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Abstract. We consider the graphical representations of the Ising model on tree-like graphs. We con-
struct a class of graphs on which the loop O(1) model and the single random current exhibit a non-
unique phase transition with respect to the inverse temperature, highlighting the non-monotonicity
of both models. It follows from the construction that there exist infinite graphs G C G’ such that
the uniform even subgraph of G’ percolates and the uniform even subgraph of G does not. We also
show that on the wired d-regular tree, the phase transitions of the loop O(1), the single random
current, and the random-cluster models are all unique and coincide.

1. Introduction

The Ising model needs no introduction as one of the cornerstones of statistical mechanics, and over
the past 50 years its so-called graphical representations have become one of the main tools for its
rigorous study (Aizenman, 1982; Duminil-Copin, 2018, 2020). Consequently, they are increasingly
regarded as objects of independent interest (Chen and Xia, 2023; Duminil-Copin et al., 2025, 2021a;
Grimmett, 2006; Hansen et al., 2025; Hansen and Klausen, 2023). The most prominent of these is
the random-cluster model’ ¢,., introduced in Fortuin and Kasteleyn (1972). The loop O(1) model £,
was introduced by van der Waerden (1941) as the high-temperature expansion of the Ising model.
On finite graphs, £, can be defined as Bernoulli percolation P, at parameter p = 17 conditioned
on being even (that is every vertex has even degree). The random current representation P, was
first introduced in Griffiths et al. (1970) and given a useful probabilistic interpretation in Aizenman
(1982). While usually considered as a multigraph, we will be concerned with its traced version

i.e. the induced simple graph), which can be defined as P, = ¢, UP,  ~—=, where u; U s is the
i.e. the induced simpl h), which be defined as Py =, UP,_ 4=, wh is th
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lwe only consider the case of cluster weight ¢ = 2 in which case it is also referred to as the FK-Ising model.
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distribution of w; U ws under p; ® pa (w; ~ p;). We also refer to P, U P, as the double random
current.

Similarly, we note that the random-cluster can be defined as ¢, = ¢, UP, by Evertz et al. (2002);
Grimmett and Janson (2009). As all models are obtained from the loop O(1) model via "sprinkling"
with Bernoulli percolation, much of our analysis will focus on the former.

In this paper, we investigate a number of natural questions regarding the interplay between the
graphical representations which, while by no means ground-breaking, offer some conceptual clarifi-
cation which is at present not well-represented in the literature.

1.1. Results. In this paper, we prove non-uniqueness of the percolative phase transition of the (free)
loop O(1) model 2 . (the infinite volume measure is defined in (1.4) below). Here, the index G
denotes the underlying graph and the superscript 0 denotes free boundary conditions. We also let
Cso denote the event that there exists an infinite cluster.

Theorem 1.1. There exists a graph M where x — E%M[Coo] 18 not monotone.

In Corollary 2.6 we prove the same result for the (traced, sourceless) single random current model
PY. Next, consider the uniform even subgraph UEGg, defined to be the uniform measure on even
subgraphs of G. This model is intimately related to the Ising model (Angel et al., 2024; Grimmett
and Janson, 2009; Hansen et al., 2025) and can be understood as a special case of Eg,G for x = 1.
Using Theorem 1.1, we prove that percolation of the uniform even subgraph is not monotone in the
graph. The result holds for both the free and wired infinite volume measures, both of which will be

defined below.
Corollary 1.2. There exist graphs G' C G such that UEGg[Cx] = 0 and UEGg [Co) = 1.

In Hansen et al. (2025), it was proven that on the hypercubic lattice Z¢, the regime of exponential
decay for the loop O(1) and random current model coincides with the high temperature phase of
the Ising model. Here we establish the phase diagrams for the d-regular tree T? as well as the
graph obtained from the d-regular tree by replacing every edge with a cycle of length 2n (and glued
through opposite points of the cycle), henceforth denoted Cg. For a boundary condition £ € {0,1},
corresponding respectively to free and wired boundaries, we define the critical point of the loop O(1)
model via :z:c(ﬁfG) = infxe[(],l]{gi([;{coo} > 0}. Analogous definitions are used for the other models.

Theorem 1.3. For any d > 2 and n > 1, it holds that
xcw?lrd) = $C(P111‘d) = $C(P'J11‘d U qurd) = xC(ﬁbilrd)
xc(ﬁ%d) > xC(P%d) > :L'C(P%d U P%d) > xc((ﬁ%d).
The same statements are true for the graph CL. In both cases, all phase transitions are unique.

This theorem is the most basic illustration of the mechanism first investigated in Garet et al.
(2018): While it is surprising that the single random current, double random current and random-
cluster model should share a single phase transition®, this phenomenon ultimately boils down to the
existence of long loops in the ambient graph. In the absence of loops (as in the free tree), the phase
transitions should be distinct, and if there are only long loops (as in the wired tree), we expect them
to be one and the same. This carries over to the situation where all loops are of uniformly bounded
length (as for the free loops on CZ).

In Figure 1.1, we provide a graphical overview of the results. Finally, we prove that the phase
transitions of the uniform even subgraph and Bernoulli percolation are not in any way related:

Theorem 1.4. For any € > 0, there is a graph G* with p.(Ppge) € (1 —¢,1) and UEGg:[Coo] = 1.

2See the introduction in Hansen et al. (2025) for further explication.
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FIGURE 1.1. The phase diagrams of the loop O(1), single random current, and
random-cluster measures on the d-regular wired tree T¢ coincide. The free measures
on C%, the d-regular tree where every edge is substituted by a cycle, have different
phase transitions. Finally, the free loop O(1) model on the monster M (constructed
in the proof of Theorem 1.1) has a non-unique phase transition. This is to be
contrasted with the corresponding table for the hypercubic and hexagonal lattices
in Hansen et al. (2025, Figure 1).

1.2. The graphical representations of Ising. We define the random-cluster and random current model
as in Klausen (2022, 2023) through the couplings to the loop O(1) model. Given a finite graph
G = (V, E), an even subgraph (V, F) of G is a spanning subgraph where each v € V is incident to
an even number of edges in F. We let 23(G) denote the set of even subgraphs of G. The loop O(1)
model /; ¢ is a natural probability measure on Qy(G):

lealn) = Z1Gx|’7|, for each n € Qy(QG) (1.1)

with Zg = EnEQ@(G) zI". Here |n| denotes the number of (open) edges in 7 and & = tanh(8) € (0,1)
as in Lis (2022), where ( is the inverse temperature. For G a graph with boundary, we denote
Kin = l;,G/~, where ~ identifies the boundary vertices of G. We refer to Kig as the wired loop
O(1) model.

We denote Bernoulli edge percolation with parameter x € [0,1] by P, and define the (traced,
sourceless) single random current at parameter  and boundary condition £ € {0,1} as

P = UPS (1.2)

where £0 = ¢,. This definition of the model is equivalent to the standard definition as explained in
Duminil-Copin (2016, Remark 3.4), see also Lupu and Werner (2016).
Similarly, we define the random-cluster model via

¢S = (5 UPS, (1.3)

which is equivalent to the standard definition of the model by the results of Evertz et al. (2002);
Grimmett and Janson (2009).

The random-cluster model satisfies several useful monotonicity properties which are not enjoyed
by the loop O(1) and random current models (Ilausen, 2022). We endow {0, 1}¥ with the pointwise
partial order <, and say that an event A is increasing if w € A and w < «’ implies that w’ € A. The
following monotonicity properties will be of use in this paper (see Duminil-Copin (2020, Theorem
1.6)):

(1) The FKG inequality: ¢, c[AN B] > ¢y c[A]¢z c[B] for A and B increasing.
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(2) Monotonicity in boundary conditions: gﬁ’G[A] > qﬁg,G[A] for A increasing,.
(3) Stochastic monotonicity: ¢z, ¢[A] > ¢z, c[A], whenever 21 < x9 and A is increasing. We
write ¢z, ¢ X Gz i

The last property is equivalent to the existence of an increasing coupling - that is, a probability
measure p with marginals w; ~ ¢,, and wy ~ ¢, such that w; < wy almost surely (i.e. wy is a
subgraph of ws).

We refer to the lecture notes of Duminil-Copin (2020) for an overall introduction to the Ising model
and its graphical representations. Furthermore, we stick with the parametrisation in terms of the
loop O(1) parameter x € [0, 1] throughout this paper and refer to Hansen et al. (2025, Table 1) for
an overview of the standard parametrisations.

1.3. Graphical representations and uniform even subgraphs. In the following, we will consider the
uniform even subgraph UEG, which not only serves as the limiting case of the loop O(1) model ¢,
for x = 1, but also yields (perhaps surprising) connections between the different graphical represen-
tations. For a finite graph G, the uniform even subgraph UEG¢ is a uniform element of Qy(G), the
set of even subgraphs of G. In Hansen et al. (2025), an abstract view of the uniform even subgraph
was taken as the Haar measure on the group of even graphs®, and its percolative properties were
studied. Before that, the uniform even subgraph and its infinite volume measures were studied in
detail by Angel et al. (2024), where the free UEG? and wired uniform even subgraphs UEG! were
introduced and it was shown that they coincide on one-ended graphs (Angel et al., 2024, Lemma
3.9). In this article, we are concerned with tree-like graphs (as opposed to, say, Z%), which in general
have infinitely many ends. Hence, the distinction between the free and wired measures, UEG® and
UEG!, plays a bigger role than in Angel et al. (2024); Hansen et al. (2025).

For an infinite graph G the wired uniform even subgraph UEG%; can be defined as the Haar measure
(normalised to probability) on €y, the group of all even subgraphs of G. In particular, it pushes
forward to Haar measures under group homomorphisms and as a consequence, its marginals are
also Haar measures on their supports.

The set of all finite even graphs Q5°°(G) = {n € Qy(G) | [n| < oo} is a subgroup of . Its closure

Q%(G) = 95>(G)

is a (compact) subgroup of 4(G), and the free uniform even subgraph UEGY, is defined to be the
Haar measure on that group. For more details on the construction of the free and wired uniform
even subgraphs for infinite graphs and a characterization of the Gibbs of the uniform even graph
on trees see Hansen et al. (2025, Section 3.2).

In Grimmett and Janson (2009, Theorem 3.5) it was realised that the loop O(1) model arises as
the uniform even subgraph of the random-cluster model. Similarly, loop O(1) model arises as the
uniform even subgraph of the double random current which appeared implicitly in Lis (2017, pf. of
Theorem 3.2) and was proven in Klausen (2022, Theorem 4.1).

Thus, on any graph, the loop O(1) measure can be written as follows:

(1] = ¢ [UBGE L] (1.4)

where ¢ = 0 in the free case and ¢ = 1 in the wired case’, and gbé is defined as a thermodynamic
limit (see e.g. Hansen et al. (2025, Sec. 2.1.3.)) when G is infinite. In infinite volume, this may
be taken as the definition of the loop O(1) model (cf. Hansen et al. (2025, (4))). This can then be

3With the group operation given by pointwise addition mod 2 in the space {0, l}E - or, equivalently, taking symmetric
differences of edge sets.
4For finite graphs we write ¢, omitting the boundary condition.
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used to define the single and double random current,
P = UP,_ ;== and PSUPS =K UK UP,.. (1.5)

1.4. Percolation regimes. Since the graphs we will work on are not vertex-transitive, we will use
the following definition of percolation: We say that a percolation measure ji, ¢ on an infinite graph
G percolates if i, ¢[Coo] > 0 (recall that Co, denotes the event that there exists an infinite cluster)
and we define the percolation regime

P(Nw,@) = {ZL‘ € (0’ 1) | Mm,G[Coo] > 0} (16)

We say that the phase transition on G is unique if both P(u, ) and (0, 1) \ P(ps,c) are connected.
In that case, we define the critical parameter x.(u, ) = inf P(u, ). By stochastic monotonicity,
the phase transition of the random-cluster model ¢ is unique on any graph.

1.4.1. Bernoulli percolation on a tree. We denote by T? the d-regular tree and by T¢ the ball of
size n for the graph distance on T?¢. Observing that the cluster of the origin can be described in
terms of a Galton-Watson process (and with the observation that vertex-transitivity implies that
P, 1a[0 <> oc] > 0 if and only if P, 14[Co] = 1), one sees that the critical parameter for Bernoulli
percolation on the d-regular tree is

pe(Ppa) = ——. 1.7)

1.4.2. Percolation versus long-range order. For readers more familiar with models on lattices, a brief
word of caution might be in order: One might wonder why models that essentially share correlation
functions nonetheless have different critical parameters for percolation.
In particular, we have the following agreement of two-point functions (see e.g. Duminil-Copin
(2020, Corollary 1.4, Lemma 4.3)):
0

02 alv > w]* = (0vow)g s = P2 g UPY g[v < w)] (1.8)

for all finite graphs G and vertices v,w (here (o,0,)g 3 is the Ising correlation function and 8 =
arctanh(x)). However, this is not an obstruction to percolation setting in at different values of z
because percolation does not, in general, imply anything for the two-point function. One is tempted
to write that the bound ¢°[v <> w] > ¢°[v <+ o0]¢’[w <> 0] follows from the FKG inequality, but
this only holds if the infinite cluster is unique, which, as may be checked, is never true for trees.

2. Non-uniqueness of percolation

In this section we tackle the following question.

Question 2.1. Let G C G’ be two infinite graphs and suppose that the uniform even subgraph of G
almost surely percolates. Does the uniform even subgraph of G’ almost surely percolate?

The following counterexample answers the question negatively and at the same time constructs a
class of graphs for which P(¢;) has multiple connected components.

We use that the loop O(1) model factorises on graphs lacking certain cycles: A cycle denotes a
path of vertices v1,vg, ..., v, such that v; = v,,. We say that a cycle is simple if v; # vy, for distinct
1<4,k<n.

Definition 1. For a graph G and two subgraphs G, G2 C G, we say that (G1,G2) is a cut-point
factorisation of G if E(G) = E(G1)UE(G2) and it holds that there is no simple cycle in G which
contains edges from both E(G1) and E(G2).

Definition 2. We say that a graph-indexed family of percolation measures vg cut-point factorises
if vg = vg, ® Vg, whenever (G, G2) is a cut-point factorisation of G.
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Subgraph
Edges 0 2n 2m |n4+m|n+m|n+m|n+m|2m-+2n
Weight 1 xZn me hTm Tm LnTm LnTm x2m+2n
{a &b} | x X v X X X X v

TABLE 2.1. The graph G (pictured to the right) along with its eight even subgraphs
(including G° itself). We let the outer paths be n edges long and the inner paths be
m edges long. The nodes a and b are marked with dots. We list the number of edges
of each subgraph, the corresponding weights and whether a and b are connected in
the subgraph. (Sketch and text partially revised from Klausen (2022).)

The following lemma will be useful.
Lemma 2.2 (Cut point factorisation). Fach of the measures g, ¢, Py, P, UP, cut-point factorises.

Proof: We first prove the statement for the loop O(1) model. For any even subgraph 7 of G,
its restrictions 71,72 to the subgraphs G; and Go are even graphs since (G1,G2) is a cut-point
factorisation of G. Thus, writing ; = {0,1}¥, one may simply rewrite

xln‘ l"ﬂl'xln?'

€I7G1 [771]&0,@2 [772]'

em,G[n] = T ; T

> e loy—ozl| e, 18773:@18775:093'771’55‘772'
For the other models, the statement follows from the couplings of P, P UP and ¢ to the loop O(1)
model (which we used to define said models in Section 1.2). Indeed, note that for any two product
measures, Uy G = fe,y @ Ma,G, A Vpq = Vp.gy @ Vg g, that

Pac Ulea = (tho,cy UVecy) ® (a,ce U Va,gs),

and Bernoulli percolation clearly cut-point factorises. O

In Lemma 2.2 we proved the cut-point factorisation property for finite graphs. The infinite volume
measures also have the cut-point factorisation property as they are either limits or (sprinkled)
uniform even subgraphs of a cut-point factorising measure.

Lemma 2.3 (Non-monotonicity of loop O(1) two-point function). There exist parameter values
0 <z <x2 <1, and a finite graph G° with vertices a,b such that

1
Uy cola > D] < 1< lyy Gola < B).

Proof: Consider the graph G°, described in the right-most column of Figure 2.1 (which was previ-
ously used as an example in Klausen (2022)). In this graph, the probability that the two marked

vertices are connected is
2m 2m+2n

™+ x
€x7g<> [a <~ b] =

1+ r2n + r2m + 4gn+m 4 r2m+2n’
Setting n = 12, m = 2,21 = 0.85, and xo = 0.965 yields
1 1
Uy gola < 0] <0.245 < T and 0, geola <> b > 0.27 > T
We have also plotted the graph of x — ¢, go[a <> b] in Figure 2.2. O

With this in hand, we can construct our counterexample:
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FIGURE 2.2. Graph of the connection probability for the loop O(1) model on the
graph G°, described in Figure 2.1, for n = 12 and m = 2. See also Klausen (2022,
Figure 2.3) for similar figures.

Theorem 1.1. There exists a graph M where x — EgM[Coo] 1 not monotone.

We note that the proof of the theorem also implies that the percolation regime P(¢2 ) C [0, 1] is
not connected.

Proof: We construct M from the d-regular tree T with root 0 for an appropriate choice of d.
Consider the natural orientation of the tree where edges are oriented away from the root and
replace every such oriented edge e = (v, w) by a copy of the graph G® where « is identified with v
and b is identified with w. More formally, let Ml = ([I.cg(ra) G¢)/~, where ~ is the equivalence

relation such that a. ~ b, whenever the source of e is equal to the sink of €’. See Figure 2.3 for an
illustration. Now, since the macroscopic structure of M is that of a tree, Lemma 2.2 applies, and it

holds that
0 = ®eeE(Td)£:[z):,Gg' (2.1)
As a consequence, analysing percolation of £, just boils down to Bernoulli percolation on T¢: For
given 1 € Q%(M) and e € E(T9), we define m, = 1 if a <% b in G and m, = 0 otherwise. In other
words, m = (Me) ¢ E(T4) maps a percolation configuration in M onto one in T¢ such that 0 M 00
if and only if 0 L 0. Furthermore, by (2.1), the image measure of ¢, is Bernoulli percolation:
m(ng) = Py(y)ma where f(x) =l go[a <> b.
As a consequence, it holds that Eg,M[COO] = P(4)14[Coc)- By (1.7), we know that P ;) 1a[Coo] > 0
if and only if f(z) > ﬁ. Now, by Lemma 2.3 there exist x1 < x5 and d such that f(z3) < d—}rl <
f(x1), which proves the desired. O

As a result, we obtain a negative answer to Question 2.1.
Corollary 1.2. There exist graphs G' C G such that UEGg[Cs] = 0 and UEGg/ [Coo] = 1.

Proof of Corollary 1.2 (in the free case): First, recall that the loop O(1) model can be obtained by
sampling a uniform even subgraph from a random-cluster configuration, see (1.4). For the random-
cluster model ¢2,M we consider the increasing coupling in z. For x1 < x9 as above, the uniform
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FIGURE 2.3. An illustration of a part of the graph M built from the graphs G (see
Table 2.1) when d = 2. To the left with the d-regular tree overlaid. To the right, the
geometry of M at a single vertex of the initial tree.

even subgraph of d)ﬁl v almost surely percolates and the uniform even subgraph of ¢22 v almost
surely does not. Since the coupling is increasing, there must exist at least one pair w; =< wy where
the uniform even subgraph of w; percolates while that of wy does not. O

2.1. Corollary 1.2 in the wired case. In this section, we will construct a supergraph’ of Z for which
the wired UEG dges not percolate. R A R

Define G = (Z,E), where (n,m) € E if either [n —m| =1 or n = —m. Let Ey := E \ E(Z) and
Garc = (Za]Earc)-

Lemma 2.4. The marginal UEG(%;

]:/ELI’I‘C = ]P)%yGarc‘

Proof: This follows from the fact that the restriction group homomorphism Q4(G) — {0, I}Ea“ is
surjective. To see that the map is surjective, it suffices that all single-edge configurations lie in the
image. For a given e = (—n,n) € Eyye, we see that 1. is the image of the loop containing [—n,n|NZ

and e. O

Proof of Corollary 1.2 (for the wired case). Let G be as above. Let v € Z and note that on the
event that there is an open edge in Eup. outside of [—|v], |v]], the cluster of v has to be finite. By
Lemma 2.4, with probability 1, infinitely many edges in Farc are open in UEGg. By the previous
comment, on this event, all clusters are finite. Hence UEGg does not percolate. However, Z has
exactly two even subgraphs, n =0 and n = 1, so UEG% does percolate. O

2.2. Generalisations and non-uniqueness of random current phase transitions. We can adapt the
earlier construction of a disconnected percolation regime from the loop O(1) model to more general
cut-point factorising measures:

Proposition 2.5. Let F be a finite graph and v,w be two vertices. Let {/LLF}IG[OJ] be a family
of cut-point factorising percolation measures. Suppose that there exists a finite graph F such that
x = iy p[v <> w] is not monotone. Then, there exists an infinite graph M such that the percolation
regime P(pzm) is disconnected.

Proof: By assumption, there exist 1 < xg < x3 such that

max{fiz, 7V <> W], gy p[U > W]} < pig, [V <> w].

50One may note that our trick is basically to pick a one-ended supergraph of a two-ended graph. One may check that
the wired UEG of a graph with multiple ends percolates (see also Hansen et al. (2025, Eq. (14))). Therefore, our
construction does not have the flavour of an optimal solution to the problem.
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1
p(d—1)"

For p € (0,1) let G, ~ P,1a. Notice that almost surely, v.(P.c,) =
parameters p and d appropriately, we can make sure that

By tuning the

max{ iy, p[v <> W], s plv > w]} < o < gy RV > W)

d—1)
Now, construct M by sampling G, and substituting each edge of G, by a copy of F, gluing in the
same way as in our construction in the proof of Theorem 1.1. O

The proposition shows that we do not need to "fine-tune" the parameters for the transition points
to fit the phase transition of the d-regular tree.

As a consequence, we can see that the single random current also admits a disconnected percolation
regime: Recall that Klausen (2022, Figure 2.3) gives an example of a graph for which connection
probabilities are not monotone, hence, by the above proposition, it follows that we get:

Corollary 2.6. There exists an infinite graph G such that P(Pq) is not connected.

Remark 1. We note that since single site connection probabilities are monotone for ¢, and P, UP,,
the counterexamples do not work for these models.

Another model of statistical mechanics which cut-point factorises is the arboreal gas model. The
simplest definition of this model in finite volume is as Bernoulli percolation conditioned to be a
forest (i.e. conditioned not to contain any cycles):

1 w
vgalw] = %6' lﬂQ@(w):{O}’

where 0 denotes the empty graph, which is even. It is immediate that if (G1,G2) is a cut-point
factorisation of G and Fi, Iy are subforests of G; and G respectively, then Fy U Fy is a subforest
of G. Thus, vg g cut-point factorises. At present, the connection probabilities of the model are
conjectured to be monotone in /3 on all finite graphs G (Halberstam and Hutcheroft, 2024, p.2), but
supposing that they are not, our construction would go through for this model as well, yielding a
graph on which the percolation phase transition of the model is not unique.

3. Phase transitions of the wired models on the d-regular tree coincide

In this section, we prove the first part of Theorem 1.3 on trees. The main tool in the proof is the
observation that all non-empty even subgraphs in T¢ are infinite. In particular, Kglc Ta 18 supported
on the empty graph if it does not percolate. 7

First, we will need a small bookkeeping result. Let T4 denote the rooted d-regular tree. Cycles of
T containing an open edge e will consist of two infinite paths in isomorphic copies of T, It will
therefore be important (and easily demonstrated) that changing the degree of a single vertex does
not change the phase transition.

Lemma 3.1. For any d > 2, we have that zc(¢L,) = xc( %rd)'

Proof: Fix one edge e of T? and note that for any = € (0, 1),
;,Td [Coo] = Qbi,qrd [Coo| we = 1] nglﬁgrd [we = 1] + ¢i;}rd [Coo| we = 0] d’glg;]rd [we = 0].
By tail-triviality (see Grimmett (2006, Theorem 10.67)), ¢ 14[Coo] € {0,1} and since ¢} 1,[we =
0] € (0,1), we conclude that
614 [Cool we = 0] = &5 [Coc).
Furthermore, (V(T?), E(T?) \ {e}) has two connected components, both of which are isomorphic to
T9. Permitting ourselves a natural abuse of notation, remark that by the Domain Markov Property



898 Ulrik Thinggaard Hansen, Frederik Ravn Klausen and Peter Wildemann

(Duminil-Copin, 2020, p.8), (bglﬂmd[- | we = 0] = (Zifrd ® ¢i,1~1‘d’ Thus,

¢3157Td [Co] = nglﬁgrd [Coo| we = 0] = ¢i,frd ® Qbijd Col=1—-(1- QZ)ijd [COO])zz

which finishes the proof. O
Theorem 3.2. For z > xc(gb?lrd), there exists ¢ > 0 such that for any vertex v,
g:}:,Td [v > 0] > c.

In particular, xc(ﬁqlrd) = xc(¢qlrd)-

Proof: Consider two neighbouring vertices v, w and define the event A, = {v +— oo in T¢\ (v, w)}
and analogously A,,. Define the event L, := A, N Ay, N {(v, w) open}. In words, this is the event
that that there is a loop which contains the edge (v, w) and goes through the wired boundary at
infinity. Now, suppose = > a:c(qﬁjlrd). In this case, by the FKG inequality, we obtain a lower bound
that a random-cluster configuration w satisfies Ly -

@Zﬁ;’qrd [Low] = d’i;}rd [Av]ﬁbi,qrgl [Aw]ﬁf);,qrd[(vv w) open] > ¢ijd [0« oo]2x 2> c>0,

where, in the second inequality, we have used monotonicity in boundary conditions, the fact that
the probability of a given edge being open is at least 2 (which follows from (1.3)), as well as Lemma
3.1.

Conditionally on L., there exist two disjoint infinite paths in w starting from v and w respectively.

Let us argue that, for such a configuration w, UEG[(v, w) open,v +» oo] = 3. This boils down

to two observations: First, because all components of an even subgraph of T¢ are either trivial or
infinite,

UEG, (v, w) open, v ¢+ 00] = UEGL[(v,w) open]. (3.1)
Second, the probability of a given edge, which is part of a loop in w, being open in UEG,, is % (see

the much more general statement in Hansen et al. (2025, Lemma 3.5)).
In conclusion, for z > xc(gﬁqlrd),

02 pav < 00] > ¢ L [UEGL[v 4 o0)] > ¢/2 > 0.
0

To finish the proof of the first statement in Theorem 1.3, we make a short aside to discuss the
subcritical regime of the random-cluster and random current models on the tree. It is classical that,
for < z¢(¢pa), we have that ¢! -, =P, 1a (see Grimmett (2006, Theorem 10.67)). A similar result

holds for the double random current:
Lemma 3.3. Forz < mc(gb,Jll,d), then Pglc;ﬂ,d U P;Td = P,2 1a. Moreover, mc(qﬁjlrd) < z(Pr, U P,Jll,d).
Proof: Since x < $c(¢111~d) and fi,,ﬂ,d =< qﬁimd, we get that éalcﬂl‘d [Coo] < gbimd [Cx] = 0. Therefore, since
all non-singleton components of an even subgraph of T¢ are infinite, we have that

0 malin = 0] 2p(T%) \ Coc] = 1.
By (1.5), this implies that P!, UP! , = P> pa. For the second statement, note that P2 ra =<
Pyt = 6L qu - O

We can now put (1.5), Theorem 3.2 and Lemma 3.3 together to obtain
Te(lha) = 2e(Pla) = 2o(Phi UPL) > we(dha) = ze(lha).

Hence, we arrive at the following corollary:
Corollary 3.4. For d > 2, z.({1,) = (P1,) = z.(PL, UPL,).
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3.1. Modifications for C¢. In the following, we comment on how to adapt the previous proof strategy
to yield the analogue of Corollary 3.4 (resp./ the first part of Theorem 1.3) on CZ. This requires
two ingredients:

a) For x < z.( éd

ular, we will argue that

), all models reduce to explicitly comparable independent models. In partic-

(P oa UP, ca) = @e(d), ca)-

x,C4 x,C4

b) For x > xc(gbég), the loop O(1) model Eiycz percolates.

1
ci

cycle of € independently since the free loops cut-point factorise. Accordingly, P;C% U P}C’C% is a

For a) if x < x.(¢sy), rather than n ~ E;C% being deterministically empty, it includes each simple
union of two independent cycle measures and a Bernoulli percolation and therefore, it percolates
only if it has better connection probabilities in finite volume than gzﬁi ca- But the finite-volume
two-point function of qﬁi ca 18 always larger than that of Pi ca U Pi cd byn(lé%) Since x < xc(d)éd),
we conclude that Pi d Ui’i ca does not percolate. - - '
Now, for b), if = >7xnc(¢éd)7, we want to make an observation that infinite paths can be deduced
in f;cz "

cluster (this is what we used in the proof for T?, see (3.1)). On CZ, instead, it is true that if e, ¢/ are

from a local configuration. On a tree, it is true that any open edge is part of an infinite

edges belonging to the same simple cycle, and 1 € Q4(C%) with 1. = 1 and 7, = 0, then e lies on an
infinite cluster in 1 (in which case €’ and e are on opposite paths between the glued vertices). By
the same argument as previously, conditionally on e being cyclic and lying in an infinite component

of w~ ¢! the probability that n. = 1 and 1. = 0 is at least % for n ~ UEGY, which concludes

x,C4?

the argument.

4. Explicit computation of critical points

In this section we explicitly compute the critical points for the free models on C%, the d-regular
tree where every edge is replaced by a cycle of length 2n (and glued through opposite point of the
cycle).

Proposition 4.1. For anyn > 1 and d > 2, it holds that
z(y) = (d—2)72
re(y) = §/(@—1) - Vd— 121
2o(PY UPY) = /(24 —5)— /2 -5 — 1.

In particular, the three different models have three different phase transitions.

A graphical presentation of the functions is given in Figure 4.4.

Proof: Let (5, denote cycle graph of length 2n and let a and b be two antipodal points. As
in the proof Theorem 1.1, we use cut-point factorisation (Lemma 2.2) to reduce everything to
Bernoulli percolation on T¢ with parameter v, ¢, [a ¢+ b] (with v denoting one of the models under
consideration). The rest follows by direct computation:
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Loop O(1) model: Tt holds that £y ¢y, [a > b] = L 5. Thus,

2n
1 i

d—1 1+a2n

can be solved to obtain z.(£3,) = (d — 2)‘%.
Random-cluster model: Now, for (n,w) ~ €y c,, @ Py c,,, we see that

1 n=1

ga:,an ® Ppchn [77 Uw e (0/ A b)’ 77] = {Qpn _ p2n n= 0.

Since the cycle graph has exactly two even subgraphs (the full and the empty graph) we get that
:L,Qn + 2pn o p2n

Thus, for the random-cluster model (where we choose p = x) we obtain
1 2 4 2" — g2 2"
- oyl = Zc c c c
d—1 ¢IEC7CQn [a ] 1+ :Bg" 1+ :Bg”’
which can be solved with the substitution z = x7' and we obtain that
re(@ly) = Yd—1) - Vd—17 - 1.
Double random current: Analogously to (4.1) we obtain
2x2n 4 $4n 4 2pn _ p2n
(El'chn U ECU;CQTL U ]:P)pchn)[a A b} = (1 + $2n)2
Hence, choosing p = 22 for the double random current we obtain the following equation
r 4a?n
d—1 (14 z2n)2
which can be solved with the substitution z = 2", giving rise to
2(PY, UPY) = %/ (2d—5)— / 2d— 52 1.
O

The same argument for the single current does not lead to a closed formula, but the following
separate argument allows us to conclude Theorem 1.3.

Proof of Theorem 1.3. The first part of the theorem is given by combining Theorem 3.2 and
Corollary 3.4. We focus on the single random current: From (4.1) we sprinkle with p(z) = 1 —
V1 — 22 to obtain the single current. One may check that for any increasing (differentiable) function
p(x) taking values in [0, 1], the function = + (£, U )[a <> b] is increasing. Hence, there exists a
unique solution x. to the equation

I 22 4 2p(z)" — p(xe)™
d—1 1+ z2n ‘

Thus, if p and ¢ are increasing differentiable functions that take values in [0, 1] such that p(z) < ¢(x)
for all z € [0,1] then z.(¢ ., U Ppiay,ca) > (02 oy U Poa),ct)-

Using this for the functions r(z) =0, p(z) = 1 — V1 — 22, and q(z) = 2% together with stochastic
domination yields

xﬂ%w>%@%U%@%DWM%#W%MQZawwuﬁwuﬂm%)
N’

PO PO uUP®
z,C,,di z,C‘TiL d

Cn
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Loop O(1)
—— Random cluster

——— Double current
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FIGURE 4.4. The critical . on the graph C4,, as a function of d for the loop O(1),
and double random current.

5. The critical probability for Bernoulli percolation is no obstruction for the UEG

In the previous section, we considered graphs where the free uniform even subgraph is intimately
tied to the behaviour of ordinary Bernoulli percolation on another graph. One might wonder about
general links between the behaviour of Bernoulli percolation and that of the UEG. For instance,
one might have a suspicion that if a graph G is easily disconnected in the sense that the percolation
threshold p.(Pg) is very close to 1, this lack of connectivity might also impact the UEG. This turns
out to be false even for one-ended graphs.

We are going to give two counterexamples:

e The first is a construction that can be applied to just about any graph and which admits
an easy proof. However, the graphs thus produced are not of inherent interest otherwise.

e The second is the infinite cluster of ¢, . 72 as e — 0", which is a more natural object, but
for which the proof is more involved.

The UEG of the latter model always percolates by Garet et al. (2018, Theorem 1.3), and it is rea-
sonable to believe that continuity of the phase transition implies that breaking even a small fraction
d = 0(g) of the edges breaks the infinite cluster. However, the proof we give relies on Duminil-Copin
et al. (2021Dh), the results of which are (conjecturally) not valid for all planar percolation models
with a continuous phase transition (see discussion after Duminil-Copin et al. (2021b, Theorem 7.5)).
Therefore, the matter is much more subtle than one might expect and restating all necessary pre-
requisites is beyond the scope of the present paper. As such, we shall settle for referring to suitable
places in the literature. However, we find the example to be important in the sense that the graph
produced is, in some sense, a much more natural negative resolution to the question.

5.1. The edge-halving construction. For a graph G = (V, ), define G'/? with V(G'/2) = VUE and
E(G'/?) consisting of pairs (v,e) with v € V and e an edge in G with v as its one end-point. One
may note that G/2 is bipartite with bi-partition VU E. In pictures, G'/2 is obtained from G by
dividing each edge in two. The point is that doing so does not change the behaviour of the uniform
even subgraph at all, while it makes it strictly harder for Bernoulli percolation to percolate.
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We note that since G'/2 is bipartite, a subgraph thereof will have an infinite component if and
only if it has a connected component containing infinitely many vertices from V.

Lemma 5.1. For any graph G = (V,E) there is a group isomorphism v : Qy(G'/?) — Qy(G) such
that o)
v 5w if and only if v Bl w,

for every n € Qy(G) and v,w € V. In particular, UEG%; percolates if and only if UEGL

Gl/2 does.

Remark 2. We note that the lemma also holds for UEG?, but omit it from the statement for
notational ease. The same proof carries through.

Proof: Any e = (v,w) € E has degree two in G'/2. Therefore, for any n € Qy(GY/?), (v,e) € 5 if
and only if (w, e) € . Accordingly,
P(n) = {e € E| deg,(e) = 2}

defines an even subgraph of G with the desired connectivity property. One checks that v is a group
homomorphism and, furthermore, that its inverse is given by

v ) = {(v,e)] e € n}.

Since v is a group homomorphism and UEG(%;1 /2 is the Haar measure on (Gl/ 2), it pushes forward
to Haar measure on its image under v, which is UEG(%;, since v is surjective. U

Lemma 5.2. For any graph G = (V,E), it holds that pc(Pgi/2) = \/pe(Pg).

Proof: The proof proceeds by coupling wy ~ P2 g and wy, 179 ~ P, g1/2 for every p € [0,1] in such
a way that w, € {v <> w} if and only if w, /9 € {v <> w} for every pair v,w € V. The coupling
itself declares that e = (v, w) € wy if and only if (v,e) € w1/ and (w, e) € wy, 1/2. The process wy
thus defined is i.i.d. since w1/ is, and its marginals may be checked to be Bernoulli variables of
parameter p?. The desired connectivity property also follows by construction. ]

This allows us to prove Theorem 1.4.
Theorem 1.4. For any € > 0, there is a graph G* with p.(Ppge) € (1 —¢,1) and UEGg:[Coo] = 1.
Proof: Let ¢ > 0 and let Gy = Z2, the uniform even subgraph of which percolates by Caret
et al. (2018) and for which pc(Pz2) = 3 by Kesten’s Theorem (Kesten, 1930). Inductively, define
Gjy1 = G;ﬂ. By Lemma 5.1, we have that UEGg, [0 <+ oo] > 0 for every j and by Lemma 5.2, we
have that p.(G;) = 272", Picking j sufficiently large proves the desired. O

5.2. The infinite cluster of the slightly supercritical random-cluster model. For our second example,
for x > x. we let G* denote the infinite cluster of ¢, z2. By Garet et al. (2018, Theorem 3.1), we
have that the uniform even subgraph of G* percolates almost surely. Therefore, we obtain a second
proof of Theorem 1.4 if we can prove the following;:

Proposition 5.3. Almost surely, under the increasing coupling of ¢, 72, we have

liim pe(Pgz) = 1.

Proof: We start by fixing parameters and notation. Fix é € (0,1) and let p > 0 be small enough.
For finite G C Z2, let (wa, &) ~ gbglcC’G ® P1_sg. Furthermore, let Ry = [k, k] x [—3k, 3k] N Z2,
Ay = [k, k]> N Z? and let €, denote the event that there is a crossing in Ry between its left and
right faces.

We claim that if k = k(J, p) is large enough, then

Or.ry ® P1osr,[wr, N &R, €G] < p. (5.1)
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Before we indicate how to prove (5.1), let us see how it finishes the proof. As any crossing between
A and Az, must cross at least one rotated translate of Ry, monotonicity in boundary conditions
and a union bound implies that

Q%C,Agk ® P1—5,A3k [w/\sk N 65,/\31@ € {Ak Ans A3k}] <Ap. (52)

It is well-known that if p is sufficiently small, an estimate of the form (5.2) for some k is enough
to imply non-percolation by techniques that go back to Liggett et al. (1997) (see e.g. the proof of
Hansen et al. (2025, Proposition 2.11)). However, by continuity of the finite volume measures, (5.2)
remains true if wy,, is replaced by wa,, ~ gbglcc teAsy for € sufficiently small. Upon inspection, this is
the same as saying that p.(Pg=) > 1 —0 almost surely for x € (z., x.+¢), which is what we wanted,
since, under the increasing coupling, x — p.(Pg=) is almost surely decreasing.

Now, to see that (5.1) holds provided k is large enough, we refer to Manolescu and Santoro (2025,
Lemma 5.2). This lemma is stated in the context of Boolean percolation, but as is remarked on
in that paper, its proof only relies on the techniques of Duminil-Copin et al. (2021b, Theorem
7.5). Thus, it is also valid for the random-cluster model. Combining Manolescu and Santoro (2025,
Lemma 5.2) with the fact that the four-arm exponent of the random-cluster model is smaller than
2 (Duminil-Copin and Manolescu, 2022, Page 11) yields (5.1). O
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