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Abstract. We prove a functional central limit theorem and a uniform moderate deviation principle
for the law of the solutions to a class of parabolic semilinear stochastic partial differential equations,
where the driving noise is a finite dimensional Wiener process. The space variable is of any dimension
and the uniformity is with respect to initial conditions that are bounded and do not necessarily
belong to a compact set. Our proof is based on the weak convergence method.

1. Introduction

We consider a family of parabolic, semilinear stochastic partial differential equations (SPDEs)
indexed by 0 < ϵ ≤ 1. The equation reads

∂

∂t
uϵ,ξ(t, x) =

[
∂

∂xi

(
bij(x)

∂

∂xj
uϵ,ξ(t, x) + gi

(
t, x, uϵ,ξ(t, x)

))
+ f

(
t, x, uϵ,ξ(t, x)

)]

+
√
ϵσj
(
t, x, uϵ,ξ(t, x)

) d
dt
Bj , t ≥ 0, x ∈ D, (1.1)

supplemented with Dirichlet boundary conditions

uϵ,ξ(t, x) = 0, t ≥ 0, x ∈ ∂D,
and the initial condition
uϵ,ξ(0, x) = ξ(x), x ∈ D.

Here D ⊂ Rd with d ≥ 1 is a bounded convex domain with smooth boundary, ∂D, the driving
noise Bj := {Bj(t), t ≥ 0, j = 1, 2, · · · , k} is a k-dimensional Wiener process, and the space variable
is of any dimension. The compromise for the space variable being of any dimension is the finite-
dimensionality of the noise. In other words, it is the finite-dimensionality of the noise that allows
for the space variable to be of any dimension. The initial condition, ξ, belongs to Lρ(D) for ρ
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sufficiently large, and the small parameter ϵ ∈ (0, 1] denotes the noise intensity. The functions
gi := gi(t, x, r), i = 1, 2, · · · d are locally Lipschitz continuous in the third variable and have at
most quadratic growth in r ∈ R. The functions f := f(t, x, r) and σi := σi(t, x, r), i = 1, 2, · · · k
are locally Lipschitz continuous in the third variable and have linear growth in r. Additionally,
we assume that f := f(t, x, r) and gi := gi(t, x, r), i = 1, 2, · · · d are differentiable in the third
variable, and that their derivatives are uniformly Lipschitz continuous in r. The existence and
uniqueness of a probabilistically strong solution to Eq. (1.1) was proven by Gyöngy and Rovira
(2000) via an approximation method. In Setayeshgar (2019), a large deviation principle (LDP)
for the law of the solutions to Eq. (1.1) was proven, which was uniform over initial conditions on
compact sets. In Salins (2019), a definition for an equicontinuous uniform Laplace principle (EULP)
was introduced. It was then shown that the EULP is equivalent to the Freidlin and Wentzell’s
definition of the uniform large deviation principle (FWULDP). A sufficient condition under which a
measurable function of an infinite-dimensional Wiener process satisfies an EULP was also provided
with uniformity being over initial conditions that belong to bounded and not necessarily compact
sets. In Salins and Setayeshgar (2023), the authors extended the work in Setayeshgar (2019), and
relaxed the restriction on initial conditions over which the large deviations was uniform in that
they established a uniform large deviation principle for the law of the solutions to Eq. (1.1), where
uniformity was over bounded and not necessarily compact sets of initial conditions. Essentially,
that work characterized the asymptotic behavior of probabilities of large deviations of the solution
to the SPDE (i.e., uϵ,ξ) away from its law of large numbers limit (i.e., u0,ξ) as ϵ→ 0.

In this work, we first consider the scaled and centered process, vϵ,ξ := 1√
ϵ
(uϵ,ξ − u0,ξ), and show

that, {vϵ,ξ}ϵ∈(0,1] converges to the solution of a related SPDE as ϵ→ 0, and prove the first result of
our paper: a Functional Central Limit Theorem (FCLT). We then consider, zϵ,ξ := 1√

ϵγ(ϵ)
(uϵ,ξ−u0,ξ),

where γ(ϵ) → ∞ and γ(ϵ)
√
ϵ → 0 as ϵ → 0, and prove the second result of our paper: a Uniform

Moderate Deviation Principle (UMDP). We do so by establishing that, {zϵ,ξ}ϵ∈(0,1] converges to 0
and satisfies a ULDP. Note that the ULDP that we prove is essentially a UMDP due to the scaling
which is under.

Among the applications of large deviations is the design and analysis of accelerated Monte Carlo
techniques such as importance sampling. Importance sampling algorithms employ a change of
measure, which attempts to reduce the variance of the estimator. There exists a vast amount of
literature exploring how the large deviation principle rate function may suggest effective changes
of measure (see e.g. Dupuis and Wang, 2004; Vanden-Eijnden and Weare, 2012; Dupuis et al.,
2015; Wang et al., 2015). As discussed in Dupuis and Johnson (2017), changes of measure based
on the moderate deviation principle (MDP) rather than the large deviation principle are often
easier to obtain due to the simplified form of the MDP rate function and may be effective when
one is interested in trajectories that fall between the central limit theorem approximation and that
of the LDP. Although most of the research currently present in the literature is concerned with
finite-dimensional settings, there are some interesting infinite-dimensional examples. In Salins and
Spiliopoulos (2017), the authors prove desirable asymptotic as well as pre-asymptotic performance
under the large deviations scaling for importance sampling schemes used to estimate probabilities
of escape from an attractor for solutions to a linear parabolic SPDE. The paper provides a useful
discussion on the additional challenges posed by an infinite dimensional setting and the approach
presented relies on the existence of a spectral gap, which allows the scheme to focus on a lower
dimensional manifold, where escape is most likely to occur. In Gasteratos et al. (2024), the authors
apply a related approach and achieve similar results for a semilinear SPDE, where they instead work
with a moderate deviations scaling, which provides a linear approximation of the more complicated
nonlinear dynamics in a neighborhood of the equilibrium. There are other examples of proving an
MDP for small noise solutions to SPDEs (see e.g., Wang and Zhang, 2015; Gasteratos et al., 2023;
Hu et al., 2020; Dong et al., 2017; Xiong and Zhang, 2021; Belfadli et al., 2019). Among them,
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our work is most similar to Hu et al. (2020), who also prove both an FCLT and an MDP using the
weak convergence approach. However, there are significant differences between Hu et al. (2020) and
what is carried out here. The method of proof in Hu et al. (2020) uses stopping times to bound the
expected value of the stopped process, while here we avoid that approach and work with pathwise
inequalities instead. These pathwise inequalities allow us to prove a sufficient condition under which
a uniform moderate deviation principle with uniformity being over bounded sets of initial conditions
that do not necessarily belong to compact sets, holds.

Lastly, we provide the motivation for our work as follows. As already outlined, large deviations
analysis has many applications including but not limited to, the analysis of Monte Carlo and fast
simulation techniques such as importance sampling. To the best of the authors’ knowledge, con-
struction of efficient importance sampling schemes for infinite dimensional models has not been
carried out extensively in the literature and is thought to be expensive even for a single sample.
This cost suggests that fast simulation techniques may be effective even for deviations that are
only moderately away from the law of large numbers limit. For this reason, moderate deviations
analysis – which is essentially large deviations but with a different deviation scaling – may be useful
in constructing efficient importance sampling schemes for analyzing rare events arising in infinite
dimensional systems.

The main contribution of this paper is twofold: a functional central theorem and a uniform
moderate deviation principle for the law of the solutions to Eq. (1.1), where the uniformity is
with respect to initial conditions that are bounded and do not necessarily belong to a compact
set. Note that our proof to the latter verifies the sufficient condition of an EULP as opposed to
that of Budhiraja et al. (2008), which cannot be used in this setting. Note that we also prove a
uniform Laplace principle (ULP) with uniformity being over initial conditions on compact sets. We
reiterate that our work has potential for constructing efficient importance sampling schemes capable
of identifying the probability of rare events occurring in infinite dimensional settings. Finally, we
mention that it would be interesting to study Eq. (1.1) with the white-in-time noise replaced by
that of white-in-time, colored-in-space, where the injection of coloring will allow the process to gain
better regularity. In such case, first it must be proven that under appropriate conditions on the noise
correlation structure, a unique solution to Eq. (1.1) exists, that is strong in the sense of probability
theory and further depends continuously on initial data. The existence and uniqueness of solutions
often depends upon the conditions on the noise covariance function, e.g., decay and smoothness
properties. The existence and uniqueness of a solution to Eq. (1.1) with a white-in-time, colored-
in-space noise will be a prerequisite for carrying out other future work, such as a uniform large
deviation principle, among others.

1.1. Outline of the paper. In Section 2 we state the assumptions and preliminaries that are necessary
for the formulation of the problem. The existence and uniqueness results for the family of semilinear
SPDEs is also asserted in this section. In section 3 we state and prove the first main result of our
paper: a functional central theorem. Section 4 states the definition of the uniform large deviation
principle as well as a sufficient condition under which the principle is said to hold. Section 5
introduces the moderate deviations scaling as well as the controlled and skeleton equations. The
existence and uniqueness of solutions to the aforementioned equations is also established in this
section. Section 6 states the second main result of our paper: a uniform moderate deviation principle,
where uniformity is over bounded and not necessarily compact sets of initial conditions. Proving
the UMDP requires a set of preliminary results, which are provided in Section 7. Finally, the proof
of the UMDP is carried out in Section 8. A collection of results used in the proofs of our main
theorems is presented in Appendix A.
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1.2. Notation. For a spatial domain D ⊂ Rd and ρ ∈ [1,∞), let Lρ(D) be the set of functions

g : D → R, such that
∫
D

|g(x)|ρdx < +∞ endowed with the norm

|g|ρ :=

(∫
D

|g(x)|ρdx

) 1
ρ

. (1.2)

For any T > 0 and ρ ∈ [1,∞), let C
(
[0, T ] : Lρ(D)

)
denote the space of functions g : [0, T ]×D,

such that t 7→ g(t, ·) is continuous in the Lρ(D) norm. We endow this space with the norm∣∣g∣∣
C([0,T ]:Lρ(D))

:= sup
t∈[0,T ]

∣∣g(t, ·)∣∣
ρ
.

Finally, for any metric space (E , τ), we define the distance between an element x ∈ E and a set
B ⊂ E by

distE(x,B) := inf
y∈B

τ(x, y). (1.3)

Unless otherwise noted, we adopt the following notation throughout the paper. The summation
convention is in place. The notation := means by definition. C denotes a free positive constant,
which may take on different values and depend upon other parameters. When the dependence of
the constant C on a parameter is of significance, we denote it with a subscript, i.e., Ck will represent
that C depends upon the parameter k. If θ ∈ Rn for some n ∈ N, then θi denotes the ith component
of that vector and |θ| :=

(∑n
i=1 |θi|2

) 1
2 . We use the notation |h(t, ·)|p := |h(t)|p to denote the Lp(D)-

norm of a function h := h(t, x) with respect to the variable x ∈ D. Throughout the manuscript, we
will work with inequalities and properties related to random fields that hold almost surely. To avoid
repeatedly mentioning the foregoing, we state that these results are only implied to hold almost
surely rather than everywhere. If z := z(t, x) is a random field and E is a function space, then saying
that z is almost surely in E means that z has a stochastic modification, which is in E almost surely.
For ease of notation, we typically do not distinguish between a random field and a modification,
which has the desired properties. For instance, if we say that h(t, x) ∈ C

(
[0, T ] : Lρ(D)

)
, this means

that there is a modification of h(t, x), which is almost surely in C
(
[0, T ] : Lρ(D)

)
. Occasionally,

we will be more explicit about this in situations where we desire to exercise care. Depending on
the situation, we may indicate the (t, x)-dependence in different ways to make the notation more
convenient. For example, at times we write f

(
t, x, uϵ,ξ(t, x)

)
as f

(
t, uϵ,ξ(t)

)
(x) or f

(
uϵ,ξ
)
(t, x), and

zϵ(t, x) · f
(
t, x, uϵ,ξ(t, x)

)
as
(
zϵf
(
uϵ,ξ
))

(t, x).

2. Preliminaries

In this section we introduce a set of assumptions and preliminaries that are necessary for the for-
mulation of the problem. Let (Ω,F , {Ft}t∈[0,T ], P ) be a filtered probability space or stochastic basis
carrying a k-dimensional Brownian motion, {Bj(t), t ≥ 0, 1 ≤ j ≤ k}. The following assumptions
will be in effect throughout the paper.
(A1) The domain D ⊂ Rd, d ≥ 1 is a bounded convex set with smooth boundary.
(A2) The matrix bij(x) ∈ C2(D̄) is symmetric for every x ∈ D, and satisfies the uniform ellipticity

condition, i.e., there exists a constant κ > 0, such that
1

κ
|θ|2 ≥ bij(x)θiθj ≥ κ|θ|2,

for all θ ∈ Rd and x ∈ D.
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(A3) The functions gi are of the form gi(t, x, r) := gi1(x, t, r) + gi2(t, r), where gi1 and gi2 are Borel
functions of (t, x, r) ∈ [0, T ] ×D × R and of (t, r) ∈ [0, T ] × R, respectively. Moreover, there
exists a constant K > 0, such that∣∣gi1(t, x, r)∣∣ ≤ K(1 + |r|),

∣∣gi2(t, r)∣∣ ≤ K(1 + |r|ν), i ∈ {1, ..., d},
for all t ∈ [0, T ], x ∈ D, r ∈ R, with some ν ≥ 1.

(A4) The functions f := f(t, x, r) and σj := σj(t, x, r) are Borel functions and have linear growth
in r, i.e., there exists a constant L > 0, such that∑

j

∣∣σj(t, x, r)∣∣ ≤ L(|r|+ 1), j ∈ {1, ..., k},∣∣f(t, x, r)∣∣ ≤ L(|r|+ 1),

for all t ∈ [0, T ], x ∈ D, and r ∈ R.
(A5) There exists a constant L > 0, such that∑

j

∣∣σj(t, x, r)− σj(t, x, s)
∣∣ ≤ L(|r − s|), j ∈ {1, ..., k},∣∣f(t, x, r)− f(t, x, s)

∣∣ ≤ L|r − s|,∣∣gi(t, x, r)− gi(t, x, s)
∣∣ ≤ L

(
1 + |r|ν−1 + |s|ν−1

)
|r − s|, i ∈ {1, ..., d},

for all t ∈ [0, T ], x ∈ D, r, s ∈ R.
(A6) The functions f(x, t, r) and gi(x, t, r) are differentiable with respect to the third variable and

their derivatives f ′(x, t, r) and g′i(x, t, r), are uniformly Lipschitz with respect to the last vari-
able. That is, there exists a constant K > 0, such that∣∣f ′(x, t, r)− f ′(x, t, s)

∣∣ ≤ K|r − s|,∣∣g′i(x, t, r)− g′i(x, t, s)
∣∣ ≤ K|r − s|, i ∈ {1, ..., d},

for all t ∈ [0, T ], x ∈ D, and r, s ∈ R.
Observe that the addition of (A6) implies ν ≤ 2 and

∣∣f ′(x, t, r)∣∣ ≤ L for all t ∈ [0, T ], x ∈ D,
and r ∈ R.

Definition 2.1 (Mild Solution). A random field uϵξ :=
{
uϵξ(t, x) : t ∈ [0, T ], x ∈ D

}
is called a mild

solution of Eq. (1.1) with initial condition ξ ∈ Lρ(D), if uϵξ(·, ·) is C
(
[0, T ] : Lρ(D)

)
-valued a.s., and

uϵξ(t, x) is {Ft}-measurable for any t ∈ [0, T ], and x ∈ D, and if

uϵ,ξ(t, x) =

∫
D
Gt(x, y)ξ(y)dy +

√
ϵ

∫ t

0

∫
D
Gt−s(x, y)σj

(
s, uϵ,ξ(s)

)
(y)dydBj(s)

−
∫ t

0

∫
D
∂yiGt−s(x, y)gi

(
s, uϵ,ξ(s)

)
(y)dyds

+

∫ t

0

∫
D
Gt−s(x, y)f

(
s, uϵ,ξ(s)

)
(y)dyds. (2.1)

The function Gt(x, y), t ≥ 0, x, y ∈ D is the Green kernel associated with the following linear
equation

∂

∂t
u(t, x) =

∂

∂xi

(
bij(x)

∂

∂xj
u(t, x)

)
,

with Dirichlet boundary condition

u(t, x) = 0, t ≥ 0, x ∈ ∂D,

where bij ∈ C2(D̄), and ∂D is Lipschitz. We now state some estimates on the Green kernel that
result from Proposition 3.5 of Gyöngy and Rovira (2000).
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2.1. Estimates on the Green kernel. The following estimates on the Green kernel are results that
follow from Proposition 3.5 of Gyöngy and Rovira (2000). The proof of that proposition uses a key
estimate by Ladyženskaja et al. (1968). The below estimates on the kernel are used in proving the
main results of the paper.

There exist Borel functions a, b, c and for p ≥ 1, a corresponding nonnegative constant Kp, such
that for all 0 ≤ s < t ≤ T, x, y ∈ D, and i ∈ {1, ...d}, the following hold:

(E1)
∣∣Gt−s(x, y)∣∣ ≤ a(t− s, x− y),

∣∣a(t, ·)∣∣
p
≤ Kpt

− d
2
( p−1

p
),

(E2)
∣∣∣ ∂
∂yi

Gt−s(x, y)
∣∣∣ ≤ b(t− s, x− y),

∣∣b(t, ·)∣∣
p
≤ Kpt

− d
2
( p−1

p
)− 1

2 ,

(E3)
∣∣∣ ∂
∂s
Gt−s(x, y)

∣∣∣ ≤ c(t− s, x− y),
∣∣c(t, ·)∣∣

p
≤ Kpt

− d
2
( p−1

p
)−1.

The following theorem (Gyöngy and Rovira, 2000, Theorem 2.1) asserts the existence of a unique
solution to Eq. (1.1).

Theorem 2.2 (Existence & uniqueness of solution mapping). Assume the set of Hypotheses (A1)-
(A5). Then, there exists ρ0(d, ν), such that for every ρ > ρ0(d, ν), Eq. (1.1) has a unique solution in
C
(
[0, T ], Lρ(D)

)
, provided ξ is an F0-measurable, Lρ(D)-valued random element. Moreover, if ξ has

a continuous stochastic modification, then uϵξ(t, x) has a stochastic modification, which is continuous
in (t, x) ∈ [0,∞)×D.

Hereon, we assume ρ < ∞ is fixed and satisfies ρ > max{ρ0(d, ν), d + 2}. We further collect
related results used in the remainder of the paper in Appendix A.

3. Functional Central Limit Theorem

In Setayeshgar (2019), a large deviation principle for the law of the solutions to Eq. (1.1) was
proven, which was uniform over initial conditions on compact sets. In Salins and Setayeshgar (2023),
the authors extended that work and relaxed the restriction on initial conditions over which the large
deviations was uniform in that they proved a uniform large deviation principle for the law of the
solutions to Eq. (1.1), where uniformity was over bounded and not necessarily compact sets of
initial conditions. In this work, we center uϵ,ξ around its law of large numbers limit and consider
the following scaling

vϵ,ξ :=
1√
ϵ
(uϵ,ξ − u0,ξ), (3.1)

to prove the first result of our paper: a functional central limit theorem. Note that for a.e. ω ∈ Ω,
and for all t ∈ [0, T ], we have

vϵ,ξ(x, t) =−
∫ t

0

∫
D
∂yiGt−s(x, y)

1√
ϵ

(
gi
(
u0,ξ +

√
ϵvϵ,ξ

)
− gi

(
u0,ξ

))
(s, y)dyds

+

∫ t

0

∫
D
Gt−s(x, y)

1√
ϵ

(
f
(
u0,ξ +

√
ϵvϵ,ξ

)
− f

(
u0,ξ

))
(s, y)dyds

+

∫ t

0

∫
D
Gt−s(x, y)σj

(
u0,ξ +

√
ϵvϵ,ξ

)
(s, y)dydBj(s), (3.2)

for a.e. x ∈ D. The first result of our paper – a functional central limit theorem – shows that for
any ξ ∈ Lρ(D), {vϵ,ξ}ϵ∈(0,1] converges in probability as ϵ → 0 to an Ft-adapted random process,
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v̂ξ ∈ C([0, T ] : Lρ(D)), which satisfies for a.e. ω ∈ Ω and for all t ∈ [0, T ]

v̂ξ(t, x) = −
∫ t

0

∫
D
∂yiGt−s(x, y)

(
gi(u

0,ξ)′v̂ξ
)
(s, y)dyds

+

∫ t

0

∫
D
Gt−s(x, y)

(
f(u0,ξ)′v̂ξ

)
(s, y)dyds

+

∫ t

0

∫
D
Gt−s(x, y)σj

(
u0,ξ

)
(s, y)dydBj(s), (3.3)

for a.e. x ∈ D. Note that because supt∈[0,T ],x∈D |u0,ξ(t, x)| is not necessarily finite, existence and
uniqueness of solutions to (3.3) do not follow directly from Theorem 2.2. We are now in a position
to state the functional central limit theorem.

Theorem 3.1 (Functional Central Limit Theorem). For any ξ ∈ Lρ(D), there exists a unique Ft-
adapted random process, v̂ξ ∈ C([0, T ] : Lρ(D)), satisfying (3.3) and {vϵ,ξ}ϵ∈(0,1] converges to v̂ξ in
probability in C

(
[0, T ] : Lρ(D)

)
as ϵ→ 0.

Next we state and prove two propositions below, which will subsequently be used in the proof of
Theorem 3.1.

3.1. Preliminary results required to prove Theorem 3.1. We first establish that the sequence{
supt∈[0,T ] |vϵ,ξ(t)|ρ

}
ϵ∈(0,1] is bounded in probability, uniformly in ϵ ∈ (0, 1].

Proposition 3.2. For any ξ ∈ Lρ(D), the sequence
{

sup
t∈[0,T ]

|vϵ,ξ(t)|ρ
}
ϵ∈(0,1]

is bounded in probabil-

ity, uniformly in ϵ ∈ (0, 1].

Proof : Let ϵ ∈ (0, 1] be arbitrary. We have

∣∣uϵ,ξ(t)− u0,ξ(t)
∣∣
ρ
≤

∣∣∣∣∣
∫ t

0

∫
D
∂yiGt−s(·, y)

[
gi
(
s, uϵ,ξ(s)

)
(y)− gi

(
s, u0,ξ(s)

)
(y)
]
dyds

∣∣∣∣∣
ρ

+

∣∣∣∣∣
∫ t

0

∫
D
Gt−s(·, y)

[
f
(
s, uϵ,ξ(s)

)
(y)− f

(
s, u0,ξ(s)

)
(y)
]
dyds

∣∣∣∣∣
ρ

+
√
ϵ

∣∣∣∣∣
∫ t

0

∫
D
Gt−s(·, y)σj

(
s, uϵ,ξ(s)

)
(y)dydBj(s)

∣∣∣∣∣
ρ

:= J ϵ1(t) + J ϵ2(t) +
√
ϵJ ϵ3(t),

for all t ∈ [0, T ]. Next define

ζϵ1 := 1 + sup
t∈[0,T ]

∣∣u0,ξ(s)∣∣
ρ
+ sup
t∈[0,T ]

∣∣uϵ,ξ(s)∣∣
ρ
,

and

ζϵ2 := sup
t∈[0,T ]

J ϵ3(t).

Due to Lemma A.6, {ζϵ1}ϵ∈(0,1] is bounded in probability, uniformly in ϵ ∈ (0, 1], and due to Lemma
A.5, combined with Lemma A.6, {ζϵ2}ϵ∈(0,1] enjoys the same property.
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Consider J ϵ1(t). Due to (A6), for all i ∈ {1, ..., d}, we have∣∣∣gi(s, uϵ,ξ(s))(y)− gi
(
s, u0,ξ(s)

)
(y)
∣∣∣

≤
∣∣uϵ,ξ(s, y)− u0,ξ(s, y)

∣∣ ∫ 1

0

∣∣∣g′i(s, u0,ξ(s))+ r
(
uϵ,ξ(s)− u0,ξ(s)

)
(y)
∣∣∣dr

≤ C

(
1 +

∣∣u0,ξ(s, y)∣∣+ ∣∣uϵ,ξ(s, y)∣∣)∣∣uϵ,ξ(s, y)− u0,ξ(s, y)
∣∣. (3.4)

Consequently

J ϵ1(t) ≤
∫ t

0

∣∣∣∣∣
∫
D

∣∣∣∂yiGt−s(·, y)∣∣∣∣∣∣gi(s, uϵ,ξ(s))(y)− gi
(
s, u0,ξ(s)

)
(y)
∣∣∣dy∣∣∣∣∣

ρ

ds

≤
∫ t

0

∣∣∣b(t− s, ·)
∣∣∣

ρ
ρ−1

∣∣∣gi(s, uϵ,ξ(s))(·)− gi
(
s, u0,ξ(s)

)
(·)
∣∣∣
ρ
2

ds

≤
d∑
i=1

C

∫ t

0
(t− s)

− d
2ρ

− 1
2

∣∣∣gi(s, uϵ,ξ(s))(·)− gi
(
s, u0,ξ(s)

)
(·)
∣∣∣
ρ
2

ds

≤ C

∫ t

0
(t− s)

− d
2ρ

− 1
2

(
1 + |uϵ,ξ(s)|ρ + |u0,ξ(s)|ρ

)∣∣uϵ,ξ(s)− u0,ξ(s)
∣∣
ρ
ds

≤ Cζϵ1

∫ t

0
(t− s)

− d
2ρ

− 1
2
∣∣uϵ,ξ(s)− u0,ξ(s)

∣∣
ρ
ds,

where line 1 used Minkowski’s inequality, line 2 used (E2) and Young’s inequality for convolutions
with p = ρ/(ρ − 1), q = ρ/2, and r = ρ, where 1/p + 1/q = 1 + 1/r and p, q, r ∈ R≥1, line 3 used
(E2), and line 4 used Hölder’s inequality and (3.4).

Similarly

J ϵ2(t) ≤
∫ t

0

∣∣∣∣ ∫
D
Gt−s(·, y)

[
f
(
s, uϵ,ξ(s)

)
(y)− f

(
s, u0,ξ(s)

)
(y)
]
dy

∣∣∣∣
ρ

ds

≤ C

∫ t

0

∣∣∣∣ ∫
D

∣∣Gt−s(·, y)∣∣∣∣∣∣uϵ,ξ(s, y)− u0,ξ(s, y)
∣∣∣dy∣∣∣∣

ρ

ds

≤ C

∫ t

0

∣∣a(t− s, ·)
∣∣
1

∣∣uϵ,ξ(s)− u0,ξ(s)
∣∣
ρ
ds

≤ C

∫ t

0

∣∣uϵ,ξ(s)− u0,ξ(s)
∣∣
ρ
ds,

where line 2 used (A5), line 3 used Young’s inequality for convolutions with exponents p = 1, q = ρ,
and r = ρ, and line 4 used (E1). Combining the foregoing implies that for all t ∈ [0, T ], we have∣∣uϵ,ξ(t)− u0,ξ(t)

∣∣
ρ
≤

√
ϵζϵ2 + C

∫ t

0

(
(t− s)

− d
2ρ

− 1
2 ζϵ1 + 1

)∣∣uϵ,ξ(s)− u0,ξ(s)
∣∣
ρ
ds,

from which it follows by Grönwall’s inequality that

sup
t∈[0,T ]

∣∣uϵ,ξ(t)− u0,ξ(t)
∣∣
ρ
≤

√
ϵζϵ2e

C
∫ T
0

(
(T−s)−

d
2ρ− 1

2 ζϵ1+1
)
ds.

Since ϵ > 0 was arbitrary and both {ζϵ1}ϵ∈(0,1] and {ζϵ2}ϵ∈[0,1] are bounded in probability, uniformly
in ϵ ∈ (0, 1], the result follows from (3.1). This completes the proof. □

The following Lemma will allow us to control the stochastic integral term in (3.2), which is also
needed in the proof of Theorem 3.1.
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Proposition 3.3. For any ξ ∈ Lρ(D)

sup
t∈[0,T ]

∣∣∣∣ ∫ t

0

∫
D
Gt−s(·, y)

(
σj
(
s, uϵ,ξ(s)

)
(y)− σj

(
s, u0,ξ(s)

)
(y)
)
dydBj(s)

∣∣∣∣
ρ

→ 0,

in probability as ϵ→ 0.

Proof : Due to Lemma A.6 and (A5), we have

sup
ϵ∈(0,1]

{
E

[
k∑
j=1

sup
t∈[0,T ]

∣∣∣σj(t, uϵ,ξ(t))− σj
(
t, u0,ξ(t)

)∣∣∣ρ
ρ

]}
≤ C

(
1 + |ξ|ρρ

)
.

Therefore, Lemma A.5 implies that∫ t

0

∫
D
Gt−s(·, y)

(
σj
(
s, uϵ,ξ(s)

)
(y)− σj

(
s, u0,ξ(s)

)
(y)
)
dydBj(s),

is tight in C
(
[0, T ] : Lρ(D)

)
. Consequently, given any subsequence we can choose a further sub-

sequence indexed by ϵ∗, that converges weakly in C
(
[0, T ] : Lρ(D)

)
to some limit X∗(t). Since

ρ > d + 2, we can choose p ∈ (d + 2, ρ) and since D is bounded, this subsequence also converges
weakly to X∗(t) in C

(
[0, T ] : Lp(D)

)
. Therefore(

sup
t∈[0,T ]

∣∣∣uϵ∗,ξ(t)− u0,ξ(t)
∣∣∣p
p

) ρ
p

≤

(∣∣D∣∣ ρ−p
ρ sup

t∈[0,T ]

∣∣∣uϵ∗,ξ(t)− u0,ξ(t)
∣∣∣p
ρ

) ρ
p

≤ C

(
sup
t∈[0,T ]

∣∣uϵ∗,ξ(t)∣∣ρ
ρ
+ sup
t∈[0,T ]

|u0,ξ(t)|ρρ

)
,

where we have employed Hölder’s inequality with exponents ρ/(ρ− p) and ρ/p and Minkowski’s
inequality. This result combined with Lemma A.6, implies

sup
ϵ∗
E

[(
sup
t∈[0,T ]

∣∣∣uϵ∗,ξ(t)− u0,ξ(t)
∣∣∣p
p

) ρ
p
]
≤ C

(
1 + |ξ|ρρ

)
.

Consequently, for any K > 0, we have

K
ρ
p sup

ϵ∗
E

[
sup
t∈[0,T ]

∣∣∣uϵ∗,ξ(t)− u0,ξ(t)
∣∣∣p
p
I{

supt∈[0,T ] |uϵ
∗,ξ(t)−u0,ξ(t)|pp≥K

}]

≤ sup
ϵ∗
E

[(
sup
t∈[0,T ]

∣∣uϵ∗,ξ(t)− u0,ξ(t)
∣∣p
p

) ρ
p
]
≤ C

(
1 + |ξ|ρρ

)
,

which implies that {
sup
t∈[0,T ]

∣∣uϵ∗,ξ(t)− u0,ξ(t)
∣∣p
p

}
ϵ∗
,

is uniformly integrable. This combined with (A5), implies

lim
ϵ∗→0

E

[
k∑
j=1

sup
t∈[0,T ]

∣∣∣σj(t, uϵ∗,ξ(t))− σj
(
t, u0,ξ(t)

)∣∣∣p
p

]
= 0.

Combining this with Lemma A.2 part (a), gives

lim
ϵ∗→0

E

[∣∣∣∣ ∫ t

0

∫
D
Gt−s(·, y)

(
σj
(
s, uϵ

∗,ξ(s)
)
(y)− σj

(
s, u0,ξ(s)

)
(y)
)
dydBj(s)

∣∣∣∣p
p

]
= 0,
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for all t ∈ [0, T ]. It follows that supt∈[0,T ] |X∗(t)|p = 0 for a.e. ω ∈ Ω and consequently
supt∈[0,T ] |X∗(t)|ρ = 0 for a.e. ω ∈ Ω. Since the initial subsequence was arbitrary, it follows
that

sup
t∈[0,T ]

∣∣∣∣∣
∫ t

0

∫
D
Gt−s(·, y)

(
σj
(
s, uϵ,ξ(s))(y)− σj(s, u

0,ξ(s)
)
(y)
)
dydBj(s)

∣∣∣∣∣
ρ

→ 0,

in probability as ϵ→ 0. This completes the proof. □

3.2. Proof of Theorem 3.1. For any Ft-adapted random process z ∈ C
(
[0, T ] : Lρ(D)

)
, define

Lϵ1(z, t, x) := −
∫ t

0

∫
D
∂yiGt−s(x, y)

1√
ϵ

(
gi
(
u0,ξ +

√
ϵz
)
− gi

(
u0,ξ

))
(s, y)dyds,

L̃1(z, t, x) := −
∫ t

0

∫
D
∂yiGt−s(x, y)

(
zg′i
(
u0,ξ

))
(s, y)dyds,

Lϵ2(z, t, x) :=

∫ t

0

∫
D
Gt−s(x, y)

1√
ϵ

(
f
(
u0,ξ +

√
ϵz
)
− f

(
u0,ξ

))
(s, y)dyds,

L̃2(z, t, x) :=

∫ t

0

∫
D
Gt−s(x, y)

(
zf ′
(
u0,ξ

))
(s, y)dyds,

and

L̃3(t, x) :=

∫ t

0

∫
D
Gt−s(x, y)

(
σj
(
u0,ξ

))
(s, y)dydBj(s).

Due to (A6) and the Fundamental Theorem of Calculus, for all x ∈ D, t ∈ [0, T ], and i ∈ {1, ..., d},
we have ∣∣∣∣( 1√

ϵ

(
gi
(
u0,ξ +

√
ϵz
)
− gi

(
u0,ξ

))
− zg′i

(
u0,ξ

))
(t, x)

∣∣∣∣
=

∣∣∣∣∣
((

z
gi
(
u0,ξ + r

√
ϵz
)

√
ϵz

∣∣∣1
0

)
− zg′i

(
u0,ξ

))
(t, x)

∣∣∣∣∣
=

∣∣∣∣(z ∫ 1

0
g′i
(
u0,ξ + r

√
ϵz
)
dr − zg′i(u

0,ξ)

)
(t, x)

∣∣∣∣
≤ C

√
ϵ|z(t, x)|2.

Similarly ∣∣∣∣( 1√
ϵ

(
f
(
u0,ξ +

√
ϵz
)
− f

(
u0,ξ

))
− zf ′(u0,ξ)

)
(t, x)

∣∣∣∣ ≤ C
√
ϵ
∣∣z(t, x)∣∣2.

Consequently ∣∣∣Lϵ1(z, t, x)− L̃1(z, t, x)
∣∣∣ ≤ C

√
ϵ

∫ t

0

d∑
i=1

∫
D

∣∣∂yiGt−s(x, y)∣∣∣∣z(s, y)∣∣2dyds,
and ∣∣∣Lϵ2(z, t, x)− L̃2(z, t, x)

∣∣∣ ≤ C
√
ϵ

∫ t

0

∫
D

∣∣Gt−s(x, y)∣∣∣∣z(s, y)∣∣2dyds.
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Using Minkowski’s inequality, Young’s inequality with (E2), and Hölder’s inequality gives

∣∣∣Lϵ1(z, t)− L̃1(z, t)
∣∣∣
ρ
≤ C

√
ϵ

d∑
i=1

∫ t

0

∣∣∣∣ ∫
D

∣∣∂yiGt−s(·, y)∣∣∣∣z(s, y)∣∣2dy∣∣∣∣
ρ

ds

≤ C
√
ϵ

∫ t

0
(t− s)

− d
2ρ

− 1
2
∣∣z(s)∣∣2

ρ
ds

≤ C
√
ϵ sup
t∈[0,T ]

∣∣z(t)∣∣2
ρ
,

and

∣∣L̃1(z, t)
∣∣
ρ
≤ C

∫ t

0

∣∣∣∣ ∫
D

∣∣∣∂yiGt−s(·, y)∣∣∣∣∣∣(zg′i(u0,ξ))(s, y)∣∣∣dy∣∣∣∣
ρ

ds

≤ C

d∑
i=1

∫ t

0
(t− s)

− d
2ρ

− 1
2

∣∣∣(zg′i(u0,ξ))(s, ·)∣∣∣ ρ
2

dyds

≤ C

∫ t

0
(t− s)

− d
2ρ

− 1
2

(
1 + |u0,ξ(s)|ρ

)∣∣z(s)∣∣
ρ
ds

≤ C
(
1 + |ξ|ρρ

)∫ t

0
(t− s)

− d
2ρ

− 1
2
∣∣z(s)∣∣

ρ
ds,

where the second to last line used (A6) and the last line used Lemma A.6. Similarly, using
Minkowski’s inequality, Young’s inequality with (E1), (A6), Hölder’s inequality, and Lemma A.6
gives

∣∣∣Lϵ2(z, t)− L̃2(z, t)
∣∣∣
ρ
≤ C

√
ϵ

∫ t

0
(t− s)

− d
2ρ
∣∣z(s)∣∣2

ρ
ds

≤ C
√
ϵ sup
t∈[0,T ]

|z(t)|2ρ,

and

∣∣L̃2(z, t)
∣∣
ρ
≤ C

(
1 + |ξ|ρρ

)∫ t

0
(t− s)

− d
2ρ
∣∣z(s)∣∣

ρ
ds.

For notational convenience, for all ϵ ∈ (0, 1], define

ζϵ1 := sup
t∈[0,T ]

∣∣∣∣∣
∫ t

0

∫
D
Gt−s(·, y)

(
σj
(
uϵ,ξ
)
− σj

(
u0,ξ

))
(s, y)dydBj(s)

∣∣∣∣∣
ρ

,

and

ζϵ2 :=
√
ϵ sup
t∈[0,T ]

∣∣∣vϵ,ξ(t)∣∣∣2
ρ
.

Note that due to Proposition 3.3, limϵ→0 ζ
ϵ
1 = 0 in probability and due to Proposition 3.2,

limϵ→0 ζ
ϵ
2 = 0 in probability. Recall (3.2) and note that for all ϵ1, ϵ2 ∈ (0, 1] and t ∈ [0, T ], we
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have∣∣∣vϵ1,ξ(t)− vϵ2,ξ(t)
∣∣∣
ρ

≤
∣∣∣L̃1(v

ϵ1,ξ − vϵ2,ξ, t)
∣∣∣
ρ
+
∣∣∣L̃2

(
vϵ1,ξ − vϵ2,ξ, t

)∣∣∣
ρ
+
∣∣∣Lϵ11 (vϵ1,ξ, t)− L̃1

(
vϵ1,ξ, t

)∣∣∣
ρ
+ ζϵ11 + ζϵ21 +

+
∣∣∣Lϵ2,ξ1

(
vϵ2,ξ, t

)
− L̃1

(
vϵ2,ξ, t

)∣∣∣
ρ
+
∣∣∣Lϵ12 (vϵ1,ξ, t)− L̃2

(
vϵ1,ξ, t

)∣∣∣
ρ
+
∣∣∣Lϵ22 (vϵ2,ξ, t)− L̃2(v

ϵ2,ξ, t)
∣∣∣
ρ

≤ C
(
1 + |ξ|ρρ

)∫ t

0

(
(t− s)

− d
2ρ

− 1
2 + (t− s)

− d
2ρ

)∣∣∣vϵ1,ξ(s)− vϵ2,ξ(s)
∣∣∣
ρ
ds

+ C
(
ζϵ12 + ζϵ22

)
+ ζϵ11 + ζϵ21 .

Consequently, Grönwall’s inequality yields

sup
t∈[0,T ]

∣∣∣vϵ1,ξ(t)− vϵ2,ξ(t)
∣∣∣
ρ
≤ C

(
ζϵ12 + ζϵ22 + ζϵ11 + ζϵ21

)
eC(1+|ξ|ρρ). (3.5)

Next, define the sets
Θϵ
n :=

{
C(ζϵ2 + ζϵ1)e

C(1+|ξ|ρρ) ≤ 2−n−1
}
. (3.6)

Since both ζϵ1 → 0 and ζϵ2 → 0 in probability for any subsequence, we can choose a further subse-
quence indexed by {ϵ̄n}n∈N, such that ϵ̄n ↓ 0, which satisfies

P
((

Θϵ̄n
n

)c) ≤ 2−n−1, (3.7)

for all n ∈ N. For any N ∈ N, note that on the set ∩n≥NΘϵ̄n
n due to (3.5), (3.6), and (3.7) for all

n,m ≥ N, we have

sup
t∈[0,T ]

∣∣∣vϵ̄n,ξ(t)− vϵ̄m,ξ(t)
∣∣∣
ρ
≤ 2−n−1 + 2−m−1 ≤ 2−min{n,m}.

Since C
(
[0, T ] : Lρ(D)

)
is complete, this implies that {vϵ̄n,ξ}n∈N converges to a limit on the set

∪N∈N ∩n≥N Θϵ̄n
n and due to the Borel-Cantelli lemma P

(
∪N∈N ∩n≥NΘϵ̄n

n

)
= 1. Define v̂ξ :=

limn→∞ vϵ̄n,ξ in C
(
[0, T ] : Lρ(D)

)
and note that since {vϵ̄n,ξ}n∈N are Ft-adapted, so is v̂ξ. We have

for all t ∈ [0, T ] and n ∈ N∣∣∣v̂ξ(t)− (L̃1(v̂
ξ, t) + L̃2(v̂

ξ, t) + L̃3(t)
)∣∣∣
ρ

≤
∣∣∣v̂ξ(t)− vϵ̄n,ξ(t)

∣∣∣
ρ
+
∣∣∣Lϵ̄n1 (vϵ̄n,ξ, t)− L̃1

(
vϵ̄n,ξ, t

)∣∣∣
ρ
+
∣∣∣Lϵ̄n2 (vϵ̄n,ξ, t)− L̃2

(
vϵ̄n,ξ, t

)∣∣∣
ρ

+ ζ ϵ̄n1 +
∣∣∣L̃1(v

ϵ̄n,ξ − v, t)
∣∣∣
ρ
+
∣∣∣L̃2

(
vϵ̄n,ξ − v̂ξ, t

)∣∣∣
ρ

≤ C
(
ζ ϵ̄n1 + ζ ϵ̄n2

)
+ C

(
1 + |ξ|ρρ

)
sup
t∈[0,T ]

∣∣∣vϵ̄n,ξ(t)− v̂ξ(t)
∣∣∣
ρ
.

Since with probability 1

lim
n→∞

(
C
(
ζ ϵ̄n1 + ζ ϵ̄n2

)
+ C

(
1 + |ξ|ρρ

)
sup
t∈[0,T ]

∣∣∣vϵ̄n,ξ(t)− v̂ξ(t)
∣∣∣
ρ

)
= 0,

it follows that for a.e. ω ∈ Ω

sup
t∈[0,T ]

∣∣∣∣∣v̂ξ(t)− (L̃1

(
v̂ξ, t) + L̃2(v̂

ξ, t
)
+ L̃3(t)

)∣∣∣∣∣
ρ

= 0,

meaning v̂ξ satisfies (3.3). Recall that the original subsequence from which we chose the further
subsequence {vϵ̄n,ξ}n∈N that converged to v̂ξ a.s. was arbitrary. Consequently, it follows that
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{vϵ,ξ}ϵ∈(0,1] converges to v̂ξ in probability in C
(
[0, T ] : Lρ(D)

)
as ϵ → 0. To show uniqueness,

assume an Ft-adapted random process, ṽξ ∈ C
(
[0, T ] : Lρ(D)

)
, satisfies

sup
t∈[0,T ]

∣∣∣ṽξ(t)− L̃1

(
ṽξ, t

)
+ L̃2(ṽ

ξ, t) + L̃3(t)
∣∣∣
ρ
= 0,

for a.e. ω ∈ Ω. Then with probability 1, for all t ∈ [0, T ], we have∣∣∣v̂ξ(t)− ṽξ(t)
∣∣∣
ρ
=
∣∣∣L̃1

(
v̂ξ − ṽξ, t)

∣∣∣
ρ
+
∣∣∣L̃2

(
v̂ξ − ṽξ, t

)∣∣∣
ρ

≤ C
(
1 + |ξ|ρρ

) ∫ t

0

(
(t− s)

− d
2ρ

− 1
2 + (t− s)

− d
2ρ

)∣∣∣v̂ξ(s)− ṽξ(s)
∣∣∣
ρ
ds.

Therefore, Grönwall’s inequality implies that for a.e. ω ∈ Ω

sup
t∈[0,T ]

∣∣∣v̂ξ(t)− ṽξ(t)
∣∣∣
ρ
= 0.

This completes the proof. □

4. Uniform Large Deviation Principle

In this section we recall Freidlin and Wentzell’s definition of the uniform large deviation principle
Freidlin and Wentzell (2012) as well as that of an equicontinuous uniform Laplace principle Salins
(2019). We further assert that they are equivalent. We then provide a sufficient condition under
which an EULP and therefore an FWULDP holds. Let (E , τ) be a Polish space and E0 a set. For any
ξ ∈ E0, let Iξ : E → [0,+∞] be a so-called rate function, meaning that it is lower-semicontinuous.
Let Γξ(s) denote the level set Γξ(s) := {φ ∈ E : Iξ(φ) ≤ s}, and let L be a collection of subsets of
E0. Further, let α(ε) be a function converging to zero as ε approaches zero itself.

Definition 4.1 (FWULDP). A family of E-valued random variables, {Xε
ξ}
ξ∈E0
ε∈(0,1], is said to satisfy

an FWULDP with speed α(ε) and rate function Iξ, uniformly over L , if
(1) For any L ∈ L , s0 ≥ 0, and δ > 0

lim inf
ε→0

inf
ξ∈L

inf
φ∈Γξ(s0)

(
α(ε) logP

(
τ(Xε

ξ , φ) < δ
)
+ Iξ(φ)

)
≥ 0.

(2) For any L ∈ L , s0 ≥ 0, and δ > 0

lim sup
ε→0

sup
ξ∈L

sup
s∈[0,s0]

(
α(ε) logP

(
distE(Xε

ξ ,Γξ(s)
)
≥ δ) + s

)
≤ 0.

Recall that a family Q ⊂ Cb(E) of functions z : E → R is equibounded and equicontinuous if

sup
z∈Q

sup
φ∈E

∣∣z(φ)∣∣ <∞ and lim
δ→0

sup
z∈Q

sup
φ,η∈E

τ(φ,η)<δ

∣∣z(φ)− z(η)
∣∣ = 0.

Definition 4.2 (EULP). A family of E-valued random variables, {Xε
ξ}
ξ∈E0
ε∈(0,1], is said to satisfy

an EULP with speed α(ε) and rate function Iξ, uniformly over L , if for any L ∈ L and any
equicontinuous and equibounded family Q ⊂ Cb(E)

lim
ε→0

sup
ξ∈L

sup
z∈Q

∣∣∣∣∣α(ε) logE exp

(
−
z(Xε

ξ )

α(ε)

)
+ inf
φ∈E

{
z(φ) + Iξ(φ)

}∣∣∣∣∣ = 0.

Theorem 4.3 (Salins, 2019, Theorem 2.10). FWULDP and EULP are equivalent.
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We now present a sufficient condition under which a family of random variables satisfies an EULP
and therefore also an FWULDP. To this end, for any N > 0 and T > 0, let AN

2 be the collection of
Ft-adapted square integrable Rk-valued processes, such that

P
(
|β|L2([0,T ]:Rk) ≤ N

)
= 1.

Assumption 4.4. Assume that there exists a family of measurable maps G ε
ξ : C

(
[0, T ] → Rk

)
→ E

indexed by ε ∈ [0, 1] and ξ ∈ E0. Let B be a k-dimensional Brownian motion, Xε,β
ξ := G ε

ξ

(√
α(ε)B+∫ ·

0
β(s)ds

)
, and L be a collection of subsets of E0. Assume that for any δ > 0, L ∈ L and N > 0

lim
ε→0

sup
ξ∈L

sup
β∈AN

2

P

(
τ

(
G ε
ξ

(√
α(ε)B +

∫ ·

0
β(s)ds

)
,G 0

ξ

(∫ ·

0
β(s)ds

))
> δ

)
= 0.

Theorem 4.5 (Salins, 2019, Theorem 2.13). If Assumption 4.4 holds, then the family Xε,β
ξ :=

G ε
ξ

(√
α(ε)B+

∫ ·

0
β(s)ds

)
satisfies an EULP, uniformly over L with speed α(ε) and rate function

Iξ(φ) := inf{
β∈L2([0,T ]:Rk):φ:=G 0

ξ (
∫ ·
0 β(s)ds)

}{1

2

∫ T

0
|β(s)|2ds

}
,

with the convention that inf(∅) = +∞.

5. Controlled and Skeleton Equations

In this section we introduce the scaling, which is used in the second of our two main results: the
uniform moderate deviation principle. Let {γ(ϵ)}ϵ∈(0,1] be a sequence satisfying

lim
ϵ→0

γ(ϵ) = ∞ and lim
ϵ→0

γ(ϵ)
√
ϵ = 0, (5.1)

and define

zϵ,ξ :=
1

γ(ϵ)
√
ϵ
(uϵ,ξ − u0,ξ) =

1

γ(ϵ)
vϵ,ξ. (5.2)

Note that for a.e. ω ∈ Ω and for all t ∈ [0, T ], we have

zϵ,ξ(t, x) =−
∫ t

0

∫
D
∂yiGt−s(x, y)

1

γ(ϵ)
√
ϵ

(
gi
(
u0,ξ + γ(ϵ)

√
ϵzϵ,ξ

)
− gi

(
u0,ξ

))
(s, y)dyds

+

∫ t

0

∫
D
Gt−s(x, y)

1

γ(ϵ)
√
ϵ

(
f
(
u0,ξ + γ(ϵ)

√
ϵzϵ,ξ

)
− f

(
u0,ξ

))
(s, y)dyds

+
1

γ(ϵ)

∫ t

0

∫
D
Gt−s(x, y)σj

(
u0,ξ + γ(ϵ)

√
ϵzϵ,ξ

)
(s, y)dydBj(s), (5.3)

for a.e. x ∈ D. Observe that due to Theorem 3.1 and (5.1), zϵ,ξ converges to zero in probability in
C
(
[0, T ] : Lρ(D)

)
as ϵ approaches zero. Further, note that the unique mild solution to Eq. (2.1) is

probabilistically strong. The same holds for the solution to (5.3). For this reason, for any ϵ > 0 and
initial condition ξ ∈ Lρ(D), there exists a measurable map H ϵ

ξ : C([0, T ] : Rk) → C([0, T ] : Lρ(D)),

such that zϵ,ξ := H ϵ
ξ

( 1

γ(ϵ)
B
)
.

Next we provide the following definition [Eq. (4.1) in Budhiraja et al. (2008)], which is used in
the proof of our main results.
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Definition 5.1. For any N > 0, define

ΛN :=

{
β ∈ L2

(
[0, T ] : Rk

)
:

∫ T

0
|β(s)|2ds ≤ N

}
,

and endow ΛN with the metric

d1(f, g) :=
∞∑
i=1

1

2i

∣∣∣∣ ∫ T

0

(
fj(s)− gj(s)

)
eij(s)ds

∣∣∣∣,
where {ei}i∈N is an orthonormal basis of L2([0, T ] : Rk) under which ΛN is a compact metric space.
Note that when we say convergence in ΛN , we will be referring to convergence under the d1 metric
(which is consistent with the weak L2

(
[0, T ] : Rk

)
topology) rather than convergence under the

L2
(
[0, T ] : Rk

)
norm.

Let A2 be the set of Ft-adapted controls β : [0, T ] → Rk, such that P
(
|β|L2([0,T ]:Rk) < ∞

)
= 1.

Further, as introduced in Section 4, for any N > 0, let AN
2 ⊂ A2 be the set of admissible controls

such that

AN
2 :=

{
β ∈ A2 : β(ω) ∈ ΛN a.s.

}
,

where ΛN is given by Definition 5.1.
We now define the following change of measure, which will allow us to introduce the controlled

version of zϵ,ξ(t, x).

Definition 5.2 (Change of measure). For any N > 0 and β ∈ AN
2 define the measure Qϵ,β as

follows
dQϵ,β

dP
:= exp

{
γ(ϵ)

∫ T

0
βj(s)dB

j(s)− γ(ϵ)2

2

∫ T

0
|β(s)|2ds

}
.

Note that Girsanov’s theorem implies that under the measure, Qϵ,β , the process

B̄(t) := B(t)− γ(ϵ)

∫ t

0
β(s)ds,

is a k-dimensional Wiener process.

Let zϵ,ξ,β(t, x) := H ϵ
ξ

( 1

γ(ϵ)
B +

∫ ·

0
β(s)ds

)
. Note that, zϵ,ξ,β(t, x) is the so-called controlled

equation, and has the same distribution under the measure P, that zϵ,ξ(t, x) := H ϵ
ξ

( 1

γ(ϵ)
B
)

has

under the measure Qϵ,β . It solves

zϵ,ξ,β(t, x) = −
∫ t

0

∫
D
∂yiGt−s(x, y)

1

γ(ϵ)
√
ϵ

(
gi
(
u0,ξ + γ(ϵ)

√
ϵzϵ,ξ,β

)
− gi(u

0,ξ)
)
(s, y)dyds

+

∫ t

0

∫
D
Gt−s(x, y)

1

γ(ϵ)
√
ϵ

(
f
(
u0,ξ + γ(ϵ)

√
ϵzϵ,ξ,β)− f(u0,ξ

))
(s, y)dyds

+

∫ t

0

∫
D
Gt−s(x, y)σj

(
uϵ,ξ,β

)
(s, y)dyβj(s)ds

+
1

γ(ϵ)

∫ t

0

∫
D
Gt−s(x, y)σj

(
uϵ,ξ,β

)
(s, y)dydBj(s). (5.4)

The following theorem asserts the existence and uniqueness of solutions to (5.4). Its proof is
almost verbatim to that of Budhiraja et al. (2008, Theorem 10) with Girsanov’s theorem being the
main ingredient.
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Theorem 5.3 (Existence & uniqueness of controlled process). Let H ϵ
ξ denote the solution mapping,

and let β ∈ AN
2 for some N ∈ N. Then, for all ϵ ∈ (0, 1] and ξ ∈ Lρ(D)

zϵ,β,ξ := H ϵ
ξ

( 1

γ(ϵ)
B +

∫ ·

0
β(s)ds

)
,

is the unique solution to (5.4).

When ϵ = 0, H 0
ξ

(∫ ·

0
β(s)ds

)
:= z0,ξ,β(t, x), will represent the solution to the so-called skeleton

equation. It solves

z0,ξ,β(t, x) =−
∫ t

0

∫
D
∂yiGt−s(x, y)

(
g′i(u

0,ξ)z0,ξ,β
)
(s, y)dyds

+

∫ t

0

∫
D
Gt−s(x, y)

(
f ′(u0,ξ)z0,ξ,β

)
(s, y)dyds

+

∫ t

0

∫
D
Gt−s(x, y)σj

(
u0,ξ

)
(s, y)dyβj(s)ds. (5.5)

The following lemma asserts the existence of a unique solution to the skeleton equation. It is
essentially a deterministic version of Theorem 3.1. Therefore, for the sake of brevity, and because
the arguments employed in the proof of this lemma are indeed similar to those used in the proof of
Theorem 3.1, we will only provide a sketch, which is located in Section A.2.

Theorem 5.4 (Existence & uniqueness of skeleton). For any N > 0 and β ∈ ΛN , there exists a
unique solution to (5.5) in C

(
[0, T ] : Lρ(D)

)
.

We are now in a position to provide a definition for the large deviations rate function.

Definition 5.5 (Large deviations rate function). Let ξ ∈ Lρ(D) and ψ ∈ C
(
[0, T ] : Lρ(D)

)
. We

define the large deviations rate function or action functional, Iξ : C
(
[0, T ] : Lρ(D)

)
→ [0,+∞] by

Iξ(ψ) := inf{
β∈L2([0,T ]:Rk):ψ:=H 0

ξ (
∫ ·
0 β(s)ds)

}{1

2

∫ T

0
|β(s)|2ds

}
, (5.6)

with the convention that inf(∅) = +∞. We say that Iξ is a rate function if for any fixed ξ ∈ Lρ(D),
the mapping Iξ : C

(
[0, T ] : Lρ(D)

)
→ [0,+∞] is lower-semicontinuous.

6. Uniform Moderate Deviation Principle in C
(
[0, T ] : Lρ(D)

)
In this section we state the uniform moderate deviation principle – the second main result of our
paper – which is indeed a uniform large deviation principle but with the scaling introduced in
Section 5 .

Theorem 6.1 (Uniform Moderate Deviation Principle in C
(
[0, T ] : Lρ(D)

)
topology). The pro-

cesses, {zϵ,ξ}ξ∈L
ρ(D)

ϵ∈(0,1] satisfy a uniform moderate deviation principle on C
(
[0, T ] : Lρ(D)

)
, where the

uniformity is over Lρ(D)-bounded sets of initial conditions with rate function Iξ, given by (5.6).
(1) For any R > 0, s0 ≥ 0, and δ > 0

lim inf
ϵ→0

inf
|ξ|ρ≤R

inf
ψ∈Γξ(s0)

(
1

(γ(ϵ))2
logP

(∣∣zϵ,ξ − ψ
∣∣
C([0,T ]:Lρ(D))

< δ
)
+ Iξ(ψ)

)
≥ 0.

(2) For any R > 0, s0 ≥ 0, and δ > 0

lim sup
ϵ→0

sup
|ξ|ρ≤R

sup
s∈[0,s0]

(
1

(γ(ϵ))2
logP

(
distC([0,T ]:Lρ(D))

(
zϵ,ξ,Γξ(s)

))
≥ δ
)
+ s

)
≤ 0,
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where
Γξ(s) :=

{
ψ ∈ C

(
[0, T ] : Lρ(D)

)
: Iξ(ψ) ≤ s

}
.

The proof of Theorem 6.1 is in Section 8.

Corollary 6.2 (ULP). Let Iξ be given by Definition 5.6 and
{
zϵ,ξ
}ξ∈Lρ(D)

ϵ∈(0,1] be given by (5.3). Then,
for any bounded, continuous function f : C

(
[0, T ] : Lρ(D)

)
→ R and compact subset K ⊂ Lρ(D),

we have

lim
ϵ→0

sup
ξ∈K

∣∣∣∣∣ 1(
γ(ϵ)

)2 logE[e−(γ(ϵ))2f(zϵ,ξ)
]
+ inf
ψ∈C([0,T ]:Lρ(D))

{
Iξ(ψ) + f(ψ)

}∣∣∣∣∣ = 0.

The proof of Corollary 6.2 is in Section 8.

The following corollary follows immediately from Corollary 6.2, as for Polish space random el-
ements the Laplace principle implies the large deviation principle. (see Dupuis and Ellis, 1997,
Theorem 1.2.1). Due to the scaling that the LDP is under, we will refer to this corollary as an
MDP.

Corollary 6.3 (MDP). Let Iξ be given by Definition 5.6 and {zϵ,ξ}ξ∈L
ρ(D)

ϵ∈(0,1] be given by (5.3). Then,
for any ξ ∈ Lρ(D), the following hold:
(a) For any closed F ⊂ C

(
[0, T ] : Lρ(D)

)
lim sup
ϵ→0

1(
γ(ϵ)

)2 logP (zϵ,ξ ∈ F
)
≤ − inf

ψ∈F

{
Iξ(ψ)

}
.

(b) For any open G ⊂ C
(
[0, T ] : Lρ(D)

)
lim inf
ϵ→0

1(
γ(ϵ)

)2 logP (zϵ,ξ ∈ G
)
≥ − inf

ψ∈G

{
Iξ(ψ)

}
.

7. Preliminary Results Required to Prove Theorem 6.1

The following lemma demonstrates that the law of large numbers limit is continuous as a function
of the initial condition, which is needed for the proof of Theorem 7.3.

Lemma 7.1. If ξn → ξ in Lρ(D) as n→ ∞, then u0,ξ
n → u0,ξ in C

(
[0, T ] : Lρ(D)

)
.

Proof : We have for all t ∈ [0, T ]∣∣∣u0,ξn(t)− u0,ξ(t)
∣∣∣
ρ
≤
∣∣∣∣ ∫ t

0

∫
D
∂yiGt−s(·, y)

(
gi(u

0,ξn)− gi(u
0,ξ)
)
(s, y)dyds

∣∣∣∣
ρ

+

∣∣∣∣ ∫ t

0

∫
D
Gt−s(·, y)

(
f(u0,ξ

n
)− f(u0,ξ)

)
(s, y)dyds

∣∣∣∣
ρ

+

∣∣∣∣ ∫
D
Gt(·, y)

∣∣ξn(y)− ξ(y)
∣∣dy∣∣∣∣

ρ

:= Jn1 (t) + Jn2 (t) + Jn3 (t).

Using an argument similar to that used in the proof of Proposition 3.2 gives

Jn2 (t) ≤ C

∫ t

0

∣∣u0,ξn(s)− u0,ξ(s)
∣∣
ρ
ds,
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and

Jn1 (t) ≤ C

(
1 + sup

s∈[0,T ]

∣∣u0,ξn(s)∣∣
ρ
+ sup
s∈[0,T ]

∣∣u0,ξn(s)∣∣
ρ

)∫ t

0
(t− s)

− d
2ρ

− 1
2
∣∣u0,ξn(s)− u0,ξ(s)

∣∣
ρ
ds

≤ C

(
1 +

∣∣ξn∣∣ρ
ρ
+
∣∣ξ∣∣ρ

ρ

)∫ t

0
(t− s)

− d
2ρ

− 1
2
∣∣u0,ξn(s)− u0,ξ(s)

∣∣
ρ
ds,

where the second inequality used Lemma A.6. In addition, Young’s inequality and (E1) give

Jn3 (t) ≤ C
∣∣ξn(s)− ξ(s)

∣∣
ρ
.

Therefore, for all t ∈ [0, T ] we have∣∣u0,ξn(t)− u0,ξ(t)
∣∣
ρ
≤ C

∣∣ξn(s)− ξ(s)
∣∣
ρ

+ C

∫ t

0

((
1 +

∣∣ξn∣∣ρ
ρ
+
∣∣ξ∣∣ρ

ρ

)
(t− s)

− d
2ρ

− 1
2 + 1

)∣∣u0,ξn(s)− u0,ξ(s)
∣∣
ρ
ds. (7.1)

Finally, Grönwall’s inequality implies

sup
t∈[0,T ]

∣∣u0,ξn(t)− u0,ξ(t)
∣∣
ρ
≤ C

∣∣ξn(s)− ξ(s)
∣∣
ρ
eC
(
1+|ξn|ρρ+|ξ|ρρ

)
.

Now tending n to ∞, taking the limit of both sides, and further using that ξn → ξ in Lρ(D) as
n→ ∞, yields the result. This completes the proof. □

The proof of Theorem 7.3 also requires the following lemma, which gives a bound on the Lρ-norm
of the skeleton equation in terms of the initial condition and the control.

Lemma 7.2. There exists a constant C > 0, such that for all ξ ∈ Lρ(D), N > 0, and β ∈ ΛN , we
have

sup
t∈[0,T ]

∣∣z0,ξ,β(t)∣∣
ρ
≤ CN

(
1 +

∣∣ξ∣∣ρ
ρ

)
eC(1+|ξ|ρρ).

Proof : For all t ∈ [0, T ], we have∣∣z0,ξ,β(t)∣∣
ρ
≤
∣∣∣∣ ∫ t

0

∫
D
∂yiGt−s(·, y)

(
g′i(u

0,ξ)z0,ξ,β
)
(s, y)dyds

∣∣∣∣
ρ

+

∣∣∣∣ ∫ t

0

∫
D
Gt−s(·, y)

(
f ′(u0,ξ)z0,ξ,β

)
(s, y)dyds

∣∣∣∣
ρ

+

∣∣∣∣ ∫ t

0

∫
D
Gt−s(·, y)σj

(
u0,ξ

)
(s, y)dyβj(s)ds

∣∣∣∣
ρ

:= J1(t) + J2(t) + J3(t).

Using a similar argument to that applied to the L̃ϵ1 and L̃ϵ2 terms in the proof of Theorem 3.1, gives

J1(t) ≤ C
(
1 +

∣∣ξ∣∣ρ
ρ

) ∫ t

0
(t− s)

− d
2ρ

− 1
2
∣∣z0,ξ,β(s)∣∣

ρ
ds,

and

J2(t) ≤ C
(
1 +

∣∣ξ∣∣ρ
ρ

) ∫ t

0
(t− s)

− d
2ρ
∣∣z0,ξ,β(s)∣∣

ρ
ds.
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In addition, Minkowski’s inequality, Young’s inequality with (E1) and (A4), Lemma A.6, and the
fact that β ∈ ΛN , give

J3(t) ≤ C

∫ t

0

(
1 +

∣∣u0,ξ(s)∣∣
ρ

)∣∣β(s)∣∣ds ≤ C
(
1 + sup

t∈[0,T ]

∣∣u0,ξ(t)∣∣
ρ

)(∫ t

0

∣∣β(s)∣∣2ds) 1
2

≤ CN
(
1 +

∣∣ξ∣∣ρ
ρ

)
.

Therefore∣∣z0,β,ξ(t)∣∣
ρ
≤ CN

(
1 +

∣∣ξ∣∣ρ
ρ

)
+ C

(
1 +

∣∣ξ∣∣ρ
ρ

) ∫ t

0

(
(t− s)

− d
2ρ + (t− s)

− d
2ρ

− 1
2

)∣∣z0,ξ,β(s)∣∣
ρ
ds,

for all t ∈ [0, T ] and Grönwall’s inequality yields

sup
t∈[0,T ]

∣∣z0,ξ,β(t)∣∣
ρ
≤ CN

(
1 + |ξ|ρρ

)
eC
(
1+|ξ|ρρ

)
.

This completes the proof. □

The next theorem demonstrates the continuity of the skeleton equation and is used in the proof
Corollary 6.2.

Theorem 7.3 (Continuity of skeleton equation). For any N > 0, the mapping

(ξ, β) → H 0
ξ

(∫ ·

0
β(s)ds

)
from Lρ(D)× ΛN to C

(
[0, T ] : Lρ(D)

)
is continuous.

Proof : Assume that (ξn, βn) → (ξ, β) in Lρ(D) × ΛN (recall the metric on ΛN given in Definition
5.1). We have

sup
t∈[0,T ]

∣∣∣z0,ξn,βn
(t)−z0,ξ,β,(t)

∣∣∣
ρ
≤ sup

t∈[0,T ]

∣∣∣z0,ξn,βn
(t)−z0,ξ,βn

(t)
∣∣∣
ρ
+ sup
t∈[0,T ]

∣∣∣z0,ξ,βn
(t)−z0,ξ,β(t)

∣∣∣
ρ
. (7.2)

First, consider supt∈[0,T ]
∣∣z0,ξn,βn

(t)− z0,ξ,β
n
(t)
∣∣
ρ

and note that for all t ∈ [0, T ]

∣∣∣z0,ξn,βn
(t)− z0,ξ,β

n
(t)
∣∣∣
ρ
≤

∣∣∣∣∣
∫ t

0

∫
D
∂yiGt−s(·, y)

(
g′i(u

0,ξn)z0,ξ
n,βn − g′i(u

0,ξ)z0,ξ,β
n
)
(s, y)dyds

∣∣∣∣∣
ρ

+

∣∣∣∣∣
∫ t

0

∫
D
Gt−s(·, y)

(
f ′(u0,ξ

n
)z0,ξ

n,βn − f ′(u0,ξ)z0,ξ,β
n
)
(s, y)dyds

∣∣∣∣∣
ρ

+

∣∣∣∣∣
∫ t

0

∫
D
Gt−s(·, y)

(
σj(u

0,ξn)− σj(u
0,ξ)
)
(s, y)dyβnj (s)ds

∣∣∣∣∣
ρ

:= Jn1 (t) + Jn2 (t) + Jn3 (t).

Using Minkowski’s inequality, we have

Jn1 ≤
∫ t

0

∣∣∣∣ ∫
D
∂yiGt−s(·, y)

(
g′i(u

0,ξn)
(
z0,ξ

n,βn − z0,ξ,β
n))

(s, y)dy

∣∣∣∣
ρ

ds

+

∫ t

0

∣∣∣∣ ∫
D
∂yiGt−s(·, y)

((
g′i(u

0,ξn)− g′i(u
0,ξ)
)
z0,ξ,β

n
)
(s, y)dy

∣∣∣∣
ρ

ds

:= Jn11(t) + Jn12(t),
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and

Jn2 ≤
∫ t

0

∣∣∣∣ ∫
D
Gt−s(·, y)

(
f ′
(
u0,ξ

n
)(z0,ξ

n,βn − z0,ξ,β
n))

(s, y)dy

∣∣∣∣
ρ

ds∫ t

0

∣∣∣∣ ∫
D
Gt−s(·, y)

((
f ′(u0,ξ

n
)− f ′(u0,ξ)

)
z0,ξ,β

n
)
(s, y)dy

∣∣∣∣
ρ

ds

:= Jn21(t) + Jn22(t).

A similar argument to that applied to the L̃ϵ1 and L̃ϵ2 terms in the proof of Theorem 3.1, gives

Jn11(t) ≤ C
(
1 +

∣∣ξn∣∣ρ
ρ

) ∫ t

0
(t− s)

− d
2ρ

− 1
2

∣∣∣z0,ξn,βn
(s)− z0,ξ,β

n
(s)
∣∣∣
ρ
ds,

and

Jn21(t) ≤ C
(
1 +

∣∣ξn∣∣ρ
ρ

) ∫ t

0
(t− s)

− d
2ρ

∣∣∣z0,ξn,βn
(s)− z0,ξ,β

n
(s)
∣∣∣
ρ
ds.

In addition, using Young’s inequality combined with (E2), Hölder’s inequality, and (A6), gives

Jn12(t) ≤ C
d∑
i=1

∫ t

0
(t− s)

− d
2ρ

− 1
2

∣∣∣∣((g′i(u0,ξn)− g′i(u
0,ξ)
)
z0,ξ,β

n
)
(s, ·)

∣∣∣∣
ρ
2

ds

≤ C

d∑
i=1

∫ t

0
(t− s)

− d
2ρ

− 1
2

∣∣∣g′i(u0,ξn)(s)− g′i(u
0,ξ)(s)

∣∣∣
ρ

∣∣z0,ξ,βn
(s)
∣∣
ρ
ds

≤ C sup
t∈[0,T ]

∣∣z0,ξ,βn
(t)
∣∣
ρ

sup
t∈[0,T ]

∣∣∣u0,ξn(t)− u0,ξ(t)
∣∣∣
ρ
.

Similarly, using Young’s inequality combined with (E1), Hölder’s inequality, and (A6), gives

Jn22(t) ≤ C sup
t∈[0,T ]

∣∣z0,ξ,βn
(t)
∣∣
ρ

sup
t∈[0,T ]

∣∣∣u0,ξn(t)− u0,ξ(t)
∣∣∣
ρ
.

Again using Minkowski’s inequality, Young’s inequality with (E1), (A5), and that βn ∈ ΛN , gives

Jn3 (t) ≤
∫ t

0

∣∣∣∣ ∫
D
Gt−s(·, y)

(
σj(u

0,ξn)− σj(u
0,ξ)
)
(s, y)dyβnj (s)

∣∣∣∣
ρ

ds

≤ C

∫ t

0

∣∣∣u0,ξn(s)− u0,ξ(s)
∣∣∣
ρ

∣∣βn(s)∣∣ds ≤ C sup
t∈[0,T ]

∣∣∣u0,ξn(t)− u0,ξ(t)
∣∣∣
ρ
.

Therefore ∣∣∣z0,ξn,βn
(t)− z0,ξ,β

n
(t)
∣∣∣
ρ
≤ C

(
1 + sup

t∈[0,T ]

∣∣z0,ξ,βn
(t)
∣∣
ρ

)
sup
t∈[0,T ]

∣∣∣u0,ξn(t)− u0,ξ(t)
∣∣∣
ρ

+ C
(
1 +

∣∣ξn∣∣ρ
ρ

)∫ t

0
ct(s)

∣∣∣z0,ξn,βn
(s)− z0,ξ,β

n
(s)
∣∣∣
ρ
ds,

for all t ∈ [0, T ], where
ct(s) := (t− s)

− d
2ρ

− 1
2 + (t− s)

− d
2ρ .

Consequently, Grönwall’s inequality implies

sup
t∈[0,T ]

∣∣∣z0,ξn,βn
(t)− z0,ξ,β

n
(t)
∣∣∣
ρ
≤ C

(
1 + sup

t∈[0,T ]

∣∣z0,ξ,βn
(t)
∣∣
ρ

)
sup
t∈[0,T ]

∣∣∣u0,ξn(t)− u0,ξ(t)
∣∣∣
ρ
eC(1+|ξn|ρρ),

and due to Lemma 7.1, Lemma 7.2, and the fact that ξn → ξ in Lρ(D) as n→ ∞, we have

lim
n→∞

sup
t∈[0,T ]

∣∣∣z0,ξn,βn
(t)− z0,ξ,β

n
(t)
∣∣∣
ρ
= 0. (7.3)
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Now consider supt∈[0,T ]
∣∣z0,ξ,β(t)− z0,ξ,β

n
(t)
∣∣
ρ
. For all t ∈ [0, T ], we have

z0,ξ,β(t, x)− z0,ξ,β
n
(t, x) =

∫ t

0

∫
D
∂yiGt−s(x, y)

(
g′i(u

0,ξ)
(
z0,ξ,β − z0,ξ,β

n))
(s, y)dyds

+

∫ t

0

∫
D
Gt−s(x, y)

(
f ′(u0,ξ)

(
z0,ξ,β − z0,ξ,β

n))
(s, y)dyds

+

∫ t

0

∫
D
Gt−s(x, y)

(
σj(u

0,ξ)
)
(s, y)dy

(
βj(s)− βnj (s)

)
ds

:= Ln1 (t, x) + Ln2 (t, x) + Ln3 (t, x),

for a.e. x ∈ D. Therefore, for all t ∈ [0, T ]∣∣∣z0,ξ,β(t)− z0,ξ,β
n
(t)
∣∣∣
ρ
≤
∣∣Ln1 (t, ·)∣∣ρ + ∣∣Ln2 (t, ·)∣∣ρ + ∣∣Ln3 (t, ·)∣∣ρ.

Similar to Jn11 and Jn21 above, it follows that∣∣Ln1 (t, ·)∣∣ρ ≤ C
(
1 +

∣∣ξ∣∣ρ
ρ

) ∫ t

0
(t− s)

− d
2ρ

− 1
2

∣∣∣z0,ξ,β(s)− z0,ξ,β
n
(s)
∣∣∣
ρ
ds,

and ∣∣Ln2 (t, ·)∣∣ρ ≤ C
(
1 +

∣∣ξ∣∣ρ
ρ

) ∫ t

0
(t− s)

− d
2ρ

∣∣∣z0,ξ,β(s)− z0,ξ,β
n
(s)
∣∣∣
ρ
ds.

Therefore, for all t ∈ [0, T ]∣∣∣z0,ξ,β(t)− z0,ξ,β
n
(t)
∣∣∣
ρ
≤ sup

s∈[0,T ]

∣∣Ln3 (s)∣∣ρ + C
(
1 +

∣∣ξ∣∣ρ
ρ

) ∫ t

0
ct(s)

∣∣∣z0,ξ,β(s)− z0,ξ,β
n
(s)
∣∣∣
ρ
ds,

where
ct(s) := (t− s)

− d
2ρ

− 1
2 + (t− s)

− d
2ρ ,

and Grönwall’s inequality gives

sup
t∈[0,T ]

∣∣∣z0,ξ,β(t)− z0,ξ,β
n
(t)
∣∣∣
ρ
≤ sup

t∈[0,T ]

∣∣Ln3 (t)∣∣ρeC(1+|ξ|ρρ). (7.4)

Now consider Ln3 (t, x). Note that for all (t, x) ∈ [0, T ] × D and j ∈ {1, ..., k}, Hölder’s inequality
combined with (E1), (A4), and Lemma A.6, gives∫ t

0

(∫
D
Gt−s(x, y)σj

(
u0,ξ

)
(s, y)dy

)2

ds

≤ C

∫ t

0
(t− s)

− d
ρ
∣∣σj(u0,ξ)(s, ·)∣∣2ρds ≤ C

(
1 + sup

s∈[0,T ]
|u0,ξ(s)|2ρ

)
ds ≤ C

(
1 +

∣∣ξ∣∣ρ
ρ

)
.

Consequently, for all (t, x) ∈ [0, T ] × D, we have I{s<t}
∫
D
Gt−s(x, y)σj

(
u0,ξ

)
(s, y)dy ∈ L2

(
[0, T ] :

Rk
)

so the convergence of βn → β in ΛN
(
which implies βn → β weakly in L2

(
[0, T ] : Rk

))
gives

lim
n→∞

Ln3 (t, x) → 0, (7.5)

for all (t, x) ∈ [0, T ] × D. Due to (A4), Lemma A.6, and that {βn}n∈N, β ∈ ΛN , we have for all
j ∈ {1, ..., k}(∫ T

0

∣∣∣σj(u0,ξ)(s, ·)(βnj (s)− βj(s)
)∣∣∣2
ρ
ds

) 1
2

≤ C

(
1 + sup

r∈[0,T ]

∣∣u0,ξ(r)∣∣
ρ

)(∫ T

0

∣∣∣βnj (s)− βj(s)
∣∣∣2ds) 1

2

≤ C
(
1 +

∣∣ξ∣∣ρ
ρ

)
.
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Consequently, Lemma A.3 implies that there exists a constant C > 0, such that for all n ∈ N∣∣∣Ln3 (t, ·)− Ln3 (s, ·)
∣∣∣
ρ
≤ C

(
1 +

∣∣ξ∣∣ρ
ρ

)∣∣t− s
∣∣ 14 ,

for all s, t ∈ [0, T ] and ∣∣∣Ln3 (t, x)− Ln3 (t, y)
∣∣∣ ≤ C

(
1 +

∣∣ξ∣∣ρ
ρ

)∣∣x− y
∣∣ ρ−d

2ρ ,

for all x, y ∈ D, and t ∈ [0, T ]. It follows from a deterministic version of the proof of Lemma A.5
that {Ln3}n∈N is tight in C

(
[0, T ] : Lρ(D)

)
. Therefore, any subsequence of {Ln3}n∈N has a further

subsequence that converges in C
(
[0, T ] : Lρ(D)

)
and due to (7.5), this limit must be 0 ∈ C

(
[0, T ] :

Lρ(D)
)
. From this it follows that

lim
n→∞

sup
t∈[0,T ]

∣∣Ln3 (t)∣∣ρ = 0.

Plugging this into (7.4), gives

lim
n→∞

sup
t∈[0,T ]

∣∣∣z0,ξ,β(t)− z0,ξ,β
n
(t)
∣∣∣
ρ
= 0,

which combined with (7.3) and (7.2), yields

lim
n→∞

sup
t∈[0,T ]

∣∣∣z0,ξn,βn
(t)− z0,ξ,β(t)

∣∣∣
ρ
= 0.

This completes the proof. □

The following lemma, which can be thought of as an analogue of Lemma A.6 for uϵ,ξ,β is used to
prove Lemma 7.5.

Lemma 7.4. Let N > 0 be arbitrary. Then, there exists a constant CN > 0, such that for any
β ∈ AN

2 , ξ ∈ Lρ(D), and ϵ ∈ (0, 1], we have

E

[
sup
t∈[0,T ]

∣∣uϵ,β,ξ(t)∣∣ρ
ρ

]
≤ CN

(
1 +

∣∣ξ∣∣ρ
ρ

)
.

Proof : This proof is essentially an application of Girsanov’s theorem to what was already done in
Gyöngy and Rovira (2000). For this reason, we only provide a sketch here and refer the reader to
that paper for additional details.

Recall that limϵ→0
√
ϵγ(ϵ) = 0. For this reason, supϵ∈(0,1]

√
ϵγ(ϵ) <∞. Let ϵ ∈ (0, 1] be arbitrary.

As in the proofs of Theorem 2.1 and Proposition 4.4 in Gyöngy and Rovira (2000), we can consider a
sequence of Ft-adapted random processes {ûϵn}n∈N ∈ C

(
[0, T ] : Lρ(D)

)
, which satisfy the following:

(a) lim
n→∞

ûϵn = uϵ,ξ a.s. in C
(
[0, T ] : Lρ(D)

)
.

(b) For all q ∈ [1,∞) and n ∈ N

E

[
sup
t∈[0,T ]

∣∣ûϵn(t)∣∣qq] <∞.

(c) There exists a constant K1 > 0, which does not depend on n or ϵ, such that for all n ∈ N, and
for a.e. ω ∈ Ω∣∣ûϵn(t)∣∣ρρ ≤ ∣∣ξ∣∣ρρ +K1 +K1

∫ t

0

∣∣ûϵn(s)∣∣ρρds
+
√
ϵρ

∫ t

0

∫
D

∣∣ûϵn(s, x)∣∣ρ−2
ûϵn(s, x)σjn

(
s, x, ûϵn(s, x)

)
dxdBj(s),

where σjn is a truncated version of σj , which satisfies (A4) with the same L > 0.
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Recall the measure Qϵ,β given in Definition 5.2 and that B̄(t) := B(t) − γ(ϵ)

∫ t

0
β(s)ds is a k-

dimensional Brownian motion under Qϵ,β . Consequently, under the measure Qϵ,β , uϵ,ξ has the same
distribution as uϵ,ξ,β . For a.e. ω ∈ Ω∣∣ûϵn(t)∣∣ρρ ≤ ∣∣ξ∣∣ρρ +K1 +K1

∫ t

0

∣∣ûϵn(s)∣∣ρρds
+
√
ϵγ(ϵ)ρ

∫ t

0

∫
D
|ûϵn(s, x)|ρ−2ûϵn(s, x)σjn

(
s, x, ûϵn(s, x)

)
dxβϵj(s)ds

+
√
ϵρ

∫ t

0

∫
D

∣∣ûϵn(s, x)∣∣ρ−2
ûϵn(s, x)σjn

(
s, x, ûϵn(s, x)

)
dxdB̄j(s), (7.6)

for all t ∈ [0, T ]. Since β ∈ AN
2 , it follows that E

[(dQϵ,β
dP

)2]
<∞. Consequently for all q <∞

EQ
ϵ,β

[
sup
t∈[0,T ]

∣∣ûϵn(t)∣∣qq] ≤ E

[
sup
t∈[0,T ]

∣∣ûϵn(t)∣∣2q2q] 1
2

E

[(
dQϵ,β

dP

)2] 1
2

<∞.

The Burkholder-Davis-Gundy inequality gives

EQ
ϵ,β

[
sup
r∈[0,t]

∣∣∣∣√ϵρ∫ r

0

∫
D

∣∣ûϵn(s, x)∣∣ρ−2
ûϵn(s, x)σjn

(
s, x, ûϵn(s, x)

)
dxdB̄j(s)

∣∣∣∣
]

≤ C
k∑
j=1

EQ
ϵ,β

[(∫ t

0

(∫
D

∣∣ûϵn(s, x)∣∣ρ−2
ûϵn(s, x)σjn

(
s, x, ûϵn(s, x)

)
dx

)2

ds

) 1
2
]

≤ CEQ
ϵ,β

[(∫ t

0

(
1 +

∣∣ûϵn(s)∣∣ρρ)2ds) 1
2

]
≤ C

(
1 + EQ

ϵ,β

[(
sup
r∈[0,t]

∣∣ûϵn(r)∣∣ρρ ∫ t

0
|ûϵn(s)

∣∣ρ
ρ
ds

) 1
2

])

≤ 1

4
EQ

ϵ,β

[
sup
r∈[0,t]

∣∣ûϵn(r)∣∣ρρ]+K2

(
1 + EQ

ϵ,β

[ ∫ t

0

∣∣ûϵn(s)∣∣ρρds]
)
,

for all t ∈ [0, T ], where the constant K2 > 0 neither depends on n nor on ϵ. Similarly, since
supϵ∈(0,1]

√
ϵγ(ϵ) <∞, for all t ∈ [0, T ], we have

∣∣∣∣∣√ϵγ(ϵ)ρ
∫ t

0

∫
D

∣∣ûϵn(s, x)∣∣ρ−2
ûϵn(s, x)σjn

(
s, x, ûϵn(s, x)

)
dxβϵj(s)ds

∣∣∣∣∣
≤ C

∫ t

0

(
1 +

∣∣ûϵn(s)∣∣ρρ)∣∣βϵ(s)∣∣ds ≤ C

(∫ t

0

(
1 +

∣∣ûϵn(s)∣∣ρρ)2ds) 1
2
(∫ t

0

∣∣βϵ(s)∣∣2ds) 1
2

≤ CN

(
1 +

(
sup
r∈[0,t]

∣∣ûϵn(r)∣∣ρρ ∫ t

0

∣∣ûϵn(s)∣∣ρρds) 1
2

)
≤ 1

4
sup
r∈[0,t]

∣∣ûϵn(r)∣∣ρρ +K3,N

(
1 +

∫ t

0

∣∣ûϵn(s)∣∣ρρds).
Combining the foregoing with (7.6) and defining K4,N := K1 +K2 +K3,N , gives

1

2
EQ

ϵ,β

[
sup
s∈[0,t]

∣∣ûϵn(s)∣∣ρρ] ≤ ∣∣ξ∣∣ρρ +K4,N +K4,N

∫ t

0
EQ

ϵ,β

[
sup
r∈[0,s]

∣∣ûϵn(r)∣∣ρρ]ds.
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Since t → EQ
ϵ,β
[
sup
s∈[0,t]

∣∣ûϵn(s)∣∣ρρ] is continuous (this is due to ûϵn ∈ C
(
[0, T ] : Lρ(D)

)
Q-a.s., and

the monotone convergence theorem), Grönwall’s inequality gives

EQ
ϵ,β

[
sup
t∈[0,T ]

∣∣ûϵn(t)∣∣ρρ] ≤ 2
(
|ξ|ρρ +K4,N

)
e2K4,N ,

for all n ∈ N. Since limn→∞ ûϵn = uϵ,ξ in C
(
[0, T ] : Lρ(D)

)
Qϵ,β-a.s., Fatou’s Lemma gives

EQ
ϵ,β

[
sup
t∈[0,T ]

∣∣uϵ,ξ(t)∣∣ρ
ρ

]
≤ lim inf

n→∞
EQ

ϵ,β

[
sup
t∈[0,T ]

∣∣ûϵn(t)∣∣ρρ] ≤ 2
(∣∣ξ∣∣ρ

ρ
+K4,N

)
e2K4,N .

Since the distribution of uϵ,ξ under Qϵ,β is the same as uϵ,ξ,β and ϵ was arbitrary, this completes the
proof. □

Lemma 7.5. For any N > 0 and R > 0{
sup
t∈[0,T ]

∣∣zϵ,ξ,β(t)∣∣
ρ

}|ξ|ρ≤R,β∈AN
2

ϵ∈(0,1]
,

is bounded in probability, uniformly in ϵ ∈ (0, 1], |ξ|ρ ≤ R and β ∈ AN
2 .

Proof : Throughout this proof, the free positive constant C will neither depend on R nor on N . For
convenience, define

ζϵ,ξ,β1 := sup
t∈[0,T ]

∣∣uϵ,ξ,β(s)∣∣
ρ
+ sup
t∈[0,T ]

∣∣u0,ξ(s)∣∣
ρ
.

Due to Lemma 7.4 and Lemma A.6, there exists a constant KR,N > 0, such that

sup
ϵ∈(0,1]

sup
|ξ|ρ≤R

sup
β∈AN

2

E
[(
ζϵ,ξ,β1

)ρ] ≤ KR,N .

For a.e. ω ∈ Ω, we have for all t ∈ [0, T ]

zϵ,β,ξ(t, x) =

∫ t

0

∫
D
∂yiGt−s(x, y)

1

γ(ϵ)
√
ϵ

(
gi
(
u0,ξ + γ(ϵ)

√
ϵzϵ,β,ξ

)
− gi(u

0,ξ)
)
(s, y)dyds

+

∫ t

0

∫
D
Gt−s(x, y)

1

γ(ϵ)
√
ϵ

(
f(u0,ξ + γ(ϵ)

√
ϵzϵ,β,ξ)− f(u0,ξ)

)
(s, y)dyds

+

∫ t

0

∫
D
Gt−s(x, y)σj

(
uϵ,β,ξ

)
(s, y)dyβj(s)ds

+
1

γ(ϵ)

∫ t

0

∫
D
Gt−s(x, y)σj

(
uϵ,β,ξ)

(
s, y)dydBj(s)

:= Lϵ,ξ,β1 (t, x) + Lϵ,ξ,β2 (t, x) + Lϵ,ξ,β3 (t, x) +
1

γ(ϵ)
Lϵ,ξ,β4 (t, x), (7.7)

for a.e. x ∈ D. Next define

L̃ϵ,ξ,β1 (t, x) :=

∫ t

0

∫
D
∂yiGt−s(x, y)

(
zϵ,β,ξg′i(u

0,ξ)
)
(s, y)dyds.

As in the proof of Theorem 3.1, it follows that∣∣∣Lϵ,ξ,β1 (t, ·)− L̃ϵ,ξ,β1 (t, ·)
∣∣∣
ρ
≤ Cγ(ϵ)

√
ϵ

∫ t

0
(t− s)

− d
2ρ

− 1
2
∣∣zϵ,β,ξ(s)∣∣2

ρ
ds

≤ Cζϵ,ξ,β1

∫ t

0
(t− s)

− d
2ρ

− 1
2
∣∣zϵ,β,ξ(s)∣∣

ρ
ds,
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and ∣∣L̃ϵ,ξ,β1 (t, ·)
∣∣
ρ
≤ C

(
1 + ζϵ,ξ,β1

) ∫ t

0
(t− s)

− d
2ρ

− 1
2
∣∣zϵ,β,ξ(s)∣∣

ρ
ds,

which gives ∣∣Lϵ,ξ,β1 (t, ·)
∣∣
ρ
≤ C

(
1 + ζϵ,ξ,β1

) ∫ t

0
(t− s)

− d
2ρ

− 1
2
∣∣zϵ,β,ξ(s)∣∣

ρ
ds.

A similar argument gives∣∣Lϵ,ξ,β2 (t, ·)
∣∣
ρ
≤ C

(
1 + ζϵ,ξ,β1

) ∫ t

0
(t− s)

− d
2ρ
∣∣zϵ,β,ξ(s)∣∣

ρ
ds.

Similar to the treatment of the J3(t) term in the proof of Lemma 7.2, we have∣∣Lϵ,ξ,β3 (t, ·)
∣∣
ρ
≤ C

(
1 + sup

s∈[0,T ]

∣∣uϵ,β,ξ(s)∣∣
ρ

)(∫ t

0

∣∣β(s)∣∣2ds) 1
2

≤ CN
(
1 + ζϵ,ξ,β1

)
,

where the second inequality used that β ∈ AN
2 . Finally, consider Lϵ,ξ,β4 (t, x). Due to Lemma 7.4,

(A4), and Lemma A.5, it follows that
{∣∣Lϵ,ξ,β4 (t)

∣∣
ρ

}|ξ|ρ≤R,β∈AN
2

ϵ∈(0,1]
is tight in C([0, T ] : Lρ(D)), and

consequently
{
supt∈[0,T ]

∣∣Lϵ,ξ,β4 (t)
∣∣
ρ

}|ξ|ρ≤R,β∈AN
2

ϵ∈(0,1]
is bounded in probability, uniformly in ϵ ∈ (0, 1],

|ξ|ρ ≤ R and β ∈ AN
2 . For convenience, let

ζϵ,ξ,β2 := sup
t∈[0,T ]

∣∣Lϵ,ξ,β4 (t)
∣∣
ρ
.

Therefore ∣∣zϵ,β,ξ(t)∣∣
ρ
≤
∣∣Lϵ,ξ,β1 (t)

∣∣
ρ
+
∣∣Lϵ,ξ,β2 (t)

∣∣
ρ
+
∣∣Lϵ,ξ,β3 (t)

∣∣
ρ
+

1

γ(ϵ)
sup
t∈[0,T ]

∣∣Lϵ,ξ,β4 (t)
∣∣
ρ

≤ CN
(
1 + ζϵ,ξ,β1 +

1

γ(ϵ)
ζϵ,ξ,β2

)
+ C

(
1 + ζϵ,ξ,β1

) ∫ t

0
ct(s)

∣∣zϵ,β,ξ(s)∣∣
ρ
ds,

where
ct(s) := (t− s)

− d
2ρ + (t− s)

− d
2ρ

− 1
2 .

Consequently, Grönwall’s inequality implies

sup
t∈[0,T ]

|zϵ,β,ξ(t)|ρ ≤ CN

(
1 + ζϵ,ξ,β1 +

1

γ(ϵ)
ζϵ,ξ,β2

)
eC(1+ζϵ,ξ,β1 ).

Since lim
ϵ→0

1

γ(ϵ)
= 0 and both {ζϵ,ξ,β1 }|ξ|ρ≤R,β∈A

N
2

ϵ∈(0,1] and {ζϵ,ξ,β2 }|ξ|ρ≤R,β∈A
N
2

ϵ∈(0,1] are bounded in probability,

uniformly in ϵ ∈ (0, 1], |ξ|ρ ≤ R and β ∈ AN
2 , the result follows and the proof is complete. □

8. Proof of Theorem 6.1

Theorem 4.3 provides that FWULDP and EULP are equivalent. To this effect, in order to prove
an FWULDP, we will prove Theorem 4.5, which is an EULP, whose proof hinges upon showing that
Assumption 4.4 holds in the C

(
[0, T ] : Lρ(D)

)
topology. The next theorem proves the holding of

that assumption in the said topology.

Theorem 8.1 (Uniform Convergence in probability). For any λ > 0, R > 0, and N > 0

lim
ϵ→0

sup
|ξ|ρ≤R

sup
β∈AN

2

P

(∣∣zϵ,ξ,β − z0,ξ,β
∣∣
C([0,T ]:Lρ(D))

> λ

)
= 0.
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Proof : Throughout this proof, C denotes a free positive constant, which does not depend on R or
N . Note that for all t ∈ [0, T ] and a.e. x ∈ D,

zϵ,ξ,β(t, x)− z0,ξ,β(t, x) = J ϵ,ξ,β1 (t, x)− J̃ξ,β1 (t, x) + J ϵ,ξ,β2 (t, x)− J̃ξ,β2 (t, x)

+ J ϵ,ξ,β3 (t, x)− J̃ξ,β3 (t, x) +
1

γ(ϵ)
J ϵ,ξ,β4 (t, x),

where

J ϵ,ξ,β1 (t, x) := −
∫ t

0

∫
D
∂yiGt−s(x, y)

(
1

γ(ϵ)
√
ϵ

(
gi(u

0,ξ + γ(ϵ)
√
ϵzϵ,ξ,β)− gi(u

0,ξ)
))

(s, y)dyds,

J̃ξ,β1 (t, x) := −
∫ t

0

∫
D
∂yiGt−s(x, y)

(
z0,ξ,βg′i(u

0,ξ)
)
(s, y)dyds,

J ϵ,ξ,β2 (t, x) :=

∫ t

0

∫
D
Gt−s(x, y)

(
1

γ(ϵ)
√
ϵ

(
f(u0,ξ + γ(ϵ)

√
ϵzϵ,ξ,β)− f(u0,ξ)

))
(s, y)dyds,

J̃ξ,β2 (t, x) :=

∫ t

0

∫
D
Gt−s(x, y)

(
z0,ξ,βf ′(u0,ξ)

)
(s, y)dyds,

J ϵ,ξ,β3 (t, x) :=

∫ t

0

∫
D
Gt−s(x, y)σj

(
u0,ξ + γ(ϵ)

√
ϵzϵ,ξ,β

)
(s, y)dyβj(s)ds,

J̃ξ,β3 (x, t) :=

∫ t

0

∫
D
Gt−s(x, y)σj

(
u0,ξ

)
(s, y)dyβj(s)ds,

and

J ϵ,ξ,β4 (t, x) :=

∫ t

0

∫
D
Gt−s(x, y)σj

(
u0,ξ + γ(ϵ)

√
ϵzϵ,ξ,β

)
(s, y)dydBj(s).

Note that for all t ∈ [0, T ], Minkowski’s inequality implies∣∣zϵ,ξ,β(t)− z0,ξ,β(t)
∣∣
ρ
≤
∣∣J ϵ,ξ,β1 (t)− J̃ξ,β1 (t)

∣∣
ρ
+
∣∣J ϵ,ξ,β2 (t)− J̃ξ,β2 (t)

∣∣
ρ

+
∣∣J ϵ,ξ,β3 (t)− J̃ξ,β3 (t)

∣∣
ρ
+

1

γ(ϵ)

∣∣J ϵ,ξ,β4 (t)
∣∣
ρ
. (8.1)

We reiterate that, as a matter of notation, any display even if not made explicit will hold true with
probability one. We now aim to find desired bounds on the RHS of (8.1). To this end, we first
attend to

∣∣J ϵ,ξ,β1 (t)− J̃ξ,β1 (t)
∣∣
ρ
+
∣∣J ϵ,ξ,β2 (t)− J̃ξ,β2 (t)

∣∣
ρ
. For all t ∈ [0, T ] and x ∈ D, define

Lϵ,ξ,β1 (t, x) :=

∫ t

0

∫
D
∂yiGt−s(x, y)

(
zϵ,ξ,βg′i(u

0,ξ)
)
(s, y)dyds,

and observe that∣∣J ϵ,ξ,β1 (t)− J̃ξ,β1 (t)
∣∣
ρ
≤
∣∣J ϵ,ξ,β1 (t)− Lϵ,ξ,β1 (t)

∣∣
ρ
+
∣∣Lϵ,ξ,β1 (t)− J̃ξ,β1 (t)

∣∣
ρ
. (8.2)

Applying the same argument as in the proof of Theorem 3.1 to bound
∣∣Lϵ1(z, t)− L̃1(z, t)

∣∣
ρ
, gives∣∣J ϵ,ξ,β1 (t)− Lϵ,ξ,β1 (t)

∣∣
ρ
≤ Cγ(ϵ)

√
ϵ sup
s∈[0,t]

∣∣zϵ,ξ,β(s)∣∣2
ρ
. (8.3)

Next we use the boundedness of the initial condition and the same argument as in the proof of
Theorem 3.1 to bound |L̃1(z, t)|ρ, which yields∣∣Lϵ,ξ,β1 (t)− J̃ξ,β1 (t)

∣∣
ρ
≤ C

(
1 +Rρ

) ∫ t

0
(t− s)

d
2ρ

− 1
2
∣∣zϵ,ξ,β(s)− z0,ξ,β(s)

∣∣
ρ
ds. (8.4)
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Next define
ct(s) := (t− s)

− d
2ρ

− 1
2 + (t− s)

− d
2ρ , ∀ 0 ≤ s < t ≤ T,

and

ζϵ,ξ,β1 :=

(
1 + sup

t∈[0,T ]

∣∣zϵ,ξ,β(t)∣∣
ρ

)2

.

Note that due to Lemma 7.5, {ζϵ,ξ,β1 }|ξ|ρ≤R,β∈A
N
2

ϵ∈(0,1] is bounded in probability, uniformly in ϵ ∈ (0, 1],
|ξ|ρ ≤ R and β ∈ AN

2 . In view of (8.2), and combining (8.3) and (8.4)∣∣J ϵ,ξ,β1 (t)− J̃ξ,β1 (t)
∣∣
ρ
≤ Cγ(ϵ)

√
ϵζϵ,ξ,β1 + C

(
1 +Rρ

) ∫ t

0
ct(s)

∣∣zϵ,ξ,β(s)− z0,ξ,β(s)
∣∣
ρ
ds. (8.5)

Similarly, we get∣∣J ϵ,ξ,β2 (t)− J̃ξ,β2 (t)
∣∣
ρ
≤ Cγ(ϵ)

√
ϵζϵ,ξ,β1 + C

(
1 +Rρ

) ∫ t

0
ct(s)

∣∣zϵ,ξ,β(s)− z0,ξ,β(s)
∣∣
ρ
ds. (8.6)

It remains to bound
∣∣J ϵ,ξ,β3 (t)− J̃ξ,β3 (t)

∣∣
ρ
+

1

γ(ϵ)

∣∣J ϵ,ξ,β4 (t)
∣∣
ρ
. We first attend to

∣∣J ϵ,ξ,β3 (t)− J̃ξ,β3 (t)
∣∣
ρ
.

Applying the same argument as in the proof of Theorem 7.3 to bound Jn3 (t), and that β ∈ ΛN a.s.,
we have

∣∣J ϵ,ξ,β3 (t)− J̃ξ,β3 (t)
∣∣
ρ
≤ CNγ(ϵ)

√
ϵ sup
s∈[0,t]

∣∣zϵ,ξ,β(s)∣∣
ρ
≤ CNγ(ϵ)

√
ϵζϵ,ξ,β1 .

(8.7)

Note that due to Lemma 7.4 and Lemma A.5,
{
J ϵ,ξ,β4 (t, x)

}|ξ|ρ≤R,β∈AN
2

ϵ∈(0,1] is tight in C
(
[0, T ] : Lρ(D)

)
.

Define

ζϵ,ξ,β2 := sup
t∈[0,T ]

|J ϵ,ξ,β4 (t)|ρ.

Consequently,
{
ζϵ,ξ,β2

}|ξ|ρ≤R,β∈AN
2

ϵ∈(0,1] is bounded in probability, uniformly in ϵ ∈ (0, 1], |ξ|ρ ≤ R and
β ∈ AN

2 . Finally, observe that in view of (8.1), and by combining (8.5), (8.6) and (8.7) we have

∣∣zϵ,ξ,β(t)− z0,ξ,β(t)
∣∣
ρ
≤ C(1 +N)

(
γ(ϵ)

√
ϵζϵ,ξ,β1 +

1

γ(ϵ)
ζϵ,ξ,β2

)
+ C

(
1 +Rρ

) ∫ t

0
ct(s)

∣∣zϵ,ξ,β(s)− z0,ξ,β(s)
∣∣
ρ
ds.

Consequently, Grönwall’s inequality implies

sup
t∈[0,T ]

∣∣zϵ,ξ,β(t)− z0,ξ,β(t)
∣∣
ρ
≤ C(1 +N)

(
γ(ϵ)

√
ϵζϵ,ξ,β1 +

1

γ(ϵ)
ζϵ,ξ,β2

)
eC
(
1+Rρ

)
.

Therefore, for any λ > 0

sup
|ξ|ρ≤R

sup
β∈AN

2

P

(
sup
t∈[0,T ]

∣∣zϵ,ξ,β(t)− z0,ξ,β(t)
∣∣
ρ
> λ

)
≤ sup

|ξ|ρ≤R
sup
β∈AN

2

P

(
ζϵ,ξ,β1 >

λ′

γ(ϵ)
√
ϵ

)
+ sup

|ξ|ρ≤R
sup
β∈AN

2

P

(
ζϵ,ξ,β2 > λ′γ(ϵ)

)
,
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where λ′ :=
λ

2C(1 +N)eC(1+Rρ)
. Note that by Lemma 7.5, {ζϵ,ξ,β1 }|ξ|ρ≤R,β∈A

N
2

ϵ∈(0,1] is bounded in prob-

ability, uniformly in ϵ ∈ (0, 1], |ξ|ρ ≤ R, β ∈ AN
2 . Lemma 7.4 and Lemma A.5 imply the same for

{ζϵ,ξ,β2 }|ξ|ρ≤R,β∈A
N
2

ϵ∈(0,1] . Therefore, since γ(ϵ)
√
ϵ→ 0 and

1

γ(ϵ)
→ 0 as ϵ→ 0, we have

lim
ϵ→0

sup
|ξ|ρ≤R

sup
β∈AN

2

P

(
sup
t∈[0,T ]

∣∣zϵ,ξ,β(t)− z0,ξ,β(t)
∣∣
ρ
> λ

)
= 0.

This completes the proof.
□

Proof of Theorem 6.1. Theorem 6.1 is a direct consequence of Theorem 4.5 and Theorem 8.1.

Proof of Corollary 6.2. Due to Theorem 6.1 and Salins (2019, Theorem 2.5), it suffices to show that
for any compact set K ⊂ Lρ(D) and s ≥ 0

∪ξ∈K
{
ψ : Iξ(ψ) ≤ s

}
,

is a pre-compact subset of C
(
[0, T ] : Lρ(D)

)
. This follows from Theorem 7.3.

Appendix A.

A.1. Related Results. The following definitions and results are used in proving the main theorems
of the paper.

For notational convenience, the following definition is introduced.

Definition A.1. For p > d+ 2, j ∈ {1, ..., k}, and an Ft-adapted random process h(t) ∈ C
(
[0, T ] :

Lp(D)
)
, define

Hj(h)(t, x) :=

∫ t

0

∫
D
Gt−s(x, y)h(s, y)dydBj(s),

for all t ∈ [0, T ] and x ∈ D.

It follows from Hölder’s inequality and (E1) that Hj(h)(t, x) is well defined (see Gyöngy and
Rovira, 2000, Lemma 3.3). The next two lemmas will be imperative when proving tightness and
precompactness and are versions of Gyöngy and Rovira (2000, Lemma 3.3) and Gyöngy and Rovira
(2000, Lemma 3.1) that have been slightly adjusted to address what is needed here.

Lemma A.2. Let p > d+ 2, j ∈ {1, ..., k}, and h(t) be an Ft-adapted random process in C
(
[0, T ] :

Lp(D)
)
, which satisfies E

[
supt∈[0,T ]

∣∣h(t)∣∣p
p

]
<∞. Let Hj(h) be given by Definition A.1. Then, the

following hold:
(a) There exists a constant C > 0, such that

E

[∣∣∣Hj(h)(t, x)
∣∣∣p] ≤ Ct

1
4
(p−d)E

[
sup
r∈[0,T ]

∣∣h(r)∣∣p
p

]
,

for all t ∈ [0, T ] and x ∈ D.

(b) For any τ ∈
(
0,

1

2
(p− d− 2)

)
, there exists a constant C > 0, such that

E

[∣∣∣Hj(h)(t, x)−Hj(h)(s, x)
∣∣∣p] ≤ C|t− s|1+τE

[
sup
r∈[0,T ]

∣∣h(r)∣∣p
p

]
,

for all s, t ∈ [0, T ] and x ∈ D.
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(c) For any α ∈ (0, p− d), there exists a constant C > 0, such that

E

[∣∣∣Hj(h)(t, x)−Hj(h)(t, y)
∣∣∣p] ≤ C

∣∣x− y
∣∣αE[ sup

r∈[0,T ]

∣∣h(r)∣∣p
p

]
,

for all x, y ∈ D and t ∈ [0, T ].

Proof : Since we assumed p > d+2, all claims follow directly from Lemma 3.3 in Gyöngy and Rovira
(2000) by (using their notiation) setting m = p, choosing γ sufficiently large, and observing that
κ = 1− d

2p , θ = 1
2 , and ϵ = 1 (note that there is a typo in part (1) of the statement of Lemma 3.3

in Gyöngy and Rovira (2000) and it can be verified by checking the proof that the exponent on t
should be κp − 1

2 − 1
2γ rather than κp − 1

2 − 1
γ ). □

Note that Lemma A.2 implies there is a modification of Hj(h)(t, x), which is an Lp(D)-valued,
Ft-adapted random process.

Lemma A.3. For p > d+ 2 and h(s) ∈ L2
(
[0, T ] : Lp(D)

)
, define

J(h)(t, x) :=

∫ t

0

∫
D
Gt−s(x, y)h(s, y)dyds,

for all x ∈ D and t ∈ [0, T ]. Then J(h)(t, x) satisfies the following:

(a) For any τ ∈ (0, 12), there exists a constant C > 0, such that

∣∣J(h)(t)− J(h)(s)
∣∣
p
≤ C

∣∣t− s
∣∣τ(∫ T

0
|h(r)|2pdr

) 1
2

,

for all s, t ∈ [0, T ].

(b) For any α ∈
(
0,
p− d

p

)
, there exists a constant C > 0, such that

∣∣∣J(h)(t, x)− J(h)(t, y)
∣∣∣ ≤ C

∣∣x− y
∣∣α(∫ T

0
|h(r)|2pdr

) 1
2

,

for all x, y ∈ D and t ∈ [0, T ].

Proof : Part (a) follows from Gyöngy and Rovira (2000, Lemma 3.1) by setting both q and ρ in their
notation equal to our p, which results in κ = 1 and ϵ = 1 in their notation. To prove part (b) note
that for all x, y, z ∈ D∣∣∣Gt−s(x, z)−Gt−s(y, z)

∣∣∣
≤
(∣∣Gt−s(x, z)∣∣1−α +

∣∣Gt−s(y, z)∣∣1−α)∣∣∣Gt−s(x, z)−Gt−s(y, z)
∣∣∣α

≤
(∣∣Gt−s(x, z)∣∣1−α +

∣∣Gt−s(y, z)∣∣1−α)∣∣x− y
∣∣α(∫ 1

0
b
(
t− s, y + λ(x− y)− z

)
dλ

)α

≤
∣∣x− y

∣∣α(a(t− s, x− z)1−α + a(t− s, y − z)1−α

)(∫ 1

0
b
(
t− s, y + λ(x− y)− z

)
dλ

)α
, (A.1)

where the second line used the inequality |a− b| ≤
(
|a|1−α + |b|1−α

)
|a− b|α for any a, b ∈ R and

α ∈ [0, 1], the third line used (E2), and the fourth line used (E1). In addition
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∣∣∣∣∣
(
a(t− s, x− ·)1−α + a(t− s, y − ·)1−α

)(∫ 1

0
b
(
t− s, y + λ(x− y) + ·

)
dλ

)α∣∣∣∣∣
p

p−1

≤

(∣∣∣(a(t− s, x− ·)
∣∣∣1−α

p
p−1

+
∣∣∣a(t− s, y − ·)

∣∣∣1−α
p

p−1

)(∫ 1

0

∣∣∣b(t− s, y + λ(x− y)− ·)
∣∣∣

p
p−1

dλ

)α
≤ C

(
t− s

)− d
2p

(1−α)+(− d
2p

− 1
2
)α

= C
(
t− s

)− d
2p

−α
2 , (A.2)

where Hölder’s inequality, Minkowski’s inequality, (E1), and (E3) were used. Therefore∣∣∣J(h)(t, x)− J(h)(t, y)
∣∣∣

≤
∫ t

0

∣∣∣(Gt−s(x, ·)−Gt−s(y, ·)
)
h(s, ·)

∣∣∣
1
ds ≤

∫ t

0

∣∣∣Gt−s(x, ·)−Gt−s(y, ·)
∣∣∣

p
p−1

∣∣h(s)∣∣
p
ds

≤ C
∣∣x− y

∣∣α ∫ t

0

(
t− s

)− d
2p

−α
2
∣∣h(s)∣∣

ρ
ds ≤ C

∣∣x− y
∣∣α(∫ T

0

∣∣h(s)|2pds) 1
2

.

This proves (b), where Hölder’s inequality was used twice and the third inequality used (A.1) and
(A.2). □

We will rely on the following version of the Kolmogorov continuity theorem.

Theorem A.4 (Kolmogorov Continuity Theorem). Let h(t) be an Lp(D)-valued, Ft-adapted sto-
chastic process and assume there exist constants α, τ > 0 and C > 0, such that for all s, t ∈ [0, T ]
we have

E
[∣∣h(t)− h(s)

∣∣α
p

]
≤ C

∣∣t− s
∣∣1+τ . (A.3)

Then, for any λ ∈ (0,
τ

α
), there exists a λ-Hölder continuous, Ft-adapted modification h̃(t). In

addition, if we let Υλ represent the corresponding (random) λ-Hölder constant of h̃(t), meaning
with probability 1 for all t, s ∈ [0, T ], we have∣∣h̃(t)− h̃(s)

∣∣
p
≤ Υλ

∣∣t− s
∣∣λ,

then, there exists a (deterministic) constant KT,α,τ,λ (which does not depend on C), such that

E
[(
Υλ

)α] ≤ KT,α,τ,λC.

Proof : That there exists a λ-Hölder continuous, Ft-adapted modfication comes form the standard
Kolmogorov continuity theorem (see Da Prato and Zabczyk, 2014, Theorem 3.3). It remains to
address the λ-Hölder constant. Using a version of the Garsia, Rademich, and Rumsey lemma (see
Garsia et al., 1970/71, Lemma 1.1), there exists a constant K̃T,α,τ,λ, such that with probability 1
(specifically, on the set where h̃(t) is continuous)

Υλ = sup
s,t∈[0,T ]

∣∣h̃(t)− h̃(s)
∣∣
p

|t− s|λ
≤ K̃T,α,τ,λ

(∫ T

0

∫ T

0

∣∣h(t)− h(s)
∣∣α
p

|t− s|2+αλ
dtds

) 1
α

.

Raising both sides to the power of α, taking expectations, and recalling (A.3), gives

E
[
(Υλ)

α
]
≤ KT,α,τ,λC.

□

The next lemma will be used to prove tightness of the stochastic integral terms in both the proof
of the FCLT and the proof of the UMDP.
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Lemma A.5. Let p > d + 2 and {hα(t)}α∈A be a collection of Ft-adapted random processes in
C([0, T ] : Lp(D)) indexed by some α ∈ A, which satisfy

sup
α∈A

{
E

[
sup
t∈[0,T ]

|hα(t)|pp
]}

<∞. (A.4)

For arbitrary j ∈ {1, ..., k}, let Hj(h
α)(t, x) be given by Definition A.1 for all α ∈ A. Then,

{Hj(h
α)(t)}α∈A is a collection of Ft-adapted random processes in C

(
[0, T ] : Lp(D)

)
, which is tight

in C
(
[0, T ] : Lp(D)

)
.

Proof : Note that due to Lemma A.2, {Hj(h
α)(t)}α∈A is a collection of Ft-adapted, Lp(D)-valued

random processes. Using Lemma A.2 part (b), combined with (A.4) implies that for any τ ∈(
0, 12(p− d− 2)

)
, there exists some C > 0, such that

sup
α∈A

{
E

[∣∣∣Hj(h
α)(t)−Hj(h

α)(s)
∣∣∣p
p

]}
≤ C

∣∣t− s
∣∣1+τ ,

for all s, t ∈ [0, T ]. This, combined with Theorem A.4 implies that for an arbitrary λ ∈ (0, τp ) and
all α ∈ A, Hj(h

α)(t) ∈ Cλ
(
[0, T ] : Lp(D)

)
and

sup
α∈A

{
E
[
(Υα

λ)
p
]}

<∞, (A.5)

where for all α ∈ A, Υα
λ is the (random) λ-Hölder constant, which for a.e. ω ∈ Ω satisfies∣∣∣Hj(h

α)(t)−Hj(h
α)(s)

∣∣∣
p
≤ Υα

λ

∣∣t− s
∣∣λ,

for all s, t ∈ [0, T ].

Recall that for any λ∗ < λ, a set G ⊂ Cλ
∗(
[0, T ] : Lp(D)

)
is precompact if there exists a constant

C > 0, such that for all g ∈ G and s, t ∈ [0, T ], we have
∣∣g(s) − g(t)

∣∣
p
≤ C|t − s|λ and there is a

countable, dense subset D ⊂ [0, T ], such that for all t ∈ D

G(t) :=
{
g(t) : g ∈ G

}
,

is precompact in Lp(D).

Due to the Kolmogorov-Riesz compactness theorem, H ⊂ Lp(D) is precompact if
(i) suph∈H

∣∣h∣∣
p
<∞,

(ii) lim sup|y|→0 suph∈H
∣∣h̃(·+ y)− h̃(·)

∣∣
p
= 0, where h̃(x) := ID(x)h(x) and in the above equation

the Lp-norm is on Rd rather than on D.
We will use the following sufficient condition for (ii). Define the C∞

c (Rd) mollifier

η(x) :=

{
Cη exp

(
1

|x|2−1

)
if |x| ≤ 1

0 if |x| > 1,

where the constant Cη is chosen so that
∫
Rd η(x)dx = 1. For all r > 0 and f ∈ Lp(Rd), let

ηr(x) :=
1

rd
η
(x
r

)
, and f r(x) :=

∫
Rd

f(x− z)ηr(z)dz.

Then (i) in combination with
lim
r→0

sup
h∈H

∣∣h̃r − h̃
∣∣
p
= 0, (A.6)
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implies (ii) and that H is precompact in Lp(D).
To see this, assume (A.6) and (i) so that suph∈H |h|p = CH < ∞. Let ϵ > 0 be arbitrary and note
that, we can choose r > 0 sufficiently small, such that

sup
h∈H

∣∣h̃r − h̃
∣∣
p
≤ ϵ

3
,

and since ηr ∈ C∞
c (Rd), we can choose δ > 0 sufficiently small, such that

sup
x∈Rd,|y|≤δ

∣∣ηr(x)− ηr(x+ y)
∣∣ ≤ ϵ

3CH|Br+δ|
, (A.7)

where Br+δ is the ball with radius r + δ centered at the origin and |Br+δ| :=
∫
Br+δ

dx. Then, for
any |y| ≤ δ and h ∈ H, we have∣∣h̃(·)− h̃(·+ y)

∣∣
p
≤
∣∣h̃(·)− h̃r(·)

∣∣
p
+ |h̃(·+ y)− h̃r(·+ y)|p +

∣∣h̃r(·)− h̃r(·+ y)
∣∣
p

≤ 2

3
ϵ+

(∫
Rd

∣∣∣ ∫
Br+δ

h̃(x− z)
(
ηr(z)− ηr(z + y)

)
dz
∣∣∣pdx) 1

p

≤ 2

3
ϵ+

ϵ

3CH|Br+δ|

(∫
Rd

∣∣∣ ∫
Br+δ

∣∣h̃(x− z)
∣∣dz∣∣∣pdx) 1

p

≤ 2

3
ϵ+

ϵ

3CH|Br+δ|
|Br+δ|1−

1
p

(∫
Rd

∫
Br+δ

∣∣h̃(x− z)
∣∣pdzdx) 1

p

≤ ϵ,

where the third line used (A.7) and the fourth used Hölder’s inequality.
Consequently, the tightness of

{
Hj(h

α)(t, x)
}
α∈A in Cλ∗

(
[0, T ] : Lp(D)

)
for an arbitrary λ∗ < λ

will follow from Prokhorov’s theorem if we can show that for any δ > 0, the following hold:
(a) There exists a constant C > 0, such that for all α ∈ A

P

(∣∣Hj(h
α)(s)−Hj(h

α)(t)
∣∣
p
≤ C|t− s|λ for all s, t ∈ [0, T ]

)
≥ 1− δ.

(b) For all t ∈ [0, T ], there exists a constant C > 0, such that for all α ∈ A

P

(∣∣Hj(h
α)(t)

∣∣
p
≤ C

)
≥ 1− δ.

(c) For all t ∈ [0, T ] and n ∈ N, there exists an r > 0, such that for all α ∈ A

P

(∫
Rd

∣∣∣ID(x)Hj(h
α)(t, x)−

∫
Br

ID(x− z)Hj(h
α)(t, x− z)ηr(z)dz

∣∣∣pdx ≤ 1

n

)
≥ 1− δ.

Note that (a) follows directly from (A.5) and (b) follows from Lemma A.2 part (a), combined
with (A.4). For (c), note that due to Lemma A.2 parts (a) and (c), combined with (A.4) and the
fact that p− d > 2, there exists a constant C > 0, such that for all α ∈ A, x, y ∈ D, and t ∈ [0, T ],
we have

E
[∣∣Hj(h

α)(t, x)
∣∣p] ≤ C and E

[∣∣Hj(h
α)(t, x)−Hj(h

α)(t, y)
∣∣p] ≤ C|x− y|2. (A.8)

Let

D̃i
r := {x ∈ D :dist(x, ∂D) > r}, |D̃i

r| :=
∫
D̃i

r

dx, D̃b
r := {x ∈ Rd :dist(x, ∂D) ≤ r}, |D| :=

∫
D
dx,

and observe that limr→0 |D̃b
r| = 0, so we can choose r > 0 sufficiently small, such that

Cr2|D|+ 2p+1C|D̃b
r| ≤

δ

n
.
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Then, we have

E

[∫
Rd

∣∣∣ID(x)Hj(h
α)(t, x)−

∫
Br

ID(x− z)Hj(h
α)(t, x− z)ηr(z)dz

∣∣∣pdx]

≤ E

[∫
D̃i

r

∣∣∣ ∫
Br

(
Hj(h

α)(t, x)−Hj(h
α)(t, x− z)

)
ηr(z)dz

∣∣∣pdx]

+ 2pE

[∫
D̃b

r

∣∣∣ID(x)Hj(h
α)(t, x)

∣∣∣pdx]+ 2pE

[∫
D̃b

r

∣∣∣ ∫
Br

ID(x− z)Hj(h
α)(t, x− z)ηr(z)dz

∣∣∣pdx]

≤
∫
Br

∫
D̃i

r

E

[∣∣∣Hj(h
α)(t, x)−Hj(h

α)(t, x− z)
∣∣∣pdx]ηr(z)dx+ 2p

∫
D̃b

r

E

[∣∣∣ID(x)Hj(h
α)(t, x)

∣∣∣p]dx
+ 2p

∫
Br

∫
D̃b

r

E

[∣∣∣ID(x− z)Hj(h
α)(t, x− z)

∣∣∣p]dxηr(z)dz ≤ Cr2|D|+ 2p+1C|D̃b
r| ≤

δ

n
,

where the second inequality used Jensen’s inequality and the third used (A.8).

Markov’s inequality then gives

P

(∫
Rd

∣∣∣ID(x)Hj(h
α)(t, x)−

∫
Br

ID(x− z)Hj(h
α)(t, x− z)ηr(z)dz

∣∣∣pdx > 1

n

)
≤ n

δ

n
= δ,

which gives (c) and completes the proof that {Hj(h
α)(t, x)}α∈A is tight in Cλ∗

(
[0, T ] : Lp(D)

)
and

consequently also tight in C
(
[0, T ] : Lp(D)

)
. □

The following lemma is a direct consequence of Gyöngy and Rovira (2000, Proposition 4.4) and
will allow us to use Lemmas A.2, A.3, and A.5.

Lemma A.6. There exists a constant C > 0, such that for all ξ ∈ Lρ(D), we have

sup
ϵ∈[0,1]

{
E

[
sup
t∈[0,T ]

|uϵ,ξ(t)|ρρ
]}

≤ C
(
1 + |ξ|ρρ

)
.

Proof : This is given by the proof of Gyöngy and Rovira (2000, Theorem 2.1) and a careful reading
of the proof shows that the same constant C > 0 applies for all ϵ ∈ [0, 1]. Note that, the exp−|u0|ρ

weighting used in Gyöngy and Rovira (2000) is not necessary here because we are working with
deterministic initial conditions. □

A.2. Proof of Theorem 5.4. Theorem 5.4 is essentially a deterministic version of Theorem 3.1.
Therefore, for the sake of brevity, and because the arguments used in the proof of this lemma are
indeed similar to those used in the proof of Theorem 3.1, we will only provide a sketch.

For all m ∈ N, define βm ∈ ΛN by

βmj (t) :=


m if βj(t) > m

−m if βj(t) < −m
βj(t) otherwise,
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for all j ∈ {1, ..., k} and t ∈ [0, T ]. Due to Theorem 2.2, we know for all ϵ ∈ (0, 1], there is a unique
ûϵ,ξ,β

m
(t, x) ∈ C

(
[0, T ] : Lρ(D)

)
, such that for all t ∈ [0, T ]

ûϵ,ξ,β
m
(t, x) =

∫
D
Gt(x, y)ξ(y)dy +

√
ϵ

∫ t

0

∫
D
Gt−s(x, y)σj

(
ûϵ,ξ,β

m)
(s, y)dyβmj (s)ds

−
∫ t

0

∫
D
∂yiGt−s(x, y)gi

(
ûϵ,ξ,β

m)
(s, y)dyds

+

∫ t

0

∫
D
Gt−s(x, y)f

(
ûϵ,ξ,β

m)
(s, y)dyds,

for a.e. x ∈ D and due to Lemma A.6

sup
ϵ∈[0,1]

{
sup
t∈[0,T ]

∣∣ũϵ,ξ,βm
(t)
∣∣ρ
ρ

}
≤ Cm

(
1 +

∣∣ξ∣∣ρ
ρ

)
.

Applying the same arguments used to treat the J3 term in the proof of Lemma 7.2 and the J ϵ1
and J ϵ2 terms in the proof of Proposition 3.2, combined with Grönwall’s inequality gives

sup
ϵ∈(0,1]

{
ϵ−

1
2 sup
t∈[0,T ]

∣∣ûϵ,ξ,βm
(t)− u0,ξ(t)

∣∣
ρ

}
≤ Cm.

Define

ẑϵ,ξ,β
m
:=

1√
ϵ

(
ûϵ,ξ,β

m − u0,ξ
)
.

A deterministic version of the proof of Theorem 3.1, combined with the argument used to treat the
Jn3 term in the proof of Theorem 7.3, shows that {ẑϵ,ξ,βm}ϵ∈(0,1] converges in C

(
[0, T ] : Lρ(D)

)
to

a limit z0,ξ,β
m

, which satisfies for all t ∈ [0, T ]

z0,ξ,β
m
(t) =

√
ϵ

∫ t

0

∫
D
Gt−s(x, y)σj

(
u0,ξ

)
(s, y)dyβmj (s)ds

−
∫ t

0

∫
D
∂yiGt−s(x, y)

(
z0,ξ,β

m
g′i
(
u0,ξ

))
(s, y)dyds

+

∫ t

0

∫
D
Gt−s(x, y)

(
z0,ξ,β

m
f ′
(
u0,ξ

))
(s, y)dyds,

for a.e. x ∈ D. A similar approach, combined with the argument used to treat the J3 term in
the proof of Lemma 7.2, shows that {z0,ξ,βm}m∈N converges in C

(
[0, T ] : Lρ(D)

)
to a limit z0,ξ,β,

which satisfies (5.5). Uniqueness follows as in the proof of Theorem 3.1.
□
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