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Abstract. The first part of this paper (Lambert and Uribe Bravo, 2018) introduced splitting trees:
those chronological trees admitting the self-similarity property where individuals give birth, at
constant rate, to iid copies of themselves. It also established the intimate relationship between
splitting trees and Lévy processes. When this Lévy process is of finite variation, the associated
genealogical tree is the celebrated Galton-Watson tree, even in the supercritical case. In the infinite
variation case, the chronological trees involved were formalized as Totally Ordered Measured (TOM)
trees.

The aim of this paper is to continue this line of research in two directions: we first decompose
locally compact TOM trees in terms of their prolific skeleton (consisting of its infinite lines of
descent). When applied to splitting trees, this implies the construction of the supercritical ones
(which are locally compact) in terms of the subcritical ones (which are compact) grafted onto a
Yule tree (which corresponds to the prolific skeleton).

As a second (related) direction, we study the genealogical tree associated to our chronological
construction. This is done through the technology of the height process introduced by Duquesne
and Le Gall (2002). In particular we prove a Ray-Knight type theorem which extends the one for
(sub)critical Lévy trees to the supercritical case.
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1. Introduction

1.1. Motivation. Consider the following informal population dynamics, more correctly specified and
studied in Lambert (2008), Lambert (2010) and Lambert and Uribe Bravo (2018). The dynamics
take into account birth and death times and not only the genealogy of the population.

Model 1.1 (Finite genealogy binary splitting dynamics). Given a probability measure A on [0, c0),
called the lifetime distribution, and a non-negative real number b € [0,00), called the birth rate,
assume that individuals in the population behave independently once incorporated into the population,
have iid lifetimes with distribution A and give birth at rate b during their lifetimes to exactly one
individual.

For concreteness, we start the population with only one individual, so that the population dy-
namics can be encoded by a (chronological) tree as in Figure 1.1.

The chronological model gives rise also to a genealogical one. Indeed, there are at least 2 different
branching processes one can associate to such a model: the continuous time process counting the
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FIGURE 1.1. On (A), a splitting tree corresponding to Model 1.1: time increases
upwards and segments correspond to the lifetimes of individuals, which are linked
to their parents via dashed horizontal lines. The j-th descendant of individual u
(according to birth-time) is given the label uj, starting with the empty label (.
(B) depicts the associated genealogical tree. The order in (A) is important to define
the countour of the tree in (C), by traversing lifetimes decreasingly at constant rate,
jumping to new members of the population at birth events and jumping back to
the parent’s lifetime finishing the traversal and recording the time that is being
visited. (D) depicts the genealogical tree of a supercritical splitting tree with its
prolific individuals indicated by black disks.
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number of individuals alive at time ¢ and the discrete time process counting the number of individuals
comprising the n-th generation. The latter is a Galton-Watson process whose offspring distribution
is explicitly computed in Lambert (2008). The offspring mean, denoted m, is b times the mean of
A. Hence, our chronological tree is a finite union of finite segments whenever m < 1 (which we
can call the (sub)critical case). The above construction is generalized to the case when A is infinite
but satisfies {1 A 2 A(dz) in Lambert (2010), called the finite variation case, where it is shown
how to encode the tree through a finite variation spectrally positive Lévy process (not drifting to
infinity) with a random and positive initial state and stopped upon reaching zero. In Lambert and
Uribe Bravo (2018), the infinite variation case was studied through an inverse procedure: it is shown
that a spectrally positive Lévy process which does not drift to infinity encodes a real tree (which
with additional structure is called a splitting tree) which generalizes the above model. In this paper,
we are interested in the following aspects:

(1) The structure of a supercritical splitting tree. There are individuals which have descendants
at any positive time. These will be termed prolific and a surprising aspect is that, irre-
spectively of the Lévy process in question, the prolific individuals form a Yule tree. Hence,
the number of prolific individuals alive at time ¢ is a Yule process. The whole supercritical
tree can be obtained by grafting subcritical splitting trees onto the Yule tree. A precise
description of how this is done represents our skeletal decomposition of supecritical splitting
trees.

(2) The genealogy of supercritical splitting trees. In the subcritical case, one can obtain the
genealogy by means of the height process of the Lévy process in question introduced in
Le Gall and Le Jan (1998) and further studied in Duquesne and Le Gall (2002). In the
supercritical case, we need to truncate the infinite trees in order to code them by Lévy type
processes, whose height processes we then consider. The sequence of height processes so
obtained is then shown to correspond to a family of growing trees giving us a supercritical
genealogical tree by a (categorical) direct limit construction. This can be termed a super-
critical Lévy tree. From our previous skeletal decomposition, we deduce an analogous one
for the supercritical Lévy trees.

(3) A Ray-Knight theorem for the genealogy of supercritical splitting trees. Just as there are
prolific individuals in our chronological construction, the same is true for the genealogical
tree of the previous item. We show that the process which counts the number of prolific
individuals of a given generation is a Galton-Watson process, and that jointly with a measure
of the size of the population at succesive generations, one obtains a two-type branching
process.

Models of supercritical Lévy trees have been proposed before. Indeed, in Duquesne and Winkel
(2007), a model is constructed out of a growing limit of Galton-Watson trees. Secondly, in Abraham
and Delmas (2012), the authors give a model as a growing limit of changes of measures of subcritical
truncated Lévy trees. Finally, in Abraham et al. (2015), the authors show that the latter two models
actually agree. On the other hand, Bertoin et al. (2008) define a model of supercritical Lévy trees
using the flow of subordinators approach of Bertoin and Le Gall (2000). They prove that the
counting process of prolific individuals is the same Galton-Watson process we find here. However,
we propose here a simple chronological model whose corresponding genealogy is related to branching
processes. Also, both of our models can be obtained in a pathwise manner from Lévy type processes.
We do not tackle the question of whether the genealogical model proposed here and those in the
above references coincide, which we believe.

1.2. Preliminaries. In this subsection, we recall the setting and results of the prequel Lambert and
Uribe Bravo (2018) that we will use.
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1.2.1. Spectrally positive Lévy processes. We will mainly concentrate on spectrally positive Lévy
processes. An adequate background is found in Bertoin (1996), especially Chapter VII. We use
the canonical setup. There will be two canonical spaces: the Skorohod space D of cadlag functions
f:[0,00) > Ru{f} and the (positive) excursion space E consisting of cadlag functions f : [0,0) —
[0,00) U {f} for which there exists a lifetime ¢ = {(f) € [0, 0] such that f > 0 on (0,¢) and f =
after (. (As usual, } stands for an isolated cemetery state.) We recall that on both spaces, the
canonical process X can be defined by X;(f) = f(t) and equipped with the canonical filtration
Fr=0(Xs:5<t).

Let ¥ be the Laplace exponent of a possibly killed spectrally positive Lévy process. The function
U is characterized in terms of the Lévy quadruple (s, «, 8,v) where k > 0, « € R, 8 > 0 and v is a
measure on (0,0) satisfying { [1 A #?] v(dz) < 0. The characterization is expressed through the
Lévy-Kintchine formula as follows:

o0
T(\) = —K+a)\+ﬁ)\2+J
0
Recall that ¥ gives rise to a (sub)Markovian family of probability laws on D, say (P, x € R),
such that each P, is (sub)Markovian and they are spatially homogeneous (the image of P, under
the mapping f — y + f is Pyyy). The link between P, and ¥ is:

E, (efxxt) _ oAz

We assume that ¥ does not correspond to a subordinator, which is equivalent to saying that U(\) —
0 as A — o0. Since V is convex, ¥ has at most two roots. We let b stand for the biggest root
of ¥ and define the associated Laplace exponent U# defined by ¥#(\) = W(\ 4 b). The Laplace
exponent U# can be obtained by conditioning P, on reaching arbitrarily low levels as in Lemma 7
in Bertoin (1996, Ch. 7) and Lemme 1 in Bertoin (1991). We say that ¥ is supercritical if b > 0
and (sub)critical otherwise.

Let W be a supercritical Laplace exponent and P, the law of a spectrally positive Lévy process
with Laplace exponent W started at x. Since X drifts to oo under Py, the minimum X of X
belongs to (—w0,0]. We can then define T}, as the last time the minimum of X is approached as a
left limit; note that X might have a positive jump at T;,,. The post-minimum process X~ is defined
as

[e_)‘z -1+ )\.’Elxgl] v(dx) .

X; =X+t — X1,

Note that X does not start at zero if X jumps at T;,,. The law of this process is P™>. It has the
important properties of being Markovian, that X,” > 0 for £ > 0, and for any ¢ > 0, conditionally
on X;” = x > 0, the shifted process X;;. has law [P, conditioned on not reaching zero. Later,
we will assume Grey’s hypothesis on W, which in particular implies that the process is of infinite
variation. In terms of W, we will have either o > 0 or {[1 A z]v(dz) = o0 and then X reaches its
minimum at a unique place and continuously (cf. Proposition 2.1 in Millar (1977), Proposition 1 of
Pitman and Uribe Bravo (2012) or, in a more general context, Theorem 2 in Angtuncio Hernandez
and Uribe Bravo (2020)).

1.2.2. The compact tree coded by a cadlag function. Let f : [0,m] — [0,00) be a cadlag function
with no negative jumps and such that f(m) = 0. The tree coded by f is defined as follows. For
s,t € [0,m], define

de(s,t) = f(s) + f(t) _Qi[s,t] where i[s,t] = inf f(r)

re(s,t]
(if s > t, define [s,t] as [t,s]). Then df is a pseudometric on [0, m] and we define 7 as the set
of equivalence classes [t]; induced by the associated equivalence relationship ~; where s ~¢ t if
d¢(s,t) = 0. The induced metric by d; on 74 turns the space (7¢,dy) into a compact real tree, with
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an argument similar to the classical one for continuous functions of Le Gall (2006) or for caglad
functions in Duquesne (2000).

On a rooted real tree (7,d, p), the image of [0,d(o1,02)] under the isometry ¢y, 4, is denoted
[01,02]. We also define the associated partial order <, where o1 < 09 if 01 € [p,02]. Lack of
loops implies that for any 01,09 € T, there exists an element of 7 denoted o1 A 02 and interpreted
as the most recent common ancestor of ¢ and o9, such that

[pa Ul] a [p7 02] = [p7 o1 A 02]‘
On 7y, where the root is chosen as [m]y, if o; = [t;]f, then o1 < 09 if and only if i[tl ] = ft1).

The interval [o, p| is called the line of descent of o. Since trees coded by functions have been
interpreted as genealogies, the different points of [0, 0] are interpreted as (different) ancestors. In
Lambert and Uribe Bravo (2018) (see in particular Model 1 and Figure 1), we give the chronological
interpretation of the tree coded by a function and argue that elements of [0, ], going towards the
root, consists of one same individual seen through time, until it is born, at which point we start
looking at its parent.

The main proposal of Lambert and Uribe Bravo (2018), adapted from Duquesne (2006), is to
endow the compact rooted real tree (7¢,dy, p) with additional structure inherited from [0,m]: a
total order < where [s]y < [t]; if sup[s]; < sup[t]f, and the measure p given by the image of Leb
under the projection ¢ — [t]s. The triplet ((14,d¢, p), <, p) constitutes a compact Totally Ordered
Measured (TOM) tree (see Section 2 for the definition).

We now define the random TOM trees that will interest us in the compact case. Let ¥ be a
(sub)critical exponent. Then liminf; o, X; = —o0 under Py, so that the past minimum process X
given by X, = infs<; X, satisfies X, = —oo. Hence, 0 is recurrent for the Markov process X — X
and we can then define v = ¥ as the excursion measure of X — X (cf. Chapter VI in Bertoin
(1996)) . We then consider the measure n = n¥ equal to the image of v under the map that sends
excursions into TOM trees.

1.2.3. Locally compact trees and their coding sequence. Let us now recall how to obtain a locally
compact TOM tree out of a sequence of functions compatible under pruning. Let (f,,n = 0) be a
sequence of cadlag functions on [0,m,]|. We say that the sequence is compatible under pruning if,
for every n > 1 there exists a set B,, < [0, m,] such that, on defining

By = {t € [0.my]: 3s€ By, [s]y, <[t} A7 = Leb([0,¢]\B, )

and
Ci =inf{s > 0: A} > t},
we have the equality
fa—1=fno c".
Heuristically, the set B,, selects nodes on the tree coded by f,, and the time-change C™ removes
whatever is on top of them. It follows that the compact TOM tree c,—1 coded by f,—1 can be
embedded into c¢,,. Indeed, one can prove that the map ¢,_; : t — C}* is constant on the equivalence
class of [t]y,_, and use this to construct the embedding. Under the condition
iy 2, S0 =
and reasoning as in the proof of Proposition 5 of Lambert and Uribe Bravo (2018), we conclude
the existence of a unique locally compact TOM tree ¢ = ((7,d, p), <, ) such that each ¢,, can be
embedded (in a growing manner) into ¢ and such that the embeddings exhaust ¢. More formally, we
might define 7 = | J {¢} x 7; and then define 7 as the quotient of 7 under the equivalence relationship
(1,04) ~ (j,0;) (where i < j, say) whenever ¢;_1--- 0 ¢;(0;) = 0. (Other structural parts of ¢ can
be defined analogously.) Then, the embedding would just send o € ¢; to (i,0). We say that (f,,)
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is a coding sequence for the locally compact TOM tree c. If ¢ is any other TOM tree with this
property, then ¢ can be embedded into ¢. The abstraction of this construction of locally compact
TOM trees is called the (categorical) direct or inductive limit and should be contrasted with the
inverse or projective limit which is much more familiar to probabilists. Indeed, inverse limits in
the setting of trees are more akin to completions (and constructions of trees through inverse limits
are one way to construct the ends of trees) while direct limits are more similar to considering a
union. A particular case of the above construction is when the set B, consists of ¢ € [0, m,,] such
that f,(t) > r,—1 and the sequence (r,) is non-decreasing. In this case, B,, = B,, and the time-
change C), removes the set of ¢ such that f,(t) > r,—1 and closes up the gaps. We refer to this as
time changing f, to remain below r,,_; and the sequence (f,,) is said to be consistent under
truncation (at levels r,,). Consistence under truncation was used in Delmas (2008); Abraham and
Delmas (2012) to construct a model of supercritical Lévy trees by applying change of measure to the
sequence of truncated (sub)critical Lévy trees. (Sub)-critical Lévy trees are models for the genealogy
of a population, so that truncating a tree at height » means considering individuals whose generation
is less than r. In contrast, we will build chronological models, meaning that our truncated tree at
height r analyzes the population until time r. The truncated (chronological) trees will be coded
by functions which are compatible under truncation. When considering the genealogical trees that
are associated to the chronology of the population until time r, as r varies, these will be coded by
functions which are no longer compatible under truncation, but are nevertheless compatible under
suitable pruning.

1.3. Statement of the results. The locally compact TOM trees that will interest us come from the
Laplace exponent of a supercritical Laplace exponent ¥ as is now described. Recall that b denotes
the greatest root of ¥ and that the associated subcritical Laplace exponent is given by ¥#. The
reflected process X — X under Py is now transient, which in terms of its construction by excursions,
means that its excursion measure charges those with infinite length. Let v be the excursion measure
of X — X under P and v# the same excursion measure under P#. Then, v = v# + bP~. Let Q"
be the probability measure constructed by concatenating, to a process obtained by time-changing a
process with law P~ to remain below r, independent copies of a process with law P, time-changed
to remain below r, until the first copy reaches zero, when we kill the process. We then define
V' = v 4 bQ ", where 77 is the image of v# under time-change to remain below 7.

By construction, the measures v are consistent under truncation, meaning that if r; < ro then
V" is the image of ¥™ under time change to remain below 7. Hence, a unique measure n¥ on
locally compact TOM trees can be defined so that v" equals the image of ¥ under the function
which takes a tree into the contour of its truncation at level r.

Splitting trees are those whose law is n¥, either in the (sub)critical or supercritical cases. They
have been characterized as the o-finite laws on locally compact TOM trees satisfying a certain
self-similarity property termed the splitting property in Theorem 2 of Lambert and Uribe Bravo
(2018).

In this work, we will be interested in analyzing the measure n¥. We will first be concerned with
the descriptions of the prolific individuals.

A particular case of the construction of n¥ is the Yule tree. It is obtained with the Lévy process
X; = —t killed at rate b, for which W(\) = X\ —b. The interpretation is that individuals have infinite
life-times (which correspond to interpreting killing as making an infinite jump) and that they give
birth at rate b. The measure v#7 is zero, while Q" has a simple description: let (T},) be a Poisson
point process on [0,00) with intensity bLeb, set S; = T; — T;—; and N, = min{i > 1:S; > r}. We
let

N,
XtT = 2 [T - (t - Tn—l)] 1Tn—1<t<Tn <11)

n=1
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on the interval [0, Tn,—1 + r]. A simple consequence of this description of the Yule tree is that the
number of individuals alive at time r, which evolve as the usual Yule process and correspond to
the number of jumps of X" until reaching zero, has a geometric distribution of parameter 1 — e ",
This is a classical result which is usually proved using the Kolmogorov equations (for example, in
Athreya and Ney (1972, Ch. I1I§5)).

As we shall see, Yule trees appear in supercritical splitting trees. Indeed, the latter can be
obtained by first constructing a skeleton of infinite lines of descent, which is a Yule tree, and then
grafting onto it supercritical splitting trees conditioned on extinction. The latter turn out to be a
special kind of subcritical splitting tree. These types of decompositions are found in the literature
as spinal, backbone or skeletal decompositions; they have been provided for continuous branching
processes in Bertoin et al. (2008); Kyprianou and Palau (2018); Kyprianou and Ren (2012); Fekete
et al. (2019), for superprocesses in Berestycki et al. (2011); Kyprianou et al. (2014); Fekete et al.
(2021), for Lévy trees in Lambert (2002); Duquesne and Winkel (2007); Duquesne (2009); Abraham
and Delmas (2012). However, we have found no skeletal decompositions for splitting trees. Finding
the universal structure of the Yule tree associated to any W is quite surprising.

Let us first explore the notions of infinite lines of descent and of grafting.

Definition 1.2. Let ¢ = ((7,d,p),<,u) be a locally compact TOM tree. An infinite line of
descent is an isometry ¢ : [0,00) — 7 such that t — d(p, ¢(t)) is increasing. We say that o € 7 has
an infinite line of descent if o belongs to the image of an infinite line of descent.

It turns out that the prolific individuals constitute a tree by themselves, as in the forthcoming
Proposition 2.3. To build the complete tree, we only need to graft compact trees to the left and to
the right along the prolific subtree. The precise notion of grafting is given in Section 2, but only an
intuitive grasp is needed for our next results.

One can give a more geometric construction of the Yule tree using grafting as follows. We start
with Iy = [0,00) (seen, vertically, as a TOM tree). We next run a rate b Poisson process along
Iy and at its jump times, we graft copies of [0,00), say I, Is,.... The same procedure is then
recursively repeated along each grafted copy. The tree so constructed, termed the Yule tree with
birth rate b and denoted I, is the unique random locally compact TOM tree which has the same
law as the tree obtained by grafting iid trees with the same law as I on the interval [0,00) at the
jump times of an independent Poisson process.

The Yule tree is the simplest example of a locally compact splitting tree since all of its individuals
live indefinitely. For more general locally compact splitting trees, we must accommodate individuals
with finite and infinite lines of descent. In the forthcoming Theorem 1.3 and Corollary 1.4, we see
that the infinite lines of descent of a splitting tree evolve analogously to Yule trees, on which compact
trees are then grafted to the left and to the right. We will describe each infinite line of descent
with the compact trees grafted on them; locally compact trees with only one infinite line of descent
above the root are called trees with a single infinite end, or sin trees, following the terminology
introduced in Aldous (1991).

We first define the sin trees involved. Informally, the sin tree has left and right-hand sides: the
left-hand side is coded by the post-minimum process of a Lévy process with Laplace exponent W
started at zero while the right-hand side is coded by a Lévy process with Laplace exponent W# which
starts at oo and is killed upon reaching zero. Formally, the sin tree is the unique random locally
compact TOM tree whose truncation at level r is coded by the concatenation of the post-minimum
process of a Lévy process with Laplace exponent W started at zero and time-changed to remain
below r followed by a Lévy process with Laplace exponent W# which starts at r, is time-changed
to remain below r, and is killed upon reaching zero. Its law will be denoted T. It can be seen that
under Y, there exists a unique infinite line of descent from the root almost surely (cf. Proposition
3.1). Define the measure Yiee (as a distributional fixed point) as the unique measure which equals
the law of the grafting of iid copies of Tt.ee onto a copy of T along the unique infinite line of descent
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of the latter at heights which correspond to the jump times of an independent Poisson process of
intensity b.

Theorem 1.3. Let ¥ be a supercritical Laplace exponent and b its largest root. The measure n¥ on
locally compact real trees can be described in terms of its restrictions to compact and non-compact
trees as follows:

#
77\1/ = 77\1} + 0T tree-

Corollary 1.4. Under Y iy, the TOM tree of infinite lines of descent has the same law as a Yule
tree with birth rate b.

We now pass to the description of the genealogical tree associated to supercritical splitting trees.
As a motivation, consider the case where W is the Laplace exponent of a compound Poisson process
with drift —1, as in (C) of Figure 1.1.  From a glance at (A) in this figure , the reader might
note that the generation of the individual visited at time t equals the number of subtrees grafted
to the left of its ancestral line (in the figure, there is one such subtree for each dashed horizontal
line). We can then count the sizes of the successive generations; in (B) of Figure 1.1, the successive
generation sizes are 1,1,4,4 and 1. (As noted in Lambert (2010), the sizes of succesive generations
in the compound Poisson case correspond to the well known Galton-Watson process.) In analogy,
Duquesne and Le Gall (2002) define the height process of a subcritical Lévy process (or the associated
TOM tree). Let ¥ be the Laplace exponent of an infinite variation spectrally positive Lévy process
which is not a subordinator. We now assume Grey’s condition on the Laplace exponent

Hypothesis (G): {* ﬁ d\ < o0.

Let S be a splitting tree with law n¥, S™ its truncation at time r, and ¢" the contour of S”. Based
on Duquesne and Le Gall (2002), we will obtain the existence of a norming function a(h) such that
there is a continuous process H" which agrees with

1

t— lizn i(l;lf W# {Subtrees of S" to the left of [p, ¢"(t)] of height greater than h}.
— a

on a (random) dense set. By properties of Lévy processes, the above limit can be expressed in terms

of local times, and hence equal to

P
liminf — [ 1xr_xr <., ds.
k—oo € Jo 5 st

for any sequence ¢j, decreasing to 0. We will call H" the genealogy coding process of X”. The
quantity H] is our proxy for the generation of the individual visited at time ¢ in the tree coded by
X". In the (sub)critical case there is no need to truncate to define a height process H, which codes
a tree I' and has been called the Lévy tree in Duquesne and Le Gall (2005). In the supercritical
case the process H" is then the coding function of a compact real tree. The family (H",r > 0) is
compatible under pruning (cf. Lemma 4.3), so that the sequence of trees I'" that they encode is
increasing (in the sense that I'" can be embeded in it r <o ). We will conclude the existence
of a limit tree I', which we call the genealogical tree associated to our splitting tree. The law of T,
denoted +, can be decomposed as ¢ 4 by'¢, where 7¢ is the restriction of v to compact trees (and
is the law of the tree coded by the height process under v#), while 7'° is the normalized restriction
of v to non-compact trees.

Other articles generalizing Lévy trees to the supercritical setting are Duquesne and Winkel (2007),
Delmas (2008) and Abraham and Delmas (2012). In the first one, the authors construct them as
limits of Galton-Watson trees consistent under Bernoulli leaf percolation, while in the second and
third the construction is carried out by relating the locally compact trees to the compact ones
via Girsanov’s theorem. However, the possibility of studying the height process of a sequence of
Lévy-like processes had not been considered before.
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To state a Ray-Knight theorem, consider the process
= # {0 € I" : 0 has an infinite line of descent and d(o, p) = a}.

The above quantity is finite by local-compactness. Recall that v stands for the Lévy measure of W
and S for its Gaussian coefficient.

Theorem 1.5. Under 7', the process Z' is a continuous-time non-decreasing branching process
with values in N and jumps in {1,2,,...} which starts at 1. Its jump rate from j to j + k (where

k> 1) equals
0 bkzk—H b
1 Zbs
J [ k=10 +L TR v(dz)

Furthermore, if 6(o) = (p, o), then the random measure o § ' admits a cadlag density Z2.
Finally, the process Z = (Z 1 ) is a two-type branching process with values in N x [0,00) started
at (1,0). Let B, .y be its law when started at (n,z). Then Z is characterized by

d

pn Een,2) (sZtle_)‘ZtQ) = e g" [zlll#()\)] + e Mgnt 1 [T(A+b(1—5))—T(A+D)].

"b

t=0

Two-type branching processes with state-space [0, 0)? were introduced in Watanabe (1969) and
form part of the affine processes of Duffie et al. (2003). In Caballero et al. (2017), they have been
given a time-change representation which gives insight into their infinitesimal behavior. Indeed,
once we note that Z2 does not influence the behavior of Z! (since non-prolific individuals cannot
give rise to prolific ones), we see that there exist two independent Lévy processes X! = (X L1 X 1’2)
and X? (with values in N x [0, 00) and R respectively) such that Z has the same law as the unique
solution to

1 _ 2 1,2
Z _1+Xgozld zZ Xgoz2d +X§021d

Note that Z! has pathwise constant trajectories. The link between the infinitesimal behavior of X
and Z is as follows: if Z is started at (k,z) then, as t — 0, Z; behaves as th’z = (k+ X;I’fl,z +
X2 + Xh o ) This can be made precise by comparing the derivatives of their semigroups at zero, at

least for functions whose second derivative is continuous and bounded.
The quantities

\Ill()\l,)\Q) — _log]E(ef)\lelvlf)\gXlla)
and

T2(\) = —logE(e*)‘X%)
(which govern the infinitesimal behavior of X! and X?) are called the branching mechanisms of the
two-type branching process Z and determine the process uniquely. In the setting of Theorem 1.5,
U2 = U# while X! has drift coefficient (0,243) and its Lévy measure equal to the sum Bbo1,0) +
vl + %, where vf is responsible for the common finite-activity jumps of X! and X2, while v? is
responsible for the infinite activity jumps of X 2. We have the explicit expressions

1+1 _ ,—bx
! (dk, dz) Ze’bmbl x 1—¢

5l(dk) (dz) and o'(dz) = Tv(dm).

The above two—dlmensmnal branching process is exactly the one obtained by Bertoin et al. (2008)
in their study of the prolific individuals in continuous-state branching (CB) processes with branch-
ing mechanism W. The aforementioned work was aimed at extending the well known decomposition
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of a supercritical Galton-Watson process in terms of its individuals with infinite and finite lines of
descent. The two-dimensional branching process is also implicit in the work Duquesne and Winkel
(2007) where the authors construct supercritical Lévy trees by means of increasing limits of discrete
trees consistent under Bernoulli leaf percolation. We have therefore obtained chronological and ge-
nealogical interpretations of the prolific individuals and an independent construction of supercritical
Lévy trees. Superprocess versions of the prolific skeleton decomposition can be found in Berestycki
et al. (2011), Kyprianou et al. (2014) and the references therein.

In order to make the link between supercritical CB processes and our construction of supecritical
Lévy trees more explicit, we will obtain a version of Theorem 1.5 in which we obtain a CB(WV)
process that starts at x. For this, let > 0 and, considering the interval [0, z] as a compact TOM
tree (to be rooted at 0). Now define a probability measure 1Y on locally compact TOM trees by
grafting to the right of [0, z] trees ¢, at height x,, where (z,, ¢,) are the atoms of a Poisson random
measure on [0, z] with intensity Leb x n¥. As before, we will first define the height process of the
truncated contour H" under 1Y, show that these continuous processes code a collection of growing
TOM trees, hence showing the existence of a limiting TOM tree I'* whose law will be denoted
7Y, The statement features a continuous-branching process with branching mechanism ¥, CB(¥),
started at x. Asin the above discussion of the two-dimensional case, this process can be represented
as the unique solution to

Z :x+XSSZSd5

where X is a spectrally positive Lévy process with Laplace exponent W. For background on these
representations of continuous branching processes, the reader is referred to Lamperti (1967), Helland
(1978) and Caballero et al. (2009) for the monotype case without immigration, Caballero et al. (2013)
for the monotype case with immigration and Chaumont and Liu (2016) and Caballero et al. (2017)
for the multitype cases.

Corollary 1.6 (Ray-Knight theorem for supercritical Lévy trees). Let U be a supercritical Laplace
exponent which satisfies Hypothesis G. Under ¥, the measure juo d~' admits a cadlag density Z.
The process Z is a CB(¥) which starts at x.

1.4. Organization. Section 2 is devoted to notions surrounding real and TOM trees and to the study
of infinite lines of descent in the deterministic setting. Then, the results are taken to the random
setting of splitting trees in Section 3 which features a proof of Theorem 1.3 and Corollary 1.4.
Section 4 constructs the genealogical tree associated to supercritical splitting trees. Finally, Section
5 contains a proof of the Ray-Knight type theorem stated as Theorem 1.5.

2. The prolific skeleton on a locally compact TOM tree

Let us begin by recalling the notions related to trees that we will use.
Definition 2.1 (From Dress and Terhalle (1996) and Evans et al. (2006)). An R-tree (or real
tree) is a metric space (7,d) satisfying the following properties:
Completeness: (7,d) is complete.
Uniqueness of geodesics: For all 01,09 € 7 there exists a unique isometric embedding
¢01,U2 : [07 d(alv 02)] - T

such that ¢(0) = o1 and ¢(d(o1,02)) = 02.
Lack of loops: For every injective continuous mapping ¢ : [0,1] — 7 such that ¢(0) = o
and ¢(1) = o9, the image of [0, 1] under ¢ equals the image of [0, d(o1, 02)] under ¢4, 4.
A triple (7,d, p) consisting of a real tree (7, d) and a distinguished element p € 7 is called a rooted
(real) tree.
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We will now use the notation o1, 02) for ¢s, 4,(|0,d(01,02))).

Definition 2.2. A real tree (7,d, p) is called totally ordered if there exists a total order < on
7 which satisfies

Orl: o1 < o9 implies 09 < 07 and
Or2: o) < oy implies [01,01 A 02) < 09.

A totally ordered real tree is called measured if there exists a measure p on the Borel sets of
satisfying:

Mesl1: u is locally finite and for every o1 < o9:

u({o: 01 <o < o9}) > 0.
Mes2: p is diffuse.

A totally ordered measured tree will be referred to as a TOM tree.

The importance of this notion is that compact TOM trees are precisely those that can be coded
by a function in a canonical manner (Cf. Theorem 1 of Lambert and Uribe Bravo (2018), adapted
from Theorem 1.1 in Duquesne (2006)). Indeed, the mapping o — u({F : 6 < o}) has a range D
dense in [0, u(7)]. Its inverse, which respects the induced order on D, has a unique cadlag extension
¢ called the exploration process. The cadlag function t — d(p, ¢(t)), which is called the contour,
codes a TOM tree isomorphic to (7,d, p, <, ). In a sense, we replicate the concept of plane trees (a
setting which has proved very useful for Galton-Watson processes) in the continuous setting thanks
to the total order and the measure.

We will now give a genealogical structure to the infinite lines of descent.

Proposition 2.3. Let .7 be the collection of individuals with infinite lines of descent in any given
locally compact TOM tree (1,d,p,<,u). Then & = & if and only if T is compact. If T is non-
compact, & is a non-compact connected subset of T containing the root which can be given the
structure of a locally compact TOM trees as follows: the tree structure (geodesics and lack of loops)
1s inherited from T, as is the total order, and there exists a naturally defined Lebesque measure on
S which assigns to any interval [p, o] its length d(p,o). Furthermore, there exists a plane tree
T € U and a collection of infinite lines of descent (I, : we 1) of T, with images (S, u € Tp),
where S, = {I,(t),t = 0}, which partition & as follows:

(1) Uuen ju =J and
(2) on defining o, = 1,(0), we have F, NI, = {ou} if v =m(u) or m(v) = w(u) and S, NI, =
& if m(u) # v, m(v).
Furthermore, if o, = d(p,0y) for w € 17, then & can be uniquely reconstructed from the marked
plane tree (17, ).

Heuristically, the infinite lines of descent are formed out of the plane tree 77, by stipulating that
individuals u € 77 live an infinite amount of time, and their offspring u;j are born at time d(cy;, p).
In the case of the Yule tree, the birth times are the jump times of a Poisson process of rate b along
each infinite line of descent. We now move to the proof of the above propostion by first considering
a lemma.

Let ¢ = ((7,d, p) ,<, ) be a locally compact TOM tree. Let

# = {0 € 7 :0 has an infinite line of descent} .

Lemma 2.4. .¥ is empty if and only if 7 is compact. Otherwise, & is a non-compact connected
subset of T containing the root which inherits the structure of a locally compact TOM tree when
equipped with Lebesque measure.
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Proof: Obviously .# is empty when 7 is compact. When 7 is not compact, then the sphere S, =
{o €7 :d(o,p) =r} is non-empty for any r = 0. Let us define, for n > r,

Sy ={oeS, 30" € Sy,0€p,a"]}.

Local compactness implies that S is finite; it is non-empty since otherwise Sy, would be empty,
implying that 7 is compact. Note that

n+1 n
ST S S,

Since S, is compact, by the Hopf-Rinow theorem, then S° = (),, S is non-empty and finite. Let
o, be the first element of S° with respect to the total order <. We now prove, by contradiction,
that o, < o if » < /. Indeed, if 0, £ 0,v, we can construct, by definition of S°, an element
o € S such that 0, < g,. By definition, o,» < ,». However, if we now define &, as the unique
element in [p, o,/] at distance r from the root, then (as o, A 6, # 0y), 6, < 6 < 0p, by Or2, which
contradicts the definition of o,. Hence, r +— o, is an isometry from [0, o0) to 7 and by construction
d(p,o,) = r, which increases with r, so that .# is non-empty.

To see that .# is connected, it suffices to note that any isometry from [0,00) into 7 can be
extended to an isometry which contains the root. Hence, .# can be considered a (locally compact)
real tree, which can be given a total order by restricting the total order on 7. We will give it
Lebesgue measure for coding purposes, since the measure p on our tree 7 might assign zero mass
to Z. O

We will now see that .# can be thought of as a plane tree whose individuals live indefinitely and
have associated to them a sequence of birth times, which is precisely the content of Proposition 2.3.

Proof of Proposition 2.3: Note that, for any r > 0, there are only a finite number of elements of .
at distance r from p. (Otherwise, there would be an accumulation of long branches, contradicting
local compactness). This quantity is positive if 7 is non-compact and zero otherwise. We denote by
Sr = I 0S5y Let oy be the first element in & at distance 7 from p; in the proof of Lemma 2.4, we
have seen that r — o7y is an infinite line of descent if 7 is non-compact. If o belongs to any infinite
line of descent and r = d(o, p), then either o = oy or [0,0 A 07y) > 0. So, Iy = {O‘T@ T O}
can be thought of as the first infinite line of descent. If . = Z, we will call our tree a sin tree (the
nomenclature for single infinite end tree as coined in Aldous (1991)) and set 77 = {}. Otherwise,
consider the connected components of 7\.# which intersect .#.

If 7 is such a connected component and G € 7, let A = {t > 0: ¢,5(t) € Fu}. The set A is
non-empty since 0 € A. If t = sup A, then ¢t € A since . is closed. Let p = ¢,5(t). We now
assert that p is independent of the element & € 7 that we considered. Indeed, if &1 < 69 € T gave
rise to p1 # p2, then p; < p2 by Or2 and this would create a cycle since we would be able to
go from &1 to &9 inside of 7 (by connectedness of components) or going from &; to p1, going up
from py to po inside S, and then from po to d2. Any path from 7\7 into 7 must therefore pass
through p (otherwise there would be cycles). Then 7 u {5} is a TOM tree; to prove it we just need
to see that 7 U {p} is closed. Let o, be a sequence of 7 converging to o € 7. If o did not belong
to 7 u {p}, then the path [0, o] would hence have to contain p. This would imply the inequality
d(opn,0) = d(p,o) > 0, which is incompatible with ¢,, — 0. Hence, components 7 of 7\.#, when
rooted at their corresponding p and restricting order and measure to them, become TOM trees. We
will call these the rooted components.

We now proceed to order the connected components of 7\.#by showing that if 71 and 7 are two
such components, and o0;, d; € 7; then 01 < 09 implies 61 < 2. In this case, we can say that 7 < 7».
If 71 and 7 are two connected components of 7\ (say rooted at p; and ps), consider oy, 6; € 7.
Note that the unique path from oy to oy passes first through p; and then through ps, and that, by
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connectedness, 01 A 61 € 71. Hence, 01 A 61 € |01, p1) and 01 A 02 = p1 A p2. From Or, we get
01 <01 A0 < 09.

On the other hand the assumption 69 < 61 would imply, by the above argument, that oo < 71,
which we have shown to be false. We conclude that 1 < 9.

Hence, we can order the rooted components of 7\ . which intersect ., say as 71, 7o, .... We label
them by increasing height of their root and in case of components 7;, 7; with the same root, we impose
that ¢ < j implies 7; < 75, since there is only a finite number of components of 7\.# intersecting
# and sharing the same root by local compactness. (The ordering between two components is
clear if their roots are different, which is the case when 7 is binary). Let kg be the number of
such connected components (kg can be zero or infinite). Then the first generation of 7 consists of
1,..., kg if kg is finite and of Z, otherwise. If 7; is rooted at p;, we set a; = d(p, p;). Note that
if ky = oo then o is increasing and converges to oo0. Indeed, by local compactness, only a finite
number of the «; can belong to a compact interval of R, .

Hence, starting from any non-compact TOM tree 7, we have built its first infinite line of descent
4 and provided a particular labeling for the components of 7\.# which intersect .#.

We now proceed recursively. Starting from 74 = 7, we consider its first infinite line of descent,
with image % as well as the labeled components 71, 72, .... Then, on each one of the components,
we repeat the procedure. The image of the first infinite line of 7, is denoted .#,. The root of 7,
is called p, and we let o, = d(p, pu). We let k,, be the number of connected components of 7,\.#,
which intersect .#. If k, = 0, we have finished exploring this part of the tree. If k, > 0, the rooted
connected components of 7,\.%,, labeled in our particular way, will be denoted 7,1 < i < k,, and
we now explore these. Notice that, by construction, .#, n .#,; = {pui}. The tree 77 consists of the
labels used for the lines of descent.

Let us now show that .% = [ J . This follows from the more general equality

UETT

Sng= | Sn, (2.1)

UETT,0ly ST

which will be proven by induction on the (finite) quantity of elements of S, n.#. When S, n.# has
only one element, this is, by construction, the individual of .7 at height r, so that S, n.% = S.nF.
Suppose that the equality (2.1) holds for any TOM tree and any r > 0 whenever S, N .# has less
than n elements. If for our tree 7, S, N .# has n + 1 elements, then one (and only one) of these
elements belongs to .#. The others belong to rooted connected components of 7\, say with
labels 1,...,k such that a; < r. Denote these components by 71,...,7,. By construction, the
infinite lines of descent of 7; are (%, :iue 7). If 7 i denotes individuals with infinite lines of
descent of 7; and S}; denotes individuals in 7; at distance r — ay,, from p,,, note that .# e S}; has
at most n elements, so that from our induction hypothesis we get

InSi= ] FunS

TUETT
Qi ST
Hence,
IS =IxnSu ] JunS =] S 0
i<k UETT
TUETy QST
aiuér

We end this section by presenting the notion of the grafting operation on TOM trees. Let
c; = ((1i,di, pi) , <i, i) be two locally compact TOM trees and consider o € 71. We wish to graft
cy to ¢y at o.
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Definition 2.5. The grafting of co to the right of o € 7 is the locally compact tree ¢ =
((1,d, p), <, u) defined as follows: let

2
T = U {i} x 7,
i=1

equipped with the distance d given by

. ) B dz’(Ul,UQ) i=J
d((i,01), (4, 02)) = {dl(m,a) +da(p2,02) i=1,j=2

and rooted at (1, p1). We now define a compatible order < by stipulating that

1 =7 and o1 <; 09
(i,01) < (j,02) if and only if either < i =1,j=2and oy <o
1=2,j=1and 09 >0

Finally, we extend p; to {i} x 7; in the obvious manner and, abusing notation, set u = uy + uo.

It can be seen that ¢ = ((7,d, p), <, u) is a locally compact TOM tree.
If f; codes the compact tree c;, o = [t]f, and t = sup[t]y,, then we can code ¢ by the function f
given by
fi(s) s<t
f(s) =1 filt) + fa(s —1) t<s<t+ps(r)
fi(s —pa(r2))  t+ pa(re) < s < pa(m) + p2(m)
Instances of the grafting operation on real trees and its use in constructing random trees can be
found in Evans et al. (2006); Evans (2008); Abraham et al. (2014).

3. Backbone decomposition of supercritical splitting trees

In this section, we analyze the laws Y and Yiree with the aim of proving Theorem 1.3. We first
prove that under Y, there exists a unique infinite line of descent that contains the root. Then, we
consider the measure Y6 and prove that the infinite lines of descent are a Yule tree and move on
to the proof of Theorem 1.3.

3.1. Infinite lines of descent under Y. Recall that the probability measure T is the (projective)
limit of trees with laws Y" coded by the concatenation of the post-minimum process of a W-Lévy
process (time-changed to remain below r) followed by an independent W#-Lévy process started at
r and time-changed to remain below r until one of them reaches zero. However, in order to access
the infinite line of descent, we need to define the trees with laws YT" on a unique probability space
so that the tree with law T becomes its pointwise direct limit. The reader is asked to recall the
definition of a direct limit of a sequence of compact trees compatible under truncation.

Proposition 3.1. Let S be a tree with law Y. Then S admits a unique infinite line of descent.

Proof: Let X O,X 1, ... be independent processes, where X0 has the law Py” and for ¢ = 1, the
law of X is the image under IP’Z# by killing upon reaching i — 1. We then let X*" equal X' time-
changed to remain below n, with the understanding that if ¢ > n then this is the trivial trajectory
which is ignored when referring to it for concatenation purposes. Finally, we just let Y equal
the concatenation of X% X™n" . . X" Assume that the processes are concatenated at times
TP < T3 < --- <1} and that Y is defined until 7}, ;. Note that the sequence of processes Y™ is
(pointwise) consistent under time-change. We then let S™ be the tree coded by Y and let S be the
pointwise direct limit of the sequence (S™), consisting of equivalence classes consisting of elements
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the type (n,o) with o € S™ (as explained in Subsection 1.2.3). In what follows we identify o € S™
and the equivalence class of (n,0,). Note that the law of S is T. We first show that S has at least
one infinite line of descent. Indeed, consider first the path to the root from o] = [17']yn~ (considered
as an element of S): this consists of individuals

(o] = {[tly ¢ > T and ¥ = Y g}

as explained when introducing the tree coded by a function in Lambert and Uribe Bravo (2018).
After T{", Y™ reaches level i < n at T;". It follows that o}' = [T]']y~ € [p,0},]. Note that o] <o}’ ;.
Hence, .# =, [p, o};] is an infinite line of descent since d(p, oy;) = Yin =n—o0asn— .

We now prove that .# is the unique infinite line of descent. Indeed, if o € S, we consider 7 such
that d(o, p) < @ and hence that o € S®. Also, let n > 7 be such that the maxima of X!, ..., X"
and of X© (until the last time Ay it visits [0,7]) are less than n. Suppose that o = [t]y». We
divide into cases depending on if ¢ < TJ" or not. In the first case, note that Y**™ = yn = X0

on [0,Az] and Y™™ > @ on [Ag, T, If X = XY, ) then Y/ = Y gy and if we let t =

inf {s > TP : Y <Y} then [t]lyn = [t]yn < [TP]y» € #. Otherwise, if d(o,p) = X > X([)t,oo)v
then, by the choice of n, the subtree above ¢ is compact (and coded by X° (or Y™) from the first
time X" exceeds X} until the last time it is above that quantity. ) Hence, o is not on an infinite
line of descent (but attaches to its left). When t > 717", we can analogously divide into the cases

depending on if Y, = XFTF 4] Or not. The proof follows the same line as the one just presented and

we one sees that the excursions above the past minimum of the X* code trees that attach to the
right of the infinite line of descent. O

3.2. Yule trees and the prolific skeleton decomposition. The objective of this section is to prove
Theorem 1.3 and Corollary 1.4. To this end, we will fix a level > 0 and consider the contour of the
truncation at level r of the restriction of n¥ to non-compact trees, whose law was equal to bQ ™",
as well as the corresponding contour of the truncation of the Y-tree. Theorem 1.3 will follow once
we prove that the above two contours have the same law.

Recall the measure on sin trees T defined before the statement of Theorem 1.3. Let us describe
the law of the contour process of the image Y" of T upon truncating at level . Recall that the
contour process under T" is the concatenation of X time-changed to remove the part of the
trajectory above r and a Lévy process with Laplace exponent U# started at r, reflected below level
r and killed upon reaching zero. Because of our description of the infinite line of descent under T,
we might think of this truncated sin tree as the (vertical) interval [0, 7] where we graft trees to the
left and to the right; the left corresponding to the process X~ and the right to the subcritical Lévy
process (both time-changed to remain below r). Hence, to the right of the interval [0, 7], we just
graft trees f at s where (s, f) is a Poisson random measure with intensity Leb(ds) @ v —*(df),
where v#" is the excursion measure corresponding to the exponent ¥# and then time-changed to
keep the process below r. Let us consider this description when passing to a Tiee truncated at
level r, say I". By construction, I" can be thought of as the interval [0, ], whose tip is denoted
00, where the left is coded by X (time-changed) and to the right we graft trees as under Y and
additionally graft truncated locally compact trees (Sk, I;) at the atoms of a Poisson random measure
with intensity bds ® Y} .s(df). We will suppose that S; > Sy > --- so that I is the tree that is

tree
grafted to the right of [0,r] farthest from the root and conditionally on S; = s, I} has law T} >
and tip o1. If we graft no truncated locally compact trees, then the right of I is coded by a Lévy
process with exponent ¥#  started at r, killed upon reaching zero and time-changed to remain below
r. Otherwise, the right of o( is coded by 3 different parts (in their correct chronological order):
first, what happens between oy and o9 A 01, then between g A 01 and o1, and finally the right

of o1. Conditionally on S7 = s, between oy and oy A o1, we have a Lévy process with exponent
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U# time-changed to remain below r and killed upon reaching s. Then, what lies between o¢ A o1
and oy is coded by a process with law s + X time-changed to remain below r. Since r — S; is
exponential of parameter b when I; needs to be grafted, then these two pieces, plus the value of
S1 can be combined to obtain a Lévy process with exponent ¥ conditioned to remain above zero
(its minimum will be r — 1) and time-changed to remain below r. Finally, the right of oy in I" is
divided into the right of o1 in I; and the right of oy A o1 in I". However, this has the same law as I,
meaning that we restart with the same procedure. Iterating, we see that the coding function for I”
also admits the following description: we start with a process with law P~ time-changed to remain
below r until its death-time, followed by processes with laws P, time-changed to remain below r
which will get concatenated until one of them reaches zero. We deduce that the coding function for
I" has the same law as the corresponding coding function under ", which concludes the proof of
Theorem 1.3.

Regarding Corollary 1.4, we just note that under n¥ the infinite lines of descent are non-empty
only when the tree is locally compact. However, the restriction of n¥ to locally compact trees is
bY¢ree. The construction of the latter, plus the fact that under T there is a unique infinite line of
descent thanks to Proposition 3.1, show that the tree of infinite lines of descent under Yy, is a
Yule tree of birth rate b.

4. The height processes and the genealogical tree associated to supercritical splitting
trees

In this section, we aim at constructing the genealogical tree associated to a supercritical splitting
tree. This will be accomplished by considering the height processes, introduced in Le Gall and
Le Jan (1998) and Duquesne and Le Gall (2002), of truncations of splitting trees. This provides us
with a family of continuous functions coding a growing sequence of compact trees. A direct limit
construction shows us the existence of a locally compact TOM tree; the limit tree will be termed
the supercritical Lévy tree since it reduces to the Lévy tree in the subcritical case. Let us now turn
to the construction of the height process.

Recall that if X is any stochastic process and (ej) is any sequence decreasing to zero, one can
define a measurable version of the height process of X, denoted H°(X), by means of

o e LT
H°(X), = hl?l)lo%fskL 1x,- X}, g<e ds.

Then, one defines the height process as a good version of H°. If Y" is the contour of a Tipee
truncated at height r, and assuming that Grey’s condition
(G) : SOO 1/¥(q) dg < w©

holds, we now construct a continuous extension of (the restriction of) H°(Y") (to a random dense
set).

Recall that we assume that W is supercritical and we let b > 0 denote the positive root of V.

We will also need the Laplace exponent ¥# where ¥#(q) = W(b+ ¢q). Notice that the Lévy
processes corresponding to ¥ and U# have paths of unbounded variation (because of (G)) and that
hence 0 is regular for both half-lines thanks to Corollary VIL5 of Bertoin (1996). As referenced in
the introduction, in this case, the infimum of X on any interval [s,t] is achieved continuously at a
unique place.

Fix r > 0. Let X!, X2 ... be independent processes. X! has law P, while X2, X3 ... are
W-Lévy processes started at r and killed when they reach zero.

By concatenation, we define the process Y as follows. First, we define the time-change C* as
the right-continuous inverse of

t
Aé = J‘ 1X2<T ds.
0
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Since each X* either has finite lifetime or drifts to infinity, we see that C’éo < . We define
T; =CL +---+C% and Ty = 0. Next, let N be the first index i such that X? o C* approaches zero
at death time. We then define

N
Y/ = Z 1te[Ti717Ti)Xl © C;_Ti—l'
i=1

The process Y" codes a real tree which has been interpreted, in the finite variation case in
Lambert (2010); Lambert and Uribe Bravo (2018), as the contour of the chronological tree of a
population of individuals which have iid lifetimes and reproduce at constant rate to iid copies of
themselves, seen until time r. The processes Y are consistent under time change, so that if v’ < r
then removing the trajectory on top of r from y" (with a time-change analogous to the C?) leaves
a process with the same law as Y (cf. Corollary 8 and Propositon 9 in Lambert and Uribe Bravo
(2018)). Hence, we can actually build the processes Y on the same probability space so that the
time-change consistency is valid pathwise. Hence, the trees they code naturally form an increasing
family and we can construct from them, by a direct limit construction, a unique locally compact
TOM tree whose truncation at level r is coded by a process with the same law as Y" and which is
not compact.

For (spectrally positive) Lévy processes satisfying Grey’s condition and in the subcritical case
(so under P¥ say), Duquesne and Le Gall (2002) construct the so-called Height process of X,
denoted H, as a continuous modification of the process H°(X), with additional links to the (suitably
normalized Markovian) local time L® of the time-reversed processes Xt given by Xﬁ = X(t—s5)— — Xt
Indeed, according to Lemma 1.4.5 of Duquesne and Le Gall (2002), there exists a sequence € | 0
such that, almost surely, if s is an upward time for X, meaning that there exists a rational £ > s
satisfying Xs— < X[, ), we have:

Hy=r0" - LY = H°(X),. (4.1)
Note that the (random) set of upward times is dense on (0,(); for example, any jump time is an
upward time and jumps of X are dense under P, P# and P~ in the infinite activity case. They will
be of fundamental importance in our analysis, since the equality Hy = H_ is valid for all upward
times s under P,. We will have to consider an alternative to modifications for height processes,
since we were unable to make them work with time-changes. Instead, we will let H* (or H*(X))
denote the restriction of H® to the set of upward times. We will construct a continuous extension
of H*(Y") and define it as the height process of Y

To construct a continuous extension of H*(Y™), we first construct a continuous extension of
H"(X o C") under ]P’f, then under P, and P, then finally for Y". We simplifly notation in the
proof of the next proposition by not writing r as a superscript.

Proposition 4.1. Under P#, H(X) o C" is the unique continuous extension of H*(X o C"). Ad-
ditionally, almost surely, if t is upward for X o C" then X o C"(t—) < r and Cy is upward for X,
s0 that we have the equality H(X) o Cy = H°(X o C"),.

Proof: We first prove that H(X)oC' is continuous. Since H is continuous, we only need to see what
happens at the discontinuities of C'. A discontinuity of C' at ¢ corresponds to an excursion interval
of X above r: X > r on (C;_, Ct). Our aim is to prove that H(X)o C;— = H(X) o C;. Notice that
all excursion intervals can be captured by defining, for each rational u = 0,

dy=inf{s>u:X;<r} and g, =sup{s<u:X;<u}.

Then excursion intervals are of the form (gy,d,), whenever g, < d, (which happens whenever
Xy > ). Hence, it suffices to prove that Hy, = Hg, for every rational u. Note that d, is a stopping
time. By regularity, for any rational v > dy,, we have that X; . <r. Hence we can define p, to be
the (unique) instant at which X [duw] = X,, and note that p, — d,, as v — d,,. Also, we can define
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Yo = sup{s <u: Xy <X, }, sothat X, _, Xy < Xy 0] < Xy and vy — gy as v | dy. Using
(4.1), we see that H,, = Ly — Ly_, and H,, = Ly — L;_. . However, using the support properties
of local times (cf. Theorem 4.iii of Bertoin (1996)), we see that L” does not increase on the inverval
[V — Vv,V — py] so that H, = H,, . By continuity of H, we see that Hy,, = Hg,.

Suppose now that ¢ is upward for XoC'. Then XoC(t—) < r. Indeed, this is clear if A(XoC)(t) >
0. On the other hand, if A(X o C)(t) = 0 and ¢ is upward for X o C, the equality X o C; = r would
then imply the existence of s > ¢ such that X o C' is constant on [, s], which is impossible thanks
to the proof of Proposition 7 of Lambert and Uribe Bravo (2018). By considering these two cases,
since X o C(t—) < r, we deduce the existence of a rational u > ¢ such that X(C(t)—) < Xjo) .. 50
that C¢ is upward for X. Then, for any € € (0,7 — X oCy_) and s < ¢, the inequality Xs— X, ¢, <¢
implies X < r. Also, we have that X o C|, y = X|¢, ¢,)- Then, by change of variables and (4.1):

v/

HY (X oC), = H*(X o C),

T
=liminf — | 1xoc,—xoC;. <e. dS
Pl | XoCr, ¢

¢
=liminf — | 1 _
P s (NN ds

Cy
= lim inf — 1. 1 ds
koo e Jo N Rdson ek Xesr

1 (<

= li’?iiggf 5 Jo 1Xs*X[s,ct]<€k ds
= H(X) o Ct

Finally, H*(X o C) is densely defined (since every jump time ¢ of X o C' is upward and these jump

times are dense on the interval of definition of X oC'). Hence, its continuous extension is unique. [J

To explain why we can construct a continuous version of the height process of X o C' under P,
and P, recall that the laws P, and Pf are equivalent on .%; for each ¢ > 0, so that H(X) o C
is a continuous extension of H*(X o C) under P,. By Kkilling, we see that H*(X o C) admits the
continuous extension H o C' under Q, (which stands for the image of P, under killing when reaching
zero) for any = > 0.

Recall that P, is the law of the post minimum X~ process under P,. Hence, if H is a continuous
extension of H*(X) and m is the unique time at which X reaches its minimum, then H = H,, ..
will be a continuous extension of H*(X ). The time-change C' is the identity until X reaches
the threshold r after which the process has the same law as X under P, conditioned on remaining
positive. So, H o C'is still a continuous extension of H*(X ™~ o C).

We have seen that, for each one of the processes X* o C?, there exists a continuous extension H*
of H" (Xi o C’i). We now construct a continuous extension of H*(Y").

Proposition 4.2. Define H as follows: for any i > 1 and t € [T;,T;11), let
gt = SUP{S T Y] < XfTit]}
and define

H=H' on [0,T1] and, recursively, H; = HZf%Z + Hy, fori>1 andte [T;,Tit1).
Then, H is a continuous extension of H*(Y™).

Proof: Recall that H} = 0 = lim;_,04+ H}. Also, g7, = T;. We then see that H is continuous at each
T;. To prove that H is continuous at ¢t € (T3, T;41) for some ¢ > 1, it suffices to show that t — Hy,
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is continuous there. However, let us note that ¢ — g; is decreasing and caglad on (7;,Tj4+1). It
might then happen that gy < g and they fall on different intervals (T, Tk, 1) and (7}, T; 1) with
k <l < i. However, by definition, this implies

I+1
Hg, = Hg,, +H"p,
and since the minimum of Y on (7}, 7j41) is attained at g;, then Hl+1 = 0and Hy, = Hg,, . Indeed,

note that for any rational v € (g¢, 7741), formula (4.1) gives L) — L”, g and that by support properties
of local times, LY is constant on [v — g, v]. It remains to consider the case when g, g1+ € (17, T}11)
for some [ < 7. In this case, we note that (C’;:}_Tl , C’;:”_ITZ) is an excursion interval of X! above its

future minimum process so that in particular g; — T} is upward. Hence, the height process of X'
is constant on that interval (again by (4.1) and support properties of local times), which implies
H,, = Hy,, . We conclude that H is continuous.

Let us now prove that H is an extension of H*(Y"). We need to prove that Hy = H°(Y"); for
every upward time ¢ € [T}, T;11) for Y and for any .

On t < Ty, we see that H; = H} = H°(Y"), if ¢t is upward for Y" by definition of H and
Proposition 4.1. To proceed by induction, assume that for some j > 1, H; = H°(Y"), if t < T and
t is upward for Y. If we now work on the set ¢t € (T}, T}11), note that g; € [T}, Tj41) for some i < j.

Note that both H and H°(Y") can be decomposed as

j+1
Hy = Hy, + H] '}, (4.2)
and
1 (Ti+1
H°(Y"), = H°(Y"),, + liminf — J Lyr vy, <en ds (4.3)

k—ow €

R B 1
+ lim inf — lyr,yr e, ds + liminf — lyr,yr <ep 5
koo €k ., ° s k—ow £ S

We now prove that almost surely, the first and last summands in both decompositions coincide and
that the second and third summands in the decomposition of H°(Y™), are zero.

First summand: By construction, g; is upward for Y and g; < Tj. The induction hypothesis
hence implies the equality Hy, = H°(Y"),,

Last summand: Note that t — T} is upward for X7+l o C". Since H’*! is a continuous
extension of H*(X7™! o C"), we obtain

ng;j = H°(X7 1o Cm)

t—T;

t—1T.
== hm lnf - 1 i+1 Jj+1
koo €5 Jo Xit+loCr—X- oC[T 4]k

P A
= lim inf — lyr_yr  <e, ds.
k—ow € T- s st]

Third summand: Note that Y, > YET 4 for any s e [Ti+1,T;]. Hence,
T;
J 1le; Xfu z]<€ du =0
Tiv1

for € small enough.
Second summand: Note that g; is an upward time. Define also the upward time

gf = sup {8 <Tip1:Y] <ep+ Y[T t]}
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r

which decreases to g; as k — 00. Let v be rational in (g}, T;+1) and such that Yg’L <Y
t to

T T T T
Hence, we also get Ygff < X[gf,v] for any k as well as Y _ < X[gt,v]' Note that

Ti+1 gr —gt
1Ysrfﬁ[s,t]<5k ds < ]'X”loc’g'*'l—X”loC’”“rl N ds
gt 0 [s,0)

Thanks to Proposition 4.1 we get

1 (Ti+1
. < T . _o.
lgn_}gf - Lt Lyr—yr, g<e, ds < h]?ilong(X) Cgrg, =0
Hence, H is a continuous extension of H*(Y™"). O

Let us now turn to the construction of the supercritical Lévy tree. For this, let H" denote the
continuous modification of the height process of Y. We let g" = ((7,dy, pr) , <r, jtrr) denote the
TOM tree coded by H" and define ¢, = u, (7). Let us see that g” is a subtree of g ifr <.

Lemma 4.3. If r <1’ then there exists an isometry v : T, — 7,0 such that

(1) if o1 < 02 then t(o1) < t(o2) and
(2) the image of p,» under v is the trace of . on v(,).

Proof: For this proof, we denote by A:,’T = Sé 1y, _,dsand let C"™" be its right-continuous inverse.

We will suppose that the time-change consistency of the Y is valid pathwise, so that Y7 oCr T =Y.
Also, the proof of Proposition 4.1 allows us to see that: if s is upward for Y then Y] < r, C’ST,’T is
upward for Y, and
H =H" oC"".
We will also denote consider the set [s], to be the equivalence class of s under ~pr. Note that H"
is defined on |0, ¢,].
To construct ¢, we will define 7 on [0, (] by (s) = C;"'”’ € [0,¢v]. Let s; < s2. Let us observe
that
H" , . =H (4.4)

(At =L [s1,s2]

Indeed, note first that on any interval of the form I = [Cglr, C’STI’T] with s € [s1, s2], we have the
inequality H{;, > H" o C’g:r for v € I. We will prove it when v is an upward time. Consider a
rational w € (v, C5 ") such that Y7 < Z’[J

. / .
]’ Since Y has an excursion above r on I, we see that
b

/ .
Y, <Y" , andso (4.1) gives
A [Co2"w]
/ /
HT = Lg - wav Z Lg - v C'r’,'r ng’ r

By continuity of the height process
H' oC'" =H' =H" oC™" > HT

==[s1,82]"
Hence, the equality H™ = H" o C""" allows us to conclude the validity of equation (4.4).
We now assert that if [s1], = [s2]» then [C5,"],» = [C5,"],». By hypothesis H] = HJ = Hy, -
Hence, H" o Ch" = H™ o C%," and by equation (1.1), we see that

/ /
Hr / / = HT VAN
7[0;1,7*’0;‘2,7‘] Cg‘l,’r

We can then define
u[s]r) = [C5 "
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We have just proved that C™"([s],) [C;""’“],J. Although the converse inclusion might be false,

we now see that nonetheless if s, = sup[s], (which belongs to [s],) then CL," = sup[CT" ], .

Indeed, we have just proved that Cs,” € sup[Cs" ],» and by hypothesis, for any ¢ > 0 we have

ﬂflcrlyr o g = Hi ..o < Hi,. We conclude that C7 " _ ¢ [C5" ]y for any e > 0, so that
Sk " sy+e

C;“;;T = sup[Cg’Tl]r/.
To see that ¢ is an isometry, note that if s < so (say) then the distance of [s1], and [s2], equals,
by equation (4.4):
Hg + H, —2H7 =H", +H, —2H"

[51 52] 07 T Cr ,T [C;”lr’cr r]

and the right-hand side is the distance between [Cs ’T],,/ and | T,7T]TI.

The order preserving character of ¢ is immediate since we have proved that cr

Sup[ L = sup[CM 1

Hence, if s = sup[si], < sup[sz2], = s2 then
sup[C;“l’T]r/ = C;ﬂ“ < Cg;r = sup[C;“;’r]r/.
Consider the image of Lebesgue measure on [0, (] under C"". Since the inverse image of an

interval [0, £) under C™" is [0, A:l’r), we see that the image of Lebesgue measure on [0, ¢,] under """

equals the measure induced by A™". The latter is Lebesgue measure concentrated on {t : Y;, < r}.
By projecting to each of the trees coded by Y and Y™ we see that (A A o(7.)) = pr (:"1(4). O

Thanks to Lemma 4.3, and a direct limit argument used for the construction of locally compact
TOM trees out of trees consistent under truncation, we deduce the existence of a locally compact
TOM tree ((I',d,p),<,u) and a growing sequence of TOM ((I'y,d, p), <, ) (where pu, is the
restriction of p to I';) such that | J.I'; = I' and I', is isomorphic to the tree coded by H". The law
of (T, d,p),<, ) will be denoted ¥'°. We also define 4 as the law of the tree coded by H under
v# and finally set v = v° + by!°; for us v represents the law of supercritical Lévy trees.

5. Ray-Knight type theorems for supercritical Lévy trees

We now pass to an interesting property of our supercritical Lévy trees: their Ray-Knight theorem
stated as Theorem 1.5 and Corollary 1

To accomplish it, we will give a graftmg description for the genealogical tree under Y. Then, the
analysis will be extended under Yy, ee.

5.1. A grafting construction for the genealogy under Y and the corresponding Ray-Knight theorem.
Recall the construction of the TOM tree S with law T as the pointwise direct limit of truncated trees
(S™) coded by (Y™). Formally, we have not defined the genealogy under T, for which it suffices to
follow the same path as under Yiee: we define H" as a continuous modification the height process
of Y, note that the tree coded by H", say G, is compatible under pruning, and define G as the
pointwise direct limit of the sequence (G™).

For this, recall the processes X°, X!, ... used to build Y™ in the proof of Proposition 3.1. Let
H' be a continuous modification of the height process of X*. We start by noting that H° has been
analyzed in Lemma 8 of Lambert (2002); to present the analysis (to be used) we first collect some
preliminaries on X°.

For simplicity, we will now only consider the case when x = 0. First of all, the laws P,
including the law P> of X 0. satisfy the following Williams type decomposition, first extended to
Lévy processes in Chaumont (1996) and further discussed in the spectrally positive case in Doney
(2007, Ch. 8). For z > 0, P;” equals P, conditioned on remaining positive (an event of positive
probablhty). Under P, the minimum of X is achieved at a unique time and continuously, since
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X is of infinite variation. (This fact was first proved in Millar (1977) and can also be deduced
from Proposition 1 and Theorem 1 in Pitman and Uribe Bravo (2012).) Let T be the time the
minimum is achieved and define the pre and post-minimum processes as X equal to X killed at T'
and X7 = Xp,. — Xp. Then, these two processes are independent (both under P, as under P,”).
(This is a classical and fundamental result of the fluctuation theory of Lévy processes first found in
Greenwood and Pitman (1980b), which can also be deduced without local time considerations from
Theorem 4 in Pitman and Uribe Bravo (2012).) Furthermore, under P, and P, the law of z — Xp
is exponential of parameter b (resp. exponential of parameter b conditioned on being smaller than
x) and, conditionally on X7 = y € (0,z), the law of X is P, while the law of X equals the
image of Qjé_x under the mapping f — f + x. The law P;’ equal to P;” conditioned on X, =y
just described give rise to a weakly continuous disintegration.
Let X° be the future infimum process of X° given by

0_ y0  _ . 0
e
Since our Laplace exponent is supercritical, then limg o0 X ? = oo and the set

2 ={t>0:x) = X"}

is unbounded while being regenerative. More specifically, from Lemma 8.(i) of Lambert (2002), the
process X0 — X 0 is regenerative at zero and admits the following reconstruction by excursions. Let

L be the regenerative local time of X — X g fixed by the normalization

t

L =1lim— | 1yo0_yo_. ds.
=t e—0 € 0 )(S_éség

By recurrence, we see that éoo = . Let = be the right continuous inverse of L. Then, with this
normalization of the local time, the point process of excursions

D0 S (X=X syar) (5.1)
s:ATs#0

is a Poisson point process on (0,00) x F with intensity

Bri + Jw e " o(z) QF dx. (5.2)
0

Note that integral equals the intensity of excursions that start at a positive value, corresponding
to excursions above the future minimum which start with a jump. The excursions only record the
jump of X — X. We will need a slightly more precise result which records also the jumps of the
future minimum at the beginnings of excursion times, or equivalently, that records the jump of X.
It is a natural generalization from the aforementioned Lemma 8.(i) in Lambert (2002).

Proposition 5.1. Under Py, the point process

Ef = Z 5(57AX7-57(X7§)(Ts—+')’\78) (53>
5:ATs#0

is a Poisson point process on [0,00) x E with intensity
y
. df) = boldy) Bt @)+ | QE(P) da o).

The proof will be presented at the end of this subsection.
Let g¢ and d; stand for the beginnings and ends of the excursions of X 0 above its future minimum
process o
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@zsup{8<t:§:Xto} and %:inf{s>t:§:X§)}.
We also deduce, by the approximation result of (4.1) applied at time g;, that

1 t

0y _ : - 0 _ _

H(X%), = L, + lim 5I<:L 1xo o <o ds and H(X") =L =L. (5.4)
=t

In any case, we see that H(XO) > L (actually L is the future minimum process of H(XO)) and so

H(Xo)t — o0 as t — 00. We can also describe the excursions of H(XO) above its future minimum

process: on an excursion interval (g, d;), we note that H (X 0) .~ L; is a continuous extension of

H" (Xg,+.

above X:0 . To finish the construction of G, let C*" be the time-change that removes what is above
n from X', say defined on [0, T}* — T}"] (with T{" = 0). Then, define H" = H(X°) on [0, 7}'] and,

recursively, for t € [T}, T} ]

)._gt; in other words, it is the image under the height process of the excursion of X°

gy = sup {8 <T!:Y]!< X?Tn,t]} and H' = Hgn + H(X") o C’ZTT_”.
Arguing as in the proof of Proposition 4.1, we note that H™ is a continuous extension of H*(Y™)
and that the sequence of trees (G™) coded by (H™) is consistent under pruning, so that G can be
built as a pointwise direct limit (G™).
Let Qﬁg be the image of p¥ by killing upon reaching zero.

Proposition 5.2. The tree G is a sin tree. Let v# and ’yf be the laws of the height process under
v# and QF . Let = = 2001 1y, B2 = 2042 g2y and B = 2. 0(r, .1 fry be Poisson point processes

on E, E and E? with intensities v°, v° and v given by

ve(df) = By (df),

and
V(A B) = [ L F )] L (B) dovldy).

On the TOM tree [0,0) rooted at zero, graft the trees coded by fl and f! to the left at heights r}
and ry, and graft the trees coded by f2 and f" to the right at heights r2 and r,,. The resulting TOM
tree has the same law as G.

Proof: The reader is asked to recall the proof of Proposition 3.1. During that proof, we identified
trees grafted to the left of the infinite line of descent of S as excursions of X above its future
minimum process as well as trees grafted to the right as excursions above the past minimum process
of X', X2, .... The grafting heights are the heights in each X’ at which the corresponding excursion
ends. A similar analysis is valid for G except that we use excursions of the height processes involved.
Note first that the future minimum process of H(X") is L(X") as follows from (5.4). Since the
left-hand side of the infinite line of descent G can be coded by H (X 0), then trees grafted to the
left of the infinite line of descent of G are coded by excursions of H (X 0) above L (X 0). Let (g,d)

be an excursion interval of X° above its future minimum process. Since upward times are dense
(recall the discussion after (4.1)), and g is one of them, we can use the approximation (4.1) at any
rational v > d and continuity of the height process and deduce that H (X 0)g =H (X 0) 4 Now the
analysis breaks down into two cases: when X0 = X g (or in other words, when the excursion starts
continuously for X°) or when Xg, < XS. In the former case, note that H(XO) > H(Xo)g on
(g9,d) (by support properties of local times) so that H on [g,d] codes a subtree grafted to the left
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of the infinite line of descent and d and g correspond in G to a binary branchpoint (upon removal,
it disconnects the tree into 3 components), while in the latter case, we have H (X 0) ,=H (X 0)9 for

t € (g,d) if and only if X = X([)g’t]. Note then that all such ¢ correspond to the same point on G
and the (sub)excursion interval codes a tree grafted to the left of the infinite line of descent. Hence,
the element of G corresponding to them is an infinite branch point (upon removal, it disconnects
the tree into an infinite number of components). To find subtrees to the right of the infinite line
of descent, the analysis is also divided between those corresponding to infinite branch points and
those corresponding to binary branch points. The former are constructed as follows: consider the
(vertical) interval I = (éggég) N [n—1,n] forn > 1. If (¢’,d’) is an excursion of X™ above its
¢y =Hg =L, _forallmz=nandte ¢, d]
such that X]* = X7 in particular ¢’ or d’. Again, the element of G corresponding to all such ¢
is an infinite branch point. The binary branch points are constructed from excursions of X above
their past minimum process, say on the excursion interval (¢',d’) where X7, does not belong to the

past minimum and X}, € I then, by definition, H7.,

jump intervals (ég_,ég).

Let us now see at which heights the compact trees are grafted to the left of the infinite line of
descent of G. Since the height along the infinite line of descent equals the local time of X0 — X:0 ,
(since H = L at ends of excursions), then an excursion of X° on [g, d] gives rise to a tree grafted to
the left of the infinite line of descent of G at height L,. If Xg > X g_, then we must graft a tree at
the same height at the right of the infinite line of descent; the tree is coded, using the same notation
as before, by Hf.,, . on [¢', d'] for large enough m. We see that the left of the infinite line of descent
can be given a Poissonian construction as follows, thanks to Proposition 5.1: along [0, ) (viewed as
a vertical locally compact TOM tree), graft trees to the left with intensity Sy + Sgo e T (x) 7;# dx.
The intensity with density = +— e~%*T(z) corresponds to the sizes of overshoots A (X 0_ X O) above

the future minimum process. However, to the trees with law vf , which correspond to the overshoot
of X% when the future minimum jumps, we must add the corresponding trees to the right of the
infinite line of descent but at the same height. If we want to capture not only the overshoot but
also the complete size of the jump AX? at each jump over the future minimum, then the intensity
becomes (z,y) e_bxlmgy dx v(dy) thanks to Proposition 5.1. With the trees that get grafted, we
obtain the intensity v of the statement. Finally, to the right of the infinite line of descent we also
have trees which come from the continuous excursions of the X? (i > 1) above its past minimum
processes. In their natural local time scale, these arrive at rate v#. We now prove that in the time
scale of L, the intensity is actually $v7, which concludes the proof of the theorem. Let 7 be the
right-continuous inverse of L. We recall that binary branch points along the right of the infinite line
of descent are coded by H(X™) on excursion intervals (g,d) of X" — X" where X} belongs to the
range of X°. To examine the latter, recall that Lemme 4 in Bertoin (1991) tells us that the joint law
of (X% — X% XY is the same as that of (Z(X — X), X o d) under P, where Z(X — X) is a process
obtained by reversing time in each excursion of X — X and d; is the right endpoint of the excursion
of X — X straddling time t. However, local times in the Duquesne-Le Gall normalization of (1) are
invariant under time-reversal, so that the joint law of (L, X°) coincides with that of (L, X od) under
P. Finally, noting that composition is measurable as in Whitt (1980) or Whitt (2002) and using the
equality d o L™ = L™, we see that the law of L is the same as that of the ladder height process
X o L7, Lemma 1.1.2 in Duquesne and Le Gall (2002) tells us that X o L™! has drift coefficient 3
(in the particular normalization of local time), and so Proposition 1.8 of Bertoin (1999, p.13) tells
us that
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Hence, we deduce that trees to the right of the infinite line of descent of G that are rooted at binary
branch points are still a Poisson point process with intensity ~%. ]

We now turn to the Ray-Knight theorem associated to the tree G. Recall that G is the genealogical
tree associated to the tree S with law Y. Recall also that T was constructed out of ¥, that [ is the
Gaussian coefficient in ¥, v is its Lévy measure and b is its greatest root. The reader may consult
Duquesne (2009) for Ray-Knight type theorems of sin trees featuring more general CBI processes.

Proposition 5.3. Suppose that G = ((7,d, p),<,u) and let 6(c) = d(p,0). Then, the random
measure Z = o 0~1 admits a cadlag density Z. The process Z is a CBI process with subcritical
branching mechanism U# and immigration mechanism ® given by

© 1—e b 4 CU(A+b) — (N

B =200+ [ (1= e )T u(a) - )

The main tools in the proof are the Ray-Knight theorems under n# as well the spinal decomposi-
tion of CBI processes that we now briefly recall. For the details of spinal depompositions, the reader
can consult i (2012, Sect. 2.4) in full generality or Chu and Ren (2011) under Grey’s condition, as
well as the streamlined exposition in Foucart and Uribe Bravo (2014, Sect. 4). For details regarding
the Ray-Knight theorems, we refer the reader to Duquesne and Le Gall (2002) and Duquesne and
Le Gall (2005). With U# and ¥ as in the statement, let P, be the law of a CB(¥#) (continuous-state
branching process with branching mechanism ¥#) that starts at x. It is then known that there ex-
ists a measure Q (the Kuznetsov measure of ¥#) on E such that if = = 3 O(t,,f,) 18 @ Poisson point

process with intensity SQ + SSO l_el;bw P, v(dx) then the process Z given by Z; = >, ; fa(t —tp) is
a CBI (\I!#, <I>) (a continuous state branching process with immigration with branching mechanism

U# and immigration mechanism ®). The law @, called the Kuznetsov measure of P, is Markovian
and admits same semigroup as P,. On the other hand, the Ray-Knight theorem states that under
v# or under QF, the random measure A — Leb({t € (0,¢)} : H; € A) admits a cadlag density Z
which has law @ or P,. For the case of Qf, this is the content of Theorem 1.4.1 in Duquesne and
Le Gall (2002). We were unable to find the case of v reported in the literature. However, a quick
proof of it can be given by the fact that V#(l — 6_/\t) = —log Pi(e=***) (by the proof of Theorem
1.4.1 in Duquesne and Le Gall (2002)) and this equals Q(1 — e=*%*) (as in equation (2) in Chu and
Ren (2011)). On the other hand, both measures are Markovian and have the same semigroup as
(P,); in the case of @ this follows by equation (2) in Chu and Ren (2011) while for v#, this follows
from the regenerative property (of the tree coded by H) and the Ray-Knight theorem under Qf.

Proof: Let L be the unique infinite line of descent of G. We first show that (L) = 0. Indeed,
consider first X? and its future infimum process X 0. Since the set

2 ={tz0:x = x%}

has the same law as {t =>0:X; = Yt} under P, as recalled in the proof of Proposition 5.2, we see
that Leb (30) = 0 since, as noted in the proof of Proposition 7 in Lambert and Uribe Bravo (2018),
the upward ladder time process under P has zero drift. On the other hand, for each n = 1, the sets

L={t=0:X]=X}}
have measure zero whenever the inverse of X under P has zero drift. Since the Laplace exponent of
the latter equals to the right continuous inverse of ¥, we see that it has no drift whenever 8 > 0 since
this implies U(A\) ~ A% as A — oo. Finally, when 8 = 0, the set Z = {éo oL :t> 0} has zero
Lebesgue measure, as shown in the proof of Proposition 5.2. Hence, the set {t > 0: X" = X} € #}
has zero Lebesgue measure. Under the mapping sending ¢ to its equivalence under ~yn, the sets
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we have considered are projected into the infinite line of descent, which therefore has zero measure
under p.

Suppose that the compact trees grafted to the left and to the right of the infinite line of descent
are enumerated as (t;,7;), where t; is the distance from p to the root p; of ;. Then

E(A) = pu({oe L:d(p,o) e A}) +ZM({O’ et d(pi,o)e A—t;}).

As we have just seen, the first summand is zero. For the second sum, call each summand =Z;(A).
Thanks to the Ray-Knight theorem under v# and under Q,, let Z* be a density for the measure
Z;, which has the semigroup of a CB processes with branching mechanism ¥#. Then

Zi(A) :J Zl ., dt
A 7

and so = is absolutely continuous with respect to Lebesgue measure and a version of its density
is Z = ZZ Z-Z—t,-- Note that this is independent of the side of the infinite line of descent to which
the trees 7; are grafted. Since the concatenation of two processes with laws 'yf and Vjé has law
'yf y» then the image of v in Proposition 5.2 under the concatenation of both trajectories equals
SSO (1—e7%)/b ’yf v(dy). Thanks to the spine representation and the Poisson construction of G in
Proposition 5.2, we see that Z is a CBI process with branching mechanism ¥# and the immigration
mechanism ® as stated. The stated relationship between ¥ and ® can be checked by computation.

O

A further consequence of the spinal decomposition of CBI(\II#, <I>) started at zero is the following.
At any time t > 0, the post-t evolution is decomposed into two parts: that corresponding to f,, (t—ty,)
for t,, < t and that corresponding to what attaches to the spine above t. If Z; = z, then the first
part evolves as CB(\I!#) started at x (thanks to the Markovian character of ) and the branching

property). Furthermore, the second contribution evolves as an independent CBI(\IJ#, <I>) started at
zero. This remark be important to the proof of Theorem 1.5.

We finally present the pending proof of this subsection.
Proof of Proposition 5.1: We first comment on the regenerative character of 2 in a way that handles

X, X . . .
the jump of X when X also jumps. First, consider & = .7, = and note that it coincides with
FX v 0<£ t) due to the equality X = X A X[, 4 valid whenever s < ¢. We first assert that

(X, X) is a Markov process under any P;”. Indeed, note that for any A € %X, the Markov property

and the definition of P, give

E; (Lax,eng(Xers X, ) = B2 (Laxenh(Xe X))
where

ne) = B2, (o(x0.x,)).

This gives us the Markovian character of (X, X); by weak continuity of P, it is even a Feller
process. We now assert that X — X is Markovian with respect to the filtration (%;). Indeed, note
that the image of P;’) under the mapping f — f —yis P2 . as follows from its definition and
the spatial homogeneity of Lévy processes. It follows that

B (0%~ L)) = Elo(o(Xe - X))

E; (lAéteBg (Xt+s - LH)) =E;” <1A,§te3h<Xt - ét»

so that
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with h(z —y) = E,~ (g (XS —és)). Hence, X — X is Markovian (and indeed Feller) under
P> with respect to the filtration (%;). In conclusion, 2 is regenerative with respect to the fil-

tration (¢;). It follows that Zf is a Poisson point process. Indeed, let ¢ > 0 and, starting
with Ty = dy = 0, let Ty 1 = inf{t>d 'Xt—Xt>5}, dpi1 = inf{t>Tpsr:te 2} and

gn+1 = sup{t <Tp,+1:te Z}. Then T, and d, are stopping times with respect to the filtra-

tion (¥;). Because of the strong Markov property applied at times d,,, we see that (X X ) Tosrt-
n+

is independent of ¢, and in particular of Y" = X — X and of AX, _ for any m < n.

=(gm+)rdm
Therefore, the sequence (AX,, —,Y") is iid. When varying ¢, the sequences (AX Y™) con-

9T =
form a nested array as introduced in Greenwood and Pitman (l‘)8 )a); the main result in that paper
allows us to deduce that =/ is a Poisson point process, whose intensity we now compute. Note,
however, that we can write its intensity i/ as do(dy) n(df) + jif¢, where i/ is the restriction of i/
to excursions which start with at a non-zero value.

We first need the following fact. Almost surely: a time ¢ > 0 is the beginning of a discontinuous
excursion of X — X if and only if ¢ is a time of a common jump of X and X. At any such time
t, we have the inequalities AX; > AL > 0. Indeed, if t is the beginning of a discontinuous
excursion, then by definition we get that 0 < A(X — X) = AX; — AX, and Xp — X = 0.
Since X is non-decreasing, then AX; > 0. However, by ennumerating Jumps of X of size > ¢ for
any ¢ > 0 and applying the strong Markov property and the absolute continuity of the law of the
minimum of X, we see that X;_ # X X, and Lf < X; at any jump time of X. Hence, we deduce
that Xy = =X <X <X which implies that ¢ is a common jump of X and X and indeed the

inequalities 0 < < AX < AX;. On the other hand, if £ is a common jump of X and X then X >X

which implies that Xt, =X, ,s0 that (X X) = 0. As we have remarked, since t is a jump
time of X we then get the 1nequahtleb X <X, < X;so0 that t is a jump time of X — X and the
beginning of a discontinuous excursion. We have also obtained the inequality AX < AX;.

We will now construct a nested array of discontinuous excursions. For any 5 > 0, let T}, be
the time of the n-th jump jump of X of size greater than e that is common to X and X and let

pn = inf {t =T, : X; = ét} Note that both T, and p, are stopping times with respect to the
filtration (%4). Define

Vo = AX(Ty), Op=Xr, =X, and Fo =X, )np, — Xy -

Note that O,, = F,,(0). Because of the strong Markov property, the random variables {(V,,, O, F},)}
are independent and identically distributed, with a law depending on €. Note that as we vary ¢, we
get a nested array that exhausts the discontinuous excursions of X by the preceeding paragraph.
The main theorem in Greenwood and Pitman (1980a) implies the existence of a o-finite measure
i/ such that the law of (Vi,01, Fy) is #/ conditioned on Ry x (g,00) x E. In fact, all measures
satisfying this conditional property differ by a constant factor. Also, the conditional law of F; given
(V1,01) = (y, ) is the image of Qz’ix under the mapping f — x + f. We now compute the law of
(V1,01) and show that

Le<ybe ™" QF (df) dav(dy)
P —etyu(dy)

If we let if be the image of #f by the map (y,z, f) — (y, f), then our construction implies the
existence of a constant ¢ such that jif equals i/ on discontinuous excursions and we will then argue
that ¢ = 1.

Let us compute the law of (V3,01). Since P is the law of the post-minimum process under P,
it suffices to do the computation using the latter law. Let S, 53, ... be the succesive jumps of X of
size greater than e and consider two Borel sets By, By of (¢,00) and (0, 0). Then, using the Strong

P(Vi € dy, Oy € dz, Fy € df) =
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Markov property, the law of the overall minimum under P, as well as the master formula of Poisson
point processes, we obtain

[P(AXT1 € B, Xn, — X, € BQ>
—11

€Bn (0, AXSk))

= ZP(Sk = Tl,AXSk € BlyXSk - és
k

—b
= ZE 1l[5i75k)<Xsi_,i<k1AXSkeB1 J be " dx
k B2n(0,AXs,)

0
=E (J 1X[Si,l)<X5i7 if S;<l dl) f f be_bm dx Ua(dy) .
0 B1 JB2n(0,y)

In particular, taking By = (¢,00) and By = (0,0), we see that
be by
§7(1 = e ) u(dy)

Finally, as mentioned before, we have shown that =/ is a Poisson point process with intensity
do(dy) n(df) + ¢} e Q¥ (df) dzv(dy). Note that the point process in (5.1) is the image of the
point process in (5.3) under the mapping (s,y, f) + (s, f), which shows that # = Sv# and that
¢ = 1, so that the intensity of = is precisely /. O

Remark 5.4. The proof in Lambert (2002) that allows us to conclude that ¢ = 1 depends on the
theory of scale functions. A more simple argument would be to substitute the proof of Lemma 9
in Lambert (2002) for the proof of Lemma 1.2.1 in Duquesne and Le Gall (2002). Furthermore,
elementary computations as the ones we used to compute the law of (V1,0;) allow us to conclude
that the post minimum process under P~ has law P, thereby making the above arguments more
self-contained.

P(AXT1 edy, Xr, — X 1. oy dzv(dy).

€ d:v) =

5.2. A grafting construction for the genealogy under Yime and the corresponding Ray-Knight the-
orem. In this subsection, we present the proof of Theorem 1.5 and Corollary 1.6. Recall that ¢
stands for the limit of trees coded by the height process H under the image of Yi;e under trunca-
tion at height 7 as r — 0. The strategy will be similar: we first prove a Poisson description of !¢,
The difference will be that the Poisson description will only be recursive. We then use this Poisson
description, as well as the known Ray-Knight theorems under n# and Qf, to conclude. To do this,
we will need the notion of concatenation of trees, which is a particular form of grafting, performed
at the root. First, if f and g are excursions in E, we define their concatenation f 1 g by

ft) 0<t<¢(f)
fogt) =190 —<(f) <(f) <t <(f)+<g)-
f t=¢(f) +<(9)

Then, if ¢; and co are two TOM trees coded by f; and fo, we define ¢1 L ¢co as the tree coded by
fi u fo. Finally, if ¢; and ¢y are two locally compact TOM trees with coding sequence (f]') and
(f3) we let ¢1 L c2 have coding sequence (f{* L f3'). The image of the product measure y; x 72 on
locally compact TOM trees under concatenation is denoted 1 L y2. In our Poissonian description,
we will use the measure v* given by

#

k 1
Vi UYL Uy

Ve =

lc lc #
J Ly Ly gy d2r e dzg
O0=20<21 <<z <2Zk4+1=%

This measure corresponds to the intertwining of £ + 1 compact trees and k locally compact trees
and uses the measure +'° in its definition.
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Proposition 5.5. Let E' = Y01 p1y, 22 = Y62 2y and 3 = 2. 0(ry g1 fry e Poisson point

processes with intensities v°, v°¢ + Bby' and v* where

and

o8]
VA B) = 3 (e e ()3 (B) dooldy).

On the TOM tree [0,00) rooted at zero, graft the trees coded by fl and ffI to the left at heights .
and 7, and graft the trees coded by f2 and f7 to the right at heights r2 and r,,. The resulting TOM
tree has law .

Proof: Let us recall that Tiee is obtained from Y by grafting, to the right of the unique infinite
line of descent, iid trees with law Tiee at rate b. Specifically, if Sy has law T and ST, S53,. ..
are iid with law Y% and we graft S} to the right of Sg at height T;, where (T; — T;_1) are iid
exponentials with rate b, to obtain S*, then S* has law Y%, We now use the Poisson description
of the genealogical tree associated to Sg stated as Proposition 5.2 and use very similar arguments
to prove the present proposition; only the differences will be explained. Let G and G7,G5, ...
be the genealogical trees associated to Sgy and S, S5, .... We have already identified the parts of
the tree S that give rise to the Poisson description of Gg. It only remains to see how G7,G5, ...
are grafted to the right of the unique infinite line of descent of Ggy. For this, suppose that the
left of the infinite line of descent of Sy is coded by X9 (which has law P7). Recall that the

infinite line of descent of Sy was identified with the heights X 90 corresponding to t such that

X; 2.0 =X @,0. These heights leave open gaps corresponding to the jumps of X9 and anything
grafted on these gaps gets contracted to the same point when considering the genealogy. However,
additionally to what is grafted on these gaps to form Sg, we now graft independently the trees (5; )
at rate b. More formally, suppose that Aétg’o > 0, where th,o — é?’o =z, th,o — ég,o =y
(so that © < y) and where the minimum of X< on [t,0) is reached at d,. Then, the quantity
K of trees (S;) that get grafted to the right of the gap (g,igjég,@) (of size y — x) equals k with

probability e~*(=*)(b(y — x))¥/k!. Conditionally on K = k (recall that k can be zero), the heights
a+ 21 < --- < a+ zp at which they are grafted are the order statistics of k£ iid uniform random
variables on (0, y — ), hence have density k!/(y —x)* on the adequate simplex. Then, when passing

to the genealogy, what gets grafted to the infinite branch point are iid processes with laws ’yf (to

the left) and, in alternating fashion, *yi e 1,71‘3, . ,vi Zl,*ylc and yﬁ _z- Using the description
of the jumps and overshoots of X0 above its past infimum process of Proposmon .1, we see that
infinite branch points get grafted along the leftmost infinite line of descent in 7' as a P01sson point
process with the intensity v¢ of the statement.

On the other hand, the (S;) that get attached along the infinite line of descent of S, not on a
gap but at a height of the form X 9.9 for some t, when passing to the genealogy, corresponds to

a tree with law !¢ that gets attached at height L. As in Proposition 5.2, we see that the trees

1,G5, ... not grafted at infinite branch points get grafted as a Poisson point process along the
leftmost infinite line of descent of Gy at rate 8b. Together with the Poisson description of T, we
deduce our statement. O

Armed with our Poisson description of !¢ we can give a proof of the Ray-Knight theorem for this
measure. As before, we suppose that I' = ((1,d, p) , <, p) has measure +'° and set §(c) = d(o, p) for
any o € 7. Recall that the pair (Z!, Z?) is defined by letting Z} be the number of prolific individuals
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at distance ¢ from the root of our supercritical Lévy tree I', and that Z? is the density of o §~!
with respect to Lebesgue measure.

Proof of Theorem 1.5: Let us turn to the analysis of the bivariate process (Z', Z?) under 7'

We first describe the semigroup P;((n, z),-) that will be relevant. For (n, z) let Z* be a CB(U#)
process starting at z and, for i between 1 and n, let (Z!, Z%?) have the same law as (Z!, Z?).
Furthermore, assume independence for these n + 1 processes. Now, define

Pi((n,z),-) as the law of (Z' + -+ 2" ZF + 2% + -+ Z[%).

Because of the branching property of CB (\IJ#), we see that (P, t > 0) has the following branching
property:

the convolution P;((n1,21),-) * Pi((n2,22),-) equals Pi((n1 +ng, 21 + 22),) .

Hence, to prove both that (Z!, Z?) is a two-type branching process and that (P;) is a semigroup, it
suffices to prove that (Z!, Z2) is Markovian with transition kernels (P;).

To prove that (Z', Z2) is Markovian, we will add the results obtained on each infinite line of
descent. Suppose that Z} = n, so that there are n infinite lines of descent intersecting height .
Recall that as a consequence of the spine decomposition of CBI, the contribution after ¢ of each
spine naturally decomposes as the contribution of the trees that attach below ¢ (evolving as a
CB (\I/#)), and the contribution from each spine above ¢, evolving as a CBI(\II#, <I>). Recall that
spines are independent. Thanks to the branching property, the first contribution then evolves as
a CB (\I’#) started at Z?, while the second contribution evolves as a CBI(\I/#,TL(I)). Their sum is
therefore independent of Z! and Z2 on [0, ] given (Z}, Z?) and evolves using the transition kernels
P we have just described. We conclude that (Z!, Z?) is a two-type branching process, where Z! is
piecewise constant and non-decreasing. The same argument proves that Z' is a branching process
all by itself whose jump rates are determined by the Poisson description of Proposition 5.5 and
equal those in the statement of Theorem 1.5.

We now compute the infinitesimal generator of (Z!, Z2). For this, we decompose at the first
jump T of Z'. Suppose that AZ%, = n, so that we get n additional infinite lines of descent; we
additionally obtain some compact trees, which thanks to the branching property, make a jump of
Z%. When Z' = 1, the Poisson description of Proposition 5.5 tells us that a jump of (Z', Z2) of
size in {n} x A arrives at rate

bnxn-i-l

Bbl,=1 + JA CFS v(dx) .

Since on any interval on which Z! equals n, Z2 behaves as a CBI(\IJ#, nq)), we see that if f(n,z) =
s"e~* then

d ~Az.n
Gi| P2 = e st [0 ey
+ e Ms"n[s — 1] 8b
0 0 B B bnl“nJrl
+ nZl‘L [f(n+n,z4+2) - f(n,z)]nmv(dx) :

The geometric series and algebraic manipulations (based on the equality ¥(b) = 0 and the definition
of @) then let us write the above as

Bbs(s — 1) — 2BAs + !

Q0
bf [ef(Aer(lfs))x Lo b g br 8] v(dz) .

0
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In Bertoin et al. (2008), the two-type branching process with values on N x [0, c0) has a semigroup
characterized by

- 1 n
Pf(n, z) = el +0) 0] [b [us(A + ) — us(A +b(1 = 5))]
where the function wu; satisfies
¢
up(A) = A — f U(ur(A)) .
0
We then observe that the infinitesimal generator of P, satisfies:
d = 1
@Ptf(n, z) = e M [2U(\ +b)] + e*)‘znsnflg [TA+0b(1—5s)—¥(A+D)].
t=0
Again, algebraic manipulations show us that the generators of P, and P at f are the same. By the
monotone class theorem for functions we conclude that P; and P, coincide. ]
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