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Abstract. We explore the connection between tasep-like interacting particle systems and last pas-
sage percolation type polymer models, focusing on three models: Geometric, Exponential and Brow-
nian last passage percolation and their associated tasep particle systems. We explain how formulas
for certain natural observables in last passage percolation translate to formulas for tasep, by going
through a notion of “duality”. In turn, we obtain determinant formulas for last passage percolation
with a deterministic boundary and for tasep with a deterministic first particle trajectory.

1. Introduction

1.1. Duality. There is a close connection between certain interacting particle systems with one-
sided interaction (such as tasep) and certain directed 2-d polymer models (such as last passage
percolation). This connection is made through a variational formula which, for tasep-like systems,
expresses their evolution in terms of the initial condition and a metric semigroup law of the associated
polymer model. It is the probabilistic analogue of the Hopf-Lax-Oleinik formula, which gives the
solution of certain Hamilton-Jacobi equations (such as Burgers’ equation) as a variational principle
involving the initial condition and a certain Legendre dual. As such, a good word to describe this
connection would be “duality”. Duality is like a dictionary between two languages. It need not be
a bijection.

It is well known that the hydrodynamics of tasep (which is the abbreviation of “totally asymmet-
ric simple exclusion process”) is given by Burgers’ equation (Liggett, 1999). Perhaps the earliest
realization of this duality within probability is due to Rost (1981), who saw that the hydrodynamics
of tasep could be used to establish limit shapes for Exponential last passage percolation. Hydrody-
namics and limit shapes are laws of large numbers. What is remarkable about this duality between
particles and polymers is that it extends all the way to fluctuations. This is the connection between
the KPZ fixed point (Matetski et al.,; 2021) and the directed landscape (Dauvergne et al., 2022) as
explained in Dauvergne and Virag (2021); Nica et al. (2020); Rahman and Virag (2025). Duality
provides a coupling between these two objects in terms of a variational principle which translates
many properties between them.

Let’s consider this duality from the viewpoint of Brownian last passage percolation and Brownian
tasep. Brownian last passage percolation is defined in terms of a family Wi, Ws, ... of independent,
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standard Brownian motions. It is a stochastic process defined over the domain {(s,n;t,m) €
(RxZ)?:0<s<t;1<n<m}. Thelast passage value from (s,n) — (t,m) is
SztnflgtngtnleS"'Stm

L(s,n;t,m) = max :tZWk(tk) — Wi(tr_1). (1.1)
k=n

Brownian tasep (also called reflected Brownian motions, see Weiss et al. (2017)) is an interacting
particle system

X(t) = (X1(t) = Xo(t) = X3(t) = ---) (1.2)
where t > 0 and X,,(t) € R. Its evolution is described through a family Wi, W, ... of independent
Brownian motions. Given an initial condition X;(0) > X2(0) > ---, W' is a Brownian motion

started from X, (0). Particle 1 has trajectory X; = W{". Particle 2 moves according to W3 reflected
to the left off X;. In general, particle n has trajectory X, which is W) reflected to the left off
Xn—1. The reflection is in the sense of Skorokhod (see below). The relation between Brownian last
passage percolation and Brownian tasep is

Xn(t) = min {X;(0) — L(0,k;t,n)}. (1.3)

1<k<n

The equality here is not just in law for two stochastic processes. It is more of less a deterministic
identity. One can simply define the left-side in terms of the right-side; the Brownian motions Wy, are
transmuted deterministically to W;'. Duality produces a dictionary to express probabilities for X
in terms of L and vice-versa. In doing so, it “permutes” the roles of space, time and noise. For such
a thing to work, space, time and noise should occupy the same dimension, ergo, (1+1)-dimensional
models. In this article, we try to understand duality between tasep-like systems and last passage
percolation type models. Along the way, we find theorems that come about from the language alone;
so we spend some time developing the language itself.

1.2. Skorokhod reflection. Let f1, fa : [0,00) — R be continuous functions with f2(0) > f1(0). The
Skorokhod reflection, upwards, of fo off f; is the function

F2© () = max{ fo(t), max f1(s) + fot) — fo(s) (14

for t > 0. Visually, the graph of fo ® f1 is the graph of f, pushed upwards from the graph
of fi. When f3(0) = f1(0) = 0, the maximum in (1.4) is obtained by the second argument:
(f2 © fi)(t) = maxgeioq f1(s) + fa(t) — fa(s).

Now let B(t) be a standard Brownian motion and consider B ® b, where b(t) is a continuous
function with b(0) = 0. We have the following determinant formula for the finite dimensional laws
of B®b as the n =1 case of Theorem 1.2 below.

Proposition 1.1. Let B(t) be a standard Brownian motion and b : [0,00) — R be continuous with
b(0) =0. Let 0 <ty <ty <...<tg. Then,

The determinant is the Fredholm determinant understood through its series expansion. The integral
kernels Q and R are as follows.

o 1 —fa
Qi,u;j,v) = me M7 1y <t iz awzas)
j i
o0
Rli,us j,v) = / 02 0, Pr(r < t;, W(t;) € dv | W(0) = 2) Lusasvma,}-
—00

Here W : [0,00) — R is a standard Brownian motion and T = inf{t > 0: W (t) < b(t)} is a hitting
time.
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Notice that R has rank one and @ is strictly upper triangular in terms of its k x k block structure.
Therefore,

det(I+Q+R) =det (I +Q) (1 +tr((I +Q)'R))
:1+m«[+@fﬁa

—1—1-2 )itr(Q'R)

In the last line we have used the fact that Q¥ = 0 to write (I +Q)™! = 1-Q+Q?-- -4 (—1)F1QF L.

In the classical setting of Skorokhod reflection, one takes f; = 0. If X(t) = f ® 0(t), then
X(t) = f(t) + L(t) where L(t) = maxo<s<¢ f($)—. The process L is like a local time of X at zero;
it is non-decreasing and may increase only at times when X (t) = 0 (Revuz and Yor, 1991). If f

is a standard Brownian motion B then X = |B |. Skorokhod reflection arises naturally in contexts
involving reflected or coalescing Brownian motions; see, for instance, Soucaliuc et al. (2000) for
a discussion and also invariance properties of Brownian motion under reflection. Proposition 1.1
appears to be the first instance of a formula for the reflection of Brownian motion off a deterministic
function.

1.3. Brownian last passage percolation and Brownian tasep. Let b : [0,00) — R be a continuous
function and let Wy, W, ... be a family of independent, standard Brownian motions. Brownian last
passage percolation with a boundary b is the following process G defined on the set {(¢t,n) € Rx Z :
t>0,n>0}.

n
Gost,n) = max_ _ b(to) + kzl Wi(t) = Wi(ti1) = max b(to) + Lito, Lit,n)  (15)
where L is from (1.1). Visually, G(b;t,0) = b(t), G(b;t,1) is the reflection of Wj off b, G(b;t,2) is
the reflection of Wy off G(b;t,1), and so on.

Classical Brownian last passage percolation considers the so-called narrow wedge initial condition
whereby b(0) = 0 and b(t) = —oo otherwise. In this case, G(b;t,n) = L(0,1;¢,n). It is by now
a well known fact that L(0,1;1 n) has the same law as the largest eigenvalue of an n x n GUE
random matrix (Gravner et al.; 2001). More generally, the process n — L(0, 1;1,n) has the law of
the largest eigenvalue of the minors of an infinite GUE random matrix (Baryshnikov, 2001).

1.3.1. A formula for the law of Brownian last passage percolation with boundary. We determine the
finite dimensional laws of ¢ — G(b;¢,n). This is stated in Theorem 5.1 of Section 5, and we restate
it here.

Theorem 1.2. Letn > 1. Let 0 <t; <ty <...<tr and ay,...,a be real numbers.
Pr(G(b;ti,n) < a;1 <i<k)=det(I —xXaKBXa)L2({1,....k} xR)
with Xa(i,2) = 1,>q4,} and the integral kernel Kp is as follows.
(t;—t4)

. . 2 hypo(b
KB(Za Uus 7, U) = —€ ? (u7 U) 1t¢<tj + Sn,ti ’ Sn,?ﬁm( )(ua U)' (16)
The kernels
1 (u—v)?
2% (u,v) = e 2 t>0,
27t
¢(n—1)/2 U—v

SHre0) (y,0) = (=8,)" Pr(r < t,W(t) € dv | W(0) =u) ¢ > 0.
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Here W is a standard Brownian motion, H,, is the n-th Hermite polynomial and 7 = inf{t > 0 :
W(t) <b(t)}.

1.3.2. The narrow wedge boundary. Consider the boundary b(0) = 0 and b(t) = —oo otherwise. This
is not continuous but the formula in Theorem 1.2 holds by approximating b with the continuous
functions ¢t — —/¢t and taking ¢ — oco. Indeed, the hitting times 7y associated to the boundary —/¢t
converges almost surely and monotonically to the hitting time of b, from which one can deduce that
the associated kernels Kp converge in trace norm. Furthermore, in (1.5), the process G(—/s;t,n)
converges to G(b;t,n) which can be deduced from the fact that a Brownian motion B(s) satisfies
|B(s)| = O(s%"') in probability.

For the narrow wedge boundary b, the hitting time 7 = oo if W(0) > 0 and 7 = 0 if W(0) < 0.
As a result,

u—"v
Vit

The process t — G(b;t,n) = L(0,1;¢,n) has an interpretation in terms of non-colliding Brownian

n

Sh%po(b) (u,v) = (—&;)"e%82 (u,v)1y<o = /250 (u,v) Hn( )1u§0-

motions. Suppose (Bl <By<.---< B,,) are n independent Brownian motions conditioned not to
intersect in the sense of Doob’s h-transform with harmonic function h(z1,...,zn) =[], (z; — i)
on the domain W = {(z1,z2,...,2,) ER" : 21 <9 < ... < z,}. Then

By(t) £ L(0,1;¢,n)

as a process in ¢t (O’Connell and Yor, 2002). Furthermore, B, has the law of the trajectory of the top
particle among n particles performing GUE Dyson Brownian motion (Grabiner, 1999). The laws of
these processes, as given by Theorem 1.2, is fairly well understood now; see Johansson (2003).

1.3.3. The flat boundary and random matrices. Consider the boundary b = 0. Then
G(0;t,n) = rn[ax L(s,1;t,n).

S El
This process is studied in Borodin et al. (2009) (it is the process Y,, there). The authors prove
distributional identities for Y;,(¢) = G(0;¢,n) and Z,(t) = L(0,1;¢,n) in terms of Dyson Brownian
motion with reflecting boundaries. These, in turn, are connected to random matrices as we explain.
An n-particle Dyson Brownian motion of type C is a stochastic process X(t) = (X(t), ..., XS(t))
taking values in a Weyl chamber of type C: Wo = {(z1,...,2,) ER": 0 < 21 < 29+ < zp}. It
evolves according to the stochastic differential equations

1 1 L
dX{ () = dB;(t) + xem ™t JZ;J (X?(t) “XC0) X + ch(t)> "

This process models the eigenvalues of a random matrix ensemble (Grabiner, 1999; Katori and
Tanemura, 2004). Consider the Lie algebra 509,41 consisting of (2n+ 1) x (2n + 1) skew-symmetric
matrices. The eigenvalues of a matrix in 09,41 take the form 0, £iA{,..., +i\, with 0 < A\ <

- < Ap. One can define a Brownian motion over 09,1 for which the eigenvalues \;(t) evolve
according to X (t) started from X (0) = 0. Much like GUE Dyson Brownian motion (which
is Dyson Brownian motion of type A corresponding to the Lie algebra su,), the process X¢ can
be realized as the Doob h-transform of n independent Brownian motions killed when it hits the
boundary of W and with harmonic function he(x) = [[i; i - H1§i<j§n($? — z2). This can be
interpreted as n Brownian motions conditioned to not collide with each other as well as with a wall
at zero.
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An n-particle Dyson Brownian motion of type Dis a stochastic process X (t) = (XP(t), ..., X2(t))
taking values in a Weyl chamber of type D: Wp = {(z1,...,2m) € R" ¢ 21| < o+ < zp}. Tt
evolves according to the stochastic differential equations

1
dXP(t) = dB;( Z( D(t) — XD()+XP(t)+Xf(t)>dt

JuiF#]
Now consider the Lie algebra so09,,.The eigenvalues of a matrix in s0s,, take the form 4i\q,..., xi\,
with |A;| < --+ < A,. The Brownian motion over so9, has eigenvalues \;(¢) that evolve according to

XZD (t) started from zero (Grabiner, 1999; Katori and Tanemura, 2004). This, too, can be obtained
as the Doob h-transform of n independent Brownian motions killed when it hits the boundary of Wp
and with harmonic function hp(x) = [];<;. J<n(a;2 — 22). This can be interpreted as n Brownian
motions conditioned to not collide with each other and belng reflected off a wall at zero.

In Borodin et al. (2009) the Dyson Brownian motion of types C' and D are connected to the
process G(0;t,n). For type D, the authors replace the first component XlD by its absolute value,

for which the governing equations become

1 1
dXP?) = dB; + ~1,_1dL(t + dt.
2 j%l XD X D) X@D + X]('D)

7

Here L(t) is the local time of X 1(D) at zero. They prove that for every n > 1,

Xt L Gb=0:t,2n)

n

X)L Gb=0;t,2n—1)

n

Theorem 1.2 then produces a determinant formula for the law of a tagged particle in Dyson
Brownian motion of types C and D. In Example 5.2 we calculate the corresponding kernel.

One implication of this connection involves the Airy-one process (see Borodin et al. (2007) for
the definition of the Airy-one process). Although we do not pursue it here, under the so called KPZ
scaling the process z +— n/%(G(0; (1 + 2zn~3,n)) — 2n'/2 — 22n1/6) should converge to the Airy-
one process. There was a conjecture (see Conjecture 2 in Borodin et al. (2007)) that the Airy-one
process should emerge as the scaling limit of GOE Dyson Brownian motion; this turned out to be
false (Bornemann et al., 2008). Nevertheless, we find that the Airy-one process should arise as the

KPZ scaling limit of X, (C/ D)( t), which are indeed dynamics on eigenvalues.
Borodin et al. (2009) also observe that for any fixed time ¢ > 0,

max L(0,1;s,n) = G(O t,n).

s€[0,t]
This is an extension (when n = 1) of the classical reflection principle for Brownian motion, which
states that the running maximum of a Brownian motion at a fixed time has the law of reflected
Brownian motion. Note that s — L(0,1;s,n) has the law of the top particle in an n-particle
GUE Dyson Brownian motion. Thus, the identity shows that the running maximum of GUE Dyson
Brownian motion, at fixed times, has the law of Dyson Brownian motion of types C or D. This latter
fact is an analogue of (and should imply it in the KPZ scaling limit) the observation of Johansson
(2003) that the maximum of the Airy-two process has the GOE Tracy-Widom law.

1.3.4. Brownian tasep. Consider Brownian last passage percolation with boundary b and denote
by Ly(s,n;t,m) the last passage value from (s,n) — (t,m) according to (1.1) with the driving
functions Wy = b and Wy, W, ... being independent Brownian motions. Consider the associated
Brownian tasep model as determined by (1.3). Particles are now labelled with 0,1,2,... and have
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trajectories Xo, X1, Xo,.... Take the initial positions of the particles to be zero: X, (0) = 0 for
every n. Observe that

Xn(t) = ~ nax Ly(0,k;t,n) = —Ly(0,0;t,n) = —G(b; t,n).
We find that X has a deterministic trajectory —b, X is the reflection (to the left) of —W; off Xy,
Xy is the reflection of —W5 off X, etc. Theorem 1.2 then has the following corollary (stated again
as Corollary 5.10 in Section 5.4).

Corollary 1.3. Consider Brownian tasep started from X,(0) =0 for n > 0. Let Xy move deter-
ministically according to a continuous function —b. The other particles move randomly according to
independent Brownian motions being reflected to the left off the particle to its right (as noted above).
Then form > 1, times 0 <t; <ty <...<ty, and ay,...,ar € R,

Pr(Xp(ti) > a1 <i < k) =det (I — X—aKBX-a)2(1,2,...k}xR) (1.7)
where X—-a(i,2) = 1(;>_4,) and the kernel Kp is from Theorem 1.2.

Boundary conditions for last passage percolation become, under duality, the trajectory of the first
particle in the corresponding tasep model. The observables of interest then become the temporal
law of a fixed particle trajectory. For tasep-like models it is also natural to have initial conditions
at time zero as in the X (0) in (1.3). The observables of interest them become the probabilities

Pr(X,,(t) > a1,..., Xy, (t) > ag)

for some tagged particles n; < ng < --- < ng at a fixed time £. We can think of this as a spatial
law at a fixed time.

In Nica et al. (2020) the authors derive this spatial law of Brownian tasep with arbitrary initial
conditions in terms of a Fredholm determinant. Their argument is based on taking a low density
limit of continuous time tasep, and using formulas for the latter as derived in Matetski et al.
(2021). Brownian tasep is Markovian in time, and Warren (2007) found a formula for the transition
probability of an N-particle Brownian tasep. In Section 5.5 we derive Warren’s formula from a
formula of Johansson for Geometric last passage percolation. As an application of duality, we
explain how one can derive the formula in Nica et al. (2020) in terms of determinant formulas for
Exponential last passage percolation (which are themselves derived from Geometric last passage
percolation).

1.4. Continuous time tasep. Duality connects continuous time tasep to Exponential last passage
percolation. Continuous time tasep is a particle system

X(t) = (X1(t) > Xo(t) > X3(t) > --+) te]0,00),

where X, (t) € Z is the trajectory of particle n > 1. Starting from an initial condition X (0) at time
zero, each particle attempts to jump one unit rightward at rate 1. A jump is successful if there is
no particle blocking the site (the exclusion rule). See Liggett (1999) for a probabilistic construction
of the system.

Suppose we introduce a particle 0 whose trajectory is deterministic in the following way. Choose
times 0 =79 < 71 < T2 < 73 < --+ with 7, = 400 and X((0) > X1(0). Let the particle 0 jump one
unit rightward at the times 7, that is,

Xo(t) — Xo(0) = max{k > 0: 7 <t}.

The other particles move rightward at rate 1 subject to the exclusion rule as before.

Let X*(t) = (X{(t) > X;(t) > ---) denote the corresponding tasep model with a deterministic
first particle trajectory and initial condition X¥(0) = —n for n > 0 (this is called the step initial
condition). As an application of duality, we have the following formula for the temporal law of a
tagged particle, which is also stated as Corollary (4.8) in Section 4.4.
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Theorem 1.4. Forn > 1, times t1,to,...,tx > 0, and distinct integers a1, ...,ar > —n,

Pr(X; (1) > ai1 < i < k) = det (I = XJX) 12104y xm) (1.8)
where X (i,2) = 1y.>¢,) and the kernel J is as follows.
Define the following integral kernels on R for integers m,n > 1 and a > —n.

(v —u)m!

Qm(u,ﬂ) = Weuivl{vzu}, (19)
1

Sna(u,v) = ~5 i dw WD) atntlg )= Lrp<uy; (1.10)

gn,a(u7v) = ;ﬁ% |_1 dw e(w—l)(’u—u)w—a—n—l(l . w)n (111)

Let B(m) be a random walk with Exp(1) step distribution, whose m-step transition probability is
given by Q™ above. Define,

T=inf{m=0,1,2,3,...: B(m) < Tpy1},

and
ShuPe (u,v) = E [Sp.a—r (B(7), V)1 {r<qiny | B(0) = u]. (1.12)
The integral kernel
J(Zv ';j: ) = _Qaj_ai]‘{ai<aj} + Sn,ai ' Sg%;o' (113)

This form of tasep has been recently studied in Borodin et al. (2024) and called tasep with a
moving wall. See also Ferrari and Gernholt (2024); Gernholt (2025) for further works on this theme.
The authors are interested in the fluctuations of a tagged particle at a single, large time and show
that these are governed by the one-point laws of the KPZ fixed point. Theorem 1.4 provides a
formula for the temporal law of a tagged particle.

The models that we consider, such as Brownian last passage percolation with a boundary or tasep
with a moving wall, are expected to converge to the KPZ fixed point under a joint scaling of space,
time and noise (the KPZ scaling; see Matetski et al. (2021)). We do not pursue this scaling limit.
One may also take this limit via the variational representation of these models, following Dauvergne
and Virag (2021).

1.5. Further context. The motivation to study tasep-like particle systems and last passage percola-
tion type polymer models comes from two early sources. The work of Kardar et al. (1986) introduced
the eponymous KPZ equation and predicted the scaling relations under which many particle sys-
tems are expected to converge to the recently constructed KPZ fixed point by Matetski et al. (2021).
The latter was obtained by finding formulas for the laws of particle trajectories in continuous time
tasep, building on the works Schiitz (1997); Sasamoto (2005); Borodin et al. (2007). The formulas
we obtain are also based on this general approach.

For polymer models, a problem of Ulam (1961) asked about the asymptotic behaviour of the
longest increasing subsequence in a large, random permutation. Hammersley (1972) introduced a key
process to solve this problem. Works by Versik and Kerov (1977), and by Logan and Shepp (1977),
established the law of large numbers for Ulam’s problem via connections to random partitions (see
also Aldous and Diaconis (1995) and Seppéldinen (1996) for proofs inspired by particle systems).
Baik et al. (1999) (see also Borodin et al. (2000)) proved the central limit theorem and made
the connection to random matrices. Johansson (2000) made the connection to the last passage
percolation models studied here. Dauvergne et al. (2022) recently introduced the directed landscape,
which is expected to be the scaling limit of many polymer models. The duality between the KPZ
fixed point and the directed landscape is shown in Dauvergne and Virag (2021); Nica et al. (2020);
Rahman and Virag (2025).
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For surveys of these topics and more, see, for instance, Borodin and Gorin (2016); Corwin (2012);
Johansson (2006); Quastel (2012); Zygouras (2022) and references therein.

2. A soupcgon of language

We begin by discussing some common language for last passage percolation models. We will
abbreviate the phrase “last passage percolation” as lpp. We consider lpp models in discrete time.

The purpose of this language is to understand similarities between formulas that appear in lpp
models and tasep-like particle systems. We are thinking in particular about the formula of Schiitz
(1997) for tasep, the formula for Geometric lpp of Johansson (2010) and the formula for Brownian
tasep of Warren (2007). These formulas are derived by different means. The motif, then, is to
understand similarities between formulas by understanding similarities in the models themselves.
For this, we need to understand what it means for models to be the same (isomorphism) and to be
close (topology). Finally, we need to understand transformations between models and what is does
to observables of interest.

2.1. Domains for space, time and noise. A Ipp model comes with domains for space, time and noise.
This is a triple
D = (Ds, Dy, Dy)

defined as follows.

The temporal domain D; C Z is a set of the form D; = [tyin, 00) with the understanding that
if £y = —o0 then D; = Z. The domain D; inherits the linear order and discrete topology of Z.
“Time” will be discrete throughout the discussion.

The spatial domain Dy is a non-empty, closed subset of R together with its inherited linear
order and topology. Let zp, = inf{y : y € D,} with the understanding that z,;,, = —oo if Dy is
unbounded from below. If z,;, is finite then it belongs to Dy because D is closed. Let z . = —o0.
For every x € D, with = > x4, let

- =sup{y:y < z,y € Ds}.

The element x~ is the predecessor of x. Note that = € Dy because Dy is closed and the supremum
is taken over a non-empty set that is bounded from above. We assume that the mapping = €
D\ {zmin} — x~ € Dy is continuous.

The domain of noise D,, is a non-empty, closed subset of R which is also a monoid, meaning that
0€ Dy, andifx,y € D, then v +y € D,. The set D,, inherits the linear order and topology from R.

2.2. Environment and Noise. Given a domain D, a noise for lpp is a mapping
n:Dgx Dy — D,y

which is continuous. Here, Dy x D; has the product topology. Thus, for every t € Dy, n(-,t) : Dy —
D, is a continuous function. We set n(z,,.,t) = 0. We also assume that n(z,t) —n(z~,t) € D, for
every ¢ € Dy and t € Dy.

Noise is usually meant to be integrated over, and what we call noise is the integral of what it
ought to be. The spatial increment 7(y,t) — n(z,t) represents the integral of the noise over the
interval (z,y].

The noise 7 satisfies the no-negative-jumps condition if

n(z,t) —n(z~,t) >0 forall (x,t) € Dg x Dy.

A spatial interval I is a subset I = (z,y] N Ds = {2z € Ds: & < z < y}. A temporal interval J is
a subset J = [s,t] N Dy. An environment is a pair

E=(IxJn)
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where I and J are spatial and temporal intervals, respectively, and 7 is the restriction of the noise
over I x J. The set I x J is the support of the environment E. We will abuse notation and write
(z,y] in place of (z,y] N Dy and likewise for temporal intervals.

Two environments £y and Fs are independent if their supports are disjoint: (I xJ1)N(I3xJ2) = 0.

Let D be a domain. A noise  : Dy x Dy — D, is stochastic if there is a probability space
(Q, F,Pr) such that

n:(Q,F,Pr) = C(Ds x Dy, Dy)
is a random variable. Here C(Dys x Dy, D,)) is the space of continuous maps from Dy x Dy — D,
with the topology of uniform convergence over compacts (which is metrizable).

A stochastic noise 7 has the temporal independence property if the functions n(-,t) for ¢t € Dy
are mutually independent. It has the spatial independence property if for every ¢ € D;, and for
every ¢ < y < u < v in Dg, the increment 7n(y,t) — n(z™,t) is independent of the increment
77(7)7 t) - U(U_v t)‘

2.3. Directed paths. Let D be a domain. For p = (z,s) € Ds X D; and ¢ = (y,t) € Ds X Dy, we
write p < g if x <y and s < ¢. Define
D ={(p:q) = (z. 59, 1) € (Ds x De)* : p < q}.
Suppose p = (z,s) and ¢ = (y,t) with p < ¢. A path from p to ¢ is a function
7 [s,t] = Dy
such that x < 7(s) < 7w(s+1) <--- < 7(t) = y. By convention we set (s — 1) = x. We say 7 is
monotone.
The graph of a path 7 is the set
t
D(m) = [ J(I=(i — 1)", (i) N Dy) x {i} C Dy x D
=8
The graph is a compact set.

The collection of paths carries the Hausdorff topology on their graphs. This just means that
m, — m if there are times s < t such that m, : [s,t] = Ds is a monotone map for all large n, and
(i) — (i) for every i € [s,t]. For p < g, the collection of paths II,.,) from p to ¢ is compact.

Let 1 be a noise over the domain D. Let p = (z,s) < g = (y,t) belong to Dg x D;. The length
of a path 7 from p to ¢ with respect to the noise 7 is

t
7l = > n(w(@), i) = n(x(i = 1)7,4)
i=s
Note that ||7|| € D,. The mapping = — ||x|| is continuous.

2.4. Last passage percolation. An lpp model consists of the pair

(D.n)

of domains for space, time, and noise together with the noise 1 over D. The last passage values are
given by a function
. D2
L:Df— Dy
defined according to
L(p;q) = max ||r]|.
m€ll(pg)
The maximum is achieved (though perhaps not uniquely) due to continuity of length and com-
pactness of I, ;). Note further that if p = (z,s) and ¢ = (y,?) then L(p;q) depends only on the
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environment £ = ((x~,y] X [s,t],n). The function L is continuous (here D% inherits its topology
from (Dg x Dy)?).

One should think of L as a directed metric, with L(p;q) being the distance from p to ¢. In this
sense L forms a length space: L(p;q) is the length of the optimal path from p to gq. Although it
may happen that L(p;p) # 0 if n(z,t) —n(z~,t) # 0.

2.5. Independent increments and composition law. The function L has two key properties. The first
is independent increments along time. Suppose S < T € D;. Consider the two processes

{L(x,s;9,t): (x,579,t) € D}, 5,t <S} and {L(x,sy,t): (x,sy,t) € D}, s,t>T}

The former process depends on the environment Eg = (DS X [tmin, S], 77) while the latter depends on
Er = (Ds x [T, 00), 77). These two environments are independent. So we say that L has independent
increments along time.

The second property is the composition law. Suppose s < r < t are times. Then for z < y,

L(z,s;y,t) = max {L(x,s;z,r)+ L(z,my,t)}. (2.1)
Ze[x7y}mD5

Indeed, simply condition on the location of optimal paths at time 7.
2.6. Isomorphisms of Ilpp.

2.6.1. Maps between Ipp models. Consider two Ipp models (D', n;) and (D?,12). A mapping ® :
(D', m) — (D?,12) is an object of the following kind. It consists of a triple ® = (¢1, ¢o, 3) with
the following properties.
(1) The map ¢3 : D}7 — D,27 is continuous.
(2) The map ¢ : D} — D? satisfies ¢o(s + 1) = ¢2(s) + 1. In other words, it is a translation.
(3) The map ¢1 : D! xIm(¢s) — D? is continuous. For every ¢ € Im(¢2), the map = + ¢1(z, 1) is
surjective. For every z,y € D} with z <y and t € Im(¢2), ¢1(z,t) < min{¢1(y,t), ¢1(z,t +
1)}. Finally, ¢(27,t) = ¢(z,t)” for every (z,t).
(4) Let U(z,t) = (¢1(x, p2(t)), p2(t)) : D! x D} — D? x D?. The following commutation
relation must hold: ¢3(n(x,t)) = n2(V(z,t)).
For a mapping ® denote by ¢3 - n1 the noise ¢3 - n1(z,t) = ¢d3(n1(x,t)). Denote by ® - L the lpp
function for the model (D, g3 - my).

A mapping between two lpp models tries to capture a notion of “homomorphism”. Note that the
noises 71 and 79 are deterministic. Condition (3) above ensures that the map ¥ takes environments
to environments and directed paths to directed paths. Condition (4) ensures that the noise 72 over
the image of W respects the noise 7; up to a transformation.

2.6.2. Composition of lpp maps. Let ® : (D', m) — (D?,12) and ® : (D? 12) — (D3, 13) be maps
between Ipp models. Their composition ® - ® is a map from (D', n;) — (D3,7n3) as follows. The
map ® - &' = (a,b, ¢) with

(1) ¢ = ¢ 0 g3 and b= ¢ 0 .

(2) a: D! x Im(b) — D2 is as follows. Suppose (z,t) € D! x Im(b). Since b is injective, there

is a unique #' € D} such that b(t') =t. So t = ¢h(da(t')). Set a(z,t) = ¢ (¢1(z, po(t))), ).
It is not hard to verify that ® - ® is also a valid mapping. The only non-trivial part is to check the
commutation relation. We have ¢ - ny(x,t) = ¢5(ps(ni(z,t))) = P5(n2(¥(z,t))) = n3(¥ o U(x,1)).
Thus, we need to verify
VoWl = Uy .

Note that a(x,b(t)) = ¢ (d1(x, P2(t)), b(t)), and thus,

Uz, 1) = (61 (1(z, ¢2(t)), ¢ 0 Pa(t)), ¢ 0 Pa(t)) = W' o W(x, 1).
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2.6.3. Isomorphism. Two lpp models (D!, 7;) ad (D?,19) are isomorphic if there are Ipp maps
& : (D', m) — (D2,m2) and &~ : (D?,15) — (D', 1) such that =1 - & = Idpr ) and & - &1 =
Idp2,,). Here Id refers to the identity map of the corresponding lpp model. In this situation the
maps Vg and Wg-1 are inverses of each other and we denote the latter by U1,

Suppose 7 : [s,t] — D! is a directed path. We find that ¢o([s,]) = [#2(s), p2(5) + 1,..., ¢2(s) +
t—s]. For 0 <r <t—s,let u=¢pa(s) +r = ¢a(s +r). Define

O -7m(u) = d1(m(s+1),u)
and note that (¢ - 7(u),u) = ¥(7(s +r),s + r). Moreover,
- m(u+1) = dy(n(s +7+1),u+1) = oy (n(s +7 +1),u) = ¢(m(s +7),u) = & - ().
(x,

If 7 is a path from p = (z,s) to ¢ = (y,t) then ® - 7 is a path from ¥(p) to ¥(q). Due to the
surjectivity of z +— ¢1(z,t), any path from U(p) to ¥(q) is of the form & - 7 for some path 7 from
p to q. Also,

|© - 7lpy = n2(W(w(s),s) = m2(W(p™, ) + - =3 -m(7(s),s) — b3 -m(p,s) + - = [|7| gy -
Consequently,
D Lipt ) (059) = Lip2 ) (P (p); ¥())-
If (D!, ) is isomorphic to (Da,n2) via @ then the above gives

Lp2,)(p3q) = - Lip1 ) (Y71 (p), T7H(q)). (2.2)

If (D, n1) and (D?,17) are two Ipp models with stochastic noises, then they are isomorphic if
there exists a coupling (n,7) of the two noises 71 and 7, such that (D', n) is isomorphic to (D?,71’)
almost surely via a deterministic isomorphism &.

2.7. Topology on Ipp. Denote by dy the Hausdorff metric on compact subsets of R. Let C,C" C R
be closed and non-empty. Denote

(G0 =Y du(C N[N, J;’]]\;C’ﬂ [-N, N))

N=1
For two compact subsets K, K’ C R, and = € K, let () € K’ be the closest point in K’ to x.
Suppose f: C — Rand f': ¢’ — R are two continuous functions. For N > 1, let Ky = CN[—N, N|
and Ky = C'" N[N, N]. Set

dn(f, f') = sup |f(x) = () )l + sup [f'(2) = F((@)ky)].

rzeK N rEK Y
Define -
min {1,dn(f, f’

dnoise(fvf/) = Z { 2N( )}
N=1

Suppose (D, n) and (D', n’) are two lpp models. Their distance is

/
7 7 '7t
AP (D, 1) = DD + dace(Dy, DY) + dr(Dy D) 4 Y i1 D1 1)
teZ

with the understanding that n(¢,-) = 0 if t ¢ D, and likewise of 1. The function d is a valid metric.
(Although, it is not isomorphism invariant.)
A sequence of lpp models (Dy,n¢) — (D,n) as { — oo if

d((De,me); (D, m)) — 0.

IThis is not quite the ideal notion. It is better to consider the measures induced by the two stochastic noises over
the space of Ipp models, and then to define isomorphism with respect to these measures. But this gets tricky, so we
are taking a way out by working with couplings.
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If (Dy,m) and (Dg,1n2) are two lpp models with stochastic noise, then the distance between
them is the infimum of E [d((D1,n); (Da,n'))] where (n,1) range over all couplings between the
noises 71 and 7. Let us denote this quantity Wi((D1,m1); (D2,7n2)). This is the 1-Wasserstein
distance. A sequence of lpp models (Dy, ;) with stochastic noises converge to an lpp model (D, n)
if Wi((Dg, ne); (D,m)) — 0.

Proposition 2.1. Suppose a sequence of lpp models (Dy,ng) converges to an lpp model (D,n). If
(pey;qe) € D}y are such that (pe; qe) — (p;q) € D3, then Le(pe; qe) — L(p;q).

Proof: Let p = (z,s), ¢ = (y,t), pn = (xg,s¢) and ¢ = (ye,t¢). Then z, — z, yp — y, and
sg = s and ty =t for all large ¢. There is a compact interval J = [N, N] C R such that for all
large ¢, L(ps; qe) depends on the environment E; = ((J N Dsy) X [s,t],1m¢) and L(p;q) depends on
E = ((JNDy) x [s,t],n).

Thus, Le(pe; qe) = ||7ell (D, n,) Where mg is some path from py to g, whose graph lies inside J x [s, t].
Likewise, L(p;q) = ||7||(p,, where 7 is a path from p to ¢ whose graph lies inside J x [s,t]. The
set of directed paths from [s,t] — J is compact. Any limit point of 7, is a path 7 from p to
q. Suppose 7’ is such a limit point along the sequence 7y, . Since length is continuous, and the
distance ||n; — n|| between the noises are shrinking to zero, we have ||7y, |[(p,n,) — ||7'||(D,)- Also,
7'y < L(p; @)- Thus, limsup, Le(pe; o) < L(p; q)-

Let 7 be an optimal path from p to ¢ for (D,n) so that ||7||p,;) = L(p;q). We may find paths
from py to g for (Dy,ng) such that their graphs I'(wy) — T'(w). Let 0, = d((Dg,nme); (D,n)). There
is a constant C' depending on J x I such that |||m¢||p,n,) — [I7ll(D| < C6p. Thus, Le(pe;qe >
el |y mey = Il @l — Ce = L(p; @) — Cd. Therefore, liminf, Le(pe; ge) > L(p; q). O

Corollary 2.2. Let (Dy, 1) be a sequence of lpp models with stochastic noises that converges to an
Ipp model (D,n). For 1 <k <mn, let (p§,;q}) € DZT be such that (p§;qF) — (pF;q*) € D%. Then
the n-tuples (L¢(pf; q5); 1 < k <n) — (L(p¥;¢*);1 < k < n) in law.

2.8. Growth from a corner. Let (D,n) be an lpp model with last passage function L. Fix (z, o) €
D, x D;. Define the function

G : ([xg,00) N Dy) x [tg,00) = Dy
according to
G(z,t) = L(xo, to; x, t). (2.3)
Note that G(z,t) depends on the environment supported over (z,x] X [tg,t]. The function G has
both a temporal and spatial Markov property.

2.8.1. Temporal Markov property. Fix a time T' > to. For every ¢ > T, the process G(-,t) depends
only on G(-,T) and the environment E = ((.CL‘O_,OO] x [T + 1,t],17). The latter environment is
independent of the environment £’ = ((xo_ ,00] X [to, T — 1],77), upon which G(-,s) depends for
every s < T. This follows from the independent increments property of L.

In particular, if the noise 7 is stochastic and has the temporal independence property, then
t — G(-,t) is a Markov process along time.

2.8.2. Spatial Markov property. Fix a time T > tg or take T = +o00. For & > x¢ in Dy, define
G(z) = (G(z,t);tg < t < T) € Do), (2.4)
The process = — é(m) is Markovian in the following sense.
Suppose zg < & < y belong to Ds. Then for ¢ > tg,

G(y7 t) = nax {G({I), 8) + L(J;, 83 Y, t)}
sE[to,t]
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This follows from the composition law by conditioning on the first time an optimal path from (zg, ¢)
to (y,t) hits spatial location z. Observe that the quantities L(z, s;y,t) above depend only on the
environment supported over (z~,y] X [tg,t], which is independent of the environment supported
over (z, '] X [to,t] upon which G(2',s) depends for every 2/ < x and s € [to,t]. We deduce that
for # < y, G(y) depends only on G(z) and an environment independent of the environments that
determine G(a') for every ' < . We call this the spatial Markov property of G.

If the noise 7 is stochastic and has both the temporal and spatial independence properties, then
z — G(z) is a Markov process.

2.9. Space-time duality. Space-time duality transposes the role of space and time to build a particle
system from an Ipp model.

Let (D, n) be an lpp model with corner growth function G according to (2.3). Assume the noise
satisfies the no-negative-jumps condition:

n(z,t) —n(z~,t) >0 for every (x,t) € Ds X Dy.

Due to continuity of 7, the jumps of n(x,t) come from gaps in Ds.
The space-time dual of G is the process

Xn(t) (2.5)
defined for n € Dy with n >ty and t € Dg with t > xg. It is simply
Xn(t) = —G(t,n).
We think of X as the evolution in time of a collection of particles indexed by integers. Colloquially,
X, (t) = position of particle number n at time t.

The trajectory of particle number n > ¢y is the process t — X,,(¢). The state of the particle system
at time t € D, with ¢t > ¢ is the process (X, (t);n > tg) € D%to’oo).

Due to no-negative-jumps assumption,
L(x()v lo, z, t) > L($07 lojx,t — 1) + 77(1:’ t) - "7($_7 t) > L($07 losx,t — 1)

Thus, X, (t) < X,—1(t) for every n > tg in D; and t > x in Ds.
By the composition law of lpp,

G(t,n) = max  {G(r,n—1) +n(t,n) — n(r=n)} 2.6)
relzo,t)NDs
which, then implies
Xn(t)= min  {X,_1(r)+n(r~,n) —nt,n)}. (2.7)
r€[zo,tjNDs

The temporal Markov property of G reduces to one-sided interaction of particles in X. This
means that the trajectory X, () of particle number n interacts only with the trajectories Xy(-) for
k < n. In particular, the trajectory of particle n does not change if we remove particles k& > n
from the system. If the noise is stochastic and has the temporal independence property, then X is
Markovian in the “spatial parameter”’ n.

The spatial Markov property of G becomes a temporal Markov property for X. This means that
for every T' > x¢ in Dy, the state of the particle system at time ¢ > T depends only on the state
at time T and an environment that is independent of the environment that determines the state
of the system at all times s < T'. If the noise is stochastic and has both the temporal and spatial
independence properties, then (X,,(t);n > to) is a Markov process in “time” ¢ > .

Under space-time duality, the “events”

{X0n,(t) > a1 <k < K} ={G(t,n) < —a; 1 <k < K}. (2.8)
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Therefore, if the noise is stochastic, the fixed time multi-space law of X is equivalent to the fixed
space multi-time law of G.
Likewise, the events

{Xn(ty) > ar;1 <k <K} ={G(tg,n) < —ap;1 <k < K}. (2.9)

For stochastic noise, this translates the fixed particle multi-time law of X to the fixed time multi-
space law of G.

2.10. Space—noise duality. Space—noise duality builds a particle system out of an lpp model by
inverting the roles of space and noise through a variational formula. For this, one needs additional
assumptions on the Ipp model. This duality is what is frequently used to link tasep to lpp.

2.10.1. Assumptions on the lpp model. Let (D,n) be an lpp model satisfying the following assump-
tions.

(1) D, is unbounded from above: sup{y : y € D,} = +o0.

(2) Dy is bounded from below and unbounded from above: z,;, = inf{x : © € Dy} is finite and
sup{z : © € Dy} = +oo. By translating space, assume Z,;, = 0.

(3) The integer 0 € D; and for every t > 0, n(x,t) satisfies: 1(0,¢) = 0 and it is increasing in
and tends to +o00 as x — +oc.

2.10.2. Properties of the corner growth function. Let G denote the corner growth function (2.3)
from (xg,t9) = (0,0). It has the following properties due to the assumption made above.
(1) G(0,n) =n(n,0) 4+ ---+n(0,0) =0 for every n > 0.
(2) G(y,n) > G(z,n) +n(y,n) —n(z~,n) > G(n,x) for every y > x > 0 in D,. Thus, G(-,n)
is increasing.
(3) G(z,n) > n(z,n)+n(0,n—1)+---n(0,0) > n(x,n). Thus, G(x,n) > 0 and it is unbounded
as r — +00.

2.10.3. Particle system. The space-noise dual is a particle system

X' = X5(t)
defined for n > 0 in D; and ¢ > 0 in D,;. We think of X (¢) as the location of particle number n at
time t.

Firstly, let X(0) € R for n > 0 be such that
X5(0) > X7(0) > X5(0) > ---.
We think of X*(0) as the initial position of particle number n. Then, let
Xi(t) =X, (0)4+sup{x € Ds: G(z,n) < t}. (2.10)

n
The process X* takes values in the set
D;={z+y:x € Ds,y =X, (0) for some n}.
We record some properties of X*.
(1) At t =0, one has G(z,n) <0 if and only if = 0. Thus, X (0) — X;:(0) = G(0,n) = 0, as
required.
(2) The set over which the supremum is taken in (2.10) is non-empty for ¢ > 0. It is bounded
from above because G(x,n) is unbounded as x — +o00. Since z — G(x, n) is continuous, it is

also closed. Thus, the supremum is attained within the set. Since G(x,n) is also increasing,
there exists an x,(t) € Ds such that

{z € Ds: G(z,n) <t} =]0,2,(t)] N Ds.
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(3) Since G(x,n) is increasing in x, z,(s) < x,(t) for s < t in D,. Thus, t — X} (t) is
non-decreasing.

(4) By (2.6), G(z,n+1) > G(z,n)+n(x,n+1)—n(x~,n) > G(x,n). Thus, if t > G(x,n+1) then
t > G(x,n) as well, which implies X* ,(t) — X 1(0) < X5 (t) — X5(0). Since X (0) <
X} (0), one has

1 (t) < X5 (8).

(5) The process z,(t) is determined by the environment supported over Dy X [0,n], and hence
independent of the environment over Ds x [n + 1,00). The temporal Markov property
of G implies X/ (t) has one-sided interaction in the same sense as for the aforementioned
space-time dual.

(6) The process (X} (t);n > 0) € (D)) is Markovian in time in the same sense as for the
space-time dual. This is harder to prove and is not shown here.

(7) The "events” {X(t) — X}:(0) > a} = {G(a,n) < t}. Therefore, for stochastic noise, the
temporal law of X(+) is determined in terms of the spatial law of G(-,n).

(8) When n = 0, if we assume 7(0,0) = 0, then Xj(t) — X;3(0) = sup{z € D; : n(x,0) < t}.
This is the generalized inverse of n(x,0): n(X{(t) — Xo(0),0) = t.

3. Geometric lpp and discrete time tasep

Geometric last passage percolation is defined over the domain D; = Dy = D, = {0,1,2,3,---}.
The noise is semi-stochastic as it is given in terms of random weights w; ; for 4, j > 1 together with
a deterministic boundary condition. Consider independent random variables w; ; such that

Prwij=k=01-¢¢ ' k=123,---; 0<g<l.
Consider a sequence of integers
=< T <T2< T3 <"
Define the noise

n(k,0) =z
and, for t > 0,

k
n(k,t) => wiy, 1(0,t) =0,
i=1

We are interested in the corner growth function
G(m,n) = Lg(0,0;m,n) m,n > 0.
The function satisfies the recursion
G(m,n) = max{G(m — 1,n),G(m,n — 1)} + wmn (3.1)

with boundary conditions G(0,n) = 0 and G(m,0) = xp,. Since z;, > 0, w; ; > 1 and n(0,-) =0, an
optimal path from (0,0) to (m,n) will always start by taking a step rightward instead of upward.
Thus,

G(m,n) = Lg(k,1;m,n). 3.2
(m,n) lg}caéxm xk + La( m,n) (3.2)

The utility of Geometric Ipp is two-fold. Firstly, the model has strong symmetries due to space,
noise and time occupying the same domain. Secondly, the model allows for limit transitions to
several other models of lpp, such as Exponential Ipp, Brownian lpp, Poissonian lpp, and the directed
landscape.
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3.1. Johansson’s formula. Consider a transformed Ipp on the same domain but with the noise given
by random weights

wg’j =w;;j—1 fori,j>1
and 7'(0,t) = n/(k,0) = 0. Let G’ denote the growth function from (0,0). It satisfies
G'(m,n) = max{G'(m — 1,n),G'(m,n — 1)} + w,, ,

with boundary conditions G'(0,n) = 0 and G'(m,0) = 0. Johansson (2010) found a formula for the
transition probabilities of the Markovian evolution of G’ along space. It goes as follows.
Let N > 1 be large. Define the random vector

Gl(m) = (G'(m,1),G'(m,2),...,G'(m,N)).
It takes values in the set
WN:{(:xl,...,xN) eZN 0<z <9< <y}
For z,y € WY and m > ¢, Johansson proved:
P(Gy(m) =y | Gy(f) = x) = det[V/ wp—e(y; — @i)]. (3.3)

Here V is the discrete differential: Vf(x) = f(z + 1) — f(z) with inverse V"1 f(z) = >y [ ().
The function wy,(x) is the n-step transition probability of a random walk with Geom(1 —q) — 1 step
distribution:

wp(z) =P(X1+ -+ X, =2), X,areiid. Geom(l—gq)—1.

There is an explicit formula (Negative Binomial formula):

une) = (

r+n—1\ ,
1—¢)"1.>0.
"1 )q (1—¢)"1ax0
3.2. Schiitz’s formula. Consider the continuous time tasep particle system on Z with N particles.
Denote by X (t) > Xa(t) > --- > Xn(¢t) the location of the particles at time ¢. Schiitz (1997) found
a formula for the transition probability of (X1 (t),..., Xn(¢)). It reads as follows.

Pr(Xi(t) =y1,..., Xn(t) =y~ | Xa(0) = 21,..., XN (0) = 2n) = det (Fi—j(yn+1-i — TN+1-5))
(3.4)
Here y; > --- > yx and x; > - -+ > xy are integers. The function Fy(x) is

_ (—1)kj{ dw W,
Fy(x) = o s w (W) e (3.5)

This formula has similarities with Johansson’s formula (3.3). It was used by Borodin et al. (2007);
Sasamoto (2005) to write the probability

Pr(Xp, (t) > ay,. .., Xn, (t) > az) (3.6)

as a Fredholm determinant by using the Eynard-Mehta method. The authors came to realize the
process (X1(t),...,Xn(t)) as the edge of a random Gelfand-Tseltin pattern, the law of which is a
2-d determinantal process. Then, there is an correlation kernel K (coming from the Eynard-Mehta
method) such that (3.6) is the Fredholm determinant of K because (3.6) is a gap probability of the
aforementioned determinantal process. In order to get a explicit formula for K one has to solve a
biorthogonalization problem. The biorthogonalization problem depends on the initial condition of
X, and such a problem was solved for tasep in Matetski et al. (2021), enabling one to express (3.6)
as an explicit Fredholm determinant for all initial conditions of tasep.
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3.3. Markovian transition of G. We wish to find the transition probability of the temporal evolution
of G and use it to derive the probability

Pr(G(mqy,n) < a1,...,G(mg,n) < ag) (3.7)

as a Fredholm determinant.
Looking at the growth function G’, observe that the transposition of space-time: (m,n) — (n,m),

is an isomorphism for the corresponding lpp model. Here, the random weights w;j are coupled to

themselves by placing weight W;‘,i at location (i, j), which preserves their joint law. Thus, the formula
(3.3) also serves as the transition probability of the temporal law of G’. With N > 1 large, define
Gi(n) = (G'(1,n),...,G'(N,n)).
Then for z,y € WY and n > £:
Pr(Gy(n) =y | Gi(¢) = x) = det[V? ""w,_(y; — ;). (3.8)
The relation between G’ and G is G(m,n) = G'(m,n) + m + nlyy,.03. We have imposed the
boundary condition G(k,0) = xj, which become the boundary conditions G'(k,0) = =, — k. Let
@t(n) = (G(]-v n)a cee 7G(N7 TL))
Observe that ét(O) = (z1,22,...,2n). Then for y = (y1,...,yn) € ZN with 0 <y < yo < --- <
YN, (3.8) implies
Pr(Gy(n) = y) = det[V/ ""wy (y; — z; +i— j —n)]. (3.9)
The next step is to represent the right side of (3.9) as a Schiitz-like formula (3.4). This would allow
one to use the methods of Borodin et al. (2007); Sasamoto (2005); Matetski et al. (2021) to express
(3.7) as a Fredholm determinant. The idea is as follows. Let Gs(m) = (G(m,1),...,G(m,N)) be
the spatial Markov process of G. Apply the space-time transposal isomorphism so that the bound-
ary condition goes from being at the bottom to the left. Thus, Gs(m) evolves from G4(0) =
x. Consider the space-time dual X of G from (2.5). One has X(t) = (Xi(¢),...,Xn(t)) =
—(G(t,1),...,G(t,N)) = —Gs(t). Now,

Pr(Gy(n) = y | Go(0) = 2) = Pr(Gy(n) = y | Gu(0) = 2) = Pr(X(n) = —y | X(0) = —2) (3.10)

We can thus write the transition probability of X using (3.9). If we express it in terms of the
number-reversed process Xy11-m(n), 1 < m < N, then the resulting formula has the desired form.

Proposition 3.1. Define, for k € Z and x € Z, the function

) = CL jlgw dw _wT ((1—q>>" (3.11)

27i =rs1 W (L=w)? \ w—gq

Referring to (3.9), we have
Pr(Gi(n) = y) = det[Fyj(fn11-i — Ens1-)]

where G = —yi and Ty = —T}.

Proof: We execute the idea above with a direct computation. Let Hy(x) = VFw,(x). Using the
generating function of negative Binomial coefficients, one can write Hi(x) as a contour integral (see
Johansson (2010)).

(_1)k—1 Zk(l _ Z)n—i—:v—l

Hy(x) = o 7{Z|_T>1 dz —(1 — 1%,1)” . (3.12)

One has Fy(x) = H_;(k —n — x). This follows from (3.12) by changing variables z +— 1 — w in the
integral.
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Define Fj,(z) = H_p(—z). Then Fj(xz — k +n) = Fj,(z). Now we compute, by (3.9):
Pr(Gy(n) = y) = det[H;—i(y; — i +i—j —n)]
[zg(fﬁz +Jj—i+n)]
(- z($N+1 i~ YN1-j +i—j+n)
= det[F;_j(rN411—j — YN+1-i +J — i +n)]
—det[ i—j(UN41—i — TN41—j + 5 — 1+ n)]
[Fij (9

Fi j(IN4+1—i — TN41—)]

0

3.4. Fredholm determinants and kernels. Let K be an integral kernel acting on the space L?(Q, u1).
The Fredholm determinant of K is

1
det(I+K)=1+>_ o /QK dp(z1) - - dp(zx) det (K (21, 2))) < i (3.13)
k=1

If there are functions f and g on X such that
K (u,v)| < fu)g(v)

with f bounded and g being integrable (or vice versa), then the series converges absolutely. Further-

more, suppose a sequence of integral kernels K, satisfy K,, — K pointwise on Q and |K,(u,v)| <
f(u)g(v) for every n. Then

det (I + Kn)LQ(Q N) — det (I + K)LQ(Q N)

See Johansson (2006, 2003) for proofs of these facts, which are deduced from Hadamard’s inequality
and dominated convergence theorem.

3.4.1. Matetski’s and Remenik’s kernel. Consider the space Q = {1,2,...,k} x Z with the counting

measure g. Define an integral kernel K3 on €2 as follows. Let 0 = x9 < 21 < x9 < --- be increasing
integers. Let Z; = —x;. Let 1 < my,ma,--- ,mp < N and n > 1 be integers. Assume the m; are
distinct. Choose 6 € (0,1) and set o = (1 — 6)/6. Define
1
gb(w):wi_(é; 0<g<landw e C\ {q}.

Let r € (¢,1) and 0 < 1 be radii parameters.
Define the kernel
Q*(Zl, 22) = (1 — 9)0z1—z2—1121>22
This is the transition matrix of a random walk with —Geom(1 — ) steps [steps strictly to the left].
Let B}, denote the corresponding random walk. For integers m € Z and n > 1, define the following

kernels.
1 =22 a \™
ym _ b , 14
(@) (21, 22) ori %w|r dw w?1—z2—m+1 <1 _ w> (3.14)
1 =22 1—w\™
- = — ", 1
Sionlen) = g v () o) (3.15)
_ 1 H*L 22(1 _ w)zg z1+m—1 3
Sy (z1,22) = j{ dw o1 —w)™™ 3.16
) =g d e (1 -w) (3.16)
Let

v =min{m =0,1,...,N —1: B} > Zpmt1}
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with 7y = +o0 if B* does not hit Z by time N — 1. Define the kernel

St (z1,22) = E[S) iy (Brys 22)Loy<m | B = 21] (3.17)
Finally, define the kernel
K (i 5,) = =(Q)™ ™ Ay, + S, - ST (3.18)

These kernels were introduced by Matetski and Remenik (2023) in order to study transition
probabilities for tasep-like particle systems. The have a certain structure. For n € Z, define the
kernels

2mri

1 A2 n
Ry(21,22) = j{wlr dw ——  d(w)".
The Ry,s form an abelian group: R4, = R, - Ry and Ry = Id. One has the relations:
Sp—m=Q "Ry,
‘g*n,m = Q(m)R—na Q(m) = S_*O,m-
3.4.2. Kernel for Geometric lpp with boundary conditions. Define the following kernel K on {2 using
the notation from the previous section.
K<Z7 ';j7 ) = _Qmjimi 1mi<mj + Sn,—mi ’ Sﬁ%(;(x) (319>

The kernels @), S and Shypo(@) are as follows for m,n € Z with n > 1.

Q" (z1,22) = ! 7{ dw o o \" (3.20)
b=2) ™ oni wj=r<1  w2TATMELAL —w ) '

This is the m-step transition probability of a random walk By, with Geom(1 — ) steps [strictly to
the right].

1 pr2—= 1—w\™ n
Sn,—m(zla 22) = Tm fw|r>q dw Y] < o ) <b(w) . (321)
_ 1 9Z2721(1 _ w)21722+m71 B
Snm(21,22) = 7{ dw o1 —w)™ ™. (3.22)
e 21 Jj=s<1 (w/a)m™
Let
T=min{m =0,1,2,...: By, < Typ41}
with 7 = 400 if B does not hit z. The kernel
Stro@) (21, 20) = E [Snm—r(Br, 22)Lram | Bo = 21] . (3.23)

3.5. Fized time law of Geometric lpp with boundary conditions.

Theorem 3.2. Consider the Geometric lpp model (3.2) with integer boundary condition 0 < x1 <
To<x3<---. Letn>1,mq,...,mp >1 and ay,...,a; be integers such that the m; are distinct.
Then,

Pr(G(mi,n) <ai,...,G(mg,n) <ap) =det (I — xXaKXa)2({12,.. k}x2) - (3.24)
The kernel K is from (3.19) and xa(i,2) = 1{.>q,}-
Proof: This is an application of Theorem 1.2 of Matetski and Remenik (2023). Fix N >
max{myi,...,my} and consider G(n) = (G(1,n),...,G(N,n). The probability in (3.24) is a mar-
ginal of G(n). It also does not depend on N when N > max{my,...,my}. By (3.10) and Proposition
3.1,

Pr(G(n) =y [ G(0) = 2) = Pr(X(n) = g | X(0) = ) = det (Fij(yn+1-i — TN41-5)) -
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By Theorem 1.2 of Matetski and Remenik (2023),
Pr(Xpm, (n) > —a1, ..., Xm, (n) > —ay) = det (I — XKNX)2({1,.. 1} x7) -

Here x(i,2) = 1f,<_q;} and K} is from (3.18). The probability on the left is the probability in
(3.24).

Since the probability does not depend on N, consider the limit N — oo of the Fredholm determi-
nant. The only way K3 depends on N is through the hitting time 7y = min{m =0,1,...,N —1:
B} > Zmy1}. Define 7° = inf{m > 0 : B}, > Zy,41}. We can couple all the 7y and 7* together
by using the same random walk B*. Under this coupling, 7y | 7* almost surely. Moreover, for any
fixed m > 0, 14, <) stabilizes to 1,y as N — oo. Thus, K} stabilizes to the kernel K™ for
all large NV, where K* has the same definition as K3 but with 7* in place of 7. Consequently,
det (I — xK}X) equals det (I — xK*x) for all sufficiently large N.

Finally, change variables z — —z in the integrals of the Fredholm determinant expression (3.13)
for xK*x. This changes to the Fredholm determinant expression for x,K xq. (Il

3.6. Discrete time tasep. Discrete time parallel update tasep is an interacting particle system that
evolves as follows. At time ¢ = 0 there is some initial configuration of particles on the integer lattice
Z. At each time t > 0, a particle attempts to jump one unit rightward with probability 1 — g,
independently of others. The jump is successful if there is no particle at that location at time ¢ — 1.

Let us focus on the case when there is a rightmost particle, which we call particle number 0.
Label the particles from right to left by integers n = 0,1,2,3,---. Let Y, (¢) be the location of
particle number n at time t. Let

Gy (m,n) = time when particle number n makes jump number m.

for n > 0 and m > 1. It is clear that Gy together with the initial condition Y;,(0) determine the
evolution of tasep. The function Gy satisfies the recursion

Gy (m,n) = max{Gy(m — 1,n),Gy(m+ 1 —gap,,,n — 1)} + wmn (3.25)

where wyy, , are independent Geom(1 — ¢) random variables and gap, = Y,-1(0) — Y,(0) > 1.

The case gap,, = 1 is called the step initial condition. Assuming Y;(0) = 0, this means Y,,(0) = —n
for n > 0. The recursion (3.25) becomes (3.1) and we find that G(m,n) from (3.1) is the time when
particle n makes its m-th jump. The process Y is the space-noise dual X* of G according to (2.10).
For n = 0 we find that Y{(¢) is a deterministic trajectory with particle 0 jumping one unit rightward
at the times 0 < z1 < g2 < x3 < ---, where x is the boundary condition for G in (3.1). Theorem
3.2 then has the following corollary.

Corollary 3.3. Consider discrete time parallel update tasep from the step initial condition X (0) =
—n for n > 0. Let X (t) be the location of particle number n at time t. Let Xg jump one unit
rightward at the integer times xp with 0 < x1 < x2 < x3 < ---. The other particles move according
to the stochastic rule described above. Then for n > 1, integer times t1,to, ..., tx > 1, and distinct
integers ay,...,ar > —n,

Pr(X;(ti) > a1 <i < k) =det (I = xeJXt)2(f1,2,.. k) x2) (3.26)

p

where x4(i,2) = 1¢.5¢,) and the kernel J is the kernel K from Theorem 3.2 with choice of parameters
m; = a; +n+1 and n the same.

Proof: Recall property (7) of the space-noise dual X* from Section 2.10.3. The event {X}:(t) > a}
is equivalent to the event {G(a+n + 1,n) <t + 1}. The corollary follows from Theorem 3.2. [
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3.7. A word about space-time and space-noise duality. Consider again the tasep-like process X from
(2.5) that is the space-time dual of Geometric lpp. By (3.10) and Proposition 3.1, its transition
probabilities are

Pr(X(1) = y | X(0) = &) = det (Fiey(yns1-j — on41-0))- (3.27)
The recursion (2.6) implies that X satisfies the recursion
Xp(t) =min{X,,_1(¢), Xp(t — 1)} —wnt

where the wy, ¢ are independent Geom(1 — ¢) random variables. This process is called the geometric
PushTASEP with left jumps (see Section 2.3 of Matetski and Remenik (2023) and Case A of Dicker
and Warren (2008)). The particles move leftward and push the particles in front of them to maintain
their ordering.

Now consider the space-noise dual X* of G. Here the particles move rightward and are blocked
by the particles in front of them. For the step initial condition, the recursion satisfied by X (¢)
(discrete time parallel update tasep) is

Xn(t) =min {X,,(t — 1) +&n, X1 (t — 1) — 1} & are i.i.d. Bernoulli(1 — q).

Duality, in a concrete sense, links blocking to pushing.

4. Exponential lpp and continuous time tasep

Exponential last passage percolation is defined over the domain D; = Dgs = {0,1,2,3,---} and
D,, = [0,00) being all non-negative real numbers. The noise is again semi-stochastic and given in
terms of random weights w; ; for i, j > 1 together with a boundary condition. Consider independent
Exponential random variables w; ; such that

Pr(w,j >z) =€ x>0.
Consider a sequence of real numbers
O=x0< 1 <2< 23< -+ — +00.

Define the noise

n(k,0) =z fork >0 (4.1)
k

n(k,t) = wiy, 1(0,6)=0 fort>0k>0. (4.2)
=1

We are again interested in the corner growth function
G(m,n) = Lg(0,0;m,n) m,n > 0.
The function satisfies the recursion
G(m,n) = max{G(m — 1,n),G(m,n — 1)} + wmn (4.3)

with boundary conditions G(0,n) = 0 and G(m,0) = x,,. Since z; > 0 and w;; > 0, an optimal
path from (0,0) to (m,n) will always start by taking a step rightward instead of upward. Thus, as
before,

G(m,n) = max xy + Lg(k,1;m,n). (4.4)

For later convenience, we shall condition the model on the almost sure event that {w;; >

0 for all (z,¢)}.
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4.1. Geometric to Exponential transition. Exponential lpp is a limit of Geometric lpp as the pa-
rameter ¢ — 1. Suppose wy ~ Geom(1 —¢q). Then (1 — q)wy; = w in law as ¢ — 1 with w ~ Exp(1).
Let £ > 2 be an integer and set g, = 1 — 3. Set 2§ = |¢z}]/¢ and note that sup; |z} — x| < 1/L.
Let dzﬁj be i.i.d. Geom(1 — g¢) random variables. Set wﬁj = @f7j/€.

Consider the Ipp model on domain D¢ where D¢ = D! = {0,1,2,...}, and Df, ={0,07 2071
The noise 7’ is defined according to (4.1) using the weights wf} ; and xf;. There is a coupling of the
random variables (Df’j for all 7,7 > 1 and £ > 2 together with i.i.d. random variables w; ; ~ Exp(1)
such that wﬁ ; — wi j almost surely as £ — oo, simultaneously for all ¢, j. This follows from Skorokhod
representation theorem. As a result, the Ipp model (D, 1) converges to the Exponential Ipp model

(D,n) above as £ — oo in the sense of Section 2.7.
Due to the convergence of models, one has the convergence of the probabilities:

Pr(G(my,n) < aq,...,G(mg,n) < ag) = liﬁn Pr(G*(m1,n) < ai,...,Gmp,n) < ay) (4.5)

where G* is the corner growth function of (Df, 7). This follows from Corollary 2.2.

In fact, one can also show convergence of the Markovian transition probabilities using the formula
(3.3). Let G(n) = (G(1,n),...,G(N,n)). Let (y1,...,yn) € RN with 0 <y <y < --- < yn. By
expressing an integral as a limit of its Riemann sums, we find from (3.3) that

Pr(G(n) € dy | G(0) = 2) = Jim Pr(Gt(n) = y* | GY(0) = z)eN (4.6)

= det (aj_iWn(yj — .CC@)) (4.7)

1<ij<n W-
The last line follows from a direct calculation of the limit using (3.3). The function W, is the
density of the Gamma random variable:

xn—l

Wh(z) = m@ﬁl{xzo}'

The operator 0 is differentiation 0f(z) = f/(z) with formal inverse 971 f(z) = [*__ f(y)dy.

4.2. Fized time law of Fxponential lpp with boundary. Define the following integral kernels on R for
integers m,n > 1.

m—1
m v—u u—
Qf(u,v) = ((m—)l)!e “Liy>u) (4.8)
1

SEn,—m(u,v) = o it dw WD ym (1 — )" Lip<u} (4.9)

_ 1
SEnm(u,v) = o }{ dw G(w_l)(v_u)w_m(l —w)" (4.10)

Tl hﬂzl

Let B(m) be a random walk with Exzp(1) step distribution, whose m-step transition probability is
given by Q% above. Define,

T=inf{m=0,1,2,3,...: B(m) < Zpm41}
and

Shypo(a:) (u, ’U) =E [gE,n,m—T(B(T)7 U>1{T<m} ‘ B(O) = u] (4'11>

E.nm

Finally, define the integral kernel
Ki(iyi4,) = =Q™ ™ L cony + S, 5]’;17/5%3, (4.12)

Here 1 < my, ..., my, are distinct integers, n > 1 and the kernel acts of L2({1,...,k} x R).
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Theorem 4.1. Let n > 1 and mq,...,mr > 1 be distinct integers. Let a1,...,ar € R. Let G be
the corner growth function (4.4). Then,

Pr(G(mi,n) <ar,...,G(muy,n) < a) = det (I — XaKpXa)12((1,. k) xR)
with Xa(i,u) = L{y>q,}-

4.3. Proof of Theorem /.1. We take the limit of the formula from Theorem 3.2 in the Geometric
Ipp to Exponential lpp transition. As stated in (4.5), we must perform the limit

Jim Pr(G*(mg,n) < a;1 <i<k)
—00

This probability is expressed as a Fredholm determinant by Theorem 3.2.
For a kernel K acting on £2({1,...,k} x Z), embed it as a kernel acting on L2({1,...,k} x R) by

Kr(i,u; j,v) = K(i, [u]; 7, [v]) (4.13)
One has that
det (I + Kr)r2(q1,. ipxr) = det (I + K) (1, kixz)
With this embedding,
Pr(G*(mg,n) < a;;1 <i<k)=det (I - XKKEXK> (L XB)

where

K*(i,u; §,v) = LK (i, [u]; , [fv]). (4.14)
Here K is the kernel from Theorem 3.2 with boundary condition xf = [fz]. Also, x‘(i,u) =
14| pu|>ra;}- It is clear that X' = xq as £ — co.

We derive the limit of each of the constituent kernels (3.20), (3.21), (3.22) and (3.23) and perform
some decay estimates to derive the limit of K* as K.

4.3.1. Limits of the constituent kernels. In the formulas (3.20), (3.21), (3.22) and (3.23), choose

1
0=0=1-—-=q =q.
¢ 7 q=4q

We assume this choice throughout the section.

Lemma 4.2. The kernel {Q™(u;lv) converges pointwise in u,v € R to QF(u,v) as £ — oo.
Furthermore, it satisfies the decay estimate £|Q™ (fu, fv)| < Cme“*“|v—u|m*11{f,}2u} forallu,v € R
and some constant C,, < 00.

Proof: Recall Q(z1,22) = (1 —0)0=2~" 11, . 1. Thus,

1 ov|—|lu|—1
5@(5%5@):(1—5)L J=tew] 14 00]> | eu}-

In the limit this goes pointwise to e“ "1(,>,) = Qe(u,v). Using the inequality 1 + = < e, valid
for all z € R, one as
Q(lu, bv)| < Ce" "1iy>yy

for all u,v € R. Therefore, one finds that [£Q™ (fu, v)| < Cppe* " (v — u)mfll{@u} for all u,v € R.
By the dominated convergence theorem, the pointwise limit, and the decay estimate above, it
follows that £Q™ (fu,fv) — Q% (u,v) pointwise and also satisfies the decay estimate stated in the
lemma. ]

Lemma 4.3. The kernel S, _,(fu, lv) converges pointwise to Sgp,—m(u,v) as £ — oo. Further-
more, it satisfies the decay estimate [0Sy —m(lu,lv)| < Cmne’ “1iy<yy for all u,v € R and some
constant Cp, .
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Proof: Looking at the integrand of S, _m(u,v) from (3.21), observe that for large |w| it behaves
like |w|**=#2717". So we can contract the contour to oo if 21 — 23 < n. Since m > 1 in the formula
of K, the poles of the integrand are at w = 0, ¢q. Thus,

1 === 1—w,,, n
Sn,—m(zl) ZQ) = % dw wz2721+m+1 ( a ) (rb(w) 1{21*222n}‘

70,q

Here 79,4 = 70 U 74 is a union of two small contours around 0 and g.
Consider the integral over w € vg. The contour can be contracted to zero if zo0 — 21 + m+1 < 0.
So we may assume zo — z1 > —m in the integral over vy. Then,

/¢ fd (1_%)LKUJ—LZUJ 1—
q

wW\m n
0SSy, —m(lu, lv) = — ey s )" (W) Ly 0] — [ eu) <—n}

1
; (1_%)|_évj—LﬂuJ 1—wom .
+271 o W =Tl +m \ P(w)" L m<(tv] - [u)<—n}-

Since m,n > 1 in the formula for K, the condition —m < [fv] — [fu| < —n is never satisfied for
large ¢ if u # v. When u = v, the condition —m < 0 < —n is not met since m,n > 1. So for all ¢
sufficiently large, the contribution comes from the integral over 7, only.

Now change variables w + 1 — 7 in the integral over v,. Let the contour be circular around ¢

with radius 1/¢. Since ¢ =1— /"1 and a = (¢ —1)~! and ¢(w) = (1 — ¢)/(w — q), one has
1 e Y™ (1l —w)™"

LSy —m(lu, lv) = —— dw

T Jjw—1|=1

Lueuy x (14+0(67).

ew(u—v)

Furthermore, using the inequality |R(—log(1 — z)) — R(z)| < 2|2|? for |z| < 1/2, we have the decay
estimate

gSn,—m(guagv)‘ < Cm,nev_ul{vgu}
for all u,v € R. ([l

Lemma 4.4. The kernel Egn,m@u,ﬁv) converges pointwise to Sg p.m(u,v) as { — co. Furthermore,
it satisfies the decay estimate |[€Sy pm(Cu, tv)| < Cpy e~ for all u,v € R.

Proof: In the integration contour |w| = § from (3.22), choose § = £~1. Make the change of variables
w +— w/l. Then it holds that
Q 1 (w—1)(v—u),, —m n -1
0Sp m(lu, bv) = o dwe w M1l —w)" x (14+0( 7))
i
lw|=1

Also, the decay estimate follows as in Lemma 4.3 above. O
Lemma 4.5. The kernel ESS%OW)(KIL,KU) converges to Sg%ﬁjif) (u,v) pointwise as ¢ — oo. Also,
one has the decay estimate |£SQ%O<$Z)(£U,£'I})‘ < Crme™.
Proof: One has that

08192 (0, 0) = B €Sy m—ry (LB (12), 00) L ey | B(0) = [£u] /2] .

Here B‘(m) is a random walk with step distribution Geom(1 — g;)/¢. The hitting time 7, =
min {m > 0: B*(m) < [£zmi1]/0}.

There is a coupling of B for all £ together with a random walk B with Exp(1)-step distribution
such that BY(m) — B(m) almost surely, simultaneously over all (¢,/m). In this coupling, 7, — 7 =
min{m > 0: B(m) < zp,4+1} almost surely.
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Since |€5’n,m(€u,£v)\ < Cppe” " for all u,v € R,
168 m—r, (€B(72), €0)[ 17y cmy < Comn® 07010 s
< Cppelomtil/i=oy
< Cmmeﬂcwﬂ—v—l—fl 1(r<m)
<20, me™™ ™" (since 7y < m and xy, is increasing).
By the bounded convergence theorem it follows that for all u,v € R,

0Shpela) (fu, v) — SEP (u, v).

_ For the decay estimate, we simply follow the same steps above and use the decay estimate for
Sh,m from Lemma 4.4 to get that

(882 (0, 00) < Cop " Pr(7¢ < m | BY0) = 1) < Co ™",
]

4.3.2. Completing the proof. We need to show that the kernel K* in (4.14) converges pointwise to
Kp and satisfies a decay estimate of the form

0/ .
K7 (i, u; 4, 0)| < fi(u)g;(v)
where f; are bounded functions and g; are integrable over [a;, 00).

In order to get the decay estimate, we need to append a conjugation factor to the kernel K*. In
integrable probability, it is standard practice to not include conjugation factors in the definition of
kernels, but rather introduce them as needed during asymptotics. In fact, even the kernel K from
Theorem 3.2 should be conjugated in order to be trace class. This is because ™ has a convolution
kernel, and convolution kernels are generally not trace class due to having infinite trace.

Recall that the integers my,...,m; were distinct in the statement of Theorem 3.2. There is a
permutation o of {1,...,k} such that My (1) < Mg(2) < -+ < Mg(r). The inverse o~ ! then satisfies
the property that m; < m; if and only if 01 (i) < 071(j). Let p = Mg (k) —Mg(1) = Max; j {m;—m;}
be the maximum gap between these integers.

The conjugation factor we append is a multiplication operator:

Mf(i,z) = (1+a%) "0 f(i,z).
The numbers k; > 0 need to satisfy x; — k; < —(p/2) when i < j. For example, we may choose
ki = u(k +1 —14). The kernel K* is replaced by M~'K*M in the determinant, whose entries are
thus .
N ¢ Gt (o e N

M7 K *M((i,u; j,v) = (R K™(i,u; j,v). (4.15)
Lemma 4.6. Suppose m; < m;, so that 0=(i) =r < o~ (j) = s. Let m = mj —m;. There are
functions f; and g; such that f; is bounded over [a;,00), gj is integrable over [a;,0), and

(1 4 v?)rs

(14 u?)sr
Proof: From Lemma 4.2 we see that [£Q™ (fu, fv)| < C’me“_”(v—u)m_ll{UZu}. We have 2(ks—k,) <
—p < —m. Thus, there is a number & satisfying 2ks + m < k < 2k,

Since u > a;, [v — u[™1 < Cy, Jv|™ 1. Write v = gu—v—rloglvltrloglv] — || —reu—virloglv] Get
g;(v) = (L4 v?)F=|o|™ 1% Now 2ks +m —1—k < —1, and so g;(v) is integrable over v € [a;, 0).
Set fi(u) = (1 + u?)~rr SUD,>q, e“*”Jr”log'“‘l{vZu}. The supremum is obtained at v = u 4+ O(k).
Therefore, | f;(u)| < Cyxlu|~2%+% and this is bounded due to x < 2k,.. O

|(€Q™ (Lu, tv)| < fi(u)g;(v).
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Lemma 4.7. The kernel £S, _p,, - SZ%?(KU,KU) converges pointwise to SEn,—m,; - Sgyﬁorsl? (u,v).

Furthermore, one has the estimate: |€Sy, _pm, - SZ%?(EU,EU)\ < Ce™ for a constant C free of ¢, u
and v.

Proof: One has

)
(S, —m; - SHIPC (Lu, fv) = /R dz 0y, —m, (Lu, €2) - LSPEPOE (02, 0v). (4.16)
From Lemmas 4.3 and 4.5, it follows that the integrand converges pointwise to S, —m,(u, 2) -
Sgygoéfj ) (z,v). Furthermore, one has the decay estimate,

1S, —m, (Cu, 02) - £S1Y2E (02, fv)| < Ce* T ™1 .
The right side is integrable over z € R. The dominated convergence theorem implies

0 hypo(x
(S, —m; - SHE (Cu, £0) = Sp g —m, - Spions (u,v)

for every u,v € R.
Finally, the decay estimate above also shows

108 —m, - SEUZ (L, )] < /Rdz Cem T

< Cle™MiTv,
O

Lemmas 4.2 and 4.6 imply that the (Q™™™(lu, fv)1(y,, <m;) converges to Qy ™ Lim,<m;}

pointwise and satisfies a sufficient global decay estimate after conjugation. Lemma 4.7 says £.5, —,, -

hypo(x)
S

Eonam, (u,v). After conjugation, its global decay is

SPPO (Pu, fv) converges pointwise to gy —m, -
of order

(1402 o)

(1 +u2)% o €

which is integrable of v € [a;,00) and bounded in u € [a;,00) as the a; > 0. This completes the
proof of Theorem 4.1.

mg,mj,n

4.4. Continuous time tasep. Continuous time tasep in an interacting particle system consisting of
particles on Z that move in continuous time ¢ > 0 There is some initial configuration of particles
at time ¢ = 0. Each particle then attempts to jump one unit rightward at rate 1. The jump is
successful if there is no particle already occupying the jump site (the exclusion rule). See Liggett
(1999) for the fact that this process is probabilistically well defined.

Let us focus on the case when there is a rightmost particle, which is particle number 0. Label
the particles from right to left by integers n = 0,1,2,3,---. Let Y, (¢) be the location of particle
number n at time . Let

Gy (m,n) = time when particle number n makes jump number m.

for n > 0 and m > 1. The process Gy and the initial condition Y;,(0) determine the evolution of
tasep. The function Gy satisfies the recursion

Gy (m,n) = max{Gy(m — 1,n),Gy(m+1 —gap,,n — 1)} + wmn (4.17)

where wy, , are independent Exp(1) random variables and gap, = Y,—1(0) — Y,(0) > 1.

Consider the step initial condition with particles initially at sites —n for n > 0. Particle number n
is the one initially at site —n. Let X (¢) be the position of particle number n at time ¢. This process
is the space-noise dual of the Exponential lpp model. The boundary condition 0 < 1 < xo < ---
translates to particle Xj having a deterministic trajectory: it jumps one unit rightward at the times
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x1,Z2, etc. The other particles move randomly at rate 1. Theorem 4.1 has the following corollary,
by way of property (7) of the space-noise dual.

Corollary 4.8. Consider continuous time tasep from the step initial condition X (0) = —n for
n > 0. Let X} (t) be the location of particle number n at time t. Let X jump one unit rightward at
the times x, € R with 0 < 1 < 29 < x3 < ---. The other particles move randomly at rate 1 subject
to the exclusion rule. Then forn > 1, times ty,ts,...,tr > 0, and distinct integers a1, ...,ar > —n,

Pr(X;(ti) > ai;1 <i < k) = det (I = xeJEXt) 12(1.2,... k) xR) (4.18)

where x(i,2) = 1.5,y and the kernel Jg is the kernel Kg from Theorem /.1 with choice of
parameters m; = a; +n + 1 and n the same.

5. Brownian lpp and Brownian tasep

Brownian Ipp operates on the domain Dy = [0,00), Dy = {1,2,3,...} and D, = R. The noise is
given by a collection of independent, standard Brownian motions « +— n(x, ), for ¢ > 1. Introduce a
boundary condition with a continuous function b : [0, 00) — R with b(0) = 0. Extend the temporal
domain to {0,1,2,3,...} and set n(x,0) = b(x). Consider the corner growth function G from (0, 0):

G(z,n) =Lp(0,0;z,n) =  max  b(zo)+ Y _n(i,i) — nlzi1,i). (5.1)
=1

0<zo<-<zpn=w

5.1. Ezponential to Brownian transition. Consider the Exponential Ipp model (4.1). It can be used
to transition into the Brownian lpp model, as originally observed by Glynn and Whitt (1991).
Extend the noise n(x,7) in Exponential lpp to z € [0,00) by linear interpolation (i > 0 remains
discrete). The boundary condition is n(x,0) = 2 + v/Nb(z/N), where N > 1 be a large integer
scaling parameter. Define

NN (x,1) = W i>1, (5.2)
an(w,0) = AVDO ZNE ) (5.3)

VN
Denote by G the corner growth function of the Exponential lpp model (4.3) with boundary con-

dition 2, = k + V/Nb(k/N). The scaled noise 1y is the noise of an lpp model on the domain
Dy =10,00), D; ={0,1,2,...} and D, = R. Its corner growth function Gy from (0,0) satisfies

_ g . . Gg([Nz],n) = Nzr—n
Gn(z,n) = ngog%%{zn:x b(xo) + z;nN(xl,z) —nn(zi—1,1) = N + O(n/N).

(5.4)
By Donsker’s theorem, there exists a collection B;(z) of independent, standard Brownian motions
coupled with the noise ny for every N such that

nn(z,1) — Bi(x) almost surely

uniformly over compact subsets of (z,7) € [0,00) x N. In fact, since the increments of n(x,7) in
Exponential lpp are Exponential random variables, one has a quantitative rate of convergence via
the KMT approximation (Chatterjee, 2012). For every real T' > 0 and integer n > 1, there is a
random constant Cr,, with E [Cr,,] < oo such that
. log N
sup Inn(z,4) — Bi(z)| < Cry i (5.5)

z€[0,7],1<i<n
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From this convergence of the noise it follows that the lpp model with noise ny converges to the
Brownian lpp model. In particular, for the corner growth function G(x,n) in (5.1), one has

G(z,n) = lim Gy(z,n)
N—o00
almost surely (here the Brownian lpp is driven by the Brownian motions in the aforementioned

coupling), with the convergence being uniformly over compacts. Consequently, for xi,..., x5 > 0,
n>1and ai,...,a; € R, due to (5.4),

Pr(G(zi,n) <a;,1 <i<k)= J\}im Pr(Gg([Nz;i],n) < Nz;+n+VNai,1 <i<k) (5.6)
—00

5.2. Fized time law of Brownian lpp with boundary. Define the following integral kernels acting on
R.
For x > 0, define the heat kernel

o 1 (u—v)?
29’ (u,v) = -

For x > 0 and n > 1, define

]. x,.,2
SBn—z(u,v) = % dw e~ 2w Tu—v)wy,—n 5.7
_ 1 z
SBnx(u,v) = f dw ez Hu—v)wyn. (5.8)
211 JR(w)=0

The contour {R(z) = 0} = {it;t € R} is oriented upward.
These kernels can be expressed in terms of Hermite polynomials. Recall the Hermite polynomials

Hy(z) = (1) 2re /2, o3 =% Hn(m)%. (5.9)
n=0 ’
Then,
(n—1)/2 —
x u—v
SBn,—a(u,v) = manl W), (5.10)
SBne(u,v) = (—1)"2"22% (u,v) Hn(u%) (5.11)
X

Define the kernel

10 (4, 1) = B [Sp o (B(T), 0) 1<y | BO) = ] (5.12)

where B(y) is a standard Brownian motion started from B(0) = u and
7=inf{y > 0: B(y) <b(y)}-

The kernel Sgyzoéb) can be interpreted in terms of a hitting probability. We have that Sp ,, »(u,v) =
orez?” (u,v). Since e39” (u,v) = ew=v)/22 |\ /oy

9"e3% (u,v) = e /% [\ omg = (—1)"ane /% )\ or,
As a result, ghupo(t) (u,v) = (—0y)"E [e(

B,n,x

o (B(7),v)1fr<zy | B(0) = u} By the strong Markov
property of Brownian motion,

E [e(%ﬂa2(B(T),v)1{T§x} | B(0) = u} =Pr(r < z,B(z) € dv | B(0) = u).
Therefore,

Sk (,0) = (=0,)" Pr(r < 2, B(x) € dv | B(0) = ). (5:13)

B,n,x
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Finally, for n > 1 and distinct x1, ...,z > 0, define the kernel Kp according to
. (@5=2i) 5o hypo(b
KB(Zv 5J ) = —€ R 1xi<a:j + SB,n,*ziSBgigip(j)' (5'14)

The kernel acts on the space L2({1,...,k} x R).

Theorem 5.1. Letn > 1 be an integer, x1,...,x, > 0 and a1, ..., ar be real numbers such that the
x; are distinct. Assume b : [0,00] — R is continuous and b(0) = 0. For the growth function G in
(5.1),

Pr(G(z;,n) < a;;1 <i<k)=det(] — XaKBXa)r2({1,..k}xR)
with Xa(i,2) = 1{.>q,)-

Ezxample 5.2. Consider the boundary b = 0. In order to compute the kernel Kp, we need to calculate
P(u,v) =Pr(r < z,W(x) € dv | W(0) = u) where > 0 and W is a standard Brownian motion.
The event {7 < x} occurs automatically if v < 0 or w > 0 and v < 0. For u,v > 0, the reflection
82(

principle gives Py (u,v) = e2? (—u,v). Therefore,

v — U, _ (u—v)?
\/E )6 2 (1u§0 + 1u>0,v§0)
U4 U, _ (utv)?

‘|‘$—n/2Hn( ﬁ )6 2@ 1u>0,v>0-

SHIPo®) (4 1) = (= 8y)" Py (u,v) = 27 2H,(

B,n,x

Suppose v < 0. Then,

(n—1)/2 —n/2 00 2
x T u—2z v—z, @=2)
ot S dz Hy_(

hypo(b
SBn,—z1 * SBZ,/Z?:;)(U’ v) = (n — 1)V 2mxy
. —00

(n—1)/2 —n/2 50
x x
=1 =2 dz Hn—l(
(n—1)\2rze J_o
The integral above is zero because Hy,_1(+) is a polynomial in z or degree at most n — 1 and H, is

orthogonal to such polynomials under the density /2,
Suppose v > 0. A calculation similar to the above gives:

(n=1)/2_—n/2  roo 2
hypo(b) S To ( U+ z u—=z ) z4+v, _Gtv
SBn,—z; S = dz (H,_ H._ H 3oy
B Sy (00) = Gy Jy 0 e () H e () J (e
As such, we find that
 ww)? Ln=1/2 —n/2
KB(i, u;j, ’U) = —¢ 2zj—=i) 1$i<Ij + 1,>0 ¢ J

(n—l)!w/27ra;jx
o0 ’U/+Z U— 2z Z+U 7(23;;)2
Ad4EH(x)+EH(x»ﬁM e

5.3. Proof of Theorem 5.1. We use Theorem 4.1 to take the the limit on the right side of (5.6) and
obtain a Fredholm determinant. Consider the Exponential Ipp model with boundary conditions
zp = k4 vV Nb(k/N). Then,

Pr(Gp([Nz;],n) < No; +n+VNa;, 1 <i < k)= det (I- XNKNXN)

L2({1,...k}xR)
where xV (i,u) = Ly ai—(n/vNyy and
KN(i,u;j, v) = \/NKE(i,NSUi +VNu; j, Nxj; + \/Nv)

It is clear that x — x4 as N — oo.
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As in the proof of Theorem 4.1, we derive the limit of each of the constituent kernels (4.8) and
(4.11), and then perform some decay estimates to derive the limit of K N as Kp.

5.3.1. Limits of constituent kernels.

Lemma 5.3. Suppose ©1 < x3. Let ny = [Nz1], no = [Na2|, vy = Nz + VNu and uy =
Nzy + vV Nv. Then,

(wg—wq)
\/NQ%TT” (ug,uz) — e s 8Q(U,v)

pointwise in u,v € R. Furthermore, one has the decay estimate:

(u—2)?

IVNQF " (u1,u2)| < Cypy zpe®@2=20  for all u,v € R.

Proof: We may use Stirling’s approximation of factorials: n! = v/2mn(n/e)” x (14 O(1/n)). The
error term is uniformly bounded in n, so there is a constant C' such that n! < Cv2mn(n/e)".

Recall Q™ (uy,us) = 6“1—“2%1“22”1}. Using Stirling’s approximation for (m — 1)!,

m = n9 — n1, and some bookkeeping, one finds
VNQ™(ur, uz) = (v/2r(wz — 21)) e/ 2m=m0) s (14 O(1/N)).

Also, the multiplicative error term is uniformly bounded by some constant C' for all u,v € R. [
Lemma 5.4. Suppose x >0, m = [Nz] and n > 1. Let uy = Nz + vV Nu and uy = vV Nv. Then,
VNSEn,-m(ur,us) = Spn,—a(u,0) X 1, e yxg N2 (14 O@N72)).

The constant in the error term O(xN~/2) is uniformly bounded in N > 1, u,v € R and = > 0.

Proof: From the definition, we have

VNS, —m(u1, uz) = —;/N. dw e@—D(VN@—u)=-Naz), [Na] (1-
™ Jjw-1]=1

VN

= . dwe
27 Jjy—1]=5>0

w)_n 1{’07U§\/N$}

(w—l)(\/ﬁ(v—u)—Nx)w(N;ﬂ(l . w)—n 1{ <V}

Change variables w = 1 — % and 6 = 5’/\/N for &' > 0. Then the above becomes

1 zZ(u—v zx x| 1O; —Zz —n
\/NSE,n,fm(ULUQ) — 27&?{:':6,>0 dz ¢*(u=v)+VNzz+[Nz] log(1 /N)(z/\/ﬁ) 1{U_u§\/m},
If |z| = ¢’ < 1/2 then Taylor expansion gives log(l — %) = —\/Z—N — % + O(N~3/2) where the big
O term has a absolute constant (free of all parameters). Since [Nx| — Nz € [0, 1], we find that
1 e
VNSpin—m(u1,u2) = 3 7,{ e B N OGN Ty
We recognize the integral on the right side as Sp s (u,v). O

Lemma 5.5. Suppose © >0, m = [Nz]| andn > 1. Let uy = Nz + VNv and uy = vVNu. Then,
\/NSE,n,m(uhUQ) = 537n7x(u,v) an/Q(l + O(wal/Z))

The constant in the error term O(mN_l/z) is uniformly bounded in N > 1, u,v € R and x > 0.
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Proof: By definition of Sg,
JN

wfl)(\/ﬁ(vfu)+Nx)wf [Nz] (
271'1 |w|=6

1—w)™.

\/7SE n m(uly UQ) dw 6(
We choose 6 = 1 and parametrize w = w(f) = ei9/VN for 0] < 7/ N. We change variables

w=1- T Then z(0) = (1— ei‘g/\/ﬁ) VN. Let vy denote the closed contour sketched out by z(6).

We have |2(0)| < v Nmin{2,|8|/v/N} and, locally, z(8) = —if if |§| = O(1) in N.

In the new variable we find that

_ 1
\/NSEnm(Ul,UQ) = —— dz efNa(2)te(u—v) n o N—n/2
” 271 Sy
with Fiy ,(z) = —V/Nzz — Nzlog(1 — 2/V/N).

Locally, if |§] < L, then by Taylor expansion Fy,(2(0)) = £(2(6)? + O(zL/V'N) and 2(0) =
—i0 + O(L/ VN ). The big O constant is free of all parameters. The contour vy approximates the
vertical line {R(z) = 0} = {if : 0 € R}, oriented downwards. The integrand converges pointwise in
0 to e2= +=(u=v) 0 with 2 = 2(6) = —i6.

Globally, since 1 — % = /YN we have R(Fy.4(2(0))) = —NaR(2(8)) — Nz log(1) = —Nz(1—
cos(0/v/'N)). For |0] < 7v/N, 1 —cos(0/v/N) > 6%/10N. Therefore, R(Fy .(2(0)) < —62x/10 since
x > 0. Also, R(2(0)(u —v)) < |0||u — v| because |z(#)| < |#]. Similarly, |z(0)|" < |0]". Therefore,
the integrand is bounded above by e~0%/10+0l[u—v|+nlog|0]

From the dominated convergence theorem, and re-orienting the limit contour upwards, we have
that

VNS pm(u1, u2) = Sppe(u,v) N2 x (14 O0(z/VN)).
O

Lemma 5.6. Suppose x > 0, m = [N2] and n > 1. Let uy = Nx +v/Nv and u; = vV Nu. Let
yN =k + V/Nb(k/N). Then,

VNS (g ug) = S0 (w,0) x N7V2(1+ Ogn(1/VN)).
Proof: We have

fshypo Y )(u17u2) =E \/NSE,H,[NI]—TN (Bn(TN)7 Nz + \/Nv)l{TN<[Nﬂ} ’ BN(O) - \/NU:| )

Enm

Here By (m) is a random walk with Ezp(1) step distribution and 7y = inf{m > 0: B,(m) <y ,}.

Define the scaled walk By (y) = W and 7x = 75 /N. Using the fact that Sg ,m(u +

a,v) = Sgnm(u,v —a), and Lemma 5.5, we see that

VNS (uy un) = B [Spn-ry (By (7n),0)Liry<ay | Br(0) = u] N"2(1 + O(z/VN)).

E.nm

By Donsker’s theorem and Shorokhod representation theorem, we may find a coupling of the
scaled walks By for every N together with a Brownian motion B such that By — B uniformly on
compacts. In fact, the KMT approximation gives a coupling satisfying

sup [By(y) — B(y)| < Cz(log N)/VN

y€[0,z]

where E [C,] < co. From this and the smoothness of Sg, . (u,v) in all parameters, we can deduce

that
_ _ _ _ _ log N
|E [SB,n,x—fN (BN<TN7 v))l{ﬂ"NSx} |BN(0) = u] —-E [SB,n,x—?(B(T7 U))l{fgx} ‘ B( = u] ‘ <C—x N1/2

where 7 = inf{y > 0: B(y) < b(y)} is the almost sure limit of 7. The lemma follows. O
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5.3.2. Completing the proof. Lemmas 5.3, 5.4, and 5.6 establish pointwise convergence of the con-
stituent kernels of K. To complete the proof, we have to establish decay estimates so that the
Fredholm series expansion converges absolutely. That the errors provided by the aforementioned
lemmas are uniformly bounded in all parameters. Thus, it is enough to show decay estimates for
the kernels Qp, S n,—» and Sgygoggb). This will also confirm that Kp has an absolutely convergent
Fredholm series. o
In order to get decay estimates, we have to conjugate the kernel Kg. The conjugation factor we
need for the (i, 7) block is
(1 _|_v2)k+nfa*1(j)
(1 +u2)k+n—0*1(i)
where o is the permutation for which z5(1) < Zy2) <+ < To)-
With this conjugation factor, arguing as in the proof of Lemma 4.6, it follows that

(1 +U2)k+n—071(j)
(1 4 u?)k-l—n—a*l(i)

where f; is bounded and g; is integrable over R.

(5.15)

Tj—Ty 82

e 2 7 (u,0) g, <ayy < fi(w)g;(v)

Lemma 5.7. Suppose n > 1 and x € [0,T]. There is a constant Cy, v such that

1SB.n,—z(u,v)| < Cpr(ju— v\”_l +1) and |SB,n7x(u,v)| < Cpr(ju—v"+ 1)6582 (u,v).

Proof: The bounds follow from (5.10), which represents these kernels in terms of Hermite polyno-
mials. O

Lemma 5.8. Let B be a standard Brownian motion, x > 0, and 7 = inf{y > 0: B(y) < b(y)}. Let
p=maxye(o 4 b(y). If 2 > p then Pr(r < x| B(0) = 2) < e~ (z—1)?/2x

Proof: In order for B to hit b by time x, it must go below level p since z > u. The latter event has
the same probability as B started from 0 hitting level z — p by time . This can be calculated by
the reflection principle; it equals Pr(|B(z)| > z — p). Since Pr(|B(z)| > a) < 2¢7%/2% | the lemma
follows. g
Proposition 5.9. Let a € R and 0 < 1,22 < T. Set [u| = max,co,) |0(y)|. There is a constant
C = Cyru|,za,n Such that for allu € R and v > a,

2

S5 -2y - S (w,0)] < Clu" + D) (ol + De 7.

B,'I’L,"EQ

Proof: Decompose Spn,—z, - ghope(®) (u,v) = (I) + (II), where

B,n,xo
0 hypo(b)
(]) = / dz SB,n,—ml (Ua Z)SBZ,/z,arz (Z’U)

(IT) = /0 02 5 s (1,2)S"7°0) (2, 0)

Consider ([) first. Since z < 0, and b(0) = 0, the hitting time 7 in ghypo() (z,v) is zero. So

B,n,x2
ghypo(b)

B (2,0) = SB.nay(2,0). Then using Lemma 5.7 we find

—v
(D] < / dz Cor(lu— v — 2|71+ 1)(|2[" 4 1)e™2" /222,

— 00
If v > 0 then the contribution to the integral above comes from the region z ~ —v. If v < 0 then it
comes from the region z ~ 0. Since v > a by assumption, we find that

m n— —1)2 wil
(D] < Cp(fo™ + 1)(Ju]™ " + 1) [e7/221 0y + Linelap]
< Conr (o)™ + 1) (Ju|" L + 1) /2T
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Now consider (/7). Due to Lemma 5.7 we have

(2—=7) 92
22 o

S0 (2, 0)] < Cor B (Jo = B)I" + 1)e (B(r),0)1(r<p) | B(0) = 2]

If 7 < 29 then |B(7)| < |u| because B(7) = b(7) by continuity of b. Therefore,

(=2

S (2, 0)| < Co(fol” + 1D E [e

B,n,xo

;T>62(B(T),U)1{T§x2} | B(0) = z} '

Due to the strong Markov property of Brownian motion, we recognize the expectation above as
Pr(r < z9, B(x2) € dv | B(0) = z). By the Cauchy-Schwarz inequality,

Pr(r < 29, B(x2) € dv | B(0) = 2) < Pr(r < x5 | B(0) = 2)Y/2 . Pr(B(22) € dv | B(0) = 2)"/2.

By Lemma 5.8 we have Pr(t < @y | B(0) = 2) < 1p.<,y + 26_(Z_“)2/2I212{2>#}, where p =
maxy,c(o 2, b(y). We also have Pr(B(zz2) € dv | B(0) = z) = (v/2mwy) 1 /2e~(5=v)"/2%2 Therefore,

(z=w)? (z=v)?

h — :
|SBy7z:0$ (2,0)] < o fules (" 1) | Ljococpy +€ =2 1ps,y|e 2

This estimate together with the estimate [Sp .z, (4, 2)| < Cpr(lu — 2/"~ + 1) implies
((ID)] < Co gz (™ + 1) (o] + 1) /4T

Combining the bounds on (I) and (1) proves the lemma. O

Proposition 5.9 shows that if we conjugate Sp, —z, - Sgyfzosc( ) by the factor in (5.15), then it
is bounded in absolute value by f;(u)g;(v) where f; is bounded over R and gj is integrable over
[aj,00). So the Fredholm series expansion of det (I — xo K px,) with the conjugation is absolutely

convergent. This completes the proof of Theorem 5.1.

5.4. Brownian tasep. Consider the Brownian tasep (1.3) with initial condition X, (0) = 0 for every
n > 0. We find that

Xn(t) = — max {Lp(0,k;t,n)} = —Lp(0,0;t,n) = —G(t,n)

0<k<n

In other words, X is the space-time dual of G. Now looking at (5.1), if b is the boundary condition for
Brownian Ipp, then the above shows that Xg = —b moves deterministically. Then X7 is a Brownian
motion reflected (to the left) off —b, X5 is a Brownian motion reflected off X, etc. Theorem 5.1
thus implies

Corollary 5.10. Consider Brownian tasep started from X,,(0) = 0 for n > 0. Let X,,(t) be the
location of particle number n at time t. Let Xo move deterministically according to a continuous
function —b. The other particles move randomly as Brownian motion being reflected to the left off
the particle to its right. Then for n > 1, distinct times t1,ta,...,tx >0, and a1,...,ar € R,

where X—q(i,2) = 1> 4,y and the kernel Jp s the kernel Kp from Theorem 5.1 with choice of
parameters x; = t; and n the same.
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5.5. Brownian tasep with general initial conditions and Warren’s formula. Consider the Brownian
tasep (1.3) with general initial conditions X1 (0) > X2(0) > ---. Warren (2007 ) provided a formula
for the transition probability of this system. Let z,y € RN with 21 > 29 > --- > ax and likewise
for y. Warren proved:

Pr(X(t) € dy | X(0) = z) = det (07 "¢y (y; — 1)) dy. (5.17)
Here ¢, is the probability density of a Normal random variable with mean 0 and variance t:
1 2?
¢t (x) = e 2t .

V2t

Actually, in Warren’s convention, the particles are ordered in reverse. This corresponds to the
negation of the process (1.3). The formula does not change because ¢; is symmetric. Warren’s
formula is in fact the precursor to Johansson’s formula (3.3). It came about from the construction
of the Warren process in Warren (2007), which is a randomly evolving Gelfand-Tsetlin pattern in
continuous space-time. Its rows perform Dyson Brownian motion subject to interlacing constraints
and its right edge is Brownian tasep. The formula (5.17) comes from an intertwining relation
between the bottom row and the right edge.

5.5.1. Deriving Warren’s formula. Johansson’s formula can be used to derive Warren’s, which brings
our discussion full circle. In Brownian Ipp, space and noise occupy continuous domains. As such,
pushing and blocking mechanisms come together to become reflection. One can thus derive (5.17)
from (3.3) by way of (4.6).

We will use Warren’s convention for Brownian tasep, namely that particles are ordered from
smallest to largest: Xi(t) < Xa(t),...,Xn(t). We assume there are N particles started from
z1 = X1(0) <--- < Xn(0) = xn. Let £ > 0 be a large scaling parameter. Consider the Exponential
Ipp model (4.1) with boundary conditions G(m,0) = v/¢x,, +m, 1 < m < N. Define, for t > 0,

Goit) = (G(k, [¢t] 3/2 (¢t + k)

;1<k‘<N>

Define for integers =,k > 1
x
k)= wri m(0,k) =0
i=1
Extend 7} to € [0,00) by linear interpolation. We have that for every k,
(0, k) — et
Vi

as { — oo, where B} are independent, standard Brownian motions.
We can write the corner growth function as

G(k,n) = max Vil +m+ L*(1,m; k,n),

me(t, k) = — By(1)

where
N

L*(1,m;k,n) = max an xi, 1) — my (wiz1 — 1,4).

1= =T — 1<.Z‘m<itm+1< <£EN n
Observe that
L*(1,m;k, 0t) — (bt + k —m)

VY T Oty St Sty— tz
=m

nﬂth 117)+O(

T
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As ¢ — o0, the above converges in law to Lp(0,m;t, N), where Lp is the lpp function for the
Brownian lpp model. Hence,

Gk, [¢t]) — (¢t + k)
Vi

in law, for every k, as a process in t. Thus,

— max Ty, + Lp(0,m;t, N)
1<m<k

—

Gg(t) — X(t) = (Xl(t), .. .,XN(t)),

the latter being the Brownian tasep started from z1 < --- < xn.
In order to derive the transition probability (5.17), we must compute

Pr(X(t) € dy | X(0) = z)/dy = lim Pr(Go(t) € dy | Ge(0) = v)/dy
= lim Pr(G(k, [£1]) € ¢t + kd(\/ty))/d(\ ty) N2
= lim det ([aﬂ'—i W) (6t + 5+ VEy; — xi))) N2,
Observe that
[0 Wil (et + j + Ve(y; — 1)) = 0 W (€t + j + Ve(y; — 2:)] x €072,

The last factor of £(i=9)/2 is a conjugation and can be removed from the determinant. Stirling’s
approximation of factorials : n! = v/2mn(n/e)” x (14 O(1/n)) shows

1 (vj—=;)2
Wy (0t + j + \/Z(yj — 1)) = 5 Ztei i x (14 0(1/¢)).
T

Therefore,
det ([af—i W (£t 4 5V ey — xi>)) = det ([07 7" - ¢u)(y; — 1)) £N% x (1 +0(1/0)).

So, finally,
Pr(X(t) € dy | X(0) = a)/dy = det (9 "64(y; — 21)).
We also note that for k € Z,

1
Oy (x) = jé dz e2? Tz k.
R(z)=6>0

© 2ni

5.5.2. General initial conditions. One can use the formula (5.17) together with the Eynard-Mehta
method and the solution of the corresponding bi-orthogonalization problem to express

PI‘(XnZ(t) S a;, 1 S 7 S k | X(O)) = det (I — K)L2({1,...,k}><R)

as a Fredholm determinant of a kernel K. Another way to go about it is to use Theorem 4.1. We
have that

G(ng, [0t]) — Lt
Vi
Theorem 4.1 provides a Fredholm determinant formula for the latter probability. On taking the
large ¢ limit, one obtains a Fredholm determinant formula for Brownian tasep. This determinant

formula has actually been derived in Nica et al. (2020) by taking a certain low-density limit of
continuous time tasep. As such, we do not proceed further and end here.

Pr(X,,(t) <a;,1 <i<k|X(0))= lim Pr <

f—o00

Sai;1§i§k>
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