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Abstract. We study general Markov additive processes when the state space of the modulator is
a Polish space. Under some regularity assumptions, our main result is the characterization of the
long-time behavior of the ordinate in terms of the associated ladder time process and the excursion
measure. An important application of Markov additive processes is the Lamperti-Kiu transform,
which gives a correspondence between R%\{0}-valued self-similar Markov processes and S%~1 x R-
valued Markov additive processes. The asymptotic behavior of the radial distance from the origin
of a self-similar Markov process can be characterized by the long-time behavior of the ordinate of
the corresponding Markov additive process. We show the applicability of our assumptions on some
well-known self-similar Markov processes.

1. Introduction

In 1970s, Markov additive processes (MAP) were introduced in Cinlar (1972), essentially as a
real-valued stochastic process (& ):>0 such that the increments of £ are modulated by a Markov
process (O¢)¢>0. Formally, the process (£,0) is called a MAP if given {(&s,0;),s < t} for any
t > 0, the process (§s4+ — &, Osyt)s>0 has the same law as (&, O5)s>0 under Py, with v = Oy,
where P, ({0 = 2,09 = ) = 1. The following studies on general MAPs can be found first in Cinlar
(1975, 1976); Kaspi (1982, 1983), and in Ney and Nummelin (1987a,b). Although MAPs have been
introduced in such generality, most of the previous work has focused on the case the modulator ©
is a Markov chain with a countable state space (e.g. Alsmeyer and Buckmann, 2018; Asmussen and
Albrecher, 2010; Cinlar, 1977).

A key application of MAPs is the representation of real-valued self-similar Markov processes,
which can be seen as a generalization of the relation between positive self-similar Markov processes
and potentially killed Lévy processes given in Lamperti (1972). A real-valued Feller process (Z;)¢>0
is called a real self-similar Markov process with index a > 0 if the process (Z;)¢>0 is equal in
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distribution to (cZ.-a¢)t>0 for every ¢ > 0, with P,(Zyp = z) = 1. There exists a one-to-one
correspondence between real self-similar Markov processes and R x {£1}-valued MAPs (Chaumont
et al., 2013; Kuznetsov et al., 2014). Here, the modulator © controls the sign of Z, and e specifies
how far away Z is from the origin at time ¢ > 0. A natural question whether a similar relation can
be found for R\ {0}-valued self-similar Markov processes has been resolved by recognizing the radial
distance from the origin of the process as a real-valued stochastic process modulated by the angular
part of the process. There exists a one-to-one correspondence between R x S¢ l-valued MAPs
and R%\{0}-valued self-similar Markov processes killed at the origin IKiu (1980). This relation,
known as Lamperti-Kiu transform, has brought back attention to MAPs when the state space of
the modulator is a Polish space (Alili et al., 2017; Kyprianou, 2018; Kyprianou and Pardo, 2022;
Kyprianou et al., 2020, 2024).

Let S be a Polish space and (£, ©) be an R x S-valued MAP with an invariant probability measure
7 for the modulator @. We are interested in the long-time behavior of the ordinate £. It has recently
been shown in Kyprianou et al. (2020) that & exhibits exactly one of the three behaviors, namely,
drifts to 400, oscillates, or drifts to —oco as t — oo, if the MAP satisfies a Harris-type condition and
© has an invariant distribution. The proof follows from the strong law of large numbers for MAPs
Kyprianou et al. (2020, Prop.2.15) as inspired by a similar approach for Lévy processes. In fact, a
MAP can be considered as a natural extension of a Lévy process. Therefore, further ideas from the
fluctuation theory of Lévy processes can also be applicable to general MAPs (Bertoin, 1996). In
this paper, we use the distributions of last time at supremum g, and infimum g arising from the
corresponding ladder processes in the characterization of the long-time behavior of &.

In Proposition 3.1, we show under some regularity assumptions for (£, ©®) that & drifts to —oo,
that is, limy o0 § = —00 Por-a.s., if

lim Eg —Aio)| =1 d lim Eg, —A =0,
)\i)r& 0,7[€xp(—Agoo)] an /\i}%ﬂ 0, [exp( QOO)]

as well as the other cases which imply that either the process & oscillates, that is,
limsup;_, o & = — liminf; o & = oo or & drifts to 400, that is, lim;_, & = co. Indeed, for a real-
valued process, limy o+ E[exp(—Agoo)] = 1 implies that P(goo < 00) = 1 and limy_,+ E[exp(—Ag_ )]
0 implies that P(goo < 00) = 0. When these limits hold, the asymptotic behavior of a Lévy process
X is found as limy_,oo Xy = —o0 in Bertoin (1996). Along these lines, we determine the long-time
behavior of £ depending on whether g, and g, are finite or infinite using the strong Markov
property and the invariant probability measure.

The main result of this paper is the characterization of the long-time behavior of the ordinate &
in terms of the associated ladder time process and the excursion measure as given in Theorem 3.3.
The distribution of the last time at supremum at an exponentially distributed random time e, with
parameter ¢ > 0, which is independent of the MAP, is given in Kyprianou et al. (2020, Prop.2.3) as

Eo,x[exp(—Age, )] = / V. (dr, dv, dz) exp(=Ar — qr)[gfT (v) + 0y (L, <ct)]
R+t xSxR+

where V1 is the potential measure associated with the corresponding ascending ladder process
(I_{ 1,§t+ , @;r ), 7 denotes the excursion measure at the supremum, ¢ denotes the lifetime of an
excursion, and 7 is a function related to the local time at the supremum L;. Under a certain duality
assumption called the reversibility property, which implies that g . and t— g; are equal in distribution
(Alili et al.; 2017), we first obtain the distribution of 9., in terms of the ascending ladder process.

Then, based on this result and Proposition 3.1, we show that & drifts to —oo Pg r-a.s. if

/ U (do, dz)nt (¢ = 00) = 1
SxR*
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where

Loo
Ul (dv,dz) = Eo,w[/ 1{ejedu,§jedz}ds]'
0

The conditions which determine either £ drifts to +oco or it oscillates are also examined in Theorem
3.3. Furthermore, we extend this result by replacing the reversibility property with its weaker
version, called the weak reversibility property (IXyprianou et al.; 2020). In Theorem 3.5, we examine
the long-time behavior of the ordinate under the assumption of weak reversibility.

We study two important examples of well-known self-similar Markov processes to show that the
corresponding MAPs via Lamperti-Kiu transform satisfy the assumptions of Theorem 3.3. The
first example is the free 2-dimensional Bessel process X = (X W, x (2)) whose components X ® are
independent Bessel processes. The second example is the radial Dunkl process X" in R?\{0}. The
long-time behavior of the ordinate of the MAP determines the asymptotic behavior of the radial
distance from the origin of the corresponding R%\{0}-valued self-similar Markov process. Although
the latter asymptotic behavior for both examples is known, we still prove some new properties of
these processes using the Lamperti-Kiu transform. For instance, the modulators are Harris recurrent
for both examples. We take d = 2 for simplicity. However, we believe that these results can be
generalized to higher dimensions. Moreover, the assumptions of Theorem 3.3 could be used for
other classes of self-similar Markov processes with unknown asymptotic behavior. Further possible
examples can be found in Alili et al. (2019).

The paper is organized as follows. The fluctuation identities and duality properties of general
MAPs are reviewed in Section 2. Our results on the long-time behavior of the ordinate of MAPs
are presented in Section 3. In Section 4, we discuss some examples of self-similar Markov processes
and their Lamperti-Kiu transforms in detail.

2. Preliminaries

Let (&,©¢)i>0 be a possibly killed Markov process on a filtered probability space
(Q, F, (Ft)t>0,Prpg) with Py 9(§op = 2,09 = 0) = 1 and state space (R x S,B(R x 5)) with an
extra isolated state 0, where S is a Polish space, B(R, S) denotes the Borel o-algebra on R x S, and
(Ft)t>0 is the minimal augmented admissible filtration. The process (&, ©¢)¢>0 is called a MAP on

R x S, if
Poo((€trs — &) €T, Opps € Al Fy) =Poy(&s €T, O, € A)

forall 9 € S, T € B(R), A € B(S), and t > 0, where v = O, and denoted by ((¢,0),P) =
((&,0¢)t>0,Pog). Let ¢ :=inf{t > 0: (&,0;) = 0} denote the lifetime of the MAP. We call ¢ as
the ordinate and © as the modulator of the MAP. By the defining property, a MAP is translation
invariant in &, that is, (&, ©;) under P, g has the same law as (§; + x,©;) under Py for all z € R
and 0 € S. A MAP has strong Markov property, that is, for a stopping time 7', we have

Poo((Erse —&ér) €T, O € Al Fr) =Pou(§ €T, O € A) (2.1)
forall @ € S, T" € B(R), A € B(S), and t > 0, where v = ©7 (Cinlar, 1972, Thm.3.2).

Throughout this section, we assume that © is a Hunt process, ¢ is quasi-left continuous on [0, (]
where ( is the lifetime of the process and the MAP (¢, ©) is upwards regular, that is,

Poo(rs =0) =1

V0 € S where TS_ =inf{t >0 : & >0}. Let & := Sup,<; s denote the running supremum process

for the ordinate § and Uy := & — & be the corresponding reflected process. Denote the zeros of the
reflected process by M := {t > 0 : U; = 0} and let M be the closure of M in R*. The complement
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of M consists of open random intervals. For an interval with endpoints g and d, define

(6(9) v(g)) — (Ug+87®g+s) ifo<s<d-g
s »Ug (Ud,@d) ifd—ggs‘

Notice that (egg ),v§9 )) corresponds to an excursion from the supremum. Let (T denote the lifetime
of the excursion and 17; be the excursion measure defined in Kyprianou et al. (2020, §2.2). Let L
be the local time at the supremum associated to the ordinate . Then, by Kaspi (1983), there exists
a measurable function £+ : S — R* such that

t t t
/O I{SEM}dS_/O l{seMCl}ds_/O £+<@s)dis P079—a.s.

Let L;! :=inf{s : L, >t} be the inverse local time process and define & = §L;1 and O] = @Z;1

for all ¢ such that L, ! < o0, and otherwise assign both ft+ and @f to the cemetery state 0. Then,
(L1, 65,0/ )i>0 defines a MAP called ascending ladder process, where both L; and & are ordinates
(Kyprianou et al., 2020). Let §; = sup{s < t : s € M} and ©; = Og 1z ¢,y T+ ®§;1{€t>§§t}
and recall that e, is an exponentially distributed random time with parameter ¢ > 0, which is
independent of (£, ©). Then, by Kyprianou et al. (2020, Prop.2.3), for bounded measurable functions
F,G:[0,00) x R x S — R and for § € S, we have

EO,Q[G(geaneqa (:)eq)F(eq - geqageq - feqa @eq)] =
/ e "G(r, z,v)[ql* (v)F(0,0,v) + 0, (F(eq, €e,, Ueq)l{eq<(+}]ve+(d7", dv,dz) (2.2)
Rt xR+ xS
where
Leo
Vg—i—(dr, dv, dZ) = Eo’g[/ 1{Es_ledr,9;"edv,§j’€dz}d5]'
0

Remark 2.1. We say that the MAP ((¢,©),P) is downwards regular if
]P)()’g(TO_ == 0) =1

VO € S where 75 :=inf{t > 0 : {& < 0}. Now, suppose that the MAP is downwards regular. Then,
we can construct the descending ladder process (L; L & ,09; ) by considering the ascending ladder
process corresponding to the MAP ((&;,©;)s>0, P_,.9) obtained from ((&, ©;)s0, P, ¢) by replacing
& by its negative —£. In that case, the running infimum §t = infy<; & under Py g corresponds to
the running supremum &, := sup,<;(&s) under I@’O’g. Similarly, the last time at the infimum g, , the
lifetime of the excursion from the infimum (~, the excursion measure at the the infimum 7~ and the
local time at the infimum L, with density ¢~ under P, g correspond to gi, (T, n*, Ly and £* under
]I},Lg, respectively. Using these notations, the excursion from the infimum version of Equation (2.2)
can be stated with potential measure associated with (L; *,&;,0; ) defined as

L

—00

Vy (dr,dv,dz) Z:Eoﬂ[/o 1{L;1€dn@§ edv,ggedz}ds]

Loo
ZEo,e[/O L7t cdrot cdveted 48]
(Kyprianou et al., 2024, §2.5).

Let E be a Polish space. A pair of E-valued Markov processes with respective transition proba-
bilities (P;)¢>0 and (FP;)¢>0 are set to be weak duality with respect to some o-finite measure m(dx)
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if for all positive measurable functions f and g

[ s@Ps@midn) = [ f@)Patoym(iz).

The details of weak duality of Markov processes can be found in Chung and Walsh (2005, Ch.13).
Consider the MAPs ((£,0),P) and ((&,0),P). The problem is to determine whether these two
MAPs are in weak duality with respect to the measure m(ds)dy where dy is the Lebesgue measure
and m(ds) is some o-finite measure on B(S). For weak duality, Alili et al. (2017, Lem.3.1) provides
a practical criterion. Namely, the MAPs ((¢,0),P) and ((&, ©), ]f”) are in weak duality with respect
to measure m(ds)dy if and only if

Py, (& € dz, Oy € dw)m(dv) = Py (& € dz, O € dv)m(dw), (2.3)

)
which is called the reversibility property of ((§,0),P). We have a more general version of this
property from Kyprianou et al. (2020). Let ((§,0), ) be another MAP and this time denote by
((5,@),1@)) the process obtained from ((£,0),P) by replacing & by its negative. Assume that the
MAPs ((£,0),P) and ((¢,0),P) satisfy the relation

Po.o (& € dx, ©; € dw)m(dv) = Py, (& € dz, ©; € dv)m(dw) (2.4)

where m(ds) is some o-finite measure on S. Then, Equation (2.4) is called the weak reversibility
property of MAPs ((£,0),P) and ((&, @),I@). Notice that the reversibility property is a particular
case of Equation (2.4) if P = P. Under the weak reversibility property, we have the following duality
properties borrowed from Kyprianou et al. (2020, Lem.3.8,Prop.3.9).

Lemma 2.2. Consider a MAP ((&,0),P) such that there exists a MAP ((€,0),P) with weak re-
versibility property. Let ]@079 be the law of (—&,©) under Poﬁ. Then, for every t > 0, we have
(1) forx € R, the process (§(;—s)——&t, @(t_s)_)ggsgt under Py, has the same law as (£, ©5)o<s<t
under ]EADOM.
(2) (©g,t — g, O, & — &, Gty O, &) under I@’O’m is equal in distribution to
(©4, 1,00, &t — Gt, O1, & — &) under Po .

3. Long Time Behavior

It has recently been shown in Kyprianou et al. (2020) that & exhibits exactly one of the three
behaviors, namely, drifts to +o0, oscillates, or drifts to —oo as t — oo almost surely if the MAP
satisfies a Harris-type condition and © has an invariant distribution. A regenerative structure
defined by the Harris-type condition (Ney and Nummelin, 1987a) is closely related to the ergodic
properties of the process. Therefore, the strong law of large numbers is proved first as inspired by
a similar approach for Lévy processes, and is given by lim;_,o &/t = Egr[&1], Pog-a.s. for every
0 € S. The trichotomy follows whether E[{;] is positive, negative, or equal to zero (Kyprianou
et al., 2020).

Another idea for determining the long-time behavior of the ordinate is the use of fluctuation
theory, also borrowed from Lévy processes (Bertoin, 1996). The distributions of the last time at
supremum Jo and the infimum g__ arising from the corresponding ladder processes can characterize
the long-time behavior of £&. We follow this direction without assuming Harris-type recurrence, but
only the existence of an invariant distribution 7. Therefore, the characterization is a P r-a.s. result
rather than holding for any starting § € S. We make the following assumptions in this section.
Assumption 1: © is a Hunt process with invariant probability measure m and £ is quasi-left
continuous.

Assumption 2: The MAP ((£,0),P) is both upwards and downwards regular.
Assumption 3: Eo r[sup,cjo 1) €s]] is finite.
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The following proposition gives a criterion for the long-time behavior of MAPs in terms of the
distributions of g; and 9, In Kyprianou et al. (2020, Prop.2.16), this behavior is determined in
terms of Eq »[{] with some extra assumptions using the strong law of large numbers. Therefore, we
achieve a different type of characterization thanks to the alternative approach resulting from the
generalization of Bertoin (1996, Ch.6.3).

Proposition 3.1. Consider a MAP ((£,0),P), such that Assumptions 1,2, and 3 are satisfied.
Then, we have

(i) & drifts to —oo Py r-a.s., if and only if goo < 00 and g = 00 Py r-a.s.
(i) & drifts to +00 Py r-a.s., if and only if oo = 00 and g, <o Por-as.
(1it) & oscillates Py r-a.s., if and only if goo = 00 and g, =00 Pyr-as.
Proof: The necessity part is clear, thus we proceed by showing the sufficiency part.
(i) Since the MAP is downwards regular by Assumption 2, and g, =00 Py r-a.s., it follows that,
§ visits (—oo, —x] Vz > 0 and the passage time T(_ _;) = inf{t > 0|& € (—o0, —7]} is Py r-a.s.
finite. Assumption 3 implies that Eox[supsc(o [€s]] < oo for all £ > 0 by Kyprianou et al. (2020,

Lem.2.13). Hence, Eno < 00 Py x-a.s. since goo < 00 Pg r-a.s. It means that, we can pick z. large
enough such that

Py »(& > x/2 for some t > 0) <e Va > z..

Denote T :=T(_o, 4. Then, for z > x¢, we have

Po (& > —x/2 for some t > T)
= Po (&7 > —2/2 for some t > 0)
< IP)0,71'(51&-1—T(—o<>,—:c] - €T(—oo,—a3] > fL‘/2 for some t > O) (3'1)

= / Po o (& — & > x/2 for some ¢ > 0)m(dO) (3.2)
S

= /S/S]P’Oﬂ(ftJrT —&r > x/2for some ¢t > 0] O = ¢)Py g(Or € dp)m(df)

= / / Py ¢(& > x/2 for some t > 0)Pyo(Or € do)m(dP) (3.3)
SJS

= / Po.¢(& > x/2 for some t > 0) Py (O € do)
S

= /Po,¢>(§t > z/2 for some t > 0)mw(d¢) (3.4)
S
= Por(& > /2 for some t >0) < € (3.5)

where we use §p(_oo,—g] < —T Por-a.s. in (3.1), definition of Py in (3.2) and (3.5), strong Markov
property (2.1) in (3.3) and the fact that 7 is an invariant measure in (3.4). Hence, & drifts to —oo
Po,x-a.s.

(ii) Apply the previous part of the proof to the process ((£,0), If") using the upwards regularity of
((£,0),P), where P is defined by replacing £ by its negative.

(iii) Since the MAP is both upwards and downwards regular by Assumption 2, £ visits (—oo, —x]
and [z,00) Yz > 0 and both T(—oo,—z) and T}, ) are finite Pg r-a.s. Hence, & oscillates. O
Assumption 4: The reversibility property (2.3) holds.

Consider a MAP ((£,0),P) such that also Assumption 4 is satisfied. By taking P = P in the
second part of Lemma 2.2, thanks to the reversibility property (2.3), we can deduce that g , and

t — g; have the same distribution under Py » as they are both equal in distribution to g; under POJ
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where Po,w is the law of (—¢,©) under Py . Hence, using Proposition 3.1, we obtain the following
identities

Eo sfe™ 0] = Lo Ve d)e T ) 4 ()] G6)
X o X

Y
Eorle %] = / Vi (dr, dv, dz)e™ " [ql (v) + nf (e 010, <o) (3.7)
RtxSxR+t
where

Lo
Vﬂ"‘(dr, dv, dz) = Eoﬂr[/ 1{Zgledr,@jedu,gjedz}ds]'
0

We have assumed that MAP is also downwards regular, so we can apply (2.2) for the process
((£,0),P). We obtain the following analogs of (3.6) and (3.7) as

Eo,xle™ea] = / V7 (dr,dv,dz)e™ " " [ql (v) + 0, (Le,<c-})] (3.8)
Rt xSxR+
. A
Boale = [ Vi (dr,dv, d2)e (gl (o) + iy (=1, <)
R+ xSxR+
where
L
V.o (dr,dv,dz) = Eom[/o 1{Lgledr,egedu,ggedz}ds]'

Remark 3.2. If we only use identities (3.6) and (3.7), we will not be able to distinguish the cases
where & drifts to 400 or oscillates. Therefore, we have also obtained these identities in terms of
the descending ladder process (L; ', & ,0;).

The following is our main theorem.

Theorem 3.3. Let (£,0),P) be a MAP such that Assumptions 1,2,3, and 4 are satisfied. Then, we
have

(i) & drifts to —oo Por-a.s., if and only if

/ U (do, 0, 00))77 (CF = +00) = 1 (3.9)
S
(i1) & drifts to +o00 Por-a.s., if and only if
/ U (dv, (o0, 01y (¢~ = +00) = 1 (3.10)
S

(1i1) & oscillates Py r-a.s., if and only if

/ U (dv, 0,00))mf ((F = +00) =0 and / U (dv, (—o0, 07 (¢~ = +00) =0 (3.11)
S S

where
L

Loo
U (dv,dz) = E(]’g[/ 1{®jedv,§jedz}ds] and Uy, (dv,dz) = Eo,g[/ 1{@;6dv7€;€dz}ds].
0 0
Proof: (i) We can rewrite (3.6) as
Eo,rle 9] = / V. (dr, dv, dz)e ™ (gl (v) + 70 (1 — 717,
R+t XxSxRT
For any 0 < ¢ < A/2, the integrand is bounded from above by

VD) _
NG W) F (L= e )
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Also, we have
A _25
/ Vi (dr, dv, dz)e ™[50 (0) + (1 — € /2)] = B ple™ 3902] < oo,
Rt xSxR+ 2

Then, by applying the dominated convergence theorem on both sides of (3.6) as ¢ — 0T, we get

Eo e 9~] = / Vo (dr,dv, dz)e (¢ = +00).

Rt XSxR+

By letting A\ — 07, we obtain

)\li{(r)l Eo,r[e AZ]OO] = /SU;_(dU, [0700))773(& = +00). (3.12)

Note that if & drifts to —oo Py r-a.s., then the left-hand side of (3.12) is equal to 1 by the first part
of Proposition 3.1. Hence (3. ) holds

Now, assume that (3.9) holds. Then, (3.12) implies that limy_,o+ Eor[e"*9<] = 1. Hence, we
have shown that goo < 0o Py r-a.s. By considering (3.7), we have

Eqqe %] = / Vi (dr, dv, dz)e” gl (v) + —L (1 — e~ O+, (3.13)
R+ x SxR+ q+A
Since oo is Py r-a.s. finite, for each 0 < € < 1, there exists t. > 0 such that

Po 7 (Goo > te) < €
which implies that
PO,N(I_/OO > te) < €

We choose (t¢)e>0 such that ¢, increases to infinity as e goes to zero. Note that, for each € > 0, we
can rewrite the right-hand side of (3.13) as

/ Vi (dr dv, dz)e " [gl (v) + —sf (1= " OF 0]
[0,t]x SxR+ g+ A
+/ VI (dr,dv,dz)e” " [qf T (v) + Ln;r(l - e*()‘”)&)]. (3.14)
(te,00)x SXR+ q+ A
The second integral in (3.14) can be rewritten as

Lo .
Boal [ dse P g (O7) + g, (1- e

€

Note that as € goes to 0, t. increases to infinity. It follows that I_Lte increases to Loo. Furthermore,
the integrand is positive, so the integral decreases monotonically as € goes to 0. Hence, by the
monotone convergence theorem, we have

Lo _
—L7 (ot _ e~y =
g o | dse 0 g (OF) + s, (1 04T =
Loo _
. —qLsYr P O G |
Eox[lim 5 dse™ " [qlT(0]) + +An@j(1 e )] = 0.

It means that we can fix a sufficiently small € > 0 such that the second integral in (3.14) is bounded.

_ 242
For fixed A and € > 0, there exists an integer n € N such that Alet 2/\ i +4/\t5 )‘ . Then, for any

0 < ¢ < A/n, the integrand in the first integral in (3.14) is bounded from above by
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Therefore, the first integral in (3.14) is bounded from above by

)\ 1 n — )\ n
/ Vi (dr, do, dz)e 220 (0) + —— gt (1 — e N = Bg e ] < oo
R+ xSxR+ n n

Then, applying the dominated convergence theorem as ¢ — 0" on both sides of (3.7) yields
EO,W [e 700] 0 YA >0

which implies that g, = Py ~-a.s. Hence, by Proposition 3.1, we conclude that & drifts to —oo
Po,x-a.s.

(ii) Assume (3.10) holds. Then, by the proof of part (i), £ drifts to —oo under Py . Hence, & drifts
to +00 Pg r-a.s.

Now, suppose that £ drifts to +-00 Py r-a.s. Then, £ drifts to —oo under ]@)0771——&.8, and by Propo-
sition 3.1, we have Pg 1 (goo < 00) = 1 which implies (3.10) using an analogue of (3.12) obtained
using (3.8).

(iii) Assume (3.11) holds First equality implies that goo = 00 Py r-a.s. by (3.12). Similarly, for
the process ((&,0), ) second equality implies that go, = oo IP’O =-a.s. which implies that g_ = oo

Py r-a.s. Then, by part (iii) of Proposition 3.1, £ oscillates. The necessity part follows sumlar as
part (i) and (7). O

Remark 3.4. The identites (3.9) and (3.10) are exclusive. Indeed, assume that (3 0) holds. By the
proof of first part, it implies that Eg W[ef)‘g | = 0, which is equivalent to say that Eo,w[ M) = 0,
Hence, by (3.8), we have [¢ Uy (dv,(—00,0])n, ((~ = +00) = 0.

For Theorem 3.3, one of our assumptions is that the reversibility property holds for the MAP.

Now, we replace this property with the weak reversibility property.
Assumption 4* Assume that there exists another MAP ((£,0),P) such that it satisfies the weak
reversibility property (2.4) with ((§,0),P).

Assume that there exists MAPs ((€,0),P) and ((&,0),P) such that Assumptions 1,2, 3, and 4*
hold. By the first part of Lemma 2.2, it can be deduced that

Y
Eox[e %] = Eg e Mea79)], (3.15)

Indeed, let HA”OJ denotes the law of (—¢, ©) under Po,w- Then, the second part of Lemma 2.2 implies
that ¢ 9, under Pg g is equal in distribution to t —g ; under Py ¢ which is equal in distribution to ¢ — g,
under Py g. Then, by (2.2) and (3.15), we have the following identities for the process ((¢,0),P)

Eo rle ] = Lo Vi dn dye ™ o )+ (L )]
Xo X

Eorle %] = / Vi (dr, dv, dz)e gl (v) + T (e 01y, ey
R+ x S xR+ e
where _
~ . Lo
VWJF(dT‘, dv, dZ) = Eoﬂr[/o 1{E;1€dr ) @;"de 753-€d2}d8].

Similarly, for the process ((£,©),P) where Ip’oﬂ is the law of (=&, ©) under Py 9, we have the following
identities as

EOJF[e_)\geq] = /]R+ . VTI'_ (d’l“, dv, dz)e—/\r—qr [qﬁ_ (U) + 771)_(1{eq<C_})]
xSx

Borle ) = / Vi (drydv, d2)e " [ql ™ (0) + 7, (e 01, o )]
RtxSxRt q
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where
L

oo

‘Zf(dr, dv,dz) = IEOJ[/O 1@;16(17,76;6@755—6(12}(15].

The following theorem is a generalized version of Theorem 3.3 since Assumption 4* is a weaker
condition than Assumption 4.

Theorem 3.5. Let ((£,0),P) be a MAP such that Assumptions 1,2,3, and 4* satisfied. Then,
(i) & drifts to —oo Pg r-a.s., if and only if

/ U (do, [0, 00 (CF = +00) =1 and / U7 (dv, 0, 00)) 7 (& = +00) = 1
S S

(i1) & drifts to +00 Por-a.s., if and only if

/ Uy (dv, (=00, 0)); (¢~ = +0) =1 and / 0 (dv, (oo, 0])iiy ((~ = +00) = 1
S S

(ii1) & oscillates Py r-a.s., if and only if
U 0,00 (6T = oe) =0 and | U (do, (=00, 0 (¢ = +o0) =0
S S

Proof: The necessity parts follow from Proposition 3.1 in view of the following proof of the suffi-
ciency parts.
(i) As shown in (3.12) in the proof of the first part of Theorem 3.3, the hypothesis

[ U o 0.0 (¢ = +00) =1

S

implies that

lim Eg e =] = / U (dv, [0,00))n5 (¢T = +o0) = 1.
S

A—0t

It implies that oo is Pp r-a.s. finite. Similar arguments can be applied to the MAP ((¢, @),fP’) to
get that

i Bople ] = [ T (o, 0.00)7 (0 = +00) = 1

A—07t S
Hence, g is finite I~P’0,,r—a.s. Then, as in the proof of the first part of Theorem 3.3, we can conclude
that

]E(],ﬂ- [G_Agoo] = lim INEOJF[Q_)‘(eq_geq)] =0
q—0

Hence, g__is infinite Py r-a.s. By Proposition 3.1, & drifts to —oo Pg r-a.s.

(ii) By the proof of the first part, we have that & drifts to —oo under ]P’gm; hence, & drifts to +o0
]P’Oﬂr—a.s.

(iii) Same as part (i7i) of Theorem 3.3. O

4. Examples

Let H be a locally compact subset of R?\{0} where d > 1. Consider an H-valued cadlag Markov
process (X, P) = ((Xt)t>0, (Py)zen)) killed at the origin with P,(Xp = z) = 1. X is called an
H-valued self-similar Markov process (ssMp for short) with index o > 0 if for all ¢,¢ > 0 and x € H,
we have the following scaling property

(Xtv Pﬂv) = (CXc_ata Pcflw)
The scaling property implies that H = ¢H for every ¢ > 0; hence, H is necessarily a cone of R\ {0}

in the form of
H=>RxS)
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where S is a locally compact subset of unit sphere S ! in R? and ® is a homeomorphism from
R x S9! to R\{0} defined by ®(y,0) = ev.

One way to examine H-valued self-similar Markov processes is to use skew-product type decom-
position of the process. Consequently, the radial distance of the process becomes a real-valued
stochastic process modulated by the angular part of the process. This approach forms the basis of
Lamperti-Kiu transform of the self-similar Markov processes. The origin of Lamperti-Kiu transform
is due to Lamperti (1972) for the case d = 1, and a higher dimensional version can be found in
Kiu (1980). We give the generalized version of this transform in Theorem 4.1 below, restating Alili
et al. (2017, Thm.2.3) for the sake of completeness, to reveal the Correspondence between R x S-
valued MAPS, where S is a locally compact subset of the unit sphere S¢1, and self-similar Markov
processes in terms of the homeomorphism ® and the skew-product decomposition.

Theorem 4.1. (Alili et al., 2017, Thm.2.3) Let a > 0 and ((£,0),P) be a MAP in S x R with an
extra isolated state 0 and lifetime (. Define a process X by

y_ Onet it < [y etds
! 0 if t > foc es s

where the time change is given by

= inf{s : / eSudu > t}
0

fort < foc e“sds. Define P, = P/ 1zl Jog || for T € H and Py = Py. Then, the process (X, Py) is

an H-valued ssMp with index o« > 0 and lifetime fOC €8s ds.

Conversely, let (X, P;) be an H-valued self-similar Markov process with index o > 0 and lifetime
¢’'. Define the process (£,0) by
Xa,

{€t=10gHXAtH and Oc=yr L<ly i
(&, 0¢) =0 fiz fo ”)?:Ha

where the time change is given by

5 du
Ay = inf{s : / — >t}
o |1 Xull
fort < fol e®ssds. Define Pyo = Ppev for 6 € S (md y € R, and Py = Py. Then, the process
((£,0),Py0) is a MAP in S x R with lifetime fo

IX H“'
Note that whether the lifetime ¢’ of the ssMp X is finite or not, either fo TX.[& X II" = oo and the

corresponding MAP (£, 0) has infinite lifetime, or fo —& < 00 and the corresponding MAP

X «
(£, 0) has finite lifetime (Alili et al., 2017). e
An example of a well-known class of self-similar Markov processes (X, P) and the corresponding
MAP ((£,0),P) via Theorem 4.1 is given as follows. We say that ((£,0),P) and (X, P) have
skew-product property if the transition probabilities of (£, ©) are of the form

Py o(& € dv, 61 € dw) = e M P (& € dn)P§ (O] € dw)
Pyo((£&,01) =0)=1—e N -

where A > 0 is some constant, (£, IP’S) is a non-killed real Lévy process, and (0’ ,IP’?,) is a Markov
process on S with infinite lifetime. One of the important properties of MAPs with skew-product
property is that they have the reversibility property (2.3) due to Alili et al. (2017, Prop.3.2).

In this section, we will give two important examples of a ssMp with skew—product property and
show that their corresponding MAPs satisfy the assumptions of our main result Theorem 3.3.
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4.1. Free 2-dimensional Bessel Processes. Let X = ((Xt(l),Xt@)),t > 0) be a free 2-dimensional
Bessel processes where X ()’s are independent Bessel processes of dimension 3. Note that X is an
H-valued ssMp with index 2 where H = [0,00)2. Consider the MAP ((¢,©),P) that corresponds
to the free Bessel process (X, P,) via Theorem 4.1. Note that the state space of the modulator
Ho is the restriction of the unit circle to the first quadrant, that is, the set Ho := {(z,y) : =,y >
0, 22 +9? = 1}. As a particular case of Alili et al. (2017, Remark 4.6), there exists a 2-dimensional
Brownian motion W = (W™ W®)) such that

t t
& = / oWaw ) + / 0P aw® + 2t
0 0

and ©; = (6§1), (9&2)) satisfies the following SDE system

dO; = b(@t)dt + O'(@t)th (42)
with
1/z —b5x/2 1—-22 - 2
b(xay) = |:1/y _ 5y/2:| U(xa y) = |: —zy 11— Zy/2:| = |:_y$y x2y:| (43)

for (z,y) € Ho.

Lemma 4.2. The diffusion process (0,Py) with SDE representation (4.2) is a T-process in the
sense of Meyn and Tweedie (1995a).

Proof: According to Stramer and Tweedie (1997, Prop.2.2), it is sufficient to show that © is
irreducible with respect to Lebesgue measure, and it is a Feller process. We can deduce from Revuz
and Yor (1999, Ch.XI) that the free Bessel process (X, P,) is Feller. Therefore, the corresponding
MAP (&,0), and O are also Feller by Kyprianou (2018).

Consider B := {(z,y) : € (a,b),y = V1 — 22} for some arbitrary 0 < a < b < 1. We need to
show that

/OO Py(©s € B)ds >0 (4.4)
0

for each 6 = (61,02) € Ho. Consider the time change 7 := inf{u : ['e*vdv > t}. Then, (1.4) is
implied by

/ Py(O,, € B)dt > 0. (4.5)
0

Indeed, assume that (4.5) holds. Then, 3t > ¢; > 0 such that

to
/ Py(©,, € B)dt > 0.

t1

Since 7; is continuous and strictly increasing, then the image of the interval [t1,¢2] under the time
change is another interval [s1, so] for so > s; > 0 where s; := 73, $9 := 7,. Then, we have

to to 52
0</ Py(Or, EB)dt:/[P’(dw)/ 1{@Tt€B}(w)dt:/IP’(dw)/ 1{9363}((.0)6_“5%3.
t1 Q t1 Q

51
Since e~ is strictly positive, we get

s2
/ Py(Os € B)ds > 0

S1
which implies (4.4).
Note that a Bessel process of dimension at least 2 never hits 0 (Rogers and Williams, 2000, §4.35).
By Lamperti-Kiu transform, we have

{0, eB}={X, = (x", xP) e}
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where
C ={(as,av/1—3s%)|a e R\{0},s € (a,b)}. (4.6)

Then, (1.5) is equivalent to
/ Py(Xy € C)dt >0 (4.7)
0

which implies (4.4), where ¢ = (¢1,q1) := (b1, cf2) for some ¢ > 0.
To show (4.7), we introduce a transformation to polar coordinates given by R; = ||X}||, and
b, = arctan(Xt(z) / Xt(l)). Then, using the fact that X and X® are independent Bessel processes

of dimension 3, and the probability transition functions of each X, i = 1,2, from Cinlar (2011,
Ch.8), we find that

00 () —(rcosp—q1)?/2t —(rcos p+q1)?/2t
TCos . .€ (&
P, (X, € C)dt :/ dt/d / drr —
/o ol ) 0 I v (0,00) a1 | V2t V2t ]

rsing e*(TSingaqu)Q/Qt ef(rsinap+q2)2/2t

q2 V21t 2t

for the case q1, g2 # 0 where I := (arccos a, arccosb). Note that ¢; and g2 cannot be simultaneously
zero since we take ||g|| > 0. In the case that one of them is 0, say ¢; = 0, we have

00 (3] 92 2 —r2cos? p/2t
/ Py(X; € C)dt:/ dt/dgo/ I e e
0 0 I (0,00) 273

rsing e—(rsin@—q2)2/2t e—(rsin<p+q2)2/2t

q2 V2t v 2t

Since the integrand in both cases is strictly positive, (4.7) holds. It follows that © is irreducible
with respect to Lebesgue measure. O

Proposition 4.3. The MAP ((£,0),P) corresponding to free 2-dimensional Bessel process X =

((Xt(l),Xt(Z)),t > 0) where each X is a Bessel process of dimension 3 satisfies the assumptions of
Theorem 5.5.

Proof: According to Alili et al. (2017), (X, P,) satisfies the skew-product property. Hence, we first
show that Py g(( = co) = 1 for all # € S to deduce that A = 0 in the expression (4.1) so that &
and © are independent in the corresponding MAP ((¢,0),Pg ). By Theorem 4.1 and the fact that
(X, P;) has infinite lifetime, (£, ©) has infinite lifetime if the following holds

/OO ds
= 0.
o |IXslP
According to Revuz and Yor (1999, §11.1), we have the following law of the iterated logarithm
X
lim sup XL =1. (4.8)

t—oo V2tInlnt

Hence, for each € > 0, 3¢’ > 0 such that V¢ > ¢/, we have
|| X¢])? < 2tInlnt + e
Choose € < e. Then,
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/ o ds
> "
~Jo 2slnlns+s
B / *© du
)i 2lnu+1

>/ du C e
- (1700)2U—1_

where we use the change of variable In s = u, and the upper bound Inz < z — 1.

By the proof of Lemma 4.2, the MAP (£, 0) is a Feller process. Hence, ¢ is quasi-left continuous,
and © is a Hunt process (Blumenthal and Getoor, 1967). Moreover, © has infinite lifetime. We will
prove that © is positive Harris recurrent to show the existence of an invariant probability measure
7. Let £ denote the infinitesimal generator of ©. Actually, using the SDE representation (4.2), we
can write the explicit form of £ such that

2 2
1
£=§ bi(ﬂf,y)ai+§ E aij(x,y)0;0;
=1

i,j=1

where a = ool and, b and o are given in (4.3). It is straightforward to show that @ = ¢ in our
case. According to Meyn and Tweedie (1993b, Thm.4.2), if there exist ¢,d > 0, a positive function
V :Ho — RT, and a petite set C C Hg with V bounded on C such that

LV (z,y) < —c+dlo(x,y) (4.9)

then, © is positive Harris recurrent. We have shown that © is a T-process in Lemma 4.2; hence, by
Meyn and Tweedie (1993b, Thm.4.4), we can take C' as any compact set. Let V(x,y) = 2% + 3>
Then, we have

LV (x,y) = %(w + y)(—21 + 54zy)

Note that LV (z,y) and V(z,y) are both bounded on Hy, so (4.9) is straightforward by taking
C = Hp. Hence, © has an invariant probability measure 7, so Assumption 1 holds for (£, ).

By the regularity properties of the Wiener processes, we can deduce that the process X is sphere-
exterior and sphere-interior regular. In other words, if 7.7 := inf{t > 0]||Xy|| > r} and 7,7 :=
inf{t > 0|||X¢|| < r}, then, we have P,(r;” = 0) = P,(r; = 0) = 1 for each x € Ho. Hence, by
Lamperti-Kiu transform, the MAP (&, ©) is both upwards and downwards regular, so Assumption
2 is satisfied.

Note that since X and X® are independent Bessel processes of dimension 3, || X|| is a Bessel
process of dimension 6, and Assumption 3 follows from the following maximal inequality for Bessel

process
E[ sup [|X:]]] < v VE[X;]
te(0,1)

where 7 is a constant depending on the dimension of the Bessel process and 7 is a stopping time
(Dubins et al., 1993). Indeed, we use the definition & = log || X 4,|| from Theorem 4.1 and the fact
that A; is a continuous time change to deduce Assumption 3. Finally, the MAP has the reversibility
property by Alili et al. (2017, Ex.B), so Assumption 4 holds. O

4.2. Radial Dunkl Processes. We recall some definitions and properties about Dunkl processes from
Chybiryakov (2008); Alili et al. (2017); Demni (2009). For a € R"\{0}, let H, := {5 € R"|a-8 = 0}
and o, denotes the reflection with respect to the hyperplane H,. A finite set R C R™\{0} is called
a root system if RN Ra = {xa} Va € R and 0,(R) = R Yo € R. The subgroup W C O(R"),
which is generated by the reflections o, for a € R, is called the Weyl reflection group associated
with R, where O(R") is the orthogonal group of R™. Let R™ be a positive subsystem of R and k
be a non-negative function on R such that kow = k Yw € W. Then, a Dunkl processes X* is
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a cadlag Markov process with generator L := %Ak, where Ay = Zgzl Ti2 is the Dunkl Laplacian
and T,/ (2) i= 0 f (x) + ¥ pe e koo’ LTI,

Let C be a connected component of R\ Uyer Hy,, and R™ /W be the space of W-orbits in R™. Let
71 : R" = R"/W and 72 : R"/W — C be the canonical projections. Then, X" := 15 o 71 (X*) is a
Feller self-similar process with index 2 called as a radial Dunkl process. Let W; be a n-dimensional
Wiener process. Then, X" is the unique strong solution of the following SDE

k()

dx})V = dw, ———=—adt 4.10
2 xvse (4.10)

aERy
(Demni, 2009; Chybiryakov, 2006). Furthermore, if k(o) > 1/2 for any a € R, then, Py(X; €

C\C)—OforallyGCandt>0.

Throughout this section, we assume k(o) = k for some k > 1/2 for all &« € R;. We consider
some important examples of radial Dunkl processes. For n = 1, we can choose R := {£1} as a
root system. Let Ry = {+1} and C := (0,00). Then, the corresponding radial Dunkl process is the
Bessel process with dimension k (Revuz and Yor, 1999). In this case, (4.10) takes the form

dxX)V = dw, + X]:Wdt
Let n > 1 and (e;)1<i<n be the standard basis of R"”. The root system R := {*(e; —¢;)|i,j €
{1,2,...,n},i # j} is called A, type root system. Take Ry = {e; —ej|i < j} and C* := {z €
R4 |21 > 29 > ... > 2, }. The resulting radial Dunkl process X" is Dyson’s Brownian motion with
parameter k (Chybiryakov, 2008).
The following three different types of root systems are related to Wischart processes (Demni,
2010; Humphreys, 1990).
e The root system R := {£e;|i > 1} U{£(e; L e;)|i < j} is called B, type root system. Take
Ri={e;|i>1}U{(e; xej)]i<jtand CB:={z e R |2y > 29 > ... >z, >0}
e The root system R := {£2e;|i > 1} U {*(e; £ ¢;)|i < j} is called C), type root system.
Take Ry = {2¢;|i > 1} U {(e; £ ¢j)|i < j} and CY := {z € R |2y > 29 > ... >z, > 0}.
e The root system R := {%(e; £ e;j)|i < j} is called D, type root system. Take Ry =
{(ei£ej)|i<j}and CP :={z e R |2y > 23 > ... > |z,| > O}
The following proposition gives the characterization of the MAP ((£, ©),P) corresponding to a radial
Dunkl process using the SDE representation (4.10).

Proposition 4.4. Let (£,0) be the MAP corresponding to the radial Dunkl process X' via the

Lamperti-Kiu transform. Then, there exists an n dimensional Wiener process Wy = (Wt(l), ey Wt(n))
such that & satisfies the SDE
dg, = Z@( Jaw + (Y k(a) n—2))d
acER

and © = (W) ... 0W) satisfies the SDE system

0 _ @ _ o) N~ o) g0 ko) i o 0 (n —1)
ey’ = dw, _@()Z@t dw )+ (> Za.6,5° —eM ¥ k(o) — ——5—)dt
]:1 OLGR+ QER+

In particular, forn =2, and k(a) =k for all « € R4, we have
g, = 0MawV + 0P aw? 1 kR, |dt
ko'

01 a20®

dof” = (1 - (©)aw) — e e aw? + ( 1
a=(al,a2)eR; & ®t

i 1
O (k| R | — )t
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where i = 1,2 and |R4| is the number of elements in the set R .

Proof: Note that, by Lamperti-Kiu transform

(3 X/L
& =log|| XV, , O = IIXAtII (4.11)

where XV = (XM x®@ X)) and A; = inf{s : IN ||XW||2 > t}. By (4.10), we have
k()

ax!V = aw® + o dt (4.12)
ocGZR+ lX 1) ot anXt(”)
for a = (al,...,a") € Ry and Wy = (Wt(l), A Wt(n)) is an n-dimensional Wiener process.

Consider the time change A;. The right inverse of A; is A; = fot W. Hence, by (k-
sendal, 2003, Thm.8.5.7), we have /4 (A4,)dW,, = HXWHdWA’ = dW;. Then, for the function
f(z1,...,z,) =log /2% +...22, using [td’s lemma, we obtain

= 0 1 n %
de = 1X11 Y 5 f (X X aw
i=1 "

—~ 9 n k(o il 02 n
PP o, xS0 Oy IS O x
i=1 " i=1

ochs < o, Xy >

; ko) X2 — (x()2
= awi? + 13 xS i -t
ZIIXWH t Z 2 ax, " +22 XrE

CMER+ =1
= ZG(i)dW(i) + Z _Ha) zn:X(i)o/ + 1(n —2)|dt
: ¢ ¢ < a, X > t 2
= a€ER =1
—Z@ Yaw? + 1Y k(a n—2)]dt
=1 aERy
For a fixed i € {1,...,n},and g(i)(xl, S %, we obtain
i+, 25
i s 0 i 1 n )
a0y = |11 Y- 5D (X, xhaw
i=1
N n k(o ;I 9, n
PP g, xS <OfX)t>a T, X
i=1 " aER, ’ i=1 "t
XW 2 X(z) 2 ()
_ UXIE - GO WZ )
X5 I - HX H
X2 - (x[7)2 k(a) ko)
+ xY —
12XV QGZR;+<O[7Xt !|XW||§ a;{; <o, Xp >
L 3XIXIR = GO | XD o X S
2 B rXWHm X2

= (1 (0)2)aw? + -6 S~ eWaw,”
i#i
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ko) , (xh2
w ot
DY <o Xy > |XW||Z Z <a, Xt

acR4 acR

(i) x@)y2
- X, (x) )
+ (33 +Z HXWH2

: ny )t
2T || Z

; L . ) k(o ) 1
=aw? - 0D oPaw ! + [ Y <a(@) o' =00 3" k(a)— 00 (2)]dt. O
=1 a€Ry t > aER4

We consider the case d = 2 for simplicity. Let (£,0) be the corresponding MAP of the radial
Dunkl process X" = (XU, X@HW in R2\{0}. We will show that (&, ©) satisfies the assumptions
of Theorem 3.3 for the cases in which the root system R is of type Ay, Bo, Cs, or Ds.

Lemma 4.5. The diffusion process (©,Py) is a T-process in the sense of Meyn and Tweedie (1995a).

Proof: The process X" is Feller by Chybiryakov (2008). Hence, according to the proof of Lemma
4.2, it is sufficient to show that

/ Py(X; € C)dt > 0 (4.13)
0

where ¢ and C' are defined as in (4.6) and (4.7) for appropriate a, b in each case of the root system
R. Using the explicit form of the transition density function of XtW from Chybiryakov (2008, Eq.6),
the change of variables R, = || X}V||, ®; = arctan(X®, X(1) and the fact that P,(X; € C\C) =0,
we get

0o 0o r CQ%—TQ
P,(X; € C)dt = dt | d dr ——— —
/0 (Xt € C) /0 /1 90/(0700) r a1 exp( o )

q (rcose,rsiny)

N 7 Ywi((r cos @, rsin))

DY (

where I = (arccosa,arccosb), Di(u,v) > 0 is the Dunkl kernel, v = za€R+ E >0, wp(y) =
[ocr, la- yI** and cp = [ e~ 1#1*/24, (2)dz. The fact that P,(X; € C\C) = 0 implies that
Py(X; € Uaer, Hy) =0, 50 wi(y) > 0 and ¢, > 0 a.s. Hence, the integrand is strictly positive, and
(4.13) holds, which in turn implies that O is irreducible. O

Proposition 4.6. The MAPs ((¢,0),P) corresponding to radial Dunkl processes (X, P,) in R?\{0}
of types Ay, Bo, Co, or Do satisfy the assumptions of Theorem 5.5.

Proof: According to Alili et al. (2017), (X, P,) satisfies the skew-product property. Hence, we first
show that Py p(¢ = o0) =1 for all § € S to deduce that { and © are independent as in the proof
of Proposition 4.3. Note that the property P,(X; € C\C) =0 for all y € C implies that the lifetime
of (X, P,) is infinite a.s. According to this fact and Theorem 4.1, the MAP (&, ©) has an infinite

lifetime if
*  ds
= 00. (4.14)
/0 |1 Xs][?

According to Alili et al. (2017, Ex.C), ||Xs|| is a Bessel process of dimension 2 + 2y where v > 0
is defined in the proof of Lemma 4.5. Hence, by the law of the iterated logarithm (4.8), Equation
(1.14) holds.

We have shown that the MAP (£, ©) is a Feller process in Lemma 4.5. Hence, the ordinate ¢ is
quasi-left continuous, and the modulator © is a Hunt process. Moreover, © has infinite lifetime.
We will prove that © is positive Harris recurrent to show the existence of an invariant probability
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measure w. Let £ denote the infinitesimal generator of ©. Using the particular case n = 2 of the
SDE representation in Proposition 4.4, we have £ = Z?Zl bi(z,y)0; + % 222:1 a;;0;0; where

A = z(k|Ry| - 1/2) v —ay
bz,y) = Ai—y(kmﬂ—l/?)] g@,y)_[_w ”«“2}

for A; == > e+ #"‘;Qy with i = 1,2, and a := 0o’ = o. Denote the corresponding state space

of © by Cp for given C. According to Meyn and Tweedie (1993b, Thm.4.2), if there exist ¢,d > 0, a
positive function V : Cy — R, and a petite set C C Cy with V bounded on C such that

LV (z,y) < —c+dle(z,y) (4.15)

then, © is positive Harris recurrent. By Lemma 4.5, © is a T-process; hence, by Meyn and Tweedie
(1993b, Thm.4.4), we can take C' as any compact set. In each case, we take C' as the state space of
the modulator and find appropriate V(z,y) for each mentioned type of finite root system such that
both LV (z,y) and V(x,y) are bounded on C. Then, (1 1 )) will follow immediately

Type Ay: In this case, Ry = {(1,—-1)}. We have A, = = and Ay = . Let V(z,y) = I T
Then, we obtain

LV (z,y) = g(x + )[4k + 2)zy — 1] + (z + y)(12zy — 3)

LV (z,y) and V(z,y) are both finite on C§'.

Type Bg' In this case, Ry = {(1,-1),(1,1),(1,0),(0,1)}. Then, A; = zkfy + ﬁ % and Ay =
- + T+y —|— E Take V(x,y) = 23 + 4®. Then, we get
LV (z,y) = m(S 1)+7(fv+y)( —y)"+ (@ +y)(12zy - 3)

In this case, C¥ = {(cosa,sina) : a € (7/4,7/2)}; hence, the term x + y is always greater than 1.
Therefore, LV (z,y) and V(z,y) are both finite on Cf’.
Type Cy: In this case, Ry = {(1,-1),(1,1),(2,0),(0,2)}. Then, we have A4; = %ﬂ/ + kay + 2k and
Ay = _—k + m + % Take V(z,y) = 2° + y3. Then, we have
LV(2,y) = —— (627" = 1) = J(x —y)"(z +y) + (z + y)(122y - 3)

r+y 2
In this case, we have COC = Cf’; hence, the term x + y is greater than 1. Therefore, LV (x,y) and
V(x,y) are both finite on C§'.
Type Do: In this case, Ry = {(1,-1),(1,1)}. We have A4; = Tﬁy + % and Ay = m‘—fy Take
V(z,y) = (23 + y*)2. In this case, we have

LV (x,y) = 48kz?y* (1 — zy) + 3(4z%y? — 1)(1 — 21) + 6(z +y)2(1 — zy) (4zy — 1) + (x +y) (12zy — 3)

It can be verified that £V (x,y) and V(x,y) are both finite on CP.

Hence, Assumption 1 holds for MAPs (£, ©) corresponding to respective root systems. || X]|
is a Bessel process of dimension 2 + v > 3, and £ and @ are independent. Then, Assumption 2
follows from the regularity properties of Bessel processes from Rogers and Williams (2000, §5.48).
Assumption 3 follows exactly as in the proof of Proposition 4.3. Finally, the MAP has reversibility
property by Alili et al. (2017, Ex.C), so Assumption 4 holds. O

Remark 4.7. We have established that © is positive Harris recurrent for both examples in our
pursuit of verifying the assumptions of Theorem 3.3. Therefore, the angular part X;/||X¢|| of each
self-similar Markov process is also positive Harris recurrent since the time change 74 in Theorem 4.1
is continuous and Assumption 3 holds.
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