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Numbering

Numbers of Sections, Definitions, Theorems etc. always refer to the main ar-
ticle ‘Defining Dispersion: A Fundamental Order for Univariate Discrete Dis-
tributions’. For equations and figures, single numbers refer to the main article
whereas numbers in combination with either the letter ‘A’ or the letter ‘B’ refer
to this supplement.

Appendix A: Proofs

A.1. Proofs for Section 3

Proof of Proposition 3.2. We define a function ¢ : Dy — (U, Sa and show
that it is a bijection, which is an even stronger statement than the assertion.
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Note that the codomain of ¢ is a disjoint union of the sets Sy, A € I. The value
assignment of ¢ is now defined by cases. Therefore, let F' € Dy, then supp(F’)
is order-isomorphic to a subset of Z. Note that since minima and maxima are
defined via the order <, this order-isomorphism preserves minima and maxima.

Case 1: min(supp(F)) and max(supp(F')) both exist.
A subset of Z has a minimum and a maximum, if and only if it is finite.
Therefore, supp(F') is also finite. Let n = | supp(F')| € N>o. Define 21 =
min(supp(F')) and z; = min(supp(F)\{z1,...,2;-1}),j = 2,...,n. Then,
we define o(F) = (25,pj)jeq1,...n} € Sq1,...,n}, Where p; = P(X = ;) >
0,7 =1,...,n. Note that all of the steps of the value assignment in this
case are unique, thus ensuring injectivity in this case.

Case 2: min(supp(F')) exists, but max(supp(F')) does not.
The only set within I with existing minimum but non-existing maximum is
N. Similarly to Case 1, define z; = min(supp(F')) and x; = min(supp(F) \
{z1,...,2j-1}),7 =2,3,.... Then, the definition ¢(F') = (z;,p;)jen € Sn
with p; =P(X =x;) > 0,7 =1,2,..., is once again unique.

Case 3: max(supp(F)) exists, but min(supp(F')) does not.
This is analogous to Case 2 by simply swapping to roles of minima and
maxima and replacing N by (—N).

Case 4: min(supp(F)) and max(supp(F’)) both do not exist.
The only set within I with non-existing minimum and non-existing maxi-
mum is Z. We now define

zo=F"'(1)=inf{t e R: F(t) > 3} € supp(F),
z; = min{t € supp(F) \ {zo,...,z;—1}: F(t) > 3}, i=1,2,...,
z; = max{t € supp(F) \ {zj41,...,z0} : F(t) < 3}, j=-1,-2,....

Defining ¢(F) = (2;,p;)jez € Sz with p; = P(X = ;) > 0,j € Z, now
once again leads to a unique value assignment in this case.

It is ensured in every case separately that ¢ is well-defined and injective. Now
let A€ Tand (zj,pj)jea € Sa. We define a cdf F by P(X = z;) =p; >0,j € A.
It follows directly that supp(F) = {z; : j € A} is order-isomorphic to A C Z
with |A] > 2. This implies F' € Dy and following the above value assignment for
¢ yields ¢(F') = (x;,p;)jca. Thus, ¢ is surjective and therefore a bijection.

Before continuing, we define all single conditions in the definitions of §é\i‘$sc
< V-disc
—disp

Definition A.1. Let F,G € Dy.

and as separate orders.

a) G is said to be at least as discretely dispersed as F with respect to the

probability mass, denoted by F SdDi_ng G, if

db < Pa v(av b) € R(:)
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b) G is said to be at least as N-discretely dispersed as F with respect to the

support, denoted by F' §g‘_gff;p G, if

To— Ta—1 <Yp—Yo—1 Y(a,b) € R(=,).

¢) G is said to be at least as V-discretely dispersed as F with respect to the

support, denoted by F S]VD'_‘Silifgp G, if

Ta— Ta—1 S Yb — Yo1 V(a, b) € R(:’V)

Proof of Theorem 3.5. Since the implication holds in a more general setting,
only the equivalence must be proven.

We start out by proving that F(Dr) C G(Dg) already implies F S%i_ssm G.
To this end, let (a,b) € R(=), i.e.

(F(2a-1), F(za)) N (Gyp-1), Gp)) # 0. (A1)

By assumption, G(yy) > F(z,) implies F(z,) = G(yp—1) and G(yp—1) <
F(x4—1) implies F(xq—1) = G(yp), so both cases contradict (A.1). This yields

(G(yo-1),G(yo)) € (F(2a—1), F(24))- (A.2)

Again by assumption, there exist b, € B,by € B U {—o0},by < b, such that
F(z,) = G(w,) and F(zq—1) = G(y,). By combining this with (A.2), we
obtain b,b — 1 € {by,...,b,} or, equivalently, b € {by + 1,...,b,}. It follows

by
pe = F(a) — Flaa ) = Clun) — Clm) = > 03>
Jj=be+1

thus proving F SdDi_sr‘im G.

It remains to be shown that F <gs, G is equivalent to F gg;;%;sgp G. Note
that F(Dp) = F(supp(F)) \ {1} = F(supp(F) \ {max(supp(F’))}) holds as well
as the analogous identity for G. The following equivalences hold:

F <aisp G & N(FH({r}) < A(GT'({r})) Vre F(Dr)
S AETI{F@))) < MHETHHGW))
YV € supp(F) \ {max(supp(F))},
y € supp(G) \ {max(supp(G))} : F(z) = G(y)
S A F{F(za))) < AG({Gw)}) Ya € A b€ B: F(x,) = G(y)
S M([Tas 2ar1)) < A (s, Yor1)) Va € A,be B: F(z,) = G(y)
STy —Ta1 S Yp— Yo1 Va€ Ab€ B: F(za—1) = G(yp-1),

where the first equivalence holds because of Proposition 3.15. Comparing the

last equivalent characterization with the definition of F Sg'fsilifsp G yields that
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only the equivalence of F(r,—1) = G(yp—1) and a =x b is left to prove for
a € Ab € B. To this end, we use Proposition 3.17a) to obtain that, since
a € A, a =, bis equivalent to

Glyp—1) € NNE(a) = fsup (G(Dg) 1 (0, F(wa1)]) ,inf (G(De:) N [Fza—1), 1))}
— (Flza-1)}.

Proof of Theorem 3.6. Let H = (C, (2;,7;) ec)- First, let (a,c) € R(P;{)7 ie.
(F(2q-1), F(xa)) N (H(2e-1), H(2c)) # 0.

Furthermore, note that (e 5(G(y-1), G(ys))) UG(D¢) = (0,1) holds and the
union is disjoint. Since (F(2q—1), F(2q))N(H (2c—1), H(z.)) is a non-empty open
sub-interval of (0, 1), there exists a b € B such that

(F(za-1), F(za)) N (G(yo-1), G(ye)) N (H(2e-1), H(zc)) # 0.

Tt follows that a = b as well as b = . By assumption, this yields r. < g, < pq
. F’H . .o, . . i

and since (a,c) € R(=) was arbitrary, the transitivity of ng‘_S;m follows.

F,H F,G
Now let (a,c¢) € R(=y). We prove the existence of a b € B such that a = b
and b G:Ié ¢ via case distinction.
Case 1: a =c¢

From the first part of the proof of b), we already know that there exists b €
B such that a = band b 2= ¢. Note that F(zq-1) < G(yp) follows from
a = b, Assume now b = min B along with the existence of that minimum.

This implies G(yp—1) = 0 and therefore o ZChforallaec AN (=00, al.
That latter set is not empty and includes at least the element a — 1 since
a > min A. We obtain

G(y) = G(y) — Glyp—1) = @
< Pa—1 = F(xa—l) - F(xa—2) < F(xa—l)v

a contradiction, and therefore b # min B or, equivalently, b € B. Com-
bining a 22 b with (a,b) € A x B yields a ;C\;/ b and in the same way,
combining b L ¢ with (b,c) € B x C yields b G‘:I\{/ c.

Case2: a—1=c—1
Analogously to Case 1, there exists a b € B such that a — 1 “Zp—1and

G,H F,G G,H
b—1 = c— 1. It follows directly that a =y b and b = c.

It follows that
LTg — Ta—1 S Yo — Yb—1 S Ze T Re—1,

which yields the transitivity of SB‘_gffpr since (a,c¢) € R(;}é) was arbitrary.

Combined with the fact that ngi_ng is transitive, the transitivity of §g{$sc
follows.
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It remains to give a counterexample for the transitivity of §Q{$SC. Since we
already proved the transitivity of ngi_s;m, it needs to be a counterexample for

the transitivity of <{3%¢ . Let G be defined as F' in Example 3.18b) and H be

defined as G in that example. Let F' = Bin(1, 1) and

Cy =Y2 —Y1=Y3 — Y2,
Cy, =23 —22= 24 —R3 =26 " 25 = 27 — %6,

0= 29— 21 =25 — 24 = 28 — 27.

Set ¢y =2,¢c, =3 and 0 = % We easily obtain

R(;C/:\) = {(2’2)7 (273)}’ R(‘i_’l/{\) = {(273)’ (2a4)7 (3’6)7 (377)}7
R(=5) = {(2,5)}.

1.0
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/
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0.4

—<<E
===

0.2

0.0

T T T
F(Df) G(Dg) H(Dy)

Fic A.1. Illustration of the counterexample for the transitivity of ng‘j/@% and Sfi\i;‘zi“ as

gwven in the proof of Theorem 3.6. The pairs of constant intervals, of which the lengths are to
be compared with respect to =a, are identified by double-sided arrows. FEach constant interval
is represented by the value that the corresponding cdf takes on there.

An illustration of which pairs of constant intervals are compared among the
three cdf’s is given in Figure A.1. Because of

To—11=1<2=cy=y2—y1 = Yy3 — Yo,
F <pdise @ holds, and since

—D-supp

Yo—y1=cy=2<3=c,=23—20=24— 23 and
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Ys— Y2 =cy =2<3=c, =25 — 25 = 27 — Z6,

G <{ydise H holds. However,

$2—$1:1>%:(5:Z5—Z4

contradicts F <Adisc I and thereby contradicts the transitivity of

—D-supp
A-disc A-disc
SD_Supp and of gdisp .

Proof of Proposition 3.7. For a,b € A, we obviously have a = b, if and only if
a = b. Consequently, for all a,b € A, we have

asab<=a=banda—1=b—-1<=a=1,

a=yb<=a=bor a—-1=b—-1<=a=hb.
Therefore, F §%i_slgm F is equivalent to p, < p, for all a € A; and F' §]/3'_‘511if§p Fis
equivalent to F’ Sl\g'_gfpfp F', which, in turn, is equivalent to x, — 2,1 < To—24_1
for all @ € A. Hence, F §é\{$s° Fand F S\d/{fgsc F both hold.
Proof of Proposition 3.8. Part a) follows directly from the fact that, under
the lattice assumptions, the three statements F' §f)'_§llfrfp G, F SJ\S_-SLSEP G, and
crp < cg are equivalent. With that noted, the transitivity of < A-disc

D-supp follows,
which also proves part b).

Proof of Theorem 3.9. We start by proving that (i) and (iii) are equivalent.

‘(i)=(iii): Let r € (0,1)\ (F(Dr) UG(Dg)), which is possible since F(Dp)UG(Dg)
is at most countable and (0, 1) is uncountable. Now let a, = min{a € A :
F(z,) > r} (which exists since 7 < 1 = sup F(supp(F')) holds and thus,
there exists an a € A such that r € (F(x4-1), F(x,))) and b, = min{b €
B : G(ys) > r}. Then, a, = b, and, by assumption, F(z,,) — F(x,,—-1) =
Pa, = @, = G(yp,) — G(yp,—1) follows. Rearranging yields

F(za,) = Glyp,) = F(2a, 1) = G(yp,1)-

Assume F(x,,) > G(yp,.). It follows that a, = b, + 1, yielding F(z,,.) —
F(z4.-1) = Pa, = @+1 = G(Up,+1) — G(y»,.). Note that b, + 1 € B since
G(y,.) < F(z,,) <1 = sup G(supp(G)). Because of G(yp,.) > F(zq,.-1),
it follows that G(yp,+1) > F(z,,.), thus yielding a, + 1 = b, + 1. Now the
same line of reasoning applied to a, and b, can also be applied to a, + 1
and b, +1. Inductively, it follows that p,, = po = ¢s for all @ € AN[a,, c0)
and all 5 € BN [b.,00). We now know that there exist c4,cp € Ny such

that
sup A sup B
F(Iar)‘FCA'par:F(Iar)‘F ZpCE:l:G(be)—l— Z Pp
a,+1 B=b,+1

= G(be) + CB * Pa,
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which, since 0 < F(z,,.) — G(y»,) < Pa, (otherwise a, = b, would not
hold), yields

0= F(za,) = G(,) + pa,(ca = cB) # 0,

a contradiction. By symmetry, the case G(yp,) > F(z,,) also yields a
contradiction, leaving only F(z,,.) = G(y,). It immediately follows that
ar = b, and a, + 1 = b, + 1, yielding p,, = s, and pg,+1 = gp,+1. This
also yields F(zq.-1) = G(yp,.—1) and F(z4,4+1) = G(Yp,+1)- Inductively,
we obtain p,,+a = @b, +q and F (x4, +q) = G(yp,+q) for all d € Z such that
ar +d € A and b, + d € B. Furthermore, a, + d = min A is equivalent
to b, +d = min B for all d € Z and the same is true for the maximums
of A and B. It follows that F(supp(F)) = G(supp(G)) and, since the
indexing sets are uniquely determined by the supports, A = B follows
along with a, = b,.. The sets of pairs of indices to be compared are given
by R(=) = {(a,a) : a € A} and R(=,) = {(a,a) : a € A}.

Now define A = y,, — x,,.. Let a € A and, without restriction, let a > a..
Then,

(e}
Ya — Ta = Ya, — La, T Z ((yj - yj*1> - (xj - xjfl)) = Ya, — Ta, = A
j=ar+1

follows from F :é\{s‘gsc G. Overall, we obtain (B, (y;,¢;j)jer) = (4, (x; +
A, Dj)jea) and since the indexing set and the identifying sequence uniquely
identify the corresponding cdf, the assertion follows.

'(iii)<=(i)’: The assumption directly implies B = A, y; = ; + X and ¢; = p; for all
j € A. The latter observation then implies F(supp(F)) = G(supp(G)) as
well as R(=) = {(a,a) : a € A} and R(=A) = {(a,a) : a € A}. While
F :dDi_S;m G is now trivial, F’ :B'_glifgp G follows from (z,+X)—(2q—1+A) =
Toq — Xq_1 for all a € A, thus concluding the proof.

Since Sgi‘sdpisc is a weakening of gcvh-gj“, the implication ‘(ii)=-(i)’ is true gen-
erally. For the remaining implication, it is sufficient to show F Sé\i‘;gsc G &
F Sgi‘bfipisc G for all ;G € Dy with F(supp(F)) = G(supp(G)). Assuming
F(supp(F)) = G(supp(Q)) directly implies R(=) = {(a,a) : a € A}, where A
is the indexing set of either cdf. This yields

R(=p) ={(a,a) :a € A} = R(=y),

thus ensuring the equivalence of gé\i‘sdpisc and Sgi‘sdpisc and concluding the proof.

Proof of Proposition 3.10. If F(Dr) C G(Dg), the order §Q{$S° is equivalent
to <aisp and the assertion follows. Otherwise, let @ € A such that F(z,—1) €

F(Dp)\ G(D¢) # 0. It follows that

NN§(a) 3 sup(G(Dg) N (0, F(xq-1)]) < F(za-1)
< inf(G(Dg) N [F(z4-1),1)) € NN%(a).
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Hence, |[NN%(a)] = 2, and we choose b € B such that NN%(a) =
{G(yb),G(yp—1)}. (Note that B # () since |B| > 3 follows from Lemma A.2.)
Particularly, this means that a =, b+ 1 and, therefore, x4, — z4—1 < Ypr1 — Y-
Due to Lemma A.2 and the beginning of the proof of Proposition 3.17, for
all j € A,j > a, there exists a k; € B,k; > ks = b+ 1 such that
G(ykj—l) = inf(G(Dg) N [F(l‘j_l), 1)) e NN%(]) It follows that j = k; and,
particularly, j —1 = k; — 1 for all j € A, j > a. Moreover, the k;’s are pairwise
distinct. To see this, let i,j € AN [a,00) with i > j; then we have

F(xzj_1) < F(xi—2) = F(xi—1) = pi-1 < GWki—1) — Qri—1 = G(Yr,—2),

which implies G(yx; —1) < G(k,~1) and k; < k; — 1 < k;. It follows that

sup A sup A sup B
S —wii) Y Wk = Uk -1) <> (U — k1) (A.3)
j=a j=a k=b+1

Instead of using the index a as a starting point upwards, we can also use it as
a starting point downwards. It follows from the structure of the set NN%(a)
that a =a b holds and, subsequently, x, — z4—1 < y» — yp—1. By Lemma A.2,
we obtain that, for all j € A,j < a, there exists a ¢; € B,¢; < {, = b such
that G(ye;—1) = sup(G(Dg)N(0, F(x;-1)]) € NN%(4). As before, it follows that
J =na {; and, particularly, j = ¢; for all j € A,j < a. To see that the ¢;’s are
also pairwise distinct, let 4,j € AN (—o0,a] with i > j, yielding

F(x-1) > F(x;) = F(zj-1) +pj > G(ye;—1) + q; = G(ye;)

and, therefore, ¢; > ¢; +1 > {;. It follows that

a a b
Doo@i—wim) < D (e —ye-0) < D (e —ye)- (A.4)
j=inf A j=inf A {=inf B

By combining (A.3) and (A.4), we obtain

sup A sup A
N(Dp)= > (@j—z0) < D (35— 251) + (B0 — Ta1)
j=inf A j=inf A
sup B
< Z (g — yk—1) = A (Dg),
k=inf B

if \'(Df) < co. Otherwise, we obtain that D¢ also has infinite Lebesgue mea-
sure, since then the leftmost sum in (A.3) or (A.4) is already infinite.

Proof of Proposition 3.11. Similarly as in the proof of Proposition 3.10, Lemma
A.2 states that for all a € A, there exists a b, € B such that G(yp,—1) =
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sup(G(Dg) N (0, F(zq4_1)]) € NN%(a), implying a =x b,. As shown for Propo-
sition 3.10, these b,’s are pairwise distinct. It follows for all a € A that

7o = min(supp(F) - 3 (2 — 2y1) < min(supp(G)) + S (U, — 1)
Jj=min A j=min A
ba
< min(supp(G@)) + > (Yk — Yk—1) = Yb,-
k=min B

Note that for all (a,b) € R(=), b > b, holds because of G(y) > F(xq—1) >
G(yp,—1) and the maximality of b,. This means that, for all (a,b) € R(=), we
obtain z, < yp, < yp. By considering Definition 3.3 and the proof of Proposition
3.13, it is easy to see that this is equivalent to F <¢ G.

Proof of Proposition 3.13. The following chain of equivalences proves the asser-
tion:

9(G™(p))

IN

fFHp)  Vpe(0,1) (A.5)
)

< g(yp) < fzq Y(a,b) € A x B such that F~*(p) = z,
G~(p) = yp for some p € (0,1)

< 9(p) < f(2a) V(a,b) € R(=)

SPY =y) <P(X =z, VY(ab) € R(=)

S g < Pa V(a,b) € R(=).

Proof of Proposition 3.15. We start by proving the implication from left to right.
Due to Proposition 2.5, only the inequality of the Lebesgue measures needs to
be shown. This follows immediately as

MN(FTH({p}) = }i@(F’l(T) ~F7'(p)

<lm(@'0) -G = NG B) (AD)

holds for all p € F(Dp) by assumption since F(Dg) C (0,1).

For the other implication, let p,q € (0,1),p < ¢. Since F' is discrete, the
difference of its quantile function at p and ¢ is equal to the summed lengths of
all intervals, on which F' is constant at a value between p and ¢. Thus,

FYg-F'p)= > NEFE({r))
r€F(Dr)N[p,q)
and analogously for G. By assumption, we obtain
(G™Ha) -G ) — (F (@) = F~'(p))
= > (@) - N ET)

reF(Dr)N[p,q)
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+ 3 MG ({r).
re(G(Dg)\F(Dr))N[p,q)

Since both of these summands are non-negative, the assertion follows.

As a prerequitite for the proof of Proposition 3.17, we need the following
lemma.

Lemma A.2. Let F,G € Dy satisfy F <§%, G.

a) Let a € A. Then, exactly one of the following two statements holds:
(i) I EB:F(xa_1) < Glyp) < F(z4),
(1) b€ B: F(xq-1) = G(yp—1) and F(xs) = G(ysp).

b) For all a € A, there exist b1,by € B such that G(yy,) < F(z4) < G(yp,)
holds.

Proof.  a) We prove the equivalence —(i) < (ii). Note that —(4) is equivalent
to G(Dg) N (F(xa-1), F(zg)) = 0.

‘<": It follows that (F(z4-1), F(2.))NG(Dg) = (G(yp—1), G(ys))NG(D¢)
= 0.

‘=" We start by proving that there exists a b, € B such that G(yp,) >
F(z,). If F(z,) < 1, this follows directly from the fact that
sup G(supp(G)) = 1. If F(z,) = 1, sup G(supp(G)) = 1 also implies
max G(supp(G)) = 1 since, otherwise, limg_, o G(yz) — G(yg-1) =
0<1—F(zxq_1) = F(z,) — F(xq—1) along with limg_,o, G(yz) =1
would contradict F' S%i_sgm G. Obviously, there also exists a b, €
B U {min B — 1} such that G(y,) < F(zg4-1)-

Now, define b € B by G(yp) = min(G(supp(G)) N [F(za),1]) <
G(yp,), yielding a = b. By assumption G(yp—1) < F(ze-1) <
F(z,) < G(yp) holds and it follows that g, > p,. Equality holds,
if and only if G(yp—1) = F(zq-1) and G(yp) = F(x,), which corre-
sponds to (ii). If equality does not hold, F’ SdDi_SIfm G is contradicted.

b) Let a € A. The assertion follows by applying part a) to both @ and a+1 €
A, and by considering all four arising cases separately.
O

The following chain of inequalities follows directly from Lemma A.2:
inf G(Dg) < inf F(Dp) < sup F(Dr) < sup G(Dg).
Proof of Proposition 3.17.  a) First, note that, for all a € A, it follows from
Lemma A.2b) that G(Dg) N (0, F(ze—1)] # p and
G(De) N [F(a-1), 1) # 0. Thus,

NN§(a) = {sup (G(Dc) N (0, F(za—1)]) ,inf (G(De) N [Fra—1), 1))}
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Because of sup G(supp(G)) = 1 and F(z,-1) < 1, there exists a b € B
such that F(z4—1) € [G(yp—1), G(ys)). It follows that

sup(G(Dg) N (0, F(zq-1)]) = max(G(Dg) N (0, F(za-1)])
and, analogously,
inf(G(Dg) N [F(xq-1),1)) = min(G(Dg) N [F(z4-1),1)).

‘D" Leta € A. Now b—1 € B (or b € B) is defined uniquely by G(yp_1) =
max(G(Dg) N (0, F(x4—1)]). If follows that G(yp—1) < F(ze—1) <
G(yp) and thus, a = b. The case G(yp—1) = F(x4—1) is equivalent to

min(G(Dg)N[F(x4-1),1)) = max(G(Dg)N(0, F(z4-1)]) = F(xq—1).
Then, there exists an € > 0 such that

(F(za-2), F(2a-1)) 2 F(za-1) —€ = G(yo-1) — € € (G(yp-2), G(yp-1)),
(F(l'afl)vF(xa)) > F(xafl) +e= G(ybfl) +tee€ (G(ybfl)VG(yb))a

thus yielding a =4 b. The case G(yp—1) < F(x4—1) remains to be
considered. It immediately follows that a — 1 = b. This, combined
with a = b, yields

G(yp) — G(yp-1) (Ta-1) — F(Ta-2),

G(ys) — Gyp—1) < F(xa) = Fa-1)
= F(2q—2) < G(yp—1) < F(xa-1) < G(yp) < F(z4).

<F
<F

It follows that a — 1 = b—1 and a = b + 1, thus, a = b and
a =, b+1. Since G(y@p41)-1) = G(yp) = min(G(Dg) N [F(za-1), 1)),
this concludes the proof of the implication from right to left.

‘C’: Let (a,b) € R(=x) CAXB.

Case 1: G(yp—1) > F(xq-1)
Under this assumption, Lemma A.2 states that b — 1 > min B.
From a — 1 = b— 1, we then obtain G(yp—2) < F(x4—1). Conse-
quently, G(yp—1) = min(G(Dg) N [F(z4-1),1)) € NN%(a).
Case 2: G(yp—1) < F(xq-1)
Similarly to Case 1, we have a = b, which yields G(y;) >
F(zq_1) and G(yp_1) = max(G(Dg) N (0, F(24-1)]) € NN%(a).
Case 3: G(yp—1) = F(xgq-1)
It immediately follows that

G(yp-1) = min(G(Dg) N [F(24-1),1))
= max(G(Dg) N (0, F(zq_1)]) € NN%(a).
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b) ‘O’ Let b € B. Assume first F'(Dp) N [G(yp—1),1) # 0. Then, with anal-
ogous reasoning to part a), there exists an a € A such that

F(2q-1) = inf(F(Dg) 1 [Glyo-1), 1)) = min(F(Dr) N [Glyo-r). 1))-

It follows that F(x,—1) > G(yp—1) > F(xq—2), where it is possible
that @ — 1 = min A and therefore, F(z,—2) = 0. Nonetheless, we
obtain a — 1 = b — 1 and thus, a = b.

Now we assume F(Dp) N (0,G(yp—1)] # @ (which can occur simulta-
neously to F(Dp) N [G(yp—1),1) # 0). Again analogously to part a),
there exists an a € A such that

F(xq—1) = sup(F(Dr)N(0,G(yp-1)]) = max(F(Dr) N (0, G(yp-1)])-

We now infer F(z,—1) < G(yp—1) < F(x,), yielding ¢ = b and
thereby a =, b.
‘C’: Let (a,b) € R(=v) CAXxB.
Case 1: F(zq_1) < G(yp—1)
Ifa—1=b—1, it follows G(yp—2) < F(xq—1), which then yields
a = b— 1. We obtain

F(xa) = F(ma—l) + Pa > F(xa—l) + qp—1
> G(yp—2) + -1 = G(yp-1)-

If a = b, it follows directly that F(z,) > G(yp—1). Since a =y b
implies a = b or a — 1 = b — 1, the inequality F(z,) > G(yp—1)
holds generally. It yields F(24—1) = max(F(Dp)N(0, G(ys—1)]) €
NNE(®b).

Case 2: F(zq_1) > G(yp—1)
If a = b, it follows G(yp) > F(x4—1), which then yields a—1 = b.
We obtain

F(xq—2) = F(2q—1)—Pa-1 < F(xa—1)—a» < G(yp)—qp = G(yp—1)-

If a—1 = b—1, it follows directly that F'(z,—2) < G(yp—1). Thus,
the implication F(z,_1) = min(F(Dr)N[G(yp_1),1)) € NN&(b)
generally holds.
Case 3: F(xq-1) = G(yp—1)
Similarly to part a), it immediately follows that
F(zq-1) = min(F(Dp) N [G(ys-1),1))
= max(F(Dp) N (0,G(yp-1)]) € NN&(b).

A.2. Proofs for Section j

For the proofs in this section, we introduce further notation. By Definition 3.3,
every pair (a,b) € R(=) is associated with a non-empty interval subset of the



/Supplement to ‘Defining Dispersion: A Fundamental Order’ 13

unit interval. We define

Tap) = A ((F(#a-1), F(24)) N (G(yo-1), G(wp))) (A7)

for all (a,b) € A x B as the length of that interval. Note that r(,; > 0 is
equivalent to a = b.

Moreover, there exists a union N of at most countably many atoms in (0, 1)
such that

NU  {J (F@e1), F(za) N (Glys-1), Gw)) = (0,1),
(a,b)€R(=)

with all of the unions on the left hand side being disjoint. Specifically, N =
F(Dp)UG(Dg). For any two pairs (a,b), (o, 5) € R(=) with (a,b) # (a, ),
we say that («, ) is higher (lower) than (a,b) if v > ¢ (v < ¢) holds for
all v € (F(zq-1), F(za)) N (G(ys-1),G(yg)) and all ¢ € (F(ze—1),F(z,)) N
(G(yp—1),G(yp)). One of these two situations is guaranteed to hold since the
interval associated with (a, b) and the interval associated with («, 8) are disjoint.

Proof of Theorem 4.1. Let (a,b), (a, 8) € R(=). For better cross-reference, we
divide the proof into three parts.

Part 1: In this part, we show by contradiction that |z, — z4| > |ys — ys| implies
o —a|l = |8 — bl + 1. To this end, we first assume |a —a| < |8 — b|.
Without restriction, let o > a. If @ = a, then |z, — 24| = 0 < |yg — ys|
follows, contradicting the assumption. Hence, it remains to consider the
case o > a. Because of ¢ = b and a = 3, we obtain

Glypr) < Flea) < Fza) < Glys), (A.8)

yielding 8 > b. We either have G(ys_1) < F(xq-1), yielding G(yg_1) =
sup(G(Dg) N (0, F(z4_1)]) € NN%(a); in this case we define ko = 8. Or
we have G(yg—1) > F(zq—1), implying that there exists a k, < f such
that G(yr, 1) = inf(G(Dg) N [F(za-1),1)) € NN%(a). Note that ko > b
holds because of G(yx,—-1) > F(xq-1) and (A.8). So, considering both
cases as well as Proposition 3.17a), there exists a k, € {b+1,..., 8} such
that o =a kq.

It follows that « — 1 = k, — 1 and we can repeat the line of argument
from above with o — 1 taking the role of o and k, — 1 taking the role of
B, as long as &« — 1 > a. We then obtain a ko1 € {b+1,...,kq, — 1} such
that & — 1 =, kq—1 and can repeat the line of argument again, starting
with a — 2 = k,—1 — 1 as long as a — 2 > a. Iteratively, we obtain the
following statement:

Vi € {a+1,...,a} 3 pairwise distinct k; € {b+1,..., 5} such that j =, k;.

Since F <{ydisc G holds, it follows

[}

|To — To| = Xo — g = Z (xj —xj-1)

j=a+1
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«
S Z (ykj - ykj—l)
Jj=a+1
8
< Y (e —k-1) =ys — v = lys — ol
k=b+1

a contradiction to the assumption |zo — 4| > |yg — ys|. This closes the
case | —a| < |8 —b|.

Second, we assume |a — a| > |8 — b|] + 2. Again, let o > a. Because of
a—a=|a—al>|8—0b+2>2, we have a > a. By combining a = b
and o = (3, we obtain (A.8) and 8 > b, as before. It follows from (A.8)
that, for every j € {a +1,...,a — 1}, there exists a k € {b,..., [} such
that j = k. More specifically, we define k; = min{k € {b,...0} : j = k}
for every j € {a+1,...,a — 1}. These k; are pairwise distinct; otherwise
there would exist indices ¢,j € {a+1,...,a—1},i # j (without restriction
i < j) such that k; = k;. This implies G(yx,—1) < F(x;—1) because of the
minimality of k;. We obtain

G(yr,) = G(yr;—1) + qk, < F(zio1) +pi = F(z:) < F(xj-1) < G(yk,)s

yielding a contradiction, and thereby proving that the mapping j — k; is
injective. The cardinal number of the domain {a + 1,...,a — 1} of that
mapping is |o — a] — 1 and by assumption larger than or equal to the
cardinal number |8 — b] + 1 of its codomain {b,...,5}. For |a — a| >
|8 — b] + 2, this directly contradicts the injectivity of the mapping. For
| —a| = |8 —b|+2, it follows that the mapping is bijective and we obtain

a—1 a—1 B
Flwa1)=Flza)= Y ;> > a, =D ar=G(yp) — Glyp)-
k=b

j=a-+1 j=a+1
This, however, contradicts (A.8). Thus, we have shown the implication
|za—2a| > lys—uyp] = |a—a| =|6—-b|+1 V(a,b), (e, f) € R(=) (A.9)

by excluding all other possibilities.

It becomes apparent in Part 3 of the proof that pairs (a,b), (a, 8) € R(=)
satisfying |z — 24| < |ys —ys| are easy to deal with. Therefore, the critical
situation |z4 — 24| > |ys — ys| is of particular interest. Considering in the
final result (A.9) of Part 1, this implies |& — a| = |8 — b] + 1. It is the
purpose of Part 2 to analyze the situation for these kinds of pairs more
closely, so let (a,b), (o, 8) € R(=) with |a —a| = |3 —b| + 1. Furthermore,
let @« > a. As in Part 1, we obtain (A.8) and thereby 8 > b. It follows
from (A.8) and @ = b that, for every j € {a,...,a — 1}, there exists a
ke {b,...,B} such that j = k. We consider the mapping

v1:{a,...,a—1} = {b,...,8}, jr—kj=max{ke{b,...0}:j=k}
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To see that ¢, is strictly increasing, let j,j+1 € {a,...,a— 1}. It follows
from the maximality of ;11 that G(yx,,,) > F(xj11), yielding
G(ykj+1—1) = G(ykj+1) — Gkt > F(xj+1) — Pj+1 = F(l‘]) > G(ykj—l)

and, thereby, k;11 > k;. Thus, ¢ is strictly increasing and therefore also
injective. Since « —a—1 = [ —b means that the domain and the codomain
of ¢1 have the same cardinal number, the mapping is bijective. This means
that

a=b a+l =b+1,...,a-2= p-1, a-1= 3, (A.10)
a+1':r/\b+1,...70[—2‘:,/\5—1706—1‘:;/\5. (A].].)

Combined with (A.8), this has the following two implications:

B a—1
G(yp—1)—F(xa-1) = (G(yﬂ) - Z%) — | Fza1) = > _p;
k=b j=a
= Glys) = Flaa-1) + 30— 1) 2 Gla) — Flzas) > 0
H (A.12)
Ta—1— Ta = i (zj —xj-1)
j=a+1
a—1 B
<> Wk v = Y, Wk —uk1) =ys — v (A13)
j=a+1 k=b+1

It follows from (A.8), a = b and a = S that, for every j € {a,...,a},
there exists a k € {b—1,...,8} such that j = k. Note that b —1 € B
because of (A.12), which implies G(yp—1) > F(2q—1) > 0. We now consider
the mapping

w2 :{a,...,a} = {b—-1,...,8}, j—k;=min{k e {b—1,...8}:j =k}

To see that g is strictly increasing, let 5,5 +1 € {a,...,a}. It follows
from the minimality of k; that G(yx;—1) < F(7;_1), yielding

G(yr;) = Gy, —1)+ar, < F(xj_1)+p; = F(xj) = F(2g41)-1) < G(Yr;,0)

and, thereby, k; < kjy1. Thus, 9 is strictly increasing and therefore also
injective. Since @« —a = 8 —b+1 means that the domain and the codomain
of @9 have the same cardinal number, the mapping is bijective. This means
that

a=b—1,a+1 = b, ..., a—1 = -1, a = p, (A.14)
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a+1=spb, ..., a—15s5 -1, as,pB. (A.15)

Combined with (A.8), this has the following two implications:

a—1 B-1
F(za-1) —Glys—1) = | Flza)+ > p; | - (G(ybl) +) Qk>
k=b

j=a+1
a—1
=F(za) = Gyp-1) + > (pj —an,) = F(xa) = G(yp—1) >0, (A.16)
j=a+1

and

[e3

Lo = Xg = Z (xj - xj—l) < Z (ykj - ykj—l)

j=a+1 j=a+1
B
= Z(yk —Yk—1) = Y5 — Yo—1- (A.17)
k=b

Part 3: Recall the definition of (4 ) in (A.7) to see that the following holds true
for all ¢t € R:

Hix_x(t) =P(X - X'| <)

= Y PX=2)PX =2)1{z—2| <t}
z,z’ €supp(F)

Z papa]lﬂxa - xa' S t}

a,a€A
=2 ( ) T(ﬂi})) Yo Tap | Hlza—aa <t}
a,a€A \beB:a=b BEB:a=p
- > T(ab)" (0,8 H[Ta — Za| <t} (A.18)
(a,b),(a,B)ER(=)
Analogously, we obtain
Hyy -y (1) =B(Y -Y'| <1) = > ") (a8 Ky — ysl <t}

(a,b),(cv,B)ER(=)
(A.19)

for all t € R. The claim of the theorem is equivalent to
= Y rewresn (Mlra —zal <8~ Hlys —pl < 1})

(a.),(aB)€R(=)
(A.20)
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for all t € R. By Part 1, we have for all (a,b), (o, 8) € R(=) that

|O‘_a|7é|ﬁ_b‘+1:>‘xa_ma|§|yﬁ_yb|
= (lys — | <t = |za —ze| <t) VEER
= I{|rg —zo| <t} —L{|lyg — | <t} >0 VieR.

The sums in (A.18) and (A.19) can each be split into three separate sums,
one with @ > a, one with & = a and one with a < a. Since all the
summands in (A.18) and (A.19) are symmetric in (a,b) and (a, §), the
sum with @ > a is equal to the sum with o < a. Because « = a and

|oo—a| = |8 —0b|+1 are not possible simultaneously, we obtain for all t € R
that
Hix_x/(t) = Hyy —y|(t)
=2 > T(ab)T(.8) (L{]Ta — za| <t} = L{ys — ws| < t})
(a,b),(a,B)ER(=):
a>a
+ Y. e (Hlra =z <t - 1{lys —m| < 1})

(a,b),(a&,B:)(fR(:):

=2 > [r(a,b)’“(a,m(ﬂ{xa — x4 <t} = WHys —yp < t})
(a,b),(0,B)€R(=):

la—al=|B—b[+1,
a>a

+ r@p-1)T(a—1,8) (H{Za-1 — Ta <t} — L{ys —yp—1 < 8}) |-
(A.21)

For the validity of the inequality we use that, under the assumptions
(a,b),(a,8) € R(=), la —a] = |8 =5 +1 and a > a, it follows that
(a,b—1),(a —1,5) € R(=) according to (A.10) and (A.14). Note that
[(a = 1) —a] # |8 — (b—1)] + 1 holds true in all summands of the last
sum, so no summand is used twice in that sum. For the differences of the
indicator functions, it holds that

I{og —2 <t} — UMy —yp <t} = -1 <=1t € [ys — Yp, Ta — o) and
Haa1—za <t} —Hyg —yp-1 St} =1<=1€ [Tam1 — Ta,Yp — Yp-1)
for all (a,b), (o, B) € R(=) with |a —a| = |8 —b| + 1 and a > a. Because

of (A.13) and (A.17), [ys — Yb, Ta — Ta) C [Ta—1 — Ta, Ys — Yo—1) follows,
yielding

{owqg —2q <t} —Wyp —yp <t} =-1
=1{xq-1 —2q <t} — L{yg —yp—1 <t} =1.

This means that in order to prove that (A.21) is larger than or equal to
zero and thereby complete the proof, it remains to show that r, 37,z <
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Fic A.2. Ezemplary visualization of crucial situation in the proof of Theorem 4.1. The hor-
izontal lines represent the elements of the sets given on the z-axis. The double-sided arrows
and the variable names next to them represent the distances between those horizontal lines.

(a,b—1)T(a—1,8) holds for all (a,b), (o, B) € R(=) with [a —a| = |8 —b[+1
and o > a. In that setting, by combining (A.12) and (A.16), we obtain

a8 = (F(@a) = Gyp—1)) (G(ys) — F(ya—1))
< (F(SC@A) - G(yﬁ—l)) (G(ybfl) - F(xa—l)) =T(a-1,8)T(a,b—1)-

The starting point of the proof of Theorem 4.1 is the representation of the cdf
of | X — X'| given in (A.18) as a sum of products 7(4,4)7(a,s) of probability masses
on two given pairs in R(=). An analogous sum can be used to represent the cdf of
|Y = Y| with the sole difference that each summand is multiplied with a different
indicator than for |X — X’|. The implication (A.9), which is shown in Part 1 of
the proof, states the indicators for a given summand are one for | X — X’| and
zero for |Y —Y’| if and only if |« —a| = | —b|+1, which is a crucial restriction. In
Part 3 of the proof, it is shown that, for every two pairs of indices (a, b), (a, 5)
for which this occurs, there exists another set of indices (a,b — 1), (o — 1, 5)
for which the indicators take the opposite values. Additionally, it is shown that
T(a,b—1)"(a—1,8), the coefficient for the latter set, is always larger than r, 4)7(a,8)
the coefficient for the former set. So for every negative summand in the difference
of the two cdf’s, there exists a corresponding positive summand with equal
or larger absolute value. The situation is illustrated in Figure A.2. The fact
that the values of F(Dp) and G(D¢) in question are alternating, follows from
oo —a|l = |8 — bl + 1 and is derived in Part 2 of the proof. The plot also hints
at the fact that, for reasons of symmetry, (a + 1,b), (a, 8 + 1) would have been
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a viable alternative of (a,b — 1), (o — 1,5) in its role as compensatory set of
indices.

Proof of Lemma 4.2. Let X ~ F, Y ~ G and, as assumed E[X] = E[Y] with
F#G.

a) For all a € A, define the set B, = {b € B : F(z4-1) < G(yp—1) < F(z4)}
Note that, for all a € A, B, # () holds. Otherwise, there would exist a
b € B such that G(yp—1) < F(zq-1) < F(xq) < G(yp), yielding ¢, > p, in
spite of a = b and thus contradicting F §Q{$SC G. With similar reasoning,
Binin 4 # 0 follows (provided that the minimum exists). We now prove part
a) by contradiction and therefore assume that =, < y,—1 or y, < x, holds

for all b € B, and all a € A. This is contradicted by case distinction.
Case 1: 24 <yp—1 V(a,b) € J,ca ({a} x By)

Let a € A. Obviously, a = b holds for all b € B, except if G(yp—1) =
F(z,). More precisely, if there exists a b € B such that F(x,-1) =
G(Yp—1), then {b € B : a = b} C B,. Otherwise, we have {b €
B:a= b} C B, U{minB, — 1}. Overall, z, < y; follows for all
(a,b) € R(=) N (A x B). (This is because, for all a € A, we have
To < Yp—1 < yp for b € B, and x4 < Ymin B,—1 by assumption.)
Now, let a = min A and assume that this minimum exists. Similarly
as before, we have

{eB:a=b} C B,U{min B, — 1} = B, U {min B}

and we can infer z, < y, for all (a,b) € R(=) N ({min A} x B).
Combined with the results for a € A, it follows that x, < ¥, holds
for all (a,b) € R(=). Furthermore, at least one of these inequalities is
strict since equality for all these pairs would imply F' = G. It follows

0=E[Y]-E[X]= > 7 —za) >0,
(a,b)ER(=)

a contradiction.

Case 2: yp, < x4 ¥(a,b) € U,eq ({a} x Ba)
Let a € A. Analogously to Case 1, it can be shown that {b € B:a =
b} C By U{min B, — 1}. If b € B,, y» < x, holds by assumption; if
b=minB, — 1, y» < YminB, < Ts holds. Overall, we have y, < z,
for all (a,b) € R(=), yielding

0=EX]-EY]= > r@y(®a—m) >0, (A.22)
(a,b)ER(=)

a contradiction.

The remaining cases all consist of z, < y,—1 holding for some pairs (a,b) €
Uaea ({a} x By) and gy, < x, holding for others. For that, we order all
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these pairs from low to high, or, in other words, primarily by a € A and
secondarily by b € By, i.e.

..oy(@=1,minB,_1),...,(a — 1, max B,_1),

(a,min B,), ..., (a,max By),....

This gives us three possible kinds of successive pairs. The first one is
(a,b),(a,b+ 1), where a € A and b,b+ 1 € B, (denoted by (P1)). Both
the second and the third kind are of the form (a, max B, ), (a+1, min B, 1)
for an a € A. If G(YmaxB,-1) € F(DF), then max B, = min B, holds
by definition of B,. This gives the second kind of successive pairs, which
is of the form (a,b), (a + 1,b), where a € A and G(yp—1) = F(z,) (de-
noted by (P2)). (Note that G(ymaxB,—1) = F(Za—1) is not possible be-
cause G(YmaxB,) > F(x,) then contradicts gmaxp, < pa and therefore
a = max By, and G(Ymaxp,) < F(z,) then contradicts the maximal-
ity of max By.) If G(YmaxB,-1) ¢ F(DF), then max B, = min Bg4q — 1
holds. This gives us the third kind of successive pairs, which is of the form
(a,b),(a+1,b+ 1), where a € A and b = max B, (denoted by (P3)).

For each of these kinds of successive pairs, x, < yp—1 can hold for the
former and y, < x, can hold for the latter or vice versa. Overall, this
gives us six cases that remain to be considered.

Case 3: (P1) with 2, < yp—1 and yp1 < T4

This directly gives yp+1 < 2o < yp—1, a contradiction.

Case 4: (P1) with yp < 2, and z, < yp

These two statements directly contradict each other.

Case 5: (P2) with z, < yp—1 and yp < Tay1

Since G(yp—1) = F(x,) holds for any successive pair of index pairs of
the second kind, it follows a + 1 = b. Then,

Tag1 = Ta+H(Tar1—%a) < Yoo1+(Tat1—%a) < Yo—1+Ws—Yo—1) = Ybs
(A.23)

which contradicts the assumption y, < Zq41.

Case 6: (P2) with yp < 24 and 441 < Yp—1

This directly gives x441 < yp—1 < Yp < X4, & contradiction.

Case 7: (P3) with z, < yp—1 and ypr1 < Tat1

Since G(yp—1) < F(xq) < G(yp) holds for any successive pair of pairs
of the third kind, it follows from Proposition 3.17a) that a+1 =4 b.
Then, (A.23) again holds, contradicting the assumption y, < yp+1 <
Ta+1-

Case 8: (P3) with y, < 2, and z441 < yp

This directly gives x,41 < yp < x4, a contradiction.

Now, we have considered all relevant cases and have thereby proved part

a).

b) We prove this part by showing that (i) follows, if (ii) does not hold. This

is done in several steps.



Step 1:

Step 2:

Step 3:

Step 4:
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If (ii) does not hold, part a) yields that there exists a pair (a,b) €
A x B such that F(z,) = G(zp) and y, < z, or there exists a pair
(a,b) € A x B such that F(z,) = G(xp) and 2441 < Ypi1-

In the first case from Step 1, it directly follows from b € B and
F(z,) = G(yp) that a € A. Then, either 7,11 < yp+1 holds (in which
case we are finished) or yp4+1 < Z441. Hence, assume yp11 < Tg41. We
proceed by showing b+ 1 € B. We prove this by contradiction and
therefore assume G(yp+1) = 1, from which 1 = F(z441) > G(yp+1)
directly follows because of a +1 = b+ 1. Thus, pysy1 = @41 holds,
which yields R(=)N({a+1} x B) = {(a+1,b+1)}. We now seek to
show y3 < x, for all (o, ) € R(=), which then implies E[Y] < E[X]
in the same way as in (A.22) and thereby concludes the proof of
b+ 1 € B by contradiction. Obviously, yp < T4 is true for all 3 € B
such that a = f because of y, < x, and since all such §’s are no
larger than b. From Proposition 3.17a), it follows that there exists a
Bo < b—1 such that a = By + 1 with 8y being the largest element
of B, for which a — 1 = f holds. (This can be achieved by defining
Bo = min NN%(a) — 1.) From this,

Yz, < YBo = YBo+1 — (y/@0+1 - yﬁo) < YBot+1 — (Stl'a — Tq-1)

< Yo — (xa - xafl) < Tq — (xa - xafl) = Tqg-1

follows for all BO € B such that a — 1 = Bo. This can be recursively
continued for a—2,a—3, ... as long as these indices are in A. Overall,
this proves that ys < x4 holds for all (o, 8) € R(=).

Still assuming yp11 < Tg41, it follows from Step 2 that b+ 1 €
B. Now, if F(z411) = 1, along with yg < x441 for all 8 > b+ 1,
E[Y] < E[X] follows similarly as before, leading to a contradiction.
Assuming F(z,+1) = 1 along with the existence of a § > b+ 1 such
that yg_1 < zq41 < yp yields that (a + 1, §) satisfies condition (ii),
which also poses a contradiction. Hence, F(z,11) < 1 and a+1 € A.

Since (ii) is assumed to not hold, ys41 < 2441 follows for all 3 € B
with F(z,) < G(yg) < F(za+1). Hence, there exists a 8, € B with
F(zo+1) < G(yp,) < F(zeye2) and yg, < xgt1 < Tero. Now we
can use our earlier procedure recursively in the following sense. If
G(ys,) > F(xat1), Ys+1 < Tqt2 follows since (ii) does not hold.
This gives us the setting from the beginning of Step 4 with (a, 5)
replaced by (a+1, ;). Here, a+2 € A is guaranteed since otherwise,
E[Y] < E[X] would follow. This can be repeated recursively as long
as the strict inequality analogous to G(yg,) > F(z441) is satisfied.
The recursion has to stop at some point (in the sense that equality
holds) since otherwise, E[Y] < E[X] would follow.

If G(ys,) = F(xq+1) holds (or an analogous inequality later in the
recursion), we can reuse the proof from Step 2 onwards, replacing
the pair (a,b) by (a + 1, 81). With this new recursion, we end up at
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some point with a pair that satisfies condition (i) since, otherwise,
the contradiction E[Y] < E[X] would follow again.

Step 5: It remains to consider the second case in Step 1, so that there exists
a pair (a,b) € A x B such that Ta+1 < Yp41. Here, we can use
the exact same procedure as in Steps 2—4, only going through the
cdf’s F and G in the opposite direction. The fact that the inequality
Ta+r1 < Ypt1 is not a strict inequality does not change anything,
because if equality held every time, we would end up with F' = G, a
contradiction. (In Steps 2—4, the contradiction E[Y] < E[X] always
follows from ys < x, holding for all (a, 8) € R(=). Hence, if the
inequality is not strict, E[X] = E[Y] can only occur if yg = z, holds
for all (o, B8) € R(=). However, in that case, we already have F = G.)

Proof of Theorem 4.3. Assume without restriction that E[X] = E[Y] and F #
G. We proceed by showing F <4 G in cases (i) and (ii) of Lemma 4.2b),
adopting the notation from there. According to the assumption E[X] = E[Y],
the characterization of the dilation order given in Proposition 2.4a) and the
identity

E[(X — #)1] = E[X — ] + E[(X —)_] = E[X] — ¢ + E[(X —1)_]
for all t € R, F' <g; G is equivalent to

E[(X —t)4] <E[(Y —¢)4] Vt>ty and E[(X —t)_] <E[(Y —t)_] Vt<t
(A.24)
for any tg € R.

(i) Let (a,b) be the pair, the existence of which is guaranteed by (i) in Lemma
4.2b) and choose tg = % The first inequality in (A.24) is now equiv-
alent to

Yo (s =)+ = (ra —1)4) 2 0. (A.25)
(a,8)€R(=)

for all ¢ > ty9. The summand corresponding to any pair (o, 3) € R(=)
with o < a is zero because z, < ty and yg < ¢y hold in that case. So, let
«a > a+1, also yielding 8 > b+ 1. For all £ > a+1, there exists exactly one
O, > b+1 with G(ys, —1) < F(xk—1) and k =4 ¥, according to Proposition
3.17a). (£ > b+ 1 holds because a + 1 is the only element of A, for which
a+1=x b+1 holds, since F(z,) = G(zp).) Furthermore, a+1 < k—1 < k
implies b+ 1 < €1 < ¢ because of G(ys,_,-1) < F(zr—2) < G(ye,—1)
(see Lemma A.2a)); thus, the ¢;’s are pairwise distinct. Hence, for all
a > a+ 1, there exists a By > b+ 1 with G(yg,—1) < F(xq—1) and

[e3% [e3%
To—Tarr= ) (wn—2k-1) < ) (Yoo — Yo—1)
k=a+2 k=a+2
Bo

<> (e —ye-1) =Yg — Yot
(=b+2
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Because of G(yg,—1) < F(za-1), B > Bo holds for all § € B such that
a = (. Overall, all such 3 satisfy

Ys > Y, = (Ygo — Yb+1) T Yot1 > (T — Tat1) + Ypi1
Z (xa - xa-&-l) + Ta+1 = Ta,

yielding (yg —t)+ > (o — t)4 for all t > ¢o. Hence, (A.25) is true. The
second inequality in (A.24) is shown completely analogously by extending
the inequality y, < x, down the cdf’s F' and G instead of extending the
inequality z4+1 < yp+1 up the cdf’s.

Let (a,b), (o, B) € Ax B satisfy condition (ii) with « —1 > a, which yields
B —1>b. This implies (a,b—1), (o, B—1) € R(=) as well as yp_1 < 24 <
Yo < Yp—1 < o < yg, which yields zo — 4 > yg—1 — yp. According to
(A.9) in Part 1 of the proof of Theorem 4.1, a —a = (8—1)—b+1=5—b
follows. Part 2 of the same proof then implies

R(=p0) 2{(a+1,b),(a+ 1,0+ 1),(a+2,b4+1),(a+2,b+2),...
co(a=2,6=-2),(a—-1,-2),(a—=1,—-1),(a, B = 1)}

(see (A.10), (A.11), (A.14) and (A.15)). Obviously, & = f also holds.
Thus, forall k € {1,...,a—a} ={1,...,8—0b}, we have a+k =5 b+k—1
and a + k =S, b+ k. Let k € {1,...,aa —a — 1}. Now G(yptx—1) €
(F(xa4k-1), F(xqtx)) follows froma+k=b+k—1landa+k=0b+k.
Furthermore,

M=

k
Tatk = Ta+ ) (Tatj = Tarj—1) S Yo + ) _(Tatj = Tatj—1)
j=1

1

.
Il

M=

<y + (Ub+j — Ubtrj—1) = Yotk

1

<.
I

and
a—a a—a
Lotk = Lo — Z (anrj - ma+j71) > Yg—1 — Z (il'a+j — (EaJrj,l)
j=k+1 Jj=k+1
B—b
2 Yp—1— Z (Yotj—1 = Ybtj—2) = Ybtk—1-
J=k+1

Overall, the pair (a+ k, b+ k) satisfies condition (ii) for all k € {1,...,a—
a—1}.

The entirety of the proof for case (ii) so far states that, if there are multiple
pairs of indices satisfying condition (ii), they are of the form ..., (a,b), (a+
1,b4+1),.... Assume now that this chain of pairs has a lower end, so that
there exists a pair (a,b) € A x B that satisfies condition (ii), but the pair
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(a—1,b—1) does not. Additionally, let (o, 3) € R(=) be a lower pair than
(a,b) in the sense that the interval measured by r(, g is lower on the unit
interval than the interval measured by r(4 3. We seek to prove yg < z,
for all such pairs. If z, — o < ys—1 — yg holds, then yg < z, directly
follows because of y,_1 < x,. According to (A.9) in Part 1 of the proof of
Theorem 4.1, a —a=b— = (b—1) — B+ 1 is a necessary condition for
ZTo—Tq > Yp—1—Yp- In that case, Part 2 of the same proof implies that the
values of F' and G alternate in the sense of F(24—1) < G(yp—1) < F(zqa).
If yg < z, already holds, we are done; if yg > =z, holds along with
ZTo > Ya—1, the pair (o, §) satisfies condition (ii), posing a contradiction.
Therefore, assume z, < yg_1. Again invoking (A.9), this is only possible
ifa—a=(b-1)—(8-1)+1=0b—+1, which contradicts a —a =b—f3.
Overall, it follows that yg < x4 holds for all pairs («, 8) € R(=) lower
than the chain of pairs satisfying condition (ii). Analogously, it can be
shown that z, < ys holds for all pairs (o, 5) € R(=) higher than the
chain of pairs satisfying condition (ii).

Due to the proven structure of this chain, we can find a unique indexing set
C e {{0,...,n} :n € No}U{Ny, —Np, Z} and an initial pair (a,b) € Ax B
such that ((a4c¢,b+c¢))ccc is the sequence of all pairs satisfying condition
(ii). We now define the following two mappings:

G(Wote-1) = F(Tate—1)
F(Zate) = F(Tate-1)
Late = Ybte—1
Yot+c = Ybte—1

Mpm : C — (0,1), c+—
Msupp : C — (0,1], ¢~

Both mappings can be extended to Z by assigning the value 1 to both, if
the argument is smaller than the minimum of C, and assigning the value
0 to both, if the argument is larger than the maximum of C. We now show
that both mappings are decreasing on C. For that, let ¢,c+ 1 € C and
define dp = min{F (zo1c) — F(@atc—1), F(Tatet1) — F(Tate)} as well as
dy = min{Ypt+c — Yote—1:Yo+ce+1 — Yo+c}- Note that, because of

F(zaye—1) < GWptre—1) < F(Tare) < G(Ypre) < F(Tater1)s

a+c = b+c,a+c+1 = b+cfollows as well as a+c+1 =a b+c,atct+1 =,
b+ c+ 1. Then,

GWotc) = F(Tate)

F(za+c+1) - F(Ia—&-C)
F($a+c) - G(yb+c—1)
F(zaye) = F(Tate—1)

< G(Ypic) = G(Ypre—1)

b ar

Latetl — Ybte + Yote = Tate 4

Ybotetl — Yot+e  Ybte — Yote—1

Mpm (€ + 1) — Mpm(c) =

-1

-1<0, (A.26)

Msupp(C + 1) = Mgupp(c) =
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xa+c+1 - xa+c

<
= d,

-1<0.

It follows that the mappings

. ~ 21yt GWete—1) = F(®ate—1)
o €22 ) e (o) = G Gl )

Lat+c — Ybote—1

Msupp * C— (Oa oo], CH (msupp(c)_l - 1)71 =
Yvp+c — Ta+c

are also decreasing. Now, define the mapping
m:C — (0,00], ¢ Mpm(c) - Msypp(c)

_ (G(yb-‘rc—l) - F(xa+c—1))(-ra+c - yb—i-c—l)
(F(xa+c) - G(yb+c71))(yb+c - $a+c) '

m can also be extended to the domain Z by assigning m(c) = oo if ¢ <
min C' and m(c) = 0 if ¢ > max C. Furthermore, m inherits from m,,,, and
Msupp that it is decreasing. Define ¢y = min{c € Z : m(c) < 1}. Since m
is monotone, the existence of this minimum follows, if we can show that
the range of m is neither a subset of [0, 1] nor a subset of (1, c0]. To prove
this, first assume that m(c) < 1 for all ¢ € Z. It follows inf C = —o0,
which implies C' € {—Ny,Z}. If C = —Ny, yg > , holds for all pairs
(a, B) € R(=) higher than (a,b). Hence, for C € {—Ny, Z},

sup C
ElY] - E[X] > Z T(atebte) Yote = Tote) + T(atepte—1) (Yote—1 — Tate)
c=inf C
sup C

= Z (F(ate) = GWotre—1))(Yo+e — Tate) (A.27)
c=inf C

- (G(yb+cfl) - F(xa+cfl))($a+c - yb‘l’C*l)'

The non-negativity of the ¢-th summand in (A.27) is equivalent to m(c) <
1, which was assumed for all ¢ € C. The assumption E[X] = E[Y] now
implies m(c) = 1 for all ¢ € C. Because of inf C = —oco, the sequence
(F(2a4c) — F(Zate—1))ecec converges to zero as ¢ — —oo. This means
that there exists a ¢ € C' such that F(2gq4c-1) — F(Zate—2) < F(Zatc) —
F(xgq4c—1), meaning that the first inequality in (A.26) is strict. This con-
tradicts that /My, is constant on C' and therefore also that m(c) = 1 holds
for all ¢ € C. Overall, m(c) < 1 cannot hold for all ¢ € Z. Since assuming
m(c) > 1 for all ¢ € Z analogously leads to a contradiction, we have proved
that the minimum in the definition of ¢y exists.

Define (ag,bp) = (a + co,b + ¢p). We now prove F <g; G by showing
(A.24), which is equivalent to

Y tasm(Ws =t — (@a—1)4) =0 VE>1t; and  (A.28)
(a.B)ER(=)
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> (s —t)- = (ma —1)-) 20 V<t (A.29)
(a,8)ER(=)

We proceed via case distinction.

Case 1: ¢g—1,c9g e C
In this case, we choose tg = yp,—1. It holds that

Ybo—2 < Tag—1 < Yng—1 < Tag < Yby,
F(xao—z) < G(ybo—2) < F(xao—l) < G(ybo—l) < F($a0).

Hence, (ag,bo — 1) is the lowest pair in R(=) such that the corre-
sponding summand in (A.28) is not zero. The next pairs in R(=) are
then (ag, bo), (ap + 1,b0), (ap + 1,09 + 1),... as long as the pairs of
the form (ag + k,bo + k), k € N, still satisfy condition (ii). If max C
exists, ys > x, holds for any pair (z.,ys) € R(=) higher than
(a + max C, b+ max C) (as was shown earlier). Therefore,

max C'

0 3 [raresso(@re = s = (@are = £)4) (A.30)

CcC=Cq

+ r(a+6,b+671)((yb+c—l =)+ — (Tate — t)+)]

max C'

= 3 [(Fwase) = Ghre-1)) (Wore = 04 = (@are = 1))

CcC=Cq

(A.31)
—(GWte—1) = F(Tate—1)) (Tate = )+ = (Yote—1 — 1)+)

for all ¢ > ¢, is sufficient to show (A.28). We now consider each
summand in (A.31) separately. First, in the case t < yptc—1, the
summand is equal to

(F(zat+e) = GYbtc—1)) (Yote — Tate)
- (G(yb-i-c—l) - F(xa—&-c—l)) (xa-ﬁ-c - yb+c—1) . (A32)

The non-negativity of this is equivalent to m(c) < 1, which is true
since ¢ > ¢g. In the case ypyc—1 <t < Tg4e, the summand is equal to

(F(xa+c) - G(yb—i-c—l)) (yb+c - xa—i—c)
- (G(yb-l-c—l) - F($a+c—1)) (xa-i-c - t) s

which is no smaller than (A.32) and therefore also non-negative. In
the case Zg+e < t < Ypte, the summand is equal to (F(zg4c) — G(Ypte—1))
(Yp+c — t), which is non-negative because both factors are. Finally, in
the case t > yptc, the summand is zero. Overall, inequality (A.30) is
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satisfied, leaving (A.29) to be shown. For that, proceeding similarly
to before, it is sufficient to show

C()*l

0 Y [(F@are) = Glpre1) (Use = - = (Tase = 1)-)
c=min C
— (G(Ypte-1) = F(@ate—1)) (@ate =)= = (Yote—1 — t)—)}

(A.33)

for all t < tg. We again only consider the ¢-th summand, beginning
with the case t > yp., in which it is equal to negative (A.32). The
non-negativity of that term is equivalent to m(c) > 1, which is true
since ¢ < ¢g. The non-negativity of the c-th summand in the remain-
ing cases follows in a similar fashion. Hence, both (A.28) and (A.29)
are satisfied, yielding F' <g; G.

Case 2: ¢g — 1 =maxC

In this case, (ap — 1,bp — 1) € A x B obviously holds and we choose
to = Tqy—1. Because of Yp,—2 < Tag—1 < Yby—1, only (ag — 1,09 — 1)
and pairs (o, 8) € R(=) higher than (ap — 1,by — 1) have non-zero
summands in (A.28). However, since z, < yg and, consequently,
(o —t)+ < (yg — t)+ holds for all those pairs, (A.28) is true.
Because of yp,—2 < Tao—1 < Ybo—1, the highest pair in R(=) with a
non-zero summand in (A.29) is (ag — 1,b9 — 2). As before, all pairs
(o, B) € R(=) below the chain of pairs in R(=) satisfying condition
(ii) can be disregarded as they satisfy yg < z,. It follows that (A.33)
is a sufficient condition for (A.29) and it can be shown analogously
to Case 1 as the chain indexed by C' has the same properties from
¢op — 1 downwards. (In fact, condition (A.33) can even be weakened
since it includes the non-positive summand associated with the pair
(ap — 1,b9 — 1), which is not relevant here.)

Case 3: ¢g = minC'
For this case, we can proceed analogously to Case 2 after choosing
to = x4, and by flipping the procedure upside-down.

By using the stop-loss transform characterization of the dilation order, the
proof of Theorem 4.3 is relatively simple, if G is larger than (or equal to) F for
t < tp and G is smaller than F for ¢ > t,. For all situations depicted in Figure 7
except for the lower right panel, ¢y can be chosen in such a way that this holds.
In particular, this is always possible in case (i), making the proof in this case a
lot less difficult.

The only situation left to be considered is the one shown in the lower right
panel of Figure 7, where F and G intersect multiple times. The structure of
those intersections can be further narrowed down before then being divided in
three cases in the proof. The line of reasoning in Case 1 is illustrated in Figure
A.3. The main focus lies on the ratio between the two areas between each pair
of vertical lines. If the left area is divided by the right area, the resulting ratio
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F(Xlan+2)

F(Xagd)
1|

Co+2

Il

F(xa,)
1

co+1

Il

co—1

Co

F(Xay-1)
1

Il

Co-2

F(Xag—z)
||

_ G
T T T T T T
Xap-2 Xag-1 Xa Xag+1 Xag+2

F(Xan—a)

F1c A.3. Ezemplary situation in the proof of Theorem 4.3, part (i), Case 1. (F and G are
assumed to be standardized w.r.t. the mean.)

decreases as the corresponding index (cg — 2,¢9 — 1,¢cp,...) increases. (In the
proof, the ratio for an index ¢ is denoted by m(c).) Now, tg is chosen such that
this ratio is smaller than 1 on the left side of ¢y and larger than or equal to 1
on the right side of #y. In Figure A.3, the smaller area of each pair is filled in
red and the larger one is filled in green. For all ¢ > ty, the sum of the green
areas on the right side of ¢ minus the sum of the red areas on the right side
of t is required to be non-negative. For t = ty, this is obviously true since the
ratio between the green and the red areas is no smaller than 1 for each index.
If ¢ is increased from ¢y towards oo, the red areas are always reduced before the
corresponding green areas are. The situation on the left side of ¢y, so for t < ¢,
is analogous.

This begs the question why Cases 2 and 3 in part (ii) of the proof of Theorem
4.3 need to be considered separately and cannot be included in the line of
reasoning illustrated by Figure A.3. This is illustrated in Figure A.4, where the
left panel is exemplary for Case 2 (as the chain of intersections of F' and G ends
at index ¢p, which is chosen as before) and the right panel is exemplary for Case
3 (as the chain of intersections of F' and G begins at index c¢g). In Case 3, if
to = Yp,—1 is chosen as before, it is possible for F' to exhibit more steep jumps on
the right side of ¢y, thus expanding the corresponding red area to be larger than
the corresponding green area. This is possible because the chain of intersections
of F and G ends at index ¢y and does not extend any further below that index.
The problem can be solved by choosing ¢ty = x,, instead. On the left side of ¢,
F' is then smaller than G; on the right side of tg, there is an additional green
area before the first full pair of red and green areas, once again ensuring the
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Fic A.4. Ezemplary situation in the proof of Theorem 4.3, part (it), Cases 2 and 3, if
to = Ypy—1 was chosen instead of to = Tay—1 and to = Ta,- (F and G are assumed to
be standardized w.r.t. the mean.)

non-negativity required in (A.31). The line of reasoning in Case 2 is analogous,
just going down instead of up.

Proof of Theorem 4.7. We prove this by constructing a counterexample for
arbitrary values of o and . First, define n = {ﬁ?—ﬁ)J + 1 € N and choose

o€ (ﬂ_T", min(a, 1 — ﬂ)) C (0,1). The latter interval is not empty since

b—a 08—«
>min(a,1—ﬂ) n

< min(e, 1 — 38) >

holds. Note that, by definition, 0 < (n —1)0 < 8 —a < nd < 1 is true. The last
inequality specifically follows from

B —a _
n§< (Lmn@z,l—ﬂ)J +1) 'mln(a71_5)
<(8—a)+min(e,1- ) =1-max(e,1-§) <1

Further, let ¢, = w >0,e = W > 0. Now we define F, G €
Dy by F = (A, (x5, p5)jea) and G = (B, (y;,4;)jeB), where A={1,...,n+1}
with 2, = a for all @ € A and B = {1,...,n + 2} with y, = b for all b € B.

Furthermore, let

p1:a+€pﬂ p]:6V36{277n}7 pn+1:(1_ﬂ)+‘€p7
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1=« — &g, QJ:(SVJG{27an+1}7 qn+2:(176)7€q'

For all j € {1,...,n}, it holds that

Gy =a—g+(G-105="2L 15 (j-1-2)

+ . 1 .
<2 Pus(i-5-3) mate G- 00=F@)
2 2 2
a+f .on )
< +6<j_§>:a+€p+j5:G(yj+1),

yielding R(=) = UnH{(] 4),(j,j + 1)} Hence, F <{§55, G. Since F and G
are both lattice dlstrlbutlons with the same deﬁnlng dlstance it follows that

F <pidise G. However,

IQR(e, B)(F)=(n+1)—1=n>n—-1=(n+1) -2 =1IQR(a, B)(G).

Proof of Theorem 4.8. Without restriction, let F~1(1) = G~*(4) = 0. Further-
more, let ag € A and by € B be the unique indices that satisfy z,, = Ffl(%) =
0 = G7H(3) = yp,. Because of F(zsy-1) < 3 < G(yp,) and G(yp,—1) < 5 <
F(z4,), ap = by holds. Hence, F(z4) — F(Zag—1) = Pag = g = G(Yp,) —
G(Yp,—1) and it follows that G(yp,) < F(Z4e,) or G(Ybe—1) = F(Xag—1)-

We begin by assuming G(yp,) < F(z4,) and show that, consequently, yg > z,
holds for all pairs (a,8) € R(=) higher than (ag,bp). Choosing G(yp,—1) =
min NN%(ag + k) for all k € N such that ag + k € A gives pairwise distinct
indices by, € B such that ag 4+ k = bg. This is guaranteed by Lemma A.2. Note
that, for all k¥ € N, by is also the smallest index in B such that ag + k = bg.
Note also that by < by. Hence, for all pairs («, 8) € R(=) higher than (or equal
to) (ag, bo), there exists a k € Ny such that

k

k
Ta = Tag+k = Tay T E (xao-‘rj - xao-l‘j—l) = E (xao-i-j - ‘rao-i-j—l)
j=1 Jj=1

k
<Y (e, = vb,) = Wby + Z — ;) < Uy < Y-
j=1

Analogously, the assumption G(yp,—1) > F(xg9—1) yields yg < z, holds for
all pairs (o, 8) € R(=) lower than (ag,bp). With this in mind, we prove the
assertion via case distinction.

Case 1: F(x(lo—l) < G(ybo—l) < G(ybo) < F(gjao)
It holds that

MDMAD(G) ~ MDMAD(F) = " r(uy (It — | — [0 — 2a,])

(a,b)ER(=)

= Y ran(yel = |zal)

(a,b)ER(=)
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- Yo Taw(ra—m)
(a,b)ER(=)
lower than(ao,bo)
+ > T(ap)(Ub — Ta). (A.34)

(a,b)ER(=)
higher than(ao,bo)

Since x, > yp holds for all pairs (a,b) € R(=) lower than (ag,by) and
Yyp > o holds for all pairs (a,b) € R(=) higher than (ag,bp), (A.34) is
non-negative. Thus, the proof in this case is completed.

F(ajao—l) < G(ybo—l) < F(xao) < G(ybo)

We start out by considering pairs (a,b) € R(=) that are higher than
(ao, bo). According to (A.9), 2, > yp is only possible for any such pair, if
a—ag =b—bg+ 1 holds. Hence, let (a,b) € R(=) be higher than (ag, by)
and satisfy a —ag = b — by + 1. Part 2 of the proof of Theorem 4.1 states
that, in this case, the values of F' and G alternate for index pairs between
(a0, bo) and (a,b). In that area, the pairs in R(=) are of the form

(ao,bo), (ao + 1,1)0)7 (CL() +1,b9 + 1), (CLO + 2, b9 + 1), -
oy (@a=2,b=1),(a—1,b—1),(a — 1,b), (a,b). (A.35)

Hence,

Z T(a,b) (yb - Z‘a)

(a,b)eR(=)
higher than(ag,bo)

Y

- E T(ao+1+ebote) (Tag+1+e = Ybo+e)
cENp:
(ap+1+c,bo+c)ER(=)

= - Z (G(Wbote) = F(Tag+e)) (Tag+14c = Yog+e)-  (A.36)
c€Np:
F(za0+6)<%¥(yb0+c)

Note that, due to the structure of R(=) given in (A.35), F(z4y+c) <
G (Ypy+c) 1s equivalent to (ag+ 1+ ¢, by + ¢) € R(=) for any ¢ € Ny. Since
(ao+14¢)—(ap+1) < (bp+¢) — by + 1 holds for all ¢ € Ny such that
(ap+14¢,by + ¢) € R(=), (A.9) implies Tagt+1+c — Ybote < Tag+1 — Ybo-
Combined with (A.36), this yields

Z T(a,b) (yb - xa) > _<xa0+1 - ybo)
(a,b)ER(=)
higher than(ag,bo)

> (G(Ypote) = FTagte))- (A.37)

c€Np:
F(Ia0+6)<G(yb0+c)

For any ¢ € No with F/(zag+c) < G(Ypg+c) and F(Zagtet1) < G(Yvgtet1),
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it can be shown analogously to (A.26) that

G(Yooter1) = FTagrer1) o GWbotre) = FTapte)

F(@agtetr2) = F(Tagter1) ~ F(Tagter1) = F(Tagte)
By applying this inequality recursively, we obtain

G(Ybo) — F(2a,) > G(Ybo+c) = F(Tag+e)
F(xao-H) 7F($a0) N F($a0+c+1) 7F(xﬂo+c)

for all ¢ € Ny with F(zgy+c) < G(Yby+c).- With this, we can continue
inequality (A.37) by writing

> T(a.b) (Yo — Ta)

(a,b)ER(=)
higher than(ag,bo)
2 - (xao-l‘l - ybo) : Z (G(yb0+c) - F(xao-‘rc))
ceNp:
F(zag+c)<G(Ybg+e)

= - (xaoJrl - ybo) :

Z ( G(ybo+e) = Fag+c)
c€Ng: F(%ag+etr1) = F(Tagte)
F(Zagte)<G(ybg+e)

(F(ayres1) - F<xao+c>>)

G(ybo) - F(xao)
F(‘rao-i-l) - F(xao)
S (Faser) — Flaase) (A39)

c>0
F(mao+6)<G(ybo+c)

G(ybo) - F(ma0>
F(xao-i-l) - F(xao)
_ Tag+1 — Yby . G(ybo) - F(xao)

2 F(l’a0+1) - F(xao).
Now we consider the pairs (a,b) € R(=) lower than (ag, by). According
to (A.9), 4 — Yp < Tag+1 — Yb, is only possible for this kind of pair if
ag — a = bgp — b holds. In this case, the values of F' and G between these

pairs of indices once again alternate so that the corresponding elements of
R(=) are of the form

(ao,bo),(ao,bo — 1),(@0 — ].,b() — 1),(&0 — ].,bo —2),...
o (@+2,b4+1),(a+ 1,0+ 1), (a+1,b), (a,b).

> = ($a0+1 - ybo) .

> — (Tag+1 = Ybo) - (1= F(24,))

>

(A.39)

It follows

Z T(ab) (Ta — Ub)

(a,b)eR(=)
lower than(ag,bo)
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> (xao-‘rl - ybo) ' (F(zao) - Z T(GO—CJ?D—C))

cENp:
(ap—c,bo—c)ER(=)

= (1‘a0+1 - ybo) ’ (F((an) - Z (F(xa()*c) - G(yb061))>'
ceNp:
F($a07c)>G(yb0—c—l)

(A.40)

Note for the inequality that z, —y» < 0 = 24, — yp, would imply ap —a =
bo — b+ 1, which contradicts ag — a = by — b. For any ¢ € Ny with
F(zag—c) > G(Ybg—c—1) and F(Zqo—c—1) > G(Ypy—c—2), ONE can now again
show similarly to (A.26) that

F(-Taofc) — G(ybofcfl)
F(xao—C) - F(xao—C—l)
holds. Inductively, it follows that

F(.’an) B G(ybofl)
F(xao) - F(xao—l)

F($a07671) - G(yb0*672)
F(zag—c—l) - F(Iag—c—2)

>

F(‘rGO*C) B G(yb()*cfl)
F(xao—C) - F(xao—c—l)

is true for all ¢ € Ny with F(z4,—c) > G(yp,—c—1). Continuing from (A.40),
we obtain

Z T(a,b) (xa - yb)

(a,b)ER(=)
lower than(ag,bo)

Vv

ano—c -G o—c—1
3 < ( ) — Gy )

> (Tag+1 — Ybo) - (F(xao) - F(zag—c) — F(Zag—c—1)

cENp:
F(%ag—c)>G(Ybg—c—1)

(F(2ag—c) — F(z%_c_o)))

c€Np:
F(zag—c)>G(ybg—c—1)

(xao—i-l - ybo) : <F(xao) - ?((izz)) :g((zz(;_ll)) ! F(:L'ao))

Lag+1 — Yoy F(xao)iG(y 0—1)
) 2 : . (1 - F(‘rao) - F(x;l)) ' (A41)

Y

Y
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Now, by combining (A.34), which is also valid in Case 2, with (A.39) and
(A.41), it follows that

MDMAD(G) — MDMAD(F)
Lag+1 — Yoo (1 _ G(ybo) — F(mao) _ F(xao) - G(ybol)>
2 F(xao-‘rl) - F('rao) F(xao) - F('rao—l)

Z Lag+1 — Yby . <1 - : Gbg ) 2 07
2 mln{pag7pa0+1}

>

where the last inequality holds since (ag, bo), (ap + 1,b9) € R(=) is true
by assumption.

Case 3: G(ypy—1) < F(xag-1) < G(Yny) < F(xa,)
This case is completely analogous to Case 2 for reasons of symmetry.

A.3. Proofs for Section 5

Proof of Theorem 5.3. Let A =1 —7g € (0,1) and ¢ = %Zgﬁ%:gg > 1, then

mp = 1 — X and mg = 1 — \. Note that F <{y4 " G holds because both

are lattice distributions with defining distance 1. We start by finding an equiv-
alent condition for (a,b) € R(=), where a,b € N = A = B. The statement
(a,b) € R(=) is equivalent to F'(a — 1) < G(b) and G(b — 1) < F(a) holding
simultaneously. For these two inequalities, the following equivalences hold:
Fla—1) <G(b) &1 -X0"D <1 - )\b o yelam) 5 \b
<:>g(a—1)<b<:>a<%+1,
Gb—1)< F(a) &1 -1 <1 )0 \b71 5 )\
(:)b—1<ga<:)a>b;gl.

b—1

Overall, (a,b) € R(=) is equivalent to a € (> ,% + 1). Because a is required

to be a natural number and (£ +1) — =1 = 141 € (1,2), there are either one
or two possible values for a for a fixed b € N. Particularly, it follows that

ceAle [T

The two values are different, if there exists an n € N such that Z’_Tl <n<
We consider the two elements separately. To this end, note that

LSEIS

AT\ = P(Y =b) <P(X =a) = A\el@™) — \ee

wr ({1511

is equivalent to F SdDi_ng G, and therefore to F SQ{S‘E“ a.
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Case 1: Let ¢ = % )
It holds that
Ae(a=1) _ yee — yela=1)(] _ )e) 5 \0*T7 (1 — )\9)
_ Ab_l _ /\b_1+9 > )\b—l _ )\b
where the last inequality is true because o > 1 implies \~1+¢ < AP

Case 2: Let a = L%J + 1.
It holds that

Aela=1) _ yea — ye(a=1)(1 _ xe) > \&5(1 — A2) = AP(1 — A?).
Thus, it is sufficient to show
)\bfl(A _ /\.Q+1) > )\b*l o )\b

or, equivalently,
2\ > Aot 41,

This, in turn, is equivalent to

A2-N)>1e <21

log(2— %)  log(2A — 1)
> = —1
T = gy log(\) ’

which is true by assumption.

Appendix B: Behaviour of further discrete distributions in the new
framework

B.1. Binomzial distribution

The binomial distribution has two parameters to be varied, namely the sample
size n and the success probability m. However, if we consider two distributions
F = Bin(n,7r) and G = Bin(n, n¢) withn € N>y and np, ng € (0,1), 75 # 7a,
Proposition 3.10 states that neither F gg;sdpjsc G nor G gg;gjsc F holds. That
is because of Dr = Dg = [0,n), which yields M(Dp) = A(Dg) = n < oo.
Heuristically, the binomial distribution seems to be most dispersed when it is
symmetric. Its dispersion declines, if the success probability becomes markedly
high or low as then, the probability mass is concentrated heavily on one side.
This observation is reflected in the left panel of Figure B.1, which depicts the
behaviour of the dispersion measures from Chapter 4 for fixed n and varying 7.

Furthermore, the plot shows that the dispersion measures display differing
degrees of smoothness as a function of the success probability. While IQR is
the only measure that is not continuous, MAD, MDMAD and IER also exhibit
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S - w 4 — sD MDMAD
GMD — IQR
MAD — IER
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Fic B.1. Plot of 7(X) for siz different dispersion measures 7 and X ~ Bin(n, 7). Left panel:
n =10 fized, 7(X) as a function of w. Right panel: m = % fized, 7(X) as a function of n.

some lack of smoothness. Solely the graphs of SD and GMD look like they could
stem from an infinitely often differentiable function.

For binomial distributions with fixed success probability = and varying sam-
ple size n, we restrict ourselves to the symmetric case m = % If we consider
two distributions F = Bin(m, 1) and G = Bin(n, 3) with m,n € N>, and
m < n, we can once again invoke Proposition 3.10 to obtain G ﬁgi‘sdgsc F. The
remaining question is: if at all, under which conditions concerning m and n does
F <}i3is¢ @ hold? Because of the non-explicit structure of the cdf of the bino-
mial distribution, no theoretical result answering this question could be proved.
Instead, we have to rely solely on numerical computations.

The results are depicted in Figure B.2. They generally support the graphical
impression that the (symmetric) binomial distribution becomes more dispersed
as its sample size increases. However, the difference between the two sample
sizes m and n needs to be quite large for F' Sé\i‘fpisc G to hold. For n < 5m,
F SQ{S;SC G only holds very sporadically. For 5m < n < 10m, F' §Q{$SC G holds
in some cases, depending on the compatibility of the two distributions. However,
as n approaches 10m, the share of positive results seems to increase. Finally, for
n > 10m, F Sé\i‘sdpisc G always holds with very few exceptions if n ~ 10m. It is
notable that the borders between the red and the mixed area as well as between
the mixed and the green area both seem to be approximately linear. According
to further numerical evaluations for larger sample sizes, the factors of 5 and 10
seem to grow a bit further to approximately 8.5 and 12 at m = 400.

The behaviour of the dispersion measures when applied to symmetric bi-
nomial distributions is similar to our previous observations. All graphs of the
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Fic B.2. Plot of the numerical results concerning F' Sfi\i‘s’if“ G for selected parameter values
for F = Bin(m, %) and G = Bin(n, %) In green areas, F Sfi\i's‘g“ G holds; in red areas,
F ﬁfi\i;i“c G holds. Note the different scales of the two axes.

corresponding plot in the right panel of Figure B.1 are increasing, once again
with the exception of IQR. Their slopes slightly decrease as n is increasing.
Their smoothness properties coincide with our observations from the left panel
of Figure B.1, where 7 varies instead of n.

B.2. Poisson distribution

The last discrete distribution considered in this section is the Poisson distribu-
tion. For that, we consider two distributions F' = Pois(Ar) and G = Pois(Ag)
with Ap, Ag > 0. Similarly to the geometric distribution, it is easy to show that
F <4 G and even F <4 G holds, if A\ < A\g. By Proposition 3.11, G ﬁé\i‘sdgsc F
follows in that case. Whether F Sé\i'sdgsc G holds can once again only be ana-
lyzed numerically since the cdf of the Poisson distribution also does not have
an explicit form.

The results for selected values of A\r and Ag are depicted in the left panel of
Figure B.3. As for the binomial distribution, F <} G only seems to hold, if
Mg is sufficiently large compared to A\p. However, the differing factor between
Ar and Ag at the border between the red and the green area decreases for
increasing Ap. For Ap = 0.05, that factor is equal to 600, and it is subsequently
reduced: to 70 for A\p = 1, to 10 for A\p = 10, and to 5 for Ap = 100. It is unclear
whether this reduction is representative of the actual interaction between the
Poisson distribution and the order < é\i'sdgsc or it is a numerical phenomenon. The
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N-disc
disp
no) for selected parameter values for F = Pois(Ar) and G = Pois(Ag). Note that the scale
on both azes is not linear and only contains exemplary values.

Right panel: Plot of 7(X) for siz different dispersion measures 7 and X ~ Pois(\), as a

Sfunction of A.

Fic B.3. Left panel: Plot of the numerical results concerning F < G (green: yes; red:

latter explanation is supported by the fact that, with increasing parameter A,
the amount of probability mass within jumps too small to register numerically
also increases. Therefore, more relevant jumps cannot be compared properly.

The behaviour of the dispersion measures plotted in the right panel of Figure
B.3 is similar to the previous distribution families. The declining slope of the
graphs is indicative of smaller differences in dispersion for higher parameter
values and therefore suggests that our observations about the left panel are
indeed due to numerical inaccuracies.
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