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Abstract. We introduce and study a two-player zero-sum game between a probabilist and Nature
defined by a convex function f , a finite collection B of Markov generators (or its convex hull), and
a target distribution π. The probabilist selects a mixed strategy µ ∈ P(B), the set of probability
measures on B, while Nature adopts a pure strategy and selects a π-reversible Markov generator M .
The probabilist receives a payoff equal to the f -divergence Df (M∥L), where L is drawn according
to µ. We prove that this game always admits a mixed strategy Nash equilibrium and satisfies a
minimax identity. In contrast, a pure strategy equilibrium may fail to exist. We develop a projected
subgradient method to compute approximate mixed strategy equilibria with provable convergence
guarantees. Connections to information centroids, Chebyshev centers, and Bayes risk are discussed.
This paper extends earlier minimax results on f -divergences such as (Haussler, 1997; Haussler and
Opper, 1997; Gushchin and Zhdanov, 2006) to the context of Markov generators.

1. Introduction

This paper studies a two-player zero-sum game between a probabilist and Nature, defined by
parameters (f,B, π). These will be introduced formally in Sections 2 and 3, but we outline them
here to motivate the setup. The function f is convex and satisfies standard regularity conditions;
B is either a finite set {Li}ni=1 or its convex hull, with each Li a Markov generator on a finite state
space X ; and π is a given target distribution on X . We analyze two versions of the game: one with
pure strategies, and one with mixed strategies. In the mixed strategy setting, the probabilist selects
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a probability measure µ ∈ P(B) and samples L ∈ B according to µ, while Nature adopts a pure
strategy and chooses a reversible Markov generator M ∈ L(π). The probabilist receives a payoff
of Df (M∥L), the f -divergence from L to M . In the pure strategy variant, both players choose
deterministically from their respective strategy sets.

Games of a similar flavor appear in the literature under the name “statistician versus Nature”
problems (Haussler, 1997; Haussler and Opper, 1997; Gushchin and Zhdanov, 2006), where the
statistician pays a loss based on divergence between the estimator and the ground truth distribution
chosen by Nature. Our game reverses this direction: the probabilist receives a gain from Nature.
This role reversal is motivated by differences between reversible and non-reversible Markov chains
as follows:

Reversibility is fundamental in many physical systems—quantum and classical mechanics are
both time-reversible (Schrödinger, 1931). Accordingly, we model Nature as selecting from the set of
π-reversible generators. This also reflects common practice in modern Markov chain Monte Carlo
methods, where algorithms such as Metropolis-Hastings and overdamped Langevin diffusions are
π-reversible.

In contrast, non-reversible chains have attracted recent interest for their potential to accelerate
convergence. Algorithms of this type appear in various works (e.g. Hwang et al. (1993, 2005);
Rosenthal and Rosenthal (2015); Bierkens (2016); Diaconis et al. (2000); Rey-Bellet and Spiliopoulos
(2016); Gustafson (1998); Kamatani and Song (2023)). We therefore let the probabilist choose
from a possibly non-reversible inventory of Markov generators B. The quantity Df (M∥L) can be
interpreted as an information-theoretic advantage or performance gain due to non-reversibility.

While the above explanations justify the role of the probabilist and Nature in the entropy game,
from a mathematical point of view however, these two roles can be safely interchanged, or one may
wish to replace the term "probabilist" by "Player A" and "Nature" by "Player B" throughout the
entire manuscript.

This setting raises several natural questions: Does a Nash equilibrium exist (Karlin and Peres,
2017; Maschler et al., 2020)? Is it unique? Can it be computed efficiently? What is the game’s
value? Is there a sequential analogue?

While we do not aim to answer all of these questions, this paper focuses on several foundational
aspects: the existence and uniqueness of an equilibrium, cases where equilibria may fail to exist,
and an optimization algorithm to approximate them efficiently. We also explore connections with
the Bayes risk and geometric notions such as information centroids and Chebyshev centers.

Further motivation comes from a question raised by Laurent Miclo about whether the Metropolis-
type generators

P−∞(x, y) := min{L(x, y), Lπ(x, y)}, P∞(x, y) := max{L(x, y), Lπ(x, y)}, x ̸= y,

can be interpreted game-theoretically. Here, Lπ is the π-dual of L, and diagonal terms are set so
that each row sums to zero (see Section 2). While P−∞ corresponds to the classical continuous-time
Metropolis-Hastings generator, P∞ has been studied in Diaconis and Miclo (2009); Choi (2020);
Choi and Huang (2020). Since both involve pointwise minimum or maximum operations, a game-
theoretic interpretation is natural. As we show in Example 3.12, when Df is taken to be the total
variation distance, both P−∞, P∞, and their convex combinations can be understood as part of
a mixed strategy Nash equilibrium in the entropy game. This gives a possible answer to Miclo’s
question.

We summarize our main contributions as follows:

(1) We introduce the two-person Markov chain entropy games of the probabilist against Nature.
This naturally generalizes the game of the statistican against Nature (Haussler, 1997; Haus-
sler and Opper, 1997; Gushchin and Zhdanov, 2006), where instead of Markov generators,
the game in these references involves probability measures.
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We draw a perhaps surprising connection between reversiblizations of Markov generators,
widely studied in modern theory (Miclo, 1997; Fill, 1991; Paulin, 2015; Choi, 2020), game-
theoretic concepts, and geometry.

(2) We introduce the notion of a weighted information centroid in the context of Markov gen-
erators and highlight its central role in analyzing Nash equilibria of entropy games. This
naturally generalizes the notion of an information centroid of Markov chains introduced by
Choi and Wolfer (2024). Our analysis shows that the (mixed strategy) Nash equilibrium
is intimately related to the notion of Chebyshev center, which can be interpreted as a spe-
cific weighted information centroid. This important observation allows us to analyze the
existence and uniqueness of a Nash equilibrium in the game.

(3) We propose and analyze a simple projected subgradient algorithm to find an approximate
Nash equilibrium with a provable convergence rate of O(1/

√
t). A central question in game

theory, in particular algorithmic game theory, lies in developing efficient algorithms for (ap-
proximate) computation of the Nash equilibrium. To this end, we propose a simple and
easy-to-implement projected subgradient algorithm which takes advantage of the informa-
tion geometry of the underlying Markov generators.

The rest of this paper is organized as follows. In Section 2, we introduce and recall various no-
tions, in particular the notion of weighted information centroid, which plays a central role in our
subsequent investigation. We proceed to present the main results of the paper, where we first
address fundamental questions concerning Chebyshev centers, weighted information centroids and
minimax values in Section 3, followed by a pure strategy game-theoretic analysis in Section 3.1.
The corresponding setting of mixed strategy game is presented in Section 3.2, and several simple
yet illustrative examples are given in Section 3.1.1 and Section 3.2.1. The design and analysis of a
novel projected subgradient algorithm to find an approximate mixed strategy Nash equilibrium is
stated in Section 3.3. Finally, the proofs of the main results are presented in Section 4.

1.1. Notations. In this subsection we introduce some commonly used notations throughout the
manuscript. For a, b ∈ Z, we write Ja, bK := {a, a+ 1, . . . , b− 1, b} and JnK := J1, nK for n ∈ N. We
denote by 0 the all-zeros matrix on the finite state space X . For a given function g(n), we say that
it is O(h(n)) if there exist constants C > 0 and n0 such that g(n) ≤ Ch(n) for all n ≥ n0.

2. Preliminaries

2.1. Weighted information centroids. Consider a convex function f : R+ → R+ satisfying f(1) = 0,
and a given positive discrete distribution π on a finite state space X , where R+ is the set of
non-negative real numbers. Define L as the set of Markov infinitesimal generators on X . These
generators correspond to X × X matrices having non-negative off-diagonal elements and zero row
sums. A generator L is said to be π-stationary if πL = 0. Moreover, L(π) ⊂ L is the subset of
π-reversible generators, where we recall that a generator L is said to be π-reversible if it satisfies
the detailed balance condition, that is, for all x ̸= y ∈ X , we have π(x)L(x, y) = π(y)L(y, x).

In view of Jansen and Kurt (2014, Proposition 1.2), we define the π-dual of a generator L ∈ L
to be Lπ. For x ̸= y, the off-diagonal elements of Lπ are given by

Lπ(x, y) =
π(y)

π(x)
L(y, x),

and the diagonal ones ensure zero row sums for all rows. In the special case when L has π as its
unique stationary distribution, we then have Lπ = L∗, the adjoint of L in ℓ2(π) or its time-reversal.
Here the space ℓ2(π) is the standard weighted ℓ2 Hilbert space endowed with the inner product
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⟨·, ·⟩π given by, for any functions g, h : X → R,

⟨g, h⟩π :=
∑
x∈X

g(x)h(x)π(x).

Following Diaconis and Miclo (2009), for a given target π and Markov infinitesimal generators
M,L ∈ L, the f -divergence from L to M with respect to π is defined as

Df (M ||L) =
∑
x∈X

π(x)
∑

y∈X\{x}

L(x, y)f

(
M(x, y)

L(x, y)

)
, (2.1)

where the convention of 0f(a/0) := 0 for a ≥ 0 applies. If f∗ is the convex conjugate of f , defined
by f∗(t) = tf(1/t) for t > 0, then

Df (M ||L) = Df∗(L||M),

and f∗(1) = 0. In particular, when f is self-conjugate, that is f∗ = f , the f -divergence in (2.1) is
symmetric.

For a general generator L not necessarily with π as its stationary distribution, we consider pro-
jecting L onto L(π) under f -divergence Df . Following Wolfer and Watanabe (2021); Choi and
Wolfer (2024), the notions of f -projection and f∗-projection are defined as:

Mf = Mf (L, π) := argmin
M∈L(π)

Df (M ||L), Mf∗
= Mf∗

(L, π) = argmin
M∈L(π)

Df (L||M). (2.2)

To state our main results, we now introduce the notion of a weighted information centroid of
Markov chains. It generalizes the notion of an (unweighted) information centroid of Markov chains
introduced in Choi and Wolfer (2024). Let w = (w1, . . . , wn) ∈ Rn

+ be a weight vector in the
probability simplex Sn of n elements, that is,

Sn :=

{
w = (w1, . . . , wn) ∈ Rn

+;

n∑
i=1

wi = 1

}
. (2.3)

Note that we denote the simplex by Sn instead of P(JnK) throughout the manuscript. Given a
sequence of Markov generators {Li}ni=1, where Li ∈ L for i ∈ JnK, we define the notions of w-
weighted f -projection centroid and f∗-projection centroid to be respectively

Mf
n = Mf

n (w, {Li}ni=1, π) := argmin
M∈L(π)

n∑
i=1

wiDf (M ||Li),

Mf∗
n = Mf∗

n (w, {Li}ni=1, π) = argmin
M∈L(π)

n∑
i=1

wiDf (Li||M).

We consider two important special cases: first in the case with n = 1, the above notions reduce to
Mf

1 = Mf and Mf∗

1 = Mf∗ respectively as introduced in (2.2). In the second special case, let n ∈ N
and {ei}ni=1 be the standard unit vectors. It is immediate that Mf

n (ei, {Li}ni=1, π) = Mf (Li, π) and
Mf∗

n (ei, {Li}ni=1, π) = Mf∗
(Li, π).

Our first main result in this Section establishes existence and uniqueness of f and f∗-projection
centroids under strict convexity of f , and its proof is given in Section 4.1.

Theorem 2.1 (Existence and uniqueness of weighted f and f∗-projection centroids). Suppose we
are given a sequence of Markov generators {Li}ni=1, where Li ∈ L for i ∈ JnK, a f -divergence Df

generated by a strictly convex f which is assumed to have a derivative at 1 given by f ′(1) = 0, and
a weight vector w ∈ Sn. We further assume that there exists at least one Li ̸= 0 and at least one
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wi > 0 when Li ̸= 0. A weighted f -projection of Df (resp. f∗-projection of Df∗) that minimizes the
mapping

L(π) ∋ M 7→
n∑

i=1

wiDf (M ||Li)

(
resp. =

n∑
i=1

wiDf∗(Li||M)

)
uniquely exists and is denoted by Mf

n .

Remark 2.1. By replacing f by f∗ in the main result of Theorem 2.1, we can analogously define
Mf∗

n . Precisely, a weighted f∗-projection of Df (resp. f -projection of Df∗) that minimizes the
mapping

L(π) ∋ M 7→
n∑

i=1

wiDf (Li||M)

(
resp. =

n∑
i=1

wiDf∗(M ||Li)

)
uniquely exists and is denoted by Mf∗

n .

Remark 2.2 (On the convexity of f). We emphasize that throughout this manuscript, unless oth-
erwise specified, f is assumed to be a convex function rather than a strictly convex function. This
yields the following interesting consequences. Suppose that f is a convex function with f(s) = 0
for some s > 0, s ̸= 1. For a given L ∈ L, we thus have

Df (sL||L) = 0,

and hence the two generators sL and L are indistinguishable with respect to Df . From a transition
semigroup perspective, this is justifiable since P t := esLt, the transition semigroup generated by
sL, is merely a time-change of Qt := eLt, the transition semigroup generated by L, for t ≥ 0.

Remark 2.3. We discuss the importance of the additional assumptions in Theorem 2.1 here. In the
first case, if Li = 0 for all i ∈ JnK, then obviously for any M ∈ L(π) we have Df (M ||Li) = 0 and
hence

n∑
i=1

wiDf (M ||Li) = 0.

As such, this shows the existence of weighted f -projection centroids which are not unique even if
f is strictly convex. In the second case, suppose that there exists at least one Li ̸= 0 and wi = 0
whenever Li ̸= 0. This again leads to, for any M ∈ L(π),

n∑
i=1

wiDf (M ||Li) = 0.

We thus exclude the above two degenerate cases in Theorem 2.1.

Remark 2.4. We stress that in Theorem 2.1, the given positive distribution π is arbitrary and at the
same time the generators Li need not admit π as a stationary distribution or even be irreducible in
the first place. The purpose of Theorem 2.1 is to consider the joint projection of these generators
Li onto the space L(π).

In the second result of this Section, we explicitly calculate the weighted f and f∗-projection
centroids Mf

n and Mf∗
n under some common f -divergences. The proof is deferred to Section 4.2. For

these common choices of f , as shown in Choi and Wolfer (2024), the power mean reversibilizations
Pp appear naturally as the corresponding f or f∗-projection. For x ̸= y ∈ X and p ∈ R \ {0}, the
off-diagonal entries of Pp are given by

Pp(x, y) :=

(
L(x, y)p + Lπ(x, y)

p

2

)1/p

, (2.4)
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where diagonal entries ensure zero row sums. The limiting cases are defined to be

P0(x, y) := lim
p→0

Pp(x, y) =
√
L(x, y)Lπ(x, y),

P∞(x, y) := lim
p→∞

Pp(x, y) = max{L(x, y), Lπ(x, y)}, (2.5)

P−∞(x, y) := lim
p→−∞

Pp(x, y) = min{L(x, y), Lπ(x, y)}. (2.6)

Note that in the special case when the weights are given by wi = 1/n for all i ∈ JnK, we recover the
results in Choi and Wolfer (2024), as expected.

Theorem 2.2 (Examples of weighted f and f∗-projection centroids). Given a sequence of Markov
generators (Li)

n
i=1, where Li ∈ L for i ∈ JnK and a weight vector w ∈ Sn. We further assume

that there exists at least one Li ̸= 0 and at least one wi > 0 when Li ̸= 0. Recall the power mean
reversiblizations Pp in (2.4).

(1) (weighted f and f∗-projection centroids under α-divergence) Let f(t) = tα−αt−(1−α)
α(α−1) for

α ∈ R\{0, 1}. The unique f -projection centroid Mf
n is given by, for x ̸= y ∈ X ,

Mf
n (x, y) =

(
n∑

i=1

wi

(
Mf (Li, π)(x, y)

)1−α
)1/(1−α)

,

while the unique f∗-projection centroid Mf∗
n is given by, for x ̸= y ∈ X ,

Mf∗
n (x, y) =

(
n∑

i=1

wi

(
Mf∗

(Li, π)(x, y)
)α)1/α

,

where Mf ,Mf∗ are respectively the P1−α, Pα-reversiblization.
(2) (weighted f and f∗-projection centroids under squared Hellinger distance) Let f(t) = (

√
t−

1)2. The unique f -projection centroid Mf
n is given by, for x ̸= y ∈ X ,

Mf
n (x, y) =

(
n∑

i=1

wi

√
Mf (Li, π)(x, y)

)2

, (2.7)

while the unique f∗-projection centroid Mf∗
n is given by, for x ̸= y ∈ X ,

Mf∗
n (x, y) =

(
n∑

i=1

wi

√
Mf∗(Li, π)(x, y)

)2

,

where Mf∗
= Mf is the P1/2-reversiblization.

(3) (f and f∗-projection centroids under Kullback-Leibler divergence) Let f(t) = t ln t − t + 1.
The unique f -projection centroid Mf

n is given by, for x ̸= y ∈ X ,

Mf
n (x, y) =

n∏
i=1

(
Mf (Li, π)(x, y)

)wi

,

where 00 := 0 in the expression above, while the unique f∗-projection centroid Mf∗
n is given

by, for x ̸= y ∈ X ,

Mf∗
n (x, y) =

n∑
i=1

wiM
f∗
(Li, π)(x, y),

where Mf ,Mf∗ are respectively the P0, P1-reversiblization.

Remark 2.5. Item (2) can be considered as a special case of item (1) by taking α = 1/2. Another
important special case of α-divergence is the χ2-divergence where we take α = 2.
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2.2. Two-person pure strategy and mixed strategy games. This subsection reviews some classical
game-theoretic notions in the context of the probabilist against Nature game. Much of the exposition
in this subsection are drawn from content in Boyd and Vandenberghe (2004, Section 5.2.5 and 5.4.3)
and Karlin and Peres (2017, Chapter 2). Consider the following two-person non-cooperative zero-
sum pure strategy game with respect to the parameters (f,B, π). If Nature chooses M ∈ L(π),
the strategy set of Nature, while the probabilist chooses L ∈ B, the strategy set of the probabilist,
then Nature pays an amount Df (M ||L) to the probabilist. As a result, Nature wants to minimize
Df while the probabilist seeks to maximize Df . The quantity Df (M ||L) is known as the payoff
function of the game, and it is said to be a pure strategy game as both players are only allowed to
choose deterministically from their respective strategy sets. On the other hand, a game is said to be
a mixed strategy game if the players are allowed to choose randomly within their respective strategy
sets. In the sequel, we shall consider B, the strategy set of the probabilist, to be either {Li}ni=1 or
its convex hull conv((Li)

n
i=1). From now on we shall call this a two-person pure strategy game.

Suppose that Nature chooses its strategy M first, followed by the probabilist, who has the knowl-
edge of the choice of Nature. The probabilist thus seeks to choose L ∈ B to maximize the payoff
Df (M ||L). The resulting payoff is supL∈B Df (M ||L), which depends on M , the choice of Nature.
Nature assumes that the probabilist will choose this strategy, and hence Nature seeks to minimize
the worst-case payoff, that is, Nature chooses a strategy in the set

argmin
M∈L(π)

sup
L∈B

Df (M ||L),

known as a minimax strategy of Nature, which yields

vf = vf (B, π) := inf
M∈L(π)

sup
L∈B

Df (M ||L),

the payoff from Nature to the probabilist. vf is also known as the minimax value of the game.
Now, suppose that the order of play is reversed: the probabilist chooses L ∈ B first, and Nature,

with the knowledge of L, picks from the strategy set L(π). Following a similar argument as before,
if both players follow the optimal strategy, the probabilist chooses a strategy in the set

arg sup
L∈B

inf
M∈L(π)

Df (M ||L),

known as a maximin strategy of the probabilist, which yields

vf = vf (B, π) := sup
L∈B

inf
M∈L(π)

Df (M ||L),

the payoff from Nature to the probabilist. vf is known as the maximin value of the game.
If the minimax equality holds, that is, the minimax and maximin value coincides with

vf = vf =: v = v(f,B, π),
then v is the value of the pure strategy game. Let Mf and Lf be respectively a minimax strategy
of Nature and a maximin strategy of the probabilist. The pair (Mf , Lf ) is called a pure strategy
Nash equilibrium with respect to (f,B, π). Mf is said to be an optimal strategy of Nature while Lf

is said to be an optimal strategy of the probabilist.
The above pure strategy game can be generalized to a situation where the probabilist uses a

mixed strategy while Nature maintains a pure strategy. From now on we shall refer this to a two-
person mixed strategy game with respect to the parameters (f,B, π). In this mixed strategy game,
the probabilist first chooses a prior measure µ ∈ P(B) and picks a L ∈ B at random according to
µ. On the other hand Nature, knowing µ but not knowing L, follows a pure strategy to choose
M ∈ L(π). Afterwards, Nature pays an amount Df (M ||L) to the probabilist. This serves as
a natural generalization of the game of a statistican against Nature proposed and developed in
Haussler (1997); Haussler and Opper (1997); Gushchin and Zhdanov (2006).

With these notions in mind, we now introduce the minimax and maximin value of this game:
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Definition 2.3 (Minimax and maximin values in the two-person mixed strategy game). Consider
the two-person mixed strategy game. The minimax value and the maximin value of this game are
defined respectively to be

V
f
= V

f
(B, π) := inf

M∈L(π)
sup

µ∈P(B)

∫
B
Df (M ||L)µ(dL), (2.8)

V f = V f (B, π) := sup
µ∈P(B)

inf
M∈L(π)

∫
B
Df (M ||L)µ(dL). (2.9)

Note that V
f ≥ V f . We can define analogously V

f∗
, V f∗

by replacing f by f∗ above.

Next, we define the notions of Bayes risk and Bayes strategy of Nature:

Definition 2.4 (Bayes risk and Bayes strategy). Given a µ ∈ P(B), we say that a Markov generator
Mµ ∈ L(π) is a Bayes strategy with respect to µ if the mapping M 7→

∫
B Df (M ||L)µ(dL) attains

its infimum at Mµ, that is,

inf
M∈L(π)

∫
B
Df (M ||L)µ(dL) =

∫
B
Df (Mµ||L)µ(dL).

The minimum value
∫
B Df (Mµ||L)µ(dL) is said to be the Bayes risk with respect to µ,

Finally, we give the notions of minimax and maximin strategy of this game:

Definition 2.5 (Minimax and maximin strategies in the two-person mixed strategy game). Consider
the two-person mixed strategy game. A strategy in the set

arg inf
M∈L(π)

sup
µ∈P(B)

∫
B
Df (M ||L)µ(dL)

is known as a minimax strategy of Nature, while a strategy in the set

arg sup
µ∈P(B)

inf
M∈L(π)

∫
B
Df (M ||L)µ(dL)

is known as a maximin strategy of the probabilist.

If the minimax equality holds, that is,

V
f
(B, π) = V f (B, π) =: V = V (f,B, π),

then we say that V is the value of the mixed strategy game. The pair of minimax strategy of Nature
and maximin strategy of the probabilist is a mixed strategy Nash equilibrium with respect to the
parameters (f,B, π).

3. Main results

In this Section, we gradually introduce and state the main results of this paper. We first state
two well-known and useful max-min inequalities for Df and Df∗ . Let A,B ⊆ L. We have

sup
L∈B

inf
M∈A

Df (M ||L) ≤ inf
M∈A

sup
L∈B

Df (M ||L), (3.1)

sup
L∈B

inf
M∈A

Df (L||M) ≤ inf
M∈A

sup
L∈B

Df (L||M). (3.2)

In the following, we are primarily interested in projection onto the space L(π), and hence we shall
take A = L(π). We now illustrate the relationship between various minimax and maximin values
and saddle point:
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Definition 3.1 (Minimax and maximin values, saddle point property and saddle point). Let B ⊆ L.
Recall that

vf = vf (B, π) = inf
M∈L(π)

sup
L∈B

Df (M ||L),

vf = vf (B, π) = sup
L∈B

inf
M∈L(π)

Df (M ||L).

We say that vf is the minimax value with respect to (f,B, π), and similarly vf is the maximin value
with respect to (f,B, π). In view of (3.1) and (3.2), we have

vf ≥ vf , vf
∗ ≥ vf

∗
.

If the equality holds, that is,
vf = vf ,

we say that the saddle point property is satisfied with respect to (f,B, π). In this case, suppose
that the pair (Mf , Lf ) ∈ L(π)× L attains the optimal value, that is,

vf = Df (M
f ||Lf ),

then we say that (Mf , Lf ) is a saddle point with respect to (f,B, π).

Let us now assume that we are given a set of Markov generators {Li}ni=1, where Li ∈ L for
i ∈ JnK, and in the sequel we shall investigate either B = {Li}ni=1 or the convex hull of {Li}ni=1.
Consider the minimax problem

inf
M∈L(π)

max
i∈JnK

Df (M ||Li). (3.3)

As L 7→ Df (M ||L) is convex for fixed M and pointwise maximum of convex functions preserves
convexity (Boyd and Vandenberghe, 2004, Section 3.2.3), the mapping M 7→ maxi∈JnK Df (M ||Li) is
thus convex. As such the outer minimization is a convex minimization problem over the convex set
L(π). Inspired by the reformulation of an analogous minimax problem in the context of probability
measures in Candan (2020, equation (3)), the minimax problem (3.3) can be equivalently casted as
the following constrained convex minimization:

min
M∈L(π),r

r

s.t. Df (M ||Li) ≤ r, for all i ∈ JnK.
(3.4)

This problem can be interpreted geometrically as the Chebyshev center problem in the context
of Markov chains. For a given M ∈ L(π) and r ≥ 0, the set {L ∈ L; Df (M ||L) ≤ r} can be
understood as the ball of Markov generators within radius r of the center M . The constraint in
(3.4) thus entails that this ball encloses the set {Li}ni=1. As the minimization is with respect to the
radius r, a so-called Chebyshev center is a center of the minimum radius ball that contains {Li}ni=1,
and its optimal value is referred as the Chebyshev radius. Precisely we define the Chebyshev center
and radius as follows:

Definition 3.2 (Chebyshev center and radius). Consider the minimax problem (3.3) and its refor-
mulation (3.4). An optimizer

argmin
M∈L(π)

max
i∈JnK

Df (M ||Li)

is called a Chebyshev center with respect to (f, {Li}ni=1, π), and the minimax value vf is called the
Chebyshev radius with respect to (f, {Li}ni=1, π).

For the problem (3.4), we denote the Lagrangian function L : R+ × L(π)× Rn
+ → R to be

L(r,M,w) := r +
n∑

i=1

wi(Df (M ||Li)− r),
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where w is the associated Lagrange multiplier. Differentiating L with respect to r and setting it to
zero gives w ∈ Sn, the probability simplex that we introduce in (2.3). The dual problem of (3.4) is
now written as

max
w∈Rn

+

min
r≥0,M∈L(π)

L(r,M,w) = max
w∈Sn

min
M∈L(π)

n∑
i=1

wiDf (M ||Li)

= max
w∈Sn

n∑
i=1

wiDf (M
f
n ||Li), (3.5)

where we recall that Mf
n = Mf

n (w, {Li}ni=1, π) is the w-weighted information centroid as in Theorem
2.1 in the second equality. Note that by weak duality we thus have vf ≥ max

w∈Sn

∑n
i=1wiDf (M

f
n ||Li).

Our main result below shows that in fact the strong duality holds and connects various notions
introduced earlier on. The proof is stated in Section 4.3.

Theorem 3.3.
(1) (Strong duality holds for (3.4)) The strong duality holds for (3.4) and there exists wf =

wf ({Li}ni=1, π) = (wf
i )

n
i=1 ∈ Sn such that the optimal value for the dual problem (3.5) is

attained at wf , that is,

vf =

n∑
i=1

wf
i Df (M

f
n (w

f , {Li}ni=1, π)||Li).

The primal problem (3.4) optimal value is attained at (Mf
n (wf , {Li}ni=1, π), v

f ), and the
optimal value of the problem (3.3) is attained at (Mf

n (wf , {Li}ni=1, π), j), where j ∈ JnK is
such that wf

j > 0.
(2) (Chebyshev center is a weighted information centroid Mf

n ) A given pair (M, r) ∈ L(π)×R+

minimizes the primal problem (3.4) and a given w ∈ Sn maximizes the dual problem (3.5)
if and only if they satisfy the following two conditions:
(a) (Complementary slackness) For i ∈ JnK, we have

Df (M ||Li)

{
= r if wi > 0,

≤ r if wi = 0.

Furthermore this implies r = vf .
(b) M = Mf

n (w, {Li}ni=1, π) ∈ argminM∈L(π) L(r,M,w).
(3) (Concavity of the Lagrangian dual) The mapping

Sn ∋ w = (wi)
n
i=1 7→

n∑
i=1

wiDf (M
f
n (w, {Li}ni=1, π)||Li)

is concave.
(4) (Uniqueness of Chebyshev center under strict convexity of f) Suppose that the parameters

(f, {Li}ni=1, π) satisfy the assumptions in Theorem 2.1. If both w1,w2 ∈ Sn maximize the
dual problem (3.5), we have

Mf
n (w1, {Li}ni=1, π) = Mf

n (w2, {Li}ni=1, π).

In other words, the Chebyshev center is unique.
(5) (Characterization of vf = vf ) The saddle point property with respect to (f, {Li}ni=1, π) (Def-

inition 3.1) holds, that is,
vf = vf
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if and only if there exists j ∈ JnK and wf = (wf
i )

n
i=1 a maximizer of the dual problem (3.5)

with wf
j > 0 such that

Mf
n (w

f , {Li}ni=1, π) ∈ argmin
M∈L(π)

Df (M ||Lj).

In particular, if the parameters (f, {Li}ni=1, π) satisfy the assumptions in Theorem 2.1, then
the above statement is equivalent to

Mf
n (w

f , {Li}ni=1, π) = Mf (Lj , π).

(6) (Saddle point) If the saddle point property with respect to (f, {Li}ni=1, π) holds, then

(Mf (Ll, π), Ll)

is a saddle point with respect to (f, {Li}ni=1, π), where l = argmaxi∈JnK Df (M
f (Li, π)||Li).

Remark 3.1. The concavity of the Lagrangian dual in item (3) plays an important role in developing
a projected subgradient algorithm for solving (3.5) in Section 3.3.

In Theorem 3.3, we have been investigating the case where B = {Li}ni=1 in Definition 3.1, which
can be generalized to the convex hull of these generators. Precisely, we shall take

B = conv((Li)
n
i=1) :=

{ n∑
i=1

αiLi; (αi)
n
i=1 ∈ Sn, Li ∈ L for all i ∈ JnK

}
and consider minimax problem of the form

inf
M∈L(π)

sup
L∈conv((Li)ni=1)

Df (M ||L) = vf (conv((Li)
n
i=1), π). (3.6)

An important family of Markov generators that can be written as a convex hull is the family of
continuized doubly stochastic Markov generators that we denote by D. We say that L ∈ D ⊆ L
if all the row and column sums of L are 0 and L = P − I where P is a Markov matrix and I is
the identity matrix on X , and it can be shown that the discrete uniform distribution on X is the
stationary distribution of such L. Let Pi be a permutation matrix on X , then by the Birkhoff-von
Neumann theorem (Horn and Johnson, 2013, Theorem 8.7.2) we have

D = conv((Pi − I)
|X |!
i=1). (3.7)

Another family of Markov generators that can be casted under this framework is the set of uniformiz-
able (see Keilson (1979, Chapter 2)) and µ-reversible generators, which are used in finite truncation
of countably infinite Markov chains in queueing theory (van Dijk et al., 2018), see Example 3.15
below.

Our next proposition shows that the analysis in this case of convex hull of generators can be
reduced to the setup of Theorem 3.3. The proof can be found in Section 4.4.

Proposition 3.4 (Reduction to the finite case).

vf (conv((Li)
n
i=1), π) = vf ({Li}ni=1, π),

vf (conv((Li)
n
i=1), π) = vf ({Li}ni=1, π).

The next result collects and combines both Theorem 3.3 and Proposition 3.4. Its proof is omitted
as it is simply restating these two results in a single Corollary.

Corollary 3.5.
(1) (Attainment of the minimax problem (3.6)) There exists wf = wf ({Li}ni=1, π) = (wf

i )
n
i=1 ∈

Sn such that the problem (3.6) optimal value is attained at (Mf
n (wf , {Li}ni=1, π), Lj), where

j ∈ JnK is such that wf
j > 0.
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(2) (Characterization of vf = vf ) The saddle point property with respect to (f, conv((Li)
n
i=1), π)

(Definition 3.1) holds, that is,

vf (conv((Li)
n
i=1), π) = vf (conv((Li)

n
i=1), π)

if and only if there exists j ∈ JnK and wf = (wf
i )

n
i=1 a maximizer of the dual problem (3.5)

with wf
j > 0 such that

Mf
n (w

f , {Li}ni=1, π) ∈ argmin
M∈L(π)

Df (M ||Lj).

In particular, if the parameters (f, {Li}ni=1, π) satisfy the assumptions in Theorem 2.1, then
the above statement is equivalent to

Mf
n (w

f , {Li}ni=1, π) = Mf (Lj , π).

(3) (Saddle point) If the saddle point property with respect to (f, conv((Li)
n
i=1), π) holds, then

(Mf (Ll, π), Ll)

is a saddle point with respect to (f, conv((Li)
n
i=1), π), where l = argmax

i∈JnK
Df (M

f (Li, π), Li).

In particular, the above results hold for the set of continuized doubly stochastic Markov generators
D (3.7) with Li = Pi and n = |X |!.

3.1. Results on the pure strategy game. In this subsection, we provide a game-theoretic interpreta-
tion of the max-min inequalities and the saddle point property (Definition 3.1) in the context of the
two-person pure strategy game as introduced in Section 2.2.

The max-min inequalities in (3.1) and (3.2) state that it is advantageous for a player to play
second, or more precisely, to know the strategy of the opponent. The difference vf − vf ≥ 0 can
be interpreted as the advantage conferred to a player in knowing the opponent’s strategy. If the
minimax equality holds, that is, if vf = vf , then there is no advantage in playing second or in
knowing the strategy of the opponent.

The main result below characterizes the existence and uniqueness of a Nash equilibrium in this
pure strategy game. The proof is deferred to Section 4.5.

Corollary 3.6. Consider the two-person pure strategy game as discussed in Section 2.2. Let B be
either {Li}ni=1 or its convex hull conv((Li)

n
i=1).

(1) (Characterization of pure strategy Nash equilibrium) A pure strategy Nash equilibrium with
respect to (f,B, π) exists if and only if there exists j ∈ JnK and wf = (wf

i )
n
i=1 a maximizer

of the dual problem (3.5) with wf
j > 0 such that

Mf
n (w

f , {Li}ni=1, π) ∈ argmin
M∈L(π)

Df (M ||Lj).

In particular, if the parameters (f, {Li}ni=1, π) satisfy the assumptions in Theorem 2.1, then
the above statement is equivalent to

Mf
n (w

f , {Li}ni=1, π) = Mf (Lj , π).

(2) (Uniqueness of pure strategy Nash equilibrium) Suppose that the parameters (f, {Li}ni=1, π)
satisfy the assumptions in Theorem 2.1 and a pure strategy Nash equilibrium exists, which
is given by

(Mf (Ll, π), Ll),

where l ∈ argmaxi∈JnK Df (M
f (Li, π), Li). It is unique if and only if the index

l = argmax
i∈JnK

Df (M
f (Li, π), Li)



Markov chain entropy games and the geometry of their Nash equilibria 937

is unique.

3.1.1. Examples. In this subsection, we give a few simple yet illustrative examples to demonstrate
the theory that we have developed thus far. We shall see that, depending on the parameters of the
game (f, {Li}ni=1, π), the associated pure strategy Nash equilibrium or saddle point may or may not
exist.

Example 3.7 (An example with multiple pure strategy Nash equilibria (or saddle points)). In the
first example, we take n = 2 and consider two generators with L1 = L and L2 = Lπ, where L ∈ L
and recall that Lπ is the π-dual of L.

In view of the bisection property (Choi and Wolfer, 2024), we have Df (M ||L1) = Df (M ||L2),
and hence for any weight w ∈ S2, we see that

Mf
2 (w, {Li}2i=1, π) ∈ argmin

M∈L(π)
Df (M ||Li)

for i = 1, 2. Thus, a pure strategy Nash equilibrium or saddle point, with respect to (f, {Li}2i=1, π),
exists, according to Corollary 3.6.

Now, we further assume that the parameters (f, {Li}ni=1, π) satisfy the assumptions in Theorem
2.1. Using the bisection property again, the two pure strategy Nash equilibria are

(Mf (L, π), L), (Mf (L, π), Lπ).

Example 3.8 (An example with a unique pure strategy Nash equilibrium (or saddle point)). In the
second example, we again take n = 2 and consider two generators with L1, L2 ∈ L. We further
assume that Df is the α-divergence, and L1, L2 are chosen to satisfy the condition that

Df (M
f (L1, π)||L1) > Df (M

f (L1, π)||L2). (3.8)

Applying the Pythagorean identity of the α-divergence (Choi and Wolfer, 2024) to the right hand
side above, we thus have

Df (M
f (L1, π)||L1) > Df (M

f (L1, π)||L2) = Df (M
f (L2, π)||L2) +Df (M

f (L1, π)||Mf (L2, π))

≥ Df (M
f (L2, π)||L2). (3.9)

Now, we claim that in this example, the pair (Mf (L1, π), Df (M
f (L1, π)||L1)) ∈ L(π)×R+ mini-

mizes the primal problem (3.4) and w = (1, 0) ∈ S2 maximizes the dual problem (3.5). This readily
follows from item (2) in Theorem 3.3, where the condition (3.8) ensures that the complementary
slackness holds.

Using item (1) in Corollary 3.6, we see that a Nash equilibrium exists, and in view of (3.9) and
item (2) in Corollary 3.6, the unique pure strategy Nash equilibrium or saddle point is given by

(Mf (L1, π), L1).

Example 3.9 (An example where a pure strategy Nash equilibrium (or saddle point) fails to exist).
In the final example, we again specialize into n = 2 and take two Markov generators with L1, L2 ∈ L.
We further assume that Df is the α-divergence, and L1, L2 are chosen to satisfy the conditions that
Mf (L1, π) ̸= Mf (L2, π) and

Df (M
f (L1, π)||L1) = Df (M

f (L2, π)||L2). (3.10)

Suppose for contradiction that a pure strategy Nash equilibrium exists. In view of Corollary 3.6
and f is strictly convex under α-divergence, the only possible candidates for the maximizer of the
dual problem is either wf = (1, 0) or wf = (0, 1).
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In the former case, we thus have Df (M
f (L1, π)||L1) = r and

r = Df (M
f (L1, π)||L1)

≥ Df (M
f (L1, π)||L2)

= Df (M
f (L2, π)||L2) +Df (M

f (L1, π)||Mf (L2, π))

= Df (M
f (L1, π)||L1) +Df (M

f (L1, π)||Mf (L2, π)),

where we use the Pythagorean identity (Choi and Wolfer, 2024) in the second equality and (3.10)
in the last equality. This implies that Df (M

f (L1, π)||Mf (L2, π)) = 0 and hence Mf (L1, π) =

Mf (L2, π), which contradicts the assumption. Analogously we can handle the case of wf = (0, 1).
As a result, we see that a pure strategy Nash equilibrium fails to exist. For further discussions

on this example, please refer to Example 3.13.

3.2. Results on the mixed strategy game. This subsection concerns the two-person mixed strategy
game as introduced in Section 2.2. Before we state the main results of this subsection, we give an
important proposition that connects various minimax and maximin values we have introduced thus
far, namely vf , V

f
, V f and the dual problem (3.5). The proof is deferred to Section 4.6.

Proposition 3.10. For any B ⊆ L, we have

vf (B, π) ≥ V
f
(B, π) ≥ V f (B, π), (3.11)

where we recall that vf is introduced in Definition 3.1 while V
f
, V f are defined in Definition 2.3.

In particular, if B is either {Li}ni=1 or its convex hull conv((Li)
n
i=1), this leads to

vf (B, π) ≥ V
f
(B, π) ≥ V f (B, π) ≥ max

w∈Sn

n∑
i=1

wiDf (M
f
n ||Li). (3.12)

In the setting of (3.12), by Theorem 3.3 item (1), the strong duality holds and hence we have

vf (B, π) = max
w∈Sn

n∑
i=1

wiDf (M
f
n ||Li).

This forces a minimax equality, that is,

V
f
(B, π) = V f (B, π).

In other words, all inequalities are in fact equalities in (3.12). We collect this result and a few others
in Corollary 3.5 into the following main results:

Theorem 3.11. Consider the two-person mixed strategy game with respect to the parameters (f,B, π),
where B is either {Li}ni=1 or its convex hull conv( (Li)

n
i=1 ). Recall that there exists wf =

wf ({Li}ni=1, π) = (wf
i )

n
i=1 ∈ Sn such that the optimal value for the dual problem (3.5) is attained at

wf by Theorem 3.3.
(1) (A mixed strategy Nash equilibrium always exists) The minimax equality holds, that is,

V
f
(B, π) = V f (B, π) =

n∑
i=1

wf
i Df (M

f
n (w

f , {Li}ni=1, π)||Li) =: V,

and hence V is the value of the mixed strategy game. The pair (Mf
n (wf , {Li}ni=1, π),w

f ) ∈
L(π)× P(B) is a mixed strategy Nash equilibrium with respect to the parameters (f,B, π).
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(2) (Game-theoretic interpretation of Chebyshev center and Chebyshev radius) Recall the def-
inition of Chebyshev center and Chebyshev radius in Definition 3.2. A minimax strategy
of Nature is given by Mf

n (wf , {Li}ni=1, π), a weighted information centroid, which is also a
Chebyshev center. In view of the complementary slackness in Theorem 3.3, we have

V = Df (M
f
n (w

f , {Li}ni=1, π)||Ll),

where the index l satisfies wf
l > 0. In words, the Chebyshev radius is the value of the

game V . If the parameters (f, {Li}ni=1, π) satisfy the assumptions in Theorem 2.1, then
Mf

n (wf , {Li}ni=1, π) is the unique minimax strategy.
(3) (Bayes risk with respect to wf is value of the game) wf is a maximin strategy of the prob-

abilist. Mf
n (wf , {Li}ni=1, π) is a Bayes strategy with respect to wf , and the Bayes risk with

respect to wf is the value of the game V .

Remark 3.2. It is interesting to note that a mixed strategy Nash equilibrium always exists in the
two-person mixed strategy game (Theorem 3.11) while a pure strategy Nash equilibrium may or
may not exist in the two-person pure strategy game (Corollary 3.6). For an example of the latter
case we recall Example 3.9 and another Example 3.13 below. This is analogous to the classical
two-person zero-sum game in the game theory literature where a pure strategy Nash equilibrium
may not exist, see Karlin and Peres (2017, Chapter 2).

Remark 3.3 (Game-theoretic consequences of the mixed strategy game). As a mixed strategy Nash
equilibrium always exists, there is no advantage for a player (the probabilist or Nature) to play
second, or more generally, to know the strategy of the opponent in the mixed strategy game.

Remark 3.4 (Another proof of V f
(B, π) = V f (B, π) via the Sion’s minimax theorem). One common

strategy in establishing minimax results, in the context of source coding and information theory,
relies on the Sion’s minimax theorem, see for instance van Erven and Harremoës (2014, Theorem
35). For given µ ∈ P(B) and M ∈ L(π), the mapping

(M,µ) 7→
∫
B
Df (M ||L)µ(dL)

is clearly concave in µ and convex in M . As we are minimizing over M ∈ L(π), the set of π-reversible
generator L(π) is convex yet unbounded, and hence it is not a compact subset of L. On the other
hand, as B is either a finite set of Markov generators {Li}ni=1 or its convex hull conv((Li)

n
i=1), the

set P(B) is thus compact. As a result, the Sion’s minimax theorem is readily applicable in this
setting which yields

V
f
(B, π) = V f (B, π).

The proof that we presented in (3.12) relies on the Lagrangian duality theory as in Theorem 3.3,
which naturally gives fine properties concerning the mixed strategy Nash equilibrium and related
important objects such as wf and connects with earlier sections of the manuscript. These properties
do not seem to be immediate consequences or corollaries from the Sion’s minimax theorem.

3.2.1. Examples. In this subsection, similar to Section 3.1.1, we detail four simple examples to
demonstrate the theory concerning the two-person mixed strategy game.

Example 3.12 (Answering a question of Laurent Miclo: an example with the existence of multiple
mixed strategy Nash equilibria). In the first example, we continue the setting discussed in Example
3.7. That is, we consider two (n = 2) generators with L1 = L and L2 = Lπ, where L ∈ L.

Using the bisection property of Df (Choi and Wolfer, 2024), we have Df (M ||L1) = Df (M ||L2),
and for any weight w ∈ S2, we see that

Mf
2 (w, {Li}2i=1, π) ∈ argmin

M∈L(π)
Df (M ||Li)
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for i = 1, 2. In other words, any pair of the form (Mf (L1, π),w) is a mixed strategy Nash equilibrium
with respect to the parameters of this game. Note that this game also has multiple pure strategy
Nash equilibria as shown in Example 3.7.

In the special case of considering f(t) = |t− 1|, the f -divergence is the total variation distance.
We also recall P−∞, P∞ are introduced in (2.6) and (2.5) respectively. It is shown in Choi and
Huang (2020) that any convex combinations of P−∞ and P∞ minimize

{aP−∞ + (1− a)P∞; a ∈ [0, 1]} ⊆ argmin
M∈L(π)

Df (M ||Li).

As such, based on our earlier analysis, (P∞,w) and (P−∞,w) are mixed strategy Nash equilibria of
the game under the total variation distance. This gives a possible answer to a question of Laurent
Miclo on game-theoretic interpretations of P−∞, P∞.

If f is strictly convex with f ′(1) = 0, for instance the α-divergence, then Mf (L1, π) is unique, and
hence it is the unique minimax strategy of Nature in the mixed strategy game, while any w ∈ S2 is
a maximin strategy of the probabilist. Mf (L1, π) is also the unique Bayes strategy with respect to
any w. The value of the game is given by V = Df (M

f (L1, π)||L1).
Note that Mf (L1, π) is also the unique minimax strategy of Nature in the pure strategy game.

Example 3.13 (An example where a pure strategy Nash equilibrium fails to exist and a mixed
strategy Nash equilibrium (always) exists). In the second example, we continue our investigation in
Example 3.9 and take n = 2 along with two Markov generators where L1, L2 ∈ L. We choose Df to
be the α-divergence, and L1, L2 are assumed to satisfy the conditions that Mf (L1, π) ̸= Mf (L2, π)
and

Df (M
f (L1, π)||L1) = Df (M

f (L2, π)||L2). (3.13)

Recall that in Example 3.9, we have already shown that a pure strategy Nash equilibrium cannot
exist with these choices of parameters, and furthermore a maximizer of the dual problem (3.5),
which exists, cannot be wf = (1, 0) and wf = (0, 1).

We thus come to the conclusion that wf
i > 0 for i = 1, 2. The weighted information centroid

Mf
2 (w

f , {Li}2i=1, π) is the unique minimax strategy of Nature, and is also the unique Bayes strategy
with respect to wf .

Figure 3.1 demonstrates a possible visualization of this example.

Figure 3.1. A visualization of Example 3.13. Note that the mixed strategy
Nash equilibrium is (Mf

2 (w
f , {Li}2i=1, π),w

f ), while a pure strategy Nash equilib-
rium does not exist. The complementary slackness in Theorem 3.3 ensures that
Df (M

f
2 (w

f , {Li}2i=1, π)||L1) = Df (M
f
2 (w

f , {Li}2i=1, π)||L2) = vf = V , the value of
the mixed strategy game. (3.13) also holds in this figure.
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Example 3.14 (An example where a pure strategy Nash equilibrium and mixed strategy Nash equi-
librium coincides). In this example, we take n = 3 Markov generators Li ∈ L for i ∈ J3K, and they
are chosen in a special way such that

Df (M
f (L2, π)||L1) = Df (M

f (L2, π)||L3) = Df (M
f (L2, π)||L2).

At the same time, we require that, for j ∈ {1, 3},
Df (M

f (L2, π)||L2) > Df (M
f (Lj , π)||Lj).

With these parameter choices of the game, using Theorem 3.3 and 3.11 we see that we can take
wf = (0, 1, 0), and (Mf (L2, π),w

f ) is a mixed strategy Nash equilibrium while (Mf (L2, π), L2) is
a pure strategy Nash equilibrium. Figure 3.2 provides a visualization in this setting.

Figure 3.2. A visualization of Example 3.14.

Example 3.15 (An example of uniformizable and µ-reversible generators). Recall that we have been
considering settings where B is either {Li}ni=1 or its convex hull conv((Li)

n
i=1). This covers for

instance D, the set of doubly stochastic Markov generators, as discussed in (3.7). The aim of this
example is to show that this also includes the set of uniformizable and µ-reversible generators, where
µ ̸= π.

Let L ∈ L(µ). L is said to be λ-uniformizable if maxx∈X |L(x, x)| ≤ λ, and we denote by
Lλ(µ) ⊂ L(µ) to be the set of such Markov generators. Without loss of generality, in this example
we let m = |X | and label the state space X = {1, 2, . . . ,m}. For a given λ > 0, we now claim that

Lλ(µ) ⊆ conv({Lx,y}x<y,x,y∈X ∪ {0}),

where for x < y ∈ X , Lx,y(x, y) := λ
m(m− 1)

2
while Lx,y(y, x) := λ

m(m− 1)

2

µ(x)

µ(y)
and is zero

otherwise for other off-diagonal entries of Lx,y. We also recall that 0 is the all-zero Markov generator.
Let L ∈ Lλ(µ). Making use of the µ-reversibility, we write that

L =
∑
x<y

wx,yLx,y +

(
1−

∑
x<y

wx,y

)
0,

where wx,y :=
L(x, y)

λ
m(m− 1)

2

.

As a consequence, various results that have been stated are readily applicable to the set Lλ(µ).
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3.3. A projected subgradient algorithm to find an approximate mixed strategy Nash equilibrium (or
Chebyshev center). The aim of this subsection is to develop a simple and easy-to-implement pro-
jected subgradient method to find an approximate mixed strategy Nash equilibrium. Throughout
this subsection, we consider the two-person mixed strategy game introduced in Section 2.2 with re-
spect to the parameters (f,B, π), where B is either {Li}ni=1 or its convex hull conv((Li)

n
i=1). Recall

that wf is a maximin strategy of the probabilist, and the pair (Mf
n (wf , {Li}ni=1, π),w

f ) is a mixed
strategy Nash equilibrium. To find such an equilibrium algorithmically, one crucial step amounts
to solving the corresponding dual problem (3.5). If the weighted information centroid admits a
closed-form expression, for instance in the case of α-divergence or the examples given in Theorem
2.2, then making use of wf a mixed strategy Nash equilibrium is found.

Instead of solving the maximization problem in (3.5), we reformulate it into the following equiva-
lent minimization problem by multiplying by −1, in order for us to consider the subgradient (rather
than supergradient) method in the optimization literature:

min
w∈Sn

h(w)

where

h(w) := −
n∑

i=1

wiDf (M
f
n (w, {Lj}nj=1, π)||Li) (3.14)

Note that the dependence of h on (f,B, π) is suppressed to avoid notational burden in the definition
above. In view of Theorem 3.3 item (3), the function h is convex.

The algorithm that we propose is novel from two perspectives. First, no algorithm has been
developed in the context of the game of the statistician against Nature (Haussler, 1997; Haussler
and Opper, 1997; Gushchin and Zhdanov, 2006) to compute the Nash equilibrium, while in this paper
we propose a simple subgradient algorithm to approximately find the mixed strategy equilibrium.
Second, our algorithm harnesses on the centroid structure and the subgradient of h, which has not
been observed in the literature of Chebyshev center computation of probability measures (Eldar
et al., 2008; Candan, 2020).

In the first main result of this Section, we identify a subgradient of h, and its proof is deferred
to Section 4.7:

Theorem 3.16 (Subgradient of h and an upper bound of its ℓ2-norm). A subgradient of h at v ∈ Sn

is given by g = g(v) = (g1, g2, . . . , gn) ∈ Rn, where for i ∈ JnK, we have

gi = Df (M
f
n (v, {Lj}nj=1, π)||Ln)−Df (M

f
n (v, {Lj}nj=1, π)||Li). (3.15)

That is, g satisfies, for w,v ∈ Sn,

h(w) ≥ h(v) +
n∑

i=1

gi(wi − vi).

Moreover, the ℓ2-norm of g(v) is bounded above by

∥g(v)∥22 :=
n∑

i=1

g2i ≤ n

(
|X | sup

v∈Sn; i∈JnK; Li(x,y)>0
Li(x, y)f

(
Mf

n (v, {Lj}nj=1, π)(x, y)

Li(x, y)

))2

=: B.

(3.16)

Remark 3.5. The choice of Ln in the first term of gi in (3.15) is in fact completely arbitrary, and
we shall see in the proof that it can be replaced by any Ll with l ∈ JnK. We thus obtain at least n
subgradients of h at a given point v ∈ Sn.

Remark 3.6. The upper bound B plays an important role in determining the convergence rate of
the projected subgradient algorithm, see Theorem 3.17 and its proof below.
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We proceed to develop and analyze a projected subgradient algorithm to solve the dual problem
(3.5). Suppose that the number of iterations to be ran is t.

For i = 1, 2, . . . , t, we first update the weights of the current iteration by its subgradient, that is,
we set

v(i) = w(i−1) − ηg(w(i−1)),

where η > 0 is the constant stepsize of the algorithm while we recall that g is a subgradient of h as
in (3.15). In the second step, we project v(i) onto the probability simplex Sn by computing

w(i) = argmin
w∈Sn

∥∥∥w − v(i)
∥∥∥2
2
.

This can be done by applying existing efficient projection algorithms (see e.g. Condat (2016)),
and we do not further investigate these projection algorithms in this manuscript. We then repeat
the above two steps for i = 1, 2, . . . , t. The output of the algorithm is the sequence (w(i))ti=1.
Precisely, the algorithm is stated in Algorithm 1.

Algorithm 1: A projected subgradient algorithm to find an approximate mixed strategy
Nash equilibrium
Input : Initial weight value w(0) ∈ Sn, function f (and Df ), set {Li}ni=1, target

distribution π, stepsize η > 0 and number of iterations t.
Output: The sequence (w(i))ti=1.

1 for i = 1, 2, . . . , t do
// Update via subgradient

2 v(i) = w(i−1) − ηg(w(i−1));
// Projection onto Sn

3 w(i) = argminw∈Sn

∥∥w − v(i)
∥∥2
2
.

Before we proceed to analyze the convergence of Algorithm 1, we first build some intuition about
why it might possibly work. Suppose that we are in the hypothetical setting where the optimal
weights are all positive, that is, wf

i > 0 for all i ∈ JnK. Recall that by the complementary slackness
condition in Theorem 3.3, in this setting the subgradient of h at wf is zero since

gi(w
f ) = Df (M

f
n (w

f , {Lj}nj=1, π)||Ln)−Df (M
f
n (w

f , {Lj}nj=1, π)||Li) = 0.

As a result, once Algorithm 1 reaches wf , it stays put and no longer moves again, which is a
desirable behaviour as an optimal value has been reached. On the other hand, if at the current
iteration the subgradient is gi > 0 at some i, then the weights are updated along the subgradient
direction followed by projection onto Sn.

The success of Algorithm 1 relies crucially on computation of the subgradient g(w) of h at w,
which further depends on the expression Mf

n (w, {Lj}nj=1, π). For example, it is known in the case
of α-divergence or the examples given in Theorem 2.2, and hence the algorithm can be readily
applied in these settings. Note that in the implementation of Algorithm 1, we assume that the
centroid Mf

n (w, {Lj}nj=1, π) is accessible and we do not discuss algorithms to compute these centroids
numerically.

In this paper, we do not consider the many possible variants of the projected subgradient al-
gorithm in Algorithm 1, for instance algorithms with changing or adaptive stepsize, or algorithms
with stochastic subgradients.
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Our second main result of this subsection gives a convergence rate of O(1/
√
t) of Algorithm 1

with an appropriate choice of stepsize. The proof can be found in Section 4.8. We also write

wt :=
1

t

t∑
i=1

w(i),

the arithmetic average up to iteration t of the outputs of Algorithm 1.
Theorem 3.17. Consider Algorithm 1 with its output (w(i))ti=1 and the notations therein. We have

h
(
wt
)
− h

(
wf
)
≤ n

2ηt
+

ηB

2
, (3.17)

where we recall that h is the function defined in (3.14) and B is introduced in (3.16). In particular,
if we take the constant stepsize to be

η =

√
n

tB
,

we thus have

h
(
wt
)
− h

(
wf
)
≤ 1

2

√
nB

t
+

1

2

√
nB

t
=

√
nB

t
.

Given an arbitrary ε > 0, if we further choose

t =

⌈
nB

ε2

⌉
,

then we reach an ε-close value to h
(
wf
)

in the sense that

h
(
wt
)
− h

(
wf
)
≤ ε.

Before we introduce the final main result of this Section, we shall fix a few notations. We shall
consider the set of continuized generators that does not stay at the same state in one step, that is,
for i ∈ JnK we consider

Li := Pi − I, (3.18)

where I is the identity matrix on X and Pi is a transition matrix with Pi(x, x) = 0 for all x ∈ X .
For two Markov generators L,M ∈ L, by choosing f(t) = |t − 1|/2, the total variation distance
between L,M is given by

DTV(L||M) := Df (L||M) =
1

2

∑
x∈X

π(x)
∑

y∈X\{x}

|L(x, y)−M(x, y)| = DTV(M ||L).

For the family of {Li}ni=1 satisfying (3.18), we quantify the convergence of Mf
n (wt, {Lj}nj=1, π)

towards Mf
n (wf , {Lj}nj=1, π) in terms of the total variation distance DTV and a strictly convex f .

The proof can be found in Section 4.9.
Theorem 3.18 (O

(
1/
√
t
)

convergence rate of the weighted information centroid generated by
Algorithm 1). Consider Algorithm 1 applied to the family {Lj}nj=1 satisfying (3.18) under a strictly
convex f with its output (w(i))ti=1 and the notations therein, and the stepsize is chosen to be

η =

√
n

tB
.

We have

DTV(M
f
n (w

t, {Lj}nj=1, π)||Mf
n (w

f , {Lj}nj=1, π)) = O
(

1√
t

)
, (3.19)

where the constant in front on the right hand side depends on all the parameters except t, that is,
the constant depends on (f, {Lj}nj=1, π, n,X ).
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4. Proofs of the main results

4.1. Proof of Theorem 2.1. The proof is a generalization of Diaconis and Miclo (2009, Proposition
1.5) and Choi and Wolfer (2024, Theorem 3.9) to the setting of weighted information centroid. Pick
an arbitrary total ordering on X with strict inequality being denoted by ≺. For i ∈ JnK, we write

a = a(x, y) = π(x)M(x, y), a′ = a′(y, x) = π(y)M(y, x),

βi = βi(x, y) = π(x)Li(x, y), β′
i = β′

i(y, x) = π(y)Li(y, x).

We note that M ∈ L(π) gives a = a′. Using this, we see that

n∑
i=1

wiDf (M ||Li) =
n∑

i=1

∑
x≺y

wiπ(x)Li(x, y)f

(
M(x, y)

Li(x, y)

)
+ wiπ(y)Li(y, x)f

(
M(y, x)

Li(y, x)

)

=

n∑
i=1

∑
x≺y

wiβif

(
a

βi

)
+ wiβ

′
if

(
a

β′
i

)

=
∑
x≺y

n∑
i=1

wiβif

(
a

βi

)
+ wiβ

′
if

(
a

β′
i

)
=
∑
x≺y

∑
{i; wi>0 and βi>0 or β′

i>0}

wiβif

(
a

βi

)
+ wiβ

′
if

(
a

β′
i

)
=:
∑
x≺y

Φw,β1,...,βn,β′
1,...,β

′
n
(a).

To minimize with respect to M , we are led to minimize the summand above ϕ := Φw,β1,...,βn,β′
1,...,β

′
n
:

R+ → R+, where w ∈ Sn and (β1, . . . , βn, β
′
1, . . . , β

′
n) ∈ R2n

+ are assumed to be fixed. The summa-
tion in the expression of ϕ is non-empty in view of the assumptions in the Theorem.

As ϕ and f are convex, we denote by ϕ′
+ and f ′

+ to be their right derivative respectively. It
suffices to show the existence of a∗ > 0 such that for all a ∈ R+,

ϕ′
+(a) =

{
< 0, if a < a∗,

> 0, if a > a∗.
(4.1)

Now, we compute that for all a ∈ R+,

ϕ′
+(a) =

∑
{i; βi>0 and β′

i>0}

wif
′
+

(
a

βi

)
+ wif

′
+

(
a

β′
i

)

+
∑

{i; βi>0 and β′
i=0}

wif
′
+

(
a

βi

)
+

∑
{i; βi=0 and β′

i>0}

wif
′
+

(
a

β′
i

)
.

As f ′(1) = 0 and f is strictly convex, for sufficiently small a > 0 ϕ′
+(a) < 0 while for sufficiently

large a > 0 ϕ′
+(a) > 0 and ϕ′

+ is increasing, we conclude that there exists a unique a∗ > 0 such that
(4.1) is satisfied.

If we replace f by f∗ in the above proof, and by noting that f∗ is also a strictly convex function
with f∗(1) = f∗′(1) = 0, the existence and uniqueness of Mf∗

n is shown.

4.2. Proof of Theorem 2.2. We shall only prove (2.7) as the rest follows exactly the same com-
putation procedure with different choices of f . Pick an arbitrary total ordering on X with strict
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inequality being denoted by ≺. For i = 1, . . . , n, we also write

a = a(x, y) = π(x)M(x, y), a′ = a′(y, x) = π(y)M(y, x),

βi = βi(x, y) = π(x)Li(x, y), β′
i = β′

i(y, x) = π(y)Li(y, x).

The π-reversibility of M yields a = a′, which leads to
n∑

i=1

wiDf (M ||Li) =
n∑

i=1

∑
x≺y

wi

(
π(x)Li(x, y)f

(
M(x, y)

Li(x, y)

)
+ π(y)Li(y, x)f

(
M(y, x)

Li(y, x)

))

=
n∑

i=1

∑
x≺y

wi

(
a− 2

√
aβi + βi + a′ − 2

√
a′β′

i + β′
i

)

=
∑
x≺y

n∑
i=1

wi

(
2a− 2

√
aβi − 2

√
aβ′

i + βi + β′
i

)
.

Next, we aim to minimize each term in the sum, leading us to minimize the strictly convex function
of a:

a 7→
n∑

i=1

wi

(
2a− 2

√
aβi − 2

√
aβ′

i

)
.

Differentiating the above expression with respect to a yields

Mf
n (x, y) =

(
n∑

i=1

wi

√
Mf (Li, π)(x, y)

)2

.

4.3. Proof of Theorem 3.3. We first prove item (1) and (2). To see that the strong duality holds for
(3.4) and the dual optimal is attained, we shall show that the Slater’s constraint qualification (Beck
(2017, Theorem A.1) or Boyd and Vandenberghe (2004, Section 5.2.3)) is verified, which amounts
to proving that the constraints in (3.4) are strictly feasible. We take

M = Mf (L1, π),

r = max
i∈JnK

Df (M ||Li) + 1 > Df (M ||Ll),

for all l ∈ JnK, and hence the pair (M, r) is strictly feasible. This proves the first part of item
(1). As the strong duality holds, using the optimality conditions under strong duality (Beck, 2017,
Theorem A.2), it proves item (2). In particular, the complementary slackness conditions entail that
for all i ∈ JnK,

wi(Df (M ||Li)− r) = 0,

which is equivalent to

Df (M ||Li)

{
= r if wi > 0,

≤ r if wi = 0.

We return to show the second part of item (1). By the first part and item (2), we have

vf =

n∑
i=1

wf
i Df (M

f
n (w

f , {Li}ni=1, π)||Li) = Df (M
f
n (w

f , {Li}ni=1, π)||Ll),

where l ∈ JnK is such that wf
l > 0.
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Next, we prove item (3). As the Lagrangian dual is concave (Boyd and Vandenberghe, 2004,
Section 5.1.2), in our case this amounts to

w 7→ min
r≥0,M∈L(π)

L(r,M,w) =

n∑
i=1

wiDf (M
f
n ||Li)

is concave.
We proceed to prove item (4). Using item (1), we see that the pair (Mf

n (w1, {Li}ni=1, π), v
f )

minimizes the primal problem and w2 = (w2,i)
n
i=1 maximizes the dual problem, and hence by item

(2), this gives

Mf
n (w1, {Li}ni=1, π) ∈ argmin

M∈L(π)
L(r,M,w2) = argmin

M∈L(π)

n∑
i=1

w2,iDf (M ||Li).

As f is strictly convex, the minimization problem on the right hand side admits a unique minimizer
Mf

n (w2, {Li}ni=1, π) (Theorem 2.1), and hence Mf
n (w1, {Li}ni=1, π) = Mf

n (w2, {Li}ni=1, π).
Next, we prove item (5). We first show sufficiency. Using item (2), we note that

vf = Df (M
f
n (w

f , {Li}ni=1, π)||Lj) = min
M∈L(π)

Df (M ||Lj) ≤ max
l∈JnK

min
M∈L(π)

Df (M ||Ll) = vf .

This gives vf = vf since vf ≥ vf . To show necessity, let

j = argmax
l∈JnK

min
M∈L(π)

Df (M ||Ll),

and we take wf to be the standard unit vector at the j-th coordinate, that is, wf
j = 1 and 0

otherwise. Since vf = vf , this choice of wf maximizes the dual problem (3.5) and

Mf
n (w

f , {Li}ni=1, π) ∈ argmin
M∈L(π)

Df (M ||Lj)

clearly holds.
Finally, we prove item (6). As the saddle point property holds we have

vf = max
i∈JnK

Df (M
f (Li, π), Li).

The stated pair in the theorem statement is thus a saddle point.

4.4. Proof of Proposition 3.4. First, as Df (·||·) is jointly convex in its arguments, and maximization
of a convex function over a convex hull occur at an extreme point, we see that

sup
L∈conv((Li)ni=1)

Df (M ||L) = max
i∈JnK

Df (M ||Li).

Taking inf on both sides over M ∈ L(π) gives the desired result for vf .
For vf , we note that the mapping

L 7→ inf
M∈L(π)

Df (M ||L)

is convex as Df (·||·) is jointly convex and partial minimization of convex function preserves convexity
(Boyd and Vandenberghe, 2004, Section 3.2.5). Using again the property that maximization of a
convex function over a convex hull occur at an extreme point, we have

vf (conv((Li)
n
i=1), π) = sup

L∈conv((Li)ni=1)
inf

M∈L(π)
Df (M ||L) = max

i∈JnK
inf

M∈L(π)
Df (M ||Li) = vf ({Li}ni=1, π).
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4.5. Proof of Corollary 3.6. For the first item, it is simply a restatement of the saddle point result
Corollary 3.5 in the context of the two-person game and Nash equilibrium.

For the second item, as the index l is unique, using the fact that f is strictly convex Mf (Ll, π)
is unique, and we thus have a unique saddle point and hence Nash equilibrium. For the other
direction, suppose that l1, l2 ∈ argmaxi∈JnK Df (M

f (Li, π), Li), then both (Mf (Ll1 , π), Ll1) and
(Mf (Ll2 , π), Ll2) are saddle points or Nash equilibria.

4.6. Proof of Proposition 3.10. We first prove the inequalities in (3.11). The inequality V
f ≥ V f is

obvious. To see the first inequality, we note that∫
B
Df (M ||L)µ(dL) ≤ sup

L∈B
Df (M ||L).

The desired result follows by taking supµ∈P(B) then infM∈L(π).
Next, we prove the inequalities in (3.12), and it only remains to show the rightmost inequality.

We observe that

V f (B, π) = sup
µ∈P(B)

inf
M∈L(π)

∫
B
Df (M ||L)µ(dL)

≥ max
w∈Sn

inf
M∈L(π)

n∑
i=1

wiDf (M ||Li)

= max
w∈Sn

n∑
i=1

wiDf (M
f
n ||Li),

which completes the proof.

4.7. Proof of Theorem 3.16. First, by the definition of weighted information centroid, we have

n∑
i=1

wiDf (M
f
n (w, {Lj}nj=1, π)||Li) ≤

n∑
i=1

wiDf (M
f
n (v, {Lj}nj=1, π)||Li).

Multiplying both sides by −1 followed by substracting h(v), we obtain

h(w)− h(v)

= −
n∑

i=1

wiDf (M
f
n (w, {Lj}nj=1, π)||Li) +

n∑
i=1

viDf (M
f
n (v, {Lj}nj=1, π)||Li)

≥
n∑

i=1

−Df (M
f
n (v, {Lj}nj=1, π)||Li)(wi − vi)

=
n∑

i=1

−Df (M
f
n (v, {Lj}nj=1, π)||Li)(wi − vi) +

n∑
i=1

Df (M
f
n (v, {Lj}nj=1, π)||Ln)(wi − vi)

=
n∑

i=1

gi(wi − vi),

where the second equality follows from w,v ∈ Sn.
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Next, we proceed to prove (3.16). First we note that for any i ∈ JnK, we have

Df (M
f
n (w, {Lj}nj=1, π)||Li) =

∑
x∈X

π(x)
∑

y∈X\{x}

Li(x, y)f

(
Mf

n (w, {Lj}nj=1, π)(x, y)

Li(x, y)

)

≤ |X | sup
v∈Sn; i∈JnK; Li(x,y)>0

Li(x, y)f

(
Mf

n (v, {Lj}nj=1, π)(x, y)

Li(x, y)

)
,

and hence

∥g∥22 =
n∑

i=1

g2i ≤
n∑

i=1

max

{
Df (M

f
n (w, {Lj}nj=1, π)||Ln)

2, Df (M
f
n (w, {Lj}nj=1, π)||Li)

2

}
≤ nmax

l∈JnK
Df (M

f
n (v, {Lj}nj=1, π)||Ll)

2 ≤ B.

4.8. Proof of Theorem 3.17. We first prove (3.17). For i ∈ JtK, we have

∥∥∥w(i+1) −wf
∥∥∥2
2
≤
∥∥∥v(i+1) −wf

∥∥∥2
2

=
∥∥∥w(i) −wf − ηg(w(i))

∥∥∥2
2

=
∥∥∥w(i) −wf

∥∥∥2
2
+ η2

∥∥∥g(w(i))
∥∥∥2
2
− 2ηg(w(i)) · (w(i) −wf )

≤
∥∥∥w(i) −wf

∥∥∥2
2
+ η2B − 2ηg(w(i)) · (w(i) −wf ),

where the first inequality follows from the fact that w(i+1) is the projection of v(i+1) onto the
simplex Sn, while the second inequality follows from the definition of B in (3.16). Upon rearranging
and using the definition of subgradient, this leads to

h(w(i))− h(wf ) ≤ g(w(i)) · (w(i) −wf )

=
1

2η

(∥∥∥w(i) −wf
∥∥∥2
2
−
∥∥∥w(i+1) −wf

∥∥∥2
2

)
+

ηB

2
.

Now, we sum i from 1 to t to give

t∑
i=1

h(w(i))− h(wf ) ≤ 1

2η

(∥∥∥w(1) −wf
∥∥∥2
2
−
∥∥∥w(t+1) −wf

∥∥∥2
2

)
+

ηBt

2

≤ 1

2η

∥∥∥w(1) −wf
∥∥∥2
2
+

ηBt

2
≤ 1

2η
n+

ηBt

2
,

where in the last inequality we use the fact that w(1),wf ∈ Sn. Dividing both sides by t followed
by the convexity of h (see (3.14)) yields

h

(
1

t

t∑
i=1

w(i)

)
− h

(
wf
)
≤ 1

t

(
t∑

i=1

h(w(i))− h(wf )

)
≤ n

2ηt
+

ηB

2
.

The right hand side as a function of the stepsize η is minimized when we take η =

√
n

tB
.
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4.9. Proof of Theorem 3.18. We first state the following lemma in the setting of this Theorem,
which is of independent interest. It can be considered as an extension of Csiszár (1972, equation
(3.25)) to finite Markov chains:

Lemma 4.1. There exists a constant ∞ > C = C(f, {Li}ni=1, π, n,X ) > 0 such that

DTV(M
f
n (w

t, {Li}ni=1, π)||Mf
n (w

f , {Li}ni=1, π))

≤ C

(
n∑

i=1

wf
i Df (M

f
n (w

f , {Li}ni=1, π)||Li)−
n∑

i=1

wt
iDf (M

f
n (w

t, {Li}ni=1, π)||Li)

)
= C

(
h
(
wt
)
− h

(
wf
))

.

Once we have Lemma 4.1, the desired result is obtained, since from Theorem 3.17 with the same
choice of stepsize in Algorithm 1 we know that

DTV(M
f
n (w

t, {Li}ni=1, π)||Mf
n (w

f , {Li}ni=1, π)) ≤ C
(
h
(
wt
)
− h

(
wf
))

= O
(

1√
t

)
.

It thus remains to prove Lemma 4.1. In the remaining of this proof, to minimize notational
overhead we write

Mf
n (w

t) = Mf
n (w

t, {Li}ni=1, π), Mf
n (w

f ) = Mf
n (w

f , {Li}ni=1, π).

Using the strict convexity of f and (3.18), according to Csiszár (1972, equation (3.25)) we have that

DTV(M
f
n (w

t)||Mf
n (w

f ))

≤ C

(
n∑

i=1

wt
iDf (M

f
n (w

f , {Li}ni=1, π)||Li)−
n∑

i=1

wt
iDf (M

f
n (w

t, {Li}ni=1, π)||Li)

)

≤ C

(
max
i∈JnK

Df (M
f
n (w

f , {Li}ni=1, π)||Li) + h
(
wt
))

= C
(
−h
(
wf
)
+ h

(
wt
))

,

where the last equality follows from the complementary slackness in Theorem 3.3.
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