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Abstract. We explore the connection between tasep-like interacting particle systems and last pas-
sage percolation type polymer models, focusing on three models: Geometric, Exponential and Brow-
nian last passage percolation and their associated tasep particle systems. We explain how formulas
for certain natural observables in last passage percolation translate to formulas for tasep, by going
through a notion of “duality”. In turn, we obtain determinant formulas for last passage percolation
with a deterministic boundary and for tasep with a deterministic first particle trajectory.

1. Introduction

1.1. Duality. There is a close connection between certain interacting particle systems with one-
sided interaction (such as tasep) and certain directed 2-d polymer models (such as last passage
percolation). This connection is made through a variational formula which, for tasep-like systems,
expresses their evolution in terms of the initial condition and a metric semigroup law of the associated
polymer model. It is the probabilistic analogue of the Hopf-Lax-Oleinik formula, which gives the
solution of certain Hamilton-Jacobi equations (such as Burgers’ equation) as a variational principle
involving the initial condition and a certain Legendre dual. As such, a good word to describe this
connection would be “duality”. Duality is like a dictionary between two languages. It need not be
a bijection.

It is well known that the hydrodynamics of tasep (which is the abbreviation of “totally asymmet-
ric simple exclusion process”) is given by Burgers’ equation (Liggett, 1999). Perhaps the earliest
realization of this duality within probability is due to Rost (1981), who saw that the hydrodynamics
of tasep could be used to establish limit shapes for Exponential last passage percolation. Hydrody-
namics and limit shapes are laws of large numbers. What is remarkable about this duality between
particles and polymers is that it extends all the way to fluctuations. This is the connection between
the KPZ fixed point (Matetski et al., 2021) and the directed landscape (Dauvergne et al., 2022) as
explained in Dauvergne and Virág (2021); Nica et al. (2020); Rahman and Virág (2025). Duality
provides a coupling between these two objects in terms of a variational principle which translates
many properties between them.

Let’s consider this duality from the viewpoint of Brownian last passage percolation and Brownian
tasep. Brownian last passage percolation is defined in terms of a family W1,W2, . . . of independent,
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standard Brownian motions. It is a stochastic process defined over the domain {(s, n; t,m) ∈
(R× Z)2 : 0 ≤ s ≤ t; 1 ≤ n ≤ m}. The last passage value from (s, n) → (t,m) is

L(s, n; t,m) = max
s=tn−1≤tn≤tn+1≤···≤tm=t

m∑
k=n

Wk(tk)−Wk(tk−1). (1.1)

Brownian tasep (also called reflected Brownian motions, see Weiss et al. (2017)) is an interacting
particle system

X(t) = (X1(t) ≥ X2(t) ≥ X3(t) ≥ · · · ) (1.2)
where t ≥ 0 and Xn(t) ∈ R. Its evolution is described through a family W ∗

1 ,W
∗
2 , . . . of independent

Brownian motions. Given an initial condition X1(0) ≥ X2(0) ≥ · · · , W ∗
n is a Brownian motion

started from Xn(0). Particle 1 has trajectory X1 = W ∗
1 . Particle 2 moves according to W ∗

2 reflected
to the left off X1. In general, particle n has trajectory Xn which is W ∗

n reflected to the left off
Xn−1. The reflection is in the sense of Skorokhod (see below). The relation between Brownian last
passage percolation and Brownian tasep is

Xn(t) = min
1≤k≤n

{Xk(0)− L(0, k; t, n)}. (1.3)

The equality here is not just in law for two stochastic processes. It is more of less a deterministic
identity. One can simply define the left-side in terms of the right-side; the Brownian motions Wk are
transmuted deterministically to W ∗

k . Duality produces a dictionary to express probabilities for X
in terms of L and vice-versa. In doing so, it “permutes” the roles of space, time and noise. For such
a thing to work, space, time and noise should occupy the same dimension, ergo, (1+1)-dimensional
models. In this article, we try to understand duality between tasep-like systems and last passage
percolation type models. Along the way, we find theorems that come about from the language alone;
so we spend some time developing the language itself.

1.2. Skorokhod reflection. Let f1, f2 : [0,∞) → R be continuous functions with f2(0) ≥ f1(0). The
Skorokhod reflection, upwards, of f2 off f1 is the function

f2 ⊙ f1(t) = max{f2(t), max
s∈[0,t]

f1(s) + f2(t)− f2(s)} (1.4)

for t ≥ 0. Visually, the graph of f2 ⊙ f1 is the graph of f2 pushed upwards from the graph
of f1. When f2(0) = f1(0) = 0, the maximum in (1.4) is obtained by the second argument:
(f2 ⊙ f1)(t) = maxs∈[0,t] f1(s) + f2(t)− f2(s).

Now let B(t) be a standard Brownian motion and consider B ⊙ b, where b(t) is a continuous
function with b(0) = 0. We have the following determinant formula for the finite dimensional laws
of B ⊙ b as the n = 1 case of Theorem 1.2 below.

Proposition 1.1. Let B(t) be a standard Brownian motion and b : [0,∞) → R be continuous with
b(0) = 0. Let 0 < t1 < t2 < . . . < tk. Then,

Pr(B ⊙ b(ti) ≤ ai; 1 ≤ i ≤ k) = det (I +Q+R)L2({1,...,k}×R) .

The determinant is the Fredholm determinant understood through its series expansion. The integral
kernels Q and R are as follows.

Q(i, u; j, v) =
1√

2π(tj − ti)
e
− (u−v)2

2(tj−ti) 1{ti<tj ;u≥ai;v≥aj};

R(i, u; j, v) =

∫ ∞

−∞
dz ∂v Pr(τ ≤ tj ,W (tj) ∈ dv | W (0) = z)1{u≥ai;v≥aj}.

Here W : [0,∞) → R is a standard Brownian motion and τ = inf{t ≥ 0 : W (t) ≤ b(t)} is a hitting
time.
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Notice that R has rank one and Q is strictly upper triangular in terms of its k×k block structure.
Therefore,

det (I +Q+R) = det (I +Q) (1 + tr((I +Q)−1R))

= 1 + tr((I +Q)−1R)

= 1 +

k−1∑
i=0

(−1)itr(QiR).

In the last line we have used the fact that Qk = 0 to write (I+Q)−1 = 1−Q+Q2 · · ·+(−1)k−1Qk−1.
In the classical setting of Skorokhod reflection, one takes f1 ≡ 0. If X(t) = f ⊙ 0(t), then

X(t) = f(t) + L(t) where L(t) = max0≤s≤t f(s)−. The process L is like a local time of X at zero;
it is non-decreasing and may increase only at times when X(t) = 0 (Revuz and Yor, 1991). If f
is a standard Brownian motion B then X

d
= |B|. Skorokhod reflection arises naturally in contexts

involving reflected or coalescing Brownian motions; see, for instance, Soucaliuc et al. (2000) for
a discussion and also invariance properties of Brownian motion under reflection. Proposition 1.1
appears to be the first instance of a formula for the reflection of Brownian motion off a deterministic
function.

1.3. Brownian last passage percolation and Brownian tasep. Let b : [0,∞) → R be a continuous
function and let W1,W2, . . . be a family of independent, standard Brownian motions. Brownian last
passage percolation with a boundary b is the following process G defined on the set {(t, n) ∈ R×Z :
t ≥ 0, n ≥ 0}.

G(b; t, n) = max
0≤t0≤t1≤···≤tn=t

b(t0) +
n∑

k=1

Wk(tk)−Wk(tk−1) = max
0≤t0≤t

b(t0) + L(t0, 1; t, n) (1.5)

where L is from (1.1). Visually, G(b; t, 0) = b(t), G(b; t, 1) is the reflection of W1 off b, G(b; t, 2) is
the reflection of W2 off G(b; t, 1), and so on.

Classical Brownian last passage percolation considers the so-called narrow wedge initial condition
whereby b(0) = 0 and b(t) = −∞ otherwise. In this case, G(b; t, n) = L(0, 1; t, n). It is by now
a well known fact that L(0, 1; 1, n) has the same law as the largest eigenvalue of an n × n GUE
random matrix (Gravner et al., 2001). More generally, the process n 7→ L(0, 1; 1, n) has the law of
the largest eigenvalue of the minors of an infinite GUE random matrix (Baryshnikov, 2001).

1.3.1. A formula for the law of Brownian last passage percolation with boundary. We determine the
finite dimensional laws of t 7→ G(b; t, n). This is stated in Theorem 5.1 of Section 5, and we restate
it here.
Theorem 1.2. Let n ≥ 1. Let 0 < t1 < t2 < . . . < tk and a1, . . . , ak be real numbers.

Pr(G(b; ti, n) ≤ ai; 1 ≤ i ≤ k) = det(I − χaKBχa)L2({1,...,k}×R)

with χa(i, z) = 1{z≥ai} and the integral kernel KB is as follows.

KB(i, u; j, v) = −e
(tj−ti)

2
∂2
(u, v)1ti<tj + Sn,ti · S

hypo(b)
n,tj

(u, v). (1.6)

The kernels

e
t
2
∂2
(u, v) =

1√
2πt

e−
(u−v)2

2t t > 0,

Sn,t(u, v) =
t(n−1)/2

(n− 1)!
Hn−1

(u− v√
t

)
t > 0,

S
hypo(b)
n,t (u, v) = (−∂v)

n Pr(τ ≤ t,W (t) ∈ dv | W (0) = u) t > 0.
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Here W is a standard Brownian motion, Hn is the n-th Hermite polynomial and τ = inf{t ≥ 0 :
W (t) ≤ b(t)}.

1.3.2. The narrow wedge boundary. Consider the boundary b(0) = 0 and b(t) = −∞ otherwise. This
is not continuous but the formula in Theorem 1.2 holds by approximating b with the continuous
functions t 7→ −ℓt and taking ℓ → ∞. Indeed, the hitting times τℓ associated to the boundary −ℓt
converges almost surely and monotonically to the hitting time of b, from which one can deduce that
the associated kernels KB converge in trace norm. Furthermore, in (1.5), the process G(−ℓs; t, n)
converges to G(b; t, n) which can be deduced from the fact that a Brownian motion B(s) satisfies
|B(s)| = O(s

1
2
+) in probability.

For the narrow wedge boundary b, the hitting time τ = ∞ if W (0) > 0 and τ = 0 if W (0) ≤ 0.
As a result,

S
hypo(b)
n,t (u, v) = (−∂v)

ne
t
2
∂2
(u, v)1u≤0 = t−n/2e

t
2
∂2
(u, v)Hn

(u− v√
t

)
1u≤0.

The process t 7→ G(b; t, n) = L(0, 1; t, n) has an interpretation in terms of non-colliding Brownian
motions. Suppose (B̂1 < B̂2 < · · · < B̂n) are n independent Brownian motions conditioned not to
intersect in the sense of Doob’s h-transform with harmonic function h(x1, . . . , xn) =

∏
i<j (xj − xi)

on the domain W = {(x1, x2, . . . , xn) ∈ Rn : x1 < x2 < . . . < xn}. Then

B̂n(t)
d
= L(0, 1; t, n)

as a process in t (O’Connell and Yor, 2002). Furthermore, B̂n has the law of the trajectory of the top
particle among n particles performing GUE Dyson Brownian motion (Grabiner, 1999). The laws of
these processes, as given by Theorem 1.2, is fairly well understood now; see Johansson (2003).

1.3.3. The flat boundary and random matrices. Consider the boundary b ≡ 0. Then

G(0; t, n) = max
s∈[0,t]

L(s, 1; t, n).

This process is studied in Borodin et al. (2009) (it is the process Yn there). The authors prove
distributional identities for Yn(t) = G(0; t, n) and Zn(t) = L(0, 1; t, n) in terms of Dyson Brownian
motion with reflecting boundaries. These, in turn, are connected to random matrices as we explain.

An n-particle Dyson Brownian motion of type C is a stochastic process XC(t)=(XC
1 (t), . . . , X

C
n(t))

taking values in a Weyl chamber of type C: WC = {(x1, . . . , xn) ∈ Rn : 0 < x1 < x2 · · · < xn}. It
evolves according to the stochastic differential equations

dXC
i (t) = dBi(t) +

1

XC
t (t)

dt+
∑
j:i̸=j

(
1

XC
i (t)−XC

j (t)
+

1

XC
i (t) +XC

j (t)

)
dt.

This process models the eigenvalues of a random matrix ensemble (Grabiner, 1999; Katori and
Tanemura, 2004). Consider the Lie algebra so2n+1 consisting of (2n+1)× (2n+1) skew-symmetric
matrices. The eigenvalues of a matrix in so2n+1 take the form 0,±iλ1, . . . ,±iλn with 0 ≤ λ1 ≤
· · · ≤ λn. One can define a Brownian motion over so2n+1 for which the eigenvalues λi(t) evolve
according to XC

i (t) started from XC
i (0) = 0. Much like GUE Dyson Brownian motion (which

is Dyson Brownian motion of type A corresponding to the Lie algebra sun), the process XC can
be realized as the Doob h-transform of n independent Brownian motions killed when it hits the
boundary of WC and with harmonic function hC(x) =

∏n
i=1 xi ·

∏
1≤i<j≤n(x

2
j − x2i ). This can be

interpreted as n Brownian motions conditioned to not collide with each other as well as with a wall
at zero.
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An n-particle Dyson Brownian motion of type D is a stochastic process XD(t)=(XD
1 (t), . . . , X

D
n (t))

taking values in a Weyl chamber of type D: WD = {(x1, . . . , xm) ∈ Rn : |x1| < x2 · · · < xn}. It
evolves according to the stochastic differential equations

dXD
i (t) = dBi(t) +

∑
j:i̸=j

(
1

XD
i (t)−XD

j (t)
+

1

XD
i (t) +XD

j (t)

)
dt.

Now consider the Lie algebra so2n.The eigenvalues of a matrix in so2n take the form ±iλ1, . . . ,±iλn

with |λ1| ≤ · · · ≤ λn. The Brownian motion over so2n has eigenvalues λi(t) that evolve according to
XD

i (t) started from zero (Grabiner, 1999; Katori and Tanemura, 2004). This, too, can be obtained
as the Doob h-transform of n independent Brownian motions killed when it hits the boundary of WD

and with harmonic function hD(x) =
∏

1≤i<j≤n(x
2
j − x2i ). This can be interpreted as n Brownian

motions conditioned to not collide with each other and being reflected off a wall at zero.
In Borodin et al. (2009) the Dyson Brownian motion of types C and D are connected to the

process G(0; t, n). For type D, the authors replace the first component XD
1 by its absolute value,

for which the governing equations become

dX
(D)
i = dBi +

1

2
1i=1dL(t) +

∑
j:j ̸=i

(
1

XD
i −X

(D)
j

+
1

XD
i +X

(D)
j

)
dt.

Here L(t) is the local time of X(D)
1 at zero. They prove that for every n ≥ 1,

X(C)
n (t)

d
= G(b ≡ 0; t, 2n)

X(D)
n (t)

d
= G(b ≡ 0; t, 2n− 1)

Theorem 1.2 then produces a determinant formula for the law of a tagged particle in Dyson
Brownian motion of types C and D. In Example 5.2 we calculate the corresponding kernel.

One implication of this connection involves the Airy-one process (see Borodin et al. (2007) for
the definition of the Airy-one process). Although we do not pursue it here, under the so called KPZ
scaling the process x 7→ n1/6(G(0; (1 + 2xn−1/3, n))− 2n1/2 − 2xn1/6) should converge to the Airy-
one process. There was a conjecture (see Conjecture 2 in Borodin et al. (2007)) that the Airy-one
process should emerge as the scaling limit of GOE Dyson Brownian motion; this turned out to be
false (Bornemann et al., 2008). Nevertheless, we find that the Airy-one process should arise as the
KPZ scaling limit of X(C/D)

n (t), which are indeed dynamics on eigenvalues.
Borodin et al. (2009) also observe that for any fixed time t > 0,

max
s∈[0,t]

L(0, 1; s, n)
d
= G(0; t, n).

This is an extension (when n = 1) of the classical reflection principle for Brownian motion, which
states that the running maximum of a Brownian motion at a fixed time has the law of reflected
Brownian motion. Note that s 7→ L(0, 1; s, n) has the law of the top particle in an n-particle
GUE Dyson Brownian motion. Thus, the identity shows that the running maximum of GUE Dyson
Brownian motion, at fixed times, has the law of Dyson Brownian motion of types C or D. This latter
fact is an analogue of (and should imply it in the KPZ scaling limit) the observation of Johansson
(2003) that the maximum of the Airy-two process has the GOE Tracy-Widom law.

1.3.4. Brownian tasep. Consider Brownian last passage percolation with boundary b and denote
by Lb(s, n; t,m) the last passage value from (s, n) → (t,m) according to (1.1) with the driving
functions W0 = b and W1,W2, . . . being independent Brownian motions. Consider the associated
Brownian tasep model as determined by (1.3). Particles are now labelled with 0, 1, 2, . . . and have
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trajectories X0, X1, X2, . . .. Take the initial positions of the particles to be zero: Xn(0) = 0 for
every n. Observe that

Xn(t) = − max
0≤k≤n

Lb(0, k; t, n) = −Lb(0, 0; t, n) = −G(b; t, n).

We find that X0 has a deterministic trajectory −b, X1 is the reflection (to the left) of −W1 off X0,
X2 is the reflection of −W2 off X1, etc. Theorem 1.2 then has the following corollary (stated again
as Corollary 5.10 in Section 5.4).

Corollary 1.3. Consider Brownian tasep started from Xn(0) = 0 for n ≥ 0. Let X0 move deter-
ministically according to a continuous function −b. The other particles move randomly according to
independent Brownian motions being reflected to the left off the particle to its right (as noted above).
Then for n ≥ 1, times 0 < t1 < t2 < . . . < tk, and a1, . . . , ak ∈ R,

Pr(Xn(ti) ≥ ai; 1 ≤ i ≤ k) = det (I − χ−aKBχ−a)L2({1,2,...,k}×R) (1.7)

where χ−a(i, z) = 1{z≥−ai} and the kernel KB is from Theorem 1.2.

Boundary conditions for last passage percolation become, under duality, the trajectory of the first
particle in the corresponding tasep model. The observables of interest then become the temporal
law of a fixed particle trajectory. For tasep-like models it is also natural to have initial conditions
at time zero as in the Xk(0) in (1.3). The observables of interest them become the probabilities

Pr(Xn1(t) ≥ a1, . . . , Xnk
(t) ≥ ak)

for some tagged particles n1 < n2 < · · · < nk at a fixed time t. We can think of this as a spatial
law at a fixed time.

In Nica et al. (2020) the authors derive this spatial law of Brownian tasep with arbitrary initial
conditions in terms of a Fredholm determinant. Their argument is based on taking a low density
limit of continuous time tasep, and using formulas for the latter as derived in Matetski et al.
(2021). Brownian tasep is Markovian in time, and Warren (2007) found a formula for the transition
probability of an N -particle Brownian tasep. In Section 5.5 we derive Warren’s formula from a
formula of Johansson for Geometric last passage percolation. As an application of duality, we
explain how one can derive the formula in Nica et al. (2020) in terms of determinant formulas for
Exponential last passage percolation (which are themselves derived from Geometric last passage
percolation).

1.4. Continuous time tasep. Duality connects continuous time tasep to Exponential last passage
percolation. Continuous time tasep is a particle system

X(t) = (X1(t) > X2(t) > X3(t) > · · · ) t ∈ [0,∞),

where Xn(t) ∈ Z is the trajectory of particle n ≥ 1. Starting from an initial condition X(0) at time
zero, each particle attempts to jump one unit rightward at rate 1. A jump is successful if there is
no particle blocking the site (the exclusion rule). See Liggett (1999) for a probabilistic construction
of the system.

Suppose we introduce a particle 0 whose trajectory is deterministic in the following way. Choose
times 0 = τ0 < τ1 < τ2 < τ3 < · · · with τk → +∞ and X0(0) > X1(0). Let the particle 0 jump one
unit rightward at the times τk, that is,

X0(t)−X0(0) = max{k ≥ 0 : τk ≤ t}.
The other particles move rightward at rate 1 subject to the exclusion rule as before.

Let X∗(t) = (X∗
0 (t) > X∗

1 (t) > · · · ) denote the corresponding tasep model with a deterministic
first particle trajectory and initial condition X∗

n(0) = −n for n ≥ 0 (this is called the step initial
condition). As an application of duality, we have the following formula for the temporal law of a
tagged particle, which is also stated as Corollary (4.8) in Section 4.4.
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Theorem 1.4. For n ≥ 1, times t1, t2, . . . , tk > 0, and distinct integers a1, . . . , ak ≥ −n,

Pr(X∗
n(ti) > ai; 1 ≤ i ≤ k) = det (I − χJχ)L2({1,2,...,k}×R) (1.8)

where χ(i, z) = 1{z≥ti} and the kernel J is as follows.
Define the following integral kernels on R for integers m,n ≥ 1 and a ≥ −n.

Qm(u, v) =
(v − u)m−1

(m− 1)!
eu−v1{v≥u}; (1.9)

Sn,a(u, v) = − 1

2πi

∮
|w−1|=1

dw e(w−1)(v−u)wa+n+1(1− w)−n 1{v≤u}; (1.10)

S̄n,a(u, v) =
1

2πi

∮
|w|=1

dw e(w−1)(v−u)w−a−n−1(1− w)n. (1.11)

Let B(m) be a random walk with Exp(1) step distribution, whose m-step transition probability is
given by Qm above. Define,

τ = inf {m = 0, 1, 2, 3, . . . : B(m) ≤ τm+1},
and

Shypo
n,a (u, v) = E

[
S̄n,a−τ (B(τ), v)1{τ≤a+n} | B(0) = u

]
. (1.12)

The integral kernel
J(i, ·; j, ·) = −Qaj−ai1{ai<aj} + Sn,ai · Shypo

n,aj . (1.13)

This form of tasep has been recently studied in Borodin et al. (2024) and called tasep with a
moving wall. See also Ferrari and Gernholt (2024); Gernholt (2025) for further works on this theme.
The authors are interested in the fluctuations of a tagged particle at a single, large time and show
that these are governed by the one-point laws of the KPZ fixed point. Theorem 1.4 provides a
formula for the temporal law of a tagged particle.

The models that we consider, such as Brownian last passage percolation with a boundary or tasep
with a moving wall, are expected to converge to the KPZ fixed point under a joint scaling of space,
time and noise (the KPZ scaling; see Matetski et al. (2021)). We do not pursue this scaling limit.
One may also take this limit via the variational representation of these models, following Dauvergne
and Virág (2021).

1.5. Further context. The motivation to study tasep-like particle systems and last passage percola-
tion type polymer models comes from two early sources. The work of Kardar et al. (1986) introduced
the eponymous KPZ equation and predicted the scaling relations under which many particle sys-
tems are expected to converge to the recently constructed KPZ fixed point by Matetski et al. (2021).
The latter was obtained by finding formulas for the laws of particle trajectories in continuous time
tasep, building on the works Schütz (1997); Sasamoto (2005); Borodin et al. (2007). The formulas
we obtain are also based on this general approach.

For polymer models, a problem of Ulam (1961) asked about the asymptotic behaviour of the
longest increasing subsequence in a large, random permutation. Hammersley (1972) introduced a key
process to solve this problem. Works by Veršik and Kerov (1977), and by Logan and Shepp (1977),
established the law of large numbers for Ulam’s problem via connections to random partitions (see
also Aldous and Diaconis (1995) and Seppäläinen (1996) for proofs inspired by particle systems).
Baik et al. (1999) (see also Borodin et al. (2000)) proved the central limit theorem and made
the connection to random matrices. Johansson (2000) made the connection to the last passage
percolation models studied here. Dauvergne et al. (2022) recently introduced the directed landscape,
which is expected to be the scaling limit of many polymer models. The duality between the KPZ
fixed point and the directed landscape is shown in Dauvergne and Virág (2021); Nica et al. (2020);
Rahman and Virág (2025).
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For surveys of these topics and more, see, for instance, Borodin and Gorin (2016); Corwin (2012);
Johansson (2006); Quastel (2012); Zygouras (2022) and references therein.

2. A soupçon of language

We begin by discussing some common language for last passage percolation models. We will
abbreviate the phrase “last passage percolation” as lpp. We consider lpp models in discrete time.

The purpose of this language is to understand similarities between formulas that appear in lpp
models and tasep-like particle systems. We are thinking in particular about the formula of Schütz
(1997) for tasep, the formula for Geometric lpp of Johansson (2010) and the formula for Brownian
tasep of Warren (2007). These formulas are derived by different means. The motif, then, is to
understand similarities between formulas by understanding similarities in the models themselves.
For this, we need to understand what it means for models to be the same (isomorphism) and to be
close (topology). Finally, we need to understand transformations between models and what is does
to observables of interest.

2.1. Domains for space, time and noise. A lpp model comes with domains for space, time and noise.
This is a triple

D = (Ds, Dt, Dη)

defined as follows.
The temporal domain Dt ⊂ Z is a set of the form Dt = [tmin,∞) with the understanding that

if tmin = −∞ then Dt = Z. The domain Dt inherits the linear order and discrete topology of Z.
“Time” will be discrete throughout the discussion.

The spatial domain Ds is a non-empty, closed subset of R together with its inherited linear
order and topology. Let xmin = inf{y : y ∈ Ds} with the understanding that xmin = −∞ if Ds is
unbounded from below. If xmin is finite then it belongs to Ds because Ds is closed. Let x−min = −∞.
For every x ∈ Ds with x > xmin, let

x− = sup{y : y < x, y ∈ Ds}.
The element x− is the predecessor of x. Note that x− ∈ Ds because Ds is closed and the supremum
is taken over a non-empty set that is bounded from above. We assume that the mapping x ∈
Ds \ {xmin} 7→ x− ∈ Ds is continuous.

The domain of noise Dη is a non-empty, closed subset of R which is also a monoid, meaning that
0 ∈ Dη and if x, y ∈ Dη then x+y ∈ Dη. The set Dη inherits the linear order and topology from R.

2.2. Environment and Noise. Given a domain D, a noise for lpp is a mapping

η : Ds ×Dt → Dη

which is continuous. Here, Ds×Dt has the product topology. Thus, for every t ∈ Dt, η(·, t) : Ds →
Dη is a continuous function. We set η(x−min, t) = 0. We also assume that η(x, t)− η(x−, t) ∈ Dη for
every x ∈ Ds and t ∈ Dt.

Noise is usually meant to be integrated over, and what we call noise is the integral of what it
ought to be. The spatial increment η(y, t) − η(x, t) represents the integral of the noise over the
interval (x, y].

The noise η satisfies the no-negative-jumps condition if

η(x, t)− η(x−, t) ≥ 0 for all (x, t) ∈ Ds ×Dt.

A spatial interval I is a subset I = (x, y] ∩Ds = {z ∈ Ds : x < z ≤ y}. A temporal interval J is
a subset J = [s, t] ∩Dt. An environment is a pair

E = (I × J, η)
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where I and J are spatial and temporal intervals, respectively, and η is the restriction of the noise
over I × J . The set I × J is the support of the environment E. We will abuse notation and write
(x, y] in place of (x, y] ∩Ds and likewise for temporal intervals.

Two environments E1 and E2 are independent if their supports are disjoint: (I1×J1)∩(I2×J2) = ∅.
Let D be a domain. A noise η : Ds × Dt → Dη is stochastic if there is a probability space

(Ω,F ,Pr) such that
η : (Ω,F ,Pr) → C(Ds ×Dt, Dη)

is a random variable. Here C(Ds × Dt, Dη) is the space of continuous maps from Ds × Dt → Dη

with the topology of uniform convergence over compacts (which is metrizable).
A stochastic noise η has the temporal independence property if the functions η(·, t) for t ∈ Dt

are mutually independent. It has the spatial independence property if for every t ∈ Dt, and for
every x ≤ y < u ≤ v in Ds, the increment η(y, t) − η(x−, t) is independent of the increment
η(v, t)− η(u−, t).

2.3. Directed paths. Let D be a domain. For p = (x, s) ∈ Ds × Dt and q = (y, t) ∈ Ds × Dt, we
write p ≤ q if x ≤ y and s ≤ t. Define

D2
↑ = {(p; q) = (x, s; y, t) ∈ (Ds ×Dt)

2 : p ≤ q}.

Suppose p = (x, s) and q = (y, t) with p ≤ q. A path from p to q is a function

π : [s, t] → Ds

such that x ≤ π(s) ≤ π(s + 1) ≤ · · · ≤ π(t) = y. By convention we set π(s − 1) = x. We say π is
monotone.

The graph of a path π is the set

Γ(π) =
t⋃

i=s

([π(i− 1)−, π(i)] ∩Ds)× {i} ⊂ Ds ×Dt

The graph is a compact set.
The collection of paths carries the Hausdorff topology on their graphs. This just means that

πn → π if there are times s ≤ t such that πn : [s, t] → Ds is a monotone map for all large n, and
πn(i) → π(i) for every i ∈ [s, t]. For p ≤ q, the collection of paths Π(p;q) from p to q is compact.

Let η be a noise over the domain D. Let p = (x, s) ≤ q = (y, t) belong to Ds ×Dt. The length
of a path π from p to q with respect to the noise η is

||π|| =
t∑

i=s

η(π(i), i)− η(π(i− 1)−, i)

Note that ||π|| ∈ Dη. The mapping π → ||π|| is continuous.

2.4. Last passage percolation. An lpp model consists of the pair

(D, η)

of domains for space, time, and noise together with the noise η over D. The last passage values are
given by a function

L : D2
↑ → Dη

defined according to
L(p; q) = max

π∈Π(p;q)

||π||.

The maximum is achieved (though perhaps not uniquely) due to continuity of length and com-
pactness of Π(p;q). Note further that if p = (x, s) and q = (y, t) then L(p; q) depends only on the
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environment E = ((x−, y] × [s, t], η). The function L is continuous (here D2
↑ inherits its topology

from (Ds ×Dt)
2).

One should think of L as a directed metric, with L(p; q) being the distance from p to q. In this
sense L forms a length space: L(p; q) is the length of the optimal path from p to q. Although it
may happen that L(p; p) ̸= 0 if η(x, t)− η(x−, t) ̸= 0.

2.5. Independent increments and composition law. The function L has two key properties. The first
is independent increments along time. Suppose S < T ∈ Dt. Consider the two processes

{L(x, s; y, t) : (x, s; y, t) ∈ D2
↑, s, t ≤ S} and {L(x, s; y, t) : (x, s; y, t) ∈ D2

↑, s, t ≥ T}.

The former process depends on the environment ES =
(
Ds×[tmin, S], η

)
while the latter depends on

ET =
(
Ds× [T,∞), η

)
. These two environments are independent. So we say that L has independent

increments along time.
The second property is the composition law. Suppose s < r < t are times. Then for x ≤ y,

L(x, s; y, t) = max
z∈[x,y]∩Ds

{L(x, s; z, r) + L(z, r; y, t)}. (2.1)

Indeed, simply condition on the location of optimal paths at time r.

2.6. Isomorphisms of lpp.

2.6.1. Maps between lpp models. Consider two lpp models (D1, η1) and (D2, η2). A mapping Φ :
(D1, η1) → (D2, η2) is an object of the following kind. It consists of a triple Φ = (ϕ1, ϕ2, ϕ3) with
the following properties.

(1) The map ϕ3 : D
1
η → D2

η is continuous.
(2) The map ϕ2 : D

1
t → D2

t satisfies ϕ2(s+ 1) = ϕ2(s) + 1. In other words, it is a translation.
(3) The map ϕ1 : D

1
s×Im(ϕ2) → D2

s is continuous. For every t ∈ Im(ϕ2), the map x 7→ ϕ1(x, t) is
surjective. For every x, y ∈ D1

s with x ≤ y and t ∈ Im(ϕ2), ϕ1(x, t) ≤ min{ϕ1(y, t), ϕ1(x, t+
1)}. Finally, ϕ(x−, t) = ϕ(x, t)− for every (x, t).

(4) Let Ψ(x, t) = (ϕ1(x, ϕ2(t)), ϕ2(t)) : D1
s × D1

t 7→ D2
s × D2

t . The following commutation
relation must hold: ϕ3(η1(x, t)) = η2(Ψ(x, t)).

For a mapping Φ denote by ϕ3 · η1 the noise ϕ3 · η1(x, t) = ϕ3(η1(x, t)). Denote by Φ · L the lpp
function for the model (D1, ϕ3 · η1).

A mapping between two lpp models tries to capture a notion of “homomorphism”. Note that the
noises η1 and η2 are deterministic. Condition (3) above ensures that the map Ψ takes environments
to environments and directed paths to directed paths. Condition (4) ensures that the noise η2 over
the image of Ψ respects the noise η1 up to a transformation.

2.6.2. Composition of lpp maps. Let Φ : (D1, η1) → (D2, η2) and Φ′ : (D2, η2) → (D3, η3) be maps
between lpp models. Their composition Φ · Φ′ is a map from (D1, η1) → (D3, η3) as follows. The
map Φ · Φ′ = (a, b, c) with

(1) c = ϕ′
3 ◦ ϕ3 and b = ϕ′

2 ◦ ϕ2.
(2) a : D1

s × Im(b) → D3
s is as follows. Suppose (x, t) ∈ D1

s × Im(b). Since b is injective, there
is a unique t′ ∈ D1

t such that b(t′) = t. So t = ϕ′
2(ϕ2(t

′)). Set a(x, t) = ϕ′
1(ϕ1(x, ϕ2(t

′)), t).
It is not hard to verify that Φ′ ·Φ is also a valid mapping. The only non-trivial part is to check the

commutation relation. We have c · η1(x, t) = ϕ′
3(ϕ3(η1(x, t))) = ϕ′

3(η2(Ψ(x, t))) = η3(Ψ
′ ◦ Ψ(x, t)).

Thus, we need to verify
Ψ′ ◦Ψ = ΨΦ′·Φ.

Note that a(x, b(t)) = ϕ′
1(ϕ1(x, ϕ2(t)), b(t)), and thus,

ΨΦ′·Φ(x, t) = (ϕ′
1(ϕ1(x, ϕ2(t)), ϕ

′
2 ◦ ϕ2(t)), ϕ

′
2 ◦ ϕ2(t)) = Ψ′ ◦Ψ(x, t).
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2.6.3. Isomorphism. Two lpp models (D1, η1) ad (D2, η2) are isomorphic if there are lpp maps
Φ : (D1, η1) → (D2, η2) and Φ−1 : (D2, η2) → (D1, η2) such that Φ−1 · Φ = Id(D1,η1) and Φ · Φ−1 =
Id(D2,η2). Here Id refers to the identity map of the corresponding lpp model. In this situation the
maps ΨΦ and ΨΦ−1 are inverses of each other and we denote the latter by Ψ−1.

Suppose π : [s, t] → D1
s is a directed path. We find that ϕ2([s, t]) = [ϕ2(s), ϕ2(s) + 1, . . . , ϕ2(s) +

t− s]. For 0 ≤ r ≤ t− s, let u = ϕ2(s) + r = ϕ2(s+ r). Define

Φ · π(u) = ϕ1(π(s+ r), u)

and note that (Φ · π(u), u) = Ψ(π(s+ r), s+ r). Moreover,

Φ · π(u+ 1) = ϕ1(π(s+ r + 1), u+ 1) ≥ ϕ1(π(s+ r + 1), u) ≥ ϕ(π(s+ r), u) = Φ · π(u).
If π is a path from p = (x, s) to q = (y, t) then Φ · π is a path from Ψ(p) to Ψ(q). Due to the
surjectivity of x 7→ ϕ1(x, t), any path from Ψ(p) to Ψ(q) is of the form Φ · π for some path π from
p to q. Also,

||Φ · π||η2 = η2(Ψ(π(s), s)− η2(Ψ(p−, s)) + · · · = ϕ3 · η1(π(s), s)− ϕ3 · η1(p−, s) + · · · = ||π||ϕ3·η1 .

Consequently,
Φ · L(D1,η1)(p; q) = L(D2,η2)(Ψ(p); Ψ(q)).

If (D1, η1) is isomorphic to (D2, η2) via Φ then the above gives

L(D2,η2)(p; q) = Φ · L(D1,η1)(Ψ
−1(p),Ψ−1(q)). (2.2)

If (D1, η1) and (D2, η2) are two lpp models with stochastic noises, then they are isomorphic if
there exists a coupling (η, η′) of the two noises η1 and η2 such that (D1, η) is isomorphic to (D2, η′)
almost surely via a deterministic isomorphism Φ.1

2.7. Topology on lpp. Denote by dH the Hausdorff metric on compact subsets of R. Let C,C ′ ⊂ R
be closed and non-empty. Denote

dset(C,C
′) =

∞∑
N=1

dH(C ∩ [−N,N ], C ′ ∩ [−N,N ])

2N
.

For two compact subsets K,K ′ ⊂ R, and x ∈ K, let (x)K′ ∈ K ′ be the closest point in K ′ to x.
Suppose f : C → R and f ′ : C ′ → R are two continuous functions. For N ≥ 1, let KN = C∩[−N,N ]
and K ′

N = C ′ ∩ [−N,N ]. Set

dN (f, f ′) = sup
x∈KN

|f(x)− f ′((x)K′
N
)|+ sup

x∈K′
N

|f ′(x)− f((x)KN
)|.

Define

dnoise(f, f
′) =

∞∑
N=1

min {1, dN (f, f ′)}
2N

Suppose (D, η) and (D′, η′) are two lpp models. Their distance is

d((D, η); (D′, η)) = |Dt∆D′
t|+ dset(Ds, D

′
s) + dset(Dη, Dη′) +

∑
t∈Z

dnoise(η(·, t), η′(·, t))
2|t|

with the understanding that η(t, ·) ≡ 0 if t /∈ Dt and likewise of η′. The function d is a valid metric.
(Although, it is not isomorphism invariant.)

A sequence of lpp models (Dℓ, ηℓ) → (D, η) as ℓ → ∞ if

d((Dℓ, ηℓ); (D, η)) → 0.

1This is not quite the ideal notion. It is better to consider the measures induced by the two stochastic noises over
the space of lpp models, and then to define isomorphism with respect to these measures. But this gets tricky, so we
are taking a way out by working with couplings.
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If (D1, η1) and (D2, η2) are two lpp models with stochastic noise, then the distance between
them is the infimum of E [d((D1, η); (D2, η

′))] where (η, η′) range over all couplings between the
noises η1 and η2. Let us denote this quantity W1((D1, η1); (D2, η2)). This is the 1-Wasserstein
distance. A sequence of lpp models (Dℓ, ηℓ) with stochastic noises converge to an lpp model (D, η)
if W1((Dℓ, ηℓ); (D, η)) → 0.

Proposition 2.1. Suppose a sequence of lpp models (Dℓ, ηℓ) converges to an lpp model (D, η). If
(pℓ, ; qℓ) ∈ D2

ℓ,↑ are such that (pℓ; qℓ) → (p; q) ∈ D2
↑, then Lℓ(pℓ; qℓ) → L(p; q).

Proof : Let p = (x, s), q = (y, t), pn = (xℓ, sℓ) and qℓ = (yℓ, tℓ). Then xℓ → x, yℓ → y, and
sℓ = s and tℓ = t for all large ℓ. There is a compact interval J = [−N,N ] ⊂ R such that for all
large ℓ, L(pℓ; qℓ) depends on the environment Eℓ = ((J ∩Ds,ℓ) × [s, t], ηℓ) and L(p; q) depends on
E = ((J ∩Ds)× [s, t], η).

Thus, Lℓ(pℓ; qℓ) = ||πℓ||(Dℓ,ηℓ) where πℓ is some path from pℓ to qℓ whose graph lies inside J× [s, t].
Likewise, L(p; q) = ||π||(D,η) where π is a path from p to q whose graph lies inside J × [s, t]. The
set of directed paths from [s, t] → J is compact. Any limit point of πℓ is a path π from p to
q. Suppose π′ is such a limit point along the sequence πℓk . Since length is continuous, and the
distance ||ηℓ − η|| between the noises are shrinking to zero, we have ||πℓk ||(Dℓ,ηℓ) → ||π′||(D,η). Also,
||π′||(D,η) ≤ L(p; q). Thus, lim supℓ Lℓ(pℓ; qℓ) ≤ L(p; q).

Let π be an optimal path from p to q for (D, η) so that ||π||(D,η) = L(p; q). We may find paths πℓ
from pℓ to qℓ for (Dℓ, ηℓ) such that their graphs Γ(πℓ) → Γ(π). Let δℓ = d((Dℓ, ηℓ); (D, η)). There
is a constant C depending on J × I such that |||πℓ||(Dℓ,ηℓ) − ||π||(D,η)| ≤ Cδℓ. Thus, Lℓ(pℓ; qℓ ≥
||πℓ||(Dℓ,ηℓ) ≥ ||π||(D,η)|| − Cδℓ = L(p; q)− Cδℓ. Therefore, lim infℓ Lℓ(pℓ; qℓ) ≥ L(p; q). □

Corollary 2.2. Let (Dℓ, ηℓ) be a sequence of lpp models with stochastic noises that converges to an
lpp model (D, η). For 1 ≤ k ≤ n, let (pkℓ , ; q

k
ℓ ) ∈ D2

ℓ,↑ be such that (pkℓ ; q
k
ℓ ) → (pk; qk) ∈ D2

↑. Then
the n-tuples (Lℓ(p

k
ℓ ; q

k
ℓ ); 1 ≤ k ≤ n) → (L(pk; qk); 1 ≤ k ≤ n) in law.

2.8. Growth from a corner. Let (D, η) be an lpp model with last passage function L. Fix (x0, t0) ∈
Ds ×Dt. Define the function

G : ([x0,∞) ∩Ds)× [t0,∞) → Dη

according to
G(x, t) = L(x0, t0;x, t). (2.3)

Note that G(x, t) depends on the environment supported over (x−0 , x]× [t0, t]. The function G has
both a temporal and spatial Markov property.

2.8.1. Temporal Markov property. Fix a time T ≥ t0. For every t ≥ T , the process G(·, t) depends
only on G(·, T ) and the environment E =

(
(x−0 ,∞] × [T + 1, t], η

)
. The latter environment is

independent of the environment E′ =
(
(x−0 ,∞] × [t0, T − 1], η

)
, upon which G(·, s) depends for

every s < T . This follows from the independent increments property of L.
In particular, if the noise η is stochastic and has the temporal independence property, then

t 7→ G(·, t) is a Markov process along time.

2.8.2. Spatial Markov property. Fix a time T > t0 or take T = +∞. For x ≥ x0 in Ds, define

G⃗(x) = (G(x, t); t0 ≤ t < T ) ∈ D[t0,T )
η . (2.4)

The process x 7→ G⃗(x) is Markovian in the following sense.
Suppose x0 ≤ x < y belong to Ds. Then for t ≥ t0,

G(y, t) = max
s∈[t0,t]

{G(x, s) + L(x, s; y, t)}
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This follows from the composition law by conditioning on the first time an optimal path from (x0, t0)
to (y, t) hits spatial location x. Observe that the quantities L(x, s; y, t) above depend only on the
environment supported over (x−, y] × [t0, t], which is independent of the environment supported
over (x−0 , x

′] × [t0, t] upon which G(x′, s) depends for every x′ < x and s ∈ [t0, t]. We deduce that
for x < y, G⃗(y) depends only on G⃗(x) and an environment independent of the environments that
determine G⃗(x′) for every x′ < x. We call this the spatial Markov property of G.

If the noise η is stochastic and has both the temporal and spatial independence properties, then
x 7→ G⃗(x) is a Markov process.

2.9. Space–time duality. Space-time duality transposes the role of space and time to build a particle
system from an lpp model.

Let (D, η) be an lpp model with corner growth function G according to (2.3). Assume the noise
satisfies the no-negative-jumps condition:

η(x, t)− η(x−, t) ≥ 0 for every (x, t) ∈ Ds ×Dt.

Due to continuity of η, the jumps of η(x, t) come from gaps in Ds.
The space-time dual of G is the process

Xn(t) (2.5)

defined for n ∈ Dt with n ≥ t0 and t ∈ Ds with t ≥ x0. It is simply

Xn(t) = −G(t, n).

We think of X as the evolution in time of a collection of particles indexed by integers. Colloquially,

Xn(t) = position of particle number n at time t.

The trajectory of particle number n ≥ t0 is the process t 7→ Xn(t). The state of the particle system
at time t ∈ Ds with t ≥ x0 is the process (Xn(t);n ≥ t0) ∈ D

[t0,∞)
η .

Due to no-negative-jumps assumption,

L(x0, t0, x, t) ≥ L(x0, t0;x, t− 1) + η(x, t)− η(x−, t) ≥ L(x0, t0;x, t− 1).

Thus, Xn(t) ≤ Xn−1(t) for every n > t0 in Dt and t ≥ x0 in Ds.
By the composition law of lpp,

G(t, n) = max
r∈[x0,t]∩Ds

{G(r, n− 1) + η(t, n)− η(r−, n)} (2.6)

which, then implies
Xn(t) = min

r∈[x0,t]∩Ds

{Xn−1(r) + η(r−, n)− η(t, n)}. (2.7)

The temporal Markov property of G reduces to one-sided interaction of particles in X. This
means that the trajectory Xn(·) of particle number n interacts only with the trajectories Xk(·) for
k < n. In particular, the trajectory of particle n does not change if we remove particles k > n
from the system. If the noise is stochastic and has the temporal independence property, then X is
Markovian in the “spatial parameter” n.

The spatial Markov property of G becomes a temporal Markov property for X. This means that
for every T ≥ x0 in Ds, the state of the particle system at time t > T depends only on the state
at time T and an environment that is independent of the environment that determines the state
of the system at all times s < T . If the noise is stochastic and has both the temporal and spatial
independence properties, then (Xn(t);n ≥ t0) is a Markov process in “time” t ≥ x0.

Under space-time duality, the “events”

{Xnk
(t) ≥ ak; 1 ≤ k ≤ K} = {G(t, nk) ≤ −ak; 1 ≤ k ≤ K}. (2.8)



966 Mustazee Rahman

Therefore, if the noise is stochastic, the fixed time multi-space law of X is equivalent to the fixed
space multi-time law of G.

Likewise, the events

{Xn(tk) ≥ ak; 1 ≤ k ≤ K} = {G(tk, n) ≤ −ak; 1 ≤ k ≤ K}. (2.9)

For stochastic noise, this translates the fixed particle multi-time law of X to the fixed time multi-
space law of G.

2.10. Space–noise duality. Space–noise duality builds a particle system out of an lpp model by
inverting the roles of space and noise through a variational formula. For this, one needs additional
assumptions on the lpp model. This duality is what is frequently used to link tasep to lpp.

2.10.1. Assumptions on the lpp model. Let (D, η) be an lpp model satisfying the following assump-
tions.

(1) Dη is unbounded from above: sup{y : y ∈ Dη} = +∞.
(2) Ds is bounded from below and unbounded from above: xmin = inf{x : x ∈ Ds} is finite and

sup{x : x ∈ Ds} = +∞. By translating space, assume xmin = 0.
(3) The integer 0 ∈ Dt and for every t ≥ 0, η(x, t) satisfies: η(0, t) = 0 and it is increasing in x

and tends to +∞ as x → +∞.

2.10.2. Properties of the corner growth function. Let G denote the corner growth function (2.3)
from (x0, t0) = (0, 0). It has the following properties due to the assumption made above.

(1) G(0, n) = η(n, 0) + · · ·+ η(0, 0) = 0 for every n ≥ 0.
(2) G(y, n) ≥ G(x, n) + η(y, n) − η(x−, n) > G(n, x) for every y > x ≥ 0 in Ds. Thus, G(·, n)

is increasing.
(3) G(x, n) ≥ η(x, n)+η(0, n−1)+ · · · η(0, 0) ≥ η(x, n). Thus, G(x, n) ≥ 0 and it is unbounded

as x → +∞.

2.10.3. Particle system. The space-noise dual is a particle system

X∗ = X∗
n(t)

defined for n ≥ 0 in Dt and t ≥ 0 in Dη. We think of X∗
n(t) as the location of particle number n at

time t.
Firstly, let X∗

n(0) ∈ R for n ≥ 0 be such that

X∗
0 (0) > X∗

1 (0) > X∗
2 (0) > · · · .

We think of X∗
n(0) as the initial position of particle number n. Then, let

X∗
n(t) = X∗

n(0) + sup {x ∈ Ds : G(x, n) ≤ t}. (2.10)

The process X∗ takes values in the set

D∗
s = {x+ y : x ∈ Ds, y = X∗

n(0) for some n}.
We record some properties of X∗.

(1) At t = 0, one has G(x, n) ≤ 0 if and only if x = 0. Thus, X∗
n(0)−X∗

n(0) = G(0, n) = 0, as
required.

(2) The set over which the supremum is taken in (2.10) is non-empty for t ≥ 0. It is bounded
from above because G(x, n) is unbounded as x → +∞. Since x 7→ G(x, n) is continuous, it is
also closed. Thus, the supremum is attained within the set. Since G(x, n) is also increasing,
there exists an xn(t) ∈ Ds such that

{x ∈ Ds : G(x, n) ≤ t} = [0, xn(t)] ∩Ds.
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(3) Since G(x, n) is increasing in x, xn(s) ≤ xn(t) for s ≤ t in Dη. Thus, t 7→ X∗
n(t) is

non-decreasing.
(4) By (2.6), G(x, n+1) ≥ G(x, n)+η(x, n+1)−η(x−, n) ≥ G(x, n). Thus, if t ≥ G(x, n+1) then

t ≥ G(x, n) as well, which implies X∗
n+1(t) −X∗

n+1(0) ≤ X∗
n(t) −X∗

n(0). Since X∗
n+1(0) <

X∗
n(0), one has

X∗
n+1(t) < X∗

n(t).

(5) The process xn(t) is determined by the environment supported over Ds × [0, n], and hence
independent of the environment over Ds × [n + 1,∞). The temporal Markov property
of G implies X∗

n(t) has one-sided interaction in the same sense as for the aforementioned
space-time dual.

(6) The process (X∗
n(t);n ≥ 0) ∈ (D∗

s)
[0,∞) is Markovian in time in the same sense as for the

space-time dual. This is harder to prove and is not shown here.
(7) The ”events” {X∗

n(t) − X∗
n(0) ≥ a} = {G(a, n) ≤ t}. Therefore, for stochastic noise, the

temporal law of X∗
n(·) is determined in terms of the spatial law of G(·, n).

(8) When n = 0, if we assume η(0, 0) = 0, then X∗
0 (t) − X∗

0 (0) = sup {x ∈ Ds : η(x, 0) ≤ t}.
This is the generalized inverse of η(x, 0): η(X∗

0 (t)−X0(0), 0) = t.

3. Geometric lpp and discrete time tasep

Geometric last passage percolation is defined over the domain Dt = Ds = Dη = {0, 1, 2, 3, · · · }.
The noise is semi-stochastic as it is given in terms of random weights ωi,j for i, j ≥ 1 together with
a deterministic boundary condition. Consider independent random variables ωi,j such that

Pr(ωi,j = k) = (1− q)qk−1 k = 1, 2, 3, · · · ; 0 < q < 1.

Consider a sequence of integers

0 = x0 < x1 < x2 < x3 < · · ·

Define the noise
η(k, 0) = xk

and, for t > 0,

η(k, t) =

k∑
i=1

ωi,t, η(0, t) = 0.

We are interested in the corner growth function

G(m,n) = LG(0, 0;m,n) m,n ≥ 0.

The function satisfies the recursion

G(m,n) = max{G(m− 1, n), G(m,n− 1)}+ ωm,n (3.1)

with boundary conditions G(0, n) = 0 and G(m, 0) = xm. Since xk ≥ 0, ωi,j ≥ 1 and η(0, ·) = 0, an
optimal path from (0, 0) to (m,n) will always start by taking a step rightward instead of upward.
Thus,

G(m,n) = max
1≤k≤m

xk + LG(k, 1;m,n). (3.2)

The utility of Geometric lpp is two-fold. Firstly, the model has strong symmetries due to space,
noise and time occupying the same domain. Secondly, the model allows for limit transitions to
several other models of lpp, such as Exponential lpp, Brownian lpp, Poissonian lpp, and the directed
landscape.
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3.1. Johansson’s formula. Consider a transformed lpp on the same domain but with the noise given
by random weights

ω′
i,j = ωi,j − 1 for i, j ≥ 1

and η′(0, t) = η′(k, 0) ≡ 0. Let G′ denote the growth function from (0, 0). It satisfies

G′(m,n) = max{G′(m− 1, n), G′(m,n− 1)}+ ω′
m,n

with boundary conditions G′(0, n) = 0 and G′(m, 0) = 0. Johansson (2010) found a formula for the
transition probabilities of the Markovian evolution of G′ along space. It goes as follows.

Let N ≥ 1 be large. Define the random vector

G⃗′
s(m) = (G′(m, 1), G′(m, 2), . . . , G′(m,N)).

It takes values in the set

WN = {(x1, . . . , xN ) ∈ ZN : 0 ≤ x1 ≤ x2 ≤ · · · ≤ xN}.

For x, y ∈ WN and m > ℓ, Johansson proved:

P (G⃗′
s(m) = y | G⃗′

s(ℓ) = x) = det[∇j−iwm−ℓ(yj − xi)]. (3.3)

Here ∇ is the discrete differential: ∇f(x) = f(x + 1) − f(x) with inverse ∇−1f(x) =
∑

y<x f(y).
The function wn(x) is the n-step transition probability of a random walk with Geom(1− q)−1 step
distribution:

wn(x) = P (X1 + · · ·+Xn = x), Xi are i.i.d. Geom(1− q)− 1.

There is an explicit formula (Negative Binomial formula):

wn(x) =

(
x+ n− 1

n− 1

)
qx(1− q)n1x≥0.

3.2. Schütz’s formula. Consider the continuous time tasep particle system on Z with N particles.
Denote by X1(t) > X2(t) > · · · > XN (t) the location of the particles at time t. Schütz (1997) found
a formula for the transition probability of (X1(t), . . . , XN (t)). It reads as follows.

Pr(X1(t) = y1, . . . , XN (t) = yN | X1(0) = x1, . . . , XN (0) = xN ) = det (Fi−j(yN+1−i − xN+1−j))
(3.4)

Here y1 > · · · > yN and x1 > · · · > xN are integers. The function Fk(x) is

Fk(x) =
(−1)k

2πi

∮
|w|=r>1

dw

w

wk−x

(1− w)k
e(w−1)t (3.5)

This formula has similarities with Johansson’s formula (3.3). It was used by Borodin et al. (2007);
Sasamoto (2005) to write the probability

Pr(Xn1(t) > a1, . . . , Xnk
(t) > ak) (3.6)

as a Fredholm determinant by using the Eynard-Mehta method. The authors came to realize the
process (X1(t), . . . , XN (t)) as the edge of a random Gelfand-Tseltin pattern, the law of which is a
2-d determinantal process. Then, there is an correlation kernel K (coming from the Eynard-Mehta
method) such that (3.6) is the Fredholm determinant of K because (3.6) is a gap probability of the
aforementioned determinantal process. In order to get a explicit formula for K one has to solve a
biorthogonalization problem. The biorthogonalization problem depends on the initial condition of
X, and such a problem was solved for tasep in Matetski et al. (2021), enabling one to express (3.6)
as an explicit Fredholm determinant for all initial conditions of tasep.
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3.3. Markovian transition of G. We wish to find the transition probability of the temporal evolution
of G and use it to derive the probability

Pr(G(m1, n) < a1, . . . , G(mk, n) < ak) (3.7)

as a Fredholm determinant.
Looking at the growth function G′, observe that the transposition of space-time: (m,n) 7→ (n,m),

is an isomorphism for the corresponding lpp model. Here, the random weights ω′
i,j are coupled to

themselves by placing weight ω′
j,i at location (i, j), which preserves their joint law. Thus, the formula

(3.3) also serves as the transition probability of the temporal law of G′. With N ≥ 1 large, define

G⃗′
t(n) = (G′(1, n), . . . , G′(N,n)).

Then for x, y ∈ WN and n > ℓ:

Pr(G⃗′
t(n) = y | G⃗′

t(ℓ) = x) = det[∇j−iwn−ℓ(yj − xi)]. (3.8)

The relation between G′ and G is G(m,n) = G′(m,n) + m + n1{m̸=0}. We have imposed the
boundary condition G(k, 0) = xk, which become the boundary conditions G′(k, 0) = xk − k. Let

G⃗t(n) = (G(1, n), . . . , G(N,n)).

Observe that G⃗t(0) = (x1, x2, . . . , xN ). Then for y = (y1, . . . , yN ) ∈ ZN with 0 ≤ y1 < y2 < · · · <
yN , (3.8) implies

Pr(G⃗t(n) = y) = det[∇j−iwn(yj − xi + i− j − n)]. (3.9)
The next step is to represent the right side of (3.9) as a Schütz-like formula (3.4). This would allow

one to use the methods of Borodin et al. (2007); Sasamoto (2005); Matetski et al. (2021) to express
(3.7) as a Fredholm determinant. The idea is as follows. Let G⃗s(m) = (G(m, 1), . . . , G(m,N)) be
the spatial Markov process of G. Apply the space-time transposal isomorphism so that the bound-
ary condition goes from being at the bottom to the left. Thus, G⃗s(m) evolves from G⃗s(0) =
x. Consider the space-time dual X of G from (2.5). One has X(t) = (X1(t), . . . , XN (t)) =

−(G(t, 1), . . . , G(t,N)) = −G⃗s(t). Now,

Pr(G⃗t(n) = y | G⃗t(0) = x) = Pr(G⃗s(n) = y | G⃗s(0) = x) = Pr(X(n) = −y | X(0) = −x) (3.10)

We can thus write the transition probability of X using (3.9). If we express it in terms of the
number-reversed process XN+1−m(n), 1 ≤ m ≤ N , then the resulting formula has the desired form.

Proposition 3.1. Define, for k ∈ Z and x ∈ Z, the function

Fk(x) =
(−1)k

2πi

∮
|w|=r>1

dw

w

wk−x

(1− w)k

(
(1− q)

w − q

)n

(3.11)

Referring to (3.9), we have

Pr(G⃗t(n) = y) = det[Fi−j(ỹN+1−i − x̃N+1−j)]

where ỹk = −yk and x̃k = −xk.

Proof : We execute the idea above with a direct computation. Let Hk(x) = ∇kwn(x). Using the
generating function of negative Binomial coefficients, one can write Hk(x) as a contour integral (see
Johansson (2010)).

Hk(x) =
(−1)k−1

2πi

∮
|z|=r>1

dz
zk(1− z)n+x−1

(1− z
1−q )

n
. (3.12)

One has Fk(x) = H−k(k − n− x). This follows from (3.12) by changing variables z 7→ 1−w in the
integral.
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Define F̃k(x) = H−k(−x). Then F̃k(x− k + n) = Fk(x). Now we compute, by (3.9):

Pr(G⃗t(n) = y) = det[Hj−i(yj − xi + i− j − n)]

= det[F̃i−j(xi − yj + j − i+ n)]

= det[F̃j−i(xN+1−i − yN+1−j + i− j + n)]

= det[F̃i−j(xN+1−j − yN+1−i + j − i+ n)]

= det[F̃i−j(ỹN+1−i − x̃N+1−j + j − i+ n)]

= det[Fi−j(ỹN+1−i − x̃N+1−j)]

□

3.4. Fredholm determinants and kernels. Let K be an integral kernel acting on the space L2(Ω, µ).
The Fredholm determinant of K is

det (I +K) = 1 +

∞∑
k=1

1

k!

∫
ΩK

dµ(z1) · · · dµ(zk) det (K(zi, zj))1≤i,j≤k. (3.13)

If there are functions f and g on X such that

|K(u, v)| ≤ f(u)g(v)

with f bounded and g being integrable (or vice versa), then the series converges absolutely. Further-
more, suppose a sequence of integral kernels Kn satisfy Kn → K pointwise on Ω and |Kn(u, v)| ≤
f(u)g(v) for every n. Then

det (I +Kn)L2(Ω,µ) → det (I +K)L2(Ω,µ)

See Johansson (2006, 2003) for proofs of these facts, which are deduced from Hadamard’s inequality
and dominated convergence theorem.

3.4.1. Matetski’s and Remenik’s kernel. Consider the space Ω = {1, 2, . . . , k}×Z with the counting
measure µ. Define an integral kernel K∗

N on Ω as follows. Let 0 = x0 < x1 < x2 < · · · be increasing
integers. Let x̃i = −xi. Let 1 ≤ m1,m2, · · · ,mk ≤ N and n ≥ 1 be integers. Assume the mi are
distinct. Choose θ ∈ (0, 1) and set α = (1− θ)/θ. Define

ϕ(w) =
1− q

w − q
; 0 < q < 1 and w ∈ C \ {q}.

Let r ∈ (q, 1) and δ < 1 be radii parameters.
Define the kernel

Q∗(z1, z2) = (1− θ)θz1−z2−11z1>z2

This is the transition matrix of a random walk with −Geom(1− θ) steps [steps strictly to the left].
Let B∗

m denote the corresponding random walk. For integers m ∈ Z and n ≥ 1, define the following
kernels.

(Q∗)m(z1, z2) =
1

2πi

∮
|w|=r

dw
θz1−z2

wz1−z2−m+1

(
α

1− w

)m

. (3.14)

S∗
n,−m(z1, z2) =

1

2πi

∮
|w|=r

dw
θz1−z2

wz1−z2+m+1

(
1− w

α

)m

ϕ(w)n. (3.15)

S̄∗
n,m(z1, z2) =

1

2πi

∮
|w|=δ

dw
θz1−z2(1− w)z2−z1+m−1

(w/α)m
ϕ(1− w)−n. (3.16)

Let
τN = min {m = 0, 1, . . . , N − 1 : B∗

m > x̃m+1}
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with τN = +∞ if B∗ does not hit x̃ by time N − 1. Define the kernel

Sepi(x̃)
n,m (z1, z2) = E

[
S̄∗
n,m−τN

(B∗
τN

, z2)1τN<m | B∗
0 = z1

]
(3.17)

Finally, define the kernel

K∗
N (i, ·; j, ·) = −(Q∗)mj−mi1mi<mj + S∗

n,−mi
· Sepi(x̃)

n,mj
(3.18)

These kernels were introduced by Matetski and Remenik (2023) in order to study transition
probabilities for tasep-like particle systems. The have a certain structure. For n ∈ Z, define the
kernels

Rn(z1, z2) =
1

2πi

∮
|w|=r

dw
θz1−z2

wz1−z2+1
ϕ(w)n.

The Rns form an abelian group: Rn+m = Rn ·Rm and R0 = Id. One has the relations:

S∗
n,−m = Q−mRn

S̄∗
n,m = Q̄(m)R−n, Q̄(m) = S̄∗

0,m.

3.4.2. Kernel for Geometric lpp with boundary conditions. Define the following kernel K on Ω using
the notation from the previous section.

K(i, ·; j, ·) = −Qmj−mi1mi<mj + Sn,−mi · Shypo(x)
n,mj

(3.19)

The kernels Q, S and Shypo(x) are as follows for m,n ∈ Z with n ≥ 1.

Qm(z1, z2) =
1

2πi

∮
|w|=r<1

dw
θz2−z1

wz2−z1−m+1

(
α

1− w

)m

. (3.20)

This is the m-step transition probability of a random walk Bm with Geom(1− θ) steps [strictly to
the right].

Sn,−m(z1, z2) =
1

2πi

∮
|w|=r>q

dw
θz2−z1

wz2−z1+m+1

(
1− w

α

)m

ϕ(w)n. (3.21)

S̄n,m(z1, z2) =
1

2πi

∮
|w|=δ<1

dw
θz2−z1(1− w)z1−z2+m−1

(w/α)m
ϕ(1− w)−n. (3.22)

Let
τ = min {m = 0, 1, 2, . . . : Bm < xm+1}

with τ = +∞ if B does not hit x. The kernel

Shypo(x)
n,m (z1, z2) = E

[
S̄n,m−τ (Bτ , z2)1τ<m | B0 = z1

]
. (3.23)

3.5. Fixed time law of Geometric lpp with boundary conditions.

Theorem 3.2. Consider the Geometric lpp model (3.2) with integer boundary condition 0 < x1 <
x2 < x3 < · · · . Let n ≥ 1, m1, . . . ,mk ≥ 1 and a1, . . . , ak be integers such that the mi are distinct.
Then,

Pr(G(m1, n) < a1, . . . , G(mk, n) < ak) = det (I − χaKχa)ℓ2({1,2,...,k}×Z) . (3.24)

The kernel K is from (3.19) and χa(i, z) = 1{z≥ai}.

Proof : This is an application of Theorem 1.2 of Matetski and Remenik (2023). Fix N >
max{m1, . . . ,mk} and consider G(n) = (G(1, n), . . . , G(N,n). The probability in (3.24) is a mar-
ginal of G(n). It also does not depend on N when N > max{m1, . . . ,mk}. By (3.10) and Proposition
3.1,

Pr(G(n) = y | G(0) = x) = Pr(X(n) = ỹ | X(0) = x̃) = det (Fi−j(ỹN+1−i − x̃N+1−j)) .
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By Theorem 1.2 of Matetski and Remenik (2023),

Pr(Xm1(n) > −a1, . . . , Xmk
(n) > −ak) = det (I − χ̄K∗

N χ̄)ℓ2({1,...,k}×Z) .

Here χ̄(i, z) = 1{z≤−ai} and K∗
N is from (3.18). The probability on the left is the probability in

(3.24).
Since the probability does not depend on N , consider the limit N → ∞ of the Fredholm determi-

nant. The only way K∗
N depends on N is through the hitting time τN = min{m = 0, 1, . . . , N − 1 :

B∗
m > x̃m+1}. Define τ∗ = inf{m ≥ 0 : B∗

m > x̃m+1}. We can couple all the τN and τ∗ together
by using the same random walk B∗. Under this coupling, τN ↓ τ∗ almost surely. Moreover, for any
fixed m > 0, 1{τN<m} stabilizes to 1{τ∗<m} as N → ∞. Thus, K∗

N stabilizes to the kernel K∗ for
all large N , where K∗ has the same definition as K∗

N but with τ∗ in place of τN . Consequently,
det (I − χ̄K∗

N χ̄) equals det (I − χ̄K∗χ̄) for all sufficiently large N .
Finally, change variables z 7→ −z in the integrals of the Fredholm determinant expression (3.13)

for χ̄K∗χ̄. This changes to the Fredholm determinant expression for χaKχa. □

3.6. Discrete time tasep. Discrete time parallel update tasep is an interacting particle system that
evolves as follows. At time t = 0 there is some initial configuration of particles on the integer lattice
Z. At each time t > 0, a particle attempts to jump one unit rightward with probability 1 − q,
independently of others. The jump is successful if there is no particle at that location at time t− 1.

Let us focus on the case when there is a rightmost particle, which we call particle number 0.
Label the particles from right to left by integers n = 0, 1, 2, 3, · · · . Let Yn(t) be the location of
particle number n at time t. Let

GY (m,n) = time when particle number n makes jump number m.

for n ≥ 0 and m ≥ 1. It is clear that GY together with the initial condition Yn(0) determine the
evolution of tasep. The function GY satisfies the recursion

GY (m,n) = max{GY (m− 1, n), GY (m+ 1− gapn, n− 1)}+ ωm,n (3.25)

where ωm,n are independent Geom(1− q) random variables and gapn = Yn−1(0)−Yn(0) ≥ 1.
The case gapn ≡ 1 is called the step initial condition. Assuming Y0(0) = 0, this means Yn(0) = −n

for n ≥ 0. The recursion (3.25) becomes (3.1) and we find that G(m,n) from (3.1) is the time when
particle n makes its m-th jump. The process Y is the space-noise dual X∗ of G according to (2.10).
For n = 0 we find that Y0(t) is a deterministic trajectory with particle 0 jumping one unit rightward
at the times 0 < x1 < x2 < x3 < · · · , where x is the boundary condition for G in (3.1). Theorem
3.2 then has the following corollary.

Corollary 3.3. Consider discrete time parallel update tasep from the step initial condition X∗
n(0) =

−n for n ≥ 0. Let X∗
n(t) be the location of particle number n at time t. Let X∗

0 jump one unit
rightward at the integer times xk with 0 < x1 < x2 < x3 < · · · . The other particles move according
to the stochastic rule described above. Then for n ≥ 1, integer times t1, t2, . . . , tk ≥ 1, and distinct
integers a1, . . . , ak ≥ −n,

Pr(X∗
n(ti) > ai; 1 ≤ i ≤ k) = det (I − χtJχt)ℓ2({1,2,...,k}×Z) (3.26)

where χt(i, z) = 1{z>ti} and the kernel J is the kernel K from Theorem 3.2 with choice of parameters
mi = ai + n+ 1 and n the same.

Proof : Recall property (7) of the space-noise dual X∗ from Section 2.10.3. The event {X∗
n(t) > a}

is equivalent to the event {G(a+ n+ 1, n) < t+ 1}. The corollary follows from Theorem 3.2. □
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3.7. A word about space-time and space-noise duality. Consider again the tasep-like process X from
(2.5) that is the space-time dual of Geometric lpp. By (3.10) and Proposition 3.1, its transition
probabilities are

Pr(X(t) = y | X(0) = x) = det (Fi−j(yN+1−j − xN+1−i)) . (3.27)

The recursion (2.6) implies that X satisfies the recursion

Xn(t) = min {Xn−1(t), Xn(t− 1)} − ωn,t

where the ωn,t are independent Geom(1− q) random variables. This process is called the geometric
PushTASEP with left jumps (see Section 2.3 of Matetski and Remenik (2023) and Case A of Dieker
and Warren (2008)). The particles move leftward and push the particles in front of them to maintain
their ordering.

Now consider the space-noise dual X∗ of G. Here the particles move rightward and are blocked
by the particles in front of them. For the step initial condition, the recursion satisfied by X∗

n(t)
(discrete time parallel update tasep) is

Xn(t) = min {Xn(t− 1) + ξt,n, Xn−1(t− 1)− 1} ξt,n are i.i.d. Bernoulli(1− q).

Duality, in a concrete sense, links blocking to pushing.

4. Exponential lpp and continuous time tasep

Exponential last passage percolation is defined over the domain Dt = Ds = {0, 1, 2, 3, · · · } and
Dη = [0,∞) being all non-negative real numbers. The noise is again semi-stochastic and given in
terms of random weights ωi,j for i, j ≥ 1 together with a boundary condition. Consider independent
Exponential random variables ωi,j such that

Pr(ωi,j > x) = e−x, x ≥ 0.

Consider a sequence of real numbers

0 = x0 < x1 < x2 < x3 < · · · → +∞.

Define the noise

η(k, 0) = xk for k ≥ 0 (4.1)

η(k, t) =

k∑
i=1

ωi,t, η(0, t) = 0 for t > 0, k ≥ 0. (4.2)

We are again interested in the corner growth function

G(m,n) = LE(0, 0;m,n) m,n ≥ 0.

The function satisfies the recursion

G(m,n) = max{G(m− 1, n), G(m,n− 1)}+ ωm,n (4.3)

with boundary conditions G(0, n) = 0 and G(m, 0) = xm. Since xk > 0 and ωi,j ≥ 0, an optimal
path from (0, 0) to (m,n) will always start by taking a step rightward instead of upward. Thus, as
before,

G(m,n) = max
1≤k≤m

xk + LE(k, 1;m,n). (4.4)

For later convenience, we shall condition the model on the almost sure event that {ωi,t >
0 for all (i, t)}.
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4.1. Geometric to Exponential transition. Exponential lpp is a limit of Geometric lpp as the pa-
rameter q → 1. Suppose ωq ∼ Geom(1− q). Then (1− q)ωq → ω in law as q → 1 with ω ∼ Exp(1).
Let ℓ ≥ 2 be an integer and set qℓ = 1 − 1

ℓ . Set xℓk = ⌊ℓxk⌋/ℓ and note that supk |xℓk − xk| ≤ 1/ℓ.
Let ω̃ℓ

i,j be i.i.d. Geom(1− qℓ) random variables. Set ωℓ
i,j = ω̃ℓ

i,j/ℓ.
Consider the lpp model on domain Dℓ where Dℓ

s = Dℓ
t = {0, 1, 2, . . .}, and Dℓ

η = {0, ℓ−1, 2ℓ−1, . . .}.
The noise ηℓ is defined according to (4.1) using the weights ωℓ

i,j and xℓk. There is a coupling of the
random variables ω̃ℓ

i,j for all i, j ≥ 1 and ℓ ≥ 2 together with i.i.d. random variables ωi,j ∼ Exp(1)

such that ωℓ
i,j → ωi,j almost surely as ℓ → ∞, simultaneously for all i, j. This follows from Skorokhod

representation theorem. As a result, the lpp model (Dℓ, ηℓ) converges to the Exponential lpp model
(D, η) above as ℓ → ∞ in the sense of Section 2.7.

Due to the convergence of models, one has the convergence of the probabilities:

Pr(G(m1, n) ≤ a1, . . . , G(mk, n) ≤ ak) = lim
ℓ

Pr(Gℓ(m1, n) ≤ a1, . . . , G
ℓ(mk, n) ≤ ak) (4.5)

where Gℓ is the corner growth function of (Dℓ, ηℓ). This follows from Corollary 2.2.
In fact, one can also show convergence of the Markovian transition probabilities using the formula

(3.3). Let G(n) = (G(1, n), . . . , G(N,n)). Let (y1, . . . , yN ) ∈ RN with 0 ≤ y1 < y2 < · · · < yN . By
expressing an integral as a limit of its Riemann sums, we find from (3.3) that

Pr(G(n) ∈ dy | G(0) = x) = lim
ℓ→∞

Pr(Gℓ(n) = yℓ | Gℓ(0) = xℓ)ℓN (4.6)

= det
(
∂j−iWn(yj − xi)

)
1≤i,j≤N

dy. (4.7)

The last line follows from a direct calculation of the limit using (3.3). The function Wn is the
density of the Gamma random variable:

Wn(x) =
xn−1

(n− 1)!
e−x1{x≥0}.

The operator ∂ is differentiation ∂f(x) = f ′(x) with formal inverse ∂−1f(x) =
∫ x
−∞ f(y)dy.

4.2. Fixed time law of Exponential lpp with boundary. Define the following integral kernels on R for
integers m,n ≥ 1.

Qm
E (u, v) =

(v − u)m−1

(m− 1)!
eu−v1{v≥u} (4.8)

SE,n,−m(u, v) = − 1

2πi

∮
|w−1|=1

dw e(w−1)(v−u)wm(1− w)−n 1{v≤u} (4.9)

S̄E,n,m(u, v) =
1

2πi

∮
|w|=1

dw e(w−1)(v−u)w−m(1− w)n (4.10)

Let B(m) be a random walk with Exp(1) step distribution, whose m-step transition probability is
given by Qm

E above. Define,

τ = inf {m = 0, 1, 2, 3, . . . : B(m) ≤ xm+1}

and
S
hypo(x)
E,n,m (u, v) = E

[
S̄E,n,m−τ (B(τ), v)1{τ<m} | B(0) = u

]
(4.11)

Finally, define the integral kernel

KE(i, ·; j, ·) = −Qmj−mi1{mi<mj} + SE,n,−mi · S
hypo(x)
E,n,mj

. (4.12)

Here 1 ≤ m1, . . . ,mk are distinct integers, n ≥ 1 and the kernel acts of L2({1, . . . , k} × R).
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Theorem 4.1. Let n ≥ 1 and m1, . . . ,mk ≥ 1 be distinct integers. Let a1, . . . , ak ∈ R. Let G be
the corner growth function (4.4). Then,

Pr(G(m1, n) ≤ a1, . . . , G(mk, n) ≤ ak) = det (I − χaKEχa)L2({1,...,k}×R)

with χa(i, u) = 1{u≥ai}.

4.3. Proof of Theorem 4.1. We take the limit of the formula from Theorem 3.2 in the Geometric
lpp to Exponential lpp transition. As stated in (4.5), we must perform the limit

lim
ℓ→∞

Pr(Gℓ(mi, n) ≤ ai; 1 ≤ i ≤ k)

This probability is expressed as a Fredholm determinant by Theorem 3.2.
For a kernel K acting on ℓ2({1, . . . , k}×Z), embed it as a kernel acting on L2({1, . . . , k}×R) by

KR(i, u; j, v) = K(i, ⌊u⌋; j, ⌊v⌋) (4.13)

One has that
det (I +KR)L2({1,...,k}×R) = det (I +K)ℓ2({1,...,k}×Z)

With this embedding,

Pr(Gℓ(mi, n) ≤ ai; 1 ≤ i ≤ k) = det
(
I − χℓKℓχℓ

)
L2({1,...,k}×R)

.

where
Kℓ(i, u; j, v) = ℓK(i, ⌊ℓu⌋; j, ⌊ℓv⌋). (4.14)

Here K is the kernel from Theorem 3.2 with boundary condition xℓk = ⌊ℓxk⌋. Also, χℓ(i, u) =

1{⌊ℓu⌋≥ℓai}. It is clear that χℓ → χa as ℓ → ∞.
We derive the limit of each of the constituent kernels (3.20), (3.21), (3.22) and (3.23) and perform

some decay estimates to derive the limit of Kℓ as KE .

4.3.1. Limits of the constituent kernels. In the formulas (3.20), (3.21), (3.22) and (3.23), choose

θ = θℓ = 1− 1

ℓ
= qℓ = q.

We assume this choice throughout the section.

Lemma 4.2. The kernel ℓQm(ℓu; ℓv) converges pointwise in u, v ∈ R to Qm
E (u, v) as ℓ → ∞.

Furthermore, it satisfies the decay estimate ℓ|Qm(ℓu, ℓv)| ≤ Cmeu−v|v−u|m−11{v≥u} for all u, v ∈ R
and some constant Cm < ∞.

Proof : Recall Q(z1, z2) = (1− θ)θz2−z1−11{z2>z1}. Thus,

ℓQ(ℓu, ℓv) =
(
1− 1

ℓ

)⌊ℓv⌋−⌊ℓu⌋−1
1{⌊ℓv⌋>⌊ℓu⌋}.

In the limit this goes pointwise to eu−v1{v≥u} = QE(u, v). Using the inequality 1 + x ≤ ex, valid
for all x ∈ R, one as

|ℓQ(ℓu, ℓv)| ≤ Ceu−v1{v≥u}

for all u, v ∈ R. Therefore, one finds that |ℓQm(ℓu, ℓv)| ≤ Cmeu−v(v−u)m−11{v≥u} for all u, v ∈ R.
By the dominated convergence theorem, the pointwise limit, and the decay estimate above, it
follows that ℓQm(ℓu, ℓv) → Qm

E (u, v) pointwise and also satisfies the decay estimate stated in the
lemma. □

Lemma 4.3. The kernel ℓSn,−m(ℓu, ℓv) converges pointwise to SE,n,−m(u, v) as ℓ → ∞. Further-
more, it satisfies the decay estimate |ℓSn,−m(ℓu, ℓv)| ≤ Cm,ne

v−u1{v≤u} for all u, v ∈ R and some
constant Cm,n.
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Proof : Looking at the integrand of Sn,−m(u, v) from (3.21), observe that for large |w| it behaves
like |w|z1−z2−1−n. So we can contract the contour to ∞ if z1 − z2 < n. Since m ≥ 1 in the formula
of K, the poles of the integrand are at w = 0, q. Thus,

Sn,−m(z1, z2) =
1

2πi

∮
γ0,q

dw
θz2−z1

wz2−z1+m+1
(
1− w

α
)mϕ(w)n 1{z1−z2≥n}.

Here γ0,q = γ0 ∪ γq is a union of two small contours around 0 and q.
Consider the integral over w ∈ γ0. The contour can be contracted to zero if z2 − z1 +m+ 1 ≤ 0.

So we may assume z2 − z1 ≥ −m in the integral over γ0. Then,

ℓSn,−m(ℓu, ℓv) =
ℓ

2πi

∮
γq

dw
(1− 1

ℓ )
⌊ℓv⌋−⌊ℓu⌋

w⌊ℓv⌋−⌊ℓu⌋+m+1

(1− w

α

)m
ϕ(w)n 1{⌊ℓv⌋−⌊ℓu⌋≤−n}

+
ℓ

2πi

∮
γ0

dw ·
(1− 1

ℓ )
⌊ℓv⌋−⌊ℓu⌋

w⌊ℓv⌋−⌊ℓu⌋+m+1

(1− w

α

)m
ϕ(w)n 1{−m≤⌊ℓv⌋−⌊ℓu⌋≤−n}.

Since m,n ≥ 1 in the formula for K, the condition −m ≤ ⌊ℓv⌋ − ⌊ℓu⌋ ≤ −n is never satisfied for
large ℓ if u ̸= v. When u = v, the condition −m ≤ 0 ≤ −n is not met since m,n ≥ 1. So for all ℓ
sufficiently large, the contribution comes from the integral over γq only.

Now change variables w 7→ 1 − w
ℓ in the integral over γq. Let the contour be circular around q

with radius 1/ℓ. Since q = 1− ℓ−1 and α = (ℓ− 1)−1 and ϕ(w) = (1− q)/(w − q), one has

ℓSn,−m(ℓu, ℓv) = − 1

2πi

∮
|w−1|=1

dw
eu−vwm(1− w)−n

ew(u−v)
1{v≤u} × (1 +O(ℓ−1)).

Furthermore, using the inequality |ℜ(− log(1− z))−ℜ(z)| ≤ 2|z|2 for |z| ≤ 1/2, we have the decay
estimate

ℓSn,−m(ℓu, ℓv)| ≤ Cm,ne
v−u1{v≤u}

for all u, v ∈ R. □

Lemma 4.4. The kernel ℓS̄n,m(ℓu, ℓv) converges pointwise to S̄E,n,m(u, v) as ℓ → ∞. Furthermore,
it satisfies the decay estimate |ℓS̄n,m(ℓu, ℓv)| ≤ Cm,ne

u−v for all u, v ∈ R.

Proof : In the integration contour |w| = δ from (3.22), choose δ = ℓ−1. Make the change of variables
w 7→ w/ℓ. Then it holds that

ℓS̄n,m(ℓu, ℓv) =
1

2πi

∮
|w|=1

dw e(w−1)(v−u)w−m(1− w)n × (1 +O(ℓ−1))

Also, the decay estimate follows as in Lemma 4.3 above. □

Lemma 4.5. The kernel ℓShypo(xℓ)
n,m (ℓu, ℓv) converges to S

hypo(x)
E,n,m (u, v) pointwise as ℓ → ∞. Also,

one has the decay estimate |ℓShypo(xℓ)
n,m (ℓu, ℓv)| ≤ Cn,me−v.

Proof : One has that

ℓShypo(xℓ)
n,m (ℓu, ℓv) = E

[
ℓS̄n,m−τℓ(ℓB

ℓ(τℓ), ℓv)1{τℓ<m} | Bℓ(0) = ⌊ℓu⌋/ℓ
]
.

Here Bℓ(m) is a random walk with step distribution Geom(1 − qℓ)/ℓ. The hitting time τℓ =
min {m ≥ 0 : Bℓ(m) < ⌊ℓxm+1⌋/ℓ}.

There is a coupling of Bℓ for all ℓ together with a random walk B with Exp(1)-step distribution
such that Bℓ(m) → B(m) almost surely, simultaneously over all (ℓ,m). In this coupling, τℓ → τ =
min {m ≥ 0 : B(m) ≤ xm+1} almost surely.
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Since |ℓS̄n,m(ℓu, ℓv)| ≤ Cm,ne
u−v for all u, v ∈ R,

|ℓS̄n,m−τℓ(ℓB
ℓ(τℓ), ℓv)|1{τℓ<m} ≤ Cm,ne

Bℓ(τℓ)−v1{τℓ<m}

≤ Cm,ne
⌊ℓxτℓ+1⌋/ℓ−v1{τℓ<m}

≤ Cn,mexτℓ+1−v+ℓ−1
1{τℓ<m}

≤ 2Cn,mexm−v (since τℓ < m and xk is increasing).

By the bounded convergence theorem it follows that for all u, v ∈ R,

ℓShypo(xℓ)
n,m (ℓu, ℓv) → Shypo

E,n,m(u, v).

For the decay estimate, we simply follow the same steps above and use the decay estimate for
S̄n,m from Lemma 4.4 to get that

ℓShypo(xℓ)
n,m (ℓu, ℓv) ≤ Cm,n e

xm−v Pr(τ ℓ < m | Bℓ(0) = u) ≤ Cm,n e
xm−v.

□

4.3.2. Completing the proof. We need to show that the kernel Kℓ in (4.14) converges pointwise to
KE and satisfies a decay estimate of the form

|Kℓ(i, u; j, v)| ≤ fi(u)gj(v)

where fi are bounded functions and gj are integrable over [aj ,∞).
In order to get the decay estimate, we need to append a conjugation factor to the kernel Kℓ. In

integrable probability, it is standard practice to not include conjugation factors in the definition of
kernels, but rather introduce them as needed during asymptotics. In fact, even the kernel K from
Theorem 3.2 should be conjugated in order to be trace class. This is because Qm has a convolution
kernel, and convolution kernels are generally not trace class due to having infinite trace.

Recall that the integers m1, . . . ,mk were distinct in the statement of Theorem 3.2. There is a
permutation σ of {1, . . . , k} such that mσ(1) < mσ(2) < · · · < mσ(k). The inverse σ−1 then satisfies
the property that mi < mj if and only if σ−1(i) < σ−1(j). Let µ = mσ(k)−mσ(1) = maxi,j {mj−mi}
be the maximum gap between these integers.

The conjugation factor we append is a multiplication operator:

Mf(i, x) = (1 + x2)
κσ−1(i)f(i, x).

The numbers κi ≥ 0 need to satisfy κj − κi < −(µ/2) when i < j. For example, we may choose
κi = µ(k + 1 − i). The kernel Kℓ is replaced by M−1KℓM in the determinant, whose entries are
thus

M−1KℓM(i, u; j, v) =
(1 + v2)

κσ−1(j)

(1 + u2)
κσ−1(i)

Kℓ(i, u; j, v). (4.15)

Lemma 4.6. Suppose mi < mj, so that σ−1(i) = r < σ−1(j) = s. Let m = mj −mi. There are
functions fi and gj such that fi is bounded over [ai,∞), gj is integrable over [aj ,∞), and

(1 + v2)κs

(1 + u2)κr
|(ℓQm(ℓu, ℓv)| ≤ fi(u)gj(v).

Proof : From Lemma 4.2 we see that |ℓQm(ℓu, ℓv)| ≤ Cmeu−v(v−u)m−11{v≥u}. We have 2(κs−κr) <
−µ ≤ −m. Thus, there is a number κ satisfying 2κs +m < κ ≤ 2κr.

Since u ≥ ai, |v− u|m−1 ≤ Cai |v|m−1. Write eu−v = eu−v−κ log |v|+κ log |v| = |v|−κeu−v+κ log |v|. Set
gj(v) = (1+ v2)κs |v|m−1−κ. Now 2κs +m− 1− κ < −1, and so gj(v) is integrable over v ∈ [aj ,∞).
Set fi(u) = (1 + u2)−κr supv≥aj e

u−v+κ log |v|1{v≥u}. The supremum is obtained at v = u + O(κ).
Therefore, |fi(u)| ≤ Cκ|u|−2κr+κ, and this is bounded due to κ ≤ 2κr. □
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Lemma 4.7. The kernel ℓSn,−mi · S
hypo
n,mj (ℓu, ℓv) converges pointwise to SE,n,−mi · S

hypo(x)
E,n,mj

(u, v).

Furthermore, one has the estimate: |ℓSn,−mi · S
hypo
n,mj (ℓu, ℓv)| ≤ Ce−v for a constant C free of ℓ, u

and v.

Proof : One has

ℓSn,−mi · Shypo
n,mj

(ℓu, ℓv) =

∫
R
dz ℓSn,−mi(ℓu, ℓz) · ℓShypo(xℓ

n,mj
(ℓz, ℓv). (4.16)

From Lemmas 4.3 and 4.5, it follows that the integrand converges pointwise to SE,n,−mi(u, z) ·
S
hypo(x)
E,n,mj

(z, v). Furthermore, one has the decay estimate,

|ℓSn,−mi(ℓu, ℓz) · ℓShypo(xℓ

n,mj
(ℓz, ℓv)| ≤ Cez−u+xmj−v1{z≤u}.

The right side is integrable over z ∈ R. The dominated convergence theorem implies

ℓSn,−mi · Shypo
n,mj

(ℓu, ℓv) → SE,n,−mi · S
hypo(x)
E,n,mj

(u, v)

for every u, v ∈ R.
Finally, the decay estimate above also shows

|ℓSn,−mi · Shypo
n,mj

(ℓu, ℓv)| ≤
∫
R
dz Cez−u+xmj−v1{z≤u}

≤ C ′emj−v.

□

Lemmas 4.2 and 4.6 imply that the ℓQmj−mi(ℓu, ℓv)1{mi<mj} converges to Q
mj−mi

E 1{mi<mj}
pointwise and satisfies a sufficient global decay estimate after conjugation. Lemma 4.7 says ℓSn,−mi ·
Shypo
n,mj (ℓu, ℓv) converges pointwise to SE,n,−mi · S

hypo(x)
E,n,mj

(u, v). After conjugation, its global decay is
of order

Cmi,mj ,n
(1 + v2)

aσ−1(j)

(1 + u2)
aσ−1(i)

e−v

which is integrable of v ∈ [aj ,∞) and bounded in u ∈ [ai,∞) as the ai ≥ 0. This completes the
proof of Theorem 4.1.

4.4. Continuous time tasep. Continuous time tasep in an interacting particle system consisting of
particles on Z that move in continuous time t ≥ 0 There is some initial configuration of particles
at time t = 0. Each particle then attempts to jump one unit rightward at rate 1. The jump is
successful if there is no particle already occupying the jump site (the exclusion rule). See Liggett
(1999) for the fact that this process is probabilistically well defined.

Let us focus on the case when there is a rightmost particle, which is particle number 0. Label
the particles from right to left by integers n = 0, 1, 2, 3, · · · . Let Yn(t) be the location of particle
number n at time t. Let

GY (m,n) = time when particle number n makes jump number m.

for n ≥ 0 and m ≥ 1. The process GY and the initial condition Yn(0) determine the evolution of
tasep. The function GY satisfies the recursion

GY (m,n) = max{GY (m− 1, n), GY (m+ 1− gapn, n− 1)}+ ωm,n (4.17)

where ωm,n are independent Exp(1) random variables and gapn = Yn−1(0)−Yn(0) ≥ 1.
Consider the step initial condition with particles initially at sites −n for n ≥ 0. Particle number n

is the one initially at site −n. Let X∗
n(t) be the position of particle number n at time t. This process

is the space-noise dual of the Exponential lpp model. The boundary condition 0 < x1 < x2 < · · ·
translates to particle X∗

0 having a deterministic trajectory: it jumps one unit rightward at the times
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x1, x2, etc. The other particles move randomly at rate 1. Theorem 4.1 has the following corollary,
by way of property (7) of the space-noise dual.

Corollary 4.8. Consider continuous time tasep from the step initial condition X∗
n(0) = −n for

n ≥ 0. Let X∗
n(t) be the location of particle number n at time t. Let X∗

0 jump one unit rightward at
the times xk ∈ R with 0 < x1 < x2 < x3 < · · · . The other particles move randomly at rate 1 subject
to the exclusion rule. Then for n ≥ 1, times t1, t2, . . . , tk > 0, and distinct integers a1, . . . , ak ≥ −n,

Pr(X∗
n(ti) > ai; 1 ≤ i ≤ k) = det (I − χtJEχt)L2({1,2,...,k}×R) (4.18)

where χt(i, z) = 1{z≥ti} and the kernel JE is the kernel KE from Theorem 4.1 with choice of
parameters mi = ai + n+ 1 and n the same.

5. Brownian lpp and Brownian tasep

Brownian lpp operates on the domain Ds = [0,∞), Dt = {1, 2, 3, . . .} and Dη = R. The noise is
given by a collection of independent, standard Brownian motions x 7→ η(x, i), for i ≥ 1. Introduce a
boundary condition with a continuous function b : [0,∞) → R with b(0) = 0. Extend the temporal
domain to {0, 1, 2, 3, . . .} and set η(x, 0) = b(x). Consider the corner growth function G from (0, 0):

G(x, n) = LB(0, 0;x, n) = max
0≤x0≤···≤xn=x

b(x0) +
n∑

i=1

η(xi, i)− η(xi−1, i). (5.1)

5.1. Exponential to Brownian transition. Consider the Exponential lpp model (4.1). It can be used
to transition into the Brownian lpp model, as originally observed by Glynn and Whitt (1991).
Extend the noise η(x, i) in Exponential lpp to x ∈ [0,∞) by linear interpolation (i ≥ 0 remains
discrete). The boundary condition is η(x, 0) = x +

√
Nb(x/N), where N ≥ 1 be a large integer

scaling parameter. Define

ηN (x, i) =
η(Nx, i)−Nx√

N
i ≥ 1, (5.2)

ηN (x, 0) =
η(Nx, 0)−Nx√

N
= b(x). (5.3)

Denote by GE the corner growth function of the Exponential lpp model (4.3) with boundary con-
dition xk = k +

√
Nb(k/N). The scaled noise ηN is the noise of an lpp model on the domain

Ds = [0,∞), Dt = {0, 1, 2, . . .} and Dη = R. Its corner growth function GN from (0, 0) satisfies

GN (x, n) = max
0≤x0≤···≤xn=x

b(x0) +

n∑
i=1

ηN (xi, i)− ηN (xi−1, i) =
GE(⌈Nx⌉, n)−Nx− n√

N
+O(n/N).

(5.4)
By Donsker’s theorem, there exists a collection Bi(x) of independent, standard Brownian motions

coupled with the noise ηN for every N such that

ηN (x, i) → Bi(x) almost surely

uniformly over compact subsets of (x, i) ∈ [0,∞) × N. In fact, since the increments of η(x, i) in
Exponential lpp are Exponential random variables, one has a quantitative rate of convergence via
the KMT approximation (Chatterjee, 2012). For every real T > 0 and integer n ≥ 1, there is a
random constant CT,n with E [CT,n] < ∞ such that

sup
x∈[0,T ],1≤i≤n

|ηN (x, i)−Bi(x)| ≤ CT,n
logN√

N
. (5.5)
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From this convergence of the noise it follows that the lpp model with noise ηN converges to the
Brownian lpp model. In particular, for the corner growth function G(x, n) in (5.1), one has

G(x, n) = lim
N→∞

GN (x, n)

almost surely (here the Brownian lpp is driven by the Brownian motions in the aforementioned
coupling), with the convergence being uniformly over compacts. Consequently, for x1, . . . , xk > 0,
n ≥ 1 and a1, . . . , ak ∈ R, due to (5.4),

Pr(G(xi, n) ≤ ai, 1 ≤ i ≤ k) = lim
N→∞

Pr(GE(⌈Nxi⌉, n) ≤ Nxi + n+
√
Nai, 1 ≤ i ≤ k) (5.6)

5.2. Fixed time law of Brownian lpp with boundary. Define the following integral kernels acting on
R.

For x > 0, define the heat kernel

e
x
2
∂2
(u, v) =

1√
2πx

e−
(u−v)2

2x .

For x > 0 and n ≥ 1, define

SB,n,−x(u, v) =
1

2πi

∮
|w|=1

dw e−
x
2
w2+(u−v)ww−n, (5.7)

S̄B,n,x(u, v) =
1

2πi

∮
ℜ(w)=0

dw e
x
2
w2+(u−v)wwn. (5.8)

The contour {ℜ(z) = 0} = {it; t ∈ R} is oriented upward.
These kernels can be expressed in terms of Hermite polynomials. Recall the Hermite polynomials

Hn(x) = (−1)nex
2/2∂ne−x2/2, exz−

1
2
z2 =

∞∑
n=0

Hn(x)
zn

n!
. (5.9)

Then,

SB,n,−x(u, v) =
x(n−1)/2

(n− 1)!
Hn−1

(u− v√
x

)
, (5.10)

S̄B,n,x(u, v) = (−1)nx−n/2e
x
2
∂2
(u, v)Hn

(u− v√
x

)
. (5.11)

Define the kernel
S
hypo(b)
B,n,x (u, v) = E

[
S̄B,n,x−τ (B(τ), v)1{τ≤x} | B(0) = u

]
(5.12)

where B(y) is a standard Brownian motion started from B(0) = u and

τ = inf{y ≥ 0 : B(y) ≤ b(y)}.

The kernel Shypo(b)
B,n,x can be interpreted in terms of a hitting probability. We have that S̄B,n,x(u, v) =

∂ne
x
2
∂2
(u, v). Since e

x
2
∂2
(u, v) = e(u−v)2/2x/

√
2πx,

∂ne
x
2
∂2
(u, v) = ∂n

ue
(u−v)2/2x/

√
2πx = (−1)n∂n

v e
(u−v)2/2x/

√
2πx.

As a result, Shypo(b)
B,n,x (u, v) = (−∂v)

nE
[
e(

x−τ)
2

∂2
(B(τ), v)1{τ≤x} | B(0) = u

]
. By the strong Markov

property of Brownian motion,

E
[
e(

x−τ)
2

∂2
(B(τ), v)1{τ≤x} | B(0) = u

]
= Pr(τ ≤ x,B(x) ∈ dv | B(0) = u).

Therefore,
S
hypo(b)
B,n,x (u, v) = (−∂v)

n Pr(τ ≤ x,B(x) ∈ dv | B(0) = u). (5.13)
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Finally, for n ≥ 1 and distinct x1, . . . , xk > 0, define the kernel KB according to

KB(i, ·; j, ·) = −e
(xj−xi)

2
∂2
1xi<xj + SB,n,−xiS

hypo(b)
B,n,xj

. (5.14)

The kernel acts on the space L2({1, . . . , k} × R).

Theorem 5.1. Let n ≥ 1 be an integer, x1, . . . , xk > 0 and a1, . . . , ak be real numbers such that the
xi are distinct. Assume b : [0,∞] → R is continuous and b(0) = 0. For the growth function G in
(5.1),

Pr(G(xi, n) ≤ ai; 1 ≤ i ≤ k) = det(I − χaKBχa)L2({1,...,k}×R)

with χa(i, z) = 1{z≥ai}.

Example 5.2. Consider the boundary b ≡ 0. In order to compute the kernel KB, we need to calculate
Px(u, v) = Pr(τ ≤ x,W (x) ∈ dv | W (0) = u) where x > 0 and W is a standard Brownian motion.
The event {τ ≤ x} occurs automatically if u ≤ 0 or u > 0 and v ≤ 0. For u, v > 0, the reflection
principle gives Px(u, v) = e

x
2
∂2
(−u, v). Therefore,

S
hypo(b)
B,n,x (u, v) = (−∂v)

nPx(u, v) = x−n/2Hn(
v − u√

x
)e−

(u−v)2

2x (1u≤0 + 1u>0,v≤0)

+ x−n/2Hn(
v + u√

x
)e−

(u+v)2

2x 1u>0,v>0.

Suppose v ≤ 0. Then,

SB,n,−x1 · S
hypo(b)
B,n,x2

(u, v) =
x
(n−1)/2
1 x

−n/2
2

(n− 1)!
√
2πx2

∫ ∞

−∞
dz Hn−1(

u− z
√
x1

)Hn(
v − z
√
x2

)e
(v−z)2

2x2

=
x
(n−1)/2
1 x

−n/2
2

(n− 1)!
√
2πx2

∫ ∞

−∞
dz Hn−1

(u− v +
√
x2z√

x1

)
Hn(z)e

−z2/2

The integral above is zero because Hn−1(·) is a polynomial in z or degree at most n− 1 and Hn is
orthogonal to such polynomials under the density e−z2/2.

Suppose v > 0. A calculation similar to the above gives:

SB,n,−x1 ·S
hypo(b)
B,n,x2

(u, v) =
x
(n−1)/2
1 x

−n/2
2

(n− 1)!
√
2πx2

∫ ∞

0
dz
(
Hn−1

(u+ z
√
x1

)
+Hn−1

(u− z
√
x1

))
Hn(

z + v
√
x2

)e
− (z+v)2

2x2 .

As such, we find that

KB(i, u; j, v) = −e
− (u−v)2

2(xj−xi)1xi<xj + 1v>0

x
(n−1)/2
i x

−n/2
j

(n− 1)!
√
2πxj

×∫ ∞

0
dz
(
Hn−1

(u+ z
√
xi

)
+Hn−1

(u− z
√
xi

))
Hn

(z + v
√
xj

)
e
− (z+v)2

2xj .

5.3. Proof of Theorem 5.1. We use Theorem 4.1 to take the the limit on the right side of (5.6) and
obtain a Fredholm determinant. Consider the Exponential lpp model with boundary conditions
xk = k +

√
Nb(k/N). Then,

Pr(GE(⌈Nxi⌉, n) ≤ Nxi + n+
√
Nai, 1 ≤ i ≤ k) = det

(
I − χNKNχN

)
L2({1,...,k}×R)

where χN (i, u) = 1{u≥ai−(n/
√
N)} and

KN (i, u; j, v) =
√
NKE(i,Nxi +

√
Nu; j,Nxj +

√
Nv).

It is clear that χN → χa as N → ∞.
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As in the proof of Theorem 4.1, we derive the limit of each of the constituent kernels (4.8) and
(4.11), and then perform some decay estimates to derive the limit of KN as KB.

5.3.1. Limits of constituent kernels.

Lemma 5.3. Suppose x1 < x2. Let n1 = ⌈Nx1⌉, n2 = ⌈Nx2⌉, u1 = Nx1 +
√
Nu and u2 =

Nx2 +
√
Nv. Then,

√
NQn2−n1

E (u1, u2) → e
(x2−x1)

2
∂2
(u, v)

pointwise in u, v ∈ R. Furthermore, one has the decay estimate:

|
√
NQn2−n1

E (u1, u2)| ≤ Cx1,x2e
(u−v)2

2(x2−x1) , for all u, v ∈ R.

Proof : We may use Stirling’s approximation of factorials: n! =
√
2πn(n/e)n × (1 + O(1/n)). The

error term is uniformly bounded in n, so there is a constant C such that n! ≤ C
√
2πn(n/e)n.

Recall Qm(u1, u2) = eu1−u2 (u2−u1)m−1

(m−1)! 1{u2≥u1}. Using Stirling’s approximation for (m − 1)!,
m = n2 − n1, and some bookkeeping, one finds

√
NQm(u1, u2) = (

√
2π(x2 − x1))

−1e(v−u)2/2(x2−x1) × (1 +O(1/N)).

Also, the multiplicative error term is uniformly bounded by some constant C for all u, v ∈ R. □

Lemma 5.4. Suppose x > 0, m = ⌈Nx⌉ and n ≥ 1. Let u1 = Nx+
√
Nu and u2 =

√
Nv. Then,

√
NSE,n,−m(u1, u2) = SB,n,−x(u, v)× 1{v−u≤

√
Nx}N

n/2(1 +O(xN−1/2)).

The constant in the error term O(xN−1/2) is uniformly bounded in N ≥ 1, u, v ∈ R and x ≥ 0.

Proof : From the definition, we have

√
NSE,n,−m(u1, u2) = −

√
N

2πi

∮
|w−1|=1

dw e(w−1)(
√
N(v−u)−Nx)w⌈Nx⌉(1− w)−n 1{v−u≤

√
Nx}

= −
√
N

2πi

∮
|w−1|=δ>0

dw e(w−1)(
√
N(v−u)−Nx)w⌈Nx⌉(1− w)−n 1{v−u≤

√
Nx}.

Change variables w = 1− z
N and δ = δ′/

√
N for δ′ > 0. Then the above becomes

√
NSE,n,−m(u1, u2) =

1

2πi

∮
|z|=δ′>0

dz ez(u−v)+
√
Nzx+⌈Nx⌉ log(1−z/N)(z/

√
N)−n 1{v−u≤

√
Nx}.

If |z| = δ′ ≤ 1/2 then Taylor expansion gives log(1 − z
N ) = − z√

N
− z2

2N + O(N−3/2) where the big
O term has a absolute constant (free of all parameters). Since ⌈Nx⌉ −Nx ∈ [0, 1], we find that

√
NSE,n,−m(u1, u2) =

1

2πi

∮
|z|=δ′

dz e−
x
2
z2+(u−v)zz−n ×Nn/2(1 +O(xN−1/2))1{v−u≤

√
Nx}.

We recognize the integral on the right side as SB,n,−x(u, v). □

Lemma 5.5. Suppose x > 0, m = ⌈Nx⌉ and n ≥ 1. Let u2 = Nx+
√
Nv and u1 =

√
Nu. Then,

√
NS̄E,n,m(u1, u2) = S̄B,n,x(u, v)N

−n/2(1 +O(xN−1/2)).

The constant in the error term O(xN−1/2) is uniformly bounded in N ≥ 1, u, v ∈ R and x ≥ 0.
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Proof : By definition of S̄E ,
√
NS̄E,n,m(u1, u2) =

√
N

2πi

∮
|w|=δ

dw e(w−1)(
√
N(v−u)+Nx)w−⌈Nx⌉(1− w)n.

We choose δ = 1 and parametrize w = w(θ) = eiθ/
√
N for |θ| ≤ π

√
N . We change variables

w = 1− z√
N

. Then z(θ) = (1−eiθ/
√
N )

√
N . Let γN denote the closed contour sketched out by z(θ).

We have |z(θ)| ≤
√
N min{2, |θ|/

√
N} and, locally, z(θ) = −iθ if |θ| = O(1) in N .

In the new variable we find that
√
NS̄E,n,m(u1, u2) = − 1

2πi

∮
γN

dz eFN,x(z)+z(u−v)zn ×N−n/2

with FN,x(z) = −
√
Nxz −Nx log(1− z/

√
N).

Locally, if |θ| ≤ L, then by Taylor expansion FN,x(z(θ)) = x
2 (z(θ)

2 + O(xL/
√
N) and z(θ) =

−iθ + O(L/
√
N). The big O constant is free of all parameters. The contour γN approximates the

vertical line {ℜ(z) = 0} = {iθ : θ ∈ R}, oriented downwards. The integrand converges pointwise in
θ to e

x
2
z2+z(u−v)zn with z = z(θ) = −iθ.

Globally, since 1− z(θ)√
N

= eiθ/
√
N , we have ℜ(FN,x(z(θ))) = −Nxℜ(z(θ))−Nx log(1) = −Nx(1−

cos(θ/
√
N)). For |θ| ≤ π

√
N , 1− cos(θ/

√
N) ≥ θ2/10N . Therefore, ℜ(FN,x(z(θ)) ≤ −θ2x/10 since

x ≥ 0. Also, ℜ(z(θ)(u − v)) ≤ |θ||u − v| because |z(θ)| ≤ |θ|. Similarly, |z(θ)|n ≤ |θ|n. Therefore,
the integrand is bounded above by e−θ2x/10+|θ||u−v|+n log |θ|.

From the dominated convergence theorem, and re-orienting the limit contour upwards, we have
that √

NS̄E,n,m(u1, u2) = S̄B,n,x(u, v)N
−n/2 × (1 +O(x/

√
N)).

□

Lemma 5.6. Suppose x > 0, m = ⌈Nx⌉ and n ≥ 1. Let u2 = Nx +
√
Nv and u1 =

√
Nu. Let

yNk = k +
√
Nb(k/N). Then,

√
NS

hypo(yN )
E,n,m (u1, u2) = S

hypo(b)
B,n,x (u, v)×N−n/2(1 +Ox,n(1/

√
N)).

Proof : We have
√
NS

hypo(yN )
E,n,m (u1, u2) = E

[√
NS̄E,n,⌈Nx⌉−τN (Bn(τN ), Nx+

√
Nv)1{τN<⌈Nx⌉} | BN (0) =

√
Nu
]
.

Here BN (m) is a random walk with Exp(1) step distribution and τN = inf{m ≥ 0 : Bn(m) ≤ yNm+1}.
Define the scaled walk B̄N (y) = BN (⌈Ny⌉)−Ny√

N
and τ̄N = τN/N . Using the fact that S̄E,n,m(u +

a, v) = S̄E,n,m(u, v − a), and Lemma 5.5, we see that
√
NS

hypo(yN )
E,n,m (u1, u2) = E

[
S̄B,n,x−τ̄N (B̄N (τ̄N ), v)1{τ̄N≤x} | B̄N (0) = u

]
N−n/2(1 +O(x/

√
N)).

By Donsker’s theorem and Shorokhod representation theorem, we may find a coupling of the
scaled walks B̄N for every N together with a Brownian motion B such that B̄N → B uniformly on
compacts. In fact, the KMT approximation gives a coupling satisfying

sup
y∈[0,x]

|B̄N (y)−B(y)| ≤ Cx(logN)/
√
N

where E [Cx] < ∞. From this and the smoothness of S̄B,n,x(u, v) in all parameters, we can deduce
that∣∣E [S̄B,n,x−τ̄N (B̄N (τ̄N , v))1{τ̄N≤x} |B̄N (0) = u

]
−E

[
S̄B,n,x−τ̄ (B(τ̄ , v))1{τ̄≤x} |B(0) = u

] ∣∣ ≤ C
logN

N1/2

where τ̄ = inf{y ≥ 0 : B(y) ≤ b(y)} is the almost sure limit of τ̄N . The lemma follows. □
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5.3.2. Completing the proof. Lemmas 5.3, 5.4, and 5.6 establish pointwise convergence of the con-
stituent kernels of KB. To complete the proof, we have to establish decay estimates so that the
Fredholm series expansion converges absolutely. That the errors provided by the aforementioned
lemmas are uniformly bounded in all parameters. Thus, it is enough to show decay estimates for
the kernels QB, SB,n,−x and S

hypo(b)
B,n,x . This will also confirm that KB has an absolutely convergent

Fredholm series.
In order to get decay estimates, we have to conjugate the kernel KB. The conjugation factor we

need for the (i, j) block is
(1 + v2)k+n−σ−1(j)

(1 + u2)k+n−σ−1(i)
(5.15)

where σ is the permutation for which xσ(1) < xσ(2) < · · · < xσ(k).
With this conjugation factor, arguing as in the proof of Lemma 4.6, it follows that

(1 + v2)k+n−σ−1(j)

(1 + u2)k+n−σ−1(i)
e

xj−xi
2

∂2
(u, v)1{xi<xj} ≤ fi(u)gj(v)

where fi is bounded and gj is integrable over R.
Lemma 5.7. Suppose n ≥ 1 and x ∈ [0, T ]. There is a constant Cn,T such that

|SB.n,−x(u, v)| ≤ Cn,T (|u− v|n−1 + 1) and |S̄B,n,x(u, v)| ≤ Cn,T (|u− v|n + 1)e
x
2
∂2
(u, v).

Proof : The bounds follow from (5.10), which represents these kernels in terms of Hermite polyno-
mials. □

Lemma 5.8. Let B be a standard Brownian motion, x > 0, and τ = inf{y ≥ 0 : B(y) ≤ b(y)}. Let
µ = maxy∈[0,x] b(y). If z > µ then Pr(τ ≤ x | B(0) = z) ≤ 2e−(z−µ)2/2x.
Proof : In order for B to hit b by time x, it must go below level µ since z > µ. The latter event has
the same probability as B started from 0 hitting level z − µ by time x. This can be calculated by
the reflection principle; it equals Pr(|B(x)| > z − µ). Since Pr(|B(x)| > a) ≤ 2e−a2/2x, the lemma
follows. □

Proposition 5.9. Let a ∈ R and 0 < x1, x2 ≤ T . Set |µ| = maxy∈[0,x2] |b(y)|. There is a constant
C = Ca,T,|µ|,x2,n such that for all u ∈ R and v ≥ a,

|SB,n,−x1 · S
hypo(b)
B,n,x2

(u, v)| ≤ C(|u|n−1 + 1)(|v|n + 1)e−
v2

4T .

Proof : Decompose SB,n,−x1 · S
hypo(b)
B,n,x2

(u, v) = (I) + (II), where

(I) =

∫ 0

−∞
dz SB,n,−x1(u, z)S

hypo(b)
B,n,x2

(z, v)

(II) =

∫ ∞

0
dz SB,n,−x1(u, z)S

hypo(b)
B,n,x2

(z, v)

Consider (I) first. Since z ≤ 0, and b(0) = 0, the hitting time τ in S
hypo(b)
B,n,x2

(z, v) is zero. So

S
hypo(b)
B,n,x2

(z, v) = S̄B,n,x2(z, v). Then using Lemma 5.7 we find

|(I)| ≤
∫ −v

−∞
dz Cn,T (|u− v − z|n−1 + 1)(|z|n + 1)e−z2/2x2 .

If v ≥ 0 then the contribution to the integral above comes from the region z ≈ −v. If v < 0 then it
comes from the region z ≈ 0. Since v ≥ a by assumption, we find that

|(I)| ≤ C ′
n,T (|v|m + 1)(|u|n−1 + 1) [e−v2/2x21{v≥0} + 1{v∈[a,0]}]

≤ Ca,n,T (|v|m + 1)(|u|n−1 + 1)e−v2/2T



Particles and Polymers 985

Now consider (II). Due to Lemma 5.7 we have

|Shypo(b)
B,n,x2

(z, v)| ≤ Cn,T E
[
(|v −B(τ)|n + 1)e

(x2−τ)
2

∂2
(B(τ), v)1{τ≤x2} | B(0) = z

]
.

If τ ≤ x2 then |B(τ)| ≤ |µ| because B(τ) = b(τ) by continuity of b. Therefore,

|Shypo(b)
B,n,x2

(z, v)| ≤ Cn,T,|µ|(|v|n + 1)E
[
e

(x2−τ)
2

∂2
(B(τ), v)1{τ≤x2} | B(0) = z

]
.

Due to the strong Markov property of Brownian motion, we recognize the expectation above as
Pr(τ ≤ x2, B(x2) ∈ dv | B(0) = z). By the Cauchy-Schwarz inequality,

Pr(τ ≤ x2, B(x2) ∈ dv | B(0) = z) ≤ Pr(τ ≤ x2 | B(0) = z)1/2 · Pr(B(x2) ∈ dv | B(0) = z)1/2.

By Lemma 5.8 we have Pr(τ ≤ x2 | B(0) = z) ≤ 1{z≤µ} + 2e−(z−µ)2/2x21{z>µ}, where µ =

maxy∈[0,x2] b(y). We also have Pr(B(x2) ∈ dv | B(0) = z) = (
√
2πx2)

−1/2e−(z−v)2/2x2 . Therefore,

|Shypo(b)
B,n,x2

(z, v)| ≤ Cn,T,|µ|,x2
(|v|n + 1)

[
1{0≤z≤µ} + e

− (z−µ)2

4x2 1{z>µ}

]
e
− (z−v)2

4x2

This estimate together with the estimate |SB,n,−x1(u, z)| ≤ Cn,T (|u− z|n−1 + 1) implies

|(II)| ≤ Cn,T,|µ|,x2
(|u|n−1 + 1)(|v|n + 1)e−v2/4T

Combining the bounds on (I) and (II) proves the lemma. □

Proposition 5.9 shows that if we conjugate SB,n,−xi · S
hypo(b)
B,n,xj

by the factor in (5.15), then it
is bounded in absolute value by fi(u)gj(v) where fi is bounded over R and gj is integrable over
[aj ,∞). So the Fredholm series expansion of det (I − χaKBχa) with the conjugation is absolutely
convergent. This completes the proof of Theorem 5.1.

5.4. Brownian tasep. Consider the Brownian tasep (1.3) with initial condition Xn(0) = 0 for every
n ≥ 0. We find that

Xn(t) = − max
0≤k≤n

{LB(0, k; t, n)} = −LB(0, 0; t, n) = −G(t, n)

In other words, X is the space-time dual of G. Now looking at (5.1), if b is the boundary condition for
Brownian lpp, then the above shows that X0 = −b moves deterministically. Then X1 is a Brownian
motion reflected (to the left) off −b, X2 is a Brownian motion reflected off X1, etc. Theorem 5.1
thus implies

Corollary 5.10. Consider Brownian tasep started from Xn(0) = 0 for n ≥ 0. Let Xn(t) be the
location of particle number n at time t. Let X0 move deterministically according to a continuous
function −b. The other particles move randomly as Brownian motion being reflected to the left off
the particle to its right. Then for n ≥ 1, distinct times t1, t2, . . . , tk > 0, and a1, . . . , ak ∈ R,

Pr(Xn(ti) ≥ ai; 1 ≤ i ≤ k) = det (I − χ−aJBχ−a)L2({1,2,...,k}×R) (5.16)

where χ−a(i, z) = 1{z≥−ai} and the kernel JB is the kernel KB from Theorem 5.1 with choice of
parameters xi = ti and n the same.
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5.5. Brownian tasep with general initial conditions and Warren’s formula. Consider the Brownian
tasep (1.3) with general initial conditions X1(0) ≥ X2(0) ≥ · · · . Warren (2007) provided a formula
for the transition probability of this system. Let x, y ∈ RN with x1 ≥ x2 ≥ · · · ≥ xN and likewise
for y. Warren proved:

Pr(X(t) ∈ dy | X(0) = x) = det
(
∂j−iϕt(yj − xi)

)
dy. (5.17)

Here ϕt is the probability density of a Normal random variable with mean 0 and variance t:

ϕt(x) =
1√
2πt

e−
x2

2t .

Actually, in Warren’s convention, the particles are ordered in reverse. This corresponds to the
negation of the process (1.3). The formula does not change because ϕt is symmetric. Warren’s
formula is in fact the precursor to Johansson’s formula (3.3). It came about from the construction
of the Warren process in Warren (2007), which is a randomly evolving Gelfand-Tsetlin pattern in
continuous space-time. Its rows perform Dyson Brownian motion subject to interlacing constraints
and its right edge is Brownian tasep. The formula (5.17) comes from an intertwining relation
between the bottom row and the right edge.

5.5.1. Deriving Warren’s formula. Johansson’s formula can be used to derive Warren’s, which brings
our discussion full circle. In Brownian lpp, space and noise occupy continuous domains. As such,
pushing and blocking mechanisms come together to become reflection. One can thus derive (5.17)
from (3.3) by way of (4.6).

We will use Warren’s convention for Brownian tasep, namely that particles are ordered from
smallest to largest: X1(t) ≤ X2(t), . . . , XN (t). We assume there are N particles started from
x1 = X1(0) ≤ · · · ≤ XN (0) = xN . Let ℓ > 0 be a large scaling parameter. Consider the Exponential
lpp model (4.1) with boundary conditions G(m, 0) =

√
ℓxm +m, 1 ≤ m ≤ N . Define, for t ≥ 0,

G⃗ℓ(t) =

(
G(k, ⌈ℓt⌉)− (ℓt+ k)√

ℓ
; 1 ≤ k ≤ N

)
Define for integers x, k ≥ 1

η∗ℓ (x, k) =
x∑

i=1

ωk,i η∗ℓ (0, k) = 0

Extend η∗ℓ to x ∈ [0,∞) by linear interpolation. We have that for every k,

η̄ℓ(t, k) =
η∗ℓ (ℓt, k)− ℓt√

ℓ
→ B∗

k(t)

as ℓ → ∞, where B∗
k are independent, standard Brownian motions.

We can write the corner growth function as

G(k, n) = max
1≤m≤k

√
ℓxm +m+ L∗(1,m; k, n),

where

L∗(1,m; k, n) = max
1=xm−1≤xm≤xm+1≤···≤xN=n

N∑
i=m

η∗ℓ (xi, i)− η∗ℓ (xi−1 − 1, i).

Observe that

L∗(1,m; k, ℓt)− (ℓt+ k −m)√
ℓ

= max
0=tm−1≤tm≤<···≤tN=t

N∑
i=m

η̄ℓ(ti, i)− η̄ℓ(ti−1, i) +Op

( N√
ℓ

)
.
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As ℓ → ∞, the above converges in law to LB(0,m; t,N), where LB is the lpp function for the
Brownian lpp model. Hence,

G(k, ⌈ℓt⌉)− (ℓt+ k)√
ℓ

→ max
1≤m≤k

xm + LB(0,m; t,N)

in law, for every k, as a process in t. Thus,

G⃗ℓ(t) → X(t) = (X1(t), . . . , XN (t)),

the latter being the Brownian tasep started from x1 ≤ · · · ≤ xN .
In order to derive the transition probability (5.17), we must compute

Pr(X(t) ∈ dy | X(0) = x)/dy = lim
ℓ

Pr(G⃗ℓ(t) ∈ dy | G⃗ℓ(0) = x)/dy

= lim
ℓ

Pr(G(k, ⌈ℓt⌉) ∈ ℓt+ kd(
√

ℓy))/d(
√
ℓy) ℓN/2

= lim
ℓ

det
(
[∂j−i ·Wℓt](ℓt+ j +

√
ℓ(yj − xi))

)
ℓN/2.

Observe that

[∂j−i ·Wℓt](ℓt+ j +
√
ℓ(yj − xi)) = ∂j−i

yj [Wℓt(ℓt+ j +
√
ℓ(yj − xi)]× ℓ(i−j)/2.

The last factor of ℓ(i−j)/2 is a conjugation and can be removed from the determinant. Stirling’s
approximation of factorials : n! =

√
2πn(n/e)n × (1 +O(1/n)) shows

Wℓt(ℓt+ j +
√
ℓ(yj − xi)) =

1√
2πℓt

e−
(yj−xi)

2

2t × (1 +O(1/ℓ)).

Therefore,

det
(
[∂j−i ·Wℓt](ℓt+ j

√
ℓ(yj − xi))

)
= det

(
[∂j−i · ϕt](yj − xi)

)
ℓ−N/2 × (1 +O(1/ℓ)).

So, finally,
Pr(X(t) ∈ dy | X(0) = x)/dy = det

(
∂j−iϕt(yj − xi)

)
.

We also note that for k ∈ Z,

∂kϕt(x) =
1

2πi

∮
ℜ(z)=δ>0

dz e
t
2
z2+xzzk.

5.5.2. General initial conditions. One can use the formula (5.17) together with the Eynard-Mehta
method and the solution of the corresponding bi-orthogonalization problem to express

Pr(Xni(t) ≤ ai, 1 ≤ i ≤ k | X(0)) = det (I −K)L2({1,...,k}×R)

as a Fredholm determinant of a kernel K. Another way to go about it is to use Theorem 4.1. We
have that

Pr(Xni(t) ≤ ai, 1 ≤ i ≤ k | X(0)) = lim
ℓ→∞

Pr

(
G(ni, ⌈ℓt⌉)− ℓt√

ℓ
≤ ai; 1 ≤ i ≤ k

)
Theorem 4.1 provides a Fredholm determinant formula for the latter probability. On taking the
large ℓ limit, one obtains a Fredholm determinant formula for Brownian tasep. This determinant
formula has actually been derived in Nica et al. (2020) by taking a certain low-density limit of
continuous time tasep. As such, we do not proceed further and end here.
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