowik (2019, Theorem 1.7) all quantities refer
to the same process. We made this modification for two reasons. First of all, we are not able to
prove Schlichting and Slowik (2019, Theorem 1.7) for the quenched Markov chain because we cannot
prove the non-degeneracy assumption needed therein. Second, even if we were able to prove it, it
would not be useful later on as we do not have estimates on the measure of the metastable partition
of (Xn(t))ten,. However, as we shall see later, (2.9) and (3.4) allow us both to prove (5.1) and to
use it later having estimates on its right hand side.

Remark 5.5. Notice that in the following proof of Proposition 5.2 we use the metastability of
(Xn(1))ten, and do not use the metastability of (X (%))ien,-

Proof of Proposition 5.2: The proof is inspired by that of Schlichting and Slowik (2019, Lemma 3.3)
and consists of two steps.

Step 1. Let (an)nven be any non-negative real sequence and fix N € N. We start by showing that
the following is true P-a.s. on the event Z(ay) N Qmeta(N), for any two j # k € {1,..., K} and any
e € (0,1],

pn(o) N ~ 4fBa . { HN[SJ',N] }
g ————— h\. o) <e+pnyePNlog(l/e)ming 1, ——==— 5. 5.2
//LN[ShN] MJ’N,MkyN( ) PN g( / ) ,UN[Sk,N] ( )

UESk,N

Recall that, for ¢ € {1,...,K}, Vyn and S,y are, respectively, the local valley around the
metastable set My y and a set of the metastable partition of the annealed model. Moreover,
My = Ule My n. By applying (2.17) and (3.5), we have that, for any X C Vi n \ M, P-
a.s. on the event Z(ay) N ﬁmeta(N),

LN [X] (:?)ewaj\, capy (X, My, )

- PN ~N ~N
PMN|X [TMk,N < TX]
—1
2Ban ~ SN N N
< e <Z€{I??.XK} PMN\Mé,N |:TMN\MLN < TMZ,N:|> capyy (X, My, n)
(3.5) 4Bay ~ N N N !
<e NpN (ZG{I{H}XK} PMN‘MZ,N |:TMN\MZ,N < TM@,N:|> CapN(XuMk:,N)a (53)

where in the second inequality we used that we are in ﬁmeta(N ) and X C Vi n \ My n to apply
Schlichting and Slowik (2019, Lemma 3.1). Moreover, using (2.17) and monotonicity of capacities,
we get

N N N capy (M N, Mg n) capy (Mg, MjN)
max PMN‘MZ,N [TMN\MZ,N < TMZ,Ni| Z maX{ M Y M i ‘
e{1,...,K} ,MN[ k,N] MN[ J,N]
(5.4)
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Next, for t € (0,1] we write Xy(t) = {0 € Sy : h%ij’Mk’N(a) > t} to denote the super level-
sets of h%j,N»Mk,N' Note that, for any ¢t € (0,1], Xn(t) " My n = 0 and M,y € Xn(t). Using
reversibility, (2.16) and the definition of Xy (t) we have

teapy (XN (1), Mun) < D v (0) (LnhRy () ae x) (0) PN My (0)
cEXN()

_ N N
- <_LNhXN(t)7Mk,N’ hMj,NMVlk,N)NN

= <h%N(t),Mk’N7 _LNh/]\\ilij,Mk’N>HN = Ca‘pN(ijN7 MkyN) (55>

By expressing the expected value of a non-negative random variable in terms of the integral of the
tail of its distribution, we obtain, for any € € (0, 1],

pn(o) N / by [Xn () N Sk ]
—————h, <e+ dt.
Z 1n[Sk.n] M N M N (0) < ; N [Ska}

UeSk,N

Using (5.3) with X = Xy (t)NSk, v, together with (5.4), the symmetry and monotonicity of capacities
and (5.5), we obtain, for t € [e, 1],

4Ban mln{'uN [Mka]”uN [MJ’N]}
capy (M N, Mg N)

1
< pyetfon min{ gy (M|, py [MjN] }E

un [An(t) N Sk] < pne capy (Xn (1), Mk,N)

Therefore, recalling that My ny C Sy n, £ € {1,..., K}, we obtain

pn(o) N ~  4Ban { HN [SJ%N] } /1 1
————h\,. o) <e+pye"N ming ————=,1 —dt,
UG%;N 1N [Sk,N] My M () {1 (SN ] et

which completes the proof of (5.2).

Step 2. In view of (5.2), the proof of (5.1) runs along the same lines as the proof of Schlichting and
Slowik (2019, Theorem 1.7). For the reader’s convenience we provide the details here. Let Ay, By
be defined as in (2.10). In particular, recall that Ay = M; y. Then

pn [Sin]
Hhﬁz\z,BNH/—LN = UN [SZ,N] (”hﬁN,BNHMNLSi,N + Z lL]V|:tS‘]ij||’h%N7BNHMNSj7N) . (56>
i :

In order to prove a lower bound, we neglect the last term in the bracket in (5.6), while the first
term is bounded from below by

i—1
N N N
||h-ANvBN||HN|Si,N =1- HhBN,ANHMNLSi,N >1- Z||hMj,NaMi,N||HN|Si,N’
j=1
where we used that, for all 0 € Sy \ (Ax U By),
i—1 i—1
N N|_N N N|_N N N
hBx A (0) =Py |7 I M N < TMi,N:| < ZPU |:TMJ,N < TMi,N:| - Z hMj,NyMi,N (@).
Jj=1 J=1

k1N

By applying (5.2) with ¢ = e ¥V recalling gy = e "% (see (2.6)), we obtain that P-a.s. on the

event Z(ay) N Qmeta(N),

Hh%w,BNHMNISz-,N >1— Ke_klN(l 4 etban log(l/e_klN)).
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Hence, we get
102 oy = 10 [Si] (1 = K NeThNion (o= losN=fow g ) ). (5.7)
In order to get the upper bound, we exploit the fact that (2.9), together with (3.4), implies that
un[Sin]/un [Sin] < e *2Ne?Pan for all j € {i+1,..., K}. Hence,
i—1
:“N[SJ'N] N —koN 28 S MN[SJ'N] N
o g 1Ay By lunis; v < KeT20 PN 4y =[xl lS;x
; 1N [Si,N] An By llun|Sj N ;NN [Si,N] M N M NN |S) N
where we used that, for j € {1,...,i — 1} and o € Sy \ Ub_; Men,
N N[_N N N[_N N N
hay sy () =P; [TM@N < TUE};iMe,N} <Py {TMW < TMJ-,N} = P, M (9)-
k1N

Thus, applying (5.2) with € = e~
event Z(ay) N Qmeta(NV),

minge(q, -1} N [Si,N]/,UN [SZ,N}, we get that, P-a.s. on the

N [SjN]
1N [Sin]

for every j € {1,...,i — 1}. Since uy [S@N]//LN[SJ‘7N] > e BksHMN for j ¢ {1,...,K} and
”hﬁN,BNHﬂN‘Si,N < 1, we can use (5.6) to conclude that

1N [Sin] >

hN, v v < e—klN = e4ﬁaN lo <e—k1N
1t o < PN & te{1,.i~1} pn [SeN]

Hh%]\r,BNH/JN < un [Si,N] (1 +Ke—k2N+2,3aN —i—K(e_klN + (kl +B(kJ +h))Ne_k1N+4/BaN))-
(5.8)

Let
N = min{N eN: — kN +28any <0and — k1N +48an +log N < 0}.

Note that N depends on (an)nen, B3, k1, k2 and is deterministic. The minimum exists because
B, k1, k2 are fixed and ay is taken sublinear in N. By combining (5.7) and (5.8), the assertion
follows for all N > N. g

Corollary 5.6. There exists a C € (0,k1 A k2) such that, for N sufficiently large depending on
B, k1, ko, ky, P-a.s. on the event Queta(V),

Eg [log(ZNllhﬁN,BNHuN)} =Eg [bg(ZNMN[SaN])} +0(e ).
Proof: First observe that P-a.s.

e—ﬂ(kJ-Fh)N < 2Neﬁ(k1+h)N

for N € N\ {1}. Moreover, let an = k;j\/Nki + (N + 1)log2. In view of Proposition 5.2, we know
that there exist a C' € (0,k1 A k2) and a ¢’ € (0,00) such that, for all N sufficiently large depending
on /87 k17 k?a k]u

Eg [10g (2 112 5 luy)]
< Eg |10 (Zn 1A 5, ) Uz(any | + (B(ks + B) +10g 2)N Pg [E(an)°]

<Eg [log(ZN,uN [S,N])} + log (1 + c’(e*CN)) + (B(kj + h) +log2)N e M1V,
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where we used (3.7), which is implied by Lemma 3.1 and our choice of ay. Likewise, by using
additionally that Zyun[S; n] < 2NePks+PIN e obtain that

Eg [1og (2 11 5y lun)]
> Eg {IOg(ZN”h%N,BN HuN)]lz(aN)] — B(ky + )N Pg[E(an)"]
> Eg [log(ZNuN [SzND} +log(1 — c’(e*CN)) — (28(kj + h) +log2)Ne "V,

Since C < kq, this concludes the proof. O

5.2. Concentration inequality.

Proposition 5.7. There ezist C' € (0, k1 Ak2) and cq € (0,00) such that, for all N sufficiently large
depending on B, k1, ko, ky, and all t € Ny, P-a.s. on the event Qmeta(V),
t—c

2
o [log (2111, ) — Ea o8 (Zx 110,y l)]| > ] < 27 (F5) e (s9)

where ey = cye N,

Proof: Let ay = ky \/Nkl + (N + 1)log 2. In view of Proposition 5.2 and Corollary 5.6, there exist
aC € (0,k; ANka) and ¢4 € (0,00) such that, for N sufficiently large depending on 3, k1, k2, ks, P-a.s
on the event Z(an) N Umeta(N),

llog(Zn 1A, By lluw ) — log(Znpun[Sin])| < %4 e N

and
|Eg [log(Zn [P 5y llun )] — Eg[log(Znun[Sin])]| < %G_CN.

CN

Hence, by setting ¢y = c4e™“"", we obtain that

Pg [ log (ZulIh%, 5y ) — Ea [log (ZxI1AN, 5y )| > ¢]
< Pg|[log (Zw1hY, 5, ) = Eo [log(Znl1AX, sy llu)]| > £ Z(an))
+ Pg [Z(an)°]
<Pg [‘bg(ZNMN[Si,N]) — Eg[log(Znpn[Sin])]| >t — CN} + el (5.10)

where, as above, we used (3.7), which is implied by Lemma 3.1 and our choice of ay. In order to
bound the first term on the right-hand side of (5.10), recall that the triangular array (J;)i<i<j<oo
is assumed to be conditionally independent given G. Moreover, in view of (4.3), for any 2 < N € N
it is immediate that the mapping

(Jijhi<icjen — Fn((Jij)i<i<j<n) =10g(Zyun[Sin])
satisfies the estimate

}FN((Jij)1§i<j§N) - FN((Jz‘,j)lgz‘qu)} < 2?\/:J,

where J]; == J;; for all 1 <i < j < N such that (4,5) # (k,) and Jj; is a conditionally independent
copy of (Jij)1<i<j<n given G, for any 1 < k <1 < N. Hence, by applying McDiarmid concentration
inequality in the version of Proposition A.1, we get that

Pg [‘10g(ZNMN[5@',N]) — Eglog(Znpn([Sin])]| > t} < 2e” /PR, (5.11)

Combining (5.10) and (5.11), we get the assertion in (5.9). O
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5.3. Annealed estimate.

Proposition 5.8. Let any be as defined in (2.11). Then the following hold:

(i) There exists acs € (0,00) such that, for N sufficiently large depending on B, k1, ke, ky, P-a.s.
on the event Qmeta(N),

Cs ~ = Cs
~ 2 < Eg [1og(Zn 11, sy luy )| — 108(ZulIAN s, llax) < o + 3. (5.12)

(ii) For any q € [1,00) there exists a cg € (0,00) such that, for N sufficiently large depending on
By k1, ko, ky,q, P-a.s. on the event Qmeta(N),

1/q
Eg[(ZNHh%N,BNHNN)q}

O”\’(1—66]\[_1) S = =
ZNIRY Bl

< el*N(1 4+ cgN7H).

Proof: (i) By using Jensen’s inequality, G-measurability of S; y and Lemma 4.2(i), we find that for
2<NeN

Eg [log(Zn s [sm])} < log Eg [ZNMN S]]

oES; N MN[S ]

zlog(ZNﬂN[Si,N]) +ay +1log(1+O(NY). (5.13)

Likewise,
, AN(9)  _BaN(e)
Eg|log(Znun(Sin])| = log(Znin[Sin]) + Eg |log
B fin[SiN]
> log(ZNMN Z NN g[_/BAN(U)]
oES; N

= log(Zniin[SiN])- (5.14)
Moreover, since jin[S;n]/in[Sin] < e?Fs+MN for all j € {1,..., K}, we deduce from Schlichting
and Slowik (2019, Theorem 1.7) that

Zn|IRY, sy iy = Zniin [Sin] (1 + O™ 2N + Npy)). (5.15)

Thus, recalling that gy = e ¥V the assertion in (5.12) follows from Corollary 5.6 combined with

(5.13), (5.14) and (5.15).
(i) For given ¢ € [1,00), take ¢’ € (0,00) and

an = kj/(N +1)log2 + qN(log2 + 28(ky + h) + ¢).
It follows from Lemma 3.1 that, P-a.s.,
Pg [E(aN)Cﬁ < e /1 = 97N 2Bk Hh)Ng=¢'N (5.16)

In order to obtain an upper bound for the ¢-th conditional moment given G of the harmonic
sum, we use Minkowski’s inequality, (5.16) and the facts that ZNHhﬁN,BN”NN < 2NeBks+hIN 5nd
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ZNHB%N,BNH[‘N > e AksHMN - This gives

1

]Eg [(ZNHh%N,BN HMN)q:| !
1 1
< Eg [(ZN”h%N,BNH/LN)qHE(aN):| * 4 2N PRI HRIN g [2(a ) ] @

: ~ =~ /
< Bg [(Zn11PY, 5y lw) Tz |+ ZN IR 5yl €= (5.17)

To analyse the first term of the right-hand side of (5.17), we apply Proposition 5.2 to obtain that
there exists a C' € (0, k1 A k2) such that, for N sufficiently large depending on S, k1, k2, k7, q,

1 1
Eg [(Zn11RY 5y ) "Tztan | " = B [ (Znin [Sin]) Tz (14 0E™Y). (5.18)
Moreover, a further application of Minkowski’s inequality yields that

s~ 1
Eg [(ZN,UN [Si,N])qILE(aN)] "< Zn Z fin(0) Eg [e*/@qAN(O'):| a

UGSi,N
= Znin[Sin] eV (1 4+ O(N7Y), (5.19)

where in the last step we used Lemma 4.2(i) with  replaced by fg. Thus, combining (5.17) with
(5.18), (5.19) and (5.15), we see that there exists a ¢’ € (0,00) such that for N sufficiently large
depending on S, k1, k2, ks, q,

l ~ ~
Bg [ (23105, iy )| < ZNIRY iy e €97 (14 "N 7).

We close by proving a lower bound for the g-th conditional moment given G of the harmonic sum.
By Jensen’s inequality we get that

1
Eg | (Znl1hy s )] " = B | Zlb, 5 ] = Bo | ZulInY, g, lux Vo |- (5:20)

In view of Proposition 5.2, together with (5.16) and the facts that Zyun[S;n] < 2NefFs TN and
ZNHh%N,BN x> e PEIFPMIN e get that there exists a C' € (0, k1 Ako) such that, for N sufficiently
large depending on 3, k1, k2, kJy, q

Bg [ Zn 1115, sl T=(an)
— Eg | Znin[Sinlzay) | (1 + 0e™M) (5.21)
> (Eg [ZN,U«N [Si,N]} — ZN )P syl eic/N) (1+0(e™M)).
Since, by Lemma 1.2(i),
Eg [ZNMN[Sz‘,N]] = ZNfin[Sin]e™ (1+ O(N 7)), (5:22)

we conclude from (5.20) combined with (5.21), (5.22) and (5.15) that there exists a ¢” € (0,00)
such that, for NV sufficiently large depending on 3, k1, ko, ks, q

l ~ ~
Eg [(ZNHh’]XN,BN”,U«N)q] "> ZN|IBN p i €N (14 "N,

/11

By setting cg := ¢’ V ¢, we get the assertion. O
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6. Estimates on mean hitting times of metastable sets

Before proving Theorem 2.12; we state two immediate corollaries of the propositions proved in
Sections 4 and 5.

Corollary 6.1. There exist C € (0,k1 A ko) and cq € (0,00) such that, for all N sufficiently large
depending on B, k1, ke, ks, and all t € Ng, P-a.s.,

“|

—-CN

log( VAN,BN [TéVN]) Eg[log( VAN.By [T[];VN])}’>t7§meta(N):|

e\ 2 2
< :H'ﬁmeta(N) |:2 <e_(t2ﬁk]j) + e_(ﬁ) > + eklN]7

where ¢y ‘= cy e

Proof: In view of (2.15), we have that

Pg[log(EVA s, [8L]) — Eg [mg(EVA . [TgN])]'>t,Qmeta(N)]

t ~
< Pg [ Log (211, sy luw) — Eg [log(ZnlIAN 5, llux ) | \ >3 Qmetaw)}

+ Pg [ log(Zn capy(An,Bn)) — Eg [log(ZN capN(AN,BN))} ’ -, Qmeta(N)] )

Thus, the assertion follows immediately from Proposition 4.1 and Proposition 5.7. O

Corollary 6.2. There exists c; € (0,00) such that, for N sufficiently large depending on 3, k1, ka, k.,
P-a.s. on the event Qmeta(N),
Ccr

_aN—\/—N<Eg[logEVA By [TngVN]] logEVA By [BN]<2aN+ﬁ (6.1)

where ay is defined in (2.11).
Proof: In view of (2.15), the assertion in (6.1) follows immediately from Proposition 5.8(i) and

Proposition 4.3(i). O

Proof of Theorem 2.12: (i) Recall once again the G-measurability of Queta(N) (see Remark 2.6),
and note that an application of Corollary 6.2 yields that there exists a ¢; € (0,00) such that, for N
sufficiently large depending on 3, k1, ko, ks, P-a.s.,

N N
Pg [etoq\] < EVANvBN [TBN] < +t+2aN] 1~
— N ~N - Qmea N
f/-ANvBN [TBN] ' ( )
(6.1) e EY & -
> Pgle VR < e [ < MR Qi (V)

exp (Eg [log EVA By [TéVN]D :

log(EY VAn By [TBND Eg[log( VAN .By [TIJSVNDH>7S_\;%]1§WMN)'

Z ]]-ﬁmeta(N) - Pg |:
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Thus, from Corollary 6.1 it follows that there exists a C' € (0, k1 A k2) such that, for N sufficiently
large depending on 3, k1, ko, ks, P-a.s.,

Yo, )
—t—a VAy By L'BN +t4+2a ~
e [e TSy ] " [ M)
Vay,By L' BN
t—c7N71/2—cN 2 t—c7N71/2 2
(T (%G k1N
> (1o ) e i e 62
Assumption 2.7 implies that limy o 1g (V) exists and is P-a.s. equal to 1. Since trivially 1 >
15, (v taking the limit N'— oo of (6.2) yields (2.12).

(i1) Fix g € [1,00). In view of (2.15), an application of the Cauchy-Schwarz inequality yields that,
P-a.s.,
1 oo ol
2 — 2
Bg Y, o [0)] " <Eg|(ZnInY, sy llux )™ ™ Bg [ (2 capy (Aw, By)) | *".

Hence, by Proposition 4.3(ii) and 5.8(ii), there exists a ¢ € (0, 00) such that for N sufficiently large
depending on 3, k1, k2, k., q, P-a.s. on the event Qpyeta(NV),

1
N N 1d|la o BN ~N 7 4 ¢
Eg |:EV~AN75N [TBN} } ' s EDAN’BN [TBN] e (1 - \/N)
On the other hand, by using Jensen’s inequality and Corollary 6.2, we find that there exists a
¢y € (0,00) such that, for any g € [1,00) and N sufficiently large depending on f3, k1, ko, ks, q, P-a.s.
on the event Qpeta(N),

1
N N4|a N N 5N N7 c7
Eg [E”ANvBN (755 } " 2 exp (Eg [log By iy [TBN]D > By oy [Ty ] e (1 - \/N)

Therefore, by letting ¢; = ¢V ¢7, for N sufficiently large depending on 5, k1, k2, ky, q, P-a.s. on the
event Qeta(N),

1/q
E [EN N (I:|
e (1 - <L) < I AN BN 75
W= TE, L
UAn.By L' BN
Thus, the set Q4 , (N) defined in (2.13) contains Qumeta(N). Therefore, using Assumption 2.7, and
monotonicity of probability

< eV (14 L),

N—oo N—oo

1= ]P’[Iim inf ﬁmeta(N)] <P [lim inf Qg ., (N)]
which concludes the proof of (2.14). O

Appendix A. Concentration inequality

We present a concentration inequality for functionals of conditionally independent random vari-
ables that is a slight extension of the classical McDiarmid concentration inequality for functionals of
independent random variables satisfying a bounded difference estimate, cf. Boucheron et al. (2013,
Theorem 6.2), Dembo and Zeitouni (2010, Section 2.4.1).

Proposition A.1. Let (2, F,P) be a probability space, G C F a sub-c-algebra of F, 1 <n € N and
X a Polish space. Consider a vector X = (X1,...,Xy) of X-valued random variables on (Q, F,P)
that are conditionally independent given G, and let f,, : X™ — R be a measurable function. Suppose
that, for any i € {1,...,n},

| fo(X1s oo, Xn) = fu( X1, Xio, X X, -, X)) | < ¢ €[0,00) P-a.s., (A1)
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where (X7,..., X)) is a conditionally independent copy of (X1,...,X,) gwen G. Then, P-a.s. for
all t € Ny,

P[fa(X) ~ E[fa(X) | G] > +t | G] } < ot/
P[fu(X) —Elf(X) | G) < —t|G] |~ ’

1y 2
where v = 7> " c5.

Proof: Since there exists a regular conditional probability for X (see e.g. Chow and Teicher, 1997,

p. 217), the proof follows the line of proof of the non-conditional McDiarmid concentration inequality.
O
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