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Abstract. Let X1,..., X, be a random sample coming from a p-dimension 1-dependent Gaussian
population. Assume the adjacent entries of the population distribution have a common correlation
coefficient p,, with |p,| < 1/2. We derive that the limiting distribution of the largest off-diagonal
entry of the sample covariance matrices is a Gumbel distribution in the ultra-high-dimensional
setting where both n and p tend to infinity with logp = o (nl/ 3). And the law of large numbers
can be obviously obtained from the limiting distribution. The proofs are completed by using the
Chen—Stein Poisson approximation method and the moderation deviation principle.

1. Introduction and Main Results

The rapid progress in computing science and technology has propelled random matrix theory
into a pivotal role, offering statistical foundations for high-dimensional data processing. In such
applications, the dimension p often far exceeds the sample size n. Consequently, classical multivari-
ate statistical methods, assuming a fixed dimension p become impractical. This evolving landscape
necessitates the development of new technical tools and statistical procedures to meet the demands
of contemporary data analysis.

This paper is inspired by the result of Fan and Jiang (2019), focusing on the limiting distribution
of the maximum off-diagonal entry of sample covariance matrices from the equi-correlated normal
population. Consider a random sample X1,..., X, from the p-dimensional population X with
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mean g, covariance matrix 3 and correlation coefficient matrix R. Let M,,, = (X1,..., X n) =
(Xk,i)1<k<n,i<i<p be an n X p random matrix. Our main objects of interest in the present paper
are the following four statistics:

Jn = max ZszXk,]y

1<l<j<pn
J! = max ZX X
n 1<1,<]<p n kZ k},] )
(1.1)
Jn1 = max ZXk le,ju

1<i<j<p,i<j—1mn

Jna = ZX X
n 1<1<]<p,2 —j-1n ka<Nk,j-

The first statistic is the largest magnitude of off-diagonal entries of normalized sample covariance
matrices when p = 0. Previous researches have shown that J, plays a vital role in the multivariate
statistical analysis. Jiang (2004) is the first to get the following asymptotic distribution of J/ under
the assumption that p elements in X are independent and identically distributed (i.i.d.).

Lemma 1.1 (Lemma 3.2 of Jiang, 2004). Suppose that E|X11[3°"¢ < oo for some ¢ > 0. If
n/p — -, then

P (an —4logn + loglogn < y) Ly e Le? (1.2)
as n — oo for any y € R, where L = (4’y2 271')7

The limiting distribution appearing in (1.2) is called Gumbel distribution. Besides, some strong
limit theorems for J/, were shown by Li and Rosalsky (2006) when n/p is bounded away from 0 and
oo. Liet al. (2010) discovered the similar result to Jiang (2004) under the more relaxed assumption.
Lytova (2018) and Tieplova (2017) studied the limiting behavior of the sample covariance matrices
constructed by the random tensor data. Jiang and Xie (2020) further considered the limiting
distribution of the largest off-diagonal entry of the hypercubic random tensor in the high-dimension
case and the ultra-high-dimension case. Xiao and Wu (2013) obtained the asymptotic distribution
of maximum deviations of sample covariance matrices.

All of these works assumed that the p components in X are independent and identically dis-
tributed (i.i.d.). However, Cai and Jiang (2011) generalized the problem from the independent case
to the dependent case under the assumption that logp = o (nl/ 3). Because of the complexity of
dependent case, they considered a new statistic

Vor = max

’ 1<z<]<p] —i>T N ’

Z Xk 1Xk:,]

where 7 > 1 is a constant. Then Cai and Jiang (2011) proved that V;, , asymptotically obeys
a Gumbel distribution under the (7 —1)-dependent normal assumption. Furthermore, Fan and
Jiang (2019) assumed that X,..., X, is a random sample from the p-dimensional equi-correlation
normal population, that is, the entries of the population distribution have a common correlation
coefficient p, > 0. By using the Chen—Stein Poisson approximation method, they showed the
limiting distribution of J,, as follows.
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Lemma 1.2 (Theorem 2.1 of Fan and Jiang, 2019). Let p, > 0 for each n > 1 and sup,,;>1 pn < 1/2.
If u=0,p=p, > x andlogp:o( 1/3) as n — 0o, then

d
4/logp (vndn — po) = &, pny/logp — 0,

Ndn— d
i b gy N payIoBED — A € (0,00),
%ﬂwo 4 N(0,1), pnv/logp — o0

where ¢ ~ N(0,1), \g = ﬁ, o = /npp + (2\/logp— %) V1= p2 and the distribution
function of € is F(x) = e~ K¢~ I/2, x € R with K =

4\/ or’

Compared with Cai and Jiang (2011), the present paper does not delve into the limiting properties
of V,,-. Instead, we focus on a more general statistic J,,. On the application side, it has been
demonstrated that the largest entry of sample covariance matrices J,, performs effectively in testing
the covariance structure of a high-dimensional random variable. In particular, the equi-correlation
structure, as presented in Fan and Jiang (2019), is deemed too restrictive for several applications. In
practical applications, it is often observed that the correlation between random variables diminishes
as the distance between them increases. Therefore, this paper considers a 1-dependent structure,
which is a weaker and more concise dependence model with broader applicability. The significance of
this work lies in its ability to test not only the independence of a high-dimensional random variable
but also whether the corresponding covariance matrix ¥ exhibits a tridiagonal structure.

In this paper, we will consider the ultra-high-dimensional case where logp = o (nl/ 3) and assume
that X4,...,X,, are a random sample from the 1-dependent normal population, that is, two ad-
jacent elements in X are dependent. Let X ~ Nj,(u,X), where N,(p,3) stands for a p-variate
normal population with the banded correlation matrix R = (r;;)pxp, that is,

L i=y,
rij =4 pns = jl=1, (1.3)
0, li —j| > 1.
Note that the corresponding correlation matrix R has the tridiagonal structure. By Horn and
Johnson (2013), Theorem 6.1.10, we find that R is positive definite if |p,| < 1/2.

In addition, Fan et al. (2018) derived the limiting distribution of the maximum spurious correla-
tion using Gaussian approximation techniques of Chernozhukov et al. (2013). Bai et al. (2007) and
Johnstone (2001) investigated the asymptotic behaviors of the largest eigenvectors and eigenvalues
of sample covariance matrices, respectively. And the limiting behavior of the largest magnitude of
off-diagonal entries of the sample correlation matrices has been studied by several authors in various
cases, including Cai and Jiang (2012), Li et al. (2012), Liu et al. (2008), Shao and Zhou (2014),
Zhou (2007), and Zhao and Zhang (2022).

To investigate the distribution of .J,,, we need the following assumptions.

Assumption 1.3. Let X1,..., X, be a random sample from the population N,(0, R). The data
matrix is given by M, , = (X1,...,X,) = (Xk,i)

Assumption 1.4. p = p, — oo with logp =0 (n1/3) as n — oo.
We first show the limiting distributions of J,,1 and J,s.

Theorem 1.5. Under Assumptions 1.5 and 1./, suppose sup,>1|pn| < 1/2. Then

4\/1og p (Vidut — ) 5 € and 2+/2log p <\/%Jn2—u2> e
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. __log log p o __ log logp log 8 nf
as n — oo, where p1 = 2+/logp \/flog p’ o = +/2log p 2\/2logp + 2 /2lo8s + vt and the

distribution function of § is Fe(x) = e~ Ke /2 ,x € R with K =

4\/%
The above theorem implies immediately the following results.

Corollary 1.6. Under Assumptions 1.5 and 1./, suppose supn21|pn\ < 1/2. Then

n P n P
—Jp1 — 2 and ——— (Jp2 — S5V2 as n — 0.
\ logp ™™ (1 +p%)10gp( w2 = fn)
Corollary 1.7. Under Assumptions 1.5 and 1./, suppose pn = p is fized with |p| < 1/2. Then

log logp\ «
4/To ndn — 23/ logp + 2 288 ) 4 ¢
gp (\f 1 g+ Tog p §

2logp

vn log log p log 8 d
S S S /9 _|_ _
<\/1+p2 \/1—1— 2logp  24/2logp —¢

as n — 0o, where & is given by Theorem 1.5.

Then, we obtain the limiting distribution of J,, as follows.

Pn\/ﬁ
\/logp

Theorem 1.8. Under Assumptions 1.5 and 1./, suppose sup,i|pn| < 1/2. If limy e
A € [—00, 0], then the following holds as n — oo:

log p (v — 1) €. A€ [~o00,2- V],

Vvn d
21 —Jy — , AE(2—-V2, )

where 1, po and & are given by Theorem 1.5.

There are two obvious consequences of Theorem 1.8 as follows.

Corollary 1.9. Under Assumptions 1.5 and 1./, suppose sup,si|pn| < 1/2. If lim,_ p’}f =
= ogp

i

A € [—00,00], then the following holds as n — oco:

/log J, 5o, A€ [—00,2 V2],

n P
=) BV2 e (2- V2,0,
T+ A)logp P v2 (2= V2o
Corollary 1.10. Under Assumptions 1.5 and 1./, suppose p, = p is fized with |p| < 1/2. Then the

following holds as n — oo:

(i) If p € (—1/2,0], then

log log p
44/1 vnd, —2 ,
V 0gp< Viogp + \/@> 3

where € is given by Theorem 1.5.
(ii) If p € (0,1/2), then

V1 V14 p? 2\/210gp 2\/2logp

where £ is given by Theorem 1.5.

log 1 1
2v/2logp < M— 2logp + og logp _ _log8 >i>§,
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Theorems 1.5 and 1.8 indicate that the limiting distributions of J,1, Jy2 and J, are Gumbel
distribution. Corollaries 1.6 and 1.9 show the laws of large numbers for J,1, J,2 and J,.
Next, we make a few remarks as follows.

Remark 1.11. For the maximum statistic J}, as in (1.1), Theorem 1.8 still hold with the limiting
distribution F¢(x) is replaced by

1
G (z) = - x/2>, eR.
@) exp( NeL v

In fact, we only change N (0,1) to [N(0,1)| in the proof of Theorem 1.8.

Remark 1.12. Cai and Jiang (2011) supposed X comes from (7 — 1)-dependent normal populations
and showed the asymptotic distribution of V,, », where 7 > 1 is a constant. Obviously, under their
assumption, V,, - is the maximum of (p — 7 + 1)(p — 7)/2 random variables, each of which is the
sum of the product of two i.i.d. random variables. In this paper, we relax the condition of V;, - and
obtain the limiting distribution of J, under 1-dependent normal populations assumption. Notice
that under our assumption, J, is the maximum of p(p—1)/2 random variables, where (p—1)(p—2)/2
random variables are the sum of the product of two i.i.d. random variables, and (p — 1) random
variables are the sum of the product of two dependent random variables. Therefore, our study is
more complex and challenging than that of Cai and Jiang (2011). In addition, when 7 = 2, Cai and
Jiang (2011) obtained the asymptotic behavior of V}, . According to Remark 1.11, it can be inferred
that the limiting distribution of J,; is similar to the limiting distribution of V;, 2. Therefore, we will
omit the proof of the limiting distribution of J,; in this paper.

Remark 1.13. Assume random variables {{;;;k =1,...,n,i=0,1,...,p} are i.i.d. as N(0,1). Set
Xip=(Xpir- s Xpp) = V0 (&0 p1) +V1—0(E1,...,8) (1.4)
for each k. By some calculations, we find that £Xj; =0, Var (X ;) =1 and

07 ”L_J’>17
0(1-0), li—jl=1,

for 1 <4, < p. And the decomposition structure (1.4) plays a vital role in the proofs of theorems.

Cov (Xk,i;Xk,j) = {

Remark 1.14. For the (7 —1)-dependent case (7 > 3), we find that it is difficult to obtain the limiting
distribution of J, using the method presented in this paper. In fact, the proofs of our results mainly
rely on the decomposition structure as in Remark 1.13. For the (7 —1)-dependent case, we consider
the simplest covariance structure and assume X ~ N,(0, R'), where R’ = (r];)yx, is a banded
matrix defined as follows:

1, if i = j,
i =S pp, i li—jl <71,

0, if |0 —j|>7—1.

However, it is challenging to determine a decomposition structure for the (7 —1)-dependent normal
population. Furthermore, it is possible to observe multiple phase transition phenomena when study-
ing the asymptotic behavior of J,, but we cannot currently determine how these phase transition
phenomena occur by the method presented in this paper. We will leave this as future work. If we
do not make specific assumptions about the covariance structure of the population and consider
a more general dependent structure, we find that the method presented in this paper is no longer
applicable. We need to seek new theories and methods.

Remark 1.15. In the proofs, Fan and Jiang (2019) used the following decomposition structure, for
each k=1,...,n,

Xk: = (Xk,b o 'an,p), = \/[Tn(£7 oo ag)/ +1- Pn (gk,la v 7£k‘,p)/7
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where {&,&;k,i=1,2,...} are i.i.d. as N(0,1). Compared to our decomposition structure as in
(1.4), where both terms are related to the subscript i of X} ;, the first term of their decomposition
structure is fixed as &, and only the second term is related to the subscript ¢ of X ;. Therefore,
for maxi<;<j<p ZZ:1 Xk, X, j, our decomposition structure will lead to larger and more complex
calculations. Another technical challenge lies in studying how the phase transition phenomenon
occurs. Fan and Jiang (2019) found that if p,+/logp tends to 0, co or a positive constant, the
corresponding limiting distribution of .J,, is the Gumbel distribution, the normal distribution and a
convolution of the two distributions, respectively. In this paper, we present a different and interesting

phase transition phenomenon. If % — A < 2—+/2, then J,; contributes to J,,. On the contrary,

if LoV oy > 2 — /2, then J,2 contributes to J,. It is obvious that there is a phase transition

y/logp

phenomenon at A = 2 — /2. Consequently, the threshold depends not only on the dimension p but
also on the sample size n, and this phase transition phenomenon is different from that of Fan and
Jiang (2019).

2. Proof of Main Results

The proofs of Theorems 1.5 and 1.8 are quite complicated. We break them into Sections 2.1-2.4.
If 0 <6, <1/2and 0 < |p,| < 1/2, there is a one-to-one correspondence between /6, (1 — 6,,)
and |pp|. So we will substitute /6, (1 — 6,,) for |p,| in the proofs of theorems.

2.1. Some Notation. The random variables
&, &isk=1,2,...,i=0,1,2,.. . }are i.i.d. as N(0,1). (2.1)
Given 6, € [0,1/2) for each n > 1, set
an =0, by =1—0,, ¢, =+/0,(1—0,),
and

p On p 1-46, ;O (1 —6y)

it = " it -6 " Jite,—62

For x € R and integer p > 1, set

Sp = \/4logp—loglogp+:c

and
s; = \/2logp— loglogp + log 8 + .
Define
Mkij = Anki—1&kj—1 + bnk,ilk,j +580(pn) - cn(Erim1&kj + Er,ilkj—1), (2.2)
Mij = Onhi-1Ekj—1 + 0n&rilhy + 580(0n) - € (Ekim18kj + Eribrj—1 — 1), (2.3)

1 & 1 &
Myij = —=> iy and My, = —=> 1
\/ﬁ k=1 \/ﬁ k=1

forall 1 <i<j<p.
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2.2. Auxiliary Results. In this section, we will show some general results which will be used to prove
Theorems 1.5 and 1.8. According to Fan and Jiang (2019), Lemma 3.8, we can get the following
lemma, and its proof will not be described in detail in this paper.

Lemma 2.1. Let M,, be a random variable for each n > 1 and g > 0 be a constant satisfying

lim P(Mn < \/g210gp—loglogp—h-log8—|—x) = F(x)

n—o0
for any x € R, where h = {0,1} and F(z) is a continuous distribution function on R. Then
loglogp h - log8 1 U
ng/logp 2g+/logp g\/logp "

where Uy, converges weakly to a probability measure with distribution function F(x).

M, = g+/logp —

Proposition 2.2. Set M), = maxi<i<j<pi<j—1 Mnij. Under Assumption 1./, suppose sup,>1|pn| <
1/2. Then

1
lim P (M) <s,) =exp| — 69:/2)
n—o00 ( p) b ( 4\/%

for any x € R.

Proposition 2.3. Set M) = maxi<j<j<pi=j—1 M,;;. Under Assumption 1./, suppose sup,>1|pn| <
1/2. Then

lim P(M"<5 ) = exp

(7=")

n—00 A/ 27

for any x € R.

Proposition 2.4. Set M,, = maxi<;<j<p Mpij. Under Assumption 1./, suppose sup,>i|pn| < 1/2.
If VTRV NP [—00,2 = V2] as n — oo, then

N

1
lim P (M, <s exp | — ex/2>
n—o0 ( p) b ( 4m

for any x € R.

Proposition 2.5. Set M,, = maxi<i<j<p Myij. Under Assumption 1./, suppose sup,>q|pn| < 1/2.
If VTN (2—\/5,00] as n — 0o, then

N
hm P <M < cp/n+ \/—9721 p) _ exp( 4\1ﬁ —a:/2>

for any x € R.

2.3. Proof of Theorem 1.5. In this section, we will prove Theorem 1.5.
Proof: Review (2.1). Write
L = \/ gkz 1+Sgnpn \/ gkza 1Sk§n7 1§7J§p (24)

It is obvious that the n rows of the matrix (2,),, ., are i.i.d. random vectors and z1; ~ N(0,1) for
each 1 <i < p. In addition, for 1 < i # j < p, we have

{Sgn(pn) Vo (1=0,), [i—j[=1,

COV (LULZ‘, .7517]') =
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where sgn(pn)\/0n (1 — 6n) = py. That is, each row of the matrix (zx,),,,,, obeys Ny(0, R), where
R is given by (1.3). As a result, M, , and (xkai)nxp have the same distribution. So we assume
M p = (Tk,i),, 5, in the proofs. Then it follows from (2.2) and (2.4) that

)

Zxkzxk] \/» anw m] (25)
Then, by Lemma 2.1, Propositions 2.2 and 2.3, we obtain that

_ log logp 1
=2y/lo Uni,
4+/logp  4+/logp !

log log p log 8 1
M = \/2logp — Upa,
" &P 2v/2log p * 2v/2log p * 2v/2log p "2

1 —x/2
where U,,; LA & and U, LA ¢ with distribution function F¢(x) =e v © for all z € R. Notice

1<i<j<p,i<j—1 f 1<i<j<p,i<j—1

1 n
Vndn = max Zwmﬂck] _max \/ﬁ;%ia’ =M,

n
LJTLZ max E klxkj
V146, —62 1<i<jspi=i=1 \/n 4+ nb, — nb% —

"y sgn(pn)\/nby (1 — Qn)'

:Mn
\/1+9n_072L
Set
log log p
p1 = 2y/logp — ———=
log

sgn(pn)\/nbn log log p log 8
= + V2
K2 \/1—1—9 —92 2\/210gp 2v/2log p
log log p log 8
= + + .
\/1+ 2 V2logp - 2logp 22logp
Then, we get the following conclusions

log p (Vndn1 — p1) = Un 4 ¢,

2logp Un2i>£7

N
(mJnQ - M2> =

where £ is defined as above. These prove the theorem. ]

2.4. Proof of Theorem 1.5. In this section, we will prove Theorem 1.8.

Proof: We continue to use the notation in the proof of Theorem 1.5. By Lemma 2.1, Propositions
2.4 and 2.5, we have the results as follows.

Case (i): if X € [—00,2 — v/2], then

loglo 1
n—2\/ g gp Un37

4\/10gp 4\/logp

where Uy,3 LA £.
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Case (ii): if A € (2 - V2, oo], then

M, log log p log 8 1
— _|_ + + Un47
VIi+p2 \/1+pn V2logp - 2y/2logp  2y/2logp  24/2logp

d
where U,q — €.
Recalling the definitions of u1, uo, M, and J,, we obtain

n n
VnJ, —1 E —1 E M,
n = maXx TriTk; = Inax ki =
1<i<i<p /£ R T <i<i<p /n Pt 1Tk "

By the above relation, we then arrive at
Case (i): if X € [—00,2 — v/2], then
d
4y/log p (Vndy — 1) = &,
where ¢ is defined as above.

Case (ii): if A € (2 —v/2,00], then

\/'E']n d
44/1o B S 5 ¢,
gp<m 2 §

where £ is defined as above. O

3. Proof of Auxiliary Results

3.1. Some Technical Tools. To prove Propositions 2.2—2.5, we need some preliminary lemmas. The
first is the Chen—Stein Poisson approximation method.

Lemma 3.1 (Theorem 1 of Arratia et al., 1989). Let {ns; « € I} be random variables on an index
set I and {By;a € I} be a set of subsets of I, that is, for each o € I, B, C I. For anyt € R | set
A=2> wer P (na >1). Then we have

‘P (maxna < t) —
acl

ZZ na>t (77,3>t)7

OZEI ﬁEBa

=Y > Pa>tms>t),

a€l a#pBEBy

b3:ZE’P{Uo¢ >t 0(77,3;5 ¢ Ba)}—P(Ua > )],
ael

M < (TAXTY) (br + bo + b3),

where

and o (ng; B ¢ Ba) is the o-algebra generated by {ng; B ¢ Ba}. In particular, if 0 is independent
of {ng; B & Ba} for each «, then by vanishes.

The following lemma is about the moderation deviation of the partial sum of the independent
but not necessarily identically distributed random variables.

Lemma 3.2 (Proposition 4.5 of Chen et al., 2013). Let {n;;1 <i <n} be independent random
variables with En; = 0 and Ee™!il < oo for some h,, >0 and 1 < i < n. Assume that S En} =
1. Then
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for all 0 < 2 < hy, and v = ZizlE(|m|36x|”i|), where sup,,>1|Cp| < C and C is an absolute
constant.

To complete the proofs by using the above lemma, we have to control E (]n¢]3ez|”i‘). By the
similar argument to Lemma 3.6 of Fan and Jiang (2019), we obtain the following lemma.

Lemma 3.3. Let U, V,W and Y be i.i.d. N(0,1) random variables. Let {a;;i = 1,...,5} be real
numbers. Set n=a,UW + a2VY + a3UY + asVW 4+ a4 WY + asW? — as. Then

E (‘n|3€x|77|) S C . em|a5‘ . Z?:1|ai’3

as 0 < x < where C' is a constant not depending on a;.

1
12(Ja1[+az|+2laz|+[aal)’

3.2. Proofs of Propositions 2.2 and 2.5. The proof of Proposition 2.2 can be obtained from Cai and
Jiang (2011), Proposition 6.4. So we only prove Proposition 2.3 in this section.

Lemma 3.4. Under the conditions of Proposition 2.5, we have

1 1
lim (p—1)P —E o> s | = ——e /2
n—>oo(p ) (\/ﬁ —1 k12 p) 4\/%
for all x € R.
Proof: Write

n

Z’Om > [ahrobur + b Ekr&rz + sen (pn) - &, (Skobrz + &6 — 1)] -

k=1
Obviously,

E <Z 77,;12) =0 and Var (Z n;€12> =n. (3.1)

k=1 k=1

Then, set a’ = a},/\/n , V' =10b,/v/n and ¢ = ¢,/y/n. Define 1, = /{01 + b'Er1&k2 + sgn (pn) -
d (§k0§k2 + &2 — 1). Then it follows from (3.1) that

E(n,) =0 and ZVar (m) =1 (3.2)
k=1

for each k. Furthermore, one has

1
V| < — and || <

e L
NN i

By the Holder inequality and the fact that 2|&g1&ka| < 51%1 + §k2, we then arrive at

Bl < Eexp [h (\alfkofkl\ + |6 € éral + | Erolral + || +1])]

oo (2 ) (2o (D)
<C - Bexp [h ('“2/‘ i ‘) gko} Bexp [h <‘“2’ + |2/’ + |c’|> 5,31] Bexp [h (’? i ‘) ng] |

<o
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for all h, k,n satisfying 0 < h < h], := % n and 1 < k <n. By Lemma 3.3, we have

n
vi= 3B (In el ) <

k=1

NE

C ([P + WP+ ) - ) < e

>
Il
—_

Note that s/, < hj, = 23/n. Then, by (3.2), (3.3) and Lemma 3.2, we find

1 n n
P'P(\/ﬁ2%12>3;>_P<ZW;>Sg>
k=1 k=1

—p- (1= (s,)] - [14+0 (1) (14 5) 5]

Lofer (3.4
()] |

=p-[1-®(s)]-

as n — oo. In the above equality, we use the formula P (N (0,1) > ) = —A—e*"/2

as r — 0o,
2nx

and the fact spy = O (sf’n*l/QeS;/\/ﬁ) — 0 as n — oo under Assumption 1.4. Then the proof is
completed. 0O

The following lemma is an obvious consequence of Lemma 3.4.

Lemma 3.5. Under the conditions of Proposition 2.5, we have

2
]‘ % / /
(g -

Lemma 3.6. Under the conditions of Proposition 2.5, we have

lim p -

n—oo

: 1 . / / 1 . / /
nh_{goP'P (\/ﬁkzlnm > Sp, \/ﬁl;mm > s, | = 0.

Proof: Let P; stand for the conditional probability given {{x2;1 < k < n}. By independence,
( 1< 1 <& 1 <& ’
P 2771::12>5;a>z77234>5;)> =FE P (ZU1212>5;,0) . (3.5)
Vn = Vn & N
Then, given {&x2;1 < k < n}, we have from independence that
1 n
% Z 77]::12 ~ N (Oa O-%n) ) (36)
k=1

where
n

1 1 &
ohn = D (a7 + 006 + ik + 27) = af + 207+ = (b7 + ) €.
k=1 k=1
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Given d € (0,1), set

2 /2 2 2 /2
Bi= {10 Gt < T <aa s e
1 n
2
= {1—5§n25k2§1+5}.
k=1

Then, by the large deviation for the sum of i.i.d. random variables, one can get that
1 n
P(B)=P|=) &,€[1—-61+6°) <emC
= (1 ductarrar) <o
for all § € (0,1), where Cs > 0 for each 6 € (0,1).

Observe that 0%, < (1+6) (b2 + d2) + a2 + 22 = a2 + b2 + 3¢2 + (b2 + ?) 6§ < 1+ 6 on By.
Therefore, we see from (3.6) that, on By,

1 n
P <\/ﬁ ;n;ﬂ? > sé,) =P (N (O,U%n) > s;)

=P <N(O, 1) > 5;’>

O1ln

8/2 8/2
<exp|— d < exp -—r .
B 201, ) ~ 2(1+9)

We also use the fact that P (N (0,1) >y) < ﬁye—zﬁ/? < %6_y2/2 for all y > 1 in the above

inequality. Reviewing (3.5), we then conclude

1 - R ,
P(\/ﬁkz:lnk12>5pa\/ﬁ;nk34>sp
8/2

2
1 n

<E |P <\/ﬁ 277212 > 3;) Ipe | +exp (_1i6>
k=1

5/2
<P (B§) + exp (— P >

1+6

8/2
<e "% 4 exp (—1 _ﬁ 5) :

By choosing § > 0 small enough, we get the desired conclusion. O

The proof of Proposition 2.3.
Proof: Set

I'={(i,j;1<i<j<pi=j—1}.
For a = (i,7) € I’, define



Limiting distributions of largest entries of SCM 1321

and
By={(k,))el's ke{i—2,i—1,i,i+1,i+2},(k,1)#a}.
Obviously, random variable Z, is independent of {Zg; 5 ¢ B, }. By Lemma 3.1, we have

P (maxZ <s > — e 1| < vy + vy,
acl’
where
1 n
=2 P(%a>s)=@-1P <\/ﬁz7ﬁm > 52) ,
ael’ k=1
1 & ?
/ / /
P S RN C e
a€l’ BB, k=1
and

1 & 1 &

O I S B FI RN CS RIS e
a€el’ a#BeB!, k=1 k=1

— exp (—4\}56*”2), v1 — 0 and v9 — 0 as n — oo.

These imply Proposition 2.3. ([l

By Lemmas 3.4-3.6, we obtain that e~ *»!

3.3. Proof of Proposition 2.4. In this section, we will use the Chen—Stein Poisson approximation
method (Lemma 3.1) to get the asymptotical distribution of M,, when \ € [—oo, 2 — \/ﬂ

Lemma 3.7. Under the conditions of Proposition 2./, suppose py > 0. Then

nh_g)lo( —1) (f anm > Sp> =0.

Proof: If p, > 0, then

Z (Me12 — ¢cn) = [an&ko&er + bnr1&ea + cn (Sholre + &1 — 1)] -
k=1 k=1
Thus,
E (Z(nm - Cn)> =0 and Var <Z(7lkl2 - Cn)) =n (1 + 6 — 9%,) = ”Uzo' (3.7)
k=1 k=1

It is obvious that 1 < 02, < 5/4 due to 6,, € [0,1/2). Then, we take a’ = a,/(v/non) , V' =

bn/(v/nono) and ¢ = ¢,/ (v/nowo). Set mj, = a/&kolir + V&1 + ¢ (Skolra + &3 —1). Then it
follows from (3.7) that

E(n,) =0 and ZVar (me) =1 (3.8)
k=1

for each k. Furthermore, we have

1
V| < — and || <
N

1
s i
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Then, by using the Hélder inequality, and the fact that 2|&x1&ge| < &2 + &2, we see

Eel <E exp (B (|0 €kor| + b€ éral + |/ Eporal + 1| + |])]

a c a b
<E exp [h <|2‘ + ’) €k0:| "L exp [h <|2| + u +|c ‘) 51%1] (3.9)
/
-Eexp[h('a‘ ‘C‘>§k2}-e<oo
for all h, k,n satistying 0 < h < hj, :== £y/n and 1 <k < n. Set g = (s, — ¢p\/n)/0no. By Lemma

3.3, we have

i
M=

n
! / C /
E (Inkl?’ex("”k') <Y C(ldP AP+ - el < —\/ﬁ-eﬂfolc\.
1 k=1

N

(S]] ol

. /I
Since z¢ < h), =

é

e see from (3.8), (3.9) and Lemma 3.2 that

Nk12 > Sp>

(77k:12 - Cn) > Sp — Cnﬁ)

=
v

I
%
"U
~ N -~ N~
3
bl
i

— §\H
1= T1M-

=
=p-P Ne > 930)
k=1
—p-[1 - (x0)] - [1 +0(1) (1+43) 7643”87} (3.10)
—p-[1—® 140 e/
ot o (22)]
P o 7<sp—cgﬁ>2

= Vo —cavm) o (e

il 1 o an i) ()
= exp | logp — — 0
V2m(sp = cny/n) P 205, 207 T
as n — oo. In the above equality, we use the formula P (N (0,1) > z) = \/21—7“6*"”2/2 as x — 0o, and

the fact 23y = O (sgn_l/Qesl’/\/ﬁ> — 0 as n — oo under Assumption 1.4. If X € [—00,2 - \/ﬂ,
then 02 =1+ 0, — 02 =1+ 0(1/y/n). Hence 0,7 = 1+ 0(1/y/n). Tt follows that

2
s cAn ep/ns
e logp — —2 + = £
P ( & 2‘730 207 Tho
53 2n
=exp | logp — 5 "y + envnsp +o(1) | =0
as n is sufficiently large. Now combining this with (3.10), we prove the lemma. O

The above lemma has the following implication.
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Lemma 3.8. Under the conditions of Proposition 2./, suppose py > 0. Then

n 2
1
Pl — =0.

Lemma 3.9. Under the conditions of Proposition 2./, suppose py > 0. Then

_ 1 — 1 «
Tim p- P (\/ﬁ;nm > Spa\/ﬁ;nkﬁ > sp> = 0.

Proof: Let P; stand for the conditional probability given {x2;1 < k < n}. By indenpendence,

lim p-

n—oo

2
1 1
Pl—=> mh2>sp—=> msa>s, | =F | Py § Nk12 — Cn) > Sp—cnv/n | | . (3.11)
(ﬁkzl ’ \/ﬁk:I ’ f ! "

Then, given {x2;1 < k < n}, we have from independence that

1 n
7 > (a2 — en) ~ N (0,03,) , (3.12)
k=1
where

1 n
O3y = Z n ULy + Chiy + 2¢0) = al + 2c; + n Z (b + c3) o
- k=1

For a given ¢ € (0, 1), set

2 2 2 2 2
2 2
1 n
—d1-5< = 2 <145%.

Then, by the large deviation for the sum of i.i.d. random variables, we can deduce that

1 n
P(DH=P| = 2 1-6,1 ¢| < e nCs
(Dj) (n;&de[ J, +5])_€

for all § € (0, 1) where C5 > 0 for each ¢ € (0 1). Furthermore, notice that o3, < (14 0) (b2 + ¢2)+
a2 +2¢2 = a2 + b2 +3c2 + (b2 +¢2) 5 < 246 on Ds. Then, we have from (3.12) that, on Dy,

(\f Z Mki2 — Cn) > Sp — cn\f) =P (N (O,agn) > 8y — cn\/ﬁ)
=P1 N (0 cnf)

02n

§exp< 2;:f) )

— Cny/n)
exp ( 2(5/4+0) > '
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Recalling (3.11), we conclude
1O 1<
Pl —=)> Nk2>sp,—= ) mk3a>s
(e r e

2 2
<E (\f Z Mk12 — Cn) > Sp — Cn\/ﬁ> Ipg| +exp <—W>

(3p — cmf)
5/4+06

2
<e + exp ( —5/4 s

<P (D§) + exp (—

By choosing 6 > 0 small enough, we know the last expectation is identical to o (1/p). Then the
proof is completed. O

Lemma 3.10. Under the conditions of Proposition 2./, suppose p, < 0. Then

: 1 O
nhﬁ\rgo(p—l).P<\/ﬁ;nk12 >sp> =0.

Proof: 1If p, <0, then

n

Z (Me12 + ¢n) Z [an&ro&r1 + bnr1&re — cn (Srorz + o1 — 1)] -
k=1

k=1
Obviously,
B (Z(”km + Cn)) =0 and Var (Z(nku + Cn)) =n(l+6,—02).
k=1 k=1

Review the proof of Lemma 3.7, (3.10), and the definition of 07210- Then, we obtain that,

1 & 1 &
P <\/ﬁ ;nkm > 3p> =p-P <\/ﬁ Z(Ulm +cp) > sp + cm/ﬁ)
n
<p-P< an12+cn >sp>
k,

ez v

p UTZO - 20-%0
v 27rsp
_ V5 (logp)*”®
T 2V/27sy - p3/o

as n — oco. This proves the lemma. O

3\

Lemma 3.10 implies the following lemma.
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Lemma 3.11. Under the conditions of Proposition 2./, suppose p, < 0. Then

n 2
1
pPl— ~0.
(g )|

Lemma 3.12. Under the conditions of Proposition 2./, suppose p, < 0. Then

lim p-

n—oo

, 1 1 <«
nh_{rolop‘P (\/ﬁkzlnm > sp,\/ﬁkzlnm > sp> =0.

Proof: Let P; stand for the conditional probability given {{x2;1 < k < n}. By independence,

2
1 « 1 & 1 &
P <\/ﬁ ;nmz > Sp, % ;771@4 > sp) =F |P <\/ﬁ ;(mﬂz +¢p) > Sp + cn\/ﬁ> . (3.13)

Reviewing the proof of Lemma 3.9 and the definitions of 03, and Ds, we find that ﬁ > peq (12 +
cn) ~ N (0,a§n). Since 03, < 5/4 + & on D, we have that, on Dy,

1 n
P <\/ﬁ E (Mk12 + ¢n) > sp + cn\/ﬁ> =P (N (O,Ugn) > 8y + cn\/ﬁ)
k=1

2
<exp | — (5 z;gﬁ) >
(Sp + Cn\/ﬁ)2
sexp <_ 2(5/4+9) ) :

Therefore, we see from (3.13) that
1< 1 O
Pl —=) Nk2>sp,—= ) Nkza>s
(o wa
& ’ (5 + cny/)>2
=F | P, <\/ﬁ Z(Ukm + ) > Sp —i—cn\/ﬁ) Ipe| +exp (— p__n )
k=1

5/4+0
2
cr 0o L8

2
<o—1Cs _(sp+env/n) _
se Tt hexp ( 5/4+ 6

Choosing § > 0 small enough, we know the last expectation is identical to o (1/p). Then we obtain
the desired conclusion. O

The proof of Propositon 2.4. Set

I={(i,5);1<i<j<p},
I"={(i,j);1<i<j<pi<j—1},

Bo=A{(k,)) e I; {k, [} n{i = 1,40+ 1,5 — 1,5,j + 1} # 0, (k1) # o},
By ={(k)el”s {k,i}n{i—1Ldi+1,j-1,4,j+1} #0, (k1) #a}.
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For o = (4,7) € I, define X, = M,;;. Note that X, is independent of {Xpg; 5 ¢ B,}. Review the
definitions of I’ and BY,. By Lemma 3.1, we have

‘P (maxX < sp> —e 2| <up +ug,

acl

where

M=) P(Xa>s)=> P(Xoa>s)+ Y P(Xo>s,)

ael acl’ acl”
1 ¢ P-Dp-2,( 1 ¢
—(p—1)P | — E > Y2V =9p | > :
(p—1) ( Vi 2 M2 sp) + 5 NG gl Mk1s > Sp

up = ZZ (Xa > sp) P (X5 > sp)

acl BeEB,
=Y Y P(Xa>s)P(Xg>sp)+ Y. Y P(Xa>sp)P(Xg>s))
a€cl’ BeBl, acl"” peBY

2 2
nspl Ly . P-1)@-2) o pf Ly .
<(p-1)-5 P(\/ﬁ};%12> p) + 5 (6p) P(\/ﬁ;ﬁk13> p)
and

uzzz Z P (X > sp, Xg > sp)

a€l a#PEB
=3 Y PXoa>s5Xg>8)+ Y. > P(Xa>sp,Xs>s)
acl’ BeB!, acl’” BeB!!

1 1
<(p-1)-5-P (\/ﬁgﬂkm > Spv\/ﬁ;nkiﬂ > 3p>
5 Jn 2 k13 > Sp, 7n 2 k15 > Sp | -
By Cai and Jiang (2011), Proposition 6.4, we can obtain

(-1 (-2 1 ¢ _ 1 ap
N D SL ) R

2
1 n
Pl— > =0,
n n

lim p*-

n—oo

Then, combining the above equalities with Lemmas 3.7-3.12, we have e *r? — exp (*4\}56_@,/2),

u1; — 0 and ug — 0 as n — oo. These prove Proposition 2.4. O

3.4. Proof of Proposition 2.5. In this section, we will use the Chen—Stein Poisson approximation
method (Lemma 3.1) to get the asymptotical distribution of M,, when X € (2 -2, oo]. Reviewing
the definition of oy, set 7 = ¢,/n + Unos;).
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Lemma 3.13. Under the conditions of Proposition 2.5, we have

: 1 ¢
nh_)rgl()(p—l)(p—Z)-P(\onklg>T> =0.
"=
Proof: If X € (2 -2, ] then

Z [an&roér2 + Dnr1&ks + cn (Ekors + Er1ék2)] -

=1 k=1
It is obvious that

n n
E (Z nk13) =0 and Var (Z 77k13> = na2 4 nb2 + 2nc = n. (3.14)
k=1 k=1

Then, we take a = a,/v/n , b =b,/y/n and ¢ = ¢, /y/n.
Set M = a&rolr2 + bk1&k3 + ¢ (§poérs + Er1&r2). It follows from (3.14) that

E(ng) =0 and Z\/ar (k) =1 (3.15)
k=1

for each k. Furthermore, we have

b < and |c| <

1
ol < 5 B < 7 S

Next, by using the Hélder inequality, and the fact that 2|1 &ka| < fkl + 5,32, we arrive at
B <E exp [h (|a&robka] + [bEx18ks] + |croal + |c€riéaal)]

<FE exp [4\f (25,30 + 362, + 262, + 35[3;3)] (3.16)

= Joxp (k) o (Lt ) o (5l ) o (el )| <o

for all h, k, n satisfying 0 < h < h,, := g n and 1 < k < n. We see from Lemma 3.3 that
_ 3 splml 3 3 3 _v
=B (ImfPer) <370 (laf* + b + 1) <7 7 = N
k=1 k=1 k=1

Since A € (2 — v/2, 00|, we assume ppy/n = cpy/n = (2 — V2 +¢) y/log p for some € > 0. Notice

thatT:cn\eronos’ > (2—V2+¢)/logp + s, > 2= %ﬁ sp + 5 —(\fqte) . From (3.15),

3

(3.16) and Lemma 3.2, we then have
v P(\/lﬁénk13>7> < ];.P<\/1ﬁgnk13> (\/§+6> sé)
=2 1o ((va+e) )] {1+0<\/15)]

p2 (\/§+e)23272 1 1
= -2 +
2427 (\@—1—6) s;)e [ o]

1+e
_ O Wo8D) e 4oy 0
pE

as \ € (2 -2, oo} and n — oco. This proves the lemma. O

(3.17)
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From the above lemma, we immediately have the following result.

Lemma 3.14. Under the conditions of Proposition 2.5, we have

P(\}ﬁ;nk13>7—>] =0.

Lemma 3.15. Under the conditions of Proposition 2.5, we have

lim p> -
n—oo

1 — 1 <
. 3 - il =
Jim p P<\/ﬁ;%13>7’,\/ﬁ;ﬁk15>7’> 0.
Proof: Let P stand for the conditional probability given {0, &k1;1 < k < n}. By independence,
1 & 1 & 1 < ’
Pl — > T, — > =FE|P|— > . 3.18
(\/ﬁ;nmg T\/ﬁkzlnkm T) 2<\/ﬁkz:177k13 T) (3.18)
If A€ (2 v2,00], then
n n n
D ks = (anbko + cnr1) &2 + Y (bnr1 + cnéro) Es-
k=1

k=1 k=1

Given {&ko,&k1;1 < k < n}, we have

1 n
— ~ N (0,02 3.19
\/ﬁ ; Nk13 ( 700n) ) ( )
where
o = - (anro + cn&k1)* + > (bn&rr + Cn£k0)2] = (\/ aZ + 2k + /02 + C%&kl) -
k=1 k=1 k=1

For a given ¢ € (0, 1), set

2

g,
As; =1 -6< ——0 < 1445Y.
9 { a2z +0b2+232 + }

QL

2
Notice that /a3 + 2o + /b7 + ciép i a2 + b2 + 2c2&;, due to (2.1). Thus, Lﬂ&% =
% py fg. Then, by the large deviation for the sum of i.i.d. random variables, we obtain

c 1 En: 2 c —nC,
= — [ — -+ < é
P (A5) P <n 2 fk [1 (5, 1 (5] ) e

for all § € (0,1), where C5 > 0 for each 6 € (0,1). Furthermore, 63, < (14 6) (a2 + b2 +2¢2) =
1+ 06 on As. Then, we have from (3.19) that, on As,

1 « . 2 T r
Py (\/ﬁ;nkls > T) =P (N (0,06,) > 7) <exp <_20§n> < exp (_2(3H—5)> '
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By the same argument as in (3.17), we see from (3.18) that

1 & 1 &
P|— > T, —— >
(ﬁi;nklg T \/ﬁ;mﬂw T)

2
1 & 72
<E |P (\/ﬁZﬁk13>7) Lag +eXP<—1+5)
k=1

(\/§+€)Zs;2>

1496

<P (A§) +exp (—

(\/§+5)25g>

Se—nC& + exp <— 1 T 5

Choosing § > 0 small enough, we know the last expectation is identical to o (1 /p3). These prove
the lemma. g
The proof of Propositon 2.5.

Proof: Recalling the proof of Proposition 2.4, by Lemma 3.1, we have

‘P <maxXa < 7'> — e 3 < mi + mao,
acl
where
1 -D-2 (1 <
Az=(p—1P | — > - JP| —= >
p3=(p ) (\/ﬁ;nmz T>+ 5 \/ﬁ;%m T
and

2 " 2
77k12>7'> +W‘(6p)‘P<\;ﬁ 77k13>7'>

k=1

1 — 1 —
ms S(p—l)'5'P<Z?7k12>T,Zﬁk45>7)
\/ﬁk=1 \/ﬁkzl
(p—1)(p—2) 1 O 1<
+ 5= (6p)- P | —= NMg13 > T, —= Mk1s > T | -
5 i 2 i 2

A

P3 — exp (—4\/1%6_$/2>, m; — 0 and

mg — 0 as n — oo. Then the proof of Proposition 2.5 is completed. O

Lemmas 3.4-3.6 and Lemmas 3.13-3.15 say that e~

4. Applications

The limiting distribution presented in Section 1 holds significance for various statistical applica-
tions, one of which involves testing structures of covariance matrices. Let X1,..., X, be a random
sample from the p-variate normal population N, (u, ) with known mean g and unknown covariance
matrix 3.

Example 4.1. An important problem is testing for independence in the Gaussian case. Consider the
test
Hy:¥X=1, vs. Hi:X#I,
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where I, is the p X p identity matrix. Based on the limiting law derived in Theorem 1.8, we choose
Jn, as the test statistic. Under Hy and Assumption 1.4, we have

4/logp (Vidy — ) 5,
where p; and £ are given by Theorem 1.5. For a given « € (0,1), set
go = —log(327) — 2loglog(l — )™t
We find that ¢, is the (1 — a)-quantile of the distribution F¢(x). Then, we will reject Ho when

log 1 .
Vdn — 2/logp + 2282 5 4

4/logp ~ 4/logp

Example 4.2. As the application of Theorem 1.8, we wish to test whether ¥ has the tridiagonal
structure like R as in (1.3). Consider the testing problem

Hy:X=R vs. H{:X#R.

By the same argument as in Example 4.1, we will use J, as our test statistic. Let g, denote the
(1 — a)-quantile of the distribution F¢(x). By Theorem 1.8, we will show two rejection regions €2
and Q9 when \ € [—oo, 2 — \/ﬂ and A € (2 — V2, oo], respectively,

log 1
Q1 =3 Vindy = 2\/logp+ ool > b
4 /logp 4. /logp

Qy — S Togp + loglogp ~ log8 - da
V1+p2 1+ p2 2y/2logp  2y/2logp ~ 2y/2logp
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